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A  stro n g  law  o f  large n u m b ers an d  a  cen tra l lim it th eo rem  are p ro v ed  
for in d ep en d en t an d  id e n tic a lly  d is tr ib u ted  fu zzy  rand om  v a r ia b le s , 
w h o se  v a lu es  are fu zz y  se ts  w ith  co m p a ct lev e ls . T he  proo fs are b ased  on  
em b ed d in g  th eo rem s as w ell as on  p r o b a b ility  tech n iq u es  in  B a n a c h  
sp ace.

1. I n t r o d u c t i o n

T h e co n cep t o f  fu zzy  se t  w as in tro d u ced  b y  Z adeh  (1 965). S u b seq u en t d e v e lo p m e n ts  

fo cu sed  on  a p p lica tio n s  o f  th is  co n cep t to  p a ttern  reco g n it io n  an d  sy s te m  a n a ly s is , 

a m on g  o th er  areas (see N e g o ita  & R a lescu  1975). P u ri & R a lescu  (1 986 ) s tu d ied  

fu zzy  ra n d om  v a r ia b le s  as a  g en era liza tio n  o f  rand om  sets . T h e p u rp ose  o f  th is  

g en era liza tio n  w a s th e  in tro d u c tio n  o f  s ta t is t ic a l te ch n iq u es  (such  as e st im a tio n ) 

for p a tte rn  reco g n itio n . C onsider, for ex a m p le , th e  prob lem  o f  reco g n itio n  o f  a 

h a n d w ritten  character. A  ran dom  sam p le  is ta k en  from  th a t  ch aracter . H o w  can  

th e  e x p e c te d  ch aracter  (or a  p ro to ty p e ) be defined , an d  ho w  can  it  be e s t im a te d  ? 

T h e d a ta  here are rep resen ted  b y  fu zzy  se ts  ra th er  th a n  nu m bers. T h e  stro n g  law  

o f  large nu m bers (s l l n ) an d  th e  cen tra l lim it th eo rem  (c l t ) for fu zzy  rand om  

v aria b les are first s tep s  in th e  d irectio n  o f  th e  e st im a tio n  o f  v a g u e  p aram eters . 

A fter  som e prelim in aries  on  ran dom  se ts  in tro d u ced  in §2 , w e in tro d u ce  v a r io u s  

sp aces  o f  fu zzy  se ts  an d  d ista n ces  on  th ese  sp aces  in § 3 . W e p ro v e , w ith  resp ect 

to  one o f  th ese  d is ta n ces , th a t  th e  spa ce  o f  fu zzy  se ts  w ith  co m p a ct le v e ls  is 

sep arable. W e also  e x te n d  th e  R a d stro m  (1952) em b ed d in g  th eo rem  to  th e  sp ace  

o f  fu zzy  sets  w ith  co m p a ct co n v ex  le v e ls . In  § 4 w e recall so m e fa c ts  a b o u t fu zzy  

random  v aria b les an d  th eir  e x p e c ted  va lu e . T h ese  co n cep ts  w ere defin ed  b y  P uri 

& R alescu  (1986). W e prove  th e  L eb esgu e d o m in a ted  con vergen ce  ty p e  th eorem . 

T he resu lt concern ing  s l l n  for fu zzy  random  var ia b le s  is g iv en  in  §5 . T h is  resu lt 

generalizes  th e  corresp ond in g resu lt for random  se ts  due to  A r tste in  & V ita le  

(1975). In  §6, w e prov e  an  em b ed d in g  th eorem  for th e  spa ce  o f  fu zzy  se ts  w ith  

co m p a ct co n v ex  le v e ls  sa tis fy in g  a  L ip sch itz  co n d itio n . T h is  em b ed d in g  is a k ey  

to o l in prov in g  our c l t  for fu zzy  random  var ia b le s  in § 7 . Our resu lts  e x te n d s  th e

t  P erm an en t address: In s t itu t  fur M athem atik , J o h a n n es K ep ler  U n iv ers ita t , A -4040  Linz, 
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c l t  for random  sets  (cf. W eil 1982; G ine al.  1982). F in a lly , in  § 8 , w e co m m en t 

on som e sp aces o f  fu zzy  se ts  w here th e  c l t  can  be ap p lied .

Our approach  relies h ea v ily  on  p ro b a b ility  tech n iq u es  in  B a n a ch  sp ace. A s w ith  

random  sets , our s l l n  is n o t  an  im m ed ia te  a p p lica tio n  o f  th o se  tech n iq u es, since  

th e  spaces o f  fu zzy  se ts  are n o t  B a n a ch  sp aces . In  fa c t, th e y  are n o t  e v en  v e c to r  

spaces, so w e rely  on  em b ed d in g  th eo rem s as  m en tio n ed  in  §§3 an d  6. Our 

fram ew ork is m ore com p lex  th a n  th a t  o f  ran do m  s e t s : on  th e  one  h an d , sep a ra b ility  

and th erefore m ea su ra b ility  problem s a r is e ; on  th e  o th er  h an d , s in ce  an  in teg ra l 

sim ilar to  th a t  o f  D ebreu  (1 967) is n o t  a v a ila b le  for fu zzy  rand om  v a r ia b le s , our 

p roof o f  th e  s l l n  uses a tru n ca tio n  arg u m en t an d  a  L eb esg u e  d o m in a ted  

convergence ty p e  theorem . A lso , du e to  th e  c o m p le x ity  o f  sp a ces  o f  fu zz y  se ts  (as 

com pared  to  sp aces o f  sets), our c l t  ha s a m ore co m p lica ted  form  th a n  th e  c l t  for 

random  sets.

