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Abstract
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is developed under the assumption of normality. The test for the corresponding
hypothesis that the regression matrix of given rank is a specified matrix is also de-
veloped. The asymptotic distribution of the test criterion is found under several
alternative assumptions on the sequence of models. The ”cointegration model” is
included in this study. The test for one structural equation is an advancement on
the test statistic proposed by Anderson and Rubin (1949 and 1950).
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1. Introduction

There are many problems in multivariate statistical analysis that involve tests
concerning regressions of reduced rank and of restrictions on regressions. Tests of
the general linear hypothesis are well-developed as tests of the rank of a regression
matrix. An example of the problem considered in this paper occurs in the area of
simultaneous equations in econometrics. Consider a demand and supply model. The
dependent (endogenous) variables are the price of a good and the quantity exchanged
in a market; the independent (exogenous) variables may consist of other variables
of consumers and (manufacturing) producers. The demand function (a structural
equation) depends on the income of consumer, but not on the manufacturing vari-
ables such as inventory levels. We shall often use the language of econometrics
because it furnishes an important and familiar application.

A "reduced rank regression” model can be described in terms of the space spanned
by the columns (or by some columns) of expected values of the vector of dependent
variables given the independent variables. The same model can be put in terms of
the linear restrictions on the regression coefficients. We shall develop the tests in
terms of a single linear restriction and then obtain the general theorems. Limiting
distributions of the test statistics are developed for the number of observations
increasing.

We first develop a likelihood ratio test for a hypothesis about the coefficients of one
structural equation in a set of simultaneous equations. The null hypothesis is that
the vector of coefficients is a specified vector; the alternative hypothesis is that the
structural equation is "identified,” that is, that some vector of coefficients satisfies
the rank or dimensionality condition. The limiting distribution of —2 times the

logarithm of the likelihood ratio criterion as the number of observations increases



is often chi-square with degrees of freedom equal to one less than the number of
coefficients specified in the null hypothesis.

The asymptotic distribution theory is valid under various assumptions about the
model including so-called "weak instruments”. Weak Instruments means a regres-
sion model in which the regression coefficients decrease in size as the number of
observations increases. These alternative models permit the choice of asymptotic
distributions as an approximation to the exact distribution.

The problem of testing a null hypothesis on the coefficients of the structural equa-
tion has been studied by many econometricians since Anderson and Rubin (1949).
See Andrews, Moreira and Stock (2006) for a recent review of these studies. The
present problem is broadly related to several testing problems in reduced rank re-
gression models, the errors-in-variables models and cointegration models, usually
treated separately. We shall explore these relations in a unified way. Statistical
problem concerning "reduced rank regression” moldes have been studied in the sta-
tistical literature by Anderson (1951, 2003), Reinsel and Valu (1998), and others.

In Section 2 we define the statistical model. Then we give a new derivation of the
likelihood ratio test in Section 3 and give some results on its asymptotic distribution
under a set of general conditions including some cases of weak instruments and
many instruments in Section 4. The extensions of our approach to the reduced rank
regression models and the cointegration models are discussed in Sections 5 and 6.

Concluding remarks are given in Section 7. The proofs of theorems are in Section 8.

2. The statistical models

The observed data consist of a T'x G matrix of endogenous or dependent variables

Y and a T' x K matrix of exogenous or independent variables Z. A linear model



(the reduced form) is

(2.1) Y =ZIO+V,

where IT is a K x G matrix of parameters and V is a T' x G matrix of unobservable
disturbances. The rows of V are assumed independent; each row has a normal
distribution N (0, €2). The coefficient matrix IT is estimated by the sample regression

matrix

(2.2) P=(ZZ7Z)'2Y.

The covariance matrix €2 is estimated by (1/7)H, where
(2.3) H=(Y-ZP)(Y-ZP)=YY —-PAP,

and A = Z'Z. The matrices P and H constitute a sufficient set of statistics for the
model.

A structural or behavioral equation may involve a subset of the endogenous vari-
ables, say Y1, T'x GGy, a subset of exogenous variables, say Zq, T'x K7, and a subset

of disturbances, say V1, T' x GG;. The equation of interest is written as
(2.4) Y.8="2v, +tu,

where 3 and = are vectors of G; and K parameters, respectively, u = V3 and
V = (V,V3); a component of u has the normal distribution N(0,0?), where 0% =

B/QHB and €2q; is the G x G upper-left corner of €2 such that

Qll 912
921 922

Let Y, Z, V and II be partitioned accordingly so that the reduced form (2.1) is

I, I,
(25) (Yl,Yg) = (Zl, ZQ) + (Vl,Vg) s
H21 H22



where Zs is a T x Ky matrix. The relation between the structural equation (2.4)

and the reduced form (2.5) is

(2.6) Y1 _ II,;, II;, ,3 _ Hn@
0 I, IIy 0 I, 8
The second part of (2.6),

(27) Hglﬁ - O 5

defines 3 except for a multiplicative constant if and only if the rank of Iy is G; — 1.
In that case the structural equation is said to be identified. Since Ily; is Ko x G,
a necessary condition for identification is Ky > G7 — 1.

