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LIFETIME ASYMPTOTICS OF ITERATED BROWNIAN MOTION IN R"*

ERKAN NANE! 2

Abstract. Let 7p(Z) be the first exit time of iterated Brownian motion from a domain D C R"
started at z € D and let P,[tp(Z) > t] be its distribution. In this paper we establish the exact
asymptotics of P;[tp(Z) > t] over bounded domains as an improvement of the results in DeBlassie
(2004) [12] and Nane (2006) [24], for z € D

lim ¢t~/ exp (g#/?’xff’tl/?’) P.[p(Z) > t] = C(2),

t—oo

where C(z) = (Ap27/?)/V/37 (v(2) [, w(y)dy)Q. Here Ap is the first eigenvalue of the Dirichlet Lapla-
cian %A in D, and % is the eigenfunction corresponding to Ap. We also study lifetime asymptotics
of Brownian-time Brownian motion, Z; = z 4+ X(|Y(¢)|), where X; and Y; are independent one-
dimensional Brownian motions, in several unbounded domains. Using these results we obtain partial
results for lifetime asymptotics of iterated Brownian motion in these unbounded domains.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

Iterated Brownian motion (IBM) has attracted the interest of several authors [1-3,7-10,12,15,18,23,24,27,29].
Several other iterated processes including Brownian-time Brownian motion (BTBM) have also been studied
[1,2,19,25,26]. One of the main differences between these iterated processes and Brownian motion is that they
are not Markov processes. However, these processes have many properties similar to that of Brownian motion
(see [2,3,12,23], and references therein).

To define iterated Brownian motion Z; started at z € R, let X;", X;” and Y; be three independent one-
dimensional Brownian motions, all started at 0. Two-sided Brownian motion is defined by

X - X t>0
T Xy t<O.
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148 E. NANE

Then iterated Brownian motion started at z € R is
Zy=z+XY:), t>0.

In R™, one requires X* to be independent n—dimensional Brownian motions. This is the version of the iterated
Brownian motion due to Burdzy, see [7].

We next define another closely related process, the so called Brownian-time Brownian motion. Let X; and
Y; be two independent one-dimensional Brownian motions, all started at 0. Brownian-time Brownian motion
started at z € R is

Zt=z+X([vi]) t>o0.
In R™ one requires X to be an n—dimensional Brownian motion.

Let 7p be the first exit time of Brownian motion from a domain D C R™. The large time behavior of
P,[tp > t] has been studied for several types of domains, including general cones [5,11], parabola-shaped
domains [4,22], twisted domains [13], unbounded convex domains [21] and bounded domains [28]. Our aim in
this article is to do the same for the first exit time of IBM from bounded domains in R™, and for the first exit
time of BTBM from several domains in R™. See Bafuelos and DeBlassie [3], Li [21], Lifshits and Shi [22] and
Nane [23] for a survey of results obtained for Brownian motion and iterated Brownian motion in these domains.

For many bounded domains D C R™ the asymptotics of P,[rp > t] are well-known. (See [28] for a more
precise statement of this.) For z € D,

lim e*'P,[rp > t] = w(z)/ ¥(y)dy, (1.1)
t—o0 D
where A\p is the first eigenvalue of %A with Dirichlet boundary conditions and 1 is its corresponding eigenfunc-
tion.

DeBlassie [12] proved that for iterated Brownian motion in bounded domains, for z € D,

. 3 .
lim t7/*log P.[rp(2) > ] = 757%/3%/3. (1.2)
The limits (1.1) and (1.2) are very different in that the latter involves taking the logarithm which may kill
many unwanted multipliers of the exponential. It is then natural to ask if it is possible to obtain an analogue

of (1.1) for IBM. That is, can one remove the log in (1.2)? In [24], we improved the limit in (1.2) as follows, for
ze D,

2C(z)

IN

lim inf t /2 exp (;772/3)\213/3751/3) P.[mp(Z) >t

t—oo

IN

3
limsup ¢~ /2 exp (5772/3)\21)/3751/3) P.[rp(Z) > t] < nC(2),

t—oo
2
where C(2) = Ap+/27/3 (1/)(2) fD w(y)dy)
In this paper we prove the following theorem which improves both limits above.

