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LIGHT OPEN AND OPEN MAPPINGS ON MANIFOLDS.1I
BY

JOHN J. WALSH

ABSTRACT. Sufficient conditions are given for the existence of light
open mappings between p.l. manifolds. In addition, it is shown that a mapping
£ from a pJl. manifold M™, m > 3, to a polyhedron @ is homotopic to an open
mapping of M onto Q iff the index of f.(ﬂl(M)) in nl(Q is finite. Finally, it
is shown that an open mapping of M onto a p.l. manifold N, n > m > 3,
can be approximated by a light open mapping of M onto N.

In [19], D. Wilson constructs examples of light open mappings (with each
point inverse a Cantor set) from any 3 manifold onto any n cell (# > 3) and he
constructs examples of monotone open mappings of any p.l. manifold M™
(m = 3) onto any n cell (these results answered questions raised by Eilenberg in
[3]). In the first paper in this series [24], the author gave a complete analysis
of the existence of monotone and monotone open mappings from manifolds
onto polyhedra. In this paper, we give a complete analysis of the existence of
open mappings from manifolds onto polyhedra (using results from [24] and
from the theory of covering spaces); however, the principal content of this paper
is the technique developed in §5 for constructing light open mappings between
manifolds (with each point inverse a Cantor set). The techniques used in this
paper are inspired by those of D. Wilson in [19] and [18]; indeed, the many
similarities are apparent.

The “key” result which enables us to remove the assumption (of Wilson
in [19]) that the domain manifold have dimension three is contained in the
appendix (it is necessary to study §5 in order to understand the relevance of the
appendix). The philosophy behind removing the assumption that the image is
a cell is exactly the same as in [24] (however, we must assume the image is a
manifold). In addition, the technical difficulties encountered in §5 are numer-
ous.

In order to read this paper, it will be necessary to have a copy of the first
part [24]. Indeed, we will need to refer to [24] so often that we have num-
bered the sections of this paper beginning with 4; any reference to §1, 2, or 3
will be to that section of [24] (eg., (3.7.1) refers to §3 of [24]). The notation
used here is exactly as in [24], hence we shall not reproduce it.
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272 J. J. WALSH

4. In this section, we develop an “up to homotopy” monotone open-light
open factorization which leads to a proof of the following theorem.

(4.0) THEOREM. A mapping from a compact, connected p.l. manifold
M™ m = 3, to a compact, connected polyhedron Q is homotopic to an open

mapping of M onto Q if and only if the index of fy(m,(M)) in w,(Q) is finite.

The “only if”” half of this result is due to Smale [22]; we present in Prop-
osition (4.1) a modified version of Smale’s result which we prove using covering
space theory. The reader is referrred to [23] for results on covering spaces used
below. Recall that a mapping is proper provided the inverse image of each com-
pact set is compact.

(4.1) ProposITION. Let X and Y be connected metric spaces with Y semi-
locally simply connected and let f: (X, x4) — (¥, ¥,) be a proper, open mapping
which is also onto. Then the index of fx(my(X, x4)) in m,(Y, y,) is finite.

ProoF. Let p: (Y, 5,) — (¥, ¥,) be a covering projection with
Pa(my (¥, 7)) = fu(my (X, x,)); recall that the index of fu(m, (X, X)) in 7, (Y, ¥,)
is equal to the cardinality of p~1(y,). Let 7: (X, xo) — (¥, ¥,) be a lifting
of f; that is, p o f= f. Tt follows that f is proper and open and, hence, onto
(recall that Y is connected). Since (@~ 1(vy)) =f~1(»,) is compact, it fol-
lows that p’l(yo) is compact and, hence, finite.

PrROOF OF THEOREM (4.0). The “if* half is proved as follows. Let p:

@ 7o) — Q. o) be a covering projection with py(m; (@, F)) = fa(my (4, %o).
Since the index of fy(m,(M, x,)) in 7,(Q, q,) is finite, we have that p‘l(qo)

is finite; hence O is a compact, connected polyhedron. Let f: Xg) —

(@, 7,) be a lifting of £. It follows that Fy: 7, (M, xo) — m,(J, G,) is onto.
Corollary (3.7.2) in [24] implies that f is homotopic to a monotone open map-
ping g from M onto O (we do not claim that g preserves base points). Let
g=p o g; then g is homotopic to f and g is an open mapping of M onto Q. As
promised earlier, we may view p o g as a monotone open-light open factoriza-
tion of f (up to homotopy).