Consider the null hypothesis
(2.8) Hy: 1518,=0,

where 3, is a (non-zero) specified vector. First we shall find the likelihood ratio
criterion for Hy when the alternative hypothesis, say Hs, consists of arbitrary IT and
Q.

It will be convenient to transform the model so that the two sets of exogenous

variables are orthogonal. Let

(29) A A A _ z:lz1 z:lz2 |
Ay Ay Zzzl Z2Z2
(2.10) 2oy =175 — ZlA1_11A12 ) Ago = Ay — A21A1_11A12 )
(2-11) Py = A2_21.1Z,2.1Y1 )
H, H
(2.12) H=| = 7
H,, Hy

Define (IT}, TT},) = (Tx,, Aj' Az TT . Then

Iy, I, \
Z11 = (Zl7Z2.1) = (Z17Z2.1)H .
H21 H22



The matrix Zy, has the properties Z,Zo; = O and Zy,Zo, = Aoy — Ayl AT AL =
Aoy . Define also
z,

!/

ZQ.I

A, O
O Agxn,

A* = Z1,Z5,] =

In terms of (Z1, Zs1), the sample regression matrix is

AL'ZY
A2721.1 Z/21Y

Py
P;
and

H=YY - PA*P*.

3. The likelihood ratio test of a specified vector of structural

coefficients given that the equation is identified

The null hypothesis Hy : IIy;3, = 0 is relevant if the equation is ”identified”,
that is, if the rank of Ily; is G; — 1. We develop the likelihood ratio criterion for
testing Hy against the alternative hypothesis H; : rank (Ily;) = G; — 1 by finding
the likelihood function maximized under Hy and dividing by the likelihood function

maximized under H;. The likelihood function is

(3.1) L(IL, Q)
= (2m)27C) Q| 2T exp{—%tr(Y — ZI1) (Y — ZID)Q '}
_ (QW)_%TG|Q|_%TeXp{—;tr (P —1yA(P—11) + H| 0}
= (2m) 27O 2T exp{—%tr (P*—II")A*(P* — IT") + H| 7}
= (20) Y0 exp{— st (P~ TI}) Ay (P - ;)

+(P} — ) Agp (P; — T) + H| Q7'



where I17 = (II};,II],) and II, = (TIIy;,II32). The maximum of L(IT, Q) with

respect to IT} occurrs at IT] = P and is

1 1 1 / _
L(]:[27 Q) = (271')*§TG|Q’7§T eXp{_Etr [(P; — ].__[2) A22.1<P; — H2> + H:| (9] 1} .
(3.2)
The maximum of L(Ily, Q) with respect to €2 is

1

—5T 1
SECREE

(3.3)  L(ITy) = (2m) 2"OT3"C|(P) — TI) Aga (P} — o) + H

By Lemma 3 of Section 8, the maximum of L(II,) with respect to ITy, is

(3.4) L(Ily)

_1p
’ ’H22.1|_%T e 2T%

= (27)7%TGT%TG ‘(P21 - H21)IA22.1(P21 —1IIy) + Hyy

where Pgl = A2_21'1Zl2.1Y1 s H22_1 = H22 - H21H1_11H12, H11 isa G1 X G1 submatrix,

and
H,;, H,

H; Hoy

Then the maximum of L(IIy;) with respect to Iy is
(3.5) Ly, = (2m) 3707376 |H| =27 ¢~37C |
This is the likelihood maximized with respect to IT and €2 with no rank restriction
on the coefficients.

Now consider maximizing the likelihood function under the condition H; : rank(Ily;) =
G1 — 1, that is, Iy 3 = 0 for some 8. The matrix Ily; of rank G; — 1 can be pa-
rameterized as

(3.6) Iy = pl' |

where p is Ky X (G; — 1) of rank G; — 1 and T" is G; x (G7 — 1) of rank G — 1 such
that
(3.7) 'g=0.

7



Lemma 1 : The minimum of
(3.8) ‘(le — IJJI‘,),A22.1(P21 - ,u,I‘/) + Hn‘

with respect to p is

‘G
(3.9) IH, | [Hﬁ, ”51 ,
B H3
where
(3.10) G = Py Ay Py .

Proof : The determinant (3.8) is
(3.11) [H| ’(IJJF/ — Po)H (T — Pyy)Ags s + 1, |

which is minimized at
’ -1
(3.12) fr = Py H T (T'H/'T)
The determinant (3.8) is then
! 71 147
(3.13) ‘[P21 — Py H{T (T'HL'T) T Ag,

’ -1_
x[Pyy — Py H'T (T'HT) T+ Hy

’ _1 / / _1 /
_ ‘[IGl ~T(I'HT) T'H{|Gulle, - HL'T (I'HT) T+ Hy

— [Hul|[lo, - BT (CHT) T TH) (1) GuH

X

I, — H'/°T (1“’H;111“)*1 r'H;Y 2] +1g,

= |Hul|[le, - QQ'Q) Q] H,*GuH, [Ie, - QQ'Q) Q] + 1g,

where Q = H;,"/’T". The matrix Q(Q'Q)~'Q is idempotent of rank G;—1 and I;, —
Q(Q'Q)'Q’ is idempotent of rank Gy — (G; —1) = 1. Then I, — Q(Q'Q)'Q =



x(x'x)'x and Q'x = 0 for x = H}{Q,B Then (3.13) is

(3.14) |Hy | ‘X(X/X)_1X/H1_11/2G11H1_11/2X(X1X)_IX, + 1,
HGHB]

AH.LA

by Corollary A.3.1 of Anderson (2003). Q.E.D.