Theorem 1.1. Let D C R™ be a domain for which (1.1) holds pointwise and let Ap and 1 be as above. Then
for z € D,

Ap27/2 2
tlggo 12 eXp(gﬂ'Q/g)\QDBtl/g)Pz[TD(Z) >t = LJ%) (w(z) /Dw(y)dy) .

Remark 1. Observe that 2Ap+/27/3 < (Ap27/2)/v/31 < wAp+/27/3, so Theorem 1.1 is in agreement with
the results obtained previously in [12,24].
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In [13], DeBlassie and Smits studied the tail behavior of the first exit time of Brownian motion in twisted
domains in the plane. Let D C R? be a domain whose boundary consists of three curves (in polar coordinates)

where f; and fy are smooth and the curves Cy and Cs do not cross:
0< filr) = for) <m, 7 =r1.

DeBlassie and Smits call D a twisted domain if there are constants rg > 0, v > 0 and p € (0,1] and a smooth
function f(r) such that the curves f1(r) and fa(r), r > rg, are obtained from f(r) by moving out £+r? units
along the normal to the curve § = f(r) at the point whose polar coordinates are (r, f(r)). They call yr? the
growth radius and 6 = f(r) the generating curve. DeBlassie and Smits [13] (Th. 1.1) have the following tail
behavior of the first exit time of Brownian motion in twisted domains D C R? with growth radius yr?, v > 0,
0<p<l1

2
2p—1 P+1
: - I T
tlirgot w2/ log P,[tp > t| = =l = {7221)(1 p)QP} Cp (1.3)
where )
2p (1=p ) #*H*
7T2+p r ( 2p )
Cp,=(1+p)

8ep?r (1 —p)=P pa2p (L)
2p

For these domains, Nane [23] obtained the following result for IBM: for all z € D,

1—p
1-p 1 (m) _2p 2+2p
lim ¢+~ (5%) log P,[rp(Z) > t] = — ( S+p ) (ﬂ) <) (5

t—o0 24+ 2p 1—p

where [y is the limit given by (1.3).
We obtained in [24], the following for BTBM in twisted domains, for z € D,

1—p
—p - 1 (572) oy (2420
tlim = (7%) log P.[rp(Z') > t] = _o(%7) <23—:r2p > <—1 er) e )lg 3 ),

where [y is the limit given by the limit given by (1.3).
DeBlassie and Smits [13] also obtained similar results for p = 1. Let D C R? be a twisted domain with
growth radius vr, v > 0. Then for z € D,

tlim [logt] 'log P.[rp > t] = —C(y) = —7 [4 arccos (1.4)
—00

1+ ~2

We obtain the following lifetime asymptotics of BTBM in twisted domains.
Theorem 1.2. Let D C R? be a twisted domain with growth radius ~yr, v > 0. Then for z € D,

Jim [log#] ™" log P [rp(2") > 1] = —C(v)/2,

with C(vy) as in (1.4).
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Using Theorem 1.3. from [24], which says that for all z € D and all ¢t > 0,
P.[rp(Z) > t] < 2P.[rp(Z") > 1],

we obtain the following for IBM in twisted domains.

