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LIFTING INVOLUTIONS IN A WEYL GROUP
TO THE TORUS NORMALIZER

G. LUSZTIG

ABSTRACT. Let N be the normalizer of a maximal torus 7" in a split reductive
group over Fy, and let w be an involution in the Weyl group N/T. We explicitly
construct a lifting n of w in N such that the image of n under the Frobenius
map is equal to the inverse of n.

INTRODUCTION

0.1. Let k be an algebraically closed field. Let G be a connected reductive algebraic
group over k. Let T be a maximal torus of GG, and let U be the unipotent radical
of a Borel subgroup of G containing T. Let N be the normalizer of T' in G, let
W = N/T be the Weyl group, and let x : W — N be the obvious map. Let w — |w|
be the length function on W and let S = {w € W;|w| = 1}. Let Y = Hom(k*,T).
We write the group operation on Y as addition. For each s € S we denote by
ds € Y the corresponding simple coroot; let L be the subgroup of Y generated by
{és;s € S}. Now W acts on T by w : t — w(t) = nwn™1, where n € k= (w);
this induces an action of W on Y and L by w : y — 3/, where y'(z) = w(y(z)) for
z € k*. We fix a pinning {z; : k = G,ys : k = G;s € S} associated to T,U and
we denote by w — w be the corresponding Tits cross-section [I] of kK : N — W. A
halving of S is a subset S’ of S such that s;s9 = sos; whenever s1, s3 in S are both
in $" or both in S — §’. Clearly a halving of S exists. Let Wy = {w € W;w? = 1}.
Let ¢ = —1 € k*. It turns out that, when w € W5, one can define representatives
for w in k= (w) other than w, which in a certain sense are better behaved than
(see [@O). Namely, for w € Wa, ¢ € k* and for a halving S’ of S we will consider
the element

Nue,s' = Wy (c)b (€) € 571 (w),
where r, € L, by, € L/2L are given by Theorems and [03 below. (We then have
rw(c) € T and b3 (¢) € T: if y € L, then y(e) € T depends only on the image of y
in L/2L; hence y(¢) € T is defined for any y € L/2L).)

Theorem 0.2. There is a unique map Wa — L, w — 1y, such that (1)—(iii) below
hold:

(i) r1 =0, rs = &5 for any s € S;

(ii) for any w € Wy, s € S such that sw # ws, we have $(ry) = T'sws;
(iii) for any w € Wa,s € S such that sw = ws, we have Tgy = Ty + Ny where
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Moreover, in (iii) we necessarily have N € {—1,0,1}; if in addition G is simply
laced we have N € {—1,1}. We have:

(iv) if w, s are as in (iil) and |sw| > |w|, then s(ry) = Tw;

(v) if w € Wa, then w(ry) = —ry.

A part of the proof of the existence part of the theorem is based on constructing
a basis consisting of certain positive roots (including the highest root) for the re-
flection representation of W assuming that the longest element is central. After I
found this basis, I realized that this basis is the “cascade of roots” that B. Kostant
has talked about on several occasions. In 2012 he wrote a paper [Kos12] about the
cascade. (I thank D. Vogan for supplying this reference.) The proof of property
(iil) is based on a case-by-case verification.

Theorem 0.3. Let S’ be a halving of S. There is a unique map b = bWy —
L/2L,w — by = b3 such that (1) (iii) below hold:

(i) by =0, by = & for any s € S’, and bs =0 for any s € S — S';

(ii) for any w € Wa, s € S such that sw # ws, we have $(by) = bsws + ds;

(iil) for any w € Wa, s € S such that sw = ws, we have bgy, = by, + lés, where
le{0,1};

Moreover,

(iv) for any w € Wa, s € S such that sw = ws, we have $(by) = by + (N +1)ds,
where Tgy = 1y + Névg, N € Z;

(V) by (e)w(by(€)) = ry(€)i?, or equivalently (b, (€))% = ry(€).

A part of the proof of this theorem is based on computer calculation.

0.4. In this subsection we assume that (i) or (ii) below holds:

(i) k is an algebraic closure of a finite field F}, with ¢ elements;

(ii)) k = C.

We define ¢ : k — k by ¢(c) = ¢ in case (i) and ¢(c) = ¢ (complex conjugation)
in case (ii). In case (i) we assume that G has a fixed F,-rational structure with
Frobenius map ¢ : H — H such that ¢(t) =t for all t € T

In case (ii) we assume that G has a fixed R-rational structure so that G(R) is
the fixed point set of an antiholomorphic involution ¢ : G — G such that ¢(y(c)) =
y(¢p(c)) for any y € Y, c € k*.

In both cases we assume that ¢ is compatible with the fixed pinning of G attached
to T,U so that ¢(uw) = w for any w € W. In both cases we define ¢’ : G — G
by ¢'(g) = ¢(g)~". In case (i), ¢’ is a Frobenius map for an F,-rational structure
on G which is not in general compatible with the group structure. In case (ii),
¢’ is an antiholomorphic involution of G not in general compatible with the group
structure. Hence G% = {g € G; ¢(g)g = 1} is not in general a subgroup of G.

In both cases we set

N ={ge N;¢(9)g =1} =NnG?.

Since ¢(1) = 1w, we see that for w € W, k' (w) N N? =0 if w e W — W,

We define ¢ : k — k by ¢/(c) = —¢(c). In case (i) we have k¥ = {z € k; 27 =
—x}, and in case (i) we have k? = {z € C;Z+x = 0}, the set of purely imaginary
complex numbers.

Note that for w € Ws, w is not necessarily in N ¢ The following result provides
some explicit elements in x~!(w) which do belong to N ¢,
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Theorem 0.5. We assume that we are in the setup of subsection [04l Let w € W,
let c € k*, and let S be a halving of S. We have ¢ (Nw,c,5') = N, (c),5 - Hence if
c € k? we have N,e, 5 € N?'.

0.6. If X C X’ are sets and ¢ : X’ — X' satisfies «(X) C X, we write X* = {z €
X;u(z) =z}

1. THE ONE PARAMETER GROUP 7, ATTACHED TO AN INVOLUTION w IN W

1.1. Let R’ be a root system in an R-vector space X’ of finite dimension; we
assume that R’ generates X and that multiplication by —1 (viewed as a linear map
X’ — X') is contained in the Weyl group W’ of R’. We assume that we are given
a set of positive roots R’ for R’. Let Y' = Hom(X’,R). Let {,) : Y x X' - R
be the obvious pairing. Let R’ C Y’ be the set of coroots; let o <+ & be the usual
bijection R’ <+ R'. Let R'* = {a;a € R'T}. For a € R’ let 5, : X’ — X’ and
5o : Y' — Y’ be the reflections defined by «.

For a,a’ in R'* we write o < o if ' —a € 375 piy R>of. This is a partial
order on R'*.

Let & be the set of maximal elements of R'T. For i > 2, let & be the set of
maximal elements of

{a e R(&/,a) =0forany o/ € E;UEU---UE& 1}
Note that £1,&, ... are mutually disjoint. Let

év’l:{d,aeé‘l}, 5:U(€1, g:Ugl
i>1 i>1

The definition of £, & given above is due to B. Kostant [KosI2] who called them
cascades.

From the definition we see that:

(a) ifae &, o € E,a# d, then (&, a) =0.

We note the following property:

(b) € is basis of Y.

For a proof see [Kos12]. Alternatively, we can assume that our root system is
irreducible and we can verify (b) by listing the elements of £ in each case. (We
denote the simple roots by {a;;4 € [1,1]} as in [Bou68].)