E. P. Klement, M. L. Puri and D. A. Ralescu

2. P r e l i m i n a r i e s  o n  r a n d o m  s e t s

L et (UP) d en ote  th e  co llec tio n  o f  n o n -e m p ty  c o m p a ct su b se ts  o f  th e  E u c lid ea

sp ace R p, and  le t  X ' C(UP) d en o te  th e  n o n -e m p ty  co m p a ct c o n v e x  su b se ts  o f  Rp . 

T he sp ace C^(UP) has a lin ear  stru ctu re  in d u ced  b y  th e  (M inkow ski) a d d itio n  and  

scalar m u lt ip lic a t io n :

A  +  B  = {a +  b \ a e A , b e B } ,  }

for A , B e  J f /R 2/ ,  A e R . H o w ev er , J ^ R 2*) is n o t  a v e c to r  sp ace  (it is  n o t  a  group  

w ith  respect to  ad d itio n ).

T he space J f  (R p) is m etr izab le  b y  th e  H ausdorfF d is ta n ce

d ( A , B )  =  m a x { s u p  in f  
a e  A  b e  B  b e  B  a  e  A

w here || || d en o tes  th e  eu c lid ean  norm  an d  I t  is w ell k n o w n  th a t

( X ' ( U p ) ,d )  is a co m p le te  sep arable m etr ic  sp ace  (D ebreu  (1967)). I f  w e

w rite m | |  =  d (A ,{0}).

L et ( Q , s / , P )  be a  p ro b a b ility  sp ace. A  r a n d o m  is a  B ore l m easurable  
fu n c t io n / :  12-» JT (R P).

T he expected value Efo f  a  ran dom  se t w as defin ed  b y  A u m a n n  (1

E f  =  {E<f> | (f> e  L X(Q, srf, P ) , (f>((*)) e /(o>) a .e .}

w here 0 : 12-> R P is a  selection  o f /  an d  E(j> d en o tes  th e  e x p e c ta tio n  o f  th e  rand om  

v ector  4>. I f /  is J f^ R P )-v a lu e d  an d  i f  E\\f\\< 00, th e n  

V arious properties  re la ted  to  th e  ca lcu lu s o f  se t-v a lu e d  fu n c tio n s  (in clud in g  th e  

L ebesgue d o m in a ted  con verg en ce  ty p e  th eorem s) are d iscu ssed  in  A u m a n n  (1965) 

and D eb reu  (1967). A  com p reh en siv e  th eo ry  o f  random  se ts  is g iv en  in  M atheron  

( 1 975 ).
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3. S p a c e s  o f  f u z z y  s e t s

A  f u z z y  subset  o f  [Rp ( f u z z y  set) is a  fu n c tio n  o f  IRp ->-[0,1]. F o r  ea ch  su ch  fu zz y  

se t u,  w e  d en o te  b y  L ^ u  =  {are IRP | w(x) ^  a } ,0  ^  ^  1 , its  a - le v e l se t

w e d en o te  th e  su p p o rt o f  u,  i.e . th e  closu re o f  th e  s e t  | u(x)  >  0}.

W e con sid er  th e  co lle c tio n  # ”(IR2’) o f  th o se  fu zz y  se ts  IRp->-[0,1] w ith  th e  

fo llo w in g  p rop erties.

(1) u is up per sem ico n tin u o u s; (2) su p p w  is co m p a ct; (3 ) IRP | u(x)  =  1} #  0 .

T h e  sp ace  ^ r( W )) e x te n d s  JT(IRP) in th e  sen se  th a t  for ea ch  its

ch a ra cter is tic  fu n c tio n  e#"([R p).

A  lin ear  str u ctu re  in  ^ ( U p ) is d efin ed  v ia  th e  fo llo w in g  o p era tio n

(u +  v ) ( x ) =  sup  m in
y + z = x

(A m ) (x)
w(A 1x)  i f  A /  0  

X{0}(x)  i f  A =  0

for u, v e ^ ( U p ),A e R .

B y  u sin g  sim p le  to p o lo g ic a l a rg u m en ts  an d  prop erties  o f  up per sem ico n tin u o u s  

fu n c tio n s , it  is e a sy  to  see th a t  u  +  v, \ u e ^  (The fo llo

n eed ed  la ter:

L ^ u  +  v) =  L a u  + L a v  an d  L x(Au) =  A L a u  

for ev ery  0  ^  a  ^  1.

T here is no un iq u e m etr ic  in  ^ ( U p ) w h ich  e x te n d s  th e  H a u sd o rff d is ta n ce . 

