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LIMIT THEOREMS IN BI-FREE PROBABILITY THEORY

TAKAHIRO HASEBE, HAO-WEI HUANG AND JIUN-CHAU WANG

ABSTRACT. In this paper additive bi-free convolution is defined for general Borel probability mea-
sures, and the limiting distributions for sums of bi-free pairs of self-adjoint commuting random
variables in an infinitesimal triangular array are determined. These distributions are character-
ized by their bi-freely infinite divisibility, and moreover, a transfer principle is established for limit
theorems in classical probability theory and Voiculescu’s bi-free probability theory. Complete de-
scriptions of bi-free stability are given and fullness of planar probability distributions are studied.
All these results reveal one important feature about the theory of bi-free probability that it parallels
the classical theory perfectly well. The emphasis in the whole work is not on the tool of bi-free
combinatorics but only on the analytic machinery.

1. INTRODUCTION

The purpose of this paper is to establish an explicit connection between the families of infinitely
divisible laws in classical probability theory and bi-free probability theory. As in free probability
theory, it is shown that some classical limit theorem has a nice analogue in the bi-free framework.

Denote by PPga the family of Borel probability measures on R?. The classical convolution
w* v of pand v in Ppa is the probability distribution of the sum of two independent random
vectors whose respective distributions are g and v. In the theory of free probability, freeness
and free convolution H are treated as analogues of classical notion of independence and classical
convolution for non-commutative random variables, respectively [23]. The latter theory has a two-
faced extension, which was invented to study pairs of left and right random variables (also called left
and right faces) on a free product of complex Hilbert spaces simultaneously [21]. An independence
relation put among these pairs is called bi-freeness, which gives rise to bi-free probability theory.
This fascinating theory has grown rapidly and included several interesting findings based on the
foundation of free probability theory.

Since the introduction of bi-free probability by Voiculescu in 2013, combinatorial and analytical
approaches have been the main research focuses so far [, 8 02, [4, 19, 20]. Given a two-faced
pair (a,b) in a C*-probability space (A, p), its bi-free partial R-transform is defined through its
Cauchy transform G p)(z,w) = ¢((z —a) " (w —b)™!) as

2w

 Glap (Ra(2) + 1/2, Ry(w) + 1/w)

Riap(z,w) = 2Ra(2) + wRy(w) + 1

for complex values z and w in a neighborhood of zero, where R, and R, are the usual R-transforms
of a and b, respectively [22]. This transform plays the same role as the usual R-transform does in
the free case. The bi-freeness of (a,b) and (c,d) yields the freeness of the left faces a,c and the
freeness of the right ones b, d [21]. The reader is referred to [2, I3] for some recent developments.
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In the present paper, we continue the previous work [I4] and contribute to the research of bi-
free harmonic analysis without any emphasis on Voiculescu’s original motivation. To accommodate
objects like planar probability distributions or integral representations, it is natural to constrain
ourselves to commuting and self-adjoint pairs (a,b) in a certain C*-probability space, i.e. a,b are
self-adjoint elements whose commutator ab — ba = 0. This yields an analytic perspective to bi-free
probability theory. More precisely, in such a circumstance the Cauchy transform of (a,b) admits
an integral form with the joint distribution of (a,b) as its underlying measure. Any measure in
Pre with compact support arises in this manner, i.e. it serves as the joint distribution of such a
pair. The starting point of relating bi-free probability to the classical situation is that by realizing
two given compactly supported p,v € Pre as joint distributions of two bi-free and commuting
pairs, the bi-free partial R-transform linearizes the bi-free convolution BH: for (z,w) near (0,0),

Rymm (2, w) = R, (z,w) + R, (z,w).

An important concept in the study of limit theorems in probability theory is the infinite divis-
ibility. A probability distribution on R? is infinitely divisible with respect to a binary operation
* on Ppa if it can be expressed as the x-convolution of an arbitrary number of copies of iden-
tical measures from Pra. When d = 1, this subject has been thoroughly studied by de Finetti,
Kolmogorov, Lévy and Hiné¢in in classical probability [T, I8]. The free counterpart is also well
studied [5]. The theory of infinitely divisible distributions generalizes (free) central limit theorem
as they serve as the limit laws for sums of (freely) independent and identically distributed random
variables. (Free) Gaussian and (free) Poisson distributions are typical examples of (FH-) *-infinitely
divisible distributions. Distributions of this kind are determined by their characteristic functions
or free R-transforms, the so-called Lévy-Hin¢in type representations. Measures in %2 which are
FEE-infinitely divisible were first studied in [12] in the case when they are compactly supported
and considered in the general case in [I4].

The question under investigation in this paper is to provide the criteria for the weak convergence
of the sequence

(1.1) {11 B 1, BB - - - BB, BES,,

where {k,}7°, is a sequence of strictly increasing positive integers, {fini }n>1,1<k<k, 1S an infinites-
imal triangular array of measures in P2 and J,,, denotes the dirac measure at the vector v,, in
R2. Here the infinitesimal condition of a triangular array {p,x} in e means that for any € > 0,

: d . _
Jim max p({x € RY: x| = €}) =0,

where || - | is the Euclidean norm on R? When d = 1, there is a one-to-one correspondence
between the sets of x-infinitely divisible laws and B-infinitely divisible laws. Such a correspondence
is characterized by the same parameters, a real number and a positive Borel measure on the real
line, in the Lévy-Hincin type formulas [3, 9]. We show in Theorem B3 that under the hypotheses
mentioned above the weak convergence of the sequence in (1) is equivalent to that of the sequence

(1.2) [l * fln2 %+ ok, * Oy, .

Moreover, the limit distribution of () is shown to be bi-freely infinitely divisible, and the param-
eters of its bi-free Lévy-Hin¢in formula coincide with those in the Lévy-Hin¢in formula of the limit
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3

distribution of (IZ). These results indicate that a lot of work in the study of limit laws of sums
of independent identically distributed random vectors has its counterpart in bi-free probability
theory.

After setting up some basic tools needed for the investigation and proving the generalization of
the bi-free convolution of measures in Hr2 with compact supports to arbitrary ones in Section 2,
another useful bi-free Lévy-Hin¢in integral representation is provided in Section 3. Section 4 and
5 are dedicated to building the parallelism between the families of infinitely divisible laws with
respect to classical and bi-free convolutions. The investigation of EH-stable laws on R? with their
domains of attraction is carried out in Section 6, while the fullness of EBH-infinitely divisible laws
is set down in Section 7.

2. PRELIMINARIES

We begin with reviewing some definitions and results in [21, 22]. The Cauchy transform of a
planar Borel probability measure p, defined as

B du(s, 1)
Culz,w) = / 5w 1)

is an analytic function and satisfies the relation

Gylz,0) = Gz w)

on (C\R)?. The underlying measure p can be recovered from the transform by the Stieltjes
inversion formula: the family {p}eso of probability measures on R? defined by
dsdt

2

1
dpie(s,t) = —?‘E[Gﬂ(s + i€, t +i€) — G,(s + i€, t — ic)] -

converges to p weakly as e — 07 [I4].
A truncated cone in the complex plane is a set of the form

Lo i={x+iyeC: x| <0ly|, |y >M}, 6,M>0.

For notational convenience, it will be simply denoted by I' in the sequel if # and M are known.
Recall from [5] that free Voiculescu’s transform ¢, of a measure v € P is an analytic function and
satisfies the relation F,(¢,(z) + z) = z on a certain truncated cone I', where F), is the reciprocal

G, (2) :/Rdy—(s)

Z2—5

of the Cauchy transform of v,

The free Voiculescu transform linearizes the free convolution of probability distributions on R.

For a given 1 € Py, the probability measures defined as uV(B) = u(B x R) and u®(B) =
(R x B) for Borel sets B C R are called the marginal laws of . The bi-free ¢-transform of p
defined as

(2.3) Oul(z,w) =

¢ (2) N P (w) 1
o w 2wG,, <F};}) (2), F (w))
is an analytic function and satisfies the relation

(2'4) ¢;t(27 ﬂ)) = ¢M(Z7w>
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4

on I'? (notice that the denominator of the last term in (223) never vanishes by shrinking the domain
[ if necessary).

It was shown in [22] that the bi-free ¢-transform linearizes the bi-free additive convolution EHH
of two planar Borel probability measures 1 and v with compact support:

(2'5) ¢MEEBE‘V(Z> w) = QbM(Z, w) + ¢V<Z7 w)

for (z,w) in the common domain of these transforms. The marginal laws of the bi-free convo-
lution of compactly supported probability measures on R? can be expressed in terms of the free
convolution of their marginal laws [12]: for j = 1, 2,

(2.6) (1 BB ,/)(j) - /l(j) A0

A sequence {v,}22 | C Ppa is said to converge weakly to v € Pra, denoted by v, = v, if

lim fdv, = / fdv
R4

n—oo Rd
for any bounded and continuous function f on R?. For any sequence {u, }>°, C g2 converging
weakly to p € Pge2, we have for j = 1,2,
(2.7) pd = .
A family F of Borel probability measures on R? is called tight if

lim sup p({x € R*: ||x|| > r}) = 0.
r—00 WEF

The correlation of the tightness (or weak convergence) of Borel probability measures on R and
R? and the convergence properties of their free and bi-free ¢-transforms are well known [3, [4].
To make the presentation accessible for readers of different backgrounds, some results with their
proofs in this direction are provided below. Recall that points z in C\R are said to tend to infinity
non-tangentially, which is denoted by z —4 0o, if 2z — oo with |Rz/Sz| uniformly bounded.