S. This section closely parallels §3 in [24] ; Proposition (5.1) below con-
tains the main technical tool for constructing light open mappings (as Proposi-
tion (3.1) did for constructing open mappings). Theorem (5.0) follows from
Proposition (5.1) (and its proof) and Proposition 3 in [18]. Observe that the
only difference between the hypothesis of the following theorem and that of
Theorem (3.0) is that we assume that the range is a p.. manifold of sufficient
dimension, not simply a polyhedron.
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LIGHT OPEN AND OPEN MAPPINGS ON MANIFOLDS. II 273

(5.0) THEOREM. Let M™, N™ be compact, connected p.l. manifolds
(n = m > 3) with triangulations K and L, respectively. Let P be a collection of
nonempty subsets of M with pairwise disjoint interiors, with each p € P a union
of elements of t(K), and with P* =M. Let T be a one to one function from P
onto t(L) satisfying:

(50.1) T)N...N T(p,) #Bwheneverp; N ...Np, # 2.

(5.0.2) Each component of T~(0,) meets T~ (0,) whenever ¢, N 0,
# @, 04,0, €t(L).

Then there is a light open mapping f from M onto N with f~1(y) homeo-
morphic to a Cantor set for each y € N and with f(x) € st*(T(p), L)* for x €
PEP

It is best to view Proposition (5.1) as a (nontrivial) modification of Prop-
osition (3.1). To this end, we will indicate how to modify the first part of the
proof of (3.1); that is, up to but not including (3.5). At this point the two
proofs differ radically and we will continue in detail with the remainder of the
proof of (5.1).

(5.1) PROPOSITION. Assume the hypothesis of Theorem (5.0); then there
are two sequences of finite collections of polyhedra {J,},—, and {K,};-,
satisfying: (5.1.1),(5.1.2), . . , (5.1.7) are exactly the same as (3.1.1), (3.1.2),
., (3.1.7).
(5.1.8) Ifj} n...Nj" # &, then the diameter of each component of
RGN V... UR,(") is less than 28[2"~".

PROOF OF (5.1). We shall use (5.1.-)" to indicate condition (5.1. -) for
the nth stage. The construction for n = 1 is done as in (3.1); we now proceed
from the nth stage to the (n + 1)st stage.

(5.2) Choose H and €' as in (3.2) with the additional requirement that
st*(a, t(H)* N st*(@, tH)* =g fora € Aj,d €Aj anda+a'. We are
now going to determine 7, ., and L, ; however, in doing so, we will also be
setting up a considerable amount of machinery to be used later. The reader is
advised to develop a schematic picture while going through the next paragraph;
see Figure 1.

Let Q be an integer such that STQ(A’,‘I, t(H|j,)* = R,(j,) for each j, €
Jp. Choose [, ., as follows. Recall that €' is chosen as in (3.2);let Q'=Q +
3m? + 5 and let I > I,, be such that the diameter of each st2'* (o, f/L)* is
less than €’ for each o € f'L and such that stQ'(j,,, BLY* C st(,, gin* lL)"‘;
this last condition will guarantee the conclusion in (5.0) that £ (x) € st?(T(p), t(L))*.
Let 37 = minimum of {distance of N — st’(a, B’L)* to st’~2%(o, B'L)*| 0 €
B'nL and 2< i< Q. LetI' > 1+ 4 be an integer such that the diameter
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st(j,, FILY*
st2(i,, 6L)*

€', FLY* —p

FIGURE 1

of st(st(w, ¥ ~2L)*, ﬁ"L)* is less than n for each vertex w € ' ~3L. Let
I,41 > I' be an integer such that if v is a vertex of §'n+1L and v €
st(w, B¥~2L)* for some vertex w € ¥ ~3L, then st(v, Fn+1L)* C
int(st(st(w, 8" ~2L)*, B'L)*). Finally,let L,,, =Q'2"#+177; the reader should
check that stin+1, 7. . )* =st€',, #(B'L))* and that if j, . €J,,, =
g'n+1L and o € #(B'L) with j, ,, C 0, then stL"“(j,,H, Jar1)* €
stQ'(o, H(B'L))*. In particular, the diameter of st” nHLG o1 gy )™ is less than
€ and, therefore, condition (5.1.2)"*! holds.