In  th is  pap er w e w ill m a in ly  be concerned  w ith  th e  m etr ic  defin ed  as

dx(u, v) = j  d ( L a u,

W e w ill a lso  use th e  m etr ic

d oo(u, v)  =  sup  d ( L x u,  L a v)
a > 0

w hich  w a s s tu d ied  in P u ri & R a le scu  (1 9836)

C learly, if  A, Be JT (1RP), th en

d i (Xa ’Xb ) =  d J x A ’ X s )  =

P r o po s i t i o n  3.1. (^(IR^), dx)is  a  m etric  sp a c e .

P ro o f  : O b v io u sly  d x(u ,v )  <  00 since  sup p w  an d  su p p v  are bo u n d ed .

T he  fu n ctio n  <fi(oc) =  d ( L a u, L a v)  is m ea su ra b le : i f  ^  a 2 ^  . . .  w ith  lim  ocn =  a , 

th en  L a u — O n = i  L an u, L a v = Lan v.Th u s 

Lolv ) ^ 0  and , from  th e  c o n tin u ity  o f  th e  H a u sd o rff d is ta n ce , w e con clu d e  th a t  

(j) is le ft-co n tin u o u s an d  therefore  m easurable.

T he tr ia n g le  in eq u a lity  an d  sy m m etry  p rop erty  o f  d x are clear. I t  rem ain s to

show  th a t  d x(u, v) =  0  im p lies u = 

I f  d x(u,v) =  0 , it  fo llow s th a t L a u =  L a v  a .e ., therefore u  an d  v  h a v e  eq u a l lev e ls

for a e [ 0 ,1 ] \A  w here A(A) =  0  (A d en o tes  th e  L eb esgu e m easure).

I t  is w ell kn ow n th a t  [0 ,1  ]\A is dense in [0 ,1 ] . I f  a 0 e  oc0 >  0 , t



increasing seq uen ce  a n e [0 , l ) \A ,a n ^<x0. Th en

K U = O n - l L«„u = f)% -l L«nV = L«.v -

So L a u  =  L a vfor each  a e [ 0 , 1], w h ich  im p lies =

A  crucial prop erty  in  co n n ectio n  w ith  th e  stro n g  law  o f  large nu m b ers is th a t  

o f  sep arab ility  (see, e .g . T a y lo r  1978). I t  tu rn s o u t th a t  th e  space is

separable. T he space (Up ), d j ,  on  th e  o th er  han d , is n o t  sep

th a t  th e  d is ta n ce  d l is preferab le to  d ^ .  T h ese  s ta te m e n ts  are 

fo llow ing.

Pr o po s i t i o n  3 .2 . The metric  space  

Proof.  Sup pose th a t  w e & ( U P) an d  e >  0  are g iv en .

1. S ince supp w  is co m p a ct, th ere  e x is t  p -d im en sio n a l cub es S t =  I I f_ i [ a ^ b y ) ,

i = 1, . . . ,r  such  th a t  a i p btje Q ,0  < bi} — ati ^  (2e)/y/p,  

C onsider th e  corner p o in t Tt =  (aiv. . . ,  

R M ° ’1,by fsupp u(x) if , - 2 5 . 4 - 1 . . .
J x  e  S t

10 o th erw ise.
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</>(x)

O b vio u sly  w e have  f > e ^ ( U p ). P u tt in g  w e relab

Tlf. . . ,  Tr(if necessary) such  th a t  0  =  a 0 <  a x ^  a 2 ^  .. .  <  a r =  1.

2. W e claim  th a t d j^ u ,  f>) <  \e.  T o th is  en d  w e cho ose  an a  >  0 . S ince

a i0- i < a ^ a i0 for som e l ^ i 0 ^ r  w e  g e t  l *u ^ Lohou

{Tio,Ti +1, . . . ,  Tr}. A s x e L a u  im p lies x e S ti for som e it  fo llo w s th a t

mini0<i<r lk-4ll < lk-4,11 <2e-
On th e  oth er  hand , for a n y  i  ^  i 0, w e h a v e  ^{Tt ) =  su p p ,^  ^  cl . Sin ce  u

is upper sem icon tin u ou s, it  a tta in s  its  su prem um  a t  som e p o in t H u.  T h is

g iv es

in f  114-^11 <
x e L ^ u

T herefore

doo(u,</>) =  sup  d ( L a u,L^fj))  =  sup  ^  \ e .
C L >  0 a  >  0

3 . I f  necessary, w e relabel <xv  . . . , a rto  o b ta in  0  

s ^  r. I f  a k $ Q ,  w e choose  f ik e Q  su ch  th a t  m a x ( a k_v  a.k — e / M )  w ith

M  > 2(r— l)d ia m (su p p w ), w hile  i f  a fce<Q>, w e se t =  1 , . . . ,  H ere

d iam (supp w ) sta n d s for th e  d iam eter  o f  supp w .

D efin in g  f r E ^ ( U p ) b y

r/?* i f  * < * > - « . ,

TO o th erw ise

y ie ld s
Cl 5 —1 Cocf

t ) ~ \  r f ( i« 0 . £ « ^ ) d o =  s d ( L . t , L . y r ) d a
J  0  1=1  J  fa

s —1

^  d iam (su p p  u) • 2  (oq—/?4) <  ^e.
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4 . B y  th e  tr ia n g le  in e q u a lity , w e g e t

d f u ,  i/r) ^  d f u ,  <f>) +  

S in ce th e  se t  o f  fu n c tio n s  \Jr is co u n ta b le , sep a ra b ility  o f  fo llo w s.