Corollary 1.1. Let D C R? be a twisted domain with growth radius yr, v > 0. Then for z € D,

lim supllog ]~ log P.[7p(Z) > ] < —C(7)/2,

t—o0o
with C(7) as in (1.4).
In [21], using Gaussian techniques, Li studied lifetime asymptotics of Brownian motion in domains of the
following form
Py ={(z,y) eR" " 1y > f(z),z € R"}
for f(z) = exp(|z|P),p > 0. Li established that for z € Py,
lim t~*(logt)*/?log P.[rp, > t] = —j2, (1.5)

t—o0o

where v = (n — 2)/2 and j, is the smallest positive zero of the Bessel function J,.
We obtain the following theorem in these domains

Theorem 1.3. Let Py be as above with f(z) = exp(|z|P),p > 0. Then for z € Py,
Jlim t=/3(log )" log P.[rp,(Z") > t] = —C(p),
where
Olp) = (3/2)(0 3r9V/3( 29210215 (22 8) 2,
Using Theorem 1.3. from [24], we obtain the following for IBM in these domains.
Corollary 1.2. Let Py be as above with f(x) = exp(|z|’),p > 0. Then for z € Py,

lim sup t~ /3 (log t)*/P log P.[1p, (Z) > t] < —C(p).

t—oo

For f(z) = h(|z|) and h=1(z) = Az*(logx)®, = > 1. Li obtained the following: let € > 0. For ¢ large, z € Py

(1—a)
—(14€)Capr <t~ 070 (logt) T log Pulrp, > 1] < —(1— €)Ca g2, (1.6)

where
Capa=2""(1-a) Ha "1+ ) 2A720)1/(1 + o)
and
Ca,ﬁ,Q _ (1 + a)(2a)fa/(1+a)(271(1 + a))26/(1+a))cl/(1+a)
where C' = (1 — a)~122871 47252,
We have the following for BTBM in these domains.

Theorem 1.4. For0 < a <1 and B € R,

-C(1) < ngninff(l*a)/(“a) (log t) P +e)/Be) 100 P, (75 (Z1) > 1]
—00
< limsup t~(1=)/Batl)(jog ) #A+)/ 3+ 1o0 P, [rp, (Z1) > t]
t—o0
< —C(@2)
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where o
3+« St 11—« 1—a 2(14a) 48
cn=(srrs)  (Gra) @ Cusn B 2,
and 5 3+3a++45 1
ta “ -« l-a 2(1+a) 48
co=(qrra)  (@re) @O O i 20,

Using Theorem 1.3. from [24], we obtain the following for IBM in these domains.

Corollary 1.3. For 0 < a < 1 and 8 € R. Let Py be as above with f(x) = h(|z|), h1(z) = Az*(logz)”,
x > 1. Then for z € Py,

limsup ¢~ (1=2)/Bat1) (10g 1)1+ /BT) Nog P, [7p (Z1) > 1] < —C(2)

t—oo

where C(2) is as above.

The paper is organized as follows. In Section 2, we give some preliminary lemmas to be used in the proof of
main results. We also recall several asymptotic results from Nane [24] to be used in the proof of main results.
Theorem 1.1 is proved in Section 3. Section 4 is devoted to prove Theorems 1.2, 1.3 and 1.4.

2. PRELIMINARIES

In this section we state some preliminary facts that will be used in the proof of main results.

In what follows we will write f ~ g and f < g to mean that for some positive C; and Cs, C1 < f/g < Cy
and f < Cig, respectively. We will also write f(t) ~ g(t), as t — oo, to mean that f(t)/g(t) — 1, as t — oc.

The main fact is the following Tauberian theorem ([14, Laplace transform method, 1958, Chapter 4]). Laporte
[20] also studied these types of integrals. Let h and f be continuous functions on R. Suppose f is non-positive
and has a global max at xg, f'(x0) =0, f"(x0) < 0 and h(zg) # 0 and ffooo h(z)exp(Af(z)) < oo for all A > 0.