Proposition 2.1. A family 7 C P is tight if and only if zwG (2, w) — 1 = o(1) uniformly for
e F as z,w —>4 Q.

Proof. First suppose that F is tight. If £ € C\R with |RE/SE| bounded by 6 > 0, then
gc <V1+62, ceR,

—c
which is due to the inequality (z — ¢)? + 22/6% > ¢*/(1 + 6?), x € R. Applying this inequality to
the decomposition

2W S t st

(z —s)(w—1t) 1_z—s+w—t+(z—s)(w—t)

shows the existence of some constant ¢y > 0 depending on # only so that for |Rz/Sz|, |[Rw/Sw| < 6,

(z —s)(w—1)

Hence for any p € F, we have

— 1] <cp, (s,t) €R

2
T r r
|zwG, (2, w) — 1] < + —- | + cop({l[x[ > r}),

ISz [Sw|  [Sz||Sw
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which clearly yields the necessity.

Now we prove the sufficiency. Given any € > 0, let M > 1 be large enough so that
(2.8) sup | (iy) (1v) G iy, iv) — 1] <€
peEF
whenever |y, |v| > M. Since the inequality

1w
CEDICED
holds for (s,t) € R? and |y|,|v| > M, it follows that for all u € F,
G, (1y, iv) :/ 7 d#(t.g’t) —>/ d.,u(s,t) =G, (iy)
re (1y — s)(iv — t) Rz Y — S K

as |v| — 400 by Dominated Convergence Theorem. Consequently, iyG o) (iy) — 1 uniformly for
p € F as |yl — 400 by letting |[v| — +oo in (ZR). This yields the tightness of the marginal
sequence {uM) : € F} (cf. [B, Proposition 5.1]). The tightness of {u® : € F} can be obtained
in a similar way. Now the sufficiency follows since for any r > 0,

(2.9) p{ll(s, )l = r}) < D ({s w |s] > 7/vV2)) + u® ({t 2 [t] > r/V2)).

B

O

Proposition 2.2. Let 7 C e be a tight family. Then F,; is univalent on some common
truncated cone I' in C with image F),;(I") containing some contracted cone I'y 1, for every p € F
and j = 1,2. Moreover, Fl;}) (€) = (1 + o(1))¢ uniformly for p € F and F;;}) (£) w4 00 as & = o0
with ¢ staying in I'y 1.

Proof. The existence of such a truncated cone I', 1, and the asymptotic behaviors can be shown
by the statements and techniques of [5, Proposition 5.4] (see also 3, Proposition 2.6]. O

In the following the weak convergence of measures in P2 is translated into the asymptotic
properties of their bi-free ¢-transforms. Recall that the simplified form I'"> denotes the domain of
the bi-free ¢-transform of a planar probability measure on which (24) holds.

Proposition 2.3. Let {1, }5°, C Pge. Then the following assertions are equivalent.

(1) The sequence {p,}o>, converges weakly to a planar Borel probability measure .
(2) Functions in the sequence {¢,, }22, are defined on some fixed domain I'*, converge uni-
formly on compact sets of I'? to a function ¢, and ¢, (z,w) = o(1) uniformly in n as
z,w — oo with (z,w) € T2
(3) Functions in the sequence {¢,, }>°  are defined on some fixed domain I'?, lim,, o0 ¢y, (1, 70)
exists for (iy,iv) € I'?, and ¢, (iy,iv) = o(1) uniformly in n as |y|, |[v| = occ.
Moreover, if (Il) and () are satisfied, then ¢ = ¢,, in T’

Proof. Throughout the proof, we will use the notations G,, = G, G, = Gu;ﬂ, Fin = Fuﬁf)’
Fi=F,6), ¢jn = %53')’ and ¢; = ¢, for all n and for j =1,2.

First, suppose p, = p. According to (2Z4) and [5, Proposition 5.7], there exist 6, M > 0 so
that every ¢;, is defined on I' := I'g ps, ¢j, — ¢; uniformly on compact sets of I" as n — oo, and
din(&) = o(|€]) uniformly in n as & — oo with £ € I" for j = 1,2. Hence each ¢, is defined on
I'2. On the other hand, the integrands in G,, are uniformly bounded functions of (s,t) for points
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(2,w) lying in compact sets of (C\R)?. This yields the normality of {G,} by Montel’s theorem in
complex analysis of several variables. Hence G,,(Fy,', Fy,') — G, (Fy ', Fy ') uniformly on compact
sets of I'? as n — oo and ¢ = ¢,,. To finish the proof of (1) = (2), it remains to show that

2wGy (F,' (2), ) (w)) — 1 = o(1)
2wGy, (anl(z)a Fzzl(w))

uniformly in n as z,w — oo with (z,w) € I'?, which is equivalent to showing the uniform conver-
gence of zwG,, (F},}(2), F5,' (w))—1 = o(1). Note that this can be obtained by applying Proposition
271 and Proposition 222 to the identity

(210)  2wG, (Fy,'(2), Fy, (w) = Fi(2) Fy, (w) G (F, (2), ' (w)) -

1n 1n

Frl(z) Fyl(w)

in

Clearly, (8) implies (8). To show (3) = (1), it suffices to verify that the sequence {p,}22, is
tight by the established result (1) = (2). To conclude the proof, observe that

.. o ¢1n(7'y) ¢2n(“}) . 1
Pl ) = =5 = 4 T, H (i) 52 Fon (10) Gl (1, (i), ) (i0)
” 1y 1 (iy)Gln (Fl_nl(iy)) . ‘U| o
_ (bln(ly)
= —iy ,

where Proposition 22 and the fact that wG,(z,w) — Gi,(z) for any z € C\R as w — oo non-
tangentially are used in the limit. This implies that ¢y, (iy) = o(]y|) uniformly in n as |y| — oc.
Similarly, {¢s,} has the same asymptotic property. Hence (iy)(iv)G, (F},! (iy), F5, (iv)) —1 = o(1)
uniformly in n as |y|, [v] — oo by (Z1M), which yields the tightness of {yu,} by Proposition P
The proof is complete. H

We can now define the bi-free convolution of arbitrary planar Borel probability measures 1 and
v. Choose two sequences {p,}>; and {v,}>° of planar Borel probability measures with compact
support converging to p and v weakly, respectively. Then Proposition 223 shows that w, BHv,
weakly converges to a probability measure p on R? which satisfies

(2.11) Op(z,w) = ¢z, w) + ¢ (2, W)

on some 2. We further deduce from [I4, Proposition 2.5] the uniqueness of p. These discussions
lead into the following definition:

Definition 2.4. For any p,v € e, the unique probability measure p satisfying the additive
identity in (2ZI0) is called the bi-free additive convolution of p and v, and is also denoted by
pwHEHEv.

Remark 2.5. Our approach to the generalization of bi-free additive convolution is based on
analytic tools. An (unbounded) operator model for the bi-free convolution of arbitrary probability
measures on R? is unknown.

We can also show by Proposition 223 that the operation of bi-free convolution is weakly con-
tinuous, namely, if {u,}32, and {v,,}5°, are in P2 weakly converging to u and v, respectively,
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then u, BHv, weakly converges to pHHv. Finally, we generalize the result in (28) to arbitrary
measures in Hpz.

Proposition 2.6. Let p,v € Pg2. Then for j = 1,2,
(14 B ,/)(J') =9 B,

Proof. Choose two sequences {i,}5°, and {v,}22, of planar Borel probability measures with
compact support converging to u and v weakly, respectively. Since the projections onto marginals

and bi-free convolution are weakly continuous, the result (28) passes to the conclusion. O
3. BI-FREE INFINITE DIVISIBILITY AND LEVY-HINCIN REPRESENTATION
Throughout the remaining part of the paper, points (s,¢) in R? will be denoted by the bold

letter x and the origin (0,0) will be written as 0. We will also denote by the real numbers v
and v(? the s- and t-coordinate of a given vector v € R2.

In classical probability theory, a Borel probability measure p on R? is *-infinitely divisible if and
only if its characteristic function is of the form (called the Lévy-Hincin representation)

R , 1 iux i(u, x)

(3.12) p(u) = exp |i{u,v) — §<Au,u) + /]R? (e< )1 W) dT(X):|
for some vector v € R?, real positive semi-definite matrix A and some positive Borel measure 7
on R? with the properties that 7({0}) = 0 and 1 A ||x||* € L*(7), where 1 A ||x]|? := min{1, ||x]|?}.
Conversely, such a triplet (v, A, 7) generates a probability measure u for which (B12) holds. The
triplet (v, A, 7) in the representation is unique and called the (classical) characteristic triplet of
i, while the measure 7 is called the (classical) Lévy measure of p. In this case u is denoted by
™) The reader is referred to [I6, 18] for more details.

Recall that a measure pu € Pge is said to be bi-freely infinitely divisible if for any n € N, it can
be expressed as an n-fold bi-free convolution of some p, € Ppe:

p=p, BE - BB p, = .

vV
n terms

Such a measure is characterized in terms of the functional properties of its bi-free ¢-transform [[4,
Theorem 4.3]: p is HEB-infinitely divisible if and only if ¢, extends analytically to (C\R)? and
admits an integral representation of the form

ouz) =2 (+ [ 20+ 4 (e [ dna ) + Bew)

2 2 — S 2 W —

where (71,72) € R?, 0; is a finite, positive Borel measure on R? for j = 1,2, and

= [ ﬁm o

(z—s)(w—1t)
for some finite Borel signed measure & on R? satlsfymg the relations

t s ~

Virz 1= T O
S _ t ~
(3.13) == 02 = =5 0

7({0})? < 01({0})o2({0}).
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These parameters 7;, ¥2, 01, 09 and ¢ appearing in the representation are unique. Notice that the
first two relations in (B13) indicate that a := 01({0} x R) = 01({0}), b := 02(R x {0}) = 02({0})
and ¢ := o({st = 0}) = 5({0}). An application of Cauchy-Schwarz inequality gives ¢* < ab, i.e.
the positive semi-definiteness of the matrix

(3.14) A=<g g).