P r o po s i t i o n  3.3 (#'(IRp) ,d 00) i s  not separable .

Proof .  P u t  a  =  (0 , 0 , . . . , 0 )e [R 3? an d  

defin e (j>a e 3P(UP)  b y

[ 1 i f  

^a(x ) = : | a  i f  x e c o { a , b } \ { b }

10 o th erw ise ,

w here co {a, b} is th e  c o n v e x  hu ll o f  {a ,b } .

I t  is e a sy  to  ch eck  th a t  d̂(<j>a, <j>p) =  1 for a  #  /?.

D e n o te  b y  ^  C( R P) th e  sp a ce  o f  fu zz y  se ts  su ch  th a t  L x u  is  c o n v e x  for

each  a  ̂ 0 . A lte r n a tiv e ly , u e 3P c(UP) i f  u e & ' { W >) an d u

u ( A x +  (1 — A)y)  ̂ min[w(:r), w(y)] for a ll x A

T he  sp ace  ^ C(UP) p la y s  a n  im p o rta n t role s in ce  it  can  be em b ed d ed  iso m e tr ica lly  

in to  a  B a n a ch  sp ace. A c tu a lly  th is  em b ed d in g  g en era lizes  th e  R a d stro m  em b ed d in g  

th eorem  (R a d stro m  1952) o f  JT^IRP) in to  a  B a n a ch  sp ace.

Su ch  an  em b ed d in g  for fu z z y  se ts  is g iv e n  in  P u ri & R a lescu  (1 9 8 3 6 ), in  a  m ore 

general fram ew ork . F o r  co m p le ten ess  w e s ta te  th is  resu lt here an d  sk e tch  its  proof.

P r o po s i t i o n  3.4. There exis ts  a  n orm ed  space  x  a n d  # ’C(R 23)

w i th  p r o p e r t i e s :

(a) j  i s  a n  i som e try  (i.e. \ \ j (u)— j(v )|| =

(b) j ( u  +  v) = j ( u )+j(v),

(c) j (A u )  =  Aj(u),  A ^  0 .

Proof.  D efin e an  eq u iv a len ce  re la tio n  in x b y

( u , v )  ~  (u ' , v') o  u-\- =  u' +  v.

A  gen era l th eo rem  o f  R a d stro m  (1952) can  be u sed ; th e  n ecessa ry  h y p o th e se s  are 

verified  as in  P uri & R a le scu  (1983 6). T h s spa ce  o f  eq u iv a len ce  c la sses  [u, v] o f  pairs  

(u ,v )  is d en o ted  b y  x • T he  norm  in  x  is defin ed  b y  ||[M,r]|| =  I t

to  check  th a t  j :  ^ c(Mp )-+xdefined  b y  is an  iso m etry , i.e .

\ \ j (u )—j(v)\\  =  d x(u ,v ) ,  an d  p roperties  (6), (c) fo llow  from  th e  d efin itio n s.

4. F u z z y  r a n d o m  v a r i a b l e s

T he co n cep t o f  a  random  se t w as g en era lized  b y  P u ri & R a lescu  (1 986). A. f u z z y  

r a n d o m  variable  (f r v ) is a  B ore l m easu rable fu n ctio n  X :  £ -> (# " ( IR3?) ,d 00). N o te  

th a t  w e use d x  here an d  n o t  d x; th e  reason  for th is  w ill soon  b ecom e clear.

I f  A  is a fu zzy  random  variab le such  th a t  i? ||sup p  <  00, th en  th e  expected  

value E X  is th e  (un ique) fu zzy  se t sa tis fy in g  th e  p rop erty

L a(EX) = E(LaX)  1

(Puri & R a lescu  1986, T heorem  3.1 ).
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I t  fo llow s th a t E X :  IRp ->[0 , 1] is upper sem ico n tin u o u s  an d  ^  

A lso su p p E X  is co m p a ct; to  see th is , n o te  th a t  it  su ffices to  sho w  L a( E X )  £  K  

for every  a >  0  and  for som e co m p a ct se t K .  B u t  =  E ( L a A ) cz A (sup p  X ) .

Since A jjsup pA || <  oo, it  fo llo w s th a t  A (sup p  is a  n o n -e m p ty  co m p a ct se t , so 

w e can  ta k e  K  =  A (supp  A ).

In  th e  d iscu ssion  a b ove , it  is im p lic it th a t  su p p  A  is m easu rab le , i.e . i t  is a 

random  set. T his fa c t fo llow s from  th e  fo llow in g .

P r o po s i t i o n  4.1. I f  X  i s  a  f u z z y  r a n d o m  variable ,  then  s u p p  A  i s  a  r a n d o m  set.

Proof.  I t  is eno ug h  to  sho w  th a t  th e  fu n c tio n  (J>: { ^ ' { U v ) , d af)~^ 

(jf(!R 1,),d ),^ (w ) =  su pp w  is B ore l m easu rab le . N o te  th a t  s u p p a )-> 0  as

n - + o o .  So, i f  w e define f>n{u) =  L 1/ n u,  th en  0  =  l im ^ ^ ^ ^  p o in tw ise . N o w  (J)n 

are o b v io u sly  con tin u ou s fu n ctio n s, so f> is m easurable .