= |[Hy ll +

The likelihood maximized over H : 8 = 3, is

/ 71T
1 1 G 2
(3.15) Ly, = (27-(6)_§TGT§TG ]H‘_%T [1 I 69 1160] .
BoH1180
The likelihood maximized over 3 is
/ T
1 G
(3.16) Ly, = max (271'6)*%TGT%TG |H|_2T [1 n ,3/ 11,31
B S'H.0
- , _1ip
= (QWG)_%TGT%TG |H|7%T 1 + min b GH’B} 2
i B BHuB
_ N . _1ir
1 1 1 G 2
= (27T€)_§TGT§TG |H| 2T 1+ /?l 11/?] ’
| BHup

where B satisfies

(317) GllB = UIHILB
and v as the smallest root of

(318) |G11 — VHH‘ = 0 ;

that is, B is the Limited Information Maximum Likelihood Estimator of 3.

Theorem 1: The likelihood ratio criterion for testing the null hypothesis Hy : IIs;
has rank G; — 1 and Iy 8, = 0 vs. H; : IIy; has rank Gy — 1 is

_ N - %T L
14 BGuB bGub ]
P p 1 + min —
(3.19) Ly _ | BHuB | _ b b'H,b
LH1 1+ /BOGII/B(] 1 + ﬁOGllﬁo
/60H11/80 ,60H11,60




=

1+I/1

1 + B;Gllﬁo
BoHi118,

The null hypothesis Hy that 8 = 3, is rejected if (3.19) is less than a suitable

constant; that is, if

REASHE
(3.20) — BHWB ik, T k).
| BiGuB,
BoH118,
We call the left-hand side of (3.20) the Rank-Adjusted Anderson-Rubin (RAAR)
criterion.
Comments :

1. The RAAR criterion does not depend on a normalization of the vector of coef-
ficients. The ratio ,6,0P/21A22_1P21,80/,6;)H11ﬁ0 is unchanged by replacing 3, by 3,
times an arbitrary constant. Similarly, B,P;1A22,1P21B/ B,HHB is unchanged by
replacing the LIML estimator multiplied by a constant. The normalization of 3,

does not have to be the same as of 3.

2. The RAAR criterion compares the hypothesized 3, with the LIML estimator B .

3. The RAAR criterion is a function of the sufficient statistics P and H.

4. The RAAR criterion is invariant with respect to linear transformations Y; —

Y,C, 3, — C'3, and Zy — Z,D for C and D nonsingular.

The only invariants of /Bi)Gll/B(]/ﬁ;)Hll/B(] and B Gnlé/é Hll/é are ﬁE)GH/BO//Bz)HHﬁO
and the roots of (3.18).

10



5. The logarithm of the criterion (3.19) is

log (1+/8G11:8) —log (1_’_%)] )

B,HHB BoHu By

L
(3.21) —2log=t = _T
Ly,

which is approximately

ByGuBy, . b'Gub

3.22 7 min —=———-—.
( ) 50%H11,60 b b %Hllb

6. The RAAR is a likelihood ratio criterion. In many statistical inference problems

concerning normal distributions a likelihood ratio test has optimum properties.

Moreira (2003) arrived at a statistic similar to (3.22) by a somewhat different

route. He calls the crtiterion a conditional likelihood statistic.

4. Limiting Distributions

4.1 The Standard Case

The likelihood ratio criterion for testing Hy : 3 = B, vs. H; : rank(Ily) = G — 1
has been derived on the basis of the rows of V being independently distributed

according to N(0,€). For the limiting distribution of —2 times the logarithm of

(3.19) we assume that the rows of Z = (z1, - - -, zp) satisfy
1 &
(I) —> "7z, M (asT — o0) ,
T
1 2 P
WM 7l 0

as T — oo. The limiting distribution of —2 times (3.19) holds under relaxed con-

ditions on Z and V. The conditions allow for components of z; being components

11



of y;_1,---,y1 and components of v; depending on z,---,zo. Let the o—field F;
be generated by zg,vg,--+,2z, vy, t = 1,---, T, and Fy is the initial o—field gen-
erated by y;. (See Anderson and Kunitomo (1992), for instance.) Partition the
(G 4 Gy)-vector v, = (Vi;, Vo) (t = 1,---,T). We assume that £(v,|F;) = 0 a.s.,
E(Vivi|Fii1) = Q a.s., and €, is a function of 2z, vy, -,z 1,V, 1,2, Since
w, = v,,B8, we have &(u;|F,) = 0 a.s. and E(u|F,) = o2 = BB a.s., where
Q; is a (G1 + G2) x (G1 + G3) matrix