(5.3) Read here exactly the rule stated in (3.3). As in (3.3), this basic
rule guarantees that (5.1.4)**! will hold and this rule together with (5.1.7)"
(and the above choice of L, ,) guarantees that (5.1.5)"*! and (5.1.6)"*!
will hold. One fact deducible from the choices of @, Q" and L, , is that if
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LIGHT OPEN AND OPEN MAPPINGS ON MANIFOLDS. II 275

Jp+1 © st3'"2(jn, t(B'L))*, then R, , ,(,,4,) is to meet every member 4 € t(H)
in R,(G,)-

(54) For each vertex v of J,,,, (more precisely, v is a vertex of g'#+1L),
let S(v) = {bd(st(w, B2H)*)lw = vertex of B H}*; each S(v) is a subcomplex of
B2H. General position the S(v)’s with respect to each other and with respect to
d(H™=! 0 (M — 3M)) so that the part of each S(v) in dM (resp. M — M) re-
mains in OM (resp. M — 3M). Let S =US(@) and let B, be a subdivision of H
with each S(v) a subcomplex of B, .

Let U= st(S, B*B,)*, let KU = {k, N (M ~ V)lk, €K,}, and let
RYG) =R,G,) N M - UyekY.

(5.5) Most likely, the collection of components of the sets in Kf,’ will not
be simple (a fact we will have to live with). By using I, ; — 1, applications
of the construction in (1.3) (begin with the triple (R,‘,’ )1 K,‘,j — J,, which
satisfies (1.1.1), but omit the step where the collection of components is made
simple), construct a triple Tyt Py — J,, ., satisfying:

(5.5.1) Pi=(K ,(,j)* and cl(int(p)) = p for each p € Py; the collection of
components of the sets in P; may not be simple.

(5.52) Ifj, 4y Sy then T5 Gy 1) SRYG,).

(553) Typ)n...Nn Ty(p,) # Zwheneverp; N...N Py * 2.

(5.54) If C, C' are components of cl(h — U), cl(h’ - U), h CRYG,)
and &' CR/(j,,), and C N C' contains an m — 1 cell, then for each pair j,, ,
Clns Tt Sip Withfpyy Ojpyy # &, (TG Gpy ) Y Tg' G ) O
int(C U C’) is connected (possibly, C = C’, j, =jn, OF ju41 =Fns1)-

By running additional tubes during each application of (1.3), we can as-
sume in addition:

(5.5.5) If Cis a component of ci(h — U), h CR,G,),andoCCNU,

0 an m — 1 simplex of 2B, , then Tg'(j,;,) N o contains an m — 1 cell for
eachj, ., Cjp.

(5.6) We are now going to alter the triple T;: Py, — w41 SO that
T5' (4 1) meets each set in #(H) which R, , 1Gn 1) is supposed to meet (see
(5.3)).

Let C be a component of cl(h — U), k CR,(j,) and & € t(H); let r be an
integer such that R,, ,,(j,4,) is to meet & if and only if j, ., € st'(,, T4 1)-
For each j, 1y € st'(p, Jp i) — $t°G,, Jp 4 ) alter TG, ,) by adding to
it an m cell in int(T5 " (4 1)) N int(C) where j, 4y Njpyy # & andj,,, €
5ty J41); Temove the interior of the m cell from T5(7,, ,). Inductively,
fori=2,...,rifj,,, € st'(]'n, Jus1) — st‘_l(]’n, Jp+1)s then add to
Tg'(ps1) an m cell in int(T5 ()4 )) N int(C) where j, .y Oy, # & and

Jn+1 EstYG,, J, 4 1); remove the interior of the m cell from T Gy )
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276 J. J.WALSH

Let PG = {(T5' Gy 1) N int(Clp sy € st'Gpy T4 1)} 2nd let
THNT G Gy 1) N IN(O))) =Jps g 0T fpyq € 5tGpo Ty 1)- APPly the tech-
niques in (2.5) — (2.8) to the triple Tg : PS —> st’(j,,, J,41), using the fact that
$t"(ys J41)* is simple connected, to alter the sets T5 Gus1)sins1 €
st'(,, J, 41) SO that:

(56.1) X jpprsings EstGp Jpyy) Withjpyq Ninyy # 2, then
int(T5 Gy 1) Y Tp (e q)) N int(C) is connected.