Then as A — oo,
e 2m
| H@yexpr @)z ~ han) explhf )y | 577 (21)

It can be easily seen from this that as A — oo,

- —2 -2/3 24/3
exp(—A(z + 277))dz ~ exp(—3A277/7) T (2.2)
0
Similarly, as t — oo,
/OO exp (—Z—Z - bu) du ~ \/§22/3a1/6b2/3t1/6 exp(—3at/3p?/3272/3¢1/3), (2.3)
0
This follows from equation (2.2) after making the change of variables u = (atb~')*/3z.
Finally, we obtain, as t — oo,
/ uexp (—Z—i - bu) du ~ 2\/§a1/2b_1t1/2 exp(—3al/3p?/3272/341/3), (2.4)
0

Writing the power series for the cosine function we easily see that as ¢t — oo,

o 2t 2 1/2 i
/ zcos (mK/x) exp (% - )\D:c) dx ~ 2\/E (W_> ALY 2 exp <§7r2/3>%/3t1/3) ) (2.5)
0 T 3 2 2
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We next state a version of de Bruijn’s Tauberian Theorem (Kasahara [17] Th. 3 and Bingham, Goldie and
Teugels [6] p. 254).

Theorem 2.1 (de Bruijn’s Tauberian Theorem). Let £ be a positive random variable. Then, for o > 0 and
geR
log Pl¢ < €]~ —Ce |logel’ as e— 0T

if and only if
log Elexp(—A¢)] ~ —(1 + O[)lfﬁ/(lJrOt)Of@t/(lJrOt)Cl/(lJrOt))\a/(lJrOt)(1Og )\)ﬁ/(lJra)

as A — oQ.
In the case a =0, if v — 0T

(log ]| log Pl < 2] ~ —c/2.
Then as A — oo
[log A] 7! log Elexp(—AE)] ~ —c/2.

Next, we will recall some lemmas that will used in Sections 3 and 4. The following lemma is proved in [12]
Lemma A1l (it also follows from more general results on “intrinsic ultracontractivity”). We include it for
completeness.
For I C R an open interval, we write
nr=nI)=inf{t >0: Y; ¢ I}

Lemma 2.1. Ast — oo,

4 2t

Py[no,1y >t] ~ —e % sinmz, uniformly for z € (0,1).

0

We recall a result from Nane [23] Lemma 6.2, that will be used for the process Z*.

Lemma 2.2. Let B= {u>0: t/u?> M} for M large. Then on B,

d

w2t\ wt
—PF ~ - | = 2.
du 0[77(7%71) > t] eXp ( 8U2) ud ( 6)

3. ITERATED BROWNIAN MOTION IN BOUNDED DOMAINS
If D C R” is an open set, write
£ _: . =+
Tp(2) =inf{t >0: X; +z ¢ D},
and if I C R is an open interval, write
nr=nI)=inf{t >0: Y; &¢I}

Recall that 7p(Z) stands for the first exit time of iterated Brownian motion from D. As in DeBlassie [12, §3.],
we have by the continuity of the paths for Z; = z + X (Y}), if f is the probability density of Tﬁ(z)

Pulro(2) > 1] = / h / " Pl > 117 () f(0)dudu. (3.1)
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The proof of Theorem 1.1. The following is well-known

43 1 n+1272\ . 2n+ Dru
Po[n(—u,v)>t]:;2 <( ) t)sm( ) ,

—2n+1 P 2(u + v)? u+wv
(see Feller [16] pp. 340-342).
Let € > 0. From Lemma 2.1, choose M > 0 so large that

4 w2t 4 w2t
(1—e)—e 2 sinmz < Ppng,) >t < (1+€)—e” 2 sinna,

- —e
™ ™

153

(3.2)

(3.3)

for t > M, uniformly = € (0,1). For a bounded domain with regular boundary it is well-known (see [28§]
pp. 121-127) that there exists an increasing sequence of eigenvalues, Ay < A2 < A3---, and eigenfunctions )y,

corresponding to A; such that,
(oo}
Pl <1 =3 exp(-Mt)un() [ vno)dy
k=1 D

From the arguments in DeBlassie [12] Lemma A.4

d

ft) = EPZ[TD <t = Z)\k exp(—)\kt)wk(z)/ Y (y)dy.
k=1 D

Finally choose K > 0 so large that
A(2)(1 —€)exp(—Apu) < f(u) < A(2)(1 4 €) exp(—Apu)

for all u > K, where
AE) =) [ irtds = 2pw(e) [ dldy

We further assume that ¢ is so large that K < %\/t/M. Define A for K >0 and M > 0 as

