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Abstract. We propose a super Lax type equation based on a certain class of Lie
superalgebra as a supersymmetric extension of generalized (modified) KdV
hierarchy. We are able to construct an infinite set of conservation laws and the
consistent time evolution generators for generalized modified super KdV equations.
The first few of the conserved currents, the (modified) super KdV equation and
the super Miura transformation are worked out explicitly in the case of twisted
affine Lie superalgebra 0Sp(2|2)'®.

1. Introduction

Of integrable nonlinear systems generalized Korteweg-de Vries (KdV) equations
and Toda lattice equations are particularly interesting classes in connection with
conformal field theories. The Virasoro algebra can be extended to W, algebra [1]
by incorporating conserved currents of higher spin. The W, algebra is known to
arise from the Hamiltonian structure of the generalized KdV equation [2,3]. It
has recently been shown [4] that perturbation of conformal field theories by certain
types of interaction is described effectively by affine Toda lattice theories [5]. Some
time ago Drinfeld and Sokolov developed a Lie algebraic method [2] to derive
generalized KdV equations and relate them to affine Toda lattice equations. This
method is also related to the method of coadjoint ‘orbit and Hamiltonian reduction
of current algebras.

In this paper we extend the Lie algebraic method of Drinfeld and Sokolov to
the sypersymmetric case and develop a Lie superalgebraic method for generalized
super KdV and super Toda lattice equations. Drinfeld and Sokolov introduced a
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differential operator of first order
L=0+qx)+A (1.1)

which takes values in an affine Lie algebra g. Here g(x) is a field taking values in
the Borel subalgebra b of g, (0-th component in the standard gradation of g) and
A is the sum of generators in the simple root system (SRS) of g. They showed that
the Lax type equation

0,% =[A, ¥] (12)

gives a generalization of modified KdV (mKdV) hierarchy and constructed the
time flow generator .

We will consider as a supersymmetric extension of the bosonic operator (1.1)
the fermionic differential operator

L=D+q(x0)+A (1.3)

which takes values in an affine Lie superalgebra g. Here D = 6/00 + 60/0x is the
superderivative, g(x,6) is a superficld taking values in the Borel subalgebra b of
do, and A is the sum of generators of fermionic (Grassmann odd) SRS. Only special
types of affine Lie superalgebra have a fermionic SRS of which the generators are
all Grassmann odd (see Sect. 3) [6]. We propose the Lax type equations (1.2) and
{1.3) as a generalization of the modified super KdV (msKdV) hierarchy. We are
able to construct the conservation laws and the time evolution for generalized
msKdV equations. Our construction relies on the assumption that g admits a
direct sum decomposition in terms of ad A% (see Eq. (5.3)). Presently we are not
able to prove this assumption for an arbitrary affine Lie superalgebra possessing
a fermionic SRS.

In Sect. 2 we introduce the basic notions of the Lie algebraic method for Toda
lattice and generalized KdV equations. Those readers who are familiar with this
method should skip this section. In Sect. 3, after recalling the basic notions of Lie
superalgebras, we summarize super Toda lattice equations and propose generalized
msKdV equations. In Sect. 4 we demonstrate that the super sine-Gordon equation,
the super KdV equation and the super Miura transformation are obtained by
considering the super Lax operator (1.3) associated with OSp(2{2)®). We construct
the conservation laws in Sect. 5 and the operator &/ used in the super Lax type
equation (1.2) in Sect. 6.

2. Lie Algebraic Approach to Generalized Modified KdV Equations

In this section, we recapitulate the Lie algebraic method for the Toda lattice [7]
and the generalized KdV equations [2]. For definiteness we consider the case of
the affine Lie algebra g= SL{r+ 1)V associated with a simple Lie algebra
G = SL(r+1). Extension to other classes of affine Lie algebra requires slight
modification of the method reviewed below.

The affine Lie algebra g is the tensor product of the simple Lie algebra
G and the Laurent polynomial C[1,A7']. Let {E,, F,, H,},_, be the set of
generators of G in the Chevalley basis and {E,, F,, H,};-, that of g. Note that
Ey:=AE,(Fo:=A"'F,), where E,(F,) is the lowest (highest) root of G. The g is
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equipped with Z gradation [8]. The canonical gradation*
g=Pg" [4"97eg"™ 21

is defined by assigning degree + 1(— 1) to E,(F,). The standard gradation® referring
to the vertex ¢, of the Dynkin graph £ of g,

9=Dow [nale8i 22)
is defined by assigning degree +1(—1) to Ey(F,). The g, is a semi-simple Lie

algebra obtained by deleting the vertex ¢, from the 2. g, = G in the present case
of g = SL(r + 1)". The Borel, Cartan and nilpotent subalgebras of g, are defined by

o) v
h=gong’ n=goﬂ<,§<—9() g">,

respectively. The same definition as (2.3) will be used for Lie superalgebras in Sect. 3.

A. Affine Toda Lattice. Let @,(x,?) be an (r + 1)-component field (of which only r
are independent) and set

2.3)

0= ¥ OH, (24)
Define
2 oo @
where 0 = 0/0x and 9, = d/0t, and
A= io E, A= Z';O F, 2.6)
The zero curvature condition is written as
0=[%,2]=— io [a,acp,, —exp (bio K,,,,@,,)]Ha, 27)
and it leads to the affine Toda lattice equation
0,0, — exp ( bio K,, ai,,> —0, 2.8)

where K, is the Cartan matrix of g.
B. Generalized Modified KdV Hierarchy. Consider the differential operator
L =0+qg+A, (2.9)