Note.  A  sim ilar a rgu m en t w ill n o t  ho ld  i f  ^ i s  rep laced  b y  d x.

F rom  th e  ab ove  resu lt, i t  fo llow s th a t  i f  A  is a fu zzy  rand om  v a r ia b le , th en  

E X e ^ ( U p ).

A n im p o rta n t property  o f  th e  e x p e c ted  v a lu e , w h ich  w ill be n eed ed  la ter , is th e  

L ebesgue d o m in a ted  con vergence  ty p e  th eo rem . Su ch  a  resu lt is co n ta in ed  in  P u ri 

& R alescu  (1986), b u t for th e  m etr ic  da0.

W e sta te  and  prove th e  new  versio n  here, in  th e  form  th a t  w e n eed  in  th e  n e x t  

sec tio n . B y  {0 } w e d en o te  th e  one p o in t se t  c o n ta in in g  0  (id en tified  w ith  its  

characteristic  fu n ctio n  y ^ ) .

Th e o r e m  4 .1 . Let  (A fc | k  ^  1}, A  be f u z z y  r a n d o m  variab les  w i th  va lues  i n  ^ C(UP) 

a n d  such that  A ||su p p  A J | <  00, A ||su p p  A || <  00. S u p p o s e  that  a .e . i n  the

metric d v  a n d  that  d1(A fc(w), {0}) ^  h(oj) f o r  al l  k  ^  1, where h : £2 ->IR i s  integrable. 

Then E X k -> E X  in  the metr ic  d 1.

b y  usin g  an  in eq u a lity  o f  D ebreu  (196 7 , p. 366—3 6 7 ). F rom  th e  F u b in i th eorem  
w e conclu de  th a t

d1(EXk, E X ) ^ E [ d 1(Xk,X)].

F rom  th e  h y p o th esis , d 1( X k , X ) ^ 0  a .e . A lso ,

df A*, A ) ^  d x( X k ,{0 }) +  <^({0 }, A ) ^  /H -d ^ O } , A ).

F rom  th e  classica l L eb esgu e d o m in a ted  con vergen ce  th eo rem , it  fo llo w s th a t  
d i { E X k , E X ) - + 0 , conc lu d ing  th e  proof. 5

T he strong law  o f  large nu m b ers (s l l n ) for ran dom  se ts  w a s d er iv ed  b y  A rtste in  

& V ita le  (1975). T his  w as ex te n d e d  to  random  co n v ex  se ts  in  a  B a n a ch  space  b y  
P uri & R alescu  (1983 a , 1985).

Proof.

5 . L a w  o f  l a r g e  n u m b e r s
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H ere  w e gen era lize  th e  A r tste in —V ita le  resu lt  to  fu zz y  ra n d om  v a r ia b le s . N o te  

th a t  su ch  a  s l l n  w as s ta te d  b y  F ero n  (1 979) b y  u sin g  a  d ifferen t m etr ic , b u t no  

p ro o f w a s p ro v id ed .

W e w ill con sid er  fu zzy  ra n d om  v a r ia b le s  w ith  v a lu e s  in  N o te  th a t  it

m ak es sen se  to  ta lk  a b o u t in d ep en d en t an d  id e n tic a lly  d is tr ib u te d  f r v s , sin ce  

(J5'([Rp) ,d 00) is a  m etr ic  sp ace  (see B illin g s le y  1968).

W e w ill a lso  n eed  th e  c o n cep t o f  a c o n v e x  hu ll o f  a fu zzy  s e t  (see L o w en  1980). 

l i  u e ^  ( R p ), th en  co  w e # ' c(R p), th e  convex hull  o f  u  is de fin ed  b y

co u =  in f  [ v e ^  C(R| ^

I t  is p o ssib le  to  sho w  th a t

La(cou) = co {La u ) , 0 <  <  1.

I f  A : Q -> 3P (IR3*) is a  fu zzy  random  v a r ia b le , th en  co  A : is d efin ed

b y  (c o A )  (co) =  co A  (co).

O ur m ain  resu lt is as fo llow s.

Th e o r e m  5 .1 . Let  { X k \ k  ^  1} be ind ep en d en t  a n d  id en t ica l ly  d is t r ibu ted  f u z z y  

r a n d o m  var iab les  such that  2£ ||supp A x|| <  00. Then

(A x +  A 2 +  ...■+■ X n) /n  A x) a .e .,

the convergence being i n  the metr ic  dx.

Proof.  ( 1) C onsider first X k: 

p ro v id ed  b y  P ro p o sitio n  3 .4 .

S in ce  ( # 'C(IR3?), dx)is sep arab le , it  is e a sy  to  sh ow  th a t  y  is sep ara b le

{ j o X k \ J c ^ l }are i i d  y -v a lu e d  ran do m  e lem en ts . B y  a s ta n d a rd  s l l n  in  B a n a ch  

sp ace, it  fo llo w s th a t  i / n ^ k=x ( j o  X k)-+ E ( j o  a .e .