1 t t
= : <u< =/ — << _— — .
A {(u,v) K_u_2\/M,u_v_\/M u}

By equation (3.3) and from equation (3.10) in [12],

P.lro(2) > 1] =2 /0 h L h P [n(m) > (u—i—;v)Q} F(u) f(v)dvdu
> ! /j\/t/_M/u\/t/_M_u sin <l> exp (2(777%) exp(—Ap(u + v))dvdu,

(u+ ) u+v)?

where C! = C*(2) = 2(4/7)A(2)?(1 — €)®. Changing the variables © = u + v, z = u the integral is

LNt/ M oSt/ M 24
=C! /2 / sin (%Z) exp < T ) exp (—Apz) dzdz,
K 2z

212
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and reversing the order of integration

C’l/ o /%1’ sin (Wz)e 't exp(—Apz)dzdx
= — Jexp | —= ) exp(—
- « - P 022 P{—AD

\t/M K 2
= Cl/ﬂ'/ Z oS (%) exp (—;T—xz) exp(—Apz)dx.
2

K

From equation (2.5) as t — o0,

o] K 2t 2\ 1/2 3 .
/0 T cos <%> exp (%) exp (—Apz)dx ~ 2\/§ <%> )\Bltl/Q exp <§7r2/3)\2D/3t1/3) . (3.6)

Now for some ¢; > 0,

2K 7T2t 2 2 2K
/0 Z exp (ﬁ — )\D:c) do < e ™ 12K /0 rexp(—Apz)dr < e (3.7)

and

[e'e} 71'2 [e'e)
/ T exp <2—IZ) exp (—Apz)dz < / zexp(—Apx)dzr = (Vt/MA,' + A5 exp(—=Apv/t/M). (3.8)

Now from equations (3.6)—(3.8) we get
lim inf ¢—1/2 3 9/3,2/3,1/3 1 T [\ -1
im inf ¢ exp {5 APt P,tp(Z) > ] > (C* /7)2 s\ 5 Ap - (3.9)

For the upper bound for P[rp(Z) > t] from equation (3.10) in [12],

t

P.rp(Z) > 1] = 2/0""/‘” Pos [0y > m]f(u)f(v)dvdu. (3.10)

We define the following sets that make up the domain of integration,

Ay ={(u,v): u>0, v>K, u<v, u+v<+/t/M},
As ={(u,v): 0<u<v< K}
Over the set A; we have for some ¢ > 0,
t
//A P_u_[no,1) > (quv)Q]f(u)f(v)dvdug/ ; f(u)f(v)dvdu < exp(—cy/t/M). (3.11)

The equation (3.11) follows from the distribution of 7p from equation (3.5).
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Since on A, t/(u+v)? > M,

/ / P {n(o,l) > (;)2} () f(v)dvdu
<[] etz
< exp( 8K2)/ / Fu dvdu<exp< 8;(’;). (3.12)
Let Oy = Oy (2) = 2(4/7) A(2)2(1 + ¢)3. For the integral over Ay we get,
J [ Poe [ > g | f s uan

t/M— 7T2t
< Cin / / f exp ( m — )\D’U) dvdu
V2/t/M p\/t/M—u U 2t
+ Cl/ /u sm(quv)exp (—ﬁ—AD(u—i—v)) dvdu

K u+v)
= I+4II (3.13)
Changing variables u +v =z, u = w
t/M—
I = —Apv)dvd
/ / “exp < — U) ) () exp(—Apv)dudu
2t