(5.7) After the alterations of (5.6) have been made for each # € #(H) and
each component C of cl(z ~ U), the altered triple Tyy: Py — J,, .4 will still
satisfy (5.5.1), (5.5.3), (5.5.4), and (5.6.1); be warned that the superscript “7”
in condition (5.6.1) depends on the set 7 for which we have C a component of
d(z - U). In addition, Tg!(j,, ) meets every member of #(H) which
R, . Gpyq) is to meet and T G,y ) N H™ CR,(,) Where j, 1y Cip-

Assessing what we have done so far, we observe that the triple T'y: Py —
J,, 4, satisfies all the conditions (5.1. )"*! (with T;! and Py, in place of

R,., and K, ,) except for (5.1.1)?*1 and (5.1.7)"*! . The two major prob-
lems we face are that Pj; # M and that each component of Tgl(in_,_ 1) may not
meet Tg1(j,, ) even thoughj, ., Nj, .y # 2. §8§(58) — (5.11) deal with
the latter problem and (5.12) the former.

Before proceeding, let us discuss the role of the S(v)’s. Ideally, we would
like R, 4 ,(Gpsq) N SQ) =4 for each v €, ., as this would immediately give
us (5.1.8)" 1. We will not have this ideal situation, but we will “control” this
intersection so that we can still deduce (5.1.8)**!.

(5.8) Let v be a vertex of J,,, , and let & € #(H) where h CR,(j,). For
each pair D, D' of components of # — § with cl(D) N cl(D") containing an m — 1
cell in S(v) make the following alterations. (Let C, C’ be the unique com-
ponentsof h — Uwith C CD, C' CD') For each j, .y Cjy, withj,4q N N,@)
= & (recall that n was defined in (5.2)),use condition (5.5.5) to connect
T Gpe1) N lO) to Ty (pyq) N cl(C") with a tube in T5 G,y )V @ - C)
U (D'~ C)U S(v). Note that this tube does not meet S —S(v) and be sure that no
two such tubes intersect. Add this tube to T5;!(j, . ,). Make the above alterations
for each vertex v of J,, ., and each h € «(H). Observe that we no longer have
Py = (M - V).

(5.9) We will now make the necessary alterations so that if j, ., N Jne1 F
&, then each component of T (. ,) will meet T, ;). Let us assume
that the S(v)’s were general positioned in (5.4) so that for each pair &, 4’ € {H)
with 2 N &' an m — 1 simplex, there are components C,, and Cj,+ of A — U and
k' - U such that C;, O C,+ contains an m — 1 cell and such that for each vertex
v' of J, ., the closure of the component D,, (resp., D) of k — S(v") (resp.,

h' — S(v")) containing C,, (resp., C,,-) does not intersect bd(h) — h N &' (resp.,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LIGHT OPEN AND OPEN MAPPINGS ON MANIFOLDS. I 277

bd(h")- h N h'). Choosing such a “general positioning™ is not difficult (in fact,
almost any “natural” choice will do).

_ Foreachj, €J,,let 1(H1j,) = (h € t(Hlj,)lh $4}}. For each h €
t(H\j,), let r, be the unique integer with

L . .- L
REST "H1hAY  1(Hlj,)) — ST TR ).
n

It follows from the choices of @', Q and L, , in (5.2) that r, > 3m? + 1.

For each h € 1(Hlj,), let o(h) € ST*#*+1 =01 (42 | 1(H]},)) with h N
o(h) an m — 1 simplex and let C;, and C; ;) be the components of # ~ Uand
o(h) — U discussed above,

For eacha € 4; , define a collection Z(a) as follows. For each j, €
st(j,, J,,) with j,, #j,,, let h;h’ h;: € t(H) with hl"h Ca by C R,(j,), and
h;h N hj, an m — 1 simplex; let Cp;, and Cyy,, be components of h]'-h -U
and hi;. — U discussed above. Let

2@ ={Cy,» G W, € U, I, and , #1,);
n n
we emphasize that Z(a) contains exactly one pair (Cy, i Cy ih) for each j, €
st(,, J,,) with j,, # j,.
Let

~ r,+1 r, ..
T, =0y JhEC@ ) andfy yy €st™ G dy ) = sty T,y )}

Q ={@j.)e€A andj . et G g y_sntig gy
in‘{(a’]nﬂ)la i, 3¢ n+1 nner) T8 n Sn+1):

