LIMIT DISTRIBUTIONS OF THE MINIMAX
OF INDEPENDENT IDENTICALLY DISTRIBUTED
RANDOM VARIABLES(")

BY
HERMAN CHERNOFF AND HENRY TEICHER

Summary. The class of limiting distributions of the normalized minimax
(or maximin) of independent identically distributed random variables is
obtained and the domains of attraction of the three limiting types are
characterized. Asymptotic independence of the minimax and maximin is also
demonstrated.

1. Introduction. Consider a sequence of independent identically distributed
random variables on some probability space with P the probability measure
thereupon. These will be double indexed in the fashion

(1.1) X1 Xz, Xog, X3 Xus, Xog, Xy Xgy Xps - -

and engender a sequence of random matrices of order n

(1.2) xe=f: : , n=12-...,
Xt Xng oo+ Xon

which, in turn, give rise to two sequences of random variables

W, = min max X,

(1.3) i
Z, = max min X;.

J H

Denote by F the common cumulative distribution function (c.d.f.) of the
X, We seek the classes 4 and % of limiting distributions of W, and Z,
(suitably normalized) as well as conditions insuring that the normalized W,
or Z, based on a stipulated F, actually converge in law to a particular
limiting distribution. In view of the relationship Z, = — min;max;( — Xj),
it suffices to deal with W,. Clearly, %4, i = 1,2, is independent of the initial
indexing procedure.

The problem is redolent of that of the class of limiting distributions of the
normalized maximum of independent, indentically distributed variables.
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LIMIT DISTRIBUTIONS 475

Here, it will be recalled [ 3] that the class of limiting distributions comprises
the three distribution types (« > 0):

L.(x) =exp{ — (—x°}, x50,

= 1, x> 0,
(1.4) Lz,(x) = 0, x é 0’
=exp{ —x_"‘}, x>0,

Ly(x) = exp{ — e~*}.

In the case of the minimum of independent, identically distributed random
variables, the three (nondegenerate) limiting types are given by Lj(x)
=1-L(-=%,j=1,23.

It follows readily from (2.0) that W,, like the maximum, converges almost
certainly to + « orc according as F(x) <1, allx or F(c —¢) <1 = F(c+¢),
all ¢ > 0. On the other hand, the only nondegenerate limiting types possible
in the case of W, are L}, j=1,2,3, namely, those corresponding to the
minimum of independent identically distributed chance variables.

2. Limiting distributions. Let {a,, b,,n = 1,2, ---} constitute two sequences
of constants with a, > 0. Evidently,

(2.0) P{%(wﬁw0<x}=1—[y-wmﬁ+wgr

As a first step in the direction adumbrated, we prove (letting .~ (W) denote
generically the c.d.f. or “law” of a random variable W)

LEMMA 1. A necessary and sufficient condition that & [ (W, — b,)/a,] con-
verge to a nondegenerate limiting distribution is that there exist an extended
real-valued, nondecreasing, right-continuous function v(x) with y() = o,
v(— ) = — o such that for x in the (nonempty) set of points at which v(x)
is continuous and finite,

logn — y(x) + 0(1)
" .

(2.1) Fla,x+b,) =1—

Proof. Suppose that (2.0) éonverges to a nondegenerate c.d.f. I'(x). Clearly,
F*a,x+b,) =0(1) and for 0 <T(x) <1

nlog[1— F*(a,x+b,)]=[1+0(1)]log[1 — I(x)],

implying

—nFYa,x+b,) =[1+4+0(1)]log[1 - I'(x)].
Thus, if
(2.2) y(x) = log (—log[1 ~ T(x)]),
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476 HERMAN CHERNOFF AND HENRY TEICHER [April
we have
logn + nlog F(a,x + b,) = y(x) + 0(1).
This implies n[1 — F(a,x + b,) |* = 0(1) and consequently also
logn — n[1 — Fa,x + b,) ] = v(x) + 0(1)

which is tantamount to (2.1).

Retracing the argument in the reverse direction, (2.1) implies that (2.0)
converges to I'(x) = 1 — exp{ — "™} at all continuity points in the domain
where v is finite, and thus at all continuity points.

This leads to

TareoreM 1(0). The class &, of nondegenerate limiting distributions of the
normalized minimax W, of independent identically distributed random variables
(as in (1.1)-(1.3)) contains only the types (a > 0)

L¥(x) =0, x <0,

=1-exp{ — x°}, x=0,

2.3) Li(x) =1—exp{ — (—2) 7}, x <0,
=1, x20,

L}(x) =1 — exp| — €*}.

