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LIMIT THEOREMS FOR PARTIALLY HYPERBOLIC SYSTEMS

DMITRY DOLGOPYAT

ABSTRACT. We consider a large class of partially hyperbolic systems contain-
ing, among others, affine maps, frame flows on negatively curved manifolds,
and mostly contracting diffeomorphisms. If the rate of mixing is sufficiently
high, the system satisfies many classical limit theorems of probability theory.

1. INTRODUCTION

The study of the statistical properties of deterministic systems constitutes an
important branch of smooth ergodic theory. According to a modern view, a chaotic
behavior of deterministic systems is caused by the exponential instability of nearby
trajectories. The best illustration of this statement is provided by Axiom A diffeo-
morphisms, where the expansion of some directions and the contraction of comple-
mentary ones are uniform. Both qualitative [2, B, [§] and quantitative [64] [88, OT]
properties of such systems are well understood.

Much less is known in other cases, in spite of significant advances in the recent
years. There are two main ways of weakening the uniform hyperbolicity conditions
[68]. The first one is the theory of nonuniformly hyperbolic systems of Pesin [66] [67].
(Some refinements of this theory are given in [48| [74] 18] 63].) Now the qualitative
behavior of such systems is quite well understood. Interesting results concerning
the quantitative theory are obtained in [I7} (68, 9T, [92].

The second direction of research is the theory of partially hyperbolic systems.
Here hyperbolicity should be uniform, but only in some directions. The attraction of
this theory is that the question about ergodic properties of a single diffeomorphism
is reduced to understanding the ergodic behavior of a usually large holonomy group
[13], and the larger the group, the fewer invariant sets it has. Even though currently
there are significant technical difficulties in justifying this reduction, the conditions
of the theorems obtained this way are relatively easy to check (see [75] [76] [90, 46l
14] [15]) without the formidable analytic work common in nonuniformly hyperbolic
theory.

In any case, the results of [35] [75] [70] [7] show that there is a non-trivial theory
applicable to a large class of partially hyperbolic systems. Our paper concerns
limit theorems for partially hyperbolic systems. More precisely, similarly to the
nonuniformly hyperbolic situation, we study the relation between mixing properties

Received by the editors April 17, 2002 and, in revised form, March 19, 2003.

2000 Mathematics Subject Classification. Primary 37D30; Secondary 60Fxx.

Key words and phrases. Partial hyperbolicity, central limit theorem, Gibbs measure, absolute
continuity.

This work was partly supported by an Elisabeth Proctor Fellowship at Princeton, a Miller
Fellowship at Berkeley, and a Sloan Fellowship at PennState.

(©2003 by the author

1637

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1638 DMITRY DOLGOPYAT

of the system and the limit theorems it satisfies. The paper [58] shows that it is
more convenient to work with a qualitative version of the K-property.

Central to this approach is a notion of an almost Markov family. This is a
slight generalization of a Markov family, but its construction is much simpler. An
example of an almost Markov family is given by the set of all domains with bounded
geometry of the boundary.

Following [58], we assume that for some almost Markov family the images of
all elements under the iterations of our system become uniformly distributed. The
rate of convergence is essentially independent of the choice of the almost Markov
family, and so it is a natural measure of the speed of K—mixing.

Remark. We note that almost sure convergence suffices for the K—property; we
require uniform convergence, so there are K—systems with zero convergence rate
[45]. In principal, in many places it should be possible to replace uniform estimates
by L'—bounds, but the proofs would become much more complicated. Also there
are many simple systems enjoying the K—property yet not satisfying the central
limit theorem and other limit theorems of probability theory. Thus in this paper
we restrict ourselves to uniform convergence.

The result of our study is the generalization of many limit theorems which were
previously known in the Anosov or Axiom A context ([78, [23, [70 40 (5]) to a
large class of partially hyperbolic systems. Some of our results were known before
(see Section B). However, our results seem to be the most general ones currently
available for partially hyperbolic systems, implying all that was known before and
presenting a unified proof for many seemingly different systems.

In the next section we define the class of the systems we consider. We also
recall the notion of u-Gibbs state introduced in [69] and playing a central role in
our analysis. Section [3] describes some simple properties of systems with unique
u-Gibbs state. The statements of our main results are given in Sections H] and
They are based on the assumption that the system under consideration has a
unique u-Gibbs state with good mixing properties (mixing is understood in the
sense described above). Section [ contains various versions of the central limit
theorem, and Section [G] presents various other results. In Section [f] we apply our
results to classical partially hyperbolic systems. The proofs of the statements of
Section Blare given in Sections [{l and Bl The statements of Section ] are proved in
Sections[QIHl The statements of Section [5 are proved in Sections

The appendix collects various results related to the absolute continuity of the
unstable foliations for which the author could not find convenient references.

To conclude this section, let us briefly describe possible extensions of our results.
First there are some natural classes of non-uniformly partially hyperbolic systems
or partially hyperbolic systems with singularities (e.g., some weakly interacting
particle systems) where our methods seem to be useful. However, specific features
of each particular example seem to be very important in the proofs, so we do not
pursue this subject here. Second, a pleasant feature of our approach is that in
most cases it is not required that the initial distribution is invariant with respect to
dynamics; we only ask that it has smooth conditional measures on unstable leaves.
Since we do not assume stationarity, our methods seem to be useful in the study
of the time-dependent ([4, B]) and, in particular, random case (cf. [29]). Third,
probably, most of out results are valid for flows with assumption of K-mixing for
the flow being replaced by a weaker condition of K-mixing for a suitable Poincaré

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



LIMIT THEOREMS FOR PARTIALLY HYPERBOLIC SYSTEMS 1639

map as in [78][23, 50, 51], etc. Also some of our results admit generalizations to the
case where instead of one diffeomorphism a family of partially hyperbolic systems
is considered.

2. PARTIAL HYPERBOLICITY

Let M be a compact Riemannian manifold and f : M — M a C?- diffeomor-
phism. f is called partially hyperbolic if there are an f—invariant splitting

T;M=FE,® E:® E;s
and constants A\ < Ao < A3 < Ay < A5 < Xg, A2 < 1, A5 > 1, such that
Yo e By Aflv]] <|ldf (v)]| < Aellvl],
Vo e Ee. Aol < [ldf (v)]] < Aalfol],
Vv e By As||v]| < [|df (0)]] < Ae]lv]]-

We assume that E, # 0. On the other hand, the reader can assume in what follows
that Fs = 0, replacing E. by E. @ Es. We denote by W* the foliation tangent
to F,. We say that F' is a u-set if F' belongs to a single leaf of W*. By volume,
diameter and so on of a u-set we mean the volume, diameter, etc. induced by the
Riemann structure on W*.

The important property of W* is its absolute continuity. Call a set A u-negligible
if it intersects each W"-leaf at a set of zero leaf volume. We say that some prop-
erty holds u-almost surely if it fails on a u-negligible set. A measure v is called
u-absolutely continuous if it assigns zero measure to u-negligible sets. Absolute
continuity of W* means that the Lebesgue measure is u-absolutely continuous.
Absolute continuity is the most basic property for the study of statistical proper-
ties of Lebesgue—almost every point. Thus it is useful to consider all u-absolutely
continuous measures. (Since in this paper we are dealing with u-absolutely continu-
ous measures only, we consider two sets equal if they differ by a u-negligible set. In
particular, we do not distinguish between two u-sets if their difference has zero leaf
measure.) Among the absolutely continuous measures, the special role belongs to
f-invariant ones. u-absolutely continuous f-invariant measures are called u-Gibbs
states. u-Gibbs states were studied in [69]. Among other things, they show that if
F'is a nice u-set and p is the normalized Lebesgue measure on F', then any limit
point of % Z?:_()l fiuis au-Gibbs state. In this paper we study partially hyperbolic
systems satisfying two requirements. First, they have the unique u-Gibbs state v.
Second, not only the Birkhoff averages of u but fIu itself converges to v. To give
the precise formulation we need to define a collection of nice u-sets.

A collection P of u-sets is called an almost Markov family if there are constants
r1,T2,v,C,y such that VP € P

(a) diam(P) < ry;

(b) Vol(P) > v;

(¢) P =1Int(P), and Vol{p : d(p,0P) < e} < Ce;
(d) for any u-set F there are disjoint sets P; € P such that |J, P, C F and
F\U; Pi € {p: d(p,0F) <ra};

(e) Up P = M.

An almost Markov family is called Markov if

(f) for any P € P there are P; € P such that fP = J, ;.

Proposition 1. Any f has a Markov family.
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(In [81] a family of sets satisfying (f) but not (a)—(e) was constructed. The family
satisfying (a)—(e) as well is obtained in [82]. Formally, [82] proves the existence of
Markov partitions for Anosov diffeomorphisms (i.e. when E, = 0). However, this is
done by constructing the Markov families for f and f~! and showing that they can
be fitted together nicely. It can be seen that the construction of the Markov family
for f never uses the assumption that E. = 0, so it is valid for arbitrary partially
hyperbolic f.)

Examples of almost Markov families.

(I) If r1and C are large and v is small, then the collection of all sets satisfying
(a)—(c) is an almost Markov family.

(II) If dim E,, = 1, then the set of all curves of length between 1 and 2 is a
Markov family.

(III) If P is an almost Markov family and F is a domain in some leaf of W* with
piecewise smooth boundary, then P U {F'} is an almost Markov family.

We can associate to each u-set F' a probability density as follows. For z1,29 € F
let

ry det(df | Ew)(f V1)
H t(df = Ew) (f T w2)

Choose zg € F and let pp(z) = Cp(z,z0), where C = ([ p(x,xo)dx)fl. (Here
‘[ dx’ means the integration over the leaf of W* containing F' with the induced
volume form.) Since p(z,xz() = p(m xo)p(mo,xo) this definition does not depend
on the choice of zg. If A € C(X), then [ A(fz)pr(z)dz = [ A(y)pr(y)dy.

Let P be an almost Markov famlly, P a u-set satisfying (a)—(c), and n a natural
number. By (d) 3P; € P such that

(1) P = (Upj)uz

Jl"17x2

where Z C {z : d(xz,0f"P) < ra}. We call {{l) an almost Markov decomposition of
J™P (with respect to P). Let ¢; = ff—"P, pp(z)dz, c= [, ., pp(z)dz. Then

¢ < Crmeas(f~"Z) < Cimeas({z : d(z,0P) < —}) <y ( )7 < Cs¢"
As
for some ¢ < 1.
Now let us introduce the measures we consider. Choose an almost Markov family
P. Fix some constants R, . Let F1(P, R, «) be the set of the measures given by
the following expression: for A € C'(M)

() = [ 4@ pr(a)is

where P € P, |G(z1) — G(z2)| < Rd(z1,22)* and (1) = 1. We will refer to the
above functional as £(P, G) and write £(P) for £(P,0). Let E2(P, R, ) be the convex
hall of B4 (P, R, ) and E(P, R, a) = E3(P, R, a). Usually we will drop some of the
parameters P, R, « if it does not cause confusion.

Ezxamples of admissible measures.

(a) Probably the most important example is the following.

Proposition 2. Let P be a mazimal family from Example I of Section 2. If R is
large enough and « is small enough, then the Lebesgue measure belongs to E(R, ).
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LIMIT THEOREMS FOR PARTIALLY HYPERBOLIC SYSTEMS 1641

This follows from the Holder continuity of F, and the Holder continuity of the
unstable holonomy Jacobian. See Appendix [Al

(b) It is not difficult to see by a standard Kukutani-Markov argument that there
is always a u-Gibbs state in F(0,0). Conversely, [69] show that any u-Gibbs state
belongs to F(0,0). Below we prove that several sets have full -measure for any
{ € E. The following statement is useful.