=0 g
D1 Qs
Suppose
1 T (t) ! P
(III) T 2911 X tht — Qll X M (aS T — OO) 5
t=1
1 Lo »
(IV) TZQH — Qy (asT — ),
=1
(V) sup E[vy, il (vi,vy > ¢)|F] == 0 (as ¢ — o0)
t>

where I(-) is the indicator function, and M and €2;; are nonsingular (constant)
matrices. Conditions (IV) and (V) imply
1 &
(4.1) T > vy = Q (as T — o0)
t=1

and 02 = 8'Q18 (> 0).

Comments :

1. We allow some heteroscedasticity of disturbances and only require second-order

moments. Thus the conditions on disturbances are minimal.

2. The conditions (I) and (II) on instruments include the situations that the lagged
endogenous variables are subsets of instruments when they follow a stationary au-

toregressive process, for instance.

12



Although the RAAR statistic is invariant with respect to normalization, we shall
find it convenient to normalize B, and 3 so B, = (1,—B9) and 8 = (1,—8,) .
In order to investigate the limiting null distribution and the local power of the

LRC, we consider a sequence of local alternatives II'") such that

Hg? Hg) By Y1 1 '3
(42) (1) (D) - T !
) 1 0 0 £,

21 22
where &; is a K; x 1 vector (1 = 1,2), each element of the (K;+ K3) X (G1+G5) matrix
IT is a function of T" (say IIr) partitioned as ITp = (HEJT)) and rank(Ily;) = G; — 1.
Hence limy_, o, Hg) = IT,; and I1y; 8, = O as the limit (7" — o0) in (2.8). (See (2.6)

and (2.7) in Section 2.) Then Theorem 2 is an extension of Theorem 4 of Anderson

and Kunitomo (1994). The proof is given in Section 8.

Theorem 2 : Assume Conditions (I)-(V). Under the local alternative sequences

(4.2), as T — oo the limiting distribution of

Ly, ﬂl Gnﬁ . b/Gllb
4.3) LRy = —2log—= =T |lo 1+M>—1o <1—|—m1n , ﬂ
( ) 1 g LHl [ 8 ( BOHHIBO & b b'Hy;b

is noncentral y? with G; — 1 degrees of freedom and the noncentrality parameter

_ -2 2 _ _ -1
k1 = 01077, where 0° = ﬂanBo, Moy 1 = May — Moy M| Mo,

(4.4) 0 = flgM22.1H§(HZ/M22.1H§)71H§,M22.152 ,
M;; M ’
M — 11 12 -, |
M,y My, | e

in which we assume that IT; has rank G; — 1.

Let IIy = (71, II3). Then (2.7) is

1
(45) 0= Hzlﬁ = (71'1, H;) =T — H;ﬁQ .

2

13



Thus when 3 is normalized as (1, —3,) and IT has rank G; — 1, IT] must have rank
G1—1 to solve (4.5) for B,. The noncentrality parameter ; is invariant with respect
to multiplying IT; on the right by an arbitrary nonsingular (G;—1) X (G —1) matrix.

Under Hy (¢ = 0), the limiting distribution of LR, is x* with G; — 1 degrees of
freedom under the general conditions on the disturbances. Then by using the y?
distribution in Theorem 2 when T is large in (2.18), we can take the rejection region

as

8,G115,
B,H.13,

by using x2(¢) with Gy — 1 degrees of freedom. It is also possible to investigate the

(4.6) > [1+ ] et 1

power function under the local alternative hypotheses of (4.2).

4.2 Weak Instruments

Next, we consider a case of so-called weak instruments. Let II; = C/T? for a
constant matrix C and 0 > 0; as T' grows the regression matrix Il; becomes smaller.
The (K, + K3) x (Gy + G2) matrices Il = (Hg‘r)) and C = (C,;) are partitioned

as ITr. Then Condition (I) implies

’ 1 T / ’ ’
(I ) ﬂ E HTZtZtHT L) CcMC (aS T — OO) .
t=1

We rewrite (2.1), (2.12) and (3.10) as

oy )
(4.7) (v v{") = (zi", z") Vit v
o @
21 22

Gg) = Pg) A22.1Pg) )

and

HY = YY" - PL Ag Py

14



Define VfT) as the smallest root of ’Gg) — )\(T)Hg)‘ = 0 ; that is,

1 ~(T (1) (1) 7(T)
(4.8) I/fT) = min b Ggl)b = p Ggl)ﬁ
b b'H(l?b B(T B

and the LIML estimator B(T) = (1, —B;T)l)' satisfying (Gg — Vl ) [3

The weak instruments case is different from the standard situation for (2.1) and
(2.4). The limiting distribution of LR; depends on the weakness of instruments,
which can be measured by the parameter §. Theorem 3 states the limiting distribu-

tion of the LR statistic when 0 < § < 1/2. The proof is similar to Theorem 1 and

is omitted.

