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Linear and nonlinear response functions for an exact state and for
an MCSCF state

Jeppe Olsen and Poul Jérgensen
Department of Chemistry, Aarhus University, DK 8000 Aarhus C, Denmark

{Received 23 July 1984; accepted 27 September 1984)

We have examined the response of an exact and an MCSCF reference state to a
general time-dependent field. The time development of both the exact and the
MCSCF reference state have been parametrized in terms of explicit exponential
time-dependent transformations. The time development has been determined by
requiring the Ehrenfest theorem to be satisfied through each order in the interaction
between the molecular system and the field. The response of the exact and the
MCSCEF reference state has been used to evaluate linear, quadratic, and cubic
response functions. It has been shown how a large variety of molecular properties
may be expressed in terms of these response functions. It has also been demonstrated
that molecular properties containing the electric dipole operator may be expressed in
equivalent forms involving the momentum operator both for the exact and the
MCSCEF state. The MCSCF response functions have been transformed to

computationally attractive expressions which do not contain summation indices over

intermediate states and which allow direct techniques to be straightforwardly

applied.

. INTRODUCTION

The polarization of a molecular system due to the
interaction between the molecular system and a time-
dependent electric field can be expressed in terms of a
power series expansion in the field strength. The expansion
coefficients of the power series determine the response
functions characteristic of the electric field response. The
coeflicient linear in the field strength determines the linear
response function and the coefficients for the squared and
cubed terms determine the quadratic and cubic response
functions, respectively. For small field strengths terms
quadratic, cubic, etc. in the field strength may be neglected
and the polarization becomes proportional to the field
strength.! If intense laser fields are used the quadratic and
higher order terms?~® become important for determining
the polarization.

The interaction between the molecular system and
the electric field may be described in terms of time-
dependent perturbation theory.® Most textbooks! treat the
case where an electric field of small field strength is
applied to the molecular system. The textbook method-
ology has also been used to describe the case of intense
fields.2” However, this extension is rather tedious and in
our opinion a simplified treatment may be obtained if
time-dependent perturbation theory is formulated in terms
of an explicit exponential unitary time dependent trans-
formation of the reference state’ and if the results of the
perturbation treatment are expressed in terms of response
functions.'®!> The use of an exponential unitary trans-
formed reference state makes the normalization condition
redundant. The phase factor may then also be factored
out of the response function derivation using group
theoretical arguments'? in the beginning of the derivation.
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The advantages of expressing the results of time-
dependent perturbation theory in terms of response func-
tions are widely recognized.>”® The linear, quadratic, and
cubic response functions which will be derived for an
exact reference state become the frequency-dependent
polarizability, hyperpolarizability, and second hyperpolar-
izability, respectively, and determine the polarization of
the molecular system through first, second, and third
order in the field strength. Residues of the response
functions may be used to determine for example one-
and two-photon absorption matrix elements. !4

The time-dependent perturbation theory become
identical to time-independent perturbation theory in the
limit of a static (i.e., time-independent) perturbation. A
large group of molecular properties which refer to fre-
quency-independent or combinations of frequency-inde-
pendent and frequency-dependent perturbations can
therefore be expressed in terms of response functions.
One example is the derivative of the frequency-dependent
polarizability with respect to a normal coordinate. This
derivative is the main contributor to the intensity of
Raman spectra®*!> and can be expressed in terms of a
quadratic response function. Many more examples will
be given of molecular properties that can be described in
terms of response functions.

The time development of the exact reference state is
determined by requiring the Ehrenfest theorem'® to be
satisfied in each order in the field strength. The Ehrenfest
theorem also determines the equations of motion for the
response functions. These equations of motion show how
molecular properties containing the electric dipole operator
may be expressed in equivalent forms involving the
momentum operator.'’
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The derivation of the exact response functions we
have carried out is simple and straightforward compared
to previous derivations. The response functions are ex-
pressed in a convenient and compact notation. However,
the greatest advantage is that the methodology used to
derive the exact response functions can be straightfor-
wardly applied to determine response functions for ap-
proximate states. In this paper we determine the linear,
quadratic, and cubic response functions for a multicon-
figuration self-consistent field (MCSCF) state. The time
development of the MCSCEF state in the presence of the
field is parametrized in terms of two exponential unitary
time-dependent operators, carrying out transformations
in the orbital and configuration-state-function space.'®
The time dependence of the MCSCEF state is determined
by requiring that the Ehrenfest theorem is satisfied in
each order of the field strength. The MCSCF response
functions are thus determined by solving the equations
for the exact response functions in a subspace spanned
by the operators describing the time development of the
MCSCF state. The MCSCF response functions satisfy the
same equations of motion as the response functions for
the exact state. This assures that molecular properties
which contain the electric dipole operator can be expressed
in equivalent forms containing the momentum operator.