Proposition 3. The set Y C X has zero £-measure for any £ € E if and only if it
is u-negligible.

See Appendix [Alfor more details.

3. FORMULATION OF RESULTS.
UUNIQUE ERGODICITY AND STRONG U-TRANSITIVITY

Our first assumption throughout this paper is that f has unique u-Gibbs state.
We will call such systems uuniquely ergodic, and write f € UuEe. By [69] any limit
point of the measures of the form

) i) = L3 00 a0 ),
=0

where (") € E, is a u-Gibbs state. Conversely, any u-Gibbs state v is a limit point
of measures u, as above with " = v. Thus an equivalent way to define uunique
ergodicity is the following.

Definition. f is uuniquely ergodic if VA € C(M), uniformly in £ € E,
1 n—1
~ D l(Ao 1) = v(A).
j=0

If f € UuEe, we have a bound on the rate of convergence for Holder functions.
n—1 .
Given A € C(M), let S,(A)(x) = > A(f7x). Sometimes we will write simply
§=0
S if A is clear.

Theorem 1. If f € UuFe, then VA € CV(M) with v(A) =0, Ve 3C;, ¢ such that
Ve E
L(|Sn(A)] > en) < Cee™ .

The proof is given in Section [7] Since C7(M) is dense in C(M), we get
Corollary 1 (Law of Large Numbers). VA € C(M) ST — v(A) u-almost surely.

In dynamical systems language this statement can be reformulated as follows.
Let p be an f-invariant measure. Define the basin of pu, B(u), to be the set of
forward p-regular points

B(p)={x: VA e C(X) %Sn(A) —v(A)}.

w is called an SRB measure if its basin has positive Lebesgue measure. Thus the
previous corollary can be restated as follows.

Corollary 2. If f has a unique u-Gibbs state v, then v is also an SRB measure
and B(v) has whole Lebesque measure.
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In order to get quantitative results about the behavior of S, we need to impose
stronger restrictions on f. We say that f is strongly u-transitive if, for some almost
Markov collection P, VA € C(M) VP € P

(3) [ At app(de — 4,

where v is some probability measure on M. (The argument below shows that this
definition is independent of the choice of P.)

Starting from this point, we will assume that f is strongly u-transitive. We need
a qualitative bound for the rate of convergence in (3). To formulate this more
precisely, let us discuss the space of observables we consider. Let B be a Banach
function algebra such that there is a continuous embedding ¢ : B — C7(M). We
assume that there exists a measure v such that ¥/ € E VA € B

(4) (Ao ") = v(A)| < a(n)||Alls,

where a(n) — 0 as n — oo.
a(n) is essentially independent of the choice of a Markov family. More precisely,
we have

Proposition 4. If P’ is another almost Markov family, then V¢ € P’
[((Ao ) = v(A)| < d(n)]|Allg,
where a'(n) < Cra(g;) + C30™.

Remark. The reader can check that the conditions of all theorems we formulate are
stable with respect to replacing a(n) by Cia(&) + C30".

Proof. Here and below, 6 denotes a constant less than 1 which can change from
entry to entry.

Take any Q € P’. Let f2Q = (U; Pj) U Z be its almost Markov decomposition
with respect to P. Take A € B with ||A||zg < 1. We have

- /Q S po (@) A(fz)dz = 3 ¢; /P U0 o () A(fEy)dy + O(0F).
j J
Choose y; € f~2 P;. Then

I= Zc]*ec‘f_jyj’/P pp,(Y)A(f?y)dy + O(07)
J

= >0 [u(4) 4 0(a(3)] + 0(0%).

|3

In particular, letting A = 1, we get

1= / C@) po(a)dr = Y e;eCU F) £ O(9%).
Q .

J

The last two identities prove the proposition. O

Plugging ¢ = Av into (B)), we see that (f,v) is mixing. In fact it is also mixing
of all orders, as the next statement shows.
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Theorem 2 (Multiple mixing). Fiz k. There are constants C1 and Cy such that
VA1, Ay... A, €eBYlEE

¢ ﬁlA(f”Jx) —f[ly(Aj) <0 P(%)wﬂf{lll&llﬁ,

where m = min(n; —nj_1),ng = 0.

The proof is given in Section

4. FORMULATION OF RESULTS. CENTRAL LIMIT THEOREM

Here we formulate various versions of the central limit theorems for the systems
under consideration. Most of the proofs use methods of moments [44].
Throughout this section we assume that > a(n) < oco.

Theorem 3 (Invariance Principle). There is a constant s > 0 such that the follow-
o0

ing holds. Let A € B be a function such that v(A) =0, 0(A) = > v(A(Aofl)) #

j=—00
0. Let P be a Markov family and let P € P. Then there are a probability space (Q, p),
and a Brownian motion w(t) and a sequence &,, both defined on ), such that
(a) the distribution of &, is the same as the distribution of S, (x) with respect to
{(P), and
(b) 3o, such that 2= — a(A) and |&, —w(o,)] < C(w)n? ™.

Corollary 3 (Law of the Iterated Logarithm).

Sn(z)
20(A)nlnlnn

Sn(x)

= 1 —_— = —
20(A)nlnlnn

lim sup lim inf

)

u-almost surely.

Corollary 4 (Central Limit Theorem). VP, R,a V¢ € E(P, R, «) the random pro-
cess X, (t) = 7229:2(]0%)
zero and variance o(A).

converges weakly to the Brownian motion with average

Let B? denote the space of functions M — R? such that each coordinate belongs
to B. Consider the sequence z, € R¢ given by

(5) Znt1 — #n = €A(zn, M), z0 = a,
where the function A(z,z) is three times differentiable with respect to z and the

norms || aa;,(j") ||ga are uniformly bounded for 0 < |a| < 3. Let ¢, be the solution

of the averaged equation

tnt1 — @n =€A(m), @ =aq,
where
Alg) = [ Alg,a)iv(a)
Let DA(z,x) denote the partial derivative of A with respect to z. Let A,, = z,, — @n.

A
[ 5
Denote A} = =
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Theorem 4 (Short time fluctuations in averaging). If a(n) < <28t then VP, R, a

V¢ e E(P,R,«), as € — 0 the function A converges weakly to the solution of
dA(t) = DA(q(t))Adt + dB,

where B is a Gaussian process with independent increments, zero mean and covari-
ance matrix

(6) (B, B)(t) = / o(Ag(s), ))ds.

Theorem 5 (Long time fluctuations in averaging). Suppose that A in (&) has zero
mean,

Az) = /A(z,x)dz/(x) =0,

and that a(n)n? — 0 as n — oco. Let Zf = Z11). Then, as e — 0, Zf converges
weakly to the diffusion process Z(t) with drift

a(z) = Z /DA(z,f"x)A(z,x)dl/(x)

and diffusion matriz o(A(z,)).

Remark. As usual, after Theorem [l is proved for smooth bounded functions, the
stopping time argument can be used to extend it to the more general framework
where the limiting diffusion process has no explosions.

The proofs of the results of this section are given in Sections@HIAl Sections@and
[0 contain some auxiliary estimates. Theorem B is proven in Section [T, Theorem
Hlin Sections MT2HI3 and Theorem H in Section

Note. Surveys on central limit theorems for dynamical systems can be found in
[21, 30, 7).
5. FORMULATION OF RESULTS. OTHER LIMIT THEOREMS
Theorem 6 (Three Series Theorem). If > a(n) < oo, A, € B, ||An||lz <1 and ¢,
n
is a sequence such that Y c,v(A,) < 00, Y2 < 0o, then 3. ¢y An(f™z) converges
n n n

u-almost surely.

The proof is given in Section
To formulate our next results, we suppose that v has a smooth density. We
assume also that for any ball B of radius r, and for any ¢ € F,

k
[¢(1p(f"x)) — v(B)| < Constr~—“ (%) ,

where 1p(z) stands for the indicator function of B. Denote d = dim(X), d,, =
dim F,,.

Theorem 7 (Borel-Cantelli Lemma). Assume that (XLH > d%. If{B,} is a sequence

of balls, then Y 1p, (f"x) converges v—almost surely < > 1(B,)? < oo, and
>, 1, (f"x) diverges v—almost surely < Y, r(By)% = oco.

The proof is given in Section [I'7
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Theorem 8 (Poisson Law). Assume that QLH > . Let zy be a non-periodic

point and By, = B(xg,r). Denote X,,(A) = > 1]“3” (fi(x)). Then, Vl € E, as
ju(Bp)EA
n — 00, X, (A) converges to a Poisson process with density 1.

The proof is given in Section [I&]

6. APPLICATIONS

Here we give some examples to which our theorems apply. The main examples
of strongly transitive systems belong to the class of Anosov actions. (See [73], 12|
311[47] for general discussions of the Anosov actions.) In this case E, is the tangent
space to the orbits of some Lie group G and f(z) = gy, g € G. We hope, however,
that more examples of systems satisfying our assumptions will appear with the
further development of the theory of partially hyperbolic systems (cf. [T} [7, [80), 27]).

Throughout this section, we say that f is strongly u-transitive with exponential
rate if (@) is satisfied with B = C7(M) and a(n) = C™ for some § < 1. We say that
f is strongly u-transitive with superpolynomial rate if for each r there is k = k(r)
such that (@) is satisfied with B = C*(M), and a(n) = C,n~".

(a) Anosov diffeomorphisms. These are defined by the condition that E. = 0.
This is perhaps the most studied class of partially hyperbolic systems (see [2,[3, [8]),
and most of our results are well known for Anosov diffeomorphisms.

Proposition 5 (see e.g. [8]). Topologically transitive Anosov diffeomorphisms are
strongly u-transitive with exponential rate.

Corollary 5. All theorems of Sections[] and[A hold true for topologically transitive
Anosov diffeomorphisms.

(b) Time one maps of Anosov flows. These are Anosov actions with G = R.

Proposition 6. (a) ([24} 25]) Suppose that f is a time one map of a topologi-
cally transitive Anosov flow whose stable and unstable foliations are jointly non-
integrable. Then f is strongly u-transitive with superpolynomial rate. If in addition
E, and E, are C' then f is strongly u-transitive with exponential rate.

(b) (B9]) Time one maps of contact Anosov flows are strongly u-transitive with
exponential rate.

Corollary 6. Time one maps of topologically transitive Anosov flows with jointly
non-integrable stable and unstable foliations satisfy the conclusions of Theorems[3-
and their corollaries. If in addition E, and E, are C' or the flow preserves a
contact structure, then all the results of Sections[{] and[3 apply.

Remark. It is easy to see that strong u-transitivity with exponential rate implies
exponential convergence in () for piecewise Hélder functions such as indicators of
balls. On the other hand, strong u-transitivity with superpolynomial rate gives
only power decay for indicators. For this reason it is unclear if Theorems [1 and [§
hold for time one maps of arbitrary Anosov flows.

(c) Compact skew extensions of Anosov diffeomorphisms. Let h: N —
N be a topologically transitive Anosov diffeomorphism, K a compact connected
Lie group, M = N x K, and 7 : N — K a smooth map. Let f(z,y) = (hz, 7(x)y).
Thus here G = Z x K. Compact skew extensions are studied in [11] [12] [15] 26].
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1646 DMITRY DOLGOPYAT

Proposition 7 ([26]). Generic skew extension is strongly u-transitive with super-
polynomial rate. In particular, if K is semisimple then all ergodic extensions are
strongly u-transitive with superpolynomial rate. Also, if N is an infranilmanifold,
then all stably ergodic extensions are strongly u-transitive with superpolynomial rate.

Corollary 7. Generic compact skew extensions of Anosov diffeomorphisms satisfy
the conclusions of Theorems[3HA and their corollaries.