Theorem 3 : Assume II; = C/7° for a (constant) K x G matrix C with
0 < 0 < 1/2 and Conditions (I) — (V). Under a local alternative sequence (4.2)
as T — oo the limiting distribution of LR, is noncentral x? with G} — 1 degrees of

freedom and the noncentrality parameter ko = 0302, where 02 = ﬁgﬂn Bo,

! / 71 /
(4.9) 0y = £,M5,C; [C5 M1 G5 C3 M€,
and
(4.10) C;=Cy
I,

has rank G; — 1.

If
iy 1y || o o | Tle

and 1 > 1/2 then the statistic LR, has the limiting distribution of central x? with

G1 — 1 degrees of freedom.

Note that the noncentrality parameter in Theorem 3 is the same as in Theorem 2

except ITy = (1/T)°C. A large value of § corresponds to a small value ITy (for fixed

15



C); hence a relatively small value of #5. The limiting distribution of LR; under the
null hypothesis in Theorem 3 is the same as in Theorem 2.

Staiger and Stock (1997) considered statistical inference for the model (2.1) and
(2.2) with weak instruments defined by Il = C/T'? for a fixed C. Note that
this case of weak instruments is not included in the study here of II; = C/T° for
0 < § < 1/2. Staiger and Stock (1997) get nonstandard distributions for various

estimators and test statistics.

4.3 Many Weak Instruments

The model of Ky — 0o as T" — oo has been called the case of many weak instru-
ments, recently discussed in econometrics. An alternative formulation of many weak
instruments is to let each element, as well as the size, of IT be a function of T". We
denote Ko and Kp for Ky and K, respectively. In this model we denote a sequence
of Kr x G (Kr = Ky + Kop, T > 3) matrices Ily, each matrix is partitioned into
(K1 4+ Kar) X (G7 + G3) submatrices

T T
oy o)
Ur=1 o o
H21 ]'_‘[22
Suppose
(VT) I;T 0.

Instead of Conditions (I)-(III), we suppose the conditions

RN § PRI (as T — o0) ,

T
F
1" 1
uy 7 e [T, [P =5 0 (as T — 00)
p 1
(111") fz 272" Ty 25 0, © @ (as T — o0)

16



where €247 is a positive definite constant matrix, ® is a nonnegative definite constant
matrix (the upper-left Gy x Gy sub-matrix of ® is of rank G; — 1), and z,gT) is a
K7 x 1 vector of instruments.

In this model, there can be alternative assumptions about the relative magnitudes
of T, Kr and Il7. The condition (VI) is a necessary and sufficient condition for the
next result ! . The many weak instruments case is different from the standard

situation for (2.1) and (2.4) with fixed K and K. We have omitted the proof of

Theorem 4 because it is similar to those of Theorem 2.

Theorem 4 : Let ng), t=1,---,T, be asequence of K7 x 1 vectors of instruments.
For a sequence of K1 x G coefficient matrices Iy, T' = K+1, - - -, assume Conditions

()"-(I11)", (IV)-(V) and (VI). Under the local alternative sequence

B 1

(4.12) I, 0| _ 71 L '3 ’
0 0| VT|éey

as T — oo the statistic LR, has the limiting distribution of noncentral y? with

G — 1 degrees of freedom and the noncentrality parameter k3 = 302, provided

that the probability limits of

R -1 o1,
pllmeQTA22.1H2T l:phmTHQTAQZ.l&QT )

1
(413) 93 = |:phmT€2TA22'1H2T

exist and 65 is positive for a sequence of the Kyr x 1 vectors &y, the Kor x 1

(T T)

sub-vectors th) of zg , a sequence of the Kor X Ko matrices

T T T -1 p
T Ty Ty / Ty
Ay = Z th)th) - Z th)zlt [Z thzlt] Z thzét) )
t=1 t=1 t=1 t=1

and a sequence of Kyr X (G1 — 1) matrices

’

0
Iy = T15)

I,

! Recently, Matsushita (2007) has investigated the finite sample distribution of LR; without
Condition (VI). The related problem on estimation with many instruments has been explored by

Anderson, Kunitomo and Matsushita (2005, 2008), for instance.
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Thus we find that rejection regions and confidence regions based on the x? dis-
tribution with G; — 1 degrees of freedom are asymptotically valid for some cases
of weak instruments including some many weak instruments. The assumptions of
Theorem 3 on weak instruments (with &, = Cy;8, = 0) or Theorem 4 (with 65 = 0)
on many instruments are sufficient for y? with G; — 1 degrees of freedom as the

asymptotic null distribution.

5. Blocks of Structural Equations and Reduced Rank Regres-

sion

The likelihood ratio criterion we have developed can be extended to more general
multivariate models such as the errors-in-variable model and the linear functional
relationship model. See Anderson (1976), Anderson (1984), and Anderson and Ku-
nitomo (2007).

