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LINAC PARTICLE TRACING SIMULATIONS*
Walter P. Lysenko
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Abstract

A particle ctlcing code was developed to study
space-charge effects in proton or heavy~ion linear
accelerators. The purpose is to studv space—charge
phenomena as directly as possible without the compli-
cations of many accelerator details. Thus, the accel-
erator is represented simply by harmonic oscillator or
impulse restoring forces. Variable parameters as well
as mismatched phase-space distributions vere studied.
This study represencs the initial search fdr those
features of the accelerator or of the phase-space dis-
tribution that lead to emittance growth.

Input Distributions and Hn:chin‘l

In the absence of space charge, a two-dimensional
phass-space distribution is matched if it has the same
shape as that of the trajectories of the outer-most
particles. With space charge, if forces do not depend
explicitly on time, it is possible to produce
six-dimensional phase-space diacributions, cslled
equilibrium dis ~ibutions, that are time independent
and are matched to the accelarstor, even if space
charge introduces nonlinesrities and couplings.

Equilibrium calculacions give space~charge limits
in terms of accelerator parsmeters that are useful
scaling lawvs for space-charge dominated beams. Bacause
the single~particle Hmiltonian is conserved, we have
equilibrium if the distribution function is a function
of the Hamiltoniam.

£(X,7) = R(H) . (1)
For the function P, wa choose one of the following
P = const. x nlH, - 191 S (2)

where n is an integer. These are the same functions
used in the original one-degree-of-freedom work by
Gluckstern, Chasman, and Crandall.* We Jenerally
consider n = 2 type distributions because they seem to
corraspond most closely to experimentally observed
distributions.

We use the tollowing two~degree-of-freedom model

ﬂ.%tkrﬁ- 2

where ¢ (r,z) is the unknown space-charge potential,
All courdinates and momenta are relative to the 2yn-
chronous particle. To determine ¢ we must solve a
nonlinear Poisson equation with three parameters: y,
a, and n. The space-charie parameter p is propor=-
tional to ‘he psrticle density at the bunch center
and is definred by

24
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whire =u. is the ratio of tha radial space-charge
force to the radial external restoring force at the
bunch center with a similar definition fer M,. The
tune dcpr gsion factor in the direction i is

(1 = Yy ) 2, The parameter  is the ratio of the
longxcudznnl force constant to the vraaial force con-
stant and is the only accelerator parameter relevant
to the space-~charge physics in the present model.

The computer code RZED (R-2 Equilibrium
Distribytion) was written to solve the nonlinear
Poisson equation. From the resulting distribution
tfunction, A relation bmtween the beam curraent,

*Work performed urder the auspices of the U.S,
wpartment of Energyv.

TABLE I
ACCELERATOR PARAMETERS
Frequency 4 109 Hz
Initial velocity 8 0.04
Phase advance u® 27.49 (ST solenoid
shr  or By 4 ® 1.5T quadrupole)
Electric field  E;T  1.53"MV/m
Synchronous phase ¢, -300

emictance. and radius mey be determined in terms of
accelerator parsmeters (sae Ref. 1).

12
1=rua,n)® ( hr) a5
C\1/2

L ng -1
-y G{u,x,n) -0 8 , (5b)
shr

The space-charge physics :alculated by RZED is con~
tained in the fuynctions F(U,3,n).and G(K,3,n). These
space~charge effacts are shown in Fig. | where the
current and the radius are plotted as & function of
the space~charge parmmeter. The other RZED parmmeters
are fixed at @ = 0.67 and n » 2. Thase curvas repre-
sent different equilibria for a fixed norlnlizod
transverse emittance value of N = 7.4 x 10™7 m~rad

aud for a fixed accelerator described by the para-
meters in Table I.

Higher density distributions correspond to larger
beem radii. For a given accelerator, there is no
limit to the current that can be transported except
that the matched radius also increases without limit.
To decrease the space charge effects (decresse u) for
a fixed current and smittance, one must dacrease t1e
beam radius by incressing the external focusing forces.