(d) Quasihyperbolic toral automorphisms. Here M = T? and f(z) = Qx
(mod 1), where Q € SLq(Z), sp(Q) ¢ S*.

Proposition 8 ([45]). Quasi-hyperbolic toral automorphisms are strongly u-transi-
tive with exponential rate.

Corollary 8. All theorems of Sections [ and[A hold for quasihyperbolic toral auto-
morphisms.

(e) Translations on homogeneous spaces. Let M = G/T', where G is a
connected semisimle group without compact factors and I' is an irreducible compact
lattice in G. Let f(z) = gz, g = exp(X).

Proposition 9 ([53]). Suppose that there is a factor G' of G which is not locally
isomorphic to SO(n,1) or SU(n,1) and such that the projection g’ of g to G is
not quasiunipotent (i.e. sp(ad(g’)) ¢ (S')). Then f is strongly u-transitive with
exponential rate.

Corollary 9. All theorems of Sections[{] and[3 hold true for translations of homo-
geneous spaces satisfying the conditions of the last proposition.

(f) Mostly contracting diffeomorphisms. Let f : M — M be partially
hyperbolic. f is called mostly contracting if 3¢ > 0 such that for any u-Gibbs state
v

L v(in]ldr | )
n—oo n

See [7, [16], 27] for examples of mostly contracting diffeomorphisms.

< —e.

Proposition 10 ([27]). Suppose that f : M — M is a mostly contracting topo-
logically mizing diffeomorphism, dim(M) = 3, dim(E.) = 1. Then f strongly
u-transitive with exponential rate.

Remark. Tt is likely that the restrictions on dimensions given here are unnecessary

(ct. [16]).

Corollary 10. All theorems of Sections[f] and [A hold true for mostly contracting
topologically mizing diffeomorphism on three-dimensional manifolds.

Remark. The set of mostly contracting diffeomorphisms is open. The simplest
examples of mostly contracting diffeomorphisms can be constructed by perturbing
Anosov actions. Thus this result is the first step in extending our results beyond
Anosov actions.

Other examples of diffeomorphisms satisfying our conditions could be constructed
using following observations. Let M = M; x My and f = fi X fo, where the f;
are partially hyperbolic. If both f; and f; are strongly u-transitive with either
exponential or superpolynomial rate, then the same is true for f.
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Notes. As we mentioned before, not all of these results are new. Below we list the
results which were known before:
e Anosov diffecomorphisms: Theorem B and Corollary Bl ([23]), Theorem [
([B0]), Corollaryd ([78]), Theorem @l ([55]), Theorem[® ([40]). These articles
also consider Anosov flows, but instead of time one maps they deal with

SO = [ Algua)is

where g5 is the flow in question. Our results are therefore slightly stronger.
Let us remark, by the way, that our formulations might be more appropriate
from the point of view of applications, because in practise it is possible to
measure S, (A4, g1) rather than S®(A). On the other hand, the results for
S®) are usually proven under a weaker assumption than that of Proposition
(and Corollary [0 is false under these weaker assumptions). However, it
seems possible to extend our results to treat the case when (H) holds not
for a time one map of a flow but for a suitably chosen Poincaré map.

e Quasihyperbolic toral automorphsims: Theorem[3, Corollaries[3and[4 ([33]
34]), Theorem [ ([65]).

e Translations on homogeneous spaces: Theorem [3, Corollaries[3] and H] ([56]
57]), Theorem [ ([65]). Also, [54, 87] contain results quite similar in spirit
to our Theorems [fland [7] even though Theorems[6 and [ are not explicitly
stated there. ([56] 57, 54, 87] do not suppose that M is compact, requiring
only that Vol(M) < c0.)

However, the advantage of our method is that we give a unified proof for all these
different classes of dynamical systems, and this proof would seem to be of interest
even in the known cases.

7. LARGE DEVIATIONS

Here we prove Theorem [Il First we verify our claim for £ = ¢(P) € E(P,0,0),
where P is a Markov family. It is enough to estimate ¢(S,,(A) > en); the case
£(S(A) < —en) is dealt with similarly. Denote B(x) = A(z)— 5. By our assumption
there exists n such that VP € P

ne

[ B @prds < -2
P

Also there exists some C such that VP € P Vn

(7) Oscp(Sn(B)o f7") < C,

where Oscp(A) = maxp(A) — minp(A4).
Hence 3dn, o < 0 such that VP € P for any decomposition f*"P = Uj P;, P, e P,

; Sn(B) < a,
Ejjcjfrgglg (B)<a

where ¢; = ff—”P,- pp(z)dz.
Corollary 11. 3y > 0,0 < 1 such that

4 (B .
zj:cj exp (’yfr{lggjs ( )) <40

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1648 DMITRY DOLGOPYAT
Proof. Let
o(v) = ch exp (v Jnax Sn(B)) -
J
Then ¢(0) =1, ¢'(0) < a O

Corollary 12. Vm > 0 there is a decomposition f™"P = Uj P; such that
f*?L’HLP_j

ch exp ('y max Snm(B)) <™.
J

Proof (By induction). Decompose f"P = Uj Q; and let f"(mfl)Qj = U Pjr be
a decomposition such that

chk exp (’yf max Sn(m—l)(B)> <oml
k

—n(m,—l)ij
We have
max S, B) < max S,,(B) + max S . (B).
JFm Py o )7f*"Qg n(B) Fnm=1) p;, nm-1)(B)
Therefore

f nim PJ k

chcjk exp ('y max Snm(B))
ik

< ch exp (’y max Sn(B)) chk exp (’y max Sn(m—1)(B))
: ey - f=nm=1) By

J

< pm—1 ch exp (fyfm’%(‘ Sn(B)> < om.
j J

Combining this with (@) and using |Sy(B) — Sn+k(B)| < Kk, we get
Corollary 13. 3C1,7v,p1 <1 such thatVl e E

Hexp(r(Sy(4) ~ 50) < Cipl.

Proof of Theorem [1l By the above corollary, V¢ € E(P,0,0)
U(Sn(A) > %) < Cipl.

Using the same argument for bounding Sy (A4) from below, we get V¢ € E(P,0,0)
(Sw(A)] = ) < Capl

Now, given P’, R, a, consider ¢ € F1(P, R,«), say £ = £(Q,G). Decompose N =
Ny + Na, where Ny = §N, N3 = (1 — §)N. Then

(a2 eV < ¢ (S ()0 1912 ) o (Isw )= ).
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The second term is void if ¢ is small enough. Consider an almost Markov decom-
position fN1Q = (UJ P;) U Z with respect to P. Then

(Ismo = )

eN
< Const [ c+ chfj (|SN2(A)| 2 7)
J

< Const Cy pév .

(Here £; = £(P}).) O

Notes. (1) Many results in smooth ergodic theory have partially hyperbolic
versions. For example, Corollary 2] corresponds to the statement that a
homeomorphism & : F' — F of a compact F' is uniquely ergodic if and only

if L3> A(hiz) — v(A) for all z. However, for partially hyperbolic systems
=0

convergence does not hold for all . The papers [20, 53] produce many
non-negative C°° functions for which A, = 0 on a set of large Hausdorff
dimension.

(2) For Anosov diffecomorphisms one can get quite precise asymptotics for
In¢(|S,| > en). See [60, BI]. It is unlikely that the similar results could
be obtained under our assumptions, because the asymptotics involve in-
tegrals of A with respect to Gibbs states other than SRB measure, and
here we only assume good behavior with respect to SRB measures. On the
other hand, the asymptotics for moderate deviations (see [52]) involve only
integrals with respect to the SRB measure itself, and so it is likely to be
generalizable to the settings of u-transitive systems. We do not pursue this
topic here, however.

(3) In case f ¢ UuEe we can obtain the following generalization of Corollary

[
Proposition 11. VA € C(M), u-almost surely,

(A n(A .
lim inf &,hm sup Sn(4) € [inf(u(A)),sup(u(A))],
n n
where the infimum and the supremum are taken over the set of u-Gibbs measures.

The proof is a verbatim repetition of the proof of Corollary [l

8. MULTIPLE MIXING

Proof of Theorem [2 We argue by induction on k. We can assume that ||4;|| < 1.
(I) k = 1. It is enough to consider the case { = ¢(P,G) € E,. We have

I:/Pec(’”)pp(x)A(f”x)dx

= /fﬂ,Peg(f_”’pfgp(y)fl(f%y)dy-
2
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Let f3P = (lJP;) U Z be an almost Markov decomposition. Choose y; € P;; then

I= ZCJ‘/P pp, (1)eCU D A(fEy)dy + O(6™)
j s

) /P pp, (1) A(f Ey)dy + O(6™)

n

J
= zj:cjeg(fifyj)l/(A) +0 (9" +a (g)) .

Finally,
D egeCUT ) = (1) + 0(6™) = 1+ 0(6™);
J

(II) From k to k 4+ 1. Denote N = ™32 Again consider an almost Markov
decomposition fNP = (| P;) U Z. Similarly to (I),
k+1

/ eC@ pp () H A(fYx)dx
P i}

k+1
=Y el yj>A1(f—<N—m>yj)/P o, ) [T AP~ Ny)dy + O(0™).
y s =2

The first term is
-N, _(N—
cheG(f yJ)Al(f (N "1)yj)
J

_ /P O pp(2) Ay (f ) de + O(6™)
=v(4A1) +0(6™),

and the second one equals

j_f[:y(Aj) +0 (a <#(k)> + 9m>

by induction. O

9. MOMENT ESTIMATES

Starting from this section, we suppose that the a(m) satisfy

Z a(m) < +oo.

Let A; € B be a sequence of functions such that ||A;|lz < K, v(A;) = 0. Let
Sn = Ti20 Aj (7).
Lemma 1.
(a) 1£(Sy,) < Const;
(b) £(S?) < Constn;
(c) [€(S3)| < Constn?;
(d) £(S%) < Constn?,
where the constants in (a)—(d) depend only on K but not on sequence A;.
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(e) Let A(t,x) be a function defined on [0, T] X M such that for all t € [0, T] we
have A(t,-) € B, ||A(t,")||s < K and fA (t,x)du(z) = 0. Let

(8) ZA ej, )
Then, as € — 0,
t
el(S:(1)%) —>/ o(A(s
0
where .
o(A)= Y vA(Ao )
j=—00
Proof. (a) We have
n—1

10(Sn)| = |i A (fz)] < Constz ) < Const .
j§=0
(b) We have
ZE x) Ay (fFz)) <C0nstz ('J_kl)

Now for fixed m there are less than 2n pairs (j, k) with |j — k| = m. So
0(S?%) < Constnz ( ) < Const .

(e) Fix some large M. We have

Zz (), [72) A(ek, f*)

7,k=0
= Y UA(e), Pa)A(ek, fra)
|lj—k|<M
= Y U(Ag], o)Ak, fFa) =T+ 1.

li—k|=M

By the argument of (b), [el.| < Const ) ., a(m) — 0 as M — oco. On the other
hand, for fixed M the following holds. Let €j — s; then

> WA, Pa)Alek, fFe) — Y v(Als,2)Als, f1x))

|k—j| <M lgl<M
=0(A(s,+)) + om0 (1)
Thus
el(S2(t) —>/ ))ds + o(1).

Letting M — oo, we obtain (e).
(c) follows from (b) and (d), so it suffices to establish (d). We have

USp) = D (A, () Ay () Ay (f2) Ay (F74)).