Type Aq: &;.
Type Bl,l = 2n—|—1 Z 32 dl +2d2—|—"'—|—2d2n—|—d2n+1, d3+2d4—|——|—2d2n—|—
2ng1s -y M2p1 + 2002, + Giapq1, 01,03, .., G2y 1.

Type By,l =2n > 3: &1 + 202+ -+ + 2091 + Gop, 3 + 204 + -+ - + 20001 +
Aoy ey Qo1 + Qop, X1, A3, ..., Q21

Type C,1 > 2: dq + o +---+ &1+, da+ -+ a1 +dy, ..., 4.

Type Dl, [ = 2n Z 4: dl + 26[2 + 26[3 =+ -4 2d2n—2 + d2n—1 + dgn, d3 +
20y + 2a5 + -+ + 202p-2 + Q2p—1 + G2p, ..., Q2n-3 + 2d2p—2 + Gop_1 + Gop,
d13d37~~~,d2n73;d2n717d2n-

Type Er7: 267 + 20 + 3ais + 46y + 305 + 206 + G7y Go + Gig + 204 + 2005 + 266 + Gy,
Qg + Gz + 204 + G5, Ov7, Qg i3, Os.

Type Eg: 26&1 +3d2 +4d3+6d4+5d5 +4d6+3d7+2d8, 26&1 +2d2 +3d3+4d4+
3d5 + 20 + 7, Qg + Gz + 204 + 205 + 266 + 7, Qo + A3 + 204 + G5, Gi7, g, A, O

Type F4Z 25[1 + 3642 + 2@3 + d4, dQ + dg + d4, dg + dg, dg.

Type Ga: &1 + 2d., .
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We note the following result (see [Kos12]):

(c) The reflections {sg : Y — Y';8 € £} commute with each other and their
product (in any order) is equal to —1.

Let a, o in € be such that a # o’. Using (a) we see that s,(a’) = o/. We also
have s, () = —a. Now the result follows from (b).

1.2. Let R', R',W' be as in subsection [Tl Let L’ be the subgroup of Y’ generated

by R. We set
r= Z pel.
BeE

We list the values of r for various types (assumimg that R’ is irreducible):

Type Ay: v = aq.

Type Byj,l =2n+4+12> 3: r = 281 + 2ds + 463 + 4dy + - - - + 2ndian—1 + 2nda, +
(n + 1)64271—1-1 .

Type Bi,l = 2n > 4: r = 2d7 + 209 + 4d3 + 4dy + -+ + 2(n — 1)dgp—3
+ 2(n — 1)d2n—2 + 2nd2n_1 + ndgn.

Type C;,1 > 2: r =& + 200 + -+ - + Idy.

Type Dy, I =2n > 4: r = 201 + 289 + 4dz +4dy + -+ (2n — 2)dapn_3 + (2n —
2)Gton—2 + Ndan—1 + nda,.

Type E7: 7 = 201 + 5dg + 6ais + 8y + Tds + 4dg + 367,

Type Eg: r= 46&1 + 8(5&2 + 106&3 + 14(5&4 + 12@5 + 8(5&6 + 66&7 + 26‘8-

Type F4Z r = 2@1 + 65[2 + 4@3 + 2@4

Type GQI r = 2@1 + 2642

Note that in each case the sum of coefficients of r is equal to (f(R'T)+rank(R’))/2.

If R’ is irreducible and simply laced, we have r/2 = Eie[l’” 0;w;, where w; € Y/
are the fundamental coweights (that is (w;,a;) = ¢;;) and §; = £1 are such that
0; + 6; = 0 when ¢, j are joined in the Coxeter graph; moreover, we have ¢; = —1
if in the extended (affine) Coxeter graph i is joined with the vertex outside the
unextended Coxeter graph. Another way to state this is that the coefficient of ¢;
in r is equal to half the sum of the coeflicients of the neighbouring ¢&; (that is, with
Jj joined with ¢ in the Coxeter graph) plus or minus 1. For example in type Fg we
have:

4= ?-1,10: LR %4+1,14: Sriowl2 g, 844

2 2
6+ 12 2+38 6
8= ——-1,6=—+1,2=-—1.
2 ’ 2 +h 2
Note that the sign of +1 in this formula changes when one moves from one ¢&; to a

neighbouring one.

1.3. In the remainder of this section we place ourselves in the setup of subsection
Let X = Hom(T,k*). We write the group operation in X as addition. Let
X=R®X,Y=R®Y. Let {(,) : Y x X — R be the obvious nondegenerate
bilinear pairing. The W-action on Y in subsection induces a linear W-action
on Y. We define an action of W on X by w : x — 2, where 2/(t) = z(w™(t))
for t € T. This induces a linear W-action on X. Let R C X be the set of roots;
let R C Y be the set of coroots. The canonical bijection R <+ R is denoted by
a <> & For any o € R we define s, = s4 : X - X by 2z — z — (&, x)a and
Sa =8a5:Y =Y by x = x — (x,a)d& Then s, = s4 represents the action of an
element of W on X and Y denoted again by s, or sg. Let RT C R (resp., Rt C R)
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be the set of positive roots (resp., corroots) determined by U. Let R~ = R — R™,
R~ =R—Rt. For s € S let o, € Rt be the corresponding simple root; for any
t € T we have s(t) = tés(as(t™1)); ¢ has also been considered in subsection 011
Recall that L is the subgroup of Y generated by {ds; s € S}. For any ¢ € k* we set
cs = ds(c) € T. We have 2 = ¢, for s € S. Recall that Wy = {w € W;w? = 1}.
Note that w? € T for any w € Ws.

Lemma 1.4. Let w € Wa. Then either (i) or (ii) below holds:

(i) There exists s € S such that |sw| < |w| and sw # ws.

(ii) There exists a (necessarily unique) subset J C S such that w is the longest
element in the subgroup Wy of W generated by J; moreover, w is in the centre of
W;. For s € J we have w(as) = —as.

We can assume that w # 1 and that (i) does not hold for w. Let sq,s9, -, sk
in S be such that w = s1s2...5sk, |[w| = k. We have k > 1 and |s;w| < |w|. Since
(i) does not hold we have sjw = wsy; hence w = $983 -+ - sgs1. Thus |sqw| < |w.
Since (i) does not hold we have sqw = wsg; hence w = s3- -+ s,_18xs1. Continuing
in this way we see that |s,w| < |w| and s;w = ws; for i = 1,...,k . We see that
the first sentence in (ii) holds with J = {s € S;s = s; for some i € [1, k]}.

Now let s € J. We have s = s,, where a = a; and wsw = 8,,(o). Since wsw = s
we have s,,(q) = So; hence w(a) = a. Since [sw| < |w| we must have w(a) € R™;
hence w(a) = —a. We see that the second sentence in (ii) holds. The lemma is
proved.

1.5. For w € Wy we set Yo, = {y € Y;w(y) = -y}, Xy = {2 € X;w(z) = —z},
R, =RNX,, R, =RNY,, Rt = R NR,, and R}, = R* N R,,. Note that (,)
restricts to a nondegenerate bilinear pairing Y,, x X,, = R, denoted again by (, ),
and « <> & restricts to a bijection R, <> R,.