< eXp —55 | f(w)exp(=Apz) exp(Apw)dzdw

w+K 2z

K [e’e) 7T2t
< exp()\DK)/ f(w)dw/ exp (_@) exp (—Apz)dz
0 0
3
< tMSexp <§7r2/3)\2D/3t1/3) : (3.14)
Equation (3.14) follows from equation (2.3), with a = 7%/2, b = Ap.
Changing variables u +v =z, u = w
1/2\/t/M  \/t/M 24
I < Cl/ / sin (H) exp (—LQ — )\Dz) dzdw
K 2w z 2z

it/ M pz/2 W 2t

= C’l/ sin (7) exp <2—22 - )\Dz> dwdz (3.15)
VM K 2¢
< 01/7'(/ Z COS (L) exp <7r—2)\Dz) dz
2K z 2z
T (m2\ 2 3

< (1+ 6)(01/71’)2\/; (7) A5 tY2 exp (—5772/3)\%/3751/3) . (3.16)

Equation (3.15) follows by changing the order of the integration. Equation (3.16) follows from equation (2.5).
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Now from equations (3.11), (3.12), (3.14) and (3.16) we obtain

t—oo

Finally, from equations (3.9) and (3.17) and letting € — 0,

C(z)

IN

lim inf t71/2 exp <gw2/3/\§)/3t1/3) P.[tp(Z) > 1]

IN

limsupt /2 exp <;7r2/3)\%/3t1/3) P,[tp(Z) > t] < C(2),

t—oo

where C(2) = (Ap27/2)/V37 ((2) [, ¥(y)dy)”.

4. BROWNIAN-TIME BROWNIAN MOTION IN UNBOUNDED DOMAINS

3 C a2\ 1/2
limsup ¢~ /2 exp (5772/3)\213/3751/3) P.ltp(Z)>t] < (1+¢€) (—1) 2\/§ (%) Aot
i

(3.17)

In this section we study Brownian-time Brownian motion (BTBM), Z} started at z € R, in several unbounded

domains.
If D C R” is an open set, write
mp(z) =inf{t > 0: X+ 2z ¢ D},
and if I C R is an open interval, we write

nr=inf{t>0:Y; ¢ I}.
Let 7p(Z') stand for the first exit time of BTBM from D. We have by the continuity of paths
P.[tp(Z") > t] = P[n(—1p(2), 70 (2)) > t].
Proof of Theorem 1.2. Let € > 0. From Lemma 2.2, choose M > 0 so large that

7T2t) mt d 2\ wt

(1 —€)exp (
for all u < \/t/M.

Let C = C(y). From the hypothesis choose K > 0 so large that

u3

u~Clte < P(rp(z) > u) < w09 for u> K.

We further assume that ¢ is so large that K < y/t/M. Now by (4.1), after integration by parts,

< /d
PZ[TD(Zl) > t] = / <@P0[T}(_u,u) > t]> P[TD(Z) > u]du
0
J/t/M 2
> t/ exp [ L) y-ca+o+a g,
~ K 8u2
and changing variables u=2 = z, du = —1/2x_3/2dx the integral is

K2 2
e t/ exp (—ﬂ-—m) 1€+ /24,
M/t 8

(4.1)

(4.3)
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Changing variables, z = 7%tx/8, the integral is
K~ 27%t/8
> t_c(1+€)/2/ e~ %200+ /29, (4.5)
T2M/8

Now since for some cg > 0,

oo
/ eszC(lJre)/QdZ < e*COt’
K—272t/8

w2 M/8
/ e #200F9/24 < oo,
0

and -
/ e 2004924 = T(1+ C(1 + €)/2).
0
We have
P.rp(ZY) > 1] > t700+9/2, (4.6)
We now give an upper bound.
oo
() >t = [ Polican > D
0
Vt/M 24 o
< e*mfudqu/ fu)du
/ Ry -
w2t
< Blep (-1 )| + (Vejan-ct-o
S Blow (g | + VD
< mea-a/2, (4.7)

Equation (4.7) follows from Theorem 2.1 and the asymptotics of 7p(z).
Now from Equations (4.6) and (4.7) we have

th(1+e)/2 < PZ[TD(ZI) = t] < th(lfe)/2.