J1,J2,73,J4
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First, let us estimate the terms where not all indices j, are different. The sum
over terms with at most two different indices is bounded by Const x (the number
of terms), hence by Constn?. Also,

J =) U(A; (7 a) Ay, (f22) A, (f#x)) < Const ) a <M> :
For fixed m, the number of terms with min(n; —n;_1) = m equals Const n?. Thus

J < Constn? Z a(m
Now, up to the terms of order n?,

US) =12 > > A (Fra) Ay (F2a) Ay (F22) A, (f42)) + O(n?)

Ja J1,J2=1ja=7s
=12 U(SE Ay (fPa) Ay (fx) + O(n?).
Jj3 Ja=js

Proposition 12. VI Vj3

Z J3 f] '4(fj4x) < COHStjg.

Jja=Js

Proof. Again it suffices to verify this for I € Ey, say ¢ = (P, G). Consider an almost
Markov decomposition f73P = (Uq P,)U Z. Choose y, € P,; then

[ <O (@52, ()45 () A )i
00 + a0 )3 [ o, () A Ay

Ja=Js

ey / U o, (5)S2, () — 52, ()] gy (0) Ao (F4 35 dy

q Ja=js

=I1+1.
By Theorem[Z, I < Constz chj?3 (yq). Now Oscy-is p, SJQ-3 < Const j3, so

Zcq 5 (yg) < Const j3 +£(S ) < Const js.
q

Moreover,

I= Zch / GO o (0)[S5 (F7y) = Sis Wa)] 1S (F79) + Sy (9g)]

Jja=Js

X Ajs (y) Ja (fj4 —jsy)dy

3 /P {C97 00, (S (F9) = Sy )]

k=0 ja=js

.
[

-
=2
q

<[Ax(F*7y) + Ae(fPye)l} Ass (W) Ay, (F11 7 y)dy.
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The part in brackets is uniformly bounded and uniformly Holder continuous. Thus
by Theorem Rlthe sum over j, is uniformly bounded for any ¢, k. Hence

I < Const c 1 = Const j3 cq < Const js.
q q
q

q k
O
Now
£(S%) < Const Zj +0(n?) = O(n?).
j<n
This concludes the proof of Lemma [Tl O

10. TIGHTNESS

In all theorems of Section @ it suffices by the definition of weak convergence
in C[0, 0] to show that for each T > 0 the corresponding processes converge in
C[0, T]. So let T be fixed from now on, until the end of Section [IH.

Lemma 2. Let Sc(t) be defined by (). Then the family {\/eS:(t)} is tight.

Proof. Let Y/(N) = {X(t) : Vm > N Vk |X (&) — X (&)| < 2% }. Then Y(N) is

compact in C[0, T] for all N. Let us estimate £(1/€S:(t) € Y(N)). We have
4 2
1
om gm ome

So, for given k,
k L —2m (o7 \4 —3m
Se | — <— | SC27M(28 ) =C272 .

([l (550 -

2m 28
Hence
o= [l () -5 () <%>
2%
< Const T2™2 —% _ Const T2~
Thus £(y/S.(t) € Y(N)) < Const 2~ 7. O

The next statement is used in Section [[T] Take some « between 1 and 2. Denote
ng = Z?Zl 3%, Nk = Sn, (A). Choose 0 such that + + &= < 0 < 2.

Lemma 3. Almost surely

A) = .| < CROGEHO),
T, B, 1S [ £ €

Proof. Let [l1,12] be an interval of the form

pJ” (p+1)j*

Iy =n;_1+ om la=mnj_1+ o

We claim that almost surely
(9) |Sl2 - Sll' >\l — llj(ya
only finitely many times. Indeed the probability of such an event is less than

E(|Slz _Sl1|4) < C
j4o¢9(12 _ 11)2 — j4ou9'
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(@) can happen only if Iy — I} > v/Iz — 11j%%; that is, Iy — I; > 52%°. Thus for fixed
j we have O(j*(1=29) events, and so

Prob(3ly,ly satisfying (@) with given j) = O(;*1=69),
By assumption a(1 — 66) < —1. This completes the proof. O

11. INVARIANCE PRINCIPLE

Proof of Theorem [31 We keep the notation of the previous section. Let us begin by
recalling the facts about martingales we will use in this and the following sections.
Proofs can be found for example in [38]. Let (Z,,G,) be a martingale pair. Then
Y, = Z, — Z,—1 is called a martingale difference sequence. We consider only
martingales satisfying Zo = 0 and E(Z2) < oo.

Proposition 13. (a) (DOOB CONVERGENCE THEOREM) If E(Z2) is bounded then
Z, converges almost surely.
There are constants Cy and Cy such that for any martingale (Z,,G,) as above
the following holds:
(b) Let Z* = max,, Z,, AZ =Y Y2 Then
CLE((AZ)Q) < E(Z*) < C1E((AZ)?).
1

(¢) (SKOROHOD REPRESENTATION THEOREM) After possibly enlarging the prob-
ability space, we can find a Brownian motion w(t) and stopping times T; such that

if T = Zle T, then Zy, = w(ty), E(Tx|Fi) = E(Y}?) and E(TE) < CoE(Y}).
(d) Let ny, be a G,,-measurable sequence such that

B = E(nni1-j|Fn-1) < Const.

j=1
Then
(10) M = Yn + Bpt1 — Bn,
where Yy, is a martingale difference sequence.

Let ¢ = ¢(P). First we define an increasing sequence of sigma—algebras F,, on P.
Let Fy = {0, P}. Suppose that F,, is generated by {P;,} such that f"P;, € P.
Decompose f”“Pj,n = U Pjk,n and let F, 41 be generated by f’”*lekm. Write
Gk = Fuy, Tk = E(nk|Gr). Note that |nx — 7| < Const .

Lemma 4. 3C such that Vj ), |E(7;44|G)| < C.
Proof. Let @) be an element of G;. Then

Nj+k
E(i;+40;) = E(j4410;) = / o) Y AUy
@ l=nj4p-1+1
Thus 3, [E(4xl9)] < 552, a(l). 0

Write 7 = (i + Bk — Brt1, where B = > 12 E(k41|Gk—1). Let S, = Ele G-
Then (Sk,Gk) is a martingale, and |S; — Sy, | < Const k. Given N, define My by
the condition that nasry < N < npry41-
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Proposition 14. ds; such that almost surely
Sy — Syy = O(N2—51),
Proof. We have Sy — Syy = (Snv — Smy ) + (Sviy — Smy) = I+ I. For I we have
I =O0(MEH0) = O(N(%J“”a%l)

by Lemma ] and (1 + 6) ar) < 1 since 6 < 5. On the other hand, I = O(M) =

O(Nlia) anda—ﬂ<2asa>1 O
Let w,T; and 74 be as in Proposition [3|c).
Proposition 15. 3oy such that 5+ — o(A) and EMN T; —on = O(N*'752),

Proof. We have

ZT ZT mm%1+z (¢195-1) = ¢

Jj=1 j=1
N MN

+Z@—Mﬂ+2ﬂ@
Jj=1 Jj=1
=I+0+WI+1V.

To estimate I, write R; = T; — E(T}|G;-1), E(T;|Gj—1) = Dj* + r;j, where r; is
uniformly bounded. Thus

E(R3) = E(T}) — 2E(Tyr;) + D*5°* < Cj>°.

Since R; is a martingale difference sequence, ) . converges almost surely by

Proposition [I3(b). Writing

By
J jetgte

R; = .Rj jotate
]a+2+e

and summing by parts, we obtain

M
Z R; < Const(w)M(”‘%-ire — O(n}v?sg)-
j=1

I can be bounded the same way as I. Namely let L; = §j2 (§2|Qj 1); then
E(L}) = E([¢} — E(¢FIG;-1)]") < E([4je o f7]?) +0(j%%) = O(j**),
so as before I = Z;‘il L; = O(n'=%). Also, similarly to Lemma [I]

2 2

M M
E 252 —E(¢?) =E ZCQ —E(¢?) < Constn?,,
— =

so by Borel-Cantelli I = O(n]@) almost surely. Therefore, E VT = ZMN E(¢F)+
O(n'=**). By Section[, 3277 E(¢?) ~ Y17, o(A)j* = J(A)nM. 0
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Thus we have
1—sy

Sk = w(tk) = w(on,) + [w(Tr) — w(on,)] = wlong) + O(ny * )

almost surely.
This identity together with Proposition 4] proves Theorem [Bl O

Note. Our exposition mostly follows [71].

12. CONVERGENCE TO THE GAUSSIAN PROCESS

Theorem 9. Let S:(t) be defined as in [B). Then as € — 0 the process \/eS:(t)
converges weakly to a Gaussian random process S(t) with zero mean and covariance
matrix

t
(S().8(1)) = /O o(As, ) ds.
Remark. Clearly this theorem implies Corollary

Proof. By Lemmal2 {S.(t)} is a tight family, so we need only to verify convergence
of finite dimensional distributions. Let us start with one-dimensional distributions.
Denote n = % Define

kn% —nﬁ
Sk = Z A(Eja fjx)v
i=(k—1)n?
3
B kns—1 .
Sk = Z A(Eja fjx)v

3
j=kn3 —nT0

S*(t) = Sk,
k=0
i
k=0

Then by Lemma[l] S**(¢) — 0 in L?(l) and, in particular, S**(t) — 0 in probability.
Let ¢ (€) = £(e'VE55E).

Proposition 16.

2

Yi(8) = 1 - efo(A(ke?,)(1 + o(1)).
Proof. We have
~ 65’2 3 53
Ur(§) = K (1 +iVESKE — SR —ie? E’fé +0 (EQhS,zg‘*)) :
Using Lemma [T, we get
Yr(8) = 1= 5 0(A(s,))(1 +0(1)) + O(e? +25 +23),

&2
where the main term comes from 5%§2. This proves the proposition. O
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Let ¢ (€) = £(eVESHe).

Proposition 17.

i
S~—
~_
CI AN
+
o)
—~
[0
i
~—

(11) I G 41(€) = In gx(&) — 3o (A(ke

Proof. Tt suffices to verify this for ¢ € Fj.
(I) The case k = 0 constitutes Proposition [IGl

3
(IT) k > 0. Decompose f*"° P = (U; P) U Z. Let ¢ = kn?. Choose y; € Pj.

Then
¢ (eXp(i\/gSZ+1§))
= S ¢ exp(ivESE(f~1;)) exp(G(f ;) | eVESIWEpp (y)dy + 0",
j P

By Proposition
[ e (dy = (1~ eEatathet )1+ o)
P;

Hence

Dri1(€) = D s exp(ivESL(f ;) exp(G(f ~y3)))(1 = 2o (Alke?, ) (1 + 0(1))

= d)k(f)(]- - 5%0(14(]{;5%7 ))(]_ + 0(1))) + O(@—n%o)

Taking logarithms of both sides, we obtain the required statement. O

Now, summing (1) for £ =0,..., [tn%], we get
. . 52 t
In £(etVES"(ME) o —3/ o(A(s,-))ds.
0

Since v/€[S: (t)—S%(t)] — 0 in probability, we see that one-dimensional distributions
of \/eSc(t) converge to those of S(t). To consider the general case, let t1,..., 1,
&1,...,& be numbers. Denote n; = > _, &,,. We have

D& (ts) = Do milSe(ty) = Se(t-1))

By the same argument as in the proof of Proposition [Tl we obtain
) 1 tj
In/ exp[z\/gz &S:(t)] | ~ -3 Z n; /t a(A(s,-))ds.
j i i1

This implies convergence of multidimensional distributions, and so proves Theorem

9]} O
Note. By the same argument one can obtain versions of the central limit theorem for

families of diffeomorphisms. One only has to check the uniformity of the estimates
of the previous sections. The following statement is used in [28].
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Proposition 18. Let f. be a family of partially hyperbolic systems such that
AC, r,v, a function space B, and a sequence {a(n)} such that

Z a(n) < oo,

and a linear functional w : B — R such that for any P. belonging to the (C,rq,v)-
universal family from example I of Section 2 and Vp such that ||p||c~(p.y < 1 the
following estimate holds:

/ A(fZz)p(x)de —v(A) - w(A)‘ < [[A]|(a(n) + o(e)).