Lemma 1.6. Let w € Wy, s € S. Then:
(1) S(Yw) = Ys’w57 S(Xw) = Xst7 S(Rw) = sts; and S(Rw) = sts;
(ii) if sw # ws, then s(Rt) = Rt . and s(RY) = RY, ,;
(i) if sw = ws and |sw| > |w|, then s(RY) = R and s(R}Y) = RE;
(1 ) if sw = ws and |sw| < |wl|, then Ry = {a € Ry; (&, o) = 0}, Rew={a €

wi (@, o) =0}, RE,, = Ry NRE, and R, = Ry, NRE.
(i) is immediate. We prove (ii). Let a € R ; assume that s(o) € R~. This
implies that & = as so that ag € Ry,; that is, w(as) = —as and w(ds) = —ds. For

z € X we have

ws(x) — sw(z) = w(x — (ds, z)as) — (w(x) — {ds, w(x))as)

= (G, z)s + (W™ ay, z)a
= (G, x)as — (&5, Tyas = 0.
Thus ws(z) = sw(z) for any € X so that sw = ws, which contradicts our

Thus
C

assumption. We see that o € R implies s(a) € R*; hence s(a) € RS-
s(R}) C RS, . The same argument shows with w, sws mterchanged that s(RY,,)
R} . Tt follows that s(R})) = R},,,. Now (ii) follows.

We prove (iii). Let a € R; assume that s(a) € R~. This implies that a = as
so that oy € Ry; that is, w(as) = —as. Since w(as) € R~ we have [sw| < |w],

which contradicts our assumption. We see that o € Ry, implies s(«) € R™; hence
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s(a) € R, = R}. Thus s(R}) C Ry,. Since R is finite it follows that s(R}) =
R}. Now (iii) follows.

We prove (iv). We choose a W-invariant positive definite form (,) : X x X — R.
Our assumption implies w(as) = —ay; that is, as € X,,. Then X, = Ray & X/,
where X!, = {z € X;(z,0,) = 0} = {z € X;(d,,z) = 0} and s acts as identity
on X/,. Since w acts as —1 on X,,, sw must act as —1 on X/ ; hence X, C X/,.
Since dim(X,,) = dim(X,,) — 1 = dim X/, it follows that X,, = X/,. We have
Ry =RNX,4, =RNX,, RE, =RtNRsy=RTN(RNX))=R"NX), and
RswNRE = (RNX4p)N(RTNX,) = RTNX!; hence RY,, = Ry, N RY. Similarly
we have Ry, = {&@ € Ry; (&, a,) =0}, RY,, = Ry, N R}. This proves (iv).

Lemma 1.7. Let w € Ws.

(a) Ry, generates the vector space X, and R, generates the vector space Y.

(b) The system (Yo, X, (, ), Ruw, Rw) is a root system and R} (resp., R}) is a
set of positive roots (resp., positive coroots) for it.

(c) The longest element of the Weyl group of the root system in (b) acts on Y,
and on X, as multiplication by —1.

We argue by induction on |w|. If |w| = 0 we have w = 1 and the lemma is
obvious. Assume now that |w| > 0. If we can find s € S such that |sw| < |w|,
sw # ws, then by the induction hypothesis, the lemma is true when w is replaced
by sws, since |sws| = |w| — 2. Using Lemma [[.6] we deduce that the lemma is true
for w. Now using Lemma [[.4] we see that we can assume that w is as in Lemma
[C4(ii). Let J C S be as in Lemma[T4)ii). Let X! be the subspace of X,, generated
by {as;s € J}. By Lemma [[4l(ii) we have X! C X,,. As in the proof of Lemma
[[L4l we can write w = s189- -8 with s1,82,...,8, in J. Then for any x € X we
have

WT = 8182+ SEL = S283 * " SET + C1Qg;, = S3 - SET + Calis, + C104,

= =T+ CgQyy, + 0+ Cot, + C1O,

with ¢1,¢2,...,¢c; in R. Thus we have (w — 1)X C X/. Since w? = 1 we have
(w—-1)X = X,. Thus X,, € X!,. This proves the first part of (a); the second
part of (a) is proved in an entirely similar way. If a € R,, (so that & € R,,) and
if o’ € R, then s,(a’) is a linear combination of o and hence o' is in X,,. Since
sa(a’) € R we have s,(a) € RN X,,; that is, s4(a’) € R,,. We see that (b) holds.
We prove (c). We write again w = s182--- s with s1,82,...,8; in J. We can
wiew this as an equality of endomorphisms of X and we restrict it to an equality
of endomorphisms of X,,. Each s; restricts to an endomorphism of X,, which is
in the Weyl group of the root system in (b). It follows that w acts on X,, as an
element of the Weyl group of the root system in (b) with simple roots {as; s € J}.
By Lemma [[4(ii), we have w(as) = —a, for any s € J. Thus some element in the
Weyl group of the root system in (b) maps each simple root to its negative. This
proves (c). The lemma is proved.

Let II,, be the set of simple roots of R,, such that IT,, C R} . Let TI,, be the set
of simple coroots of R,, such that TI,, C R$

1.8. Let w € Ws. Let &, be the subset of ng defined as € in subsection[TIlin terms
of the root system R, in X,, (instead of R’ in X’). The definition is applicable in
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view of Lemma [[7(c). Recall that £, is a basis of Y,,. We define r,, € L by

Tw = ZB.

BEE L

Note that 7, is a special case of the elements r defined as in subsection in terms
of R,, instead of R’. We show:

(a) The reflections {sg : Y — Y; 8 € £,} commute with each other, and their
product (in any order) is equal to w.

From subsection [[T[(c) we see that this holds after restriction to Y. Since
each sg and w induces identity on Y/Y,,, they must act as 1 on the orthogonal
complement to Y,, for a W-invariant positive definite inner product on Y. Hence
the statements of (a) must hold on Y.

We now describe the set &, and the elements r,, in the case where G is almost
simple and w is the longest element in W in the case where w is not central in W.
(The cases where w is central in W were already described in subsectiondI Il and
[L2) We again denote the simple roots by {a;;i € [1,1]} as in [Bou6§].

Type A;,l = 2n > 2: é&1 + Gg + -+ + Gop_1 + Gop, G + a3 + -+ + Qop_1,
Qg+ -+ Qop—2,- -5 Qp + Anti;

Tw :d1+2d2++ndn+ndn+1 +"‘+20vl2n,1+072n.

Type Aj,l =2n+1 > 3: d&1 +d + -+ + dop + donyr, & + dg + -+ + dag,
Q3+ -+ don-1,-- 5 Qpyl;

Tw = @1+ 202 + -+ (0 + 1)dngr + - + 202, + G2ng1-

Type Dl,l = 2n—|—1 Z 5: dl —|—2d2—|—2d3+ . '+2d2n—1 +6L2n +d2n+17 d3—|—2d4—|—
205 + -+ + 2d0p -1 + Q2n + Gopg1, ..., Qo3 + 200, 2 + 202, -1 + Gon + A2pg1,
Qop—1 + Gon + Gont1, A1, 43, ..., Q2n—3, B2p—1;

Ty = 200 + 269 +4ds3 +464 + - - + (2?1 — 2)@2,173 + (2?1 —2)Qan—2 + 2ndop_1 +
ndoy, + ndop11-

Type EG: (541 +2(5¢2+2d3+3d4+2d5+d6, dl +(5&3+d4+5£5 +(546, d3+d4—|—d5,
Qi

Tw = 2@1 + 25[2 + 4643 + 6@4 + 45[5 + 26&6.

From Lemma and the definitions we deduce the following result.

Lemma 1.9. Let w € Wy, s € S.
(a) If sw # ws, then s(Ey) = Esws and $(ry) = Tsws-
(b) If sw = ws and |sw| > |w|, then s(Ey) = Ew and s(ry) = ry.