The expressions we have derived for the MCSCF
response functions contain summation indices over all
intermediate states and are therefore not in general at-
tractive to use for evaluating actual response functions.
The MCSCF response functions may be transformed to
computationally attractive expressions which do not con-
tain summations over intermediate states and which are
expressed in the configuration state function basis. The
technique that allows these simplifications to be performed
was originally described in connection with efficient eval-
uation of cubic contributions in MCSCF.!*?° The tech-
nique is also used in the direct MCSCF algorithm?®?! that
recently has been applied in MCSCF calculations con-
taining as many as 10°-10° configuration state functions.?
The MCSCF response functions may be evaluated for
these very large configuration state function spaces using
the same direct techniques and work along this line is in
progress.??

The MCSCF linear response function has previously
been derived by Yeager and Jargensen®* and by Dalgaard!®
and very promising linear response function results for
excitation energies, transition moments, and frequency-
dependent polarizabilities have been determined using
small configuration spaces.?*?* The so-called random phase
(RPA) or time-dependent Hartree—-Fock (TDHF) approx-
imation represents the linear response function for a
single configuration self-consistent field (SCF) reference
state.'? The quadratic response function has been deter-
mined previously® for an SCF state using the methodology
we will use. Accurate linear response function calculations
have also been carried out by approximating the exact
linear response function with the one obtained by keeping

all terms through second order in the fluctuation poten-
tial. 12,27,28
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In Sec. II we derive the linear, quadratic, and cubic
response functions for an exact state. Section III gives
examples of molecular properties that can be expressed
in terms of linear, quadratic, and cubic response functions.
Section IV -discusses when approximate calculations of
molecular properties containing the electric dipole operator
can be expressed in equivalent forms containing the
momentum operator, The MCSCF linear, quadratic, and
cubic response functions are derived in Sec. V, and sec.
VI demonstrates how the MCSCF response functions
may be rewritten to computationally tractable forms
which allow direct techniques to be used. The last section
contains some concluding remarks.

Il. RESPONSE THEORY FOR AN EXACT STATE

In this section we examine the interaction between
a molecular system and a general time-dependent field in
order to determine the linear, quadratic, and cubic re-
sponse functions for the molecular system. We first
parametrize the time development of the exact reference
state in terms of an explicit unitary exponential transfor-
mation within the set of eigenstates of the molecular
system. The time development is then determined by
requiring the Ehrenfest theorem satisfied through each
order in the interaction between the molecular system
and the field. The linear, quadratic, and cubic response
functions are then determined from the time development
of the average value of an operator A.

A. The perturbation operator

Consider a molecular system with a time-independent
Hamiltonian H,. When a general field W(¢) is applied to
the molecular system the system will interact with the
field.' The interaction operator may be denoted V*. We
assume that W(¢) vanishes at 1 = —oco. The interaction
operator V* then also vanishes at 1 = —oo and can be
expressed as'’

o

| f dw V*° exp(—iw + €)t. 2.1)
€ is a positive infinitesimal that ensures V™ is zero.
From the Hermiticity of V* it follows that

(veyt = v, (2.2)

The frequency distribution in Eq. (2.1) reduces in most
applications to a sum of interaction operators at specific
frequencies. In Sec. III A we give examples of interaction
operators representing various fields.