A block of structural equations is
(51) YlB == erl + U 5

where B is G; x r of rank r, I'; is Ky x r and U is T' x r. Corresponding to (2.6),

Iy I, Il B I1,,B
(5.2) - -
0 H21 H22 O HZIB

The second part of the above equation Il,;B = O has a solution for B that is unique

except for multiplication on the right by a nonsingular r» x r matrix if and only if

the rank of IIy; is G; — r. We say the block of equations (5.1) is block-identified.
Consider the null hypothesis

(5.3) Hy: TIyBy=0,

18



where By is a specified G; X r matrix of rank r (1 < r < G7). When the set of

alternatives HQI includes all Ky x G; matrices Iy, the likelihood ratio criterion is

' -T/2
(5 4) LH(I) _ ‘BO(Gll + Hll)B()’
. Ly ’B’OHHBO‘

(See Anderson (2003), Section 8.3.)

The likelihood ratio criterion for testing the null hypothesis

’

(5.5) H, : rank(Ily)) = Gy —r

against the alternatives H, is

, T2
L, ‘B (G + Hn)B’ r
(5.6) A1 — | min - =10+ I/i)_T/Q :
Ly B |B'H,, B H
where vy, -+, v, are the r smallest roots of (3.18) and 11 < 1y < -+ < vg,.

Anderson (1951), Theorem 2.)

The likelihood ratio criterion for testing H, against H, is

- 1 T/2
_|B'(Gu+H)B|
(5.7) by mén/ [B'H,,B|
Ly By(Gi + Hyp)By
| BHuB[
- 1 7T/2

r

i=1
‘BE)(GH + H11)Bo‘
BH1Bo|

(See

This is the likelihood ratio criterion for testing H(; : B = By given that B is block-

identified.

The criterion (5.7) can also be derived by the method of obtaining Theorem 1.

Parametrize Ily; as

(5.8) Iy = pl |
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where p is Ky X (G —r) of rank G; —r and T' is G; X (G —r) of rank G; —r. Then
I'B =0 for a G1 x r matrix B if and only if IIy;B = O. The proof of Lemma 1
proceeds with Q(Q'Q)~'Q’ being idempotent of rank G; —7, and I, —Q(Q'Q)'Q’
being idempotent of rank G —(G,—r) = r. ThenI;, —Q(Q'Q)'Q’ = X(X'X) X’
and QX = 0 for X = Hi/*B. Hence

(5.9) ’(Pm — MF/)/A22.1(P21 — MF/) + H11‘
= |Hy|I. + BG,B(BH;;B)!|.

Then the maximum of (5.9) for B = By divided by the maximum of (5.9) with
respect to B is (5.7).

Define
L.
(5.10) LRy = —2log—°
Ly
By(G., +H;)B r
= Tlog‘ ol 1,1 ) 0’—T210g(1+1/i).
ByH,,B| i1

When the null hypothesis Hy is true, the first term on the right-hand side has a
limiting x?—distribution with K, degrees of freedom; the second term has a limiting
x?—distribution with [K, — (G — r)]r degrees of freedom. These facts suggest that
the limiting distribution of LR, is the x?—distribution with Kyr—[Ky —(Gy—r)]r =
(G —1)r degrees of freedom. This assertion was proved in Anderson and Kunitomo
(2007) for r = 1 and in Section 8 by another method (Theorem 2).

The regression matrix Ily; is said to be of reduced rank if Ily; = uI‘,, where the
ranks of p and I' are lower than K, and (4. In such a case the columns of H/21
lie in a (G — r)—dimensional subspaces of the G;—space, which is spanned by the
columns of I'. This space is orthogonal to the r—dimensional subspace spanned by
the columns of B satisfying I'B = O. The I"'—space is equivalently spanned by the
columns of T'A, where A is (G; — r) x (G1 — r) of rank G; — r; the B—space is

equivalently spanned by the columns of BC, where C is r x r matrix of rank r.
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Now consider the null hypothesis

1"

(5.11) Hl: T=T,,

where Iy is a specified G; x (G — r) matrix of rank G; — r. There exists a G; X r
matrix Bg of rank r such that

(5.12) I',B,=0.

Then the likelihood maximized with respect to I' at I' = I'y is exactly the likelihood
maximized with respect to B at B = By. Thus (5.7) is L H / L. The likelihood
ratio test of H, : T' = T is also the likelihood ratio test of H, : B = By as long as

I‘E)Bo = 0. Note that By can be replaced by BqC, where C is r x r of rank r.

Lemma 2: If

I I’y
(5.13) B = , I'= ,
B2 IGlfr
and
(5.14) I'B=T,+B,=0,
then
o |IB'HB|
(5.15) T'H'T| =
H]
for H positive definite.
Proof of Lemma 2 : Let
H,; H
(5.16) H=| = 7
Hy Hoy

and use the partitioned formula for H™! of Theorem A-3-3 in Anderson (2003).