In order to get more insights into HH-infinitely divisible distributions, we will derive another
integral representation for them. The representing measure is no longer required to be finite but
only positive. First of all, define the positive measure 7 on R? as

1;52 op on {(s,t) € R?*:s+#0};

(3.15) T =
L2 5y on {(s,t) e R2: ¢ # 0},

$2
and 7({0}) = 0. The relations among oy, 0y and ¢ in (B13) clearly show that 7 is well-defined.
Moreover, the restriction of 7 to the set {(s,t) € R?: st # 0} is equal to

VI+2V1+82
st
It is also easy to verify that the function 1 A ||x||* belongs to L'(7). After these setups, we can

X{stz0}(8,t) 0.

rewrite ¢, as
v  v®

(3.16) bulzw) = —+ T+ (—+£+—) +P(z,w),

z w
where v € R? and

Pz, w) = /R [(z_ S'Z)I(”w_t) —1- %} dr(s,1).

Indeed, by means of the identities

2$ 1425 s2 s

3.17 —
( ) z2—38 z—sl+32+1+s2

and
s S S t?

12 1492412 112145248
which hold for any z € C\R and s,t € R, we obtain that

1+ zs a Z8 s
3.18 + d = =vl 4= +/ — d
(3.18) T /R2 e (x) =¢,m(2) =V R ) o U B 7(x)

for some v € R. Similarly, one can obtain that

1+ wt b wt t

3.19 d = =v® 4 — / - dr(x).
(3.19) 72+/Rz P R ) e ]
Combining the identities (BI8) and (B19) with

~ c st

D - d t

(2, w) ot /IRQ (z—s)(w—1) m(s:¢)

yields the desired expression (B18). Conversely, a function admitting such an integral form (BTI8)

with the required properties stated above can be shown to be the bi-free ¢-transform of some
bi-freely infinitely divisible measure. These observations lead to the following result.
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Theorem 3.1. (Bi-free Lévy-Hincin representation) A probability distribution p on R? is bi-freely
infinitely divisible if and only if its bi-free ¢-transform extends analytically to (C\R)? and admits
the integral representation (BI8), where v € R?, the matriz A given as in (BI4) is positive semi-
definite, and T is a positive measure on R* with the properties 7({0}) = 0 and 1 A ||x||* € L'(7).
Moreover, the triplet (v, A,7) in (BID) is unique. Conversely, given such a triplet (v, A, T) there
exists a probability measure p for which (B18) holds.

Theorem B shows that the set ZD(HH) of bi-freely infinitely divisible distributions is completely
parameterized by the triplet (v, A 7). In the sequel, a probability measure p in ZD(HH) having

the representation (B18) will be denoted by uéava’aA’T), in which 7 is called the bi-free Lévy measure

and (v, A, 1) is called the bi-free characteristic triplet of ug;’E,gA". The classical and bi-free Lévy-
Hinéin representations (B12) and (B18) have exactly the same characteristic triplets. As a matter
of fact, such a one-to-one correspondence also holds true in general limit theorems, see Theorem

b3.

Example 3.2. Let p be BH-infinitely divisible and let (v, A, 7) be its bi-free characteristic triplet.
(1) Then u is called a bi-free Gaussian distribution if 7 = 0.
(2) If 7 satisfies

then (BM) is reduced to the form
1) (2) b
¢u(z,w)=u—+u—+<3+i+—>+/ L - —1|dr(s,t)
R2

z w z—s)(w—t)

for some vector u € R? called the drift of pu.
(3) Let v be in Pz with v({0}) = 0. Then u is called a bi-free compound Poisson distribution
with rate A\ > 0 and jump distribution v if

AX
3.20 V:/—dVX,
(3.20) o T I )

A =0 and 7 = A\v, and in such a case its bi-free ¢-transform is given as

(3.21) du(z,w) = )\/

RQ

=t e

If v = 6, with p € R*\{0}, then y is referred to as a bi-free Poisson distribution with rate A and
jump distribution dy.

4. ASYMPTOTIC BEHAVIORS OF BI-FREE CONVOLUTIONS
This section treats the asymptotic behavior of the measures

(4.22) o i= fin1 B p,0 BB - - - B puy,, BHEH Oy,

where {k,}7°, is a sequence of strictly increasing positive integers, {fink}n>11<k<k, 1S an infini-
tesimal triangular array in e, and v,, € R?. In order to cope with the problem, we begin with
carrying out the investigation on the asymptotic behavior of the bi-free transforms of pi,,;. It turns
out that they satisfy certain asymptotic property due to the infinitesimality of {jtnk bn k-



241
242

243
244

245

246

247

248

249
250
251
252
253

254
255

256
257
258
259
260
261
262

263
264
265
266

267

10

Let S be an unbounded subset of C, and denote by U(S?) the collection of triangular arrays of
functions {e,x }n>1.1<k<k, defined on S? with the following asymptotic properties: the functions

en(21, ..., 24) =  max lenr (21, -y 2d)], (21,...,2q) € 59,
satisfy that lim, oo €,(21,...,2q4) = 0 for any (z1,...,24) € S? and €,(z1, ..., z4) = o(1) uniformly
innas z,...,2zg — oo with (21,...,24) € S%

Lemma 4.1. Let {finfn>1.1<k<k, C Pr2 be infinitesimal. The following statements hold.
(1) For any 0 > 0, there exists a number M > 1 so that each ¢u(]’) is defined and satisfies the
nk

relation (bu(jk? (5) = ¢M<J2 (&) onT':=Tg .
(2) Forj=1,2,

{gbﬂgfk) (&) } ceU) and {¢u, tn>11<k<k, € UI?).
¢ n>1,1<k<kn

Proof. For notational convenience, write G, = G, ., Fink = Ox Gjnk = ¢ 6 and ¢pp = Pu,,
for all 7, k,n. Let & > 0. Then the existence of the number M > i with the stated properties in
() is guaranteed by the infinitesimality of { o [B, Lemma 5]. The relation ¢j,.(2) = ¢jur(2)
holds for z € T" because Fjn,(2) = Fjni(z) for z € C\R.

Recall from [6, Proposition 2.3] that we can express ¢q, as

¢w;<2> = [1+ vni(2) /R —— dufj)(s),

where {vnitn>11<k<k, € U(L). Applying the techniques used in the proof of Proposition 21 to

[ i),

along with the infinitesimality of { i, }nk, yields that lim, . €,(z) = 0 for z € I" and €,(2) = o(1)

(4.23)

the sequence of functions

ol = B,

uniformly in n as z — oo with z € I". Hence the triangular array {¢1,x(2)/2}nk, as well as
{pank(w)/w}y i, is shown to belong to U(I).

Finally, in order to show that {¢nx}n>11<k<k, € U(T?), it suffices to show that {(H,x —
1)/ Hpp bns1.1<k<k, € UT?), where H,p(2,w) = 2wGo(F}3(2), Fy b (w)) for (z,w) € T2 This
is equivalent to showing that {H,x — 1}, 4 € U(I'?). We further see from Proposition Z2 that the
condition {H,x — 1}, € U(T?) is the same as

(4.24) {zwG (2, w) — 1}p>11<k<k, € L{(F’Q),

where I is some truncated cone in C on which F L) is univalent. Making use of the techniques in
the proof of Proposition EZ1l again one can easily obtaln (2Z24). The proof is complete. 0

Let L > 0 be a fixed number. We will use the following functions and measures to study
asymptotic properties of p,, defined in (E=22). Let

(4.25) Vnk = / X dptnr(X)
{lIxll<L}
and define a triangular array {fiu}n>11<k<k, C Pr2 as

(4.26) ftnk(B) = pni(B + Vo)
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for any Borel set B C R? This shifted triangular array {ji,} is also infinitesimal because
maxi <x<k, ||[Var| — 0 as n — oco. Further define finite positive Borel measures

kn
(4.27) To =Y fink,
k=1
and functions
z8 .
frn(2) = / Qfii(5,1)  and o (w U (1)
R2 Z— S R2 w —
for z,w € C\R.

The following result, mostly taken from [6, Lemma 2.4, Lemma 3.1, Lemma 3.2], is one of the
main ingredients of studying (A=22). For readers’ convenience, we provide its proof here.

Lemma 4.2. With the same notations fi,, fin, and v, in (22), I' in Lemma BT, and 7, and fjn
defined above, the following statements hold.

(1) For j =1,2 and any fized it € T, the sequence

{ () +Z +fgnk lg)]}

converges if and only if the sequence {qﬁu(j)(zﬂ)}n:l converges, in which case they converge

oo

n=1

to the same value.

2) If 2
V= sup/ I dr,(x) < o0
n>1 Jrz 1+ [[x]|? 7
then there exists an N € N such that for [(| > 1, n > N and j = 1,2, the inequality
kn
D 1 fimli0)] < CLV ||
k=1

holds for some constant C depending only on L.