! The canonical and standard gradations are also called principal and homogeneous gradations,
respectively
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where g(x, t)e C*(R?,b)%. A satisfies
AT = JE, (2.10)

where E is the identity.
An n-valued field S defines a gauge transformation

P P=e(L)=0+G+ A, GeC®(R,D). (2.11)
There exists a gauge transformation such that
P >Lo=e"YL)=0+q,+ A, (2.12)

where g, takes the form
do= Y fiA 'eKeradA=2Z. (2.13)
i=0

Here ad A:g' > ¢/"! by u—[A,u].
Consider a time evolution equation

0 =, Z], (2.14)

where o7 is to be determined by demanding consistent time evolution, ie., that
the right-hand side of Eq. (2.14) should belong to b. To construct the matrix =/
we define the centralizer of #,Z, = {MeC*(R,§)|[M, ¥]=0}. Here =g ®g",
where " = @ ¢’ and g~ = [] ¢". By observing that for MeZ,,

iz0 i<0

M*, £l=~[M ,¥]eC*(R?D), (2.15)

we see that Eq. (2.14) with .o/ = M * is consistent. Noting Z , = e ~*¢Y(%), we find
that o/ is given by

o =(e V)", ueZ. (2.16)
In the present case of g = SL(r + 1)'*) we have

o =

i

c(e UAHT cieR. (2.17)

M=

0

il

Equation (2.14) leads to the same equation for the gauge equivalent class and
it is called generalized KdV hierarchy associated with (g,¢,). We consider two
typical gauge fixed operators #*" and #%#¢ defined by . in which q takes the
form

g, ) =urey pyq FUzly o F ULy (2.18)

and

¢"**(x,0) = 3, voHo=diag(qs,...q+1)eb (2.19)

respectively. Here we have taken the (» + 1) x ( + 1) matrix representation in which

2 We sometimes write C*(R,b) instead of C*(R2,b) when we are only interested in the x
dependence



Lie Superalgebra and Generalized Super KdV Equations 523

the Chevalley generators are given by E,=¢€,1,,F,=¢,,.,(a#0), where e,
denotes the matrix having unity at the (a, b) site and zeros elsewhere. g°**" satisfies
the equation

0q°*"/0t = F(g**, 0q°*™"/0x,...), (2.20)
where F is a differential polynomial in ¢°**, Equation (2.20) is a coordinate
realization of the generalized KdV hierarchy. Expand e *¢Y(u) as

e‘a‘”’(u)='z Al Aleg’ (2.21)

q*"*# satisfies the equation
' 0qti*8/9t = — 9 A°, (2.22)

where A is a differential polynomial in q%®¢. Equation (2.22) is called generalized
modified KdV equation. The map relating to each operator 99 its gauge
equivalent class #°" is called generalized Miura transformation.

C. Scalar Lax Equation and Generalized Miura Transformation. We introduce a
B((8"'))-module structure on B((A"!)I*! as follows. We use the notation
B:= C*(R, () (ignoring the t-independence) and

B[A]:= { 3 adilaeB,nz 0},

i=

B((1)):= {_2 aililaieB,neZ}. (2.23)

Elements of B((0~')) are called pseudodifferential symbols. For neB((4™*)) * ! and

P= __fo b,3'eB[2), (2.24)
we define the action of P on # by

Popi= iio b, L) (2.25)
Let Y, =(1,0,...,0feB[A]"*!. We can show that each element of B[A]"*! can be
uniquely represented in the form P-y,. To each g-valued Lax operator . of the
form (2.9) we assign a scalar Lax operator L of the form

L=&+ :Z: U@, (2.26)
by setting

Wy =Lp, = <3" + ;Z: Uigi>¢1. 2.27)

Note that to the gauge equivalent set of operators & corresponds the same scalar

Lax operator L.
The generalized Miura transformation can be derived by referring to the matrix
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representation in which we have

00 0 - 0 4

1 0 0 -« 0 0
R 2.28)

00 « 1 0 0

00 «— 0 1 0

Take the standard basis {¢,...,¢,,,} in B[A]"*!. In the canonical reduction
(2.18), noting

A =y, (i<r), (2.29)

we find that U; = — u;. In the diagonal reduction (2.19) we have (¥ — g,)¥; =¥,
and hence

(£ —q) (L =)L —aq )y =4, (2.30)
which implies the generalized Miura transformation
L=(0—¢)(0—q2)(0 —qy). (2.31)

The equation (2.14) for the gauge equivalence class coincides with the scalar
Lax equation

0L=[A4,L], (2.32)
where A is given by
A== ¢(LM*. (2.33)
i=0
D. Conservation Laws. Write Eq. (2.14) in the form [, — o/, ] = 0. Then
[6,— o, L4]1=0, (2.34)
where o7 = e*Y(of — 3/01) + 6/0t. This equation is written in the form
8qo/0t + 0. = 0. (2.35)

Equation (2.35) implies that the coefficients f; in Eq. (2.13) are densities of
conservation laws for Eq. (2.14).

3. Super Toda Lattice and Generalized Super KdV Equations

Toda lattice equations with spacetime supersymmetry were constructed by several
authors [6,9] employing the notion of super principal embedding 0Sp(1|2) = G,
where G is a Lie superalgebra. Manin and Radul suggested that a generalization
of super KdV equation can be obtained as a reduction of a super KP hicrarchy
[107. Lie algebraic aspects of generalized super KdV equations are unclear in their
derivation using scalar super Lax operators. We will propose a Lie superalgebraic
method for generalized (modified) super KdV equations in which they are related
to super Toda lattice equations.
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We first give a brief summary of the Lie superalgebraic method for super Toda
lattice equations introducing basic notions of Lie superalgebras [11].
Let G be a finite dimensional Lie superalgebra of rank r and

{Ea:Fa’Ha}2=1 (31)

the generators in its Chevalley basis. We consider the super principal embedding
0Sp(1{2) = G, where the Chevalley generators {J,J, H} of OSp(1|2) are given by

H=) cH,
! ) (32)
J=)Y d,E, J=) d4,F,
a=1 a=1
with
cazda_a= z (K_l)ba' (3‘3)
b=1

The super principal embedding OSp(1|2) = G exists only when one can choose a
purely fermionic (Grassmann odd) simple root system (SRS) for G. This is possible
only for limited classes of Lie superalgebra. To each super principal embedding
specified by the Cartan matrix K, corresponds a non-affine Toda lattice with
spacetime supersymmetry (super Toda lattice in short) [6,9].