Then
(5.17) B'HB = Hiis+ (HyHy, + By)Hay(Hy Hyy + By)
(5.18)  T'H'T = Hy + (HyHa +By)Hyy(HipHyy +By)
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where H11.2 = H11 — H12H521H21.

For any r x (G; — r) matrix C we have
(5.19) |ICC' +1,|=|C'C+1g.
By using this relation, we find

IT'H'T| = [Hy| x [Lg, . + Hy (Hy Hoy + Bo)Hi,(HipHy, + By)HY,

?

= [H'| x [Hips + (HyHyy + By)Hoo(Hyy Hip + By)|

which is the result. Q.E.D.

The likelihood ratio criterion for testing the hypothesis that I' = I'y, where
(5.20) Iy, = pl’

18

_ , S T/2
] ’F (G11 + H11)_1F’
min -
T I'H,/'T|
(5.21) : g
I'y(Gi1+Hy) Ty
| THET)
- ~T/2
_ i=1
Ty(Gu + Hu)"'To o |G+ Hy
T H,,'To| [Hy |

6. Cointegration

The ”cointegration” problem in econometrics can be formulated in terms of the
reduced rank regression in Section 5. It is a multivariate time series model with

stationary components and (a nonstationary) random walk components. The main
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interest is to make statistical inferences on linear relationships. (See Johansen (1995)
and Anderson (2000), for instance.)

Let a Gy x 1 autoregressive model {x;} be defined by

AxXy_q

(L, O] | | +Lxa+wv
Axy_y

= Hllzlt + H;z% + vy,

(6.1) Ax, = [II

/

where Ax;, = x, —x;_y, I, = (IT (1), - -, II (p)) and I, are Gy x G1p and Gy x Gy
matrices of coefficients, z;, = (Ax;71,~~,AX;7p), zo, = X, , and E(vyv,) = Q.
The model (6.1) is of the form of the reduced form (2.1) with Z = (Z;,Z,) and
II = (II},1I,) with G = Gy. The t—th row of Y is Ax}; the t—th row of Z, is
X;_l, t=1,---,T.

Suppose that Il; is of rank GGy — r and hence can be written as I, = /LF/, where
pis Gy x (Gy —r) and T is Gy x (G — r). Note that g can be multiplied on the
right by an arbitrary nonsingular matrix and I on the left by the inverse of that
arbitrary matrix. (The matrix Ty’ is a3’ in Johansen’s notation.)

The likelihood ratio criterion for testing I' = I'y against alternatives rank I' =
(1 — r is the same as the likelihood ratio criterion for testing II;By = O when By

is a (G; x r matrix satisfying I‘E)BO = 0.

T,(Gy +Hy) ' Grr
oG+ M) ! ~T Y logé;.,
T H T Pt

(6.2) LRs =Tlog

where g, 41— = 1/(1 +v;) (i = 1,---,Gy) are the characteristic roots (§; < & <

- < &g) of

(6.3) (G +Hy) ' = ¢H! | =0.

In the cointegration case instead of Conditions (I)-(III) in Section 4, we assume
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the condition 2 that all characteristic roots of
! p . /
(VII) (A= 1)NIg — NI, — (A= 1) > N TIL (i) = 0

=1

are in the range (—1, 1] or their absolute values are in the range [0,1).

Theorem 5 : Assume that {v;} is a sequence of i.i.d. random vectors with
E(v,) = 0 and £(v,v,) = ©, and Condition (VII). Then under the rank condition
Hy : rank(ITy) = Gy —r and T' = Ty, as T — oo LR3 has the limiting distribution

of x* with 7(G; — r) degrees of freedom.

The resulting test procedure and confidence region are invariant to orthogonal trans-
formations of 'y (i.e. cointegrating vectors) and they are direct extensions of Section
4 to the cointegration problem.

There are some applications of Weak Instruments and Many Weak Instruments

in Section 4 to the cointegration problem.

7. Concluding remarks

This paper has shed a new light on the classical problem of the likelihood ratio
tests of structural coefficients in a structural equation in the simultaneous equation
system. The method developed by Anderson and Rubin (1949, 1950) can be modified
to the situation when there are many (or weak in some sense) instruments which
may have some relevance in recent econometrics. We have found that the asymptotic
null distribution of LRC is often the y?—distribution with G; — 1 degrees of freedom
under a set of fairly general conditions.

Then we have shown that the testing problems in the structural equation (simul-

taneous equations) model, the reduced rank regression and the cointegration models

2 Tt is sufficient that Ax; is stationary and x; is an I(1)—process.
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are essentially the same. Furthermore, the testing problems in the linear functional
relationships or the errors-in-variables models are also mathematically the same to
those in the reduced regression problem, which are related to the testing problems
in factor models. (See Anderson (1984).) Since these statistical models have been
used in many applications, it is worthwhile and useful to show that the problems
can be indeed formulated as direct extensions of the classical method by Anderson
and Rubin for a single structural equation model  in an unified fashion.