Proof. We only prove the assertions for j = 1; the proof for 7 = 2 is similar. Applying the
formula (E=23) to the triangular array {ufllk) bk, We have

(4.28) 6, (i) = Vi) = 6,0 (i) = fran (i)[L + vur (i)

for iy € I". Then the desired result in (@) follows from [6, Lemma 2.4] by choosing z,; = ¢, (1y) —
nk

Vfllk), Wok = fiax(iy) and 7, = vl 4 Zk L Vnk

For assertion (2), define
2

S o
bink(y) = (lk)/ dptng(X) +/ % Ak (X).
{IIx[>L} {lxtvarl>L} Y~ T8

Observe that we have

v / Oyt (x) = / (5 = vV djie(x) = / s djin(x)
{lIx[[>L} {lIx||<L} {lIx+vnrll<L}

28 82
(i) = / Y a(x) — i / Y di().

R2y2—|—32 2y2+52

and
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This shows that for |y| > 1,

(4.29) IR fron (i) — bro(y)] = ‘/{

3

dunk( ) §2L‘%f1nk(iy)|’

2
Ixtvaill<ry Y2+ 8

where we use the fact that |VS,€)| < L for any n and k in the last inequality.
Now let N € N be big enough so that sup,<;<; ||Var|| < L/2 for all n > N. Then for [y| > 1

and n > N we have
kn

k k

n n L ) yS )
S <X % [ dptrulY [ i
k=1 k=1 Ix[|>L/2} =1 7l

{ x|>1/2y Y° + 82

k
" 1+ L
< Iyl / T ()
; (IxI>L/2y 2

=i+ D+ e [ L/
(xizn2y 1+ L2 /4

I<I”

Ixlzz/2y L+ [1x]1?

(4.30)
dr,(x)

< |y|(1+L)(4+L2)(2L2)‘1/{ drp(x).

Moreover, the estimate

kn kn 2
s
4.31 S S ink(ty)| = |yl s ——— df(s,t) <V
(4.1 0> [8in) = ol [ dioa(s.0) < Vi
holds true for |y| > 1. Combining (E=29), (£=30) and (E=3T) yields assertion (B). O

The following result provides an estimation for the bi-free ¢-transform of measures y, in (E=22).

Lemma 4.3. Adopt the notations py, fine and U in (B222), (E228) and Lemma B, respectively,

and let
(4.32) Hop(z,w) = 2wG,, (F_(ll) (2), F (w)> ;o (z,w) €T
‘u'nk ‘u'nk
Then H,, — 1 can be expressed as
st
n - d n t n - d mn t 1 n don at )
i [ 7 di(s.0) e[| dian(snt) + () [ e din(sat)

where { €1, (2, W) bn ks {€2nk(2, W) }rg and {enk(z, w) bk are triangular arrays of functions in U(T'?).
Consequently, {H,, — 1} € U(T?).

Proof. For notational convenience, write G, = Gj,,,., ank =F ) and @nk = <b G for any j, n

and k. Then a simple argument of change of variables shows that
Hoi(z,w) = ZWGnk( 1nk( ) FO12_nk(w))7 (2,w) € T2,
To conclude the proof, we first analyze the function

z w
an(z,w) —1= / S S —1 dﬂnk(s,t).
R2 | O1nk(2) + 2 — S i (W) +w — ¢
Using the identity

§ _ ¢

ngnk(f)‘i‘g—?” §—r

. o&]nk(&) ]
Fo©—=r]
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the function H,; — 1 can be rewritten as the sum of functions I1,x, I, and I3, where

fate) = [ |t 1] diats0,

z—s)(w—t
2w Guni() Gonr(w) | .
Lk (2, w) = —/ 5 + = dfink(s,t),
w (z=s)(w—1) [ Fi(z)—s  Fpp(w) -t
and ) )
]3nk<z7 ’Uj) _ / ZW _ qbllnk(z) _ gbfnk(w) d/j/nk<87 t)
w2 (2= 8)(w =) Fi(2) — s By (w) —t

For any z € T with |z| large enough, s € R, and n, k, Lemma BT shows that

Fp2) =s| _|z=5  om(2)| | [92] | du(2) S (O] I
z 2 z ~ |z z — 1+ 62 z =
where ¢p = 1/(2v/1 4 6?). This implies that
1 1 bin 1
(433) e N S
Flnk(z)_s =S Flnk(z)_s S
where ) )
max [01nx(2,8)| = max M <¢' ma O1ni(2) = 01n(2)
1<k<ky, 1<k<kn | [ (2) — s 1<k<ky, z
We further obtain from the estimate (B=33) that
22w 1
5 dftni(s,t) — 1
1<Kk, /R G- w—tF (z)—s «(s,1)
— U Sz )] (s, 8) — 1
— gl 1|1+ )+ Sink (2, 5) ¢ ditui(s, )

<O1n(2) + [1 + 010 (2)| M, (2, w),

where )
2w .
Ma(z,w) = max /R CESECED 1' dfini (3, 1).
Note that the function 6y, (2)+ [14 81, (2)] M, (2, w) = o(1) as n — oo for (z,w) € I'? and uniformly

in n as z,w — oo with (z,w) € I'2. Indeed, this can be easily obtained by using Lemma B0 and
applying the techniques employed in the proof of Proposition E-1 to the identity

22w z 2w s

—1= -1 + .
(z —s)*(w —1t) z—5|(z=3s)(w—1) z—35
Now applying the formula (E223) to the triangular array {fi}n>1,1<k<k, and using (E=34) give

2w Grni(2) . B D1k (2) 22w dftnk(s,1)
R eer e e el Rl e e e
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where {v1,k }nx is a triangular array in ¢(I'?). Similarly, the identity

W QZan(w) o o t R
/RQ w0 By L) ¢ Forl 8 = vz o)l form di (s, 1)

is valid for some triangular array {von }nx € U (F2). By similar arguments, one can also show that

Stdﬂnk(‘sat)
3nk Usk/RzZ—S [k (S, +U4k/ Mk(S )+U5k/Rz(z—s)(w—t)

for some triangular arrays {vs,k fnk, {Vank }nk and {v5nk}n7k in U(T'?). Finally, let €11 = V3nk —Vink,

Eonk = Usnk — Vonk, and €, = vs,,. Then we conclude the proof of the first assertion by using the
integral representations of Iy, and I3, provided above and the identity
S t st
Iik(z,w) = + + dfink(s,t).
(2, ) /Rz[z—s w—t (z—s)(w—t)] foni (3, )
The fact that {H,, —1} € U(I'?) can be proved by the infinitesimality of {/i,x} and the techniques
in Proposition P-1. This finishes the proof. 0

Lemma 4.4. Suppose that the marginal laws of u, in (B222) converge weakly. With the notations
fink, Tn, L as before and Hyy, as in (B232), the following statements hold.

(1) The positive planar measures {o1,}22, and {09,}°2; defined as
2 t2

S
" d n=——"
T all () 1 t2

1+ s?
are uniformly bounded and tight.
(2) For (iy,iv) € T'?, the limit

k . .
. N Hp(iy,iv) — 1
4.35 |
(4.35) Jim > Hoy(iy, 1)

O1n = Tn

exists if and only if the limat

kn
st
4.36 li dfing(s,t
(1.36) i > [ el

exists, in which case these two limits are equal.
(3) The function

i: Hy(iy,iv) — 1 (1)

— Hp(iy,iv)

uniformly in n as |y, |v| — oo if and only if

kn
(4.37) ; /R e S‘;’éw 5 dita(5.8) = o(1)

uniformly in n as |y|, |v] — oc.

Proof. For any € > 0, choose a large positive number yo > 1 so that |¢H(1)(iy0)| < eyp for all n
by Proposition 223. Then we deduce from Lemma E2(M) and the identity

2
/Wﬁdm(s,t): ( 1>+Z ) o Zyo)])
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the existence of a large number N € N so that

2
/ 28—2 dr,(s,t) <2, n> N.
r2 Yy + 5

This, along with the inequalities

2 2.2 2 2

s s S 2s
< go and < —

1+52 7 yg+s2 1482 = yg+s2

which hold true for s € R and |s| > yo, respectively, yields the uniform boundedness and tightness
of {o1,}. Similarly, {o,} is uniformly bounded and tight. This proves (1).
To prove (B), we first argue that the limit in (E238) exists if and only if so does the limit

kn
(4.38) 7}1_)11010 ;[an(zy, iv) — 1],

and show that they are equal. We shall use the integral representation of H,; — 1 given in Lemma
A3 to accomplish this goal. Observe first that the quantity V' defined in Lemma BE=2(B) is finite by
the established result (O). Hence for (iv,iy) € ['* and all large n, we have

kn

Z €1nk (1Y, 1) /

Z —
—1 Rr2 1Y

d,unk(s )| < [ maX |61nk iy, 1v) ] Z | fink (1Y)

1<k<

<CLV  nax |€1nk (1Y, 70)],

which yields that
kn

ggEZWMwmﬁf

Z J—
1 Rr2 Y

dunk(s t) =0,

as well as
kn

. o t .
nhj&; €onk (1Y, V) /R2 v Afink(s,t) =0

by similar arguments. Next notice that the inequality
st ‘ < 25> n 212

(iy—s)(iv—t)| — 1+s> 1+t

along with the established result (1), allows us to obtain that

lyl, [l = 1, s,t €R,

kn

. . st .
T}gloloZenk(zy,w)/ , , dfin(s,t) =0

p r2 (1y — s)(iv — 1)

for any point (iy,iv) € I'?. Hence we have proved that the pointwise convergence of (A38) is
equivalent to that of (E=38), and both limits are the same. These discussions also indicate that
SO | Hok(iy, iv) — 1| is uniformly bounded in n for fixed (iy, iv) € T2 Since {Hp— 1}, € UT?),
one can see that (E233) converges pointwise if and only if so does (B=38), and they have the same
limit. This yields assertion (#). The preceding discussions with a little effort yield assertion (B).
O
Before stating the main theorem of this section, let us introduce the following conditions, which
play an important role in the asymptotic problem under investigation.