1.10. In this subsection we assume that G is almost simple of type D;,l > 4. Let
Z =[1,1]. We can find a basis {e;;i € Z} of Y with the following properties:

W consists of all automorphisms w : Y — Y such that for any ¢ € Z we have
w(e;) = d;e; for some j € Z and some §; € {1, —1} and such that [[, 6; = 1:

Rt ={e;—ej;(i,j) € Zx Z,i < j}U{e;+ej;(i,§) € 2 x Z,i < j}.

Let w € Wy, Let P, be the set of two element subsets {i,j} of Z such that
w(i) = jandw(j) = i. Let P! be the set of two element subsets {7, j} of Z such
that w(i) = —jandw(j) = —i. Let 25 = {i € Z;w(i) = i} and Z, = {i €
Z;w(i) = —i}. We have

z= || Giu || Gstuziuz,.

{i.}ep,, {i.}epPy
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Note that §(Z,,) is even. For w € Wy we have
gu) = {ei _ej;{i,j} € leuaz <j}|—|{ei+ej;{i7j} € ngz <j}

|—|{ei1 — €jy,64 + €iss €iz — €4y, Eig F€iyseyCiny g T €igysCiny T eizu}7
where Z_ consists of i1 < 49 < i3 < -+ < ig,. Now let s € S. There are two
possibilities:

(i) There exist a, b in Z such that b = a+1, s(e,) = ep, s(ep) = €q, and s(e,) = e,
for z € Z — {a, b}; moreover, ds = e, — €.

(ii) Taking a =1 —1 and b = [ we have s(e,) = —ep, s(ep) = —eq, and s(e,) = e,
for z € Z — {a, b}; moreover, ds = e, + €.
We show:

(a) Assume that w € Wy and s € S are such that sw = ws, and |sw| > |w|. We
have rgy, = 1y + Q.

Assume first that s is as in (i). Let i; < iy < i3 < -+ < ig, be the numbers in
Z, . We have either {a,b} € P/ or {a,b} C Z}. (If {a,b} € P), or {a,b} C Z,,
then |sw| < |wl|.) If {a,b} € ZF, then £,y = Eu U {ea — ep}. Hence 1y, — 1y = ds.
If {a,b} € P’ and i, < a < b < iy for some odd h € [,k — 1], then &, is
obtained from &, by removing e;, — €., €, + €., €qs + € and by including
instead e;, — €4, €, + €q,€p — €5, + €;,,,. Hence

Tsw = Tw = (eik - ea) —+ (eik + ea) + (eb - eik+1) + (eb + eik+1)

- (eik - eik+1) - (eik + eik+1) - (6,1 + eb) =ep—€q = —Qs.
If {a,b} € P/ and there is no odd h € [1,k — 1] such that i), < a < b < i41, then
Esw = Ew U {eq —ep}. Hence rgy — 1y = d5. Next we assume that s is as in (ii).
We have &,y = &y U {eq + ep}. Hence 7y, — 14y = ts. This completes the proof of

(a).

1.11. In this subsection we assume that G is simple of type Fs. Let w be the longest
element of W. We denote the simple roots by {«;; i € [1,8]} as in [Bou68| and write
s; instead of s,,. For i € [1, 8] we have s;w € Wy and R, = {a € R; (&, o) = 0}.
From this Ilg,,, is easily determined in each case:
sy = {G1 + 26z + 2G4 + @3 + &5, do, Ga, &5, G, Gy, ds ).
sy = {1, do + 2d4 + g + s, @, ds, Gg, dr, ds -
gy = {d1 + @3 + du, @2, ag + 264 + 2 + 5, s, dg, A7, ds)-
Iy, = {d1, 2 + Gy + A3, &z + G + A, G, Ao + G + Gz, A7, G}
ﬁsew = {ay, tva, a3, Ay, G5 + G + a7, Qo + Gz + 24 + 205 + G, (g }-
1:[577,, = {dl, Qo, A3, Gy, Ois, g + Q7 + Qg, Qg + Gz + 204 + 2005 + 266 + 5[7}.
ﬁsgw = {du, dg, a3, Ay, &, &g, g + a3 + 2 + 2¢5 + 2 + 27 + dg}e

This is the set of simple roots of a root system of type E7. Hence 7, is given by
substituting the simple roots in the formula for r in type E7 given in subsection
by the roots in Il,,,. We find the same result as for r,, (given by r in type Fs

in subsection [[.2]) plus a multiple of &;. More precisely:
Tsyw = Tw —(541, Tsow :Tw+6427 Tssw :Tw'i'd?n
Tsqw = Tw — d4; Tssw = Tw + d57 Tsgw = Tw — d67

Tsew = Tw + d77 Tsgw = Tw — O8.
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1.12. In this subsection we preserve the setup and notation of subsection [Tl Let
w’ be the longest element in the standard parabolic subgroup of type E7 of W. For
i € [1,7] we have s;w’ € Wy and Ry, = {a € Ryy; (&, ) = 0}. From this I,
is easily determined in each case:
s, = {1 + 263 + 26y + A2 + dis, G, A, @5, G, o7
Mgy = {G1, A3, a3 + 204 + G2 + ds, ds, de, G},
Mgy = {G1 + a3 + G, G, &3 + 260 + G2 + &, A, A, dr ),
gy = {1, G + Gy + s, Gy + Go + &g, Gy + G2 + s, &g, di7 ),
g, = {c1, A2, &g, Gy + A5 + Gig, G5 + 260 + g + g, A7 ),
Mogur = {ct1, G2, g, ca, &5 + g + A7, g + 205 + 2 + G2 + s},
Iy, = {G1, G2, &3, G, Gz, G + 266 + 205 + 264 + o + i3}

This is the set of simple roots of a root system of type Dgs. Hence rs,,, is given by
substituting the simple roots in the formula for = in type Dg given in subsection
by the roots in Il .. We find the same result as for r,, (given by r in type E7

in subsection [[2) plus a multiple of ¢;. More precisely:
Tsqw' = Tw’ — 6417 Tsow’ = Tw! + dQ; Tsgw!’ = Tw! + 5[3, Tsqw' = Tw' — d47
Tosw' = Tw! + 05,  Tegu! = Tw! — Og, Te = Ty + Q7.

1.13. In this subsection we preserve the setup and notation of subsection [[L11} We
show:
(a) Let z € Wa,s € S be such that sz = zs. We have r5, = r, + Nds, where

N e {-1,1}.

By interchanging if necessary z, sz, we can assume that |z| > |sz|. By Lemma
[L4 we can find a sequence s, S, . .., s, in S (with & > 0) such that |z| > |s12s1] >
|sas1z88182| > + -+ > |sk - 828128182 -+ S| and 2’ := s -+ 898128182 - - - 8 s the

longest element of a standard parabolic subgroup W; of W such that 2z’ is in the
centre of W;. Let 0 = s - -+ s281 € W. Applying Lemma [[6(ii) repeatedly we see

>+ — >+ + — +
that Rsk-”szslzslsg»--sk - Sk(Rsk,l~-szslzs152~-sk,1)7 ttt R828125152 - 52(Rslzsl)7
> _ > » _ 4. o Pt o
R} .., = s1(RY). It follows that RY . .. o . =Sk---s2s1(RT); that is, R}, =

sp---8251(RT) = o(R}). This implies that:

(b) f[z/ = U(ﬁz).