T he m ain  p o in t n ow  is to  sho w  th a t  E(j i f  A ||su p

A ssu m e first th a t  X x is a sim p le  fu n ctio n , i.e . =  S $= i 

^ q e # 'c([R2,), A t e s / . I t  is e a sy  to  check  th a t  E ( j o X x) =  j ( E X x) in  th is  case.

S in ce X x is m easurable , th ere  e x is ts  a seq u en ce  o f  s im p le  fu n c tio n s  (f r v s ) s m 

w ith  A j a .e . in th e  m etr ic  d x (n ote  th a t  w e can  n o t a ssert th e  e x is te n c e  o f  su ch  

a seq uence  w hich  con verges in  d a0,unless X x is sep a ra b ly  v

A lso  d x(sm , {0 } )^ -d 1(A 1, {0 }) a .e. from  th e  c o n tin u ity  o f  C onsider th e  tru n ca ted  

f r v s  tm as fo llo w s :

r smM > if dx(sm(co) ^ 2d 1(A 1

tm w |{ 0 } ,  o th erw ise.

N o te  th a t  tm are sim ple  fu n ctio n s. I t  is ea sy  to  see th a t  d x(tm , A x) ^ 0  a .e . an d  th a t  

d x(tm(co),{0 } ) ^ 2d x( X x(co),{0 }).

T he h y p o th eses  o f  T heorem  4.1 are sa tisfied , so d x(E tm, E X x) - > 0 . T herefore

j ( E t m) - > j ( E X x)in  x • I f  is ea sy  to  see th a t  o  -> o and , from  p r

th e  B och ner  in tegral, th a t  E ( j o t m) ^ E ( j o  X x).Sin ce j ( E t m) =  

th a t  j ( E X x) =  E ( j  o X x).

T herefore | | l / n Z  \k~i (j o  A fc) - j ( ^ A x)|| -> 0  a .e.

F rom  th e  properties o f  j ,  it  fo llo w s th a t  .e. (2)

Limit theorems for fuzzy random variables
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C onsider now  th e  general case, i.e . X k : QSin ce 

and £ ||s u p p (c o XJW ^  ^ | |s u p p X J  <  oo, it  fo llo w s from  p art (1 ) t h a t

( £  c o X ^ J n U E ^ c o X ^ .

T he S h a p ley -F o lk m a n  lem m a (see A rrow  & H a h n  1971) g iv e s;

V p
m a x  || L

lsgfc<n

for ev ery  a  >  0 . T his im p lies im m ed ia te ly

( \  n \ n  \ A/

( - S  X k, ~  s  c o I fcU - y -  m a x  ||s u p p A fc||.
\ n  k=1 n  /

S ince (1/n) ma x Kjfc<n ||supp  A J  -> 0  a .e . (see, for ex a m p le , C how  & T eich er  1978,

p. 122), i t  fo llow s th a t  dx(( l /n) 2j£=1 X k , i \ / n )  2 * - i  co A fc) ^ 0  a .e . F i

tr ian gle in eq u a lity , it  fo llo w s th a t d ^ i / n  a .e . 

p roo f is com plete .

Note.  F rom  th e  a b o v e  p r o o f it  seem s th a t  w e cou ld  p rove  th e  s l l n  w ith  resp ect 

to  d 00, a t lea st for #"c(lRp)-v a lu ed  fu zzy  random  var ia b le s. T h is  is n o t  th e  case  sin ce  

( # ’C([RP), d ^ )  is n o t sep arable. T his fo llo w s from  P ro p o sitio n  3 .3  (th e sam e ex a m p le  

w orks).

6. T h e  e m b e d d i n g  t h e o r e m

L et S  P~1 = {xe | ||x|| =  1} d en o te  th e  u n it sphere in  !RP. I t  is w ell k n ow n  th a

J f c (Up ) can  be em b ed d ed  iso m etr ica lly  in to  (the  B a n a ch  spa ce  o f

con tin u ou s fu n ctio n s on S p~1).This resu lt go es  back  to  M

exam p le , A rtste in  & V ita le  1975).

Such an  em b ed d in g is realized  v ia  th e  su p p ort fu n ctio n  o f  a co m p a ct c o n v e x  set. 

M ore precise ly , if  K e J f c(R p ), its  su p p ort fu n ctio n  is defin ed  b y

s K (x ) =  su p  < (x ,a ),
a s K

In  th e  case o f  fu zzy  sets, m ore restr ic tio n s sh ou ld  be im p osed  in order to  a ch iev e  

a sim ilar em b edd ing .

C onsider th e  sp ace 3? L(M.P) o f  fu zzy  se ts  u e & ' ( W p) su ch  th a t  th e  m ap  

is L ip sch itz . M ore specifica lly , u e ^ L(UP) i f  th ere  e x is ts  a  co n sta n t 0 , such  

th a t

d ( L a u, L p u )  ^

for ev ery  a , / ? e ( 0 ,1].

D efine th e  space ^ CL(U P) =  ^

desired  em b edd ing .

Th e o r e m  6.1 There exis ts  a  f u n c t io n

j : ^ c L ( ® p ) - * C ( [ 0 , l ] x S p - ' )



such t h a t :

(a) j  i s  a n  i so m e try {i.e.H j M - j M L  =

{b) j ( u  +  v) = j ( u ) + j ( v ) ,

(c) j ( A u )  = Aj(u),A  ̂ 0 .