This paper is written in terms of testing a null hypothesis B = By or I' = T,
Any of resulting test procedure can be inverted to obtain a confidence region of B

or I'; that is, a confidence region for B consists of all By not rejected by the test.

8. Mathematical Details

In this section we give some technical details which were omitted in the previous
sections. At the last part of this section, we shall refer to Anderson and Kunitomo
(1994) as AK (1994) and use their method for Theorem 4. Also we shall use the no-
tation of projection operators Py = Z(Z'Z)"'Z" and Py, = Z,(Z,Z,)"'Z}. (These

matrices are idempotent.)

Lemma 3 : Let a pxp nonsingular matrix D be decomposed into (p;+p2) X (p1+p2)
submatrices D = (D;;) and D~ = (D%). For any ¢ x p; matrix B, ¢ X ps matrix
C and any positive definite matrix A,

/

B /
(8.1)  min A (B,C) + D| = |Dy, — Dy D;/Dyo||Dyy + B'AB
C/

and the minimum occurs at C = —BD{'Dys,.

3 Some results on the corresponding estimation problems have been investigated by Anderson,

Kunitomo and Matsushita (2005, 2008).
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Proof of Lemma 3: For [D| # 0 and A > 0,

(8.2)

Bl

D + A (B,C)
C/

A2 (B,C) I,

= |D|

B/
I, +AY?(B,C)D! ( ) Al/?

Also we have

A1/2 (B,C) D! ( B ) A1/2
C/

— A2 [C + BD12(D22)_1} D22 {C + BD12(D22)—1]/ Al/2 > AV2BD2B A2

Then
B’ :
(8.3) D+ A(B,C)| > D|[I,+A'/’BD”B'A'”|
C/
D| /
D, + B'AB
D] ‘ 11+ ‘ )

which is the right-hand side of (8.1).
Q.E.D

In order to prove Theorem 2, we first prove two lemmas. (Similar arguments can be
used for the proofs of Theorem 3 and Theorem 5.)

Lemma 4 : Under the assumptions of Theorem 2, for any 0 < e < 1

(8.4) Tv, %0 .

Proof of Lemma 4 : It is immediate to see that (1/7)Hy; 2y and
2

VT
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for every 3, then [%Gnﬁo converges to a limiting random variable as T" — ooc.
Then for 0 <e< 1,

bGub _ 1 BiGuBy »

0 < TC°min — < . = 0.
B b b'Hyb = 17 ,30%H1150
Q.E.D.
Define
(8.5) LRy =T |P0G1Po D Gub

7 m —————
B,H.8, b bHpb

Lemma 5 : Under the assumptions of Theorem 2 (as T — o0)

(8.6) LR, —LR; 2% 0.

Proof of Lemma 5 : Taylor’s expansion yields
1. /2 12
Tlog(1+1vy) — T < 5 [T yl} ,

which converges to zero by Lemma 3 as T" — oo.

Q.E.D.

Proof of Theorem 2 : By using Lemma 3, we find that as T — oo B 2 Bo-
Then (1/T)G11 A H;1M22.1H21. By using the fact that %Gllﬁo = Op(l) and

substituting H;1M22,1H21 into the set of equations [G1; — v1Hy| B = 0, we have

1 , 0
—=G118y + 11, My 111y =0p(1) .

VT VT (B, 8,)

By multiplying (0, I, 1) from the left, we find

(8.7)

/

N , 0
VT (B, = B5) = [(0,Tg, 1) Mas 1 Ty ( C)| O
G1—1

1

\/TGll/BO +0p(1) .

(8.8)
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Because (1/T)Hy; = 911+Op(1/ﬁ), we rewrite the set of equations [G1; — v Hy| B =

0 as

0

@zﬂz)}”'

Gllﬁo_Tyl [911 + Op(\/lT)‘| ,30— [Gll — Tl/l <Qll + Op(;T)>]

By multiplying ﬁ;) from the left, we find that

1

‘G
\/T/BO 11

(89) BE)GUBO — TVlBE)QHIBO -

Then by using (8.8) and (8.9) we find that

(8.10)  ByGu B, — Tv18,215,

-1

1 ’ , ' 1
—B,Gn (0,1, 1)1y Moy 1 I ( ) 0,I¢,-1] —=G118,
\/T IG1—1 IG’1—1 \/T
+0,(1) .

The limiting distribution of (8.10) is the limiting distribution of 3,218, X LRy as

T — oo. The local alternatives of Theorem 1 imply

1 1
Y18, =17, (’Yl + \/T£1> + V18, + ﬁzzfz

and then
(811)1(}6 1H'Z'A’1ZHB+1H/Z'V6+(1)
) _ = . —— o
\/T 11Mo \/T 2142143221 42.1+121M¢ \/T 21421 Y 1Mo D
1 ! ! !
= ﬁnmzmvlﬁo + 11, My 1€, + 0,(1) .

By applying the Lindeberg-type Central Limit Theorem (see Anderson and Kunit-
omo (1992) for instance) to the first term on the right of (8.11) and using (8.10), we
have the result.

Q.E.D.
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