Condition 4.5. Let {7,,}°5°, be a sequence of finite positive Borel measures on R?.
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(I) The sequences of measures
52 t2
RS T, and 0271:@
converge weakly to finite positive Borel measures o; and oy on R2, respectively.
(II) The limit

O1n Tn

t
~v:= lim i
w3 Jge T+ D)1+ )

dr,(s,t)
exists in R.

Theorem 4.6. Let {v,}>°, be a sequence of vectors in R?, {k,}°° | a sequence of strictly increasing
positive integers, and let {fnk tn>11<k<k, b€ an infinitesimal triangular array in Pre. Following
the notations in (B23), (E28) and (B=X0), the following statements are equivalent.

(1) The sequence
2= [y B piy0 BE - - - B py,, BH Oy,
converges weakly to some planar probability measure jims.
(2) Condition BA(I) and () are satisfied, and the sequence
kn
X
4.39 v, + A’ —|—/ ——— dfli (X
3 X [t [, i s
k=1
of vectors in R? converges to some vector v.
Proof. We take the set I' given in Lemma B. Suppose that assertion (0) holds. By Lemma
AA(m), let 015, = o1 and o0y;, = 09 for some subsequences {oy;,}, {02, } and for some finite

positive Borel measures oy, 02. Observe next that the limit in (E238) exists. Denote this limit by

K (iy,iv). Then using the decomposition (BI7) we see that that the limit

/

st
= i dr; t
7 REEO/RQ A0 te T

must exist and K has an analytic extension (still denoted by K) to (C\R)2. More precisely, the

analytic extension K (z,w) := 2wk (z,w) can be expressed as the sum of integrals:

1 t 1 t t? 1 t
K(z,w) :fy’—i-/ T l + v ]dal(s,t)—i—/ twt s dos (s, t).
R

2 2—8 |1+t w—t 1+ > w—1t 1+ 52

A simple calculation then shows that for any z = x + iy and w = u + v in CT,

1 _ o yv 2Y42
_Eﬁ[K(z,w) - K(zZ,w)| = /R2 5= 2 T = u)? +U2](1 + s%)t* doy (s, t).

This identity, of course, is also valid for any other weak-limit point o} of {¢y,}. Combining this
result with the Stieltjes inversion formula for two variables shows that

t? t?
4.40 —— 0= —— 0.
(4.40) 1+t T 1re
On the other hand, according to Lemma B=2(M) the sequence
k"L
4.41 p = v @ / S (s, t
( ) M Va +Z|:Vnk+ R21+82 :U’k<s7 ) )
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converges to some 7y, and

14 zs
¢“(1) (Z) =M + / dO’l(S,t>, A C\R
2]23] R2 2 — S

Hence Méﬁga is E-infinitely divisible and ('yl, (1) ), as well as (71, 01(1)), is the free generating pair for

Néaa)a [8]. Therefore we obtain that 0§ ) = 1 . This with (220) shows that o; = ¢} by [14, Lemma

3.10]. We conclude that o7 is the unique weak-limit point of {0, }5°,. Similarly, {o2,} has only
one weak-limit point. Hence Condition BA(I) and EH(I) are satisfied. Moreover, the identity

S S st?

1+s2 1+2+82 (1+242)(1+s2)
shows that the vector defined in (B=39) converges. Hence the proof of (1) = (2) is complete.

Conversely, suppose that assertion (2) holds. Then v + S vV (j) + fink(il)] converges as

n — oo for any i¢ € I" and j = 1,2, and hence so does ¢, ) (i0) by Lemma AA(m). Employing
the identity (BI1) gives that the limit (A=38) must exist, from which we see that ¢, converges
pointwise on I'? by Lemma B(2). To finish the proof of (2) = (1), it remains to show that

?, w (1) = o(lyl), ¢, (iv) = o([v]) and S5 [Hoi(iy, iv) — 1]/ Hux(iy, iv) = o(1) uniformly in n as

|y| |v| = oo by Pl"OpOSlthIl 3. First of all, the identities (B17) and (E=28) show that
14 1ys i
(442) qbugll)(Zy) = Y1n + /]R2 Zy s dO'ln S, t) + Zvnk(zy)flnk(zy),
k=1

where 71, is defined as in (B23) and v, € U(T). Since {y1,} and {y=" S5 | finr(iy)] : iy € T}
are bounded for all large n by the hypotheses in (2) and Lemma B=2(R), it suffices to show that
the second term in (E42) equals o(|y|) uniformly in n as |y| — oo. Notice that for any » > 0 and
ly| > 1, we have

1

14 ys
Y| Jre

1y — S

1 1
doin(s, 1) < — A+ syl
Wyl S Vy? + 82

doin(s, 1) + o ({[Ix] > })

(U rlgl)sup 01 (R2) + (] > 1),

=P
which yields the desired result by the uniform boundedness and tightness of {oy,}. Similarly,
¢,@ (7v) = o(|v|) uniformly in n as |v| — oo. The last desired result is equivalent to the uniform
convergence of (E=37) in n as |y|, |v| — oo by Lemma BZ(B). The latter uniform convergence can
be proved by using Condition BZ5(I1) and applying the techniques shown above to the integral in
(B=37), which is rewritten as

k , .
1 1+iys s2 s 1+ vt t? t .
o dfing(s,t).
U;/Rz{iy—s 1+82+1+82}{iv—t1+t2+1+t2 finie(5,t)
This finishes the proof of (2) = (1). -

Let u, be the vector defined in (E=39). From the proof of Theorem A, one can see that for
large |y, gb“(l)(z’y) can also be expressed as

6y(i) =0+ 3 [ (U o) fualit) = [

p g2 1+ 824 t2

dfin (s, t)] .



390

391

392

393
394
395

396
397

398
399
400

401
402
403

404

405
406
407

408

409
410

411
412

413

18

A similar expression also holds for ¢, (iv) when |v| is large. Since

¢, (i ) 0
P (1, 70) = lim [ H%z') i (,) i +Z/ TERIED dﬂnk(s,t)] 7

n—o0 y

a simple calculation shows that
vl  v®
(4.43) s (1Y, 10) = W + o + S(iy, )

for (iy,iv) € I'?, where

S(iy,iv) = lim Z/ { T w)_ 5 _1_ (iy)~ts+ (i)'t i (5,1).

n—00 1+ s2+1¢2

In the next section we shall use (E43) to show that the function ¢, . extends analytically to
(C\R)? and the analytic extension admits an integral representation of the from (BIH). As a
consequence of Theorem BT, umg is bi-freely infinitely divisible.

5. TRANSFER PRINCIPLE FOR LIMIT THEOREMS AND BIJECTION BETWEEN ZD(x) AND
ID(HH)

This section is mainly devoted to studying the relation between the sets ZD(x) and ZD(BH) in
terms of classical and bi-free limit theorems. We first introduce another type of convergence on
the set of positive Borel measures on R2.

Definition 5.1. Denote by M3, the set of positive Borel (not necessarily finite) measures 7 on R?
for which 7(B) < oo for any Borel set B C R? bounded away from zero, i.e. inf,cp ||z|| > 0. For a
measure 7 and a sequence of measures {7, }7°; in M2,, the convergent situation that 7,,(B) — 7(B)
for any Borel set B which is bounded away from zero and satisfies 7(0B) = 0 is denoted by 7,, = 7.

We remark here that any finite positive Borel measure on R? belongs to M$,. Also note that
the limiting measure 7 in the convergence 7, =-¢ 7 is not necessarily unique since an arbitrary
mass at 0 can be added to it. Portmanteau theorem for measures in M3, is stated below (see [1]).

Proposition 5.2. Given {7,}52, and 7 in M2,, the following are equivalent:
(1) Tn =0 T;
(2) for any bounded and continuous function f on R? with support bounded away from zero,
lim fdr, = fdr;
RQ

n—oo R2

(3) for any bounded and continuous function f on R? and for any Borel set B C R? which is
bounded away from zero and satisfies 7(0B) = 0,

lim f dr, = / fdr;
B

n—o0

(4) for every closed subset C' and open subset O of R? that are bounded away from zero,

limsup 7,,(C) < 7(C) and liminf 7,,(0) > 7(0O).
n—o0

n—oo
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We next introduce two conditions that are used in characterizing the classical limit theorem in
multidimensional spaces (see [I6]).

Condition 5.3. Let {7,}52, be a sequence of measures in M2,

(III) 7, =¢ 7 for some measure 7 € M, with 7({0}) = 0;
(IV) for every vector u € R?, the limits

(5.44) lim hmsup/ (u,x)%d7,(x) and lim liminf/ (u, x)2d,(x)
lIxl<e [Ix[|<e

=0T pooco e—0t n—oo

exist (as finite numbers), and they are equal.

In the following, we show the equivalence between Condition B23 and Condition B=3, which will
play an important role in clarifying the relation between ZD(x) and ZD(FEH).

Lemma 5.4. Let {7,}°, be a sequence of finite positive Borel measures on R?. Then (1) and ()
in Condition B33 hold if and only if () and (IM) in Condition B33 are satisfied, in which case

st
(5.45) c:y—/R2 (ETSED dr(s,t),

s a finite number, the matriz

(5.46) A-— < “1(?}) ool (O] )

is positive semi-definite and the limits in (5244) define a non-negative quadratic form (Au,u).