From our assumption we have z(d&s) = —ds. Thus ds € Rj Since @y is
a simple coroot in R, we necessarily have ¢, € II.. Using (b) we deduce that
o(ds) € II,. From the definition of 2’ we see that II. consists of the simple
coroots of R such that the corresponding simple reflections are in W ;. Thus we have
o(ds) = der, where s’ € SNW . Tt follows that oso ™! = s/, o(as) = ag. Note that
s’z = 2's’ (since 7' is in the centre of W) and |s'z'| < |2/| (since #’ is the longest
element of W;). From Lemma [L8(iv) we see that RY, = {& € Rf; (&, as) = 0},
R;Cz; = {a& € RI;{a,ay) = 0}. If (& a5 = 0, then (0(&),0(as)) = 0; hence
(0(&), ) = 0. Since o(RS) = R}, it follows that o({& € R}; (&, a5) = 0}) =
{& € Rf;{&,ay) = 0}; that is, o(RY) = RJ,_,. This implies o(Il;,) = .
Using the definitions we deduce that o(&s,) = E+; hence o(rs,) = ry /. Similarly
we have o(r,) = r,.. Hence if (a) holds for 2/, ', that is, rs,» = 7., + N'dg where
N € {-1,1}, then ry, — 7, = 0"} (Ndy) = Nés so that (a) holds for z,s. Thus
it is enough to prove (a) assuming in addition that z is the longest element of
a standard parabolic subgroup W; of W such that z is in the centre of W;. If
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Wy =W, (a) follows from subsection [LTIl If Wy is of type E7, (a) follows from
If W is of type other than EgandE~;, then it is of type A; x Ay X -+ or of
type D; X Ay x Ay x -+~ (with [ € {4,6}). If s belongs to the 4 x A; X - - - -factor,

the result is trivial. If s belongs to the D;-factor, the result follows from subsection
[LI0 This completes the proof of (a).

1.14. In this subsection we assume that G is almost simple, simply connected,
simply laced, and that we are given an automorphism ¢ : G — G such that «(T) =T,
t(U) = U, and that for any s € S,c € k* we have z,.,)(c) = t(zs(c)), y.(s)(c) =
t(ys(c)). Then ¢ induces an automorphism of W and automorphisms of X and Y,
leaving R, R, S stable; these are denoted again by ¢. We also assume that if s, s’
in S are in the same t-orbit, then ss’ = s’s. Let G = G* be a connected simply
connected algebraic group. Now T = TL is a maximal torus of G and U = U* is
the unipotent radical of a Borel subgroup of G. Let W be the Weyl group of G
with respect to T. We can identify W = W*. Let w — |w], be the length function
on W. Let S = {w € W;|w|, = 1}. Now S consists of the elements o = [, s,
where s runs over an t-orbit in S. Let X = Hom(T,k*) (a quotient of X), and let
Y = Hom(k*, T) (a subgroup of Y); we have Y =Y. Let R (resp., R) be the set of
roots (resp., coroots) of G with respect to T. Now R consists of the images of roots

of G under X — X and R consists of the elements of ¥ which are sums of coroots
in an c-orbit on R. If o € S corresponds to an c-orbit @ in S, then the simple root
ay of G corresponding to o is the restriction to X of as for any s € O; the simple
coroot of G corresponding to ¢ is &, = Zseo ds €Y. Let Wo = Wo N'W. Let
{7w;w € Wa} be the elements of Y defined like {r,;w € Wa} (see subsection [L8)
in terms of G instead of G. We show:

(a) For w € Wo we have Ty = Ty .

We argue by induction on |w|,. If |w|, = 0 we have w = 1 and the result is
obvious. Assume now that |w|, > 1. Assume also that we can find o € S such that

low|, < |w], and cw # wo. We write O = {s1,...,8} C S, 0 = s1---8;. Then
for some i € [1, k] we have s;w # ws;. Hence for all ¢ € [1, k] we have s;w # ws;.
Hence we have syw # wsy, S251wW # WS1S2,...,8k - S1W F# wsy - - - Sg. By Lemma

[L9(a) for G and G we have 7y = 0leyso and ry = $1(Tsywsy ) = $152(Tspsqwsyss) =
- =81 Sk(Tspsywsy s, ) SO that 7y = 0rgyes. By the induction hypothesis we

have Tywo = Towe; hence 7, = 1. Next we assume that there is no o € S such

that |ow|, < |w|, and ow # wo. Then, by Lemma [ for G we can find a standard

parabolic subgroup W’ of W such that w is the longest element of W’ and w is

central in W'. In this case the equality 7, = 7, follows by comparing the formulas

in subsection with those in subsection [LTOl This completes the proof of (a).
We return to the general case.

Lemma 1.15. Let w € Wy, s € S be such that sw = ws. We have:
(a) Tse = T + Néts, where N € {—1,0,1}.
If in addition G is simply laced, then N € {—1,1}.

If the result holds when |w| > |sw|, then it also holds when |w| < |sw| (by
interchanging w, sw); thus we can assume that |w| > |sw|. We can assume that G
is almost simple. If G is of type Dy, | > 4, the result follows from subsection [[LTOl
If G is of type A;, the result follows from the corresponding result for a group of
type Dy with | < I’ > 4. If G is of type Ejg, the result follows from subsection
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[LI3(a). If G is of type E7 or Eg the result follows from the corresponding result
for a group of type Fs. Thus (a) holds when G is simply laced.

Let G,0,G, T, W,S,Y, ., W5 be as in the proof of subsection [[T4Ya). To com-
plete the proof it is enough to show that (a) holds when G is replaced by G. Let
{7w;w € Wy} be the elements of ¥ defined like {r,;w € Wa} in terms of G instead
of G. We must show that {7,;w € Wa} satisfy conditions like (a). By subsection
[LT4a) we have 7, = 1, for w € W.

Now let w € Wa, o € S be such that ow = wo. We write O = {sq,...,s,} C S
and o = s1 - - - s, where ¢ permutes s1, So, .. ., si cyclically: s; — s9 > -+ - 55 > 57.
(Note that & < 3.) We have w(dy) = dp; hence w(ds, +- -+ ds, ) = s, +- - -+ s,
If w(d,,) € —R* for some i € [1,k], then the same is true for any i € [1,%]. Hence
w(ds, +- -+ s, ) is an N-linear combination of elements in RT and is also equal to
Gtg, -+, , a contradiction. Thus w(ds,) € R for any i € [1, k]. This, combined
with w(ds, ) + -+ + w(ds,) = &s, + -+ + s, forces the equality w(ds,) = ds,
for all ¢ € [1,k], where h : [1,k] — [1,k] is a permutation. Note that h necessarily
commutes with the cyclic permutation of [1, k] induced by ¢; hence it is a power of
this cyclic permutation. Moreover, we have h? = 1; hence h = 1 unless k = 2.

Assume first that h = 1. We have

w(dsl) = dsl’ (Slw)(ds2) = dS’zv (Skfl T slw)(dsk) = dsk;

hence sjw = wsy, S281W = S1WS2, ..., Sk -+ SW = Sk—1 -+ - SwWSk. By (a) for G we
have 75,4 — Tw = £0s,, Topsiw — Tsyw = £y, aNd 7o osp51w — Tsp_q-os3w = s, -
Taking the sum we obtain 74y — Ty = Tsyers9s;w — Tw = C10s, + -+ + Cplls, With

C1y. .. ¢ in {=1,1}. Since 7y — 74 is fixed by ¢, so must be ¢y, + -+ - + s, -
It follows that ¢; = - -+ = ¢, so that rgq, — ryy = (&1 + -+ - + dg ). We see that (a)
holds for G.