Now taking logarithm of the above inequalities, dividing by logt, letting ¢ — 0, we obtain the desired result. O
Proof of Theorem 1.3. Let € > 0. From Lemma 2.2, choose M > 0 so large that

T2t mt d T2t mt
(1 —¢€)exp (—@) 3 < @Po[n(,u’u) >t <(1+¢€) exp (—@) o3 (4.8)
for all u < \/t/M.
Let C' = j2. Given € > 0, choose K > 0 so large that
exp(—C(1 + e)u(logu)~2/?) < P(tp;(2) > u) < exp(—C(1 — €)u(log u)~2/P) (4.9)
for u > K. We further assume that ¢ is so large that K < /t/M.
Then, by equations (4.8) and (4.9)
VUM w2t
P.lrp,(Z') > t] 2 t/ u exp <W) exp(—C(1 + e)u(logu)~2/P)du (4.10)
K u
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changing variables u=2 = z, du = 71/2x’3/2d:c the integral is

K2 2
t
2 t/ exp (—W ac) exp(—C(1 + )z~ /2 (log z=Y/2)~2/P)dz.
M/t 8

Now we set
v(z) = C(1+ e)x~ Y2 (loga=1/2)=2/P
which gives
dv = C(1 + )z~ ?(logz=1/2)=2/P[-1/2 4+ 1/p(log z~'/?) " Ydz = —Vdz.
Then the integral is

K2 2
t
2 t/ VV~texp <7T8$) exp(—C(1 + €)z~?(logz=/?)72/P)dz.
M/t

Now for z > M/t
V> 73/2[1/2 — 1/p(log /t /M)t > ¢73/2,
Hence the integral is

> 412 / - (—”;“”)exp(—u(x))V(x)dx.

M/t

Now from de Bruijn’s Tauberian Theorem 2.1 we have

o0 2
log/ exp <7T8t:v> exp(—v(2))V (z)dz ~ —C(p, €)t*/3(log t) =4/ 3P)
0

where C(p, €) = (3/2)4F3P)/3P21/3((1 4 €)j222/P)2/3 (12 /8)1/3.
For some ¢y, co > 0 we have the following bounds:

M/t 2 ) o
/ exp <_7r8:c) exp(—v(z))V (z)dz < e /2 (logt) /7
0

and

/002 exp ( 7T2tm) exp(—v(2))V (z)dz < e~c2t,

K-
from which we get
P.[tp (Z") > 1] Z exp (*(1 +€)2C(p, e)t*/3(log t)*4/3p) .

We next give the upper bound
Pl (2> 1) = [ Rl > 05w
0

\/W <24 ©
/ e &2 f(u)du + / f(u)du

0

A

< E [exp (‘%ﬂ + exp(=C(1 — e)t*/?(log t) /7).

7P, (2))

(4.11)

(4.12)
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The upper bound follows from de Bruijn’s Tauberian Theorem by observing from (1.5) that as z — 0T

He

log P[1/(7p, (z))2 < ] = log P7p;(2) > x_l/Q] ~ —Cx_1/2(| 1ogx_1/2|)_2/p.

P.lrp,(Z') > 1] S exp(—(1 — €)D(p, e)t'/3(log t) ~*/*7) (4.13)

where D(p, €) = (3/2)(4+3p)/3p21/3((1 _ €)j322/p)2/3(7r2/8)1/3.

No

Therefore from equations (4.12) and (4.13), we obtain

eXp(—(l + 6)20(]), G)tl/s (10g t)_4/3p)
< Plrn, (21) > 1
5 eXp(—(l — E)QD(p, €)t1/3(10g t)—4/3p).

w taking logarithms, multiplying by t~'/3(logt)*/??), letting ¢ — oo and then letting e — 0, we get the

desired result. O

Proof of Theorem 1.4. The proof follows the same steps of the proof of Theorem 1.3, so we omit the details. [
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