We assume that at ¢ = —oo the molecular system is
in an exact eigenstate [0) of Hy:

and that {E,} and {|n)} denote the residual set of exact
eigenvalues and eigenstates, respectively, of the noninter-
acting system

Holn) = E,|n). (2.4)
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B. Parametrization of the exact reference state

The time development of |0) may be described in
terms of a unitary transformation’® of |0} within the set
of eigenstates {|0), [#)}. The time developed state |0) is
thus automatically normalized. The unitary transformed
state is defined as

10) = expliP()]|0).
The operator P(f) is
P() = 2 (PAn){0| + PX0X n]) + (Po + PE)|0)0], (2.6)

2.5)

where P, are the time-dependent expansion coefficients.
The real {PR} and imaginary {P.} part of {P,}:

P, = Pk +iP} 2.7

constitute a linear-independent set of expansion coeffi-
cients. Only the real part P§ of P, contributes to P. When
these parameters are inserted in P(¢) of Eq. (2.6) P(f) may
be divided into two terms

P() = °P + bP, 2.8)
where
P = 3 PR(In)0l + 10)nl) + iP(In)0| — 10){nl),
2.9)
bp = 2P§|0){0|. (2.10)

The operator |0)(0] is a generator of the subgroup of the
unitary transformations described by exp[iP(f)] which
create a phase change of |0). The unitary transformation
of |0) in Eq. (2.5) may therefore be parametrized as

10) = exp(i*P)exp(i*P)|0)
= exp(iP)|0)exp(i2 P§). (2.11)

The exponential operator exp(i®P) thus introduces a time-
dependent phase factor exp(i2PY) in the transformed
wave function.

The parameter set {P,, Px} of °P is related to the
set {PR, P!} through a nonsingular transformation. {P,,
P} may therefore be used as a linear-independent set of
expansion coefficient. The operator “P may then be
written as

ap = (P,,In)(O[ + PX|0>(nl). (2.12)
We occasionally use the notation
An ) (In><0l)
= ;. (n>0) (2.13)
(A_,. 10X~
and write Eq. (2.12) as
“P= 2 (PsA,+ PEA_)
n>0
= 2 (PsAn+ P_,A_,), (2.14)
n>0
where we have defined
P_, =P} (n>0). (2.15)

3237

The operator “P becomes in this notation
aP = z PIIA'7”

n

(2.16)

where the summation is over both positive and neg-
ative indices n and where 0 is excluded. Summation in-
dices which refer to both positive and negative indices
will in the rest of this paper always be assumed not to
include 0.

C. Parametrization of the time development
of the reference state

The time dependence of the parameters P,y may be
determined by applying the Ehrenfest theorem'¢ to all
the operators A, of Eq. (2.13). Let A denote an element
of {A,}. Since A does not contain an explicit time
dependence, Ehrenfest’s theorem becomes

(OIAID) + (BIAIDY = —i(DI[A, Ho + V(D). (2.17)
Inserting Eq. (2.11) into Eq. (2.17) gives

(DIAID + (DIAIDY = —iCOI[A, Ho + V1I0),  (2.18)
where

10> = exp(i°P)|0). (2.19)

In Eq. (2.18) all reference to the phase factor has disap-
peared. The Ehrenfest theorem therefore cannot be used
to determine PE{. The explicit form of P§ may be
determined by imposing the condition?

_.d ~
0| id_t ~Ho—V0)=0 (2.20)
on the time development of the reference state. P§ then
must satisfy the linear differential equation

dpr§

20 T

<Olexp(—i"P)(i g; - Hy - V’)exp(i"P)|0>.
(2.21)

We will not discuss the determination of P§ in more
detail as P¥ does not enter in the calculation of the
response functions.

The parameter set in the operator “P may be deter-
mined from Eq. (2.18). The unitary transformed state |0
in Eq. (2.19) may by expanding the exponential operator
be written as

N P, .
[0Y = 10)cos x + i 2 |n) ;" sin x, (2.22)
n>0
where
1/2
x= [z IP,,IZ:I . 2.23)
n>0

Equation (2.18) may be solved through each order in the
perturbation V*. In Eq. (2.18) the state |[0) has an implicit
dependence on V! in the parameters orders of P,. The
parameters P, can be expanded in the perturbation