Variable Parameters

If the product E,T sin ¢, is proportional
to 8 during acceleration, then the longitudinal focus~
ing force is constant, and the “unch length remains
fixed. This result holds for an equilibrium
distribution even in the presence of space charge.

If the electric field and the synchronous phase
remain constant, then, in the sbsence of space charge,
the bunch length increases as 3l With space
charge this result is modified. It is important that
the bunch length does not incr:ase faster than 8; if
it does, Lhe phase extent of the bunzh will increase
and will cause unatable longitudinal motion
in a real accelerator with a finite potential well.

For slowiy varying parameters we expect instan-
taneous equilibrium to be maintained, even though the
condition given by Eq. (1) will not be preserved.
(Howeve., for one degr:s ). fraedom, Eq. (1) is pre~
served hut the final F a. .ers from the initial F.)

The HOT Code

The HOT (Harmonic Qscillator Tracing) code ir its
usual form uses harmonic oscillator restoring forces
in all three directions, Acreleration is applied con=~
tinuouslv. Couplings and nonlinearities occur only
through 3, 1ce charge. The space charge forces are
calculated with an area-wveighted particle~in-cell
method usiig a variable v~z mesh (up to 15 x 30 calls).
Up to ten tiousand macroparticles can he traced. Iaput
tables provide the desired variation of transverse
wavelengths, accelerating gradient, and synchronous
phase as functions of the distance along the struc-
ture. Time is the independent variable.



TABLE II

TRANSVERSE SIZES AND EMITTANCES
FOR MISMATCHED BEAMS

lanitial Final
n/me Sized Bmittance®  Size®  Emictance?
( zm) {m~wrad) (mm) ( w-mrad)
1 0.66 0.046 (matched)
1/2 0.47 0.023 0.79 0.024
1/4 0.33 0.011 1.00 0.013
1/8 0.23 0.00¢ 1.26 1.009

85ize of fitted transverse phase-ap :e ellipse
containing 90% of the particles.
ormalized rms transverse emittasnce.

Simulations with Barmonic Longitudinal Potential

Slowly Varying Parmmeters. As sn example, an
accelerator with tixed transverse forces and with
fixed valuas for the electric accelerating field and
for synchronous phasc was considered. AU = 0.95
initial distribution was used (such high< distri-
butions caannot be accurately prepared but it turns out
that small amismatches are not important). In accel-
erating from 8 = 0,06 to 8 = 0.11, the 90T and rms
emittances in the three directions separately were
conserved to within 3% and their sums were conserved
to within 0.5%. Figure 2 shows the initial and final
two-dimensional phase~space projections. The bunch
length is shown as a function of velocity in Fi’. 3.
Note that the bunch length grows fas.ar than 8} 4,
which is the adiabatic no-space-charge result, but
slower chan B8, so that phase damping is present.

Because the longitudinal rescoring force de=
creascs with 8, the bunch langth incresses. This
increasc causes the nat transverie focusing forces to
incresrse. In our evample, the final charge density is
0.7 of the initial value. The harmonic oscillator
adigbatic invariant predicts a final beam radius of
about 0.6 of the initial value. But we find in
reality that the final radiud is about 0,9 of the
initial value so this space-charge coupling effect is
small. At least part of the explanation is that the
final distribution is more sharply peaked in the
center than the initial distzibucwon.

gigyntchea. Linac simuylations by Chesman3 have
indicated that che output smittance approaches a non-
zero limit as the input emittance is reduced to zero.
In che present model, Eq. (5) and Fig. 1 show that we
can maintain equilihbrium and scill decrease the emit-
tance indefinitelv kemping the beam current and accel-
arator parameters fixed. In so doing, the space~
charge parameter L approaches unity and the matched
beam radius increases indefinitely. There is no lower
limit to the output emittance, Of course, the finite
sore dimension will imposes a limit but there is no
limit caused by emittance growtn., Consider the situ=-
ation whera the x to x' ratio in a distribution is
fixed and the emittance is reduced below its matched
value keeping the current and accelerator parameter»
fixed. Starting with a u = 0.95 discriburion with
current [, and emittance n,, the current 1

required to maintain a mafch with a new emittance n
can be obtained trom the scaling law CTgq. (Sa)

/Ty = (n/ng)3/2 . (6)

Calculacing a new iower current distribution produces
a distribuytion with the desired smallet emictance n.
But in the pavtinle tracing simulation we let each
macroparticle zarrv a charge corresponding to the
original current I,. The resuylts are shown for a
faw cases in Table I[..