Proof. Suppose that (I) and () in Condition B3 are satisfied. With o; and oy at hand, one
can define the positive measure 7 as in (B0H) with 7({0}). Then the relation
t2 2

S
— 5 01 = ()]
1+ ¢2 ’

1+ s?

which is obtained from the definition of oy, and o9,, ensures that 7 is well defined. It is also easy

to verify that 7({||x|| > €}) < oo for any € > 0, whence 7 € M92,. Now we claim 7, = 7. Pick

any bounded and continuous function f on R? whose support is contained in {||x|| > r} for some

r > 0. This induces two bounded and continuous functions on R? defined as
diSt(X, Ul) diSt(X, UQ)

= d =
Si(x) dist(x, Uy) + dist(x, Ug)f(X) and  f2(x) dist(x, Uy) + dist(x, U2)f(x)

for x € (U N, and fi(x) = 0 = fo(x) for x € Uy N Uy, where U; = {x : |xV| < r/2} and

Uy = {x : |x®?| < r/2}. Clearly, f = fi + f, and the supports of f; and f, are bounded away

from the s- and t-axis, respectively. Then the weak convergence of {01, } and {o9,} yields that

lim f(s,t) dry(s,t) = lim < . fi(s,t) dru(s,t) + [ fals,t) dTn(S,t))

n—=o0 Jr2 n—0 R2
:nlggo< fi(s, t)1+ = don(s.t) + [ s t)ljﬁ dorans, t))
:/ A0 o (s + : f2(s,t)1;t2 do (s, 1)
fdr,

RQ
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which verifies 7,, =¢ T.

To verify the statement (IV), it suffices to prove the existence of the following limits and the
equalities:
(5.47) a:= lim lim sup/ s% dr,(s,t) = lim lim inf/ s% dr,(s, 1),
0" noo Jjx||<e 0T 1o Jx|<e
(5.48) b:= lim limsup/ t* dry(s,t) = lim liminf/ t2 dra(s,t),
20T nooo Jix<e 0T e x| <e
and
(5.49) c:= lim lim sup/ st dr,(s,t) = lim lim inf/ st dt,(s,t).
0T nooo Jjx|<e 0T 170 x| <e
First of all, the limits

2 2
lim lim Sup/ 8—2 dr,(s,t) = lim liminf/ i 5 dTn(s,1)
e—0t nooo x| <e 1+s e—0t n—oo lIx|<e 1+s
exist and equal o1({0}) by the weak convergence of oy, to o;. For any € > 0, picking an € € e, 2¢]
so that o1 ({||x|| = €'}) = 0 (such an € exists because oy is a finite measure), we then have

2
lim sup/ (32 - ) dr,(s,t) = lim sup/ s* doy,(s,t)
nvoo i <e L+s2 noo Jil<e

< lim sup/ s% doin(s,t)
[ <€’

n—oo

— / s doi(s,t) < €?01(R?) = 0 as e = 0T,
lIxll<e’

Hence (B21) holds and a = 04({0}). Similarly, (548) holds true and b = 02({0}).
One can also show that the existence of the limits in (549) is equivalent to that of the limits

td t td t
(5.50) lim limsup/ i ;—”(S’ >2 = lim liminf/ S ;_n(sv )2 7
0t noso Jixee (L 82)(1+12)  en0t nooo Jigec (14 57)(1 +82)

and all limits are the same if they exist. Next notice that 1 A ||x]|> € L'(7) according to the

definition of 7, and therefore
|st| 1 / s*+ 12
5.51 d t) < = d t) < oo.
(5:51) /R Graire e [ araare T <
We now show that the limits in (550) do exist and that the relation of ¢ and v in (5Z3) holds.
For any € > 0, choose an €' € (¢, 2¢] with the property 7({||x|| = €¢'}) = 0 (such an € exists because

|x*X{jx|<137 is a finite positive measure). Consider the difference

L stdru(s,t) stdr(s,;t) st dr,(s,t)
In(€) = /Rz (14 s2)(1+1¢?) /Rz (14 s2)(1+1¢?) /{||x|<€} (1+s2)(1+12)

and decompose it into the sum of Jy,(€) and Jy(¢€), where

st st
Snle) = /{||x||>e} (1+s?)(1+¢) Aroler) = /{||x||>e} (14 5%)(1+1%) aris:f)

and
st

) == /{||x||<e} (1+?)(1+¢)

dr(s,t).
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Denoting by C. the closed set {e < ||x|| < €'}, we have

t
< lim limsup |51 dr,

=0t nooe Jo, V14 2V 12

52 1/2 £2 1/2
< lim lim sup / —d7, / dry,
e—0t nooo C. 1 + 82 C. 1 + t2

= lim limsup o1, (C.) 205, (C)Y?

=0t pooco

< lim 0,(C)Y205(C.)V? = 0,

e—0t

lim lim sup
=0t pooco

/ st dr,
c. (L+s)(1+12) "

where the Cauchy-Schwarz inequality was used in the second inequality and the assumption that
0jn, = 0; for j = 1,2 was used in the last one. Moreover, by Proposition b2 we have

I st dro (s, 1) / st
11m TnlS, =
n=o0 Jsey (14 8%)(1+ 1) (xlsey (1+52)(1+2)

dr(s,t).

We now can conclude from the above discussions and (5351 that lim,_,g+ limsup,,_, . |J1.(€)| = 0,
whence lim, o+ limsup,,_, |I.(¢)] = 0 by (B5d) again. Finally, the assumption that the first
integral in I,,(e) converges to vy as n — oo yields that the limits in (6250) exist and equal, and the
relation (523) holds. Hence (524) is proved.

The positive semi-definiteness of the matrix A is an easy application of the Cauchy-Schwarz
inequality to (5=44), (b48) and (B=49). It is easy to verify that the limits in (IM) define a non-
negative quadratic form (Au,u) for any u € R

Conversely, suppose that () and (M) in Condition 53 hold. Denote by Q(u) the finite quantity
in (M) for any u € R?, and define positive planar measures o; and o, as

2 2

Q1,08 and oy — # 7+ QU(0,1))do.

01:1—1—52

Note that measures o; and o are both finite. To see this, it suffices to show that xyx<13/|x/|* €
L'(7). Take a sequence {¢j}r>1 such that € | 0 as & — oo and 7({||x|| = €}) = 0 for each k.
Then condition (M) shows that for all k& < j large enough, one has

lim sup / 52 dr, (s,) < Q((1,0)) + 1,
{ej<Ix||<ex}

n—oo

which gives
/ 2 dr(s.1) < Q((1,0)) + 1
{ej<lIxl<ex}

by Proposition b2, Letting j — oo allows us to obtain that
| #arsn<ao)
{llll<er}

by monotone convergence theorem. This shows that xqxj<13s* € L'(7), as well as xqx|<13t* €
LY(7), as desired. Now we are ready to prove that oy, converges to o; weakly. Let f be a bounded
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and continuous function on R?. Then we have the following estimate

[ 1) dova(o) = | f(00) dor 30

S/ [f(x) = f(0)| doun(x) + [ f(O)|lown ({I[x]| < ex}) — Q((L,0))|
{Ixll<ex}

+ / F(x)] dos (x ’ / X) don(x) — / F(x) doy(x)
{0<]|x[|<er } {||X||>€k} {lIIxl[>ex }
=1, (k) + Ton(k) + I3(k) + Lin(k

First choosing u = (1,0) in (B24) gives that

lim limsup 71, (k) < lim {max |f(x )—f(O)\] : (limsup/ s dTn(s,t)) = 0.
{ill<er}

k—oco p 0o k—oo | [|x[|<eg n—00

Since

lim lim sup ‘/ 8—2 dry, —/ s dr,
k—=oo  poo {IIxll<ex} I+s {lIxll<ex}

it follows that

< lim € - (hmsup/ s dTn) =0,
heo nvoo J{llx|<ex}

hm lim sup |01n {||x]| < ex}) — 170))’ =0,
—)

n—oo

whence limg_,o, limsup,,_, . I2,(k) = 0. We also have limsup,_, I3(k) < [|f]loo limg—eo 01 ({0 <
|x|| < ex}) =0 and limsup,,_,. I4n(k) = 0 because oy is a finite measure and 7,, =¢ 7. Thus we
have shown the weak convergence of the sequence {01, } in condition (). Similarly, s, = 0.
Finally, we decompose the desired integral in condition (I) into the sum
st st
/x||<ek (1+5%)(1+1?) AralerE) + /nx|>6k (1+s%)(1+1%)
As n — oo and k — oo, the first integral tends to [Q((1,1)) — Q((1,0)) — Q((0,1))]/2, while the

second integral tends to
/ st dr (s, 1)
T(s
g2 (14 s2)(1+2) ’

by Proposition B2 and the fact that 1 A ||x||? € L'(7). Hence condition () is verified and the
proof is complete. O

dr,(s,1).

We are in a position to prove the equivalence between classical and bi-free limit theorems for
non-identical distributions.

Theorem 5.5. Let {k,}>2, C N be strictly increasing, {pink }1<n1<k<k, C Pr2 be an infinitesimal
triangular array and {v,}°2, C R%. With the notations in (E223), (E28), and (E=22), the following
are equivalent.

(1) The sequence

[n1 * fln2 % *** % [ng, * Oy,
converges weakly to some probability measure p, on R2.
(2) The sequence
{1 BB 19 BBER - - - EBER iy, B S,

converges weakly to some probability measure pmg on R2.
(3) Condition EA(I) and () hold, and the vector in (E=39) converges to some vector v € R2.
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(4) Condition B33() and (M) hold, and the vector in (E=39) converges to some vector v € R2.
If assertions ()-(A) hold, then . and pgm are x-infinitely divisible and BB-infinitely divisible

distributions with (v, A, T) as the classical and bi-free characteristic triplet, respectively, where A

is defined as in (BZ0).