Next we assume that h # 1; then k£ = 2 and w(ds,) = &, andw(ds,) = ds,. It
follows that wsjw = s3. We have s1sow = sjws; # w and s152w = Sawsy # w.
By Lemma for G we have rg s = Tsyws; = S1(Tw) and Ts, s = Tspws, =
$2(1rw). In particular, we have s1(ry) = $2(ryw); hence (s182)ry, = 1. We have
$1(rw) — 1w € Zdis, and $o(1ry) — 1y € Zds,. Hence 1, sy — Tw € (Ldvs,) N (Zdis,).
We have (Zdés, ) N (Zas,) = 0; hence 75, 5,0 = 7, that is, 744 = 7. We see that
(a) holds for G. This completes the proof of (a).

1.16. Proof of Theorem The map Wy — L, w — 7, in subsection L8
satisfies Theorem [I.2(i) by definition, satisfies Theorems [[L2(ii) and (iv) by Lemma
[[L9 and satisfies Theorem [0.2(iii) by Lemma [[.I5 It satisfies Theorem [0.2(v) since
rw € Y, and w acts as multiplication by —1 on Y,,. This proves the existence part
of Theorem

Assume now that w — 7/, is a map Wy — L satisfying conditions like Theorem
[0-2((i)—(iii). We show that 7/, = r,, for w € W5 by induction on |w|. When |w| < 1
this follows from Theorem [0.2(i). Now assume that |w| > 2. Assume first that
there exists s € S such that |sw| < |w| and sw # ws. By the induction hypothesis
we have 1. . = rg,s; hence, by Theorem [0L2(ii), s(r),) = s(ry) so that rl, = ry.
Assume next that no such s exists. Then by Lemma [[.4] w is the longest element
in a standard parabolic subgroup W of W whose center contains w. Since |w| > 2
we can find two distinct elements sy, so of S which are contained in Wj;. Then
stw € Wa,sow € Wy and [syw| < |w|,|s2w| < |w|, so that by the induction

hypothesis we have 7 ,, = 5,4 and 1, ., = 7s,0. Now let s € S. If s # s1, the



38 G. LUSZTIG

coefficient of & in 7!, is equal to the coeflicient of &g in r,, (they are both equal
to the coefficient of & in ), = 75, 4; see Theorem [0.2(iii)). If s = s1, then s # s5
and the coefficient of &, in !, is equal to the coefficient of ¢ in 7, (they are both
equal to the coefficient of ¢ in r,,, = 7s,.; see Theorem [L2(iii)). Thus r;, = 7.

This completes the induction. Theorem is proved.

1.17. For w € W5 and s € S such that sw = ws. we define a number (w :
s) € {—1,0,1} as follows. Assume first that G is almost simple and simply laced.
The root system R, R, is simply laced and has no component of type A;,1 > 1.
Moreover, we have &, € I1,.

If the component containing ¢ is not of type A;, there is a unique sequence

Q1,9, ..., Qy, in I1,, such that &, (i1 are joined in the Dynkin diagram of Ry,
fori=1,2,...,m —1, & = &g, and &, corresponds to a branch point of the
Dynkin diagram of R,; if the component containing é; is of type A;, we define
a1, (g, ..., Gy as the sequence with one term &  (so that m = 1). We define

(w:s) = (=1)™if [sw| < |w| and (w : 5) = (=1)™F if |sw| > |w|. Next we
assume that G is almost simple but not simply laced. Then G can be regarded as
a fixed point set of an automorphism of a simply connected almost simple, simply
laced group G’ (as in subsection [[T4]) with Weyl group W', a Coxeter group with
a length preserving automorphism W’ — W' with fixed point set W. When s is
regarded as an element of W', it is a product of k& commuting simple reflections
sh,sh, ..., s, of W'; here k € {1,2,3}. If k € {0, 3}, then we define (w : s) for W
to be (w : s;) for G’, where i is any element of {1,2,3}. If k = 2 we have either
wsy = s1w, wsy = ssw (and (w : s) for G is defined to be (w : s1) = (w : s2) for
G'), or wsy = saw, wsz = syw (and (w : s) for G is defined to be 0). We now drop
the assumption that G is almost simple. Let G” be the almost simple factor of G e
with Weyl group W” C W such that s € W”, and let w” be the W’-component of
w. Then (w : s) for G is defined to be (w” : s) for G” (which is is defined as above).
The proof of Lemma [[LTB)(a) yields the following refinement of Lemma [[T5(a).

Lemma 1.18. Let w € W5 and s € S be such that sw = ws. We have
(a) Tsw = Tw + (W : 8)ds.

2. THE ELEMENTS b,

Assume that we are in the setup of subsection [I.Il We have the following result.

Lemma 2.1.

(a) Let Wy be the parabolic subgroup of W generated by J C S; we assume that
Wy is an irreducible Weyl group and that the centre of W; contains the longest
element wy of Wy. Let o« = ay € R be the unique root such that oo =3 _ ;usa;
with us € N and Y, us as large as possible. We have §2 =r,_(€).

(b) We have W% =y, (€).

seJ

We can assume that W is irreducible. We denote the simple roots by {a;;i €
[1,1]} as in [Bou68|] and the corresponding simple reflections as {s;;i € [1,]}. We
write ¢; instead of €5,. We write ¢14y - - - 7, instead of §;, 8, -+ - §;,..

We note that (a) does not hold in general if w; is not central in W;. For
example, if W = Wy is of type Ay we have (121)% = 121121 = 126,21 = 11 =
€1 = unit element and 7121 (€) = €1€5.
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We prove (a). By an argument in the proof of subsection [[LT4{(a), we can reduce
the general case to the case where G is simply laced. Moreover, we can assume that
J = S; hence W; = W. In this case the proof of (a) is case by case.

Type A;. We have §2 = 7 = 1 = r,(e).

Type D;, Il =2n > 4. We have

S0 =234- (1—2) (1= 1)D)(1—2)--212- (1 — 2)1)(I - 1)(1 - 2) - - - 432.

A direct computation shows that $2 = €' €', and this is also equal to 75, (€) (see
subsection [[.2)). For example, if [ = 4 we have

234212342234212342 = 23421234€534212342 = 2342123€5¢,4,3212342
= 234212€9€364212342 = 23421€36412342 = 2342€3€42342
= 234€9€3€4342 = 23€9€332 = 2652 = unit element.

Type E;. We have
Sq = 134567243156432545234651342765431.

(See [Lus83].) A direct computation (as for Dy above) shows that §2 = ezezer =
73, (€). (See subsection [2)
Type Eg. We have

Sq = 876542314563457624587634524313425436785426754365413245678.

(See [Lus83].) A direct computation (as for Dy above) shows that §2 = egezer =
s, (€). (See subsection [[L21) This proves (a).

We prove (b). Let w be the longest element of W. By subsection [[§(a) we
have w = [[5.¢ 85 with s commuting with each other; moreover, each sg is of
the form s, ,,, where J' is like J in the lemma, and hence (a) is applicable to
it. Thus s% = rs,(€). From the description of £ in subsection [T we see that
[w| = > gce spls hence w = [[5.¢ 55 and W? = [pee 5% (using the fact the sg
commute). Using (a) for sg we obtain w? = [z 73, (€); hence w? = ry(€). The
lemma is proved.

2.2. In this subsection we prove the following weak version of Theorem

(a) For any w € Wy one can find b, € L/2L such that by, (€)w(by(€)) = 74 (€)10?
or equivalently (b, (€))% = ry(€).