J. Chem. Phys., Vol. 82, No. 7, 1 April 1985
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P,=PV+PD4 ... (2.24)

where P vanishes since |0) is an eigenstate of H,. We
concentrate on determining P, i = 1, 2, 3. The coeffi-
cients PY, i = 1,2, 3 - - - satisfy the boundary condition

lim PY@®) =0, i=

t——o0

1,2,3... (2.25)

as the perturbation is turned on adiabatically. A power
serie of |0) may be determined

105 = [0©) + 0Dy + [0P) + |0D) + - - - (2.26)

by inserting Eq. (2.24) into Eq. (2.22). The individual
terms of Eq. (2.26) become

[0 = |0), (2.27)
00y =i 3 [n)PY, (2.28)
n>0
0@y = —1j0) T POPFD + i 3 InYPP,  (2.29)
>0 n>0
|0(3)> = _%|O> Z (PJ(_Z)PJ*(I) + P}_l)Pj*(Z))
>0
+i 3 )PP — LPD 3 POPFY). (2.30)
n>0 >0

D. Differential equations for the time development
of the reference state

In this subsection we will determine the three lowest
order equations derived from the Ehrenfest’s theorem by
inserting Eqs. (2.26)—(2.30) into Eq. (2.18). The zeroth-
order equation vanishes as |0) is an eigenstate of Hy. The
first-order equation may be written as

> (K0|AInYPY — i n|AJOYPED — (Ol[A, Holln)PP

n>0
+ (nl[A, Holl0YPr™") = —i(Ol[A, V'1I0). (2.31)
The second-order equation is determined to be

> (iKOIAInYPY — i{n|A|OYPED — (O|[A, Holln)PP

n>0

+ (nllA, HollO)Px®) = X (Ol[A, V)P

>0

— (nl[A, VTI0)PD), (2.32)

where we have used that {|0), |n)} are eigenstates of H,
and that terms of the form {0|A[0) and {n|A|m), n, m +
0 are zero because A is a state transfer operator [see Eq.
(2.13)]. The third-order equation is determined in a
similar manner to be

> (K0|AInY)DYP — i(n|Al0YDE® — (O|[A, Holln)DE

n>0

+ (nllA, Holl0)Dx®) = 3 ((Ol[A, V1 inyPP

n>0

~ (nllA, VIOYPE®) — i 3 (nl[A, V| j)PEOP®

nj>0

+ i0l[A, V1I0) 3 POPFO, (2.33)
>0

J. Olsen and P. Jergensen: Response functions for exact and MCSCF state

where we have introduced the short hand notation

— 1 1 1
Dﬁ,” - P§,3) _ %PS.’ Z P}( )Pj*( )'
>0

(2.34)

The parameters D represent the third-order terms
in an expansion of an expectation value, The last term
in D in Eq. (2.34) ensures normalization through third
order. The operator A appearing in Egs. (2.31)-(2.33)
may have both positive and negative indices. The differ-
ential equations resulting from the positive and negative
index are complex conjugated of each other and can be
combined into one differential equation that is valid for
both positive and negative indices. This will be illustrated
by carrying out a detailed derivation of the set of differ-
ential equations which determines the first order expansion
coefficients in Eq. (2.31). Initially we insert |0)(k| as the
operator A in the first-order equation

iP) — (E, — Eg)P{ = —i(kIV'|0). (2.35)
If |k){0| is inserted into Eq. (2.31) we obtain
—i PV — (E; — Eo)P¥® = i(0|V'|K). (2.36)

Equations (2.35) and (2.36) are the complex conjugated
of each other. Since they furthermore are separate we
need to solve either Eq. (2.35) for P{" or Eq. (2.36) for
Pr®_ However, for convenience in the later development
we combine Eqgs. (2.35) and (2.36) into a single equation
and solve this equation. Using the nomenclature of Eqs.
(2.15) and (2.16) we obtain

i sgn(k)PY — w P = —i Vi,

where k denotes both a positive and a negative index.
We have in Eq. (2.37) introduced the notation

(2.37)

(kIV'0) ) (k > 0)
Vi = ; 2.38
“ (—(OIV'I—k} * k<0 (2.38)
and
W = W = Ek - Eo, (239)

and defined the function sgn(k) which equals one for
positive k index and minus one for negative k index.