Proof. The equivalences (2) < (3) and (3) < (4) were already respectively proved in Theorem
A8 and Lemma B4, while the equivalence (1) < (4) can be obtained by [I6, Theorem 3.2.2 and
(3.52),(3.53),(3.54)]. We remark here that some results cited from [I6] contain errors, and the
reader is referred to the list of errata of the book put on the webpage of one of the authors.

It remains to show that ¢, extends analytically to (C\RR)? and admits an integral representa-
tion of the form (BI@). For any € > 0 and (z,w) € (C\R)?, let

2w 2 ls 4wl
n ) ) - - 1 - T 5 ., 0 d n 7t
P (Z v 6) /{xze} |:(Z — s)(w — t) 1+ 52 + 2 :| 7 (8 )

and
2W 2 ls+w it

Gn(z,w,€) = /{”x||<€} [(2 w1 —1- m} dr,(s,1).
Notice that the integrand in the integral can be rewritten as
1 s 1 2 st
2(z—8) 1+ 52+ t? +w(w—t)1—i—s2+t2 * (z—s)(w—1t)
Then choosing € so that 7({||x|| = €}) = 0 shows that

2W 2 ls+w it
= i li w2, w, €) = —1— —— | dr(s,t),
Plzw) = lim Hm Pn(z,w,e) /RQ[(Z—S)(@U—@ 1+32—|—t2] m(s:1)

where we used Proposition B2 and the fact that 1 A [|x||* € L'(7). On the other hand, (627),
(628) and (529) yield that

Gz w) = 61—1}(% nh_)ngo Gnlz,w,€) = 22 2w w?

Then according to (E243), ¢, (2, w) agrees with
(1) (2)
v v
— +— +G(z,w) + P(z,0)
2 w
when z = 4y and w = v with |y| and |v| large, and hence they agree on (C\R)? by analytic
extension. The last assertion regarding ugg follows from Theorem BT, This finishes the proof.
0

The classical and bi-free Lévy-Hinéin representations (B12) and (BH) establish a bijective
relation A between the sets ZD(x) and ZD(HH):

(552) A( ivavT)) — /’LgE[%lA’T)
for any infinitely divisible law /Lfkv’A’T) with classical characteristic triplet (v, A,7). Under this

bijection, classical Gaussian and (compound) Poisson distributions are respectively mapped to
bi-free Gaussian and bi-free (compound) Poisson distributions (see Example B2). Furthermore,
Theorem b and this bijection establish a transfer principle for limit theorems.

The limit theorem for the identically distributed random variables is formulated below.
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Theorem 5.6. Let {1, }52, be a sequence in Pz and let {k,}°°; C N be strictly increasing. Then
the statements (I)—(@) are equivalent.

sk,

*knconverges weakly to some probability measure . on R

(1) The measure
(2) The sequence == converges weakly to some probability measure pmm on R2.
(3) Condition EA(N) and () hold with 7, = kypin, and the limit

n—oo

X
. lim k —d =
(5.53) im k, /R T 0 =

exists.
(4) Condition B3() and (IM) hold with T, = kyit,, and the limit in (B53) ezists.

If assertions (W) through (@A) hold, then p. and pgm are x-infinitely divisible and BB-infinitely
divisible distributions with (v, A, T) as the classical and bi-free characteristic triplet, respectively,

where A is defined as in (520).

Remark 5.7. Due to the recent work of Gu and Skoufranis [I3, Theorem 5.12], the above condi-
tions (I)—(H) are further equivalent to the statement that the sequence u“*» converges weakly to
some probability measure gy on R?, where W4 is the bi-boolean convolution. The limit distribu-
tion uww may also be characterized by a bi-boolean characteristic triplet.

Proof. The equivalence (1) < (2) will follow immediately by choosing i, = p, for k =1,... k,
and v, = 0 in Theorem B once the infinitesimality of {u,} is verified in (1) and (2). In (1),
we have u,(ij) = 0p for j = 1,2 by [1] (§14, Theorem 4), whence p, = do by (Z9). In (2), we
see that ¢, — 0 = ¢, uniformly on compact sets of I'? and ¢, (z,w) = o(1) uniformly in n as
z,w — oo with (z,w) € I'* by Proposition 23, whence p,, = do by Proposition 223 again. Hence
the infinitesimality is verified in both situations.

The equivalence (2) < (3) was already proved in [I4, Theorem 3.2], while the equivalence (3) <
(4) can be obtained by applying Lemma 54 to the positive measures 7,, = k,it,. That the limiting
distribution pgg is HH-infinitely divisible distributions with the desired bi-free characteristic triplet
follows from the last part of the proof of Theorem B3. O

Remark 5.8. In the proof of (2) < (B) in Theorem BB, a bi-free limit theorem on identical
distributions was employed [I4]. As one might expect, a more direct proof based on Theorem
b3 without referring to any other type of limit theorems exists, but it is not a short one. More
precisely, what one really needs to show is the equivalence of the following two statements:

(i) Condition B33 holds with 7,, = k,u, and there exists some v € R? so that (553) holds;
(ii) Condition B3 holds with 7,, = k,fi,, and there exists some v € R? so that

lim &, {un —|—/ _x di,(x)| = v,
R

o SENME

where [i,, is the shift of u, by the vector u,, := f| X dji, (x). Some elaboration and techniques

x| <L
are needed to show this equivalence. We leave the proof to the interested reader.



541

542
543
544
545
546

547
548

549
550
551
552

553

554
555

556
557

558
559

560
561
562
563
564
565
566

567
568
569

25
6. STABLE LAWS IN BI-FREE PROBABILITY

In this section we define and study bi-free stable distributions, and show that they arise naturally
in limit theorems. The presented result establishes the coincidence of the domains of attraction in
classical probability and bi-free probability.

For any A > 0, denote by D, the dilation operator on measures p on R?, i.e. for any Borel set
B C RY,

(Dap)(B) = p({A"'x : x € B}).

Definition 6.1. Let x be a binary operation on the set 2. A planar probability distribution pu
is said to be x-stable if for any a,b > 0, there exist some ¢ > 0 and some vector u € R? so that

(Dapt) * (Dopt) = (Dept) * O

The classification of *-stable distributions is well known [I0, I5]. We wish to thank the referee
for bringing the papers to our attention. For the reader’s convenience, the statement with a
complete proof is provided below. We say that a probability measure is non-trivial if it is not a
delta measure.

Theorem 6.2. A non-trivial planar probability measure is x-stable if and only if either
(1) it is a Gaussian distribution or
(2) it is x-infinitely divisible and admits the *-characteristic triplet (v,0,7) with T of the form

1
dr <X) - rlto

drd®(w),

where a € (0,2), © is a finite positive measure on the unit circle T and x = rw with r > 0
and w € T.

Proof. Suppose that u is non-trivial and *-stable. We may assume that the marginal law p™® is
non-trivial. Then for any a,b > 0, there exist some ¢ > 0 and u € R? so that

(6.54) (Dapt®) 5 (DypV) = [(Daps) 5 (Do) = [(Dep) 5 60] V' = (DepsV) 5 60

This shows that u(! is x-stable, and hence its Lévy measure is either a zero measure or of the

—a—1

form dp(z) := 127 X (0,00) (¥)dx + Ca|z]|7* X (Co00) (z)dz for some o € (0,2) and ¢;, ¢, > 0 with
c1+ ¢ > 0 (see §34 in [IC1]). If p # 0, one can check from characteristic functions that the constant
¢ is uniquely determined by the relation ¢® = a® +b®. In the first case, (! is Gaussian, and hence
c? = a® + b? from characteristic functions again, which is realized as a = 2.

To obtain the desired result, let o € (0,2] be fixed and consider the family (uy)x=o, where

fx = Dy1/apt. Then using the x-stability of p and the relation a® + 0 = ¢ shows that

(6.55) iae = Hag * [ * Ou(n )

for some u(A1, \2) € R?, which clearly gives the *-infinite divisibility of u and each py. Let (v, A, 7)
be the *-characteristic triplet of 2. Then py admits the *-characteristic triplet (v(A\), A¥*A, Dy1/aT)
for some v()\) € R?. Moreover, (653) yields the following two relations for any A, Ay > 0:

(6.56) AL+ XA = XY*A + AY°A
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and
(657) D()\1+)\2)1/a7— = D)\i/aT + D)\é/aT.
To continue the proof, let 2 C T be a fixed Borel set. By restricting the measures appearing in

(627) on the set {rQ2: r > 1}, one can infer that the function f(\) = 7({rQ2: r > A~/*}) satisfies
Cauchy’s functional equation f(A + A3) = f(A1) + f(A2). Since f is increasing on (0, 00), it is
measurable there, and hence f(A\) = Af(1) for any A > 0. This allows us to obtain that

T{rQ:r> A} =A"7{rQ:r >1})

for any A > 0 and any Borel set {2 C T. Hence the finite positive measure
Q) = a/ dr(r,w), QCT,
[1,00)x 2

gives us the desired one. If o = 2, then only 7 = 0 is allowed in order to fit the condition

LA ||x]]* € L(7), in which case p is a Gaussian. If a < 2, then (E58) holds for any A, Ay > 0 if

and only if A = 0. For the converse, it is clear that u is *-stable either in the case (0) or (#). O
The HH-stable distributions are classified as follows.

