Random Oper. and Stoch. Equ., Vol. 14, No. 4, pp. 385-392 (2006)
(© VSP 2006

Limiting distribution of random motion
in a n-dimensional parallelepiped

A. A. POGORUI' and Ramén M. RODRIGUEZ-DAGNINO?

! Monterrey Institute of Technology (ITESM), México
E-mail: pogorui@itesm.mx

2Monterrey Institute of Technology (ITESM).

Sucursal de correos “J” C.P. 64849, Monterrey, N.L., México
E-mail: rmrodrig@itesm.mx

Received for ROSE March 2, 2006

Abstract—In this paper we study a continuous time random walk in a n-dimensional parallelepiped

with pairs of boundaries [ai, bi]. In a pair of boundaries the particle can move in any of two directions
(1) (2)
(2 1

particle for a random time, and we found the limiting distribution of this random motion for the

with different velocities v and v, . We consider a special type of boundary which can trap the
position of the particle. Our formulation allows us to find the limiting distribution for a broad class of

alternating semi-Markov processes.

Key words and phrases: Random evolutions; semi-Markov processes; delaying boundaries;
random walk

1. INTRODUCTION

In 1951 S. Goldstein introduced the telegrapher’s stochastic process in his seminal paper
[1], which is a random motion driven by a homogeneous Poisson process. This basic
telegrapher process has been extended in many manners since then [2], [3], [4],
[5], and references therein. In this work we investigate the random motion driven by
the superposition of an alternating semi-Markov process in n-dimensional space. We
study the limiting distribution of a n-dimensional random motion performed with two
velocities, where the random times separating consecutive velocity changes perform an
alternating semi-Markov process.
We assume that the particle moves inside the parallelepiped

n
H[a“ly] C Rn, n 2 1,
i=1

with a vector of velocities

n

() = (v1(t),v2(t), ..., v (1) = Y 0i(t)é,

i=1

where every v;(t) can take one of two values Uil) >0 or vz@ <0,and €, i=1,2,...,n,

is a Cartesian basis. The motion is performed in the following manner: At each instant
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1)

the particle moves according to one of two velocities, namely vz( or vZ@). Starting at

the position
n

= (a),25,...,2%) ¢ H[ai,bi]
i=1

1)

i

1)

the particle continues its motion with velocity v; ’ during random time 7;’, where

Tz-(l) is a random variable with distribution function Gz(-l)(t). Afterwards the particle
2)

moves with velocity 1)?) during random time Ti(Q) , where Ti( is a random variable with

distribution function Gl@) (t). Furthermore, the particle moves with velocity vl(l) and
so on. When the particle reaches boundary a; or b; it will stay at that boundary a
random time given by the time the particle remains in the same direction up to the
time such a particle changes direction. So, a; and b; are two delaying boundaries of
direction €;. We assume that the random variables Ti(l) and Ti(2) are independent.
Similar partly reflecting (or trapping) boundaries have been considered in [6] for the
case of one-dimensional motion, and they may be found in optical photon propagation
in a turbid medium or chemical processes with sticky layers or boundaries. We believe
that our model is more realistic for these applications.

Our main contribution is to find the limiting stationary distribution of this continuous
time random walk when the sojourn times are generally distributed.

2. MATHEMATICAL MODEL

On the probability space (€2, F, P) consider a collection of independent alternating semi-
Markov process {x;(t),t > 0,4 = 1,2,...,n}, on the phase space E = {1,2}, having
the sojourn time Ti(k) corresponding to the state k € E, where

1, if () = e

rill) = 2,if1dﬂ=vb. @

So, a sojourn time of k;(t) at state k has the distribution GZ(-k)(t), and transition
probability matrix of the embedded Markov chain

P= . (2)

Denote by x(t), t > 0 the position of the particle at time ¢. Consider the function
Ci(z, k) on the space [a;, b;] X E which is defined as

K2

@y a; <x<bi k=2 (3)

2 b

0, if (r=a,k=2)or (x=0; k=1).

v(l), if a; < T <b, k=1;
Ci(z, k) =< v,

The position of the particle at any time ¢ is denoted as Z(t) = (z1(t), z2(¢), ..., 2, (t)),
and it is easily verified that it can be expressed by

zi(t) = 22 + / Cli(s), mi(5)) ds, (4)
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where the starting point z¥ € [a;, b;].

Eq. (4) determines the random evolution of the particle in the alternating semi-
Markov medium {x;(t), ¢ > 0} [7], [8]. So, our purpose is to calculate the stationary
measure of the process Z(t).