The argument given above can be extended to the case of infinite-dimensional
Lie superalgebra (affine Lie superalgebra). An affine super Toda lattice corresponds
to an affine Lie superalgebra having an SRS which leads to a sum of Lie
superalgebras admitting super-principal embedding after deleting any of the vertices
of its Dynkin graph.

The simple and affine Lie superalgebras which possess a purely fermionic SRS
have been listed by Leites, Saveliev and Serganova [6]:

Finite-dimensional:

SL(n+ 1in); OSp(m|2n) (m=2n,2n+22n+1);, D(2|1;x), (3.4)
Infinite-dimensional:

SLn[n)V; 0Sp(2n+ 2[2n)V; DQ2|1;a)P
SQ@2n+ 1)@, SL(n{n)®; 0Sp(2n|2n)?. (3.5

In general several inequivalent SRS’s correspond to a Lie superalgebra3, as
illustrated in Fig. 1. An affine super Toda lattice equation is obtained by using the
purely fermionic SRS of one of the affine Lie superalgebras listed in (3.5). We use
the same fermionic SRS’s to construct generalized modified super KdV equations
associated with an affine Lie superalgebra.

Let g be one of the affine Lie superalgebras listed in (3.5). We take the Chevalley
generators of its purely fermionic SRS

{E,, Fo, H} oo (3.6

3 A fairly complete list of Dynkin graphs of simple and affine Lie superalgebras is given in refs.
[6] and [12]
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X==0 X—
(a) (b)

Fig. 1. Two inequivalent Dynkin graphs of the simple Lie superalgebra OSp(2{2). We have
followed the convention of ref. [6]

We introduce Z gradation in g in the same way as the bosonic case (2.1) and (2.2).
We assign degree +1(—1) to E,(F,,) in the standard gradation (2.2) referring to
the vertex c,,. Note that in the canonical gradation (2.1), elements of even (odd)
degree are Grassmann even (odd). The Borel, Cartan and nilpotent subalgebras
b, and n are defined in the same way as the bosonic case, Eq. (2.3).

Let @,(x,8;t,6,) be an (r + 1)-component scalar superfield (of which only r are
independent), and set

- [Zo @, H,eb, (3.7)

Consider a pair of super-differential operators
L =D+ (D) + A,

_ — 3.8
P =D,+e %Ae®, (38
where
D:=0/06 + 00/ox, D,:= /00, + 0,00, (3.9)
and
A=Y E, A=Y F. (3.10)
a=0 a=0

The operators £ and .Z are Grassmann odd and hence A and A must also be so.
This means that the SRS (3.6) must be purely fermionic, as remarked above.

Given the pair of super Lax operators (3.8), we now write down the
zero-curvature condition in the Zakharov—-Shabat scheme [13]

[Z,Z],=0. (3.11
This condition yields super Toda lattice equations,
DD®, = — exp< Y Kbacbb>. (3.12)
b=0

This equation is written in terms of superfields and superderivatives and hence it
is manifestly supersymmetric.

We now turn to the construction of generalized modified super KdV (msKdV)
equations. This can be made by extending Drinfeld and Sokolov’s method to the
case of affine Lie superalgebras g.

We consider as a supersymmetric extension of the differential operator (2.9)
the super-differential operator

L =D+q(x,0,0)+ A (3.13)
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Here D is defined in Eq. (3.9). g(x,0;1) is a fermionic superfield taking values in
the Borel subalgebra b of g¢. A is given precisely by Eq. (3.10). In order that the
super Lax operator (3.13) makes sense A has to be Grassmann odd, and hence all
E, must be so. This is possible only when g is one of those affine Lie superalgebras
having a purely fermionic SRS considered above. Recall that the Lax operator &
of the bosonic mKdV equation and that of the bosonic affine Toda lattice are
related by diagonal reduction [2]. The same relation holds for the super Lax
operator (3.13) and that of the affine super Toda lattice.
We propose that the super Lax type equation

0,.% =, %] (3.14)

gives a generalization of the msKdV equation. We have to show that Eq. (3.14) is
a sensible nonlinear equation having the same desirable properties as generalized
mKdV equations. To this end we will construct in Sects. 5 and 6 the conservation
laws and the time flow generator o/ which gives a consistent time evolution.

4. 0Sp(2|2)® and Super Sine-Gordon and Super (Modified) KdV Equations

Before proceeding to the formal arguments in Sects. 5 and 6, we consider in this
section the simplest case of g=0Sp(2|2)® and demonstrate that the super
sine-Gordon [14,15] and super KdV equations [10,16]* derived previously in
non-Lie algebraic methods are obtainable by considering the super Lax operators
(3.8) and (3.13).

The simple Lie superalgebra G = 0Sp(2|2), Lie algebra of N =2 super Mobius
transformations, is (4, 4)-dimensional and has rank 2. It has two inequivalent SRS’s
(the associated Dynkin graphs are shown in Fig. 1). We take the purely fermionic
SRS (Fig. 1b) and denote its Chevalley generators by {e,, fa, h,}2-1. We will use
the Cartan matrix of the form

0 2
k=0 2) a

The commutation relations of the generators are given in Appendix A.