Proof. Suppose that (2.0) converges to a nondegenerate limiting distribu-
tion T, whence according to the lemma, (2.1) holds.
Define, for any real 8,

(2.4) m = m,(5) = | greatest integer < n(1 + é/logn) }.

Then, if A denotes the set of points at which y(x) is continuous and finite,
for x € A we have from (2.1),

Fla,x+by) =1— li’—g—’"—,;ﬂ +o(m™)

logn + 8(logn) ~* + of (logn) '] — v(x)

_1)
2[T+o(logm ] ol

(2.5) =1-

logn — (v(x) +98) +0(1)
n

=1—

Let us call (x,v) a point of increase if y(x —¢) <~v <y(x+¢ for all
¢> 0. Then at every point of increase (x, v), the inverse function h(v) is

(®)Added in proof. Theorem 1 extends to rectangular matrices.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1965] LIMIT DISTRIBUTIONS 477

uniquely defined and h(y) = x. Further, let G(x) denote an inverse function
of 1 — F(x) (any monotone version will do in spite of the ambiguity due to
intervals where F(x) is constant). It follows from (2.1) that for any sequence
of numbers ¢,— 0 and point of increase (h(vy),7),

(2.6) Iim —1- [G( w) - b,.] = h(vy).
n—eo Qp n
Let m = m,(8) be as in (2.4) and note that
logm — v _ logn — (v + ) +0(1)
m n )

Consequently, if (h(y + 6), v + 8) and (h(v),v) are points of increase, from
(2.5) and (2.6)

G(logn - (7:- 8) + 0(1)>

= a,[h(y + 8) + 0(1) ]|+ by = an[h(¥) + 0(1) ]+ b
Applying the preceding to v, v:, and v, we have for all real §
aa[h(y + 8 + 0(1) ] + by = an[h(y) + 0(1) ] 4 b,
2.7) au[h(xo+ 8) + o(D)]+ by = an[ h(x0) + 0(1)] + ba,
[ h(y:+8) + 0o(1) ]+ by = an[ h(x1) +0(1) ] + b,

whence,

iy +8) = h(vi+9) _ hiy) = h(n)
h(‘h + 5) - h(‘Yo + 5) h(‘Yl) - h(‘)’o)

provided all points involved correspond to points of increase of v and the
denominators do not vanish.

The nondegeneracy of the limiting distribution implies that h(y) is not
constant for — o <y < «». Now suppose h is constant on some proper
subinterval I of — » <y < «, say h(y) = 8 in I while h(y) # 8 outside I.
Then choosing v, €I, y & I, vo& I and 4 such that v,+ 6 & I but both
v1+ 6 and v + 6 are in I would controvert (2.8). Since at most countably
many v values do not correspond to points of increase, such a choice can
be made. Therefore A is strictly monotone.

Next, suppose that yo+ i, i=0,1,--,k*+1 correspond to points of
increase. Let v = v, + 8, vi = vo+ (i — 1)8 in (2.8) and verify inductively
that for all integers k, 1 <k S k*

h(yo+ (k4 18) —hlyo+ k) _ hlvo+20) —h(yo+9) _,  (gayy.

h(vo+ k) — h(vo+ (k — 1)9) h(~vo+ 8) — h(vo)
Thus,

(2.8)
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478 HERMAN CHERNOFF AND HENRY TEICHER [April

h(vo+ (B +1)8) — h(vo+ k) = N*[h(vo+8) — h(v0)], 0=k <k*,
which necessitates
h(vo+ k) =c ;A +d;,, O0gks k* for A 1,

(2.9)
=Clx+d1, 0§k§k‘f0rk=l.

Select an interval (x;, x;) suchthat — o <%, <%, < wand — o < y(x; +)
< v(xy—) < . In the range v(x; —) to y(x;+) at most a countable set
of v values do not correspond to points of increase. Hence, in arbitrary
neighborhoods of v(x; —) and 7(x2 +) we can find v and v such that
v¥ <v# and all of the values v 4+ j27*(v# — v, j=0,1,2,.--,2 k=1,

2, ..., correspond to points of increase. From (2.9) and monotonicity, for
v(x =) <y <vl(x+),

(2.10) h(y) =ce"* 4 d, a#=0

or

(2.10)/ h(y) = ¢y + d.