For each (h, fp4 1) € Ty, (tesp., (@, s 1) € ) we will make T (ipyy) O
int(h) (resp., Tal(jn_,,l) N int(2)) connected and then we will connect
T5 ' Uns1) N Cy 10 T5 Gpt1) N Coqny (esp., Ty Gy ) N Chj to
Tg (e ) N Ch;, Whete j, 4 Cj, and (Crjy» Chjr ) € Z(a). We emphasize
that the same a(hsl (resp., Z(a)) is used for each pair (, j,, ) (tesp., (a, Jns1))-
The problem we need to remedy is that for (4, j,,,) € I‘,n (resp., (@, jp41) €
Qj,,)’ ifj;t+l € Strh+2(jn' Jn+ 1) - St'h+l(i-n’ Jn+ l) (reSP" j;1+l €
StL"+l +2(fn’ Jn+l) - Sth+l+l(in' "n+l)) with j;z+l njn+l # 2, then
Tg'(per) N h =2 (tesp., T3 4,) N @ = @); hence, the components of
Tg'(y41) in b (resp., @) do not meet T2 (4 ;). However, since Ty (7, ;)
N o(h) # & (tesp., Ty 1G4 ) N by, # @ where jp, ;. Cjy), once we have made
the changes indicated above, we will have eliminated this problem. The changes
we now describe are to be made for each j, €J,,.

For each (#,j,,,) € an make the following alterations. Let D and D’
be components of 2 — S with cl(D) N cI(D") containing an m — 1 cell; let v be
such that cl(D) N cI(D’) contains an m — 1 cell in S@). Letjl,,,.. e =
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278 J.J. WALSH

jn4y beachain (ie., /i, NjERY # 2, i Jt=Dinst™ G, 7,0
withjL | Cj,, with vG!;nH fori=t — 1 and withjl , NN V) =
. In view of the changes made in (5.8), TU 1 l) N (int(D U D' U S©)))

is connected; connect Ty (2, ;) N D to T (2, ;) N D' with a tube in
int(Tg (2, DU TFGEL ) N (D U D' U S@). The “new” Ty!(2, ) meets
int(D U D' U S(v)) in a connected set; hence, we can connect T5; (3, ,) N D
to Ty ' (3, 1) N D' with a tube in int(T7' (3, DU T2, , )N @UD' U
S(v)). In this manner, successively for i =4, ..., t, connect T,j Gl.)nD
to TG, ) N D' with a tube in mt(TUI(jnH) vzl Y n@uD’

U S(v)). Make the above alteration for each pair D, D' of components of & —
S with cl(D) N cI(D") containing anm — 1 cell. Let 2.\, ..., /%01 Tinss

be a chain in st 1, J,, ) with jL,; Cj,. In view of (5.54), T5'(241)
N int(Cy, U Cyypy) is connected. As above, successively for i =2, ..., t, con-
nect T5'(},1.1) N Gy, to T (L4 1) N Cpqyy with a tube in

int(T5'Gr ) Y T3 G310 N int(C, U C, )

For each (g, j,,,) € §3; make the following alterations. Using the meth-
od in the preceding paragraph, make lel(jn +1) N int(a) connected by connect-
ing T5G, 1) N D to TGy ) N D' for each pair of components D, D' of
a — (S U H™=1) with cI(D) N cl(D") containing an m — 1 cell. (If connecting
across an m ~1 cell contained in H™~!, then any chainj!,,, ..., /%, =
fnaq insthat1¥1G g ) can be used; however, if the m — 1 cell is con-
tained in S(v), then choose the chain so that veji, | fori=¢-2,...,1
and so that jn +1 NN, (v) = @) Finally, let j, be such that j,, , Cj, and let
| T L ],,_,_1 be a chain in st +1+1G g Ywithjly, Cj,
and ji Cjy, fori=2,...,¢t. In view of (5.54)

mt(T‘ G2V TEG, »nint(C,, UC, )
In In
is connected; hence, we can connect Ty ' (734.1) N Gy, to Tgr'(41) 0 Crj.

ntl +l)

with a tube in this set. Now, successively for i =3, ..., connect
Tg'Grs1) 0 Cayy 10 Tg' Gy ) O Cyy, With a tube in

int(T; G, )V TGN €, YC, ).
n ]n

(5.10) We now have that if j,, ;, # @, then the intersection of each
component of Ty ', ) with T3}, ) contains an m — 1 cell; and, in place
of having T;'(j,,1.1) N S(v) = & for each v € j,, ,, we have that:

(5.10.1) For each vertex v of J,, ., each component of {Tg'(,, I
VEJ, 4} is a subset of st3(, t(H))* or st3(a, t(H))* for some h € t(H) or
a€ UA]-n.