The twisted affine Lie superalgebra g = 0Sp(2|2)® is defined referring to the
Z, symmetry of the Dynkin graph 1b of G, as explained in Appendix A. The
Chevalley generators are

Ei=e +e;, Eq=Af1—f3)
Fi=fi+/fs Fo=i"'e —ey),
H1=H0=h1+h2=H. (4.2)

K,,,,=< _22 _22> (4.3)

4 Two types of “super” KdV equation are known. One has supersymmetry in space [16] and
the other does not [17]. We are concerned with the first one

The Cartan matrix is
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We introduce a single scalar superfield @ and define
A:=E,+E,, A=F,+F,. (4.4)
The super differential operators are
¥ =D+ (DP)H + A,
F=D,+exp(— PH)Aexp(PH)
=D,+exp2d®F, +exp(—2D)F,. (4.5)
The zero curvature condition (3.11) gives the super sine-Gordon equation
DD, ®=2cosh (2D). (4.6)

We now turn to the derivation of the modified super KdV equation. This will
be made by relating the super Lax operator % to a scalar super Lax operator L.
To this end we will introduce a super Z-module structure by using an explicit
matrix representation of 0Sp(2]2)® (see Subsect. 2.C).

The Borel subalgebra b =5 @ n is 3-dimensional, § being spanned by H and n
by F; and F,. In the same fashion as the bosonic case (2.11), an n-valued superfield
S defines gauge transformation. The n is two dimensional and we have only one
dynamical degree of freedom. In parallel with the bosonic case we consider two
typical gauge fixed operators Z°*™ and .#"*¢ defined by (3.13) with g of the form

q*" = W(x,0,1) F,?, 4.7)
%% = (. 0,0) H, (4.8)

respectively, and identify the super integrable non-linear equations corresponding
to these gauge fixed operators. This can be made by taking the 4 x4 matrix
realization of the Chevalley generators given in Appendix A. We have

0 0 i I
0 0 —i 1

A=V 1 0 o)
Lo—4 0 0
000 0 00 0 0

{000 o , [oo0 0 o

H=lo 02 o J =00 0 o (49)

000 —2 00 —2 0

Accordingly the super Lax operators #°*" and #9*¢ are also 4 x 4 matrices. We

note that
A*=4)2E, (4.10)

where E is the 4 x 4 unit matrix.

Using the 4 x 4 matrix realization, we introduce a super Z-module structure
on %((A~1))*, where &4 is the algebra of superfields, as follows. An element  of
A((A™1))* is four-component column vector ¥ = (,...,,), where each com-
ponent is a superfield with a 4 expansion of the form

V= S U0k @.11)
k

= —n;
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The super Lax operator £ acts on #((4~*))*. For a super differential operator of
the form P = D"+ U,_, D" ! + --- + U, we define an action of P on #((A~1))* by

Py= 3 UL, W) @12)

It is easy to see that this action allows us to define a super #-module structure
on #((A™'))* and that, given a gauge invariant “vacuum” state o€ Z((4'))*, each
element of #Z[1]* can be represented uniquely in the form P-,. Then we can
assign a scalar super Lax operator L corresponding to a gauge equivalence class
of the operator . by setting

Lo = o, (4.13)

where i is a constant. The observation that A% is proportional to the unit matrix
implies that L is fourth order. The vacuum state ¥, is a constant vector annihilated
by F, (the generator of n). We have two alternative choices of ¥,

WB = (1’ - 1’ 0, O)ta (4143)
Yr=1(0,0,0,1). (4.14b)

The two choices are related by Lz =245,
We first consider the canonical gauge fixing

Fm=D+ W-F*+ A 4.15)

We have
(L= (422, — 422,0, —8AWY, (4.162)
(L= (4W,4W,0, — 4DW + 44%). (4.16b)

Here we have taken into consideration the fact that A appearing in £°*" and W
are both Grassmann odd. We get from Eq. (4.16)

L") + AW (L") 5 = 432U, (4.172)

[(Z°*)* — 4AW(L™) + 4DW) 1Y = 422 (4.17b)

The right-hand side of Eq. (4.17) are to be identified with Ly {5 and Lg -y, where
Ly=D*+4WD, (4.18a)

Lp=D*—4WD + 4DW. (4.18b)

Manin and Radul constructed a possible form of super KP hierarchy and obtained
the scalar Lax operator L as a reduction of the hierarchy [10]. They found that
the Lax equation
dL
—=[L¥)", L], (4.19)
dt
gives a supersymmetric extension of the KdV equation. The scalar super Lax
operator Ly constructed above coincides with their L and it yields the equation
aw 1

= ZD6W+ 3D2WDW + 3WD3W. (4.20)
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Equation (4.19) with L = L, gives the same equation.
Next we take the diagonal gauge fixing
Fie=D+ ¥-H+ A. 4.21)

We note that by the identification ¥ = D®, #**¢ coinsides with the operator &
of (4.5) for the super sine-Gordon equation. Noting Eq. (4.14), we readily find that

(L — 2 s piine 4 Q) pliony = 41y, (4.222)
plias(plins _ ) \p) plinn( gpdise L )@y — 43y, (4.22b)
Hence we have the super-differential operators of a factorized form,
Lz=(D—2¥)D(D +2¥)D, (4.23a)
Ly =D(D —2¥)D(D +2¥). (4.23b)

Since #°*" and %t are gauge equivalent, we should identify the operators Ly
and Ly of (4.18) with those of (4.23). This identification allows us to relate the
dynamical variable W in the canonical gauge fixing with the dynamical variable
¥ in the diagonal gauge fixing as

W=—WYD¥+iD?V, (4.24)

This relation is known as the super Miura transformation [ 16—18]. The super KdV
equation {4.20) for W is now transformed into the modified super KdV (msKdV)
equation for ¥,

dlI/ 1 6 2n2 3

szD Y_3(D¥)'D*¥Y —-3¥YD¥YD*Y. (4.25)

In this section we have obtained the msKdV equation (4.25) from the scalar

super Lax equation (4.19). Later we will show that the diagonal reduction of the
super Lax type equation (3.14) with an appropriate choice of ./,

dgdiag

FTa [, FYiee], (4.26)

yields the msKdV equation.