Letting x; decrease and x, increase so that y(x; —) —» — « and y(x; +) — o,
it follows that (2.10) or (2.10)’ holds for all v. Note that v(x; +) = — « for
finite x, entails « > 0, and ¢ > 0 whereas y(x;) = 4+ « for finite x; requires
a <0, and ¢ < 0. Summarizing, we find three possibilities:

h(y) =cy+d, ¢>0,

(i)
v(x)=x:d, —w<x<® ¢c>0,
h(y) = ce’* +d, a>0,¢>0,

(2.11) (ii) d

y(x) = alog =2, x>d, ¢>0, a>0,
h(y) =ce "4 d, a>0, ¢<0,

(iid) .
v(x) = — alog p x<d, ¢<0, a>0.

These correspond via (2.2) to the distribution types Lj(x), L (x), L (x)

respectively of (2.3) and the proof is therefore complete.
DEFINITION. A c.d.f. F will be said to belong to the minimax domain of

attraction of a c.d.f.() L* (in symbols, FE Zuu(L*)) if there exist se-
quences b, and a, > 0 for which lim,_. (1 - [1— Fa,x + b,)]") = L*(x).
In similar fashion, we may say that F belongs to the “maximum’ domain of

(®) Of course, if F € D ppy(L*(x)), then F& Dum(L*(ax + b)) for every a > 0 and real b
so it is the distribution “type” that is pertinent.
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attraction of L (written F € D y(L)), F belongs to the “minimum’ domain
of attraction of L* (written FE 2,(L*)) or F belongs to the maximin
domain of attraction of L (symbolically, FE Dum(L)) according as
lim, .. Fa@,x 4+ b,) = L(x), lim,_..(1 — [1 — F@,x + 5,) ") = L*(x) or
lim,..(1 —[1— F(a,x+ b,) )" = L(x).

Next, for any c.d.f. F, define

2.12) ar = G(l"g—';_—l> - G( 1°5">, nzl,

where G is again an inverse function of 1 — F. Then a,, is implicitly defined
by (2.12) and (2.4) and

logn — 1—6+Z,’,) _ G(logn—6+e—,,>

al s = G(
my (8) n n

where ¢,, ¢, are both 0(1) and depend on s.

As will be seen in the ensuing theorems, the domain to which Fis attracted
depends on the limit of a,, ;/a; or more precisely upon that of the related
quantity r,(1,5) (see (2.13)). Define

ru(ﬂ"s) =ru(ﬂ;6;¢m¢rlz)
(2.13) =l[G<logn—6—ﬁ+e,’.)_G<logn—6+e,,>]

at n n

where ¢, ¢, are sequences of real numbers approaching zero.
TuEOREM 2. In order that FE Duu(LY) with a, = a}, it is necessary that
(2.14) lim r,(8,8) = 8 forall real 8,3 and e, = 0(1) = ¢;.

Conversely, if imr,(8,8) exists(*) for all 8,6 and ¢, = 0(1) = ¢, and if for all
real 3 and ¢, = o(1) = €5,

(2.14)’ lim r,(1,8) = 1,

then FE Duu(L}) with a, = af and b, = G(logn/n).

Necessity. (2.14) is a simple consequence of (2.6) and (2.10)".
Sufficiency. Set a, = a;. It follows directly from (2.14)’ that

liml[G<10gn_6—k+ (,’,) _G<logn —nlS+6n>] =k

n—w a" n

() 1t is not supposed that this limit is independent of ¢, and e, Also, an example can be
adduced to show that (2.14)’ by itself is insufficient.
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480 HERMAN CHERNOFF AND HENRY TEICHER [April

for alle, = 0(1) = ¢, all real 4 and positive integers k, hence for all negative
integers &, whence

liml[G(logn_'H_"/') _G(logn—6+e,.)]
n—o Oy n n

@1 -lntlo(lEnitd) o(ln—ik)

n—o Qp n

+G<logn—6‘—k)_a( logn—6+e,.>] —0
n n

for all real & and all ¢, ¢ which are o(1). This shows further that
imr,(B,8; e ¢;) is independent of ¢, and e;,.
Consider next the subsequence r.(8,8; ev,es) of r.(8,5; ene) where
’ = m,(8’). This subsequence may be delineated as

1 [G<logn— 0+6)—B8+¢ )_ G(logn— (a+5’)+e:)]
n n

am,.(&’)
where ¢’ and ¢ are again o(1). In view of (2.14)’ and (2.15), this subse-

quence has the same limit as r,(8,8 + &’; €, ¢;). Thus, limr,(8,6) is independ-
ent of 6 (as well as ¢,,¢;). Consequently, for any positive integer £ and all
real §