Proof.  D efin e j(u)  = s u , w here

CSLx J X)’ i f  a > 0

^ ’ ^ ’ l^supp uW - i f  a  =  0 -

T h e fu n c tio n  s u is L ip sch itz  on  [0 ,1 ]  x  :

K { c t , x ) ~ s u ( /? ,y )| ^  \sLaU{ x ) ~ s Lf}U{x)\ +  \sLfjU{ x ) ~ s LfjU{y)\

< IKaM- %  J o o + l l^ l l  lk-2/ll
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w here H I

^  \\u\\L( \ o c - f i \ + \ \ x - y

——p——  ̂+  sup  \\La u\\

(6 .1)

i  =  ŝ i- a i a > 0

an d w e h a v e  used  th e  fa c t th a t  K e C t f  c( R v ) ^ - s Kis an  iso m e

th a t  s K sa tisfies  a L ip sch itz  co n d itio n  w ith  c o n s ta n t | | i i | | .

S in ce  a n y  tw o  no rm s in IR2,+1 are e q u iv a len t, in e q u a lity  (6 .1) b ecom es

\su{ o c , x ) - s u ( f , y ) \  <  q\\u\\L( \ c c - /1\2+ \ \ x - y \ \ 2)*,

w here q is a c o n sta n t.

T h u s s u =  j(u)e C ([0 , 1] x  S ^ 1).

I t  is no w  e a sy  to  sh ow  th a t  j  is an  iso m etry , i.e .

\\j(u ) ~ j ( v )\\oo =  SUP =  d ^ { u , v )
CL,, X

rties  ( b )an d  (c), an d  th e  p ro o f is co m p le ted .

( 6 . 2 )

7. C e n t r a l  l i m i t  t h e o r e m

T h e c l t  for ran dom  sets  w a s first g iv en , in  a p articu la r  case, b y  C ressie (1979). 

T he general th eo rem  first app eared  in W eil (1982 ) and , in d ep en d en tly , in G ine et 

al.  (1982) ; V ita le  (19 81); T rader & E d d y  (1 981); and  P u ri & R a le scu  (1985). 

L y a sh en k o  (1979) ev en  considered  th e  non  i i d  case, a lth o u g h  in a m etr ic  d ifferent 

from  th e  H au sd orff m etric .

W e w ill consider  here fu zzy  ran dom  v a r ia b le s  w ith  v a lu es  in th e  sp ace  

( # L(IR3,) ,d 00). Our m ain  resu lt is as fo llo w s.

Th e o r e m  7.1. X x, X 2, . . . :  L(UV) be independen t  a n d  iden t ica l ly  d is t r ibu ted

fu zzy  ra n d o m  variables ,  s a t i s f u i n q :

(a) £ | | s u p p Z J 2 <  00,

(b) 4 s u P ^ y i)T
La#/? I a ~ $  J

<  00.

Then there exists  a  G auss ian  ra n d o m  element Z  in  C([0 , 1] x  such that

/ n d o0( X 1 +  X 2 +  . . . + X n/ n , E ( c o X x) ) ^  Ŵ  weakly .
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Proof.  (1) C onsider first th e  co n v ex  case, i.e . X n : Q - * # '

L et j :  ^ c l {Rp )^C{[0 , l] x ^ _1) be th e  iso m etry  g iv en  b y  T h eorem  6 . 1 , a

consider Yn =  j ( X n) as random  e lem en ts  in  C([0 , 1] x  S p ~l ).

O bserve th a t  in eq u a lity  (6 .2 ) in th e  p ro o f o f  T h eorem  6.1 can  be rew ritten  as

|P 1( s ) - P i ( 0 l ^ < 7 l l * i l l z > - * l l  (7 -!)

for s, te [0 ,1 ]  x  S ^ 1.Also n o te  th a t  h y p o th e ses  (a) an d  ( ) im p ly  <  oo.

N e x t, n o te  th a t  th e  m in im al nu m ber o f  c lo sed  b a lls  o f  rad ius ^  e w h ich  cover  

S p ~x is o f  th e  order ce1~p for som e co n sta n t c.

T hen , th e  m in im al nu m ber o f  su ch  b alls  w h ich  cover  th e  cy lin d er  [0 ,1 ]  x  Np_1 

is N(e) =  ce~p . I f  H(e) =  \g N ( e )  d en o tes  th e  m etr ic  e n tr o p y  o f  [0 , IJxaS -̂ 1 

(corresponding to  th e  E u clid ea n  d ista n ce ), it  is e a sy  to  check  th a t

J 1 # ^ ) d e c  oo. (7 .2 )

C ond ition s (7 .1) and  (7 .2 ) sho w  th a t  th e  cen tra l lim it th eo rem  o f  J a in  & M arcus 

(1975) can be app lied . T hus,

\ / n 2  j i X J / n - E j i X , )  
1 =  1

Z  w ea k ly , (7 .3 )

w here Z  is G aussian  in C([0 , 1] x  S p x).