5. Conservation Laws

In this section we derive the conservation laws for the generalized modified super
KdV equation (3.14) proposed in Sect. 3. We begin by noting that in the bosonic
case the conservation laws for Eq. (2.14) are derived by utilizing the adjoint action
of A;

adA:gk_)gk+1,
ad A(u)=[A,u] for ueg (5.1

The map ad A has the following remarkable properties [19,2]:
(i) g admits a direct sum decomposition

g=Kerad A@ImadA. (5.2)
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(i) The subalgebra % = Kerad A is commutative.

These two properties are indispensable in constructing the conservation laws for
the Lax type equation (2.14). The decomposition (5.2) allows us to separate the
gauge degrees of freedom related to the gauge transformation (2.10) from the
physical conservation laws. The conservation laws are elements of Kerad A.

To construct the conservation laws in the supersymmetric case we need a map
which yields a direct sum decomposition of the affine Lie superalgebra g analogous
to Eq. (5.2). A is a Grassmann odd element of g and we readily see that neither
of the two properties (i) and (ii) holds; the element A2 =1[A, A], belongs to both
Kerad A and Im ad A. Regarding (ii), in general the anti-commutator of two odd
elements of Kerad A is a non-vanishing element of Kerad A. After some exercise
we have found that for a wide class of affine Lie superalgebra, ad A? has the
property (i); ad A? gives the direct sum decomposition

g=Kerad A2®Imad A2 (5.3)

We have proved the relation (5.3) for OSp(2|2)® by explicit computation. For
SL(n|n)? the proof can be made by reducing the problem to that of proving the
relation (5.2) for bosonic affine Lie algebras [20]. In this paper we will deal with
the super Lax type equation (3.14) associated with those affine Lie superalgebras
which admit the direct sum decomposition (5.3) in terms of ad A2,

In accordance with the decomposition (5.3) using ad A% in place of ad A, we
are led to consider the square of the original super Lax operator % of (3.13),

0 1
$2=§+Dq+§[q,q]++[/l,q]++A2- (5.4)

Note that the time evolution of #2 is governed by the same operator &/ that is
used in (3.14);

d?
dt

Thanks to the decomposition (5.3), we can prove the following proposition.

= [, £*]. (5.5)

Proposition 5.1. There exists an element U = Y. U’ with U'eg’, such that the gauge
transformation by U takes ¥? into the form i<°

0
Po*:=exp(ad Uy £2 =5 T 0, + A2 (5.6)

Here Qo= ¥ Q,* and each component Q,* belongs to g*"Kerad A2,
k=0

Proof. By taking the g*-component of (5.6), we see that Qu* + [A% U*"2] is
expressed as a differential polynomial in Qy' (k<i), U’ (k—2<j) and the
components of ¢g. Using the decomposition (5.3), we can determine U and @,
inductively as differential polynomials in the components of g.
The gauge transformation by U takes the time evolution equation (5.5) into
the form
9Q

—at-+—-w Qo+ A7), (57)
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where <7 is the gauge transform of .2/,

0/0t — o7 = expad U(8/dt — o). (5.8)
Lemma 5.2. </ belongs to Kerad A2,
Proof. Let us set o/ = Y A* with A*eg*. The g*-component of (5.7) gives

k<n

0 6Ak
e N S e ) 59)

Suppose A’ (k — 1 <i < n) belongs to Kerad A2 Then the left-hand side of (5.9) is
in Kerad A%, while the right-hand side is in Imad A% By the assumption (5.3),
both side of (5.9) must vanish. Hence, by induction, [A2%, &/ ] =0.

Corollary 5.3.

00, 04k o
Q" , 24" _ Y [40,]. (5.10)

ot 0x i+j=k

In the bosonic case the right-hand side of the equation corresponding to
Eq. (5.10) vanishes, because the subalgebra Ker ad A is abelian, implying that each
component Q,* is a conserved current. In the present case the right-hand side of
(5.10) does not vanish in general. To obtain conservation laws from Eq. (5.10) we
need the following trick of “abelianization” of ¢ = Kerad A2. Let [, #"] denote
the commutant of ¢, subalgebra generated by elements of the form [k, 1] (k, le #").
In terms of a certain Killing form we define the orthogonal complement of [, 4]
in A" denoted by A#. A is isomorphic to the quotient algebra ¢ /[4, 4. A is
decomposed as

A=A H]DHA. (5.11)

Since the right-hand side of (5.10) is an element of [, #], the -comp_gnent of
(5.10) vanishes and hence it gives a conservation law. Therefore, if # ng* is
non- tr1v1al we have a conserved current of grade k. Note that the set §:= {keZ;
A ng*#0} is determined from the commutation relations and that there exists a
period nsuch that & + n = &. This implies the existence of infinitely many conserved
quantities. In the bosonic case the period is called (dual) Coxeter number.

We illustrate our construction of conservation laws in the case of 0Sp(2|2)®,
the example discussed in Sect. 4. As worked out in Appendix B, ¢ is spanned by

iZjA€gl+4ja le(Fl _FO)Gg_1+4j’
/1_2+2j/‘2 le/Tzeg—2+4j
and the subspace % is spanned by
AHAZeg 24, (5.13)

Hence # ng* #0 if and only if k = 2 (mod.4, corresponding to period n = 4). This
means that the conservation laws belong to Qg 2*%.

We have computed the first few terms of Q,* (k <0) by taking the diagonal
reduction

(5.12)

gt =DP-H (5.14)
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corresponding to the super Lax operator (4.5) for the super sine-Gordon equation.
The operator #? is given by

i
$2=$+Q°+Q1+A2, (5.15)
where
0°=D*®-H,
Q'=D®-(E, — E,). (5.16)

The components Q,* and U* are obtained inductively as differential polynomials
in @ by solving the relation (5.6). The first few terms are given in Appendix C.
The first two conservation laws are obtained as the coefficients of Qg 2 and Q, ¢
and are found to be

J'=—iDp[o®DD], (5.17)
J?= —L&D[0®D’®— DD (0D)*]. (5.18)
Their integrations 4

Q0D = _L{dxJ'(x) = — [ dxdO(@DD), (5.19)
QU = — & dxJ*(x) = — 15| dxdO(@DPD° D — DD(OD)?), (5.20)

reproduce the conserved charges obtained earlier in non-Lie algebraic methods
[15, 21].