L lim l[G( logn — 6 — l/k) B G( logn — 6)]
n—o Qp n n

U5 lim_l_[G(logn—é— (i+1)/k> _ G(‘ﬂ%_"_—_“:_i/_k)]

n n

»

which readily implies for all integers j,k, real 5§ and e, = 0(1) = ¢;, that

@16) lim [G( e ) - G( e 6)] =jlk.

n—o Q, n

Next, let /(r?) be a monotone sequence of rationals converging from below
(above) to the real number 8. Then, from (2.16)

r{§lim—1—[G<10gn—ﬁ-6+e’,') _G,(lo_gn__—m)] <r

n—w Qy n n

and consequently lim,_,.. r,(8,8) = 8 for all real 8,4 and sequences ¢,, ¢, tend-
ing to zero. In particular, setting b, = G(logn/n), for all real x

lim l[G(——logn; x+6") - bn] = x.

n—w Qp
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Hence, for any ¢ > 0 and n > N,
ay(x — &) + b, < G(lﬁg"—‘n"—ﬁ) Sa(x+ ¢ +b,
or equivalently,

FlaJx — 4+ b)) <1 — lig—'i"nx—“" < Flau(x+ ¢ + b,).

Thus, for n > N}

logn—x—2e~f—en
n

1— logn—-xn+2e+e,, <Fla,x+b)<1—

which is tantamount to (2.1) for y(x) = x and therefore proves sufficiency.

THEOREM 3. In order that FE D (L}) with a,=aXe'" —1)7, itis
necessary that

2.17 lim r,(8,8) = e**(e?’* — 1)(e** — 1) !

for all real 8,6 and ¢, = 0(1) = ¢,. Conversely, if limr,(8,8) exists(*) for all
real 8,8 and ¢, = 0(1) = ¢, and if for some a > Oand all real 5 and ¢, = 0(1) = ¢,,

(2.17) lim r,(1,8) = €,

then FE Dau(LL) with a, = ak(e"* —1)7! b, = G(logn/n) — a,.
THEOREM 4. In order that F€ D,u(L}) with a,=aX(1 —e V%)L itis

necessary that

(2.18) limr,(8,6) = e ¥ (e™?* - 1)(e " — 1)}

for all real 5,8 and ¢, = 0(1) = ¢,. Conversely, if limr,(8,5) exists(*) for all

real 5,8 and ¢, = 0(1) = ¢, and if for some o > 0 and all real § and ¢, = 0(1) = ¢,,

(2.18)’ lim r,(1,8) = e™%,

then F& 9(L}) with a, = a}(1 — e )7} b, = G(logn/n) + a,.

Proofs. The necessity of (2.17) or (2.18) follows directly from (2.6) and
(2.11).

The proof of sufficiency for Theorem 4 requires only minor emmendations
from that of Theorem 3 and therefore only the latter will be given. Set
a, = a¥(e"* — 1)7%. Then, as in the proof of Theorem 2, a simple conse-
quence of (2.17)’ is

2.19)lim L [G( logn —8—k+ ‘4> _ G( 108_"—_5+_f)] — et _ 1)

n n n
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482 HERMAN CHERNOFF AND HENRY TEICHER [April

for all real 4, all integers £ and all ¢, = 0(1) = ¢,. Again, the case k=0
implies that limr,(8,3; c,, ¢;) is independent of ¢, and e..

Exactly as in Theorem 2, lime**r,(8, §) is independent of 5. Consequent-
ly, using also (2.19)

e’ — 1)

— lim Z [ (logn ;(i+1)/k>_G(logn—5—i/k>]

n—e jng Gn n

i s+i/k
E e[

i=0

—b/a N _
i & [G(logn é 1/k)_G(logn 5)]’
o n n

implying for all positive integers k, real 5 and ¢, = 0(1) = ¢, that

lim — [G<logn — & ; 1/k+e,.) _ G(k)_g_%j_—t&)] - es/a(el/ka - 1),

n—o n

which, in turn, readily yields

(2.20) lim 1 [G( l‘)g_n:i—'_rtﬁ) _ G( logn "'15 T & ) ]= ele(e’™ — 1)

R

for all rational r, real 5 and ¢, = 0(1) = ¢,. This is extended to real r exactly
as in Theorem 2. From this extended version of (2.20), for x real, all e >0
andn > N,,

ex/u_1_¢<_1_[a<l°£_—_ﬁ_‘.z) _G(lo_gzﬂ e _14e
a, n n

Setting b, = G(logn/n) — a,, for all ¢ >0 and n> N,
an(e’* — ¢ + b, < G( lo—g"—_nx—+—‘) < an(e”* + ¢ + by,

which is tantamount to (2.1) with y(x) = alogx, a > 0, x>0, and completes
the proof.