We will now outline a proof of the validity of (5.10.1). Let B be a com-
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LIGHT OPEN AND OPEN MAPPINGS ON MANIFOLDS. II 279

ponent of {T5'(j, 4 )W EJ,4,}* and suppose that B N S(v) # & (if B N S(v)
= &, then we are done). Let s = min{s'| for some jn €J, and for some h €
ST"(A‘-';, t(Hlj,)) we have that B N S(v) N h # &}. Let us assume that s # 0
(the case s =0 is handled similarly; in particular, using the fact that st*(a, #(H))*
N st*(a’, (H))* =@, a # ', one shows that if B N Su) Na # &, then B C
st3(a, 1(H))¥).

Let j, €J, be such that there is

h € ST(A7 , 1(H)j,)) — ST*"'(4 7o HHY,)
n n

with B N S(v) N h # & (it will turn out that both j, and & are unique; this is
not obvious). Recalling the definition of r,, it certainly is the case that s = L,y
—71,. One of the “controls” governing the changes made in §(5.9) involved
limiting the possible intersection of Tg‘(j,, +1) With S(v) for each j,, , €
st(v, J,, ;) (recall the carefully chosen chains used in the final two paragraphs
of (5.9)); in particular, one can verify that we must have that v € st ol (7 S o
~st?71G,, J, . ,)* where q is equal to one of the following: r,+1,r,o0r

r, — 1. Let us assume that ¢ =r, (the remaining two cases can be handled sim-
ilarly). Let hy, . .., h, be all the sets in ST“"+1"0%1(4%  1(H}7,))
STLnH-'h(A;; , t(H1j,)) for which o(h) =h,i=1,...,t. LettingG=hU
o(h) L (Y2 =171, we claim that B C int(G); this fact can be deduced as follows.
Let j, 41 € st(v, J, 4 1); since v € st G, J,, 1 )* — st™71(,, J, 1 ,)*, we must
have that

r
]n+1e‘°’t P Jsy) = st (]n’ n+1) O

"nt "n
Tnyq Est On' nt1) =St G Ty )

We need to know where T;1(j,, . ,) intersects bd(G). (Before the changes in
(5.9) were made, we had that T5'(,,,.,) N H™ ' CR, () where j, ., /b
since G N R, () =2, Ty'G,4,) N bA(G) is completely determined by the
changes made in (5.9).) Letting C; = {C,» N (,,)Ih € ST"(A, H(Hlj,)) with
k' # h and o(h") = o(h)}* and C,={Cy N Ch, lh' € STS*2(4%, «(H|j,)) with
o) = h; for some i =1, ..., t}*, certainly, we have that T (7, , ,) N bd(G')
CC, Y C,. However, the ch01ce of minimal s implies that B N S(v) M o(h) =
therefore, because of the choice of component Co(n) in (5.9), we have that B n
C, = &. In addition, if o(h’) = h, for some i=1,...,¢ then ' €
ST’“(A}'; , (Hj,)) — ST+ I(A;; , t(H1j,))) and TG, 4 1) N A' = &; therefore
BN C, =4g. Hence, we have that B C int(G).

In dealing with the case that g = r, — 1, in place of the set G, it is necessary
te use the set
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G' =(h U o(h)u(}:jlh,))

U e ST‘”(A].‘ , 1(H|j,)) with o(h") = h, for some i=1,...,}*
n

If g =r, + 1, then the set G suffices.

(5.11) We are now in a position to construct a collection of m cells Aj'n +1
for each j, , ; €J, 4, satisfying condition (5.1.7)"*1 for the triple Ty;: Py, —>
J,41- Foreachj,,, €J,,, and for each component W of T5'(j, ) do the
following. Let & € #(H) with W N T51(,, ;) N int(%) containing an m — 1 cell
for each j;, ;1 € st(j, 4 1s Fp41); for certain W such an h existed before the changes
in (5.9) were made and for the others the changes in (5.9) yield such an A.

Choose an m cell in int(W) N int(k) of diameter less than 4/2”*! and, for each
nt+1 € tGps1s Sy 1) connect TG4 1) N A to this m cell with a tube in
int(W U T51(),4,)) N int(h); this m cell is to be an element of 4; .

(5.12) Let V=cl(U - {Tg Gy 1)Vns1 € Jps1}) and let B, be a sub-
division of B, which subdivides V. In this section we will construct a (particular)
pl. mapping from ¥ to N and in (5.13) we will use this mapping to “enlarge”
the T51(,4,)’s so that they “fill” all of M.