The set of linear inhomogeneous differential equa-
tions for determining the second-order expansion coeffi-
cients may be obtained from Eq. (2.32) in a similar way
using Egs. (2.39) and (2.15):

i sgn(K)PP — w PP = 3 Vi PV, (2.40)
where
kn
_ ( 0 ClEEDS (] V'|0>)_
(nlV—k)—5_1,,{0|V|0) 0 ’

(k,n>0 k>0,n<0) 2.41)

k<0,n>0 kn<0

PV has to be determined prior to evaluating P from
Eq. (2.40).

The third-order equation is obtained in a similar
way from Eq. (2.33) using Egs. (2.15), (2.38)-(2.39), and
(2.41):

J. Chem. Phys., Vol. 82, No. 7, 1 April 1985
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i sgn(k)DR — wiDy = 3 [ViePP + i6(kn) VPPV
+iV, 3 POPW.

n>0

(2.42)

In Eq. (2.42) we have introduced the Heaviside step
function 6(kn) which is equal to one if the signs of k and
n are equal and zero if the signs of k and »n differ. P{"
and P{? must be determined from Egs. (2.37) and (2.40),
respectively, prior to evaluating DY. From Df® we may
straightforwardly evaluate P> [see Eq. (2.34)]. However,
D appears as an entity in the cubic response function
that will be derived in Secs. II F and II G and explicit
expressions for P> will for that reason not be evaluated.

E. Time dependence of the reference state

Both the first-, second-, and third-order expansion
coefficients are determined from linear inhomogeneous
differential equations®® of the type [see Egs. (2.37), (2.40),
and (2.42)]

ey

dt
where g(f) is a known function of ¢. The solution to Eq.
(2.43) with the boundary condition

lim f(H=0

{——w

i sgn(k) we f() = (), (2.43)

(2.44)
|

PP = —if dw, f dw, expl(—iw; — iwy + 2e)] 2

The third-order coefficient becomes

DY = if dw, f dwzf dw; exp[(—iw; — iwy — iws + 3e)f]

VEL Ve, Ve

3239

1S

J@®) = —i sgn(k) exp[—iwy sgn(k)t] f_t dar

X expliwy sgn(k)r]g (7). (2.45)
Using Eq. (2.45) for PV of Eq. (2.37) gives
P§D = —i sgn(k) exp[—iw, sgn(k)f] ft dr
X expliwy sgn(k)r](—i) f_m dw; Vit
X exp(—iw; + €)1, (2.46)

where we have used the definition of ¥’ in Eq. (2.1) and
where V§' is defined as in Eq. (2.38) with V' replacing
V% In Eq. (2.46) and in the following we use w;, w,, w3,
wp, we, and w, to denote general frequency variables.
These variables should not be confused with the excitation
energies w,, Wy, wj, W, Wp,, and w, which are defined in
Eq. (2.39). The integration over 7 gives

PP = — on dw, exp[(—iw, + )]

sgn(k) V!
w; — sgn(k)wy, + ie’

(2.47)

thus determining the linear expansion coeflicients.
The quadratic expansion coefficients are determined
from Eq. (2.40) in a similar manner:

Vi,

X (? [_E [wr + w3 — sgn(n)w, + 2ie][w; — sgn(m)w,, + ie]

m

B(kn) Ve Ve v ] N
[ws + sgn(M)w, + ie)[ws — sgn(k)w, + ie]

We have now derived explicit expressions for the expansion
coefficients which determine the first-, second-, and third-
order time development of the reference state. In the next
section we use these expressions to determine the linear,
quadratic, and cubic response functions.

F. Time development of the average value
of an operator A

We now examine the time development of the
average value of an operator 4. We assume that A is
time-independent in the Schrodinger picture. Since the
time development of |0) is described in terms of a unitary

[w; + wy — sgn(k)w; + 2ie][w, — sgn(n)w, + €] . (2.48)
sgn(k)
W) + wy + w3 — sgn(k)wy + 3ie
vevaeye )
. 4
EO [wy — sgn(n)w, + ie][ws + sgn(n)w, + i€ (2.49)

I R
transformed state |0) the time development of the average
value of 4 is

An) = (014]0). (2.50)

The average value of A may be formally expanded as'°

Aat) = (04105 + f_w dw, expl(—iw; + )]