In contradistinction to the case of the minimum of independent identically
distributed random variables, virtually all the standard distributions
(including the Cauchy) € J,,.M(L*) if indeed there is a nondegenerate limit
distribution. Notwithstanding, & .u(L?,) and Z.u(L3) are not empty as
is seen from the following
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ExaMPLE. Let the inverse of 1 — F be defined by

— e e P - _ (_L) _
G) = c,e™ ° + ¢, u logv+ {1 logs log ( — logv)

where¢; + ¢; > 0,p # 0 and v is small(®). If v = (logn — v)/n, then u = logn
+ (v + o(1)) /log n, whence
G [ bg%—"—] = ciexp [p(logn)?/2 + oy + 0(1) ]+ ¢,
= a,(x 4 0(1)) + by,

where a, = |c;|exp[p(logn)?/2], b,=c; x = (sgnp)-exp(py) and ¢, <0,
¢; > 0 for p < 0 while ¢, > 0 if p > 0. Hence for sufficiently large n,

logn — v+ 0(1)

I_F(anx+bn)= n

Thus the limiting distribution of the normalized minimax is of the type L{,
or L}, depending on the sign of p.

Next, we note a link between D y(L;) and D uu(Ly). If FE Du(Ly),
then as in Lemma 1, for all real x [3],

(2.23) Flalx+b)=1- %e"‘ +on ).

Suppose that (2.23) continues to hold for x, = x/logn — loglogn, i.e.,

’ x _ ’
F<a"(—logn log logn) + b,,)
220 L Bep{ (2~ toglgn)] +otn)
= —;exp —(E—ogogn)} +o(n77).
Then, setting

a, = a,(logn)~', b, = b, — a;loglogn,

(2.25)  Fla,x+b) = 1— 18" [1 _ X +o<—1 )]+ o(nY),
n logn logn

_1_ logn

+ 2 +o™),

n
so that F € 9 ,.m(L%) according to (2.1) and (2.11).

On the other hand, (2.24) may be contravened and (2.25) fail to be the
correct normalization even though the domains of attraction are unchanged.
For example if F(x) =1 —exp{ — x/(1 —x)}, 0 <x <1, then, as noted

(5)The nature of G(v) for v bounded away from zero is unimportant from the standpoint of
which limit distribution F is attracted to. Thus (as may be necessary for monotonicity), G may
be modified for v bounded sufficiently far from zero.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



484 HERMAN CHERNOFF AND HENRY TEICHER [April

in [3], FE Du(Ls) with a, = (logn) * 5, = (1 + logn) 'logn. However,
F & 9Dm(LY with

a, = (1 + logn — loglogn) ~*(logn) 7},
b, = (1 + logn — loglogn)~'(logn — loglogn).

3. Asymptotic independence of minimax X, and maximin X;. The joint
distribution of W, and Z, is easy to obtain in principle but difficult to
analyze. Let u < vand A% denote the event that all rows of x, in (1.2) have
an element greater than v and all columns have an element less than or equal
to u while exactly s of the n? elements are no greater than u and exactly ¢
of the elements are greater than v. Then

ll2 -n "2—!

PlZ,su,W,>v}= 3 > P{AT}

(3.1) I
= Z Z a‘,’," Fs(u)[l - F(v)]‘[F(v) — F(w) ]n2—a—t

where a%} is the number of ways of arranging s white balls, ¢ red balls and
n? — s — t green balls in an n X n square array in which each column has at
least one white ball and each row at least one red ball.

Equation (3.1) does not seem amenable to establishing the asymptotic
independence of W, and Z,. On the other hand it hints at the feasibility of
an “order statistics” approach. For this reason we shall first concern our-
selves with min;max; Y;; and max;min; Y;; where the Y; are obtained by
assigning the integers 1 to n? at random among the n’ positions of the n X n
matrix. The study of this minimax and maximin will be facilitated by the use
of a construction which simultaneously yields the random variables X;;, Y
and related random variables, whose distributions are linked to those oc-
curring in the classical occupancy problem [2].