€

Let n. be a sequence such that n. — oo and n.e? — ¢, where ¢ > 0. Then, if x is
chosen according to Lebesgue measure,

Y [Afiz) — v(A)]
Ve

13. SHORT TIME FLUCTUATIONS IN AVERAGING.
MOMENTS OF SLOWLY CHANGING QUANTITIES

— N(cw(A), D(A)).

To simplify the notation we present the proofs of Theorems Hl and [{ only for
the case d = 1. The reader will have no difficulty in establishing multidimensional
analogies of our results, but the notation in higher-dimensional settings becomes
much more complicated.

Here we prove Theorem @l We have

Apy1—Ap=c¢ [A(va fhx) — A(Qnﬂ
=€ [A(gn, ["2) = Algn)] + & [Alzn, f"2) — Algn, f"2)] -
Using the Hadamard lemma, we rewrite the second term as
A(zn, ["2) = Algn, ["2) = [DA(gn, %) + C(gn, [z, An)] An,
where ( is a smooth function of its arguments, ((g,x,0) = 0. Denote
Qn = DA(gn) + ((gn, An),
Bn = [DA(gn, ["x) + C(qn, [, An) — Qn] A,
Yo = Aldn, ["x) = Algn)-
Then our equation can be rewritten as
At = Bn = £[Qnln + B+l
Let L,, be the solution of

(12) Lypi1 — Ly = £Qy L.

Substitute A,, = L, p,; then we have

(13) Lyi1(pns1 — pn) = €(Bn + ),

SO

(14) pnir =€ L7 (B +7)).
3=0

The next is a special case of Theorem
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Yt
Proposition 19. Let v} = J[\/f—e—] Then, as € — 0, y; converges to B, which is the

Gaussian process defined by (@).

In order to estimate the moments of ) L;}rlﬁn and ) L;}rl'yn we need the
following statement, the proof of which occupies the most of this section.
Proposition 20. Let A(d,z) satisfy [ A(0,x)dv(z) = 0 for all 6. Let 6,(8) =
[|AP (0, )||s. Suppose that 6, are smooth functions of 0. Let kp(d) = %, Rp(d) =
|| & AP (5, )| |5 Suppose that |k,(6)| < Const, |F,(6)| < Const for p < 4. Let {5,(z)}
satisfy
(15) Ont1 — On = €B(0n, [Tz, €),

where for all m |

%B(é, NB is uniformly bounded and
B(6,x,e) = B(d,z) + O(e).

Let T = "% A, 9). Then

(a) [0(T)| < Const [€(61(5m)) + VZ] ,
(b) 16(T?)] < Const [£(62(6,m)) + <] %
©  Jard] < Const | L i)+ €71 Gm)t)

+0(103(6m) ) + L0171 (m )02 (3m)]) + ££(102(3m)]) + £2 (|1 (5n)) + 62} :
Proof. Let

= A, ),
J

dA ,
TV =) —=Om, [12) B(0m, fra).

>k
Lemma 5.

T=T +T"+0(/e).
Proof. We have

T =Y A, fw) ZA Suns +Z (8, 72) = A, ).

J
The first term is equal to T”. The second term can be estimated as follows:

) . dA

zj:[A((sj,fﬂx) — A(bp, )] = Z 5 (bum, f2) (85 — Om) + Zo ((6; — 6m)?) -
Now
8m — 0; < Const |m — jle < Const v/e.

Hence

Z(éj — 6m)? < Const %5 < Const /€.

J
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Now

J J J
0= bm =Y eB(0k, ffa)+ Y O(?) = Y eB(dy, ffz) + O(e?)
k=m k=m k=m

and
B(8k, f*x) = B(6m, [*2) + O(|6k = 6m|) = B(6m, ) + O(VE).
Hence
> [A@G;, flx) = A(bm, fiz)] = eZZ 25, 1) B (G, f¥) + O(VE),
J k>j
as claimed. O

To estimate T, rewrite

¢ (ZZ %(&n,fjx)B(ém,ka)) = (Z B(Sm, f*2) ) Cé?(%f x)) :
>k k >k

Now f (6, 2)du(x) = 0, so similarly to Lemma [Tl we obtain that for any fixed k

Hence

1
< e x Const 7 = Const /e.
To estimate £(3_; A(6m, f7x)), it is enough to treat the case £ = ¢(P,G). In this

case we consider an almost Markov decomposition f™P = (|, Py) U Z. Choose
Yq € Py. We have

€
>k

¢ (ZZ (6, ) <6m7f’“x))

/PGG(I) ZA(ém, fix)pp(z)dx
:Zcq/ oy m(y)ZA ), 77" y)pe, (y)dy + O(0™).

q q
For fixed ¢,

P,
B /P eCUTY) ZA(ém(yq)v fj_my)ppq(y)dy
a J

/P G- mmz ), F17y) — A (Yq), F79) e, (4)dY-

Lemma 6. 3C such that for small €
(17) 16j(21) = §j(x2)] < Ced (a1, fl2),
where v is such that B C CY(M).
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Proof. Let Cy be a constant such that for j < k
163(21) — 85(w2)| < Cued™ (Fin, fa)

Then

[0k+1(21) = k1 (22)] < [0k (@1) — O (2)] + €| B(k(21), fra1) — B(Oy(x2), frx2)]
< Cred(fa1, fx2) + e|B(0k(21), fr1) — B(0(x1), fha2)]
+¢e|B(6 (1), fFxa) — B(6p(x2), ffas)|
< Cred(fIx1, f122) +eC(B) |8k (21) — Su(w2)| +el|BlldY (fFar, f*(x2))
< [Cre + C(B)e? +¢||B|Jd" (f*xy, fFas).

Since f is partially hyperbolic, 36 < 1 such that
A(f*zy, fFa) < 0d(f*+ L, fF ).

Thus

[0k+1(21) = O (22)] < e[Ch + C(B)e + || BI07d (f** r, f5H o).
If & is small enough, then eC(B) < 1, so
Cr1 < (Cx + 1+ [|B])07

Thus if (14 ||BI)6"
+
P i il 1 VA
Cret S 7 5y
then (1) holds. O
Thus the second term in the RHS of (I6) is less than
m+ﬁ
Z Const e = Const v/e.
j=m
Now
/ eCGUTT y)ZA ), fimm )PP, ()Y
Pq
"y
= 14 o), s / ST Z 0 L0 (y)ay
P, || )||
< |[A(dm ||Z ) < Const [[A(6m(yq), -)l|-
So,

< Z ¢q91(6m (yq)) + Const y/e.

l (Z A, fi )

Using again Lemma [B] and the assumptlon that 6; depends smoothly on ¢, we get

> cab1(8(yy) :Z/fh(&n(f’m P, (y)dy + O(e) = £(61(9m)) + O(e).

This completes the proof of (a).
(b) By Lemmald, T =T"+T" + O(y/¢). Hence

((T?%) < Const[£((T")?) 4+ L((T")?) + €].
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Lemma 7.

£((T")?) < Const (M\/?)) + \/E) .

Proof. 1t suffices to give a proof in the case £ = ¢(P,G). Let f"P = (U, Py) UZ
be an almost Markov decomposition. Choose y, € P. Then

/P SO (T pp(a) e = Z cq /P STV pr ()l + O™

Now

/P SUTD (T ()2 pp, () dy

).

q

2
LCU™Y) [Z A(fjx,ém(yq)):| pp,(y)dy

J

),

q

cGU™y) [ZA(ém,(y)7fjx)] _

—I,+1,.

ZAwm(yq),ffx)] or, )y

Now
[ A lug), )]

9 —m,, j m\Yq)s T
Iy = 1A ). P [ o0 (),

q

and by the argument of Lemma [l the last integral is O(%) Hence

I, < Const %\/%1).
By Lemma [6]
emmzfemmg@@+ma
PLI

Summation over g gives
(18) Zchq < Const {M\/‘?ﬂ)) + \/E] :
Now

_ [ ety ip) — iy

1=/ [%j(A(am@), F2) — Albuun). § >>]

X [jij(A(ém(y),fjx)—+44(6m(yq),fjx)) pr, (y)dy.

By Lemma [6]
D (GmW), ) = A (ya), F12)) < O(e) = O(VE)
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On the other hand,
D (AGm (@), Fz) + Alm(yy), )

J

<2Z||A )l +0(e)

< o (A8 1 <f >H+f)

Thus
(19) > " cqly < Const £(]61(5m))).
But
_(16100m)]4 ((02(5m))
@) o) = (BO2vE) < () )
Combining [IX), (@) and @0), we obtain the lemma. O
Now
(1))

=2 (O 0 G B 0B ) )

k1<j1,k2<j2,j1<Jj2

By the argument of Lemma [I] we see that for fixed k1, j1, ko

< Const,

Zf( (b £72) 55 s S22 B 1 0BG 23) )

so the whole sum is bounded by

3
(21) £((T")?) < Const £ (—> = Const \/z.

Lemma [7] and (2I) prove (b).
To prove (c) we again use

£(T*) < Const(((T")*) + £((T")*) + €2).

S

Lemma 8.
E((T')4) < Const [e + £(|k105]) + £(|03]) + £(|R102])
+e£(]02]) + £(04(6m)) + eb(Ka(dm))] -

Proof. Tt suffices to consider the case ¢ = ¢(P,G). We argue as in the proof of (a).
Let fmP = (U, Py) U Z be an almost Markov decomposition. Choose y, € Py.
Then

/eG(x)(T')‘lpp(x)dx
=S [ ST o, )y + 00",

q P
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Now

/P ST (T (™)) op, (y)dy

).

q

£SU) {ZA(%(yq),fjx)} pr, )y

+/P eCU"Y) [(Z AQm(y), o))" - (Z A (yq), fjx))“} pp,(y)dy = I, + I,.

g J

Reasoning as in Lemma [I(d), we obtain

14| < Const (%)2 04(6m (yq)) = Const M.

On the other hand,

-
P,

q

(GUT™Y) [(Z Al (y), fa) = (O A(5m(yq)afjx))4] pr, (y)dy

J J

_ / (GU™)
P

q

O AGm®), ) — Albm(yq), fjx))]

J

X

(3 Abm(). 12 + (37 AGm (), £72)? (3 Al (o). £2)

(22) > [AGn (). F2) = AGm(ya). )]

+ O(Z [0 — 0 — m(yq)]Q)

J

Z DA(S4(y), F72)(6m(y) — 6m(yq))

= [Z DA@Gy(w), )0 (0) — bunlui)) | +O(VD),

since by Lemma [l each term in the second sum is O(g?).
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Lemma 9.

(23) (Z A(Gm(y), fiz))* + (Z A (y), fjx))Q(Z A(Om (yq), 7))
+<Z AQm(y), fjx))(z A (yq), 1)) + <Z A (yq), fix))?

—4 (ZA(ém(yq)afjx))g +0 [(%) * \/E} '

Proof. Consider, for example, the first term. Other terms can be handled similarly.
We have

3
(ZA(am(y),fjx))
J i 3
= (ZA(ém(y),fjx)) —(ZA(am(yq), fjx))
J . J
+ (ZA(ém(yq),fjx)> .