We argue by induction on |w|. If |w| = 0 we can take b,, = 0. Now assume that
|w| > 1. Assume first that there exists s € S such that |sw| < |w| and sw # ws.
Then |sws| = |w| — 2. Using the induction hypothesis applied to w’ := sws and
Theorem [0.2(ii), we see that we can find b € L/2L such that b(e)w'(b(e)) =
(s(ry))(e)w'. Let V' = s(b) + & € L/2L so that b(e) = s(b'(¢))es We have
s(b'(€)es)s(w(b (€)es)) = s(ry(€))i?; hence b (e)esw(V (€))w(es) = ruw(e)s(w'?).
We show that b (e)w(V (€)) = ry(e)w?. It is enough to show that esw(es)i? =
s('?) or that e;w(es)éu’$51's = §7 1’28 or that esw(e,)si'es = §7 1 or that
esw(es)sw' (es) = €55, This is immediate. Thus we can take b,, = b’ and (a) holds
for w.

Next we assume that no s € S as above can be found. Then, by Lemma [[4] w is
the longest element in a standard parabolic subgroup of W whose centre contains
w. By Lemma 2] we have w?r,,(e) = 1. Thus we can take b,, = 0. This completes
the proof of (a).
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Note that the elements b,, do not necessarily satisfy conditions Theorem0.3|(ii),
(iii). The interest in proving the weaker result (a) is that unlike the proof of
Theorem [0.3] it does not rely on computer calculations.

2.3. We prove the uniqueness statement in Theorem The argument is similar
to that in the proof of uniqueness in Theorem Assume that o’ and b” are two
functions of Wy — L/2L satisfying conditions like (i), (ii), (iii) in Theorem [03l
We show that ¥'(w) = b"’(w) for w € W5 by induction on |w|. When |w| < 1 this
follows from Theorem [I3(i). Now assume that |w| > 2. Assume first that there
exists s € S such that |sw| < |w| and sw # ws. By the induction hypothesis
we have b, . = b” ; hence, by Theorem [03\(ii), s(b),) + &s = s(b!)) + & so that
bi, = bl . Assume next that no such s exists. Then by Lemma[I4] w is the longest
element in a standard parabolic subgroup W; of W whose center contains w. Since
|w] > 2 we can find two distinct elements s1, s of S which are contained in Wj.
Then s;w € Wy, sqw € Wy and |slw| < |wl, |sgw| < |wl, so that by the induction
hypothesis we have bslw =0 s Uy = UL, Nowlet s € S. If s # s1, the
coefficient of d&; in b}, is equal to the coefficient of & in b, (they are both equal to
the coefficient of & in bslw = b} ,, (see Theorem 0.3(iii)). If s = s1, then s # so
and the coefficient of & in o), is equal to the coefficient of &, in b)) (they are both
equal to the coefficient of é; 'in Vi = b5 see Theorem [0.3 -(111)). Thus b, = b/

This completes the inductive proof of uniqueness.

2.4. We sketch a proof of the existence part of Theorem in the setup of subsec-
tion [LI0l In this case the set ¥ of simple coroots consists of

€] —€2,63 —€3,...,€_1 —€,€e_1F €.

Let w € Wy. For any two element subset {3, 3’} of £,, we define a subset Mg 5 C ¥
as follows:

(a) Assume that {3, 5} = {e; —ej,ex —ep}, where i < j,k < h,i#k,i #h,j #
k,j # h. Then Mg g consists of all e, — e,41 € ¥ such that i <a <a+1 <,
k<a<a+1<h.

(b) Assume that {3, 8'} = {e; —ej,ex+en}, where i < j,k < h,i#k,i # h,j #
k,j # h. Then Mg g consists of all e, — eq41 € X such that i <a <a+1 <7,
k<a<a+1<h.

(c) Assume that {3, 3'} = {e; +ej,ex+en}, where i < j,k < h,i #k,i # h,j #
k,j # h. Then Mg g consists of all e, — e,+1 € ¥ such that a = n —2 mod 2,
i<a<a+1<j,k<a<a+1<h.

(d) Assume that {3,5'} = {e; —e;,e; + €}, where i < j. Then Mg g consists
ofall ey —eqy1 € ¥suchthata=n—2 mod2,i<a<a+1<j.

Let S’ be a halving of S. We have r, = )] _gcsas, where ¢, € N. We set
rs = Y scs Cs@s € L/2L, where ¢ = ¢, if s € " and ¢, = 0if s € § — 5’ We

w
SR DND DN

define
3,8’ sES;ds E./\/lﬁ)b/

where {3, '} runs through all 2 element subsets of &,. One can verify that the
elements b,,, w € Wa, satisfy conditions (i)-(iv) in Theorem[@3] This, together with
subsection proves Theorem [0.3] when G is almost simple of type D; (except for
condition Theorem [03|(v)).



LIFTING INVOLUTIONS IN A WEYL GROUP TO TORUS NORMALIZER 41

Now if G is adjoint of type A;, I > 1, then G can be regarded as the adjoint
group of a Levi subgroup of a parabolic subgroup in a group of type D/ for some I’
such that | < I’ > 4, and Theorem [0.3] for G can be deduced from the results above
(for type Dys) (except for condition Theorem [I3(v)).

Next, the argument in the proof of uniqueness in subsection 2.3l can be viewed as
an inductive method to compute b,, in Theorem [0.3] for any w € W5 by induction
on |w|. This can be used to prove the existence statement in Theorem [0.3|(i)—(iv)
in any given case with a powerful enough computer. We have used this method to
prove the existence statement in Theorem [I3(i)—(iv) for G of type Es. (I thank
Gonggin Li for carrying out the programming in GAP using the CHEVIE package.)
Then Theorem [0:3(i)—(iv) automatically holds for G of type E7 and Eg. We see that
Theorem [0.3] holds for any simply laced G (except for condition Theorem [0.3|(v)).

2.5. We show:

(a) If Theorem [03(i)—(iv) is assumed to hold for G, then Theorem [03(v) holds
for G.

We prove the equality in Theorem [I3(v) for w € W5 by induction on |w|. If
|lw| = 0 the result is obvious. Assume first that there exists s € S such that
sw # ws, |sw| < |w|]. We have |sws| = |w| — 2. By the induction hypothesis we
have w’(by (€))bu (€) = Ty (€)1'? where w' = sws. As in the proof in subsection
we deduce that b’ := s(by) + ¢ satisfies w(b'(€))V'(€) = 74, (€)1w?. By Theorem
[03(ii) we have b’ = b,,. Thus Theorem [I3[v) holds for w. Next we assume that
no s as above can be found. Then, by Lemma [[L4] w is the longest element of a
standard parabolic subgroup W; of W and w is in the centre of W;. In this case,
using Lemma 2] we see that it is enough to show that w(by(€)) = by(€). From
the definition we see that b, = > ; asc, where a, € {0,1}. Hence to show that
w(by(€)) = by(e) it is enough to show that for any s € J we have w(éds) = &; in
L/2L. This is clear since w(cds) = —d&; in L. This completes the proof of (a).

We see that Theorem [0.3] holds for any simply laced G.