The construction is rather long and will be divided into several stages.
Two of these stages will then be reexamined in more detail.

STAGE 1. Let the integer 1 be assigned to one of the n® positions (i,)),
1=<i<n,1£j<n,atrandom. Select one of the remaining n? — 1 positions
at random to hold the integer 2. Continue in this fashion until each column
has at least one element and let S be the number of integers thus required.
The first S integers will be called “little.”

STAGE 2. Assign the integer n® to one of the remaining n? — S positions
at random. Then select one of the remaining n> — S — 1 positions to hold
n? — 1. Continue until each row has at least one of the elementsn?, n?—1, ...
or until all n2 — S remaining integers are exhausted. Let T be the number
of integers thus required. These integers will be called ““big.”
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STAGE 3. Assign the remaining n* — S — T positions (if any) at random
to the remaining integers. Define Y;; to be the integer in position (i,j) and
note that

max min Y,’j = S,
j i

min max Y;=n*~T+1 if S+ T<n’
i J

Define T* by

min max Y; =n?—T*+1
i j .
and observe that T*= T'if S+ T <n?and T* 2 T in general.

STAGE 4. If U is uniformly distributed on (0,1), x = F~}(U), where F~' is
an inverse of F, has the c.d.f. F. If F~! is not unique select it to be compati-
ble with G, i.e., F!(y) = G(1 — y). Now select n? independent observations
on U and let X; = F~(U;) where the U, is the ith ordered observations. Thus
UysUps-.-sUszand X; =X, £ -++ £ X2 Let X;j= Xy;. Then

max min X; = X5 = F~'(Uy),

J 1
min max X;; = Xn?_ry1 = G(1 — Unz_1e11).
i J
The random variables X;; so constructed are independent, indentically dis-
tributed with common c.d.f. F.

We now elaborate on Stage 1. First note that if exactly i columns are
occupied when r integers have been placed, the probability that r+ 1 will
be in a new column is n(n — i)/ (n* — r) = (n — i) /n. Let U, be independent
and uniformly distributed on (0,1),1<i<n,s 2 1.

We shall select the positions of the “little” numbers via the random
variables U,,. Concomitantly, the U, will be used for two related occupancy
problems. We proceed as follows.

Divide (0,1) into n? equal intervals corresponding to the n? positions.
Let the interval into which Uy, falls determine the position (i,j) of the in-
teger 1. Then, redivide (0,1) into n? — 1 equal intervals, the first n(n — 1)
of which correspond to positions in the unoccupied columns and the remain-
der to the other vacant positions. Let the value of U, determine the position
of the integer 2. However, if it falls in an unoccupied column, i.e., Uy = pa
=n(n—1)/(n*—1), use Uy to determine the position of the integer 3;
if 2 lands in an already occupied column, i.e., Uy > pa, use Uy, to locate the
position of 3. Continue inductively. If U has assigned the integer r to an
unoccupied column, divide (0, 1) into n? — r equal intervals, the first n(n — i)
of which correspond to the positions in the unoccupied columns while the
others correspond to the remaining vacant positions. In this case, U,y is
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used to determine the position of the integer r + 1. On the other hand, if U,
has consigned r to an already occupied column, again divide (0,1) into n®? — r
equal intervals but now let the first n(n — i 4+ 1) of these correspond to the
positions in the vacant columns while the others correspond to remaining
unoccupied positions. In this case, let U;,,, determine the position of r + 1.

Then S=8,4+8;+---+S, where S;+S;+ ---+S; is the integer
whose placement first leads to the occupation of i columns. If we have ob-
served r integers occupying i columns prior to the observations of U,,,,
it will lead to an (i 4 1)st column if U ,, < piyy, = n(n — i)/ (n*— r). Note
that the p;,., are random, p;;;, = (n —i)/n and that S; is the smallest
subscript s for which U < p,,.