The first term here equals

> [AGn ). F12) = AGu(yy), )]

By Lemma [B] the first factor is

On the other hand, using the formula for difference of squares the same way we did
for cubes, we obtain that the first factor is O(162(6,,) + 1). O
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Multiplying [22)) and (23)), we get

P

q

Z DA((Sq(y)v f]x)((sm (y) - 5m(yq))]

x (Z A(m (yq); fjar)> pp, (y)dy

+0 \/6_3/ CU"Y) pp,(y)dy
Pq

1 o
1o / (G
Ve ( P,

Z A(6m (yq), f2)

Z DA(S4(y), 1) (m(y) — 5m(yq))] |02(0m.(v))| PP, (y)dy>
+0 <€ / eV ""y)|92(5m(y)|p(y)dy>
P’I

+0 (\/E/P e“U"w) ZDA(ém(yq)vfjx)(ém(y) — 0m(yq))pp, (y)dy> +0(?)

=1+ 1P +1® + 19+ 1+ 1.

By the argument of Lemma [I(d) we obtain

1 LY
][((1 ) < Const S})lqp ek1(0m (¥))]03(0m (y))| (%)

= Constsup 71 (0 (y))|05(6m(y))]

q

_ Const [ [ DR )65 G o, () <

q

Also

1% < Const / SU"D104(5, (1)) o, (4)dy,
P‘I

I < Const /P eS| (6, (1)) 182G ) 0, (1),

and, since |6, (y) — dm(yq)| = O(e),
I®) < Const 5%/ eG(f_my)|/%1(5m)|PPq (y)dy.
P

Thus

Zcqlﬂq| < Const |e + £(|k103]) + £(]03]) 4+ €(|K102]) + £(|62]) + €%€(|/€1|) + 2.

q
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Also,
046 () = [ <0046 ), ()
+0(e [ OB u)lr, )+ <),
Hence q
> eqlIy| < Const(£(04(5m)) + el(ka(dm)) + £2).
This completes theq proof of Lemma [S] O

On the other hand, the inequality
£((T")*) < Const e

can be proven similarly to Lemma [[(d). This together with Lemma Bl completes
the proof of (¢). The proof of Proposition 20 is complete. O

Proposition 21.
T
L Z Lj_ﬁl'yj < Const .
j=1

Proof. We have
j_-i}l')/j = Lj_,l\/ﬁlyj + [Lj_-&l - L]_,l\/ﬁ} Vs
Now

_ n
l ZLj_l\/ﬁfyj < n Consta (%) < n(\/ﬁ)2 = Const .
J

Also,

‘ 2
J
-1 -1 -1 -1
{Lj-i-l - Lj—\/ﬁ:| v = ELj—\/ﬁZ Qij_\/ﬁ’Yj + 0 Z eQk
k k=j—v/n
=1I;+1;.

But we have I; = O((/€)?) = O(g). Thus
; 2
Seapny=% 0 > eQk =0(1).
J J k=j—v/n
Also, similarly to the proof of Lemma [I]
_ _ ji—k
ZZ(IJ-) =/ gszjjﬁzk:Qijjﬁ’yj < Constz—:zk:a <T> .
J J> Js

Now, for fixed k,

Za (%) < Const .

>k
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So

1

> ) < ConsteiO(l) =0(1).

J Jj=1

14. SHORT TIME FLUCTUATIONS IN AVERAGING. RECURSIVE BOUNDS

Here we complete the proof of Theorem [I3] Let
m P

e
Am,p = s%p 4 Z L;lfyj
J=0

Lemma 10. (a) a2 < Const m+/n.
(b) am 4 < Const m?n.

m

Proof. We want to relate 41, t0 @ p. Let S = ijgo L;lfyj, S = Z;ETJ: L;l'yj.
We have
0((S + 8)%) = £(S?) + 2(5S) + £(S?).
Applying Proposition 20 to the last term, we get
K(SQ) < Const /n.
To estimate the second term, we write

. S .
Sszﬁ/—am7g< aws)

and apply Proposition 20 with
_ 1 _
A(x,S,L) = SL™A(z).

Then |0;(S, L)| < Const, so
|6(S9)| < Const \/am 2,

and hence
0((S + S)?) < £(S?) + Const [vn + \/@m2) -
Taking the supremum over [, we obtain
am+1,2 < am 2 + Const(v/n + Vlm,2)-
Let a2 = Kyymy/n. Then we get

Kpi1(m +1)yv/n < Kyymy/n + Const(v/n + \/ Kinma/n)
< Kyyma/n + Const(1 + v/ K,)v/n.

(The last inequality follows from the fact that m < Ty/n.) Dividing by m + 1, we
get
K — (VK + 1) Const

m+1 '
If K is such that K > (\/?—I— 1) Const, then K,, < K implies that K,,11 < K,
and so (a) is proved by induction.

Kerl é Km -
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To prove (b), write
0((S + 8)*) < £(S*) + Const [6(5*35) +£(5%52) +£(55%) 4+ £(SY)| .

To estimate £(535) we write

38 = (ama)t | 5—28
Uy 4
and apply Proposition [20] with
_ 1 =
Az, S, L) = 4 S3L~ 1 A(x).
O 4

Then |01 (S, L)| < Const, so
|0(538)| < Const aiA.

Also by Proposition
0(S5*) < Constn.

To estimate the other terms, we apply the Holder inequality to get

Bl

0((S + 8)*) < £(5*) + Const {aiA +n+0(8YT0(8Y7 + 5(54)e(§4)} .

Taking the supremum, we get

3

m+1,4 — Gm,a < Const [a;‘nA + \fGman + ai’zln% + n} ,
Let am2 = K,m?n; then we get
Kpii(m+1)%n — K,,m?n
< Const [Khmnd + R/ + Kh/mn'ind +n]
< Const [Kn%@mn + \/K_mmn + K}%\/ﬁn + n] .

(In the last inequality we are using the fact that m < Ty/n.) So if K is large
enough, then K,, < K implies that K,,11 < K. This proves (b). O

Now let
p

vE
bm,p = sup Z ﬁj )
¢ o
A p = SU ‘(Apm )‘ .
m,p ép o
Using equation (I4]) and Lemma [0, we get

(24) dy.p < Const(am.p + b p)e? < Const(by, p + (m\/ﬁ)%)z-:p.

The next step gives recursive relations for by, ;.
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Proposition 22. (a)
bm+1,2 - bm,2 < COHSt( \V4 bm,Qdm,Q + \/ﬁdm,2)~
3 .
(b) Let Dy = 222 +d3 , + dps + 2. Then

3 1 3
brs1.4 — bma < Const {b;}nA\/dm,g + \/broaDy + b2 Dits+ D, |

m+1

Proof. (a) Let R/ = El Bj, R = Z\/l‘f B;. We have

(((R + R")?) = L((R")?) + 20(R'R") + £((R")?).
Thus
bmt1,2 = bm2 < [SUP ((R'R") + e((R”)Q)} .
Applying Proposition 20 with § = (;, A) and

[DA(g,z) +¢(g, 2, A) — QA

Alg, A, x) = 7.

?

we get
¢((R")?) < Const d,, 2/
Applying Proposition 20 with § = (¢, A, R") and

vV dm,Qbm,Q ’

LR RN <A, =R) < Const \/dm 2bm 2
v :20m,
(b) First we estimate ¢((R")*). To this end we apply Proposition 2] and note
that

Alg, A, z) =

we obtain

|04(6:m)| < Const Afn\/ﬁ,
|

|ka(Om)| < Const|Amﬁ|37
| < Const|Am\/ﬁ|3’
| < Const |Am\/z|2,

)| < Const|Am\/ﬁ|37
02(6m)| < Const|Am\/ﬁ|27
|#1(0m)| < Const,

and, that, by the Holder inequality
3
14 (|Am\/ﬁ|3) < d;ln,4'
Thus
¢((R")*) < Const D,y,.
To estimate ¢((R')3R") we apply Proposition B0l with
(R/)S [DA(Q7 CL’) + C(Qa Z,, A) - Qn] A

vV dm,,2b§n,74

(((R)*R") < Const \/dmgbi’zy

A:

This gives
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To estimate the remaining terms we use the Holder inequality. This completes the
proof of (b) . 0

Now, using the a priori bound |A,,| < Const, we see that the contribution of
bm,p to [Z4) is not larger that the contribution of @y, ,. Thus

(25) dpm.p < Const(my/n)2eP.
Plugging this bound into Proposition 22(a), we get

bmt1,2 — bm,a < Const(y/bm.o + 1)VE.
From this we obtain by induction that, for m < LE,
(26) b2 < Constmy/e.
Also, ([Z8) implies that

4
2 .

dpm.p < Conste
Hence D,, < Conste. The inequality of Proposition 22(b) becomes

3 1
bm+174 — bm74 < Const, |:b74n74\/g + \/bm,45 + bfn745% + 6} .
Now, repeating the argument of Lemma [I0(b), we get
(27) bm,a < Const m2ne2.
Proposition 23. (a) {A$} is a tight family.
(b) Let 8§ = B[Ti] Then 35 — 0 in probability as € — 0.
Proof. In view of the inequalities ([28)—(21), the proof of (a) is similar to the proof
of Lemma Pl The similar argument implies that {%} is tight, and so gf — 0. O

Proposition 24. Let Lj = Lix). Then, as e — 0, Lj converges to the solution of

the ODE

2~ pa@mL.

Proof. This follows immediately from the equation (I2), the bound
1C(an, An)l| < Const || Ay]]
and the fact that Ajzj — 0 weakly. O

Proof of Theorem [J} If Ay is some limit of A%, then it follows from (I3) and Propo-
sitions M9 23] and B4l that A; satisfies the equation

(28) A(t) = L(t) /O L1 (s)dB(s),

where & = D A(q(t))L. Differentiating ), we get
dA = DA(q(t))Adt + dB(t).
This completes the proof of Theorem [l O
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15. LONG TIME FLUCTUATIONS IN AVERAGING

Here we prove Theorem Recall from Section that for the sake of nota-
tional simplicity we give the proof only for the case z € R', the general case being
completely similar.

Lemma 11. ‘E (E?:o Alz;, fja:))’ < Const(1 +en).

Proof. Let r = 0, %, where (3. is chosen so that 3. — 0 but %= — 0 as ¢ — 0. For
j > r we write

-1
Zj = Zj—r —+ Z EA(Zm, fmx)
m=j—r
From this and Lemma Bl we obtain
j—1
A(zj, fiz) = Alzjr, )+ > DA(zj_p, [ 2) A(2m, f"x) + O(er?).
m=j—r

Similarly to the proof of Theorem 2l we get
|0(A(zj—r, f/z))| < Consta,.
Thus

(29) l ZA(zj, fiz)

n m+r
= O(e*nr®) + O(na,) + €l (Z Az, fMx) Z DA(zk_r,f’“x)> .

m=0 k=m-+1

By the argument of Lemmal/[ll the contribution to the last term of each fixed m can
be bounded by

Const e mif ( ><C0nstaz ( )

k=m+1
Thus ((3°7_, A(zj, f/x)) = O(en). Similarly

T

U(A(z, fx))

=0
= A i) < 303 (Ao DA ) + O
J=0 >k

Similarly to Lemma [[{a) and (b), we can estimate the first term here by Const and
the second by Conster. ]

Corollary 14. (a)

o>
(V)

14 A(zj, i) < Const é
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(b) As A — 0,

ol
[ V]

el A(zj, ) ~ Ao(zp).
=0

Proof. (a) follows from Lemma [[0fa).
(b) We have

A 2
/ A(zj,fja:) ZE zj,f x) (zk,ka)) .