Using the machinery set up in (5.2) and Proposition A from the appendix,
we now construct a pl. mapping g: ¥ — N satisfying:

(5.12.1) g(S) N V)N stv, J,, . ,)* = & for each vertex vof J, , ,.

(5.12.2) If 0 EB, and ¢ Cbd(V), then g(0) € M {4110 € T5 Gy O}

(5.12.3) g(V N R,(,)) Cst3m2(,, B'L)* for each j, € J,,.

For each vertex v € J,,, ;» let w,, be a vertex of §¥ ~3L with v €
st(w,, B/ ~2L)* and let D, = st(st(w,,, BY'=2L)*, B¥L)*; note that st(v, J, , )* C
int(D,); see Figure 1. Define g on bd(¥) inductively, for i =0, ..., m — 1, by
mapping each i simplex o0 € B, into N usiloC T{,‘l(jnﬂ)} (see (1.1) for more
details). Observe that the set S N bd(V) is completely determined by the changes
made in (5.8); in particular, if 0 C.S N bd(V), then there is a unique vertex v of
J, 41 With 0 CS(@) N bd(¥). Furthermore, we have that g(o) N int(D,) =&
(since the diameter of D, is less than #, D,, C N, (v); now recall the condition in
the fourth sentence of §(5.8)).

If y is a vertex of B, in S N ¥V — bd(¥), then let v,, . . ., v, be all the
vertices of J,, , , with y €S(v),i=1, ..., s; because of the general positioning
done in (5.4), we have that s < m. Using the machinery set up in (5.2), we can
find an integer 7, 0 < r < 3m, such that D,,, Nbd(st"(Vj, Iy €R, G}, B'LY*) =
Pforeachi=1,...,s;in general, the D, l’s will be located throughout M; we
are concerned with avoiding those D, s contained in
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7 (VG, 1y € R,G,), ﬁ'L)*.

Let £(v) € int(st' (Wi, by € R,(,)}, 6'L)*) but g) & int(UL, D,).

If risa 1 simplexof B, in S NV (7 d bd(V)), thenlet Ugs - .. U5 bE
all the vertices of J,, , | with 7 CS(v),i=1,...,s(we have that s <m — 1).
Let 7 be an integer, 3m <r < 2(3m), with

: *
. . 1 -
D, noelst (NG,ir SR}, 6L) )=2
foreachi=1,...,s. Extend g to 7 by mapping r into

int (s (NG,1r CR,G,), #'2))
but with g(7) N int(U 2Dy ) =g by using Proposition A (see the Appendix)
withq =/'and B = st’(n{z Ir CR,G,)}, B'L)* (ignore those D, s not contained
in B).

In general, to extend g from the g skeleton of S N ¥ to the g + 1 skeleton
of SNV,lettbeaq + 1 simplexinSN ¥V (rdbd(V)and letv,, ... » Ug
be all the vertices of J,, , , with 7 CS8@),i=1,...,s(we have that s<m —

— 1). Let 7 be an integer, q(3m) <r <(q + l)3m . . . (continue reading from
the third line of the preceding paragraph).

Extend g to all of ¥ by mapping a q simplex 7 C V (r € 8) into
mt(st3"'2(n{] I7 €R, ()}, B'L)*); more precisely, do this inductively beginning
with the vertices of B, in V - §.

(5.13) Let B, be a subdivision of B, such that g maps each simplex of
B3 contained in ¥ linearly into a simplex of J,,, , .

Let 7 € #(B,) with 7 € P}, and with 7 N P} N int(k) containing an m — 1
cell where k € #(H) is such that 7 Ch. Let D be the component of # — S with
T Ccl(D) Let j, 4y €J,4, be such that 7 N Ty1(j, ;) N int(k) contains an

— 1 cell; property (5.12.2) implies that if j Fn+1 € J, 4 is such that g() C
Jn+1-thenj, o O # @. Properties (5.12. 3) and (5.6.1) and the comment
in the last sentence of (5.3) guarantee that we can run a tube in

nt(T;'G,, )V DHND

connecting 7 to TUI(],, +1); add 7 and this tube to TUI(I” +1) and replace
Tg'Grurq) by (TG Gpy ()tube). Let Ty, Py, — J, . denote this new
triple.