For the mismatched cases, the radius grows
quickly then fluctuates with twice the external
frequency. Because the average beam radius is large,
the sverage space charge forces are small so that the
time to reach a maximum in the radius is about cne-
fourth the undepressed transverse pericd. It does not
pay to decrease the beam radius to below its matched
valus becausa space-charge growth will only increase
the radius to sbove its watched value.

The emittance growth is small so that a lower
limit to the emittance, if it exists, will be very
small (remember the beam is already near the space-
charge limit even before the emittance is reduced).
Because of tha mismatch the phase-space area swept out
by the beam is large and in the presence of externsl
nonlinearities gives an effective emittance growzh
because of filamentation.

Discrete Gap Simulations

The above calculations used a continuous accel-
eration model with harmonic longitudinal restoring
forces. Another version of BOT was used to determine
if localizing the longitudinal forces to the gaps
modifies the results. Whenever a particle crosses a
§ap, it receives an energy increase equal to e/ T
cos ¢, vhere ¢ is the rf phase at the time of gap
croesing. At the time the synchronous particle
crosses the gap, all particles are given another
energy change because of the new referunce energy.
Besides making the acreleration and longitudinsl
focusing discrete, this procedure also makes the
effective longitudinal potential nonlinear.

In using the nonlinesr potential g new problem
arises when space charge is included becsuse the size
of the finite potential well is reduced.* To longitu-
dinally contain the particles it was necessary to
change the synchronc:s phase from =30° to =37° (rhe
accelerating field was also increased %o 1.66 MV/m to
maintain the old acceleration rate). A change in syn-
chronous phase is much more effective than an increase
in accelerating field in maintaining a potential well
in the pressnce of space charge. The rasults for the
discrete gap calculation are shown in Figs. 2 and 3.
There ware 150 gaps in this simulacion. Phase demping
was not decreased bv making the longitudinal forces
discrete. The transverse emittances incressed by
about 152 (this may be partly numerical). The longi-
tudinal emittance containing 90% cf the particles in-
cressad bv about a factor of two., This growth is fil-
mmentation caused by the nonlinear externsl longitudi-
nal potential. Such an increase can he reduced bv
matching to the actual nonlinear potantial (the ini-
tial distribution was matched to the harmonic restor-
ing potential).

Conclusions

Most calculations 'vare done assuming harmonic
oscillator focusing forces and continuous accelera-
tion. We found that even & beam near the space-charge
limit was wall behaved. Phase damping is still pre-
sent and emittance growth because of mismatches is not
noticeable. Nonlineavities and couplings introduced
solely by space charge apparently have lictle effecc.
But 2ven in this model, we found that mismatches are
undesirable because they produce growth in beam
spatial dimensions.

With discrete longitudinal forces we found no
degradation of phase dsmping compared o the :.::ia-
Jous case. Space-charge limited beams will probably
have to be contained by using larger magnitudes of
svnchronous phases. Longitudinal emictance growth was

*1 thank M. Welss for pointing out the importance of
this effect.



observed owing to filamentation caused hy the large
external nonlinearity.

These calculations indicate that fyture studies . -
should look 2t the effects of external nonlinearities
and couplings in space-charge limited beams. Also,
other types of mismstches (other kinds of initial dis- : )
tributions) should be studied. Nonsxisymmetric fea- ‘
tures such as quedrupole magnets may change some con~
clusions but a proper study of these features will
require three~-dimansional space-charge cilculations.
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Fig. 1. The current and beam radius for equilibrium
distributions with @ = 0.67 and n = 2 are shown as a
function of the space-charge parameter U. The
transverse emittance value and all accelerator
parameters are fixed.
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