{4 le>>w1+ie+%f dwlf dw,

X exp[(—iw, — wy + 26)[]

J. Chem. Phys., Vol. 82, No. 7, 1 April 1985



3240
<<A: le, sz>>w1+i(,w2+i¢ + %Jl d“-’l J: de
X dw; exp[(—iwl - iw;_ e iw; + 36)[]
<<A; Ve, Ve, Vw3>>w1+ie,wz+ie,w3+is + oo,
(2.51)
where
<<A; le>>w|+iea (2-52)
<<A; le, Vw2>>w|+i¢,w2+i¢’ (2'53)
<<A9 les sz’ Vw3>>w1+ie,wz+ie,w3+ie (254)

denote the linear, quadratic, and cubic response functions,
respectively.

When A4 denotes the electric dipole operator the
response functions provide us with a Fourier decompo-
sition of the time development of the dipole moment and
give information on the absorption and emission of
photons. For example, the quadratic response function
{{4; V', V% ticur+ic Provides information on the
process where one photon of frequency w; and one of
frequency w, are absorbed and one of frequency w; + w,
is emitted.

In the rest of this section we will determine explicit
representations for these response functions. To do this
we insert the power series expansion of |f)> of Egs. (2.28)-
(2.30) and (2.47)-(2.49) into Eq. (2.50):

Ap ) = (014]0) + (0]4|0)
+ (01410") + (0@|4|0)
+ (0]4]0™) + (0|4/0®)
+ (0P14]0% + (040D
+ (0M[4]0@Y + (0|4]0®Y + - . -
= (0l4I0) — i S APP — i 3 A PP
n n

+ 3 POA PO~ ADP

nj>0 k

+ 3 PO PP
kj>0

+ > P4 PO+ ..., (2.55)
kj>0

J. Olsen and P. Jorgensen: Response functions for exact and MCSCF state

To obtain the last equality we used Eq. (2.15) and the
matrix definitions of Egs. (2.38) and (2.41). D is defined
in Eq. (2.34).

G. The linear, quadratic, and cubic
response functions

The linear response function may be determined
from the second term in Eq. (2.55). The third and fourth
terms determine the quadratic response function and the
fifth through seventh terms determine the cubic response
function.

Inserting P of Eq. (2.47) into the second term of
Eq. (2.55) gives

—i 2 A_kPS(I) = _fao dwl exp[(—iwl + G)t]
k > #)

sgn(k)A_, V¢!
v w; — sgn(kwy + ie’
Comparison of Eq. (2.56) and Eq. (2.51) then identifies
the linear response function as

sgn(k)A4_ V¢!
w; — sgn(k)wy + e’

(2.56)

LA Vi = — 2 (2.57)
k

The quadratic response function is determined from
the third and fourth term in Eq. (2.55). Using Eqgs. (2.47)
and (2.48)

—i z A_sz(z) + 2 P(_‘LAk_,,Pf,') = f dwl f dw2
k [o¢] —ao

k,n>0 -

X exp[(—iw; — iw, + 26)t]|:_2
k.n

% AV, Ve
[w) + wy — sgn(k)wy + 2ie][w; — sgn(n)w, + ie]
Vet Aw,Viaz
+ E ’cAk n - ] .
koo (@1 T wx + i) wy — w, + ie)

(2.58)

The quadratic response function may be identified from
a comparison of Egs. (2.58) and (2.51). However, before
we identify the quadratic response function we will make
the integrand in Eq. (2.58) symmetric in the integration
variables. This may be done with the operator
1P(1, 2) where P(1, 2) creates all different permutations
of the integration variables w; and w,. After this symme-
trization operator has been introduced into Eq. (2.58) the
quadratic response function may be identified as

A VgL, v

<<A; les sz>>w|+i¢,w2+i¢ = P(l, 2)[_2

i [01 T @2 — sgn(K)wy + 2iel[w, — sgn(n)w, + ie]

Vord, Ve ]
ko (@1 T @i + ieMwy — w, + )]

(2.59)