In the classical occupancy problems, successive observations fall into one
of n cells independently and with equal! probability. When i cells have
been occupied, the probability that the next observation will occupy an
(i + 1)st cell is p; = (n — i)/n. In such an experiment let S = S{ 4 SP
+ .-+ S where S + ... +S® is the number of observations taken
when i cells first become occupied. The same uniformly distributed variables
U, 1=<i=<n, s=1 are used to construct S’ as follows. Let S{* be the
smallest subscript for which U, < p/’ = (n — i + 1)/n. We also define S/
as the smallest subscript s for which U, <p® = (n — i+ 1)/(n — 3logn)
and S(Z) S(2) +S(2)+ +Sr(|2)'

The second stage may be elaborated similarly using uniformly and inde-
pendently distributed random variables V, where T=T,+ Ty + ... + T,
T; is the smallest subscript ¢ for which V< qy,= m;/(n*—ry), where
m; is the number of unoccupied cells in the (n — i + 1) rows which are still
unoccupied by “big” numbers and r; is the total number of positions oc-
cupied when Vj is observed. Let ¢/’ =p{, ¢? =p®?, ¢® = —-i+1)
(n — 9logn)/n? and let T be the smallest subscript ¢ for which V, < ¢
and TV =32, T?. Note that ¢ < ¢/’ <¢®. If S+ T < 3nlogn, p/! <ps

p? and q.=¢?. If no row has more than 9 logn “little” elements,
m”éq-

In outline, the derivation of the asymptotic distribution of (S, T) consists
of showing that S+ T = 2n logn + O,(n) and that with probability ap-
proaching one no row contains more than 9 log n “little” elements. Thus with
large probability S is sandwiched between S and S which are relatively
close together. Similarly T and T are sandwiched between T® and T.
But S and T are independent and their asymptotic distributions are
related to the solution of the occupancy problem.

We commence the derivation by presenting some immediate consequences
of the construction.

() If pP =pua=p® SP28z8% If ¢ <qusq®, TP 2Tz TP.
Since ¢® < q¥ < ¢?, TP 2z TV = T?.
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(ii) The T and S{ have geometric distributions. Each S/ is independent
of each T?f". Furthermore E(S®) =Y 7-!'n/(n — i) = n[logn + 0(1)] and

Us(l) ~ n
(i) S = SP + A;, where A; 2 0, P{a; =0} =p{"/p{, and

P:‘z)“P;m (Wyr—1 . (1)
PtAi="}=—I;1§r—(1—Px) pi’, rzl.

(iv) T® = T?® 4+ =;, where 5,20, P{Z;=0}=¢®/q¢?, and

[2)

P{zi=r}= —71_ (1—-¢® 4¢P, rz1.
LEMMA 2.
A=Y A= 0O,(logn)?,
i=1
Z Z; = 0,(logn)2
Proof.

2 = (1)

i T M r— — P
E(a) = P22 3 i [1— i = W
r=] i i

_ « 8logn )
EQ) = Z_:lm = O(logn)*.

Since A 2 0, it follows that A = O,(logn)?. Similarly we find

Bz e q(3)
- q,‘ P
12nlogn — 27(logn)?® 1 .
E) = . = Ol
E(z) n—9logn ,}:“,n—l—{—l (log )
and
E = 0,(logn)>
LeMMA 3.
W _ W _
y<S :logn, T :logn)_*Last_

Proof. According to known results on the classical occupancy problem [2],
the probability of occupying all n cells with n{logn + x] observations ap-
proaches exp( — e¢™*). Hence
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P{S™ < n[logn + x]} — Ls(x).

Since S® and T are independent and identically distributed, the lemma

follows.
To prepare for the next step we digress with a minor technical lemma.

LemMaA 4. If X has the binomial distribution #([am logm], m™"),a21,
m =1 then P{X = 4a logm} = o(m™%*) as m— o.

Proof. Since [1], P{X 2 b} < E[*?] for ¢t > 0,
P{X 2 4a logm} < E{exp[X — 4a logm ]}

= [.ﬁ + <1 - _1_)] lam log m} , —4a log m
m m

< exp { am logm[ log ( 1+ 2= 1) - %]} = o(m™%).

m

LeMMA 5. With probability approaching one, no row has more than 9 logn
“little’’ elements.

Proof. Consider the first M = 2n logn positions selected at random from
the n X n matrix. After all of these are selected, the probability that the
next will be in the first row is no greater than n/(n*— 2n logn). Hence,
in the course of assigning the first M positions, the number of occupied cells
in the first row is less than a variable with the binomial distribution
PB(M,m™") where m =n — 2 logn. Applying Lemma 4 with 2 <a < 9/4,
the probability that the number of occupied positions in the first row exceeds
9 logn is o(n™*). Let Ay, (As) be the event that some row contains more
than 9 logn of the first M, (S) integers assigned. Then P(As) £ P(Ay)
+ P(S > M).But P(Ay) = o(n7%). From Lemma 3, S® = n logn + O,(n).
Since p{* < pu, S < S and hence P(S > M) = o(1). Thus P(Ag) — 0 which
is the desired resuit.