Theorem 6.3. A non-trivial planar probability measure is BH-stable if and only if either

(1) it is a bi-free Gaussian distribution or
(2) it is BEB-infinitely divisible and it has a BB-characteristic triplet (v,0,7) with T of the
form

1
dr(x) = e drdO(w),

where o € (0,2), © is a finite positive measure on the unit circle T and x = rw with r > 0
and w € T.

Proof. Suppose that p is non-trivial and B-stable. Further suppose that p(Y) is non-trivial.
Then it follows from Proposition 228 that

(Dapt®) B (Do) = [(Dops) BB (Dyjr)] " = [(Depp) BB, = (Do) B 60

This gives the B-stability of x*), and hence ¢ ) (2) = Bz for some a € (0,2] and § € C\{0} by
Lemma 7.4 and Theorem 7.5 of [B]. Since ¢p, ,m(2) = A¢,m (z/A) for any A > 0, one can conclude
that a, b and c satisfy the relation ¢* = a® + b“.

As in the proof of Theorem B2, we consider the measures )y = Dyi/apt, A > 0. Then the HBH-
stability of 1 shows that gy, 1y, = f1a, By, BB Gy, 0, for some vector u(Ai, A2) € R?, which
gives the infinite divisibility of u and each py. If (v, A, 7) is the bi-free characteristic triplet of
p, then the identity ¢p,,.(z,w) = ¢,(2/A,w/X), which holds for (z,w) in the common domain of
these transforms, yields that p, admits the bi-free characteristic triplet (v()\), A>®A, Dy1/a7) for
some v(\) € R% Then the remaining proof is similar to that of Theorem E2. 0J

All HBH-stable distributions are EE-infinitely divisible. The number « € (0, 2] is called stability
index of p, and pmm. It is shown in the proof that p,. and A(u.) have the same stability index,
particularly, the stability index of Gaussian and bi-free Gaussian are both two.

In [T7], Rvaceva investigated the limiting distribution of random vectors

X1+ + X,

(6.58) ; +u,,
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where {X,,},>1 are i.i.d. random vectors, b, > 0 and u, € R? It turns out that the set of all

possible limiting distributions in (E258) equals the set of *-stable distributions from the arguments
in [I7, §33]. The limit theorem of this type in the bi-free setting is considered as follows.

Theorem 6.4. Let v be a planar probability distribution, b, > 0 and u, € R? forn = 1,2,....
Then the following statements are equivalent.

(1) The measures (D, V*") * by, converge weakly to a probability distribution pu, on R?.

Eﬁn)

(2) The measures (Dq,v * 0y, converge weakly to a probability distribution pmm on R2.

If () and (B) hold, then p. and pgm are x-stable and EBH-stable, respectively, whose respective
x-characteristic triplet and BE-characteristic triplet coincide.

Proof. Applying Theorem B to the positive integers k,, = n and the measures p, = (D1, V) *
Oup/n and i, = (D1, v) BBy, /m in (1) and (2), respectively, yields the desired equivalence.
The last statement is a direct consequence of the mentioned results around (658) and the fact
pmm = A(ps) established in Theorem B8. O

Definition 6.5. A measure v € Py is said to belong to the x-domain of attraction of a x-stable
law p, if there exist a sequence {b,,}5°, of positive numbers and a sequence {u, }°°, of vectors in
R? so that (D1, v*") * 8y, = . Denote by D, (p,) the x-domain of attraction of a give x-stable
law puy.

The *-domain of attraction was studied in great detail in [I7]. One can immediately conclude
the following result from Theorem B-4.

Corollary 6.6. For any x-stable law i, on R?, D, (1) = Daz(A(u.)).

7. FULL DISTRIBUTIONS

We will discuss in this section the concept of fullness which regards the supports of probability
distributions introduced below:

Definition 7.1. A Borel measure p on R? is said to be full if it is not supported on a straight
line, while p is called MQ,-full if it is in M3, and not supported on a line through the origin.

A bivariate normal distribution is full if and only if its symmetric covariance matrix is strictly
positive definite, in which case the distribution has a density. If the covariance matrix is not of
full rank, then the bivariate normal distribution is non-full and does not have a density.

In the following we relate the fullness of measures in Zg2 to their Cauchy transforms and bi-free
¢-transforms.

Lemma 7.2. A measure p € P2 is non-full if and only if there exist a, 5,7 € R so that
(7.59) (az + Bw +7)Gu(z,w) = BG 0 (2) + aG o) (w)
holds for any (z,w) € (C\R)?, in which case it is supported on the line as + St + v = 0.

Proof. First notice that for a, 3,7 € R and (z,w) € (C\R)?, we have
as + Bt + v
G(z,w) : :/ du(s,t
B Y B e
= (az + Bw +7)Gu(z,w) — BG 0 (2) — aG e (w).
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This clearly gives (Z209) if p is supported on as+ St+~ = 0. Conversely, suppose that G(z,w) =0
holds true for (z,w) € (C\R)?. Then a simple computation shows that
RIG(.1) — Gl—i. i
(7.60) / as + Bt + vy dps, 1) = — |G(i,1) ( ”ﬂ_
g2 (s2+1)(t2+1) 2
On the other hand, considering the function H(z,w) = 2G(z,w) yields that
/ s(as + Bt +7) dyu(s. 1) = - R[H(,i) — H(—i,1)] _
g2 (2+1)(2+1) 2
Similarly, one can obtain that
t(as + St + )
7.62 d t) = 0.
(7.62) /RQ e+ e
Multiplying (Z60), (751) and (62) by ~, « and 3, respectively, and then adding them all together

(7.61)

shows that )
t
/ (as + St +7) du(s,t) = 0.
re (s2+1)(t2 +1)
Since p is positive, this clearly shows that it is supported on as + gt + v = 0, as desired. O

Proposition 7.3. A measure y € Ppe is non-full if and only if there exist a, 8,7 € R so that
(7.63) 2w(az 4 fw)du(z, w) = fw’,m () + az’e,e (w) — yzw
holds for (z,w) € T'?, in which case yu is supported on the line as + 8t + v = 0.

Proof. With the help of Lemma [, we see that u is supported on the line as + gt + v = 0 if
and only if (Z59) holds for (z,w) € (C\R)? or, equivalently, the identity

_ - _ - g, a
(7-64) (OzF“(})(Z) + 6FM(21) (w) + V)Gu <FM(})(Z)7 Fﬂ(zl) (w)) = Z + E
is valid for (z,w) € I'’2. Note that the function G, (F},, F ) never vanishes on I'? by shrinking
p Sy

the domain if necessary. Then we see that u is supported on as + ft + v = 0 if and only if

(7.65) (az + fw) |1 — -~ ! — = — [ad,m (2) + B, (w) + 7]
zwGy, (F,m) (2), Fu(z) (w))

holds true for (z,w) € T'2. Apparently, (Z63) and (Z6H) are equivalent, concluding the proof. [

Theorem 7.4. Let i be a BB-infinitely divisible distribution on R? with bi-free characteristic
triplet [v, A, t]. Then p is non-full if and only if A is singular and T is supported on (u, (s,t)) =0
with some w # 0 in the kernel of A, in which case p is supported on (u,(s,t)) = (u,v).

Proof. We shall use Proposition [23 to conclude the proof. First notice that for any real numbers
a, f and -, the function
az + fw
2w

8u(2,0) = 50,00(2) = S () + L

(7.66)

can be expressed as

~! +aa+ﬁc+ac+5b+/ as+pt 1 as+ft
2w 22w zw? e L (z—s)(w—1t) zwl+s?+12

by (B18), (BI8) and (B19), where A is as in (831d) and 7' = avt) + gv® + 4.

(7.67) dr(s,1)
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Let u = (a, f) and v = —(u,v). In this case 4/ = 0. If p is supported on (u, (s,t)) = (u,v),
then Proposition I3 yields that the function in (&) vanishes on (C\R)?. Using the technique
employed in Lemma [ we can obtain that

/Rg 1 (f}f? 7y dr(s:1) = ~(a’a+ 2afc + 5%) = —(Au,u).

Since A > 0, it follows that Au = 0 and 7 is supported on the line as + ¢t = 0. Conversely, if

Au = 0 and 7 is supported on the line as + t = 0, then using Proposition 3 and (64) again

shows that s is supported on as + 8t = av?) 4 v as desired. O
The following results are both direct consequences of Theorem [4.

Corollary 7.5. A bi-free Gaussian distribution with bi-free characteristic triplet (v, A, 0) is non-
full if and only if A is singular, in which case, it is supported on the line (u, (s,t)) = (u,v), where
u is a nonzero vector in the kernel of A.

Corollary 7.6. A bi-free compound Poisson distribution with rate X\ > 0 and jump distribution
v is non-full if and only if v is MQs-nonfull, in which case they are supported on the same line.
Consequently, any bi-free Poisson distribution is non-full.

Proof. Following the notations in (8720) and (B=Z1), Theorem [74 yields that v is supported on the
line (u, (s,t)) = 0 for some u € R? if and only if y is supported on the line (u, (s,t)) = (u,v) = 0,
as desired. ]

Theorem 7.7. Let i € Pre be x-infinitely divisible. Then p is full if and only if A(u) is full.

Proof. Recall that p is non-full if and only if its characteristic function has the property that
|fi(Au)| =1 for all A € R, where u is some nonzero vector. If P is the Poisson part of p, then

~

AW = [P exp [—%A%Au,uﬁ

yields that g is non-full if and only if Au = 0 and |P(Au)| = 1 for all \. Then the desired result
follows from Theorem 4 and (E53). O
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