2.6. In this subsection we assume that G, ¢, G, T, W, S’, 17, [l W, are as in the proof
of subsection [[L.T4(a). Assume that S’ is a halving of S such that ¢«(S") = S’. (Such
a halving exists.) Assume also that w — b, is a function Wy — L/2L satisfying
Theorem O3(i)-(iv) for G. Let S’ be the subset of S consisting of the elements
o =11, s, where s runs over an t-orbit in S’. Clearly, S’ is a halving of S (and any
halving of S is of this form). Let L be the subgroup of L generated by the coroots of
G. We have canonically L/2L = (L/2L)*. We define a function b : Wy — L/2L by
W by = by (Note that if w € W, then t(byw) = by, by the uniqueness statement
in Theorem [0.3]) We show:

(a) The function Wy — L/2L, w > by, satisfies Theorem [03(1)~(iv) for G.

We have by = 0. Let 0 € S. Now o corresponds to an ¢-orbit O in S. We can
view o as an element of Ws and we have b, = b, = Y osco Gs if O C S" and by =0
if O ¢ S— 5 (this follows from Theorem [0.3|(i) for b applied to each s € O and
from Theorem [L3(iii) for G applied to o € Wy). Thus Theorem [3{(i) holds for b.

Now let w € Wg and o € S be such that ow # wo. We write o = {s1,...,s:} C
S. Then for some ¢ € [1,k] we have s;w # ws;. Hence for all i € [1,k] we
have s;w # ws;. Hence we have sjw # wsy, So81W # WS182, ..., 8k S1W F
wsy -+ - 8g. By Theorem [03(ii) for b we have by, = 51(bsyws,) + Gsyy S1(bsyws,) =
5132(b5251w5152)+d52> and S1° ¢ Sk(bsk~--slwsl~~-sk) =81 Sk}*l(bSk_l"'Sl’wSl"'Sk_l)—"_
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s, 80 that bywe = 0(by) + s, + -+ + aSg; that is, boye + 0 (bw) + sy + -+ - + QS
We see that [I3(ii) holds for b.

Next, let w € Wo N W and ¢ € S be such that ow = wo. We write O =
{s1,...,8k} C S, 0 = s1---5sk, where ¢ permutes s, Sa,...,S cyclically: s; +—
Sg > -+ s > s1. (Note that k < 3.) As in the proof of subsection [[LT5] we have
w(ds,) = ds,,, for all i € [1, k], where h is a permutation of [1, k] such that h = 1
unless k = 2.

Assume first that h = 1. We have:

w(d-ﬁ) = Qs,, (Slw)(dsz) = Qlsyy- -5 (Sk—l T Slw)(dsk) = Qs ;
hence sjw = wsy, S281W = S1WSa,..., Sk - SIW = Sk_1 -+ S1WSk, |S1w| > |w],
and |ses1w| > |sywl, ..., [sg - s1w| > |sk—1 - s1w|. By Theorem [03\iii) for b we

have bs . — by = 118, , bsysiw — bsyw = lalls,, and by ..oy, — bsy_y sy = ki),
with I1,...,{; in {0,1}. Taking the sum we obtain by — by = by, s95,w — bw =
liés, + - -+ + g, Since by — by is fixed by ¢, so must l16s, + -+ + lpds, . It
follows that I3 = -+ = I so that byy — by = l1(d1 + -+ + &;). We see that
Theorem [3(iii) holds for b. Repeatedly using Theorem [3(iv) for b we have
0(by) = 8182+ 8k (bw) = by, (here we use the fact that G is simply laced). We see
that Theorem [I3)(iv) holds for b (in this case we have roy, — 1y = £(d1 4 - - - 4 @)
by the proof of Lemma [[.T5]).

Next we assume that h # 1; then k£ = 2 and w(ds,) = ds,, w(ds,) = ds,. It
follows that ws;w = s3. We have s1s0w = sjws; # w and $18ow = SawSe # w. By
Theorem [0.3(ii) for b we have

b51$2’uj - b51w31 - Sl(bw) + dsl - bw + Cldl,
s, sow = Dsywsy = S2(bw) + dsy, = by + X2éa where ¢1, ¢ € {0,1}.

It follows that ¢yéy = cadp in L/2L. Hence ¢; = ¢o = 0 and by, 5,00 = by that
is, by = by. We see that Theorem [I3(iii) holds for b. By Theorem [I3(ii) for b
we have bys,s, = bsyws; = $1(bw) + &1 and bys, s, = bsyws, = S2(byw) + Gio; hence
$1(bw) + &1 = s2(by) + da. Applying s; we obtain s152(by) + o = by, + &1; hence
0(by) = by + &1 + d2. We see that Theorem [I.3(iv) holds for b (in this case we
have 744 — 7w = 0 by the proof of Lemma [[T5)). This completes the proof of (a).

2.7. From subsection we see that Theorem [03(i)—(iv) can be reduced to the
case where G is simply laced. Using this and the results in subsection we see
that Theorem holds in the general case.

2.8. Let S’ be a halving of S. Then clearly S — S’ is a halving of S. We define
Wy — L/2L by w +— b%, = by, 4 7, where b, = bS'. We have:

(a) b5—5" = b,

The fact that b* satisfies Theorem [0:3((i) for S — S’ is immediate; that it satisfies
Theorem [@3[(ii) for S — S’ follows from Lemma [[9(a); that it satisfies Theorem
[03)(iii) for S — S’ follows from subsection [[I3|a). Then (a) follows from the unique-
ness in Theorem [0.3

2.9. Proof of Theorem [0.5l In this subsection we assume that we are in the
setup of subsection [0.4l Let w,c, S’ be as in Theorem We must show that

(b(nw,c,s’)nw,fd)(c),s’ =1
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We write b, instead of b5 . We have ¢ (1) = b, ¢(ry(c)) = 7w (d(c)), and ¢(by(€)) =
by (€); hence

D(Mw,e,5) N, —g(e),57 = P (¢)bu (€)) T (=d(c))buw (€)
= 1y ($(¢))bu (€)trw (= ¢ (¢))buw(€) = W (ruw($(e))w(bu(€))rw(—¢(c))bu(e)
= w(rw($(¢))rw(=0(¢))rw(e) = w(rw(d(c))ruw(e(c))-

This equals 1 since w(r,(¢(c))) = rw(é(c)™1) by Theorem I2(v). Theorem is
proved.

2.10. Assume now that G is almost simple. Then there are exactly two halvings
S’, 5 —5"for S. Let w € Wy. We note that the family of elements {n, s ;c € k*}
coincides with the family of elements {n., .s—s;c € k*}. Indeed, by subsection

28(a) we have

. !
Nw,e,§—8" = WTw(C)bfj (O)rw(€) = Nu,ec,s7-

2.11. In this subsection we assume that k, G, ¢, ¢, F, are as in subsection (in
case subsection [IL4(i)). Now:

(2) g1+ 9 g196(g1) " , . ,
defines an action of G" = G(F,2) on G? . Indeed for g1 € G*, g € G®. We have

B(9198(91) " )gr90(91) " = d(g1)8(9)g1 9190(g1) "
= d(91)0(9)99(91) " = d(g1)p(91) " =1,

and our claim follows. We have 1 € G¢" and the stabilizer of 1 for the action above
is G®. Thus we have an injective map G¢2/G¢ — G. We show that this is a
bijection. Let ¢ € G*". By Lang’s theorem we have g = g14(g1) ! for some g, € G.
We have g¢(g) = 1; hence g16(g1) ' ¢(g1)¢*(91) "' = 1. That is, g16*(g1) "' = 150
that g1 € G?*. We sce that g is in the G’ -orbit of 1. Thus we have the following
result.

(b) The action (a) of G* = G(F,2) on G is transitive; the stabilizer of 1 for
this action is G®. Hence $(G?") = §(G%") /4(G?).
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