Jj=0

Break this sum into two parts:

> UA(z, ) Alz, fha) <Z A(z0,2)Alz0, f*a ))

li—k|<K

On the other hand,

2
Z U(A(z;, f2) Az, fFa)) zoKéoo(l)—i—O(A?).

lj—k|>K

Letting K — oo, we obtain the required statement. O

Lemma 12. (a)

Wb

14 A(z;, fz) < Const ?2

<
I
o

(b) As A — 0,
14 ;2 A(zj, ) ~o(z0)=-
=T e?

Proof. (a) We proceed by induction. Namely, we will show that for each k there is
a constant Ry such that

2

o |Nx~
[N
o

(30) (XA | | <R

<
I
o
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Corollary[I4] show that this is true for £ = 1. Let us see haw to pass from k to k+ 1.

We have

ok+1

S Az, fix)
7=0

1

+2¢

2 2

ok Skl

= o
2 2 2k+1 2
Z Z]vf (E + A(Zj,fjl')

Z A(Z]afjx)A(ZM7fmx)

0<j<E am< 2
The sum of the first two terms is bounded by Rk by the induction hypothesis.
By the argument of Lemma [I1] the last term is less than

ﬁ

>

7=0

Y4 Const 2%.

(zj, fiz)
By the induction hypothesis the first factor here is at most v/ Rx==. Thus
2k+1 2k 2k
Ry < 2Rk 410 Ry, Rr2"
€ € €

Ri+1 < Ri + O(v/ Rk2k€).
Let R} = max(Ry, 1); then

R, <R (1+0 (\/%))

In other words,

Hence
k
< R; H (1 + Const \/275) .
=0
Now
) , A
Jo — 9k_oj—k
27e =2%e2 < T

The second term is less than [~ (1 4+ Const VA2-7). Hence the R} and so the
Ny, are uniformly bounded. This proves (a).

(b): (a) implies that as A — 0, z, — 2 in probability uniformly for n <
Hence we can repeat the computation of (a), replacing &) by the assumption that
VYN = =

A

2"

N
1D A, )| | = (0(z0) + prr)N,
7=0
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where |p; x| < 0. We then get

2k
Ser1 <0k [1+0 [ (/52
Og

We want to show that, given 6 > 0, there exists A such that |03 < § for A < A.
Let k'(k) be the largest number less than k such that |§x/| < 2. Reasoning as in

(a), we get
k 0 oo
V27 V2-IA
5k<62H<1+Const 56><62H<1+Const 3 )
j=k' =1
The second term converges to 1 as A — 0. This proves (b). O

Corollary 15. As A — 0,

S G, i) | ~ Batzo)
§=0
Proof. By 29) we have
L iA(zj,fjx) =c \ ZE(A(zj,f z)DA(z—r, [*2)) 4+ 0 ( E)
J=0 j=0 k
5 K
=¢ ZZ( (Z]%f] )DA(szrk va ))+OK~>OO (_>
7=0 k=1

But for fixed j

K K
L <A(Zj,fj$)ZDA(Zj+k_r,fj+kl‘)> ~ U < (zj, P Z ,fj+ka:)> .

k=1

Also, z; — zg in probability by Lemma I2} thus

= K K
< (2, F) Z (2jr, 5 ) Z A(zo, F/2)DA(z0, ) .
§=0 k=1 k=
Letting K — oo, we obtain the required statement. ([

Lemma 13.
4

€ 2
14 ZA(Zj’ fiz) < Const ?—4.

Proof. We proceed as in Lemma[I2l The inequality

N 4
= ) A2
14 A(zj, flx) < Const -

<
I
o

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1676 DMITRY DOLGOPYAT

follows from Lemma [[0. Let M} be the number such that
4

, 9k 2
l A(Zj,fjl‘) < Mk <?) .

Let

We have
4

1D Az, o)

= (T +T)*) = 0T + ((T*) + 40(T3T) + 40(TT?) + 6¢(T*T?).
Using the argument of Proposition[20, Corollary [[4 and Lemma [[2] we obtain

(31) (Tt 2
(T ) S Mk€_27
. 92k
(32) e(T ) < M
5k
(33) |6(TT)| < Const £(|T*)2* < Const M, 2= < Const M 26—?
E2

(the last inequality is true because 2% < %), and
- 2k
(34) LT°T*) < Const -

Lemma 14.
22k

‘K(TT‘S)‘ < Const Mk% —

Proof. Tt is enough to prove this for ¢ = ¢(P,G). Denote k* = % Consider an
almost Markov decomposition f* P = |JP; U Z. Denote &; = SUp - p, IT| + 1.

Then
(%)
3
ar+ o Ty i » ke
S Zijj / & Y — Z A(Zk*Jrjaf]y) pp] (y)dy + O (9 ) .
F] Pj j=0

Now the Holder norm of T o f~*" is O(1). Now, any bounded function can be
decomposed as a difference of two positive functions as follows:

A= 2| Al|z~ — 2I|All~ — A).
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This implies that

. e (T(fF
G(A) = / U™ 0 I 20 (o0 (y)ay
P, &
. where £ 0 € E(P,R,«) and |a1| < Const,

can be written as (7 = a1/ — al7, s

|az| < Const. Thus

3
K —1
fj Z A(Zk*+j7ij)
j=0
4 1
E*—1 '
< (Holder) | ¢, Z Az 44, 1Y)
j=0
3 3k
M227=
< (inductive hypothesis) —£ -
€2

Thus

‘z(fﬁ)}:o M2 %:cjgj +Oo0*F)y=0 M’“—EZCJ-&

3
€2
Using the argument of Proposition 20, we get

Zc]{j < Const(¢(|T[) + 1) < Const(y/£(T2) + 1) < Const —

j
where the last inequality follows by (30). Thus

3 3 2%
|¢(TT°)| < Const M, gox

as claimed. 0O

Combining (B1)-([B4) and Lemma [14] we get

M, 22k+2 M, 22k 3 22k
k+1 =2 1;2 + Const (Mk‘*g—2—|-1) .

22

Thus
Mgy < %+K(M§+l>.
Hence if M is so large that
Mok (mi+).

then My, < M implies My41 < M. This completes the proof of Lemma 13 O
Corollary 16. {Z} is tight.
Proof. In view of Lemma [13], the proof is the same as the proof of Lemma O

To prove Theorem Blwe need the following characterization of diffusion processes.
(See, for example, [86], Exercise 4.6.6.)
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Proposition 25. Let (&, F;) be a random process with continuous paths such that

& - / “a(E)ds and (ft - / t a<§s>ds)2 - / o(e)ds

are martingales. Then & is diffusion with drift a(x) and diffusion coefficient o(x).

Proof of Theorem Al By Corollary[I6, {Z¢} is a tight family. Let Z be some limit
of Z¢. We need to show that if Q(z1...z2y) is any smooth bounded function and

t1,...,tm, are any numbers, ¢t; < ¢, then

(35) E(Q(Zt, ... Z4,) [Zign — Ze — Aa(Zy)]) = o(A)
and

(36) E (Q(Ztl 7)) [(Zt+A — )% - Aa(Zt)D = o(A).

Let us consider (35) ((B6) is similar). In terms of the original family Z§ we have to
show that V¢ € E(P, R, «)

f (Q(, Ztl/sz, ceey Ztm/e2) (Z(t-i-A)/sz — Zt/sz — Aa(Zt/Ez))) — 0

uniformly as e — 0. It suffices to verify this for ¢ = ¢(P,G). However, in this
case the proof proceeds as before by considering an almost Markov decomposition

ft/s2 P = (U] Pj> U Z and applying Corollary [I5 to each P;. The details are left
to the reader. O

16. THREE SERIES THEOREM

Here we prove Theorem [6l Consider a series
(8) =D cadn(f"2).
It is enough to assume that v(A,) = 0, >, 2 < oo, > a(m) < oo, [|4A,][p < 1.
Take a Markov family P. Let P € P.
Proposition 26. (S) converges in L?(¢(P)).
Proof. We have

o0

Z([Z cnAy 0 fn]Q)

n=N

= Const Z CnCmG (n ;m)

m,n=N

< Const Z (2 +c2)a (n ;m)

m,n=N

o0
n—m
< Const Z cia< c

m,n=N

e (S 0) (354

m=1 n=N
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Let Fn be as in Section [I11
Proposition 27. VQ € Fy, VA € B such that v(A) =0, ||A]| <1,

‘/ A(f"x)pp(x)dz| < Consta(n — N) Vol(Q).
Q
Proof. Indeed,

[ Atmapaie] = [ A pppsatidy < ato - N)

Q e

but pp = cp,gpqg, where cp g ~ Vol(Q). O
Proof of the theorem. Denote by B the L%-sum B =" ¢, A, o f*. We have, VQ €
Fr,

/ B(z)pp(x)dz = (Z—l— Z )cn 2(fx)pp(x)de =T+ 1.

=1 n=r+1

But

|Z| < Const Z ena(n — 1) Vol(Q) < Const(max c,,) Vol(Q).
n=r+1 nzr
Let y be any point in () Then

1= cad(fy) Vol(@) + O(Y eat ) Vol(Q).
n=1 n=1
The second term can be bounded as follows:

r

T 2
Z T < (mgx Cn) Z 0" + 5?3%( Cn(z 0"") < Const(0z + 213;{ Cn)-

n=1 n=1 n>g

fQVT_ZCn A(f"y) +o(1),

so the theorem follows by Doob’s martingale convergence theorem. O

Hence

Note. In this section we followed [55] quite closely.

17. BOREL-CANTELLI LEMMA

Here we prove Theorem [7l Let 7, be the radius of By, p, = v(By) ~ rn, mn =

v(1p, (f™2)lp, (f*x)). Set Sy = S 15, (f/z), Ey =E(Sn) = Yon_ pn, and

N
(37) Vy =E(S}) = D pmn-

m,n=1
Lemma 15. Vy < EJQV + CEy.

Proof. To estimate Vi we break the sum (B7) into five parts. Below, ¢ is such
that, for k < sln( ) f¥B,, N B,, has at most one component, ¢; is an arbitrary
constant and ¢y is a Constant whose value will be chosen at the end of this section.

(I) m =n. Then I = 22[21 nn = Zgzﬂ)n = Ey.
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(I) m <n <m+ Eln(ﬁ). Consider the set B,, obtained as follows. For any
leaf W (z) such that W _(x)N By, # 0, choose a ball W, , of radius r,, containing
W () N By, Let By, = U, Win 2

loc

Proposition 28. v(B,,) < Const p,,.

Proof. Let dist,, denote the distance in the induced W* metric. Then locally we
have disty(+,-) < Constdist(-,-). Hence B,, is contained in a ball with the same
center as B,, and of radius Const r,,. O

Proposition 29. If m <n <m+ eln(pi), then

Pmn < cor—m (pn + pm)-

Proof. Choose § such that kam,x contains a ball of radius (1 + 6)*r,,. Consider
two cases:

(a) 7n > rm (14 §)"™™. Then piymn < pm < Const(1 + 8)4"=m)p,,.

(b) r < (14 %)”_m. Let ¢, denote ¢(Wy, 5). Then £y(f" " Wyo N By) <
Const(1 + 6)=™) Vol(W,, ), and hence ji;n, < Const(1 + %)”_mpm. O

(IIT) m + Eln(ﬁ) <n<m+a ln(i). Then f"~™Wp, , contains a ball of
radius rL7, v = v(g). Again there are two cases.
(a) Ifr, < ri{i, then any component of f"~™W,, , N B, can be surrounded by

an annulus of width 17 — 7“71{% disjoint from B,,. Thus 39; such that
gl’(fnimwm,x N Bn) S COHStpg}L.

Thus pyn < p}j‘sl.

(b) If rp, > rin_%, then fmn < pm.
IV) m+cIn(=2) <n<m+ (ﬁ)c?