THEOREM 5. If the first n® integers are assigned at random to the positions
of the n X n matrix yielding entries Y;, S = max;min; Yy, and n®* — T* + 1
= min,; max; Yy, then S = S® + O,(logn)?, T*= T + O,(logn)’® where SV
and T are independent. Furthermore

— * —
lim_‘Z<S nlogn’T nlogn)___Lsts_

n n

n—®

Proof. With probability approaching one, S < (3/2)n logn in which case
p < p, <p®. Applying Lemma 5, we have with probability approaching
one, ¢ < qi, T<T® = (3/2)n logn and ¢* < g, < ¢/*. Thus with proba-
bility approaching one, S¥ 2 82 8% T9 2 T2 T? and T® = TV > T®,
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It follows from Lemma 2 that S = S™ + O,(logn)?, T = T + O,(logn)?,
and T* = T in probability (i.e., with probability approaching one). Applying
Lemma 3 completes the proof of Theorem 5.

To study the asymptotic behavior of (W,, Z,), we require a lemma which
is essentially a corollary of §2. Here we assume that F€ 9, (L}) for some
J,bsa,>0 and FE Dy(Ly) for some choice of k,b;,a, > 0. Let h(y) and
() be the corresponding functions.

LEMMA 6. If vo = 0,(1) as n— o, and F € DmdL}) N Dim(Ls),

1 {G[ LL:L] _ b,.} = h(ya) + 0,(D),

a, n

l{ F—‘[ “’—‘41}7—] - b:.} — Ry + 05(1).

a,

(3.2)

Proof. Equation (2.6) states the first result for fixed v, = v. Since A(y) is
continuous and monotone, any bounded v interval I can be subdivided into
a finite number of subintervals over each of which h(v) increases by less than
¢. There is an N such that forn > N

aLe(HE) -u] -0

for the ¥ which are end points of these intervals, Since G and & are monotone
(3.3) holds with ¢ replaced by 2¢ for all v on I and n > N. It follows that for
every deterministic sequence v, = O(1), the first line of (3.2) holds with 0,(1)
replaced by o(1). In view of the properties of the ‘“in probability” calculus,
[1], [4], (3.2) is thus valid when v, = O,(1) is random. The second part of
(3.2) follows in a similar fashion from the analogue of equation (2.6).

LeMMA 7.

(3.3) <e

T* + op(n)>
n® ’

W,,=G<

T STEE 1)

n

Proof. Given S =s =n logn + 2n, the Sth order statistic Ug from the
sample of n? observations on U (see Stage 4) has mean s/n” and variance
s(n? — s+ 1)/(n®> 4+ 1)®(n* + 2). Applying the Chebyshev inequality and the
fact that S = n logn + O,(n) it follows that

S 1 172 -
- S o o] 0y

Hence, recalling the equations of Stage 4,
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Zn = F-l (—'rs +n0p(n)) .
The statement about W, follows similarly.
THEOREM 6. If

¥ (W"‘ ”") L L*and & (Z"a‘ b‘) L

’
n n

o (Bb o) gy
a, al,
Proof. First we note that the existence of the limits L* and L implies the
existence of corresponding h(y) and h(y) and the relevance of Lemma 6.
According to Lemma 7 and the fact that T* — T = 0,(logn)?,

W, = G[ T* J;o,,(n)] _ G[ ™™ +20p(n)] .

n

Define v, by setting (logn — v,)/n equal to [ T® + 0,(n) ]/n*in the argument
of G. Then v, = 0,(1) and by Lemma 6

W,—b

_ 70
" = hiya) +0y(1) = [ 21B2=T

+%m]+%m.

Since h is uniformly continuous on bounded intervals and (n logn — T®)/n
= Op(l),

— W _
al 2 logn - T o) [=h nlogn — T +0,(1).
n n

Hence
W, — b, n logn — T®

(3.4) — = h — + 0,(1)
and _ m

1% { h (——" 1°g’; T )} L
Similarly

N v _ @ _
(3.5) Z"a, b _ h (S——+l°g—2) + 0,(1)
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and

(R

But S® and T are independent. Hence

g{h(zlign_—_fi),;(s_‘”_—__':mwl)}_.pu,
n

(W,.~b.., z"—b;> =[,,(M), r,(ﬁ“’_—_@g_")]J,o,,(n
an a; n "

and Theorem 6 follows.
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