Since E(sf ) =  sEf for a n y  random  s e t / :  JTC(1RP), it  is n o t  d ifficu l

th a t  E j ( X 1) = j ( E X 1).

T his fa ct, to g e th er  w ith  (7 .3 ), th e  co n tin u o u s  m a p p in g  th eorem , an d  th e  fa c t  

th a t j  is an isom etry , im p lies

x i / n > Halloo w ea k ly .

(2) A ssu m e now  th a t  X n : Q  -^ 3? L(U.P),and consid er  th e  fu

co X n (see §5). T he S h ap ley—F o lk m a n  lem m a (see A rrow  & H a h n  1971) g iv e s

/  n n \

2  JO  co 2  x (
\ i = l  /

<  y / p  m a x  | |s u p p Z J .
1 ̂  i < n

(7 .4 )

T herefore, w e can w rite :

XJnco A j )
\l = l

X J n , ^  c o I / w ) +  2  co  ).
v=l 1 = 1  /  \i=l /

N o te  th a t  i f  u e 3F J M P),  th en  ||co u \\L̂  ||w||L so  2£||co 

term  o f  th e  ab ove  in eq u a lity  con verg es w ea k ly  to  b y  p art (1) o f  th e  proof.

F or th e  first term , w e use (7 .4), so th a t

/  n n \

£  X J n , S  eo J Q /w ), ^  \ / p  m a x  ||supp
\ i= i  i=i )
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B u t  jE'Hsupp JT J2 <  oo im p lie s  th a t  m a x K j ^ B | | s u p p X J / \ / w -> 0  w e a k ly  (see, 

for e x a m p le , B re im a n  1968 , p. 1 8 8 ). I t  fo llo w s, fin a lly , th a t

y/ndj{i ; X J n , E ( c o  l„

w ea k ly , co n c lu d in g  th e  proof.

Limit theorems for fuzzy random variables

8. Co n c l u d i n g  r e m a r k s

O ne o f  th e  m a in  d ifficu lt ie s  in p ro v in g  th e  s l l n  for fu zz y  ra n d om  v a r ia b le s  w a s  

th e  fa c t  th a t  th e  sp ace  p ) , d 00)is n o t  sep arab le . I t  w o u ld

o v erco m e th is , b y  a ssu m in g  th a t  { X k \ k̂  1} are i i d  fu

are sep a ra b ly -v a lu ed  a .e . S u ch  a h y p o th e s is , h o w ev er , d oes n o t seem  to  be n a tu ra l 

in  th e  c o n te x t  o f  th e  s l l n .

W e a lso  m en tio n  th a t  it  is  p o ssib le  to  defin e a m etr ic  in  m ore gen era l

th a n  d v  b y  th e  fo rm u la

d r{u ,v ) d r{L a u , L a v)  d a
1 lr

r  ^  1.

T he  s l l n  h old s w ith  resp ec t to  d r as  w ell b u t for th e  c la r ity  o f  th e  e x p o s it io n  

w e h a v e  ch osen  th e  m etr ic  d v

T he cen tral lim it th eo rem  p ro v ed  in §7 w orks for fu zzy  ran dom  v a r ia b le s  w ith  

v a lu es  in L( R P). F rom  th e  p ra ctica l p o in t o f  v ie w , it  m ig h t be d ifficu lt to  ch

th e  L ip sch itz  co n d itio n  for th e  fu n c tio n  a ^ - L a u.

In  th e  fo llow in g , w e s ta te  som e su ffic ien t co n d it io n s  w h ich  im p ly  th is  L ip sch itz  

co n d it io n .

(1) L e t u e 3F{UP).  I f  th ere  e x is ts  a c o n s ta n t 0  such  th a t  \u(x) — u(y)\  ^

M \\x  — y \\for £ , y  e su p p w , th en  u e ^ L(U p ).

T h is  s ta te m e n t can  be proved  b y  u sin g  p rop erties  o f  th e  H a u sd o rff d is ta n ce  and  

co m p a ctn ess  argu m en ts. I t  g iv e s  ex a m p les  o f  fu zzy  se ts  in b u t it  is q u ite

restr ic tiv e , since u  sa t is fy in g  th e  a b o v e  co n d itio n  m u st be a  o n e-to -o n e  fu n ctio n .

(2) L et u e 3e { R p) . I f
o)u
* - ( * )m in  in f
dxj

x  e  su pp  u \ L x > >  0iw j

th en  u e 3?  L{U.P). H ere  th e  in fim u m  is ta k en  over  a ll p o in ts  in suppwXLjW  w here

th e  d er iv a tiv e s  o f  u  e x is t .

In  th e  one d im en sion a l case (i.e. ^ (IR )), th is  co n d it io n  s ta te s  th a t  if  th e  

d er iv a tiv e  o f  u  (w here it ex is ts )  is b ou nd ed  a w a y  from  zero on  su p p  th en

U E ^  l ( R ) .

M .L .P . and  D . A . R .  w ere su p p orted  b y  th e  N a tio n a l Science  F o u n d a tio n  G rant

IS T -7 9 1 8 4 6 8 , and  th e  Office o f  N a v a l R esearch  C on tract N 0 0 0 1 4 -8 5 -K -0 6 4 8 .
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