Since x1(t), z2(t), ...,z (t) are independent we have

P{(z1(¢), z2(t), .. ) €dz} = HP{% € dz;}.

Now, to compute the stationary distribution of Z(t) we must compute the stationary
distribution of z;(¢) for all i = 1,2,...,n
We suppose that the distributions Ggl)(t) and GZ(-Q)(t) are not degenerated. In addi-
tion, there exist the densities
k
§0p = G0
1 dt k)

and the first moments -
m = / tg;” (t)dt,
0

for all k£ € E. We also assume the existence of the hazard rate

(k) 9§k)(t)
ro(t) = — -

Let us define
Ci(t) =t— sup {k;(u) # K;i(t)}.
0<u<t
Now, consider the three-component stochastic process {x;(t) = (¢;(¢), z;(t), ki (t))}
on the phase space Z; = [0,00) X [a;,b;] x {1,2}, i = 1,2,...,n. It is well-known
that for every i = 1,2,...,n, the process x;(t) is a Markov process with the following
infinitesimal operator [7], [8], [9]:

9 46,05, (5)

A19(C,7,8) = 5p0(C,2,9) 4 QI 6(0,2,5) = 6(¢,,5)] + Cula, ) -

a¢

where s = 1,2. The boundary conditions are given by

¢C(C7ai7 1) = ¢C(C7b’b72) = 07

where ¢((, z, s) is a continuously differentiable function with respect to ¢ and z. It is
easy to see that

Po(0,2,1) = $(0,2,2) and Pg(0,,2) = 6(0,z,1).

In the rest of the paper we will calculate the stationary distribution p;(-) of x;(t).
The analysis of the properties of the process x;(t) leads up to the conclusion that the
stationary distribution p; has atoms or singularities at points (¢, a;, 2) and (¢, b;, 1), and
we denote them as p;[(, a;, 2] and p;[C, b;, 1], respectively. The continuous part of p; is
denoted as p;((,z, k), k € E.
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Since p; is the stationary distribution of x;(t) then for any function ¢(:) from the

domain of the operator A; we have

[ Aot taz) =0,
Z;

(6)

Now, let Af be the conjugate or adjoint operator of A;. Then by changing the order
of integration in Eq. (6) (integrating by parts), we can obtain the following expressions

for the continuous part of Afp; =0

9

0

¢
and

/0 P (OpilCoa, K)C = pi(0,2,5); G £ Ky ok = 1,2,

with the limiting behavior p;(+o00,z,1) = p;(+00,2,2) =0, for all = € [ay, b;].

For the atoms we have

gpz [C) Ai, 2] + quz) (C)pz [Ca Qj, 2] + U§2)Pi (<7 ai+a 2) =0

¢
9 (1) M)
aicpz[<7 bi7 1} + r; (C)pl[47 bia 1] —v; p1(<7 bifa 1) =0
where
pz((a bi_v k) = :}CITII? pZ(Ca xZ, k)
and

pl(Cv a;+, k) = him pl(Ca xz, k)v
for k =1,2. We also have
pi[+00, a;, 2] = p;i[0, a;, 2] = pi[+00,b;, 1] = p;[0,b;, 1] = 0.

Now, by taking into account boundary conditions we have

/ Qe b e = ol / (G2
0 0

and

/ TP Qplc a2 = ol / " pi(Coart, 1C.
0 0

By solving Egs. (7) we obtain
G ¢ W
pi(C,x, k)= ;" (x —v;" ') exp —/ r(t)dt |, k=1,2,
0

where f* e cl.
By substituting Eqgs. (13) into Egs. (8) and by noting that

exp (— /0< rgk) (t)dt) =1- ng)(C)

(2, k) =0, k=12

(7)
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we obtain
/ T O — WP (e = fD @), Ak k=12 (14)
0

It follows from the two Eqgs. (14) that
[ [ 196 —o0c = oP0g0 0o tacat = 10@), k=12 (19
o Jo

From Eqs. (14) and (15) we can assume that the functions fi(k) (x) are of the form
f-(k) (x) = cgk)ek"z, k=12 (16)
Now, by substituting Eq. (16) into Eq. (15), we obtain

0" Q) 87 O =1, (17)

where

i) = [ o e ar
0

is the Laplace transform of g(k)( t), k = 1,2. The set of pdfs for which Eq. (17) exists
is similar to the set of functions that satisfies the Cramér condition. Furthermore, we

need to answer the question: Is there a nonzero solution of Eq. (17) for the unknowns
Ai?