Repeat the alterations of the preceding paragraph using Ty 42 Py | —>
Jn+1 in place of Tyt Py —> J,, . subject to the following mod1ﬁcatlons Choose
7 € #(B3) so that 7 N Py | N int(k) contains an m — 1 cell not in S; and if
7N Py, N int(h) is not contained in bd(¥), then read “g being a continuous
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function” in place of “property (5.12.2)”. Call the new triple Ty ,: Py , —
Jn +1°

Continue repeating the above alterations using the “new” triple each time
until, after say g times, we have P,"}' q =M

(5.14) Finally,let R, ,, =Ty} and K}, ; =Py .. We leave to the reader
to verify that the triple R, ;:J,,, — K, satisfies properties (5.1.1)*+! —
(5.1.8)"*1 except that the collection of components of sets in K;,_H may not be
simple and that some components of R, , 1(4+1) may contain more than one of
the m cells in A}n +1- Property (5.1.8)"*! follows from properties (5.10.1) and
(5.12.1) (it is also necessary to observe that, because of (5.12.3), if C is a com-
ponent of {T51(,, )N E€j,,} with C N SE) # @, then C is not changed by
the alterations made in (5.13)). Let B, be a subdivision of B such that each
element of K, , ; is a union of sets in #(B,). By running “small” tubes in vari-
ous of the sets int(st(v, 82B,)) where v is a vertex of §'B,, the collection K, ,
can be altered so that the collection of components of sets in X}, , , is simple
(the tubes should be small enough so that conditions (5.1.5)**! and (5.1.6)**!
still hold); at last we have our triple R, . : J, ., — K, ,,. Let A, bea
subset of 4;, , | chosen so that each component of R,, , 1U+1) contains exactly
one m cell. This completes the proof of (5.1).

(5.15) The following corollary follows from Theorem (5.0) in much the
same way as Corollary (3.7.1) followed from Theorem (3.0).

(5.15.1) CorOLLARY. Let M™, N™ be compact connected p.l. manifolds
with n 2 m 2 3, let f be an open mapping of M onto N, and let € > 0. Then
there is a light open mapping g from M onto N with d(f(x), g(x)) < € for each
x € M and with each g~ (y) homeomorphic to a Cantor set.

OUTLINE OF PROOF. Mimic the proof of Corollary (3.7.1) in order to find
a triple T: P — #(L) satisfying the conditions of Theorem (5.0); in place of the
statement “U,, = f~!(int(st?(o, #(L))*)) as an open connected set” use the fact
that “each component of U, is open and maps by f onto int(st?(g, #(L))*).”

The following results are immediate consequences of (3.7.1), (5.15.1), and
4.0).

(5.152) CoroLLARY. Let M™ and N™ be compact, connected p.l. mani-
folds with n 2 m = 3. If f is a monotone mapping of M onto N, then f can be
uniformly approximated by light open mappings.

(5.15.3) COROLLARY. Let M™ and N" be as above. A mapping f from
M to N is homotopic to a light open mapping of M onto N if and only if the

index of fy(m(M)) in n,(N) is finite.
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ArPENDIX. The following somewhat peculiar result is needed in the proof
of (5.1); in fact, it is the “key step” in extending the technique used in [24] to
construct open mappings to a technique to construct light open mappings. The
reader is referred to [6] for the results from pl. topology used in the proof.

(A) PROPOSITION. Let M™ be a compact, connected p.l. manifold with
trigngulation L, let B be a subcomplex of L p.l. homeomorphic to an n ball, and
let q be an integer larger than 4. Letv,, . .., v, be vertices of =31 with each
set st(v;, B92L)* a subset of int(B),i=1,...,s. Then

int(B) — int(1J, G0, 9-21)%, poLyY)

i=
is m — s — 1 connected.

ProOOF. Observe that there is no constraint on how B meets M and recall
that int(B) is the topological interior. Let K = {(v;, ...,y € Ba-3L|
{v,l, cees v,’} C{vys...,0} and ﬂ,'._lst(v,i, BI2L)* # #}. Then K is a

full subcomplex of f4~3L and int(B) — int(U2, st(v;, B772L)*) is a strong de-
formation retract of int(B) — K. Since U'.'_lst(st(v,-, BI-2L)*, BIL)* is a regu-

lar neighborhood of US_ st(v, B72L)*, the
s \
int(B) — int(tL_Jlst(st(v‘., BI-2L)*, B"L)*)

is a strong deformation retract of int(B) — K. Finally, observe that the dimen-
sion of X is at most s — 1 so that the result follows by general positioning.
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