Pm

d

d—dq,

Proposition 30. i, < Const pn,

Proof. Now any component of f*~"W,, . N B, can be surrounded by an annulus
of constant width disjoint from B,,. Hence

Lo (f" Wi 0 By) < Constrde.
On the other hand, iy < pp. So

d
d—dy

Homn < C’sup(min(rd, rd“pm)) = Cpm
K

(V) n>m+ (p%)”. The following is analogous to Theorem [2

Proposition 31. Let B! and B? be two balls, of radii ' and r? respectively. Then,
given ng, 3C(ng) such that

V(L (2)L2(S72) — (B (B%)] < Const [(;) (&)

m—Clnrl 72
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S0, thmn < PmPn + Omn, Where for d,,, we have two bounds:

1 1
5mn< — ) (——)* e d 5mn< n-
<Ol ()P o] and G < p

Hence

N/ 1 \* 1\
Omn < sup [ min | C (—) < > +pr0,p —C< > )
s D n—m n—m

(Here we have used that —— > p"o.)
Let us sum up these terms. Direct calculation shows that

(1) = En;
(II) < Const Ey;

1
(II)(a) < Constz:pp”S <p_> < Const me < Const Ep;

1\ _a_
avy<y, (p—) pm ™ < Ex

(III)(b), observe that we have two lower bounds for p,,.

if C2

First, p,, < p1+‘5 and second, p,, < e “&" . Thus

(I11)( Z SNt Y e

) )
3 L8
n=m<(5) mn2(5;)?

< Z Const p, < Const Ey .

Finally,

VISEZ+Y. Y, <1>T

m s ( L) N

Pm

< B+ 0 pn ™V < B 4 0By

if cQ(aLJrl —1)>1,ie, ¢ > % So for ¢ we have two inequalities:

L <oy <
—(a+ 1) 7P T d—d,
They are compatible, since QLH > d_,' Combining these bounds, we get Vy <
E3; + Const Ey, as claimed. This completes the proof of Lemma[I5. O

Proof of Theorem[7 By Lemma [T E([]‘g—x - 1% < CE—’;}“ Choose N; so that
. E
En; > 27. Then, by the Borel-Cantelli lemma, S—]]:J — 1 v—almost surely. Thus

SN; — oo v—almost surely. Since Sy is non-decreasing, Sy — 00. O

Notes. The first Borel-Cantelli lemma for a dynamical system was proved in [70].
[87) and [54] prove Borel-Cantelli for some partially hyperbolic dynamical systems
on non-compact manifolds and present several applications to geometry and number
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theory. [19] deals with Anosov diffeomorphisms and establishes Borel-Cantelli under
various assumptions on the shapes of the B,,.

18. POISSON LAW
Here we prove Theorem 8l Let B, = B(xo, ), Xno = Z;ﬁl 1g, (fiz).
Lemma 16. If§ > 132 then (X)) = n’v(B,)(1 + o(1)).
Proof. We have

UX) = nu(B,) + O émin ((%)du, @ <l)k>

J

The second term is O((%)d“(l_%)_%). If > 142 then the main term here is the
first one. 0

Let us estimate ¢(X > 2). Denote W,, , = B, N W} (z) and ¢, = {(W,, ). Fix
K. Put Bn(K) = UW,,,,EZ)B“'(@,#) Wn,x-

Proposition 32.

V(BAK)
v(Bn)
as K — oo uniformly over n.
Proof. Similarly to Proposition 28] B, \B,(K) C B(xzq, %(1 — %)) O

We have
(X >2)<(3j<n’: flz e B,\B.(K))
+3 0@ <0’ s, () = 11 € Bu(K)U(L, ) (™).
By Proposition [32 the first term is less than enfv(B,) if K is large enough. To
bound the second term, break it into four parts.

(I) 5 < My. This term vanishes, since zg is not periodic.
(IT) My < j < e€lnn.

Proposition 33. Ve IM, such that I < el(X).

Proof. The intersection f7(W,, ,) N B, has at most one component. Hence

. rdu .
gz J n,r Bn S # S j7
(7 (W) 11 By) < Oy < €€
£<1. S0
) . ) . Mo,
L<Y 1 o0(f™2) Y OF < Y CEUX) < O7—U(X),
. , -
m J=Mo Jj=Mo
and the last expression goes to 0 as M tends to infinity. O

(IIT) elnn < j < Cy lnn.
Proposition 34. For fized C1, 3& such that Il < Const(Inn)n4(X).
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Proof. Here for any component of f/W,, N B, there is an annulus of width at least
(1)1=¢ disjoint from B,. Hence

, 1\¢
Z&E(fJme N By,) < Const(lnn) <E> .

J

(IV) C1lnn < j <nf.
Proposition 35. If Cy is large enough, then IV < Const(%)dunef(X).

Proof. Here for any component of f7 Wiy, N By, there is an annulus of width of order
1 disjoint from B,,. So £ (f/W,, . N By) < Const(%)d“. Hence

, a! du

J

Thus IV < ef(X) if 9 < dy. So we have for 6 the inequalities =2 < 6 < d,,.
They are compatible if —25 > —-. So we have

Proposition 36. Let HT"‘ <0< du. Then
() =1 —nPu(B,)(1 — ") 4+ o(n’v(By,)).

Now introduce
2]
k (G+1n’—n2

nk *Z Z 1Bn(flx)'

l=jn?
Then X,, (,(B,,)no)-1— lz(?") 15, (f'z) converges to 0 in probability. Let ¢, (¢, t)
=E, (eitX"”“).
Proposition 37.
S i(6,) = [1—nfu(By)(1 — ¢")]" + o(knu(B,)).

Proof (Induction on k). For k = 1 this is the subject of Proposition Assume
that we have established our claim for k. Take ¢ € Ey, £ = {(P). Consider an almost

Markov decomposition f(*+bn’p — (U, Pj) U Z. Choose y; € f_(k+1)”er. Then
b1 (1) Zc e Xnrlilg, | (0(P)), 1) + O(C™)

= Z cje”ka<ya'>[(1 —n%u(B,)(1 — ")) 4+ O(enfv(B,))]

= [bni(l,t) + O(C" [ = nv(Bn)(1 — €)) + O(en’v(Bn))]

= (1= n®0(Ba)(1 — )* + Ok + "1 = n®u(Ba)(1 — e)) + O(en’w(By))]
= (1= n®u(Bo)(1 — €M) 4 81,

where
O < 0 +en’v(B,) + Const (2.
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Proof of Theorem[8 Since X,,(A) is a point process, we only need to establish
the convergence of finite-dimensional distributions. Let Aj, ..., A,, be disjoint
intervals. By Proposition B7]

A
X (A1) =n1) ~ nl e A,

Repeating the argument of Proposition 37, we obtain

A"
E(D{Xn(Aj) =n;}) ~ H <n—j,> e A,

J
(]

Notes. (1) There are two useful extensions of Theorem[8 The first says that if
xg is periodic of least period T', then X,,(A) is asymptotically distributed as
> jena & where N is the Poisson process with the unit density and the &;
are mutually independent, independent of Na and identically distributed.
Their distribution can be obtained as follows. Let M be a linear transfor-
mation of a d-dimensional Fuclidean space such that at least one eigenvalue
of M has absolute value greater then 1. Let n be uniformly distributed in
the unit ball B. Define (M) = Y77, 15(M*n). Then the &; have the same
distribution as £(df T (xg)). (The proof is the same as before, but now (I) is
not zero.) Second, one can consider the pair (j, ndist(f’x,z¢)), where j is
such that f/z € B, and prove the Poisson limit for this pair. (Again the
proofs are very similar, but now balls need to be replaced by annuli.) One
application of this generalization of the Poisson law is the following.

Corollary 17. Let m,, = minj<, dist(f/z,zo). If x¢ is aperiodic, then
z/(n%mn < t) ~ exp(—K (0)t?).

Thus, for a typical point, (%)5 is a correct normalization for m,,(x). [39]
studies the set of points with different asymptotic behavior of m,,.
(2) Other classes of dynamical systems satisfying the Poisson law are described
in [0, 47, 42 2]. The method of proof we use is similar to that of [79] (cf.
also [72] 22]).

APPENDIX A. ABSOLUTE CONTINUITY

Proof of Proposition[d. We will use the following fact (see [13]). Let D; and Ds
be smooth (d — d,)-dimensional discs transversal to E,. Let z; € D; be points
such that zo € W*(x1) and dist, (21, 22) < 1. Then locally near x; we can define
a continuous map p : D1 — Dy such that pr; = x2 and pr = W% (z). Then p
is absolutely continuous and its Jacobian Jp(z) is Hélder continuous, where the
Holder constant depends only on the angle between T'D; and E,, and the norms of
the embeddings D; = i; D, D being the standard disc in R~ (In fact,

. det(df~"|TD2)(x)

J, =1 .

v@) = I et @ |TDy) (z)
Now let U be a parallelogram obtained as follows. Take xy € X. Locally near
T, chose a foliation V transversal to F,. Then near zy we have a local product
structure; that is, for z,y € X there is a unique point z = W} _(x) N V(y), where
V(y) is the leaf of V containing y. Write z = [z,y]. Consider the set U of the
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form U = [V, W} .(x0)], where Vj is a small disc in V(xq). We first show that the
restriction of the Lebesgue measures to U belongs to E(R, «), where the constants
R and « do not depend on the choice of Vj. Decompose Vy = |V}, where the V;
are small discs in V. Take z; € V; and let W; = [z;, W}k (20)], U; = [V}, Wk (20)].

Then
/U'. A(z)dz = l/wj dy (/vj(y) A(v)dv) <dgcjcxlv) (y)

where V;(y) = [Vj,y] is the slice of V inside U;. By the Hélder continuity of E,,

dzzv(y) is Holder continuous. Also fvj(y) ~ A(y) Vol(V;(y)) and Vol(V;(y)) ~

Vol(Vj)Jp, (y), where p, is the projection p, : V; — Vj(y). This verifies our claim.
Now the same remains true if instead of requiring U to be a parallelogram we only
ask that unstable slices of U satisfy conditions (a)—(d) of the definition of an almost
Markov family and that they depend continuously on the point in the sense that
if 7 is the projection along V leaves, then #Wy(y) — Wy (z) in the Hausdorff
topology as y — x. (Indeed, such sets can be approximated by parallelograms.)

(1+0o(1)),

Now decomposing X = ; Uj, where the Uj are the sets as above, completes the
proof of the proposition. O

Proof of Proposition[3. This proposition does not use the absolute continuity of
W, In fact, it remains valid if we replace W* by any continuous foliation with
smooth leaves. We only have to show that any ¢ € E assigns zero measure to
u-negligible sets. Choose a small r. Let D be a (d — d,,)-dimensional disc. Denote
by U a union of unstable balls of radii r centered at D. For z € D let £, denote
((W(x)). Then x — £, is continuous (see, e.g., [75]). Thus the map A — A(z) =
£,:(A) is continuous from C(U) — C(D). Therefore the set M(U) of measures of
the form [, p(x)€, is weakly closed in C(X)*. Now take ¢ € E(P,R,«). By the
definition it is a limit of some ¢; € E3(P, R, ). Let £; = >, c¢jul(Pjk, Gjr). If
OPj, NU # 0, enlarge P} slightly so that the boundary of the resulting sets P](k is
disjoint from U. By property (b) of an almost Markov family, this can be done in
such a way that meas(Pj;) < Const meas(Pj;). Let £ = % > ciul(P);,), where c;
is the normalization constant. Then /;[y < Const £}|r;. Thus it is enough to show
that any limit point of K;- assigns zero measure to u-negligible sets. But é;- e M(U).
Thus if £ — ', then £’ € M(U). So the statement follows by Fubini’s theorem. [
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