6. Consistent Time Flow Generators

In the super Lax type equation (3.14), the dynamical variable g in .% is assumed
to be b-valued. A consistent time evolution requires that the commutator [, £]
be also b-valued. We will show how to construct generators o/ such that [/, %]
is b-valued.

Let us start with the following lemma.

Lemma 6.1. Let M = ) M*(M"*eg") be an (even) superfield. If [M, L] =0, then

k=-ow

[M*, £] is b-valued, where M* = 5 M*.
k=0
Proof. [M, %] =0 implies

[M+’$]=_[M_9$]: (61)
where M~ = M — M *. We must prove that [M*, #] belongs to both g, and @ g*
k=0

(see Eq. (2.3)). We see that because of the property [g* g'] = g*** of the principal
(canonical) gradation [M ~, #] does not have components with a positive grade.
To be convinced that [M*, #] belongs to g,, one notes that there exists a positive
integer n such that @ g‘cgoc P g~.
—nZk<n —(n+1)ZkS(n+1)
Because of this lemma the problem is reduced to constructing superfields M
which commute with .Z. A family of such superfields can be obtained from elements
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of Z(A'), the center of Kerad A2, by means of the inverse gauge transformation
by U= 3 U’ which appeared in the last section (see (5.6)).

i<0
Proposition 6.2. Let M(c)=exp(—ad U)-c, where ¢ is an (even) element of Z(A'),
then [M(c), #71=0.

Proof. 1t is sufficient to show [c, £ ] =0, where we have defined %, by
Fo.=exp(ad U)Z. (6.2)
Write .Z,, in the form
Lo=D+R+ A (6.3)

Since A belongs to Kerad A2, the proof is completed by proving the following
lemma.

Lemma 6.3. R belongs to Kerad A2

Proof. Since U does not contain components with positive grade, the odd superfield
R has no positively graded components, hence R = Y R* Comparing (6.3) with

(5.6), we obtain the relation of R and Q,, k=0
Qo=%[R,R]. + DR+ [A,R],. (6.4)
Let us first show that R® = 0. The defining relation (6.2) gives
RO=¢° +[U"1 A]. (6.5)
On the other hand, g'-component of Eq. (5.6) tells
[U LA+ [A¢°]=0. (6.6)

Hence we have
[A,R°]=0. (6.7)

This holds if and only if R® is proportional to the central element, which we can
set zero. Then g~ *-component of (6.4) is

Qo ¥=DR*4+[A,R* 1], +1 ¥ [RLR7],. (6.8)

i+j=k

To use induction, suppose all R (i=0,1,...,k) are in Kerad A2, then we easily
see that all terms in (6.8) except [A, R ™%~ 1] belongto Kerad A%. Hence [A, R ¥~ 1]e
Kerad A% From the Jacobi identity we have

[A,Kerad A%] c Kerad A2,
[A,Imad A?] < Imad A2 (6.9)

Since Kerad A nImad A% = {0}, [A,R %~ ']eKerad A% implies R™*~'eKerad A*.
Thus we have proved that R belongs to Kerad A2
Combining Lemma 6.1 and Proposition 6.2, we see that

’%’p =[M@)*, %] (ceZ(X)) (6.10)

defines a family of consistent time evolution equations. We note that A = 3[A, A],
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is a non-trivial element of Z(#") and hence Eq. (6.10) is not empty. In parallel
with our derivation of conserved currents in the previous section, the set
&':={keZ;Z(k)ng* #0} has the period n. (Presumably &' coincides with & in
Sect. 5.) Therefore, Eq. (6.10) gives an infinite series of the time evolution equation.
In the OSp(2]2)'® case to be discussed below, A***2 = (24)**A%(keZ) span Z(X').
We can also check the hierarchy structure in the case of SI{n|n)*). By taking the
standard (2n) x (2n) matrix representation, it is easy to show that Z(-¢) is spanned
by A?*(k #0mod.n)), A%" being proportional to the identity.

The generalized super KdV equations (6.10) can be put into a simpler form in
the diagonal gauge fixing. Set

=3 0., 610

By taking the 0-th gréde component on both sides of (6.10), we get
Y, (0Qu/0t) Hy = ~D(M(@)" 612
We apply the present method to the case of OSp(2|2)® and show that the

super KdV equation given by Manin and Radul arises in the hierarchy (6.10). We
see that A**2=(24)*A%eg***2 and these elements span Z(A). We take the

diagonal gauge fixing

PYE=D+ ¥-H+ A. (6.13)
The hierarchy (6.12) takes the form
L H=-D(M,), (614)

where M, := exp (—ad U)- A**2(k = 0). Consider the case of k = 1. M, is computed
in Appendix D.

(M,)° = [exp(—ad U)-A°1°

=[D°¥Y—-2D¥)*+3¥YD¥o¥Y]-H. (6.15)
Thus Eq. (6.14) for k=1 gives
g: —*¥Y+30¥Y(DY)* +3¥YDY¥YD3Y, (6.16)

which coincides with the modified super KdV equation (4.25) derived from the
scalar Lax equation.

7. Discussion

Our construction of an infinite series of conservation laws and the consistent time
evolution generators for the generalized modified super KdV hierarchy relies on
the direct sum decomposition (5.3) of the affine Lie superalgebra in terms of ad A2
In the bosonic case the analogous construction relies on the decomposition (5.2)
in terms of ad A, which is proved to be true for an arbitrary affine Lie algebra
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[19,2]. We feel that the relation (5.3) is a basic property of those affine Lie
superalgebras which admit a superprincipal embedding of OSp(1]2), and hence it
holds true for the affine Lie superalgebras listed in (3.5). Presently we have proved
(5.3) for SL(n|n) and 0Sp(2]2)®.