Lemma. If
v )m(l) 52) £0,

m*) :/ tgt®) (t)dt,
0

and there exist {1 < ly, p1 < p2, o1 > 0 and oo > 0 such that g(l)( t) > o1, t € [ly,4s),

gi( )( t) > o9, t € [p1,p2] and 0 < UZ( )52 +v§ )pz, 0< —(v f )61 +v§ )pl). Then, there
exists \) # 0 that satisfies Eq. (17).

Proof.  Let us define

where

p(A) = 30 o) g2 (i),

SO
P(0) = (" m" +oPm®) # 0.

Now, suppose
P(0) = — (o} 1) (1)+U 2) 52)) 0

then

Lo P2
pO) = [ e g war [ e o,
41

p1

0102 MWy _oMW . @y 0@,
p(A) > ——— (e Vi Al pmvi ik ) (pmu AP o= v APz ) oo as \; — +o0.
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The case
p'(0) = oPm 4 0@m® >0

can be reduced to the previous one by assuming s = —t and using 0 < UEUKEQ) +v

Theorem. A) If
vgl)mgl) + v§2)m§2) #0 and A #£0

?

is the solution for Eq. (17), and

/ e (1 - 6 (w))du < +oo,
0

(2

p2.

then there exists a stationary distribution of x;(t) with the following continuous part:

pilC,x,1) = e @01 - W (),
pilC,2,2) = ¢V (Ao M)eM E=vT O 1 — 63 (¢))

and singular parts:

9 1
pilCobi1] = co®P Nt (1 — 6P () / e g,
0

)

¢
pil¢.ai,2) = e N g W) (G (¢) - 1) / e dt.

0

The normalization factor ¢; can be calculated from

/Z_ pi(dz) = 1.

i

B) If

vfl)mgl) + Ugg)ml@) =0

and there exists the second moments
o0
M*) = / 2gM(ydt, keR,
0
then the stationary measure of x;(t) is as follows

pi(Cx 1) = di(1—=GI(Q),  pil¢2,2) = di(1— GP(Q)

with atoms

pil¢,bi, 1] = dwVc(1 =GN, pilCas 2] = div!P (G () - 1),

where .
i @ Mi(2)

di = | (m{"” +m®)(b; = a;) + o[ 5 TV Ty

(18)

(19)

(20)

(21)
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Proof.  A) It is easy to see that
5 (@) = a and £2(@) = eigl? (\of)eNe

satisfy Eq. (14). Substituting these functions fl(k)(x) into Egs. (13) we obtain Egs.
(18) and (19). Therefore we substitute Eqs. (18) and (19) into Egs. (9) and (10), then
by solving these equations we obtain Egs. (20) and (21).

It can be easily verified that if vil)mgl) +v§2)m§2) # 0 then the value \? # 0, such that
QEI)(A?UEU)QEQ)()\?UEQ)) =1, also satisfies Egs. (11) and (12). If v§1)m§1) +v§2)m§2) =0
then \? = 0 satisfies Eqs. (11) and (12).

B) Similarly, for vgl)mgl) + vZ(Q)mEQ) = 0 we obtain Egs. (22) and (23) in the same
manner as for the case vl(l)mgl) + UEZ)mZ@) # 0 when it is considered that A\Y = 0. This
concludes the proof.

We should notice that the stationary measure of the particle position z;(¢) is deter-
mined by the following relations

pl(‘r) = /OOO (pi((;xv 1) +pz(<a$72)) dCa for z € (aiabi)v (24)

pi[aia 2] = /0 pl[<7 g, 2}d<7 Pi [bla 1] = A Pi [C7 bi7 1]d< (25)

The limiting distribution p(z1,2a,...,z,) of Z(t) = (z1(t),z2(¢),...,2,(t)) can be
written as follows

p(ﬁlvav"'ﬂxn):Hpi(xi)' (26)
=0

Therefore, by using Eqs. (18)-(23) we can compute p(z1,xa,...,2,) for all

n

(x1,22,...,Tpn) € H[ai,bi].

i=0
3. CONCLUSIONS

The two-states continuous time random walk has been studied by many researchers
for the Markov case and only a few have studied for non-Markovian processes [10].
This basic model has many applications in physics, biology, chemistry, and engineering.
Most of the former models were oriented to solve the boundary-free particle motion.
Recently this basic model has been extended in several directions, such as two and
three dimensions, with reflecting and absorbing boundaries. Only a few of these works
consider partly reflecting boundaries [6], [10], and references therein. However, in none
of these previous works a stationary distribution for the particle position is presented, as
we did in this paper. In this paper we have found the limiting distribution of a particle
moving according to a semi-Markov evolution in a n-dimensional parallelepiped.
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