The generalized (modified) super KdV equations we have proposed are in a
Lax type representation. There is a folklore that those nonlinear differential
equations which have a Lax type representation are integrable. We believe that
our generalized (modified) super KdV equations give supersymmetric integrable
systems. The existence of an infinite series of conserved currents discussed in Sect. 5
lends a support to our belief. The integrability can be proved by showing further
that conserved currents are mutually commuting and that there exist sufficiently
many infinite series of conserved currents. To complete the proof we need better
understanding of the properties of the map ad A of Lie superalgebras.

The time coordinate which appears in the super Lax type equation (3.14) is
Grassmann even. Accordingly the time flow generators and the conservation laws
are all even. The physical meaning of conservation laws with respect to Grassmann
odd time is obscure to us and we have not considered the odd time evolution of
the super Lax operator % in this paper. One may introduce odd time 7 and the
associated superderivative D,:= 0/0t + t8/0t with the property D? = 9/6t. The super
Lax type equation

D.¥=[, %]. (7.1)

will possibly allow us to study odd time evolution as well as even time evolution.
We should note that a reduction of the super KP hierarchy of Manin and Radul
yields both even and odd time evolution. Presumably the consistent time flow
generators for Eq. (7.1) can be constructed by extending the method given in Sect. 6.

A hierarchy of generalized KdV equations is known to be obtained as a
reduction of the KP hierarchy [22]. The latter hierarchy is related to the
deformation problem of the pseudo-differential operator & =0 +uy+u; 8" +
u,0"2+---. In the Lie algebraic approach the KP hierarchy is obtained by
considering the Lax type equation associated with GL(n)"’|,_ .. The Lie super-
algebraic method proposed in this paper applies to the super Lax type equation
associated with SL(n|n)". Tt is an interesting problem whether a super K P hierarchy
is obtained by considering the n— oo limit of the super Lax operator associated
with SL(n|n)"). This approach will help clarify the connection between the different
schemes of super KP hierarchy recently proposed [10, 23].

W, algebras are known to be obtained from the second Hamiltonian structure
of the scalar Lax equation (2.32) or equivalently the Lax type equation (2.14) for
the gauge fixed Lax operator ¥ [2,3]; they are contained in the second
Gel'fand-Dikii (G-D) brackets [24]. A supersymmetric generalization of the G-D
bracket for generalized super KdV equations will enable us to construct super W,
algebras in an analogous way.

We briefly sketch how the super G—D bracket may be constructed starting from
a supersymmetric current algebra. Let ¥(z, 8) = y“(z) + 0j“(z) be an n-component
odd superfield of weight 3, j%(z) being a bosonic current. We assume that ¥° satisfies
the following type of current algebra:

{lPa(Zu 0,), 'Pb(zz’ 02)} = CabD1[5(Z1 —z,)(0; —0,)], (7.2)
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where C* is a constant determined from the structure of the Lie superalgebra
under consideration. We introduce superfields U, of weight (n — k)/2 by assuming
a generalized super Miura transformation

D"+U,_ D" '+ -+ UD+Uy=(D—FYHD— ¥?...D— ¥"). (71.3)

The bracket structure of U, induced from (7.2) defines the super G-D algebra.
The simplest example of this construction appears in connection with the super
Miura transformation discussed in Sect. 4,

D*+4WD = (D - 2¥)D(D + 2¥)D. (7.4)
Assume that Ysatisfies the U(1) current algebra
{¥(z1,0,), ¥(25,05)} = D [8(z; — 2,)(6, — 0,)]. (7.5)

The modified super KdV equation for ¥, Eq. (4.25), is written as the Hamiltonian
equation using the Poisson bracket (7.5). The super G-D bracket for W is obtained
from the bracket (7.5) and it gives the super Virasoro algebra of the super stress
tensor W, as previously pointed out [17].

Super W, algebras can also be constructed by computing operator product
expansions of currents of higher spin and demanding associativity [25]. This
program is difficult to extend to a general case. The derivation of super W, algebras
from the second Hamiltonian structure of generalized super KdV equations
sketched above appears to provide a more systematic way of constructing super
W, algebras.

Appendix. OSp(2]2)* and Modified Super KdV Equation

A. 0sp(2]2)®. Two inequivalent Dynkin graphs, a and b of Fig. 1, correspond to
the Lie superalgebra G = 0Sp(2|2). We take the Dynkin graph 1b corresponding
to a purely fermionic SRS. The Chevalley generators in this basis satisfy the
commutation relations

[ha:v hb] =0, [eaa fb] + = 5abhb3 (A 1)
[has eb] = Kabebs [has fb] = _Kabfb
where the Cartan matrix is
0 2
= . A2
Kab (2 0) ( )

One can define a Z, automorphism of G associated with the Z, symmetry of
the Dynkin graph 1b regarding the exchange {e,, f;} < {e,, f}. G is decomposed
into the even and odd part, G = G;@® Gj, under this involution. Gy consists of the
fixed points in G. It is (3,2)-dimensional and isomorphic to OSp(1]2). G; satisfies
[G5 Gl = Gy, ie., Gy is a Gg-module of dimension (1,2), and it provides a
representation of Gz OSp(1]2). We define the twisted affine Lie superalgebra
g = 0Sp(212)® to have the SRS given by adding the lowest weight of G;-module
G; to the SRS of G;.

Ei=e;+e,, Eoq=Afi—f2),
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Fi=fi+/fs Fo=1'(e;—ey),
H1=H0=h1+h2=H. (A.3)

The spectral parameter A is introduced to realize 0Sp(2}2)'® as a subalgebra of
0Sp(2|2)® C[4, A~ ']. The commutation relations of the generators {E,, F,, H,}1-,
can be calculated from Eq. (A.1) and they are

[Ha’ Hb] = 0, [Eaa Fb] + = 611be7
[Hm Eb] - KabEb’ [Hwa] = _Kabe’ (A-4)

2-2
K, =<_2 2). (A.5)

The corresponding Dynkin graph is shown in Fig. 2.

To introduce the super Z-module structure in Sect. 4 we need a matrix
representation of the generators of OSP(2|2)'?. We take the following 4 x 4 matrix
representation of OSp(2]2) in which we have

where the Cartan matrix is

0000 00 0 1
[0 o001 0000
““l1 000/ “2 Vo 100}
00 00 00 00
0 0 1 0 00 00
0 000 0010
fislg o000 2= 0000 (A.6)
0 -1 0 0 1.0 0 0
r 00 0 -1 00 O
hf0 —t o o0 b 010 O©
o o1 o) M7 001 oFf
0 0 0 —1 000 —1
and hence
000 1 0 0 10
00 0 1 [0 0 -20
1100} °“Yo o o0 o0}
0 0 00 i -4 00
0 0 1 0 0 0 0 —it
0 0 1 0 Fo| 0 0o 0o A
0 00 O0) "° it —ito0 "
1 -1 0 0 0 0 0 0
000 O
000 ©
002 o0} (A7)
000 -2
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@ ——¢@ Fig. 2. Dynkin graph of the twisted affine Lie superalgebra 0Sp(2|2)®

B. Kerad A% Define A and A as the sum of generators of positive and negative
SRS of 0Sp(2]2).

A=Ey+E,, A=Fy+F,. (A.8)

We show the diagonal sum decomposition (5.3) of 0Sp(2|2)® by explicit computa-
tion of

ad AZ:g¥ > gf*2, (A.9)
The o := KeradA? is spanned by
APAeg*t it
AM(F —Fo)eg™' ™%,
AT2HUA2 J2A2egT2H4, (A.10)

The '+ =Imad A? is spanned by
APE; — Eg)eg* '™,
A HegH,
leZEg—l +4j’
AY(F2 — F2)eg™ 24, (A.11)
We see from (A.10) and (A.11) that the direct sum decomposition
gt =A@ (A (A.12)

holds.
The o is further decomposed as

H=[AHH]DH. (A.13)
Here the commutant [, ] is spanned by
APAegt ™4
AM(F, — Fo)eg ™'+,
AT2HUA2egm I, (A.14)
The orthogonal complement # is spanned by
AHAZegm 24, (A.15)
ie., only # ~2** are non-empty.
C. Conservation Laws. The gauge transformation by U and the term Q, in (£?),
are obtained by solving
0+ 3 (Q0) 1+ A2 = 4Y(2?)
l =0+0°+ Q'+ A*+[U,0+Q° + Q* + A?]
+5[U,[U,0+Q°+ Q' + A*]]
+&LU,[U,[U,0+Q°+ Q' +A2]11] + -+, (A.16)
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iteratively. Here Q°=D¥-H and Q!= ¥-(E, —E,). The first few terms of
U~'and (Q,) " are

U'l=—-1PA4+x¥(F,—F,),

U 2= —iDW(F?—F%)+ DW(yA* — zA72A%),

U 33=—1[0¥+(x+22)YDV¥Y]A"HE, — E,) (A.17)

+ WP+ v¥DW¥)A2A,
U *=—L0D¥Y+2y+2)(D¥Y) —(x —2u)WoW]i *H,

Qo= —[0xP)+3¥YDPI(F,—F,),
Q5= —[o(yD¥Y)+4(D¥P) —5¥O¥]IA®
+[0(zDP) +L(DP)? — x Wa(x¥) 1A~ 2A2,
052 = [30u0¥) + 100 ¥D W) + ( — xy)D(¥Y¥)
+ (xy — yox)¥D¥ + (dx — y) ¥(D¥)*]A2A. (A.18)

Here x,y,z,u,v are arbitrary functions of x (and 7). Note that Q;' and the
A? term in Qg? are independent of the arbitrary functions modulo total
derivative whereas the other terms are not. The A? belongs to "% and
its coefficient

Jl= —L[(D¥) — ¥o¥] (A.19)

gives a conservation law.

In the case of OSp(2|2)* we have Q9 =0. It ollows that the right-hand
side of Eq. (5.10) vanishes and hence the coefficient J° in Qg! is also a
conservation law. We find that J! = —1DJ°.

D. Hamiltonian o/. The operator (M,)° appearing in the time evolution equation
(6.14) is given by

Mk — e—ad U(A4k+2) (A20)
and is expanded as
4k+2 R . .
M= Y A, Aeg. (A.21)

We evaluate (M,)* for k= 1.
A% = A®=4)2A2,
AS = —[U"1 A%] = 4420},
A= —[U~2 A%]=442Q°,
A= —[U3 AT+ H([U'[U %, AT+ [U % [U 4 AT])
=4i}(—Qo ' —oU T + UL, QT+ [U20'),
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A= —[U™5,A°T+3([UL,[U5A°T]+ U3 [U1,A%]]
+[U L [U4 A1+ [U4[U% A1+ [U73[U3,A°]])
—#[ULIU%[U3,A%]1]+ )
=42 {—0U*+[U Q5 1+ [U™% Q5 %1+ U1, Q0]
+{[U3,0U 11+ [U 20U 2]+ [U 18U ™3])
—[U™LIU%Q5 ' 11-[UAIU 4L 0,'1]
— YU LIU 20U 11+ [U AU LoU I} (A.22)

After substituting the results in Appendix C into Eq. (A.22), we obtain

A°=[8*D¥ —2(D¥)* + 3¥D¥OV¥]H. (A.23)
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