The cubic response function may be determined from the last three terms in Eq. (2.55) using a technique similar
to the one used for obtaining the linear and quadratic response functions. The cubic response function becomes
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<<A; le’ szs Vw3>>w1+ie,wz+ie,w3+ie
W] w2 w3
= P(l, 2, 3){2 A—k sgn(k) . (z [_Z V —nVn.—me
© w1 T w+ w; — sgn(Kwy + 3ie \ 4] ' w2 + w3 — sgn(n)w, + 2iel[w; — sgn(m)w,, + ie]
kn)Va Ve s :I +S Vveyes, )
[wy + sgn(M)w, + ie][ws — sgn(k)wy + ie] w0 @2 — sgn(mw, + ie]lw; + sgn(n)w, + ie}
_ 5 [ Yl V opiea V32
mios0 (@1 T w2 + o + 2ie)(wr + 0, + ie)(ws — w, + ie)
Verd, ,Ver Ve
- . tonViEn Vit . ]} , (2.60)
(wy + wr + ie)ws + w3 — w, + 2ie) (w3 — w, + i€)

where P(1, 2, 3) is the permutation operator operating
on the subscripts of w,;, w;, and w;. Explicit expressions
have now been determined for the linear, quadratic, and
cubic response functions. In the next section we describe
how a large variety of molecular properties may be
described in terms of these response functions or the
poles and residues of these response functions.

lll. MOLECULAR PROPERTIES FROM
RESPONSE FUNCTIONS

In the previous section we derived the linear, qua-
dratic, and cubic response functions characterizing the
time development of the average value of an operator A4
when the interaction between the molecular system and
the external field is described by the interaction operator
V' of Eq. (2.1). In Sec. III A, we give explicit formulas
for interaction operators representing various external
fields. The interaction operators are used in Secs. III B,
III C, and III D to give examples of molecular response
properties that may be expressed in terms of response
functions or the poles and residues of response functions.
In Sec. Il B we concentrate on describing molecular
response properties that can be expressed in terms of
linear response functions. In Secs. III C and III D,
molecular response properties are described that can be
expressed in terms of quadratic and cubic response func-
tions, respectively.

A. Interaction operators

The interaction between a molecular system and a
general field may be expressed in terms of the interaction
operator V* of Eq. (2.1). If the external field contains
only one frequency component w, the interaction operator
becomes

V= f ” dw[d(w — wp) + 8w + wp)]V* exp(—iw + €)t

(3.1)

where 8(w) denotes the Dirac delta function. If the external
field has several frequency components w;, w., wy, €tC.,
each of these components contribute one term of the
form in Eq. (3.1).

The explicit form of the interaction operators depend
on the external field.!° If the external field is a homoge-

= V' exp(—iw, + )t + V™ exp(iw, + €)1,

I
neous periodic electric field of frequency wy, it can be

represented as'®

E(t) = [exp(—iwp + €}t + expliwy + €)f]E°. (3.2)
The interaction operator then becomes
Vi = —(E%u)[exp(—iw, + €}t + expliw, + €)t], (3.3)

where u = (u%, ¢, u®) represents the electric dipole
moment operator of the molecular system.

For a homogeneous periodic magnetic field of fre-
quency wp:

H(t) = [exp(—iwp + €)t + expliwy + €)f]1HC, (3.4)
the interaction operator becomes
V= —(H°M)[exp(—iwy + €)t + expliwy + €)], 3.5)

where M = (M*, M*, M%) is the total magnetic moment
of the molecular system.

If the external field is time independent, the inter-
action operator is also time independent and is represented
by a frequency component w; = 0. For example, a
homogeneous time-independent electric field has the in-
teraction operator

Vt=—E%. (3.6)

A comparison of Egs. (3.1) and (3.3) shows that V“* for
a constant electric field of frequency w; is —E%. Since
—E° is a constant vector, it can be taken out of the
response functions [Eq. (2.51)] and the electric dipole
moment operator u will be the operator V** used for a
homogeneous periodic electric field. The magnetic mo-
ment M will for similar reasons be used as the operator
identifying a homogeneous periodic magnetic field.

The interaction operators can also involve a field
that varies in space. In this case V' may represent terms
in the multipole expansion of the field, e.g., the quadrupole
moment.

When H, of Eq. (2.3) denotes the nonrelativistic
Hamiltonian, operators of relativistic origin' (e.g., the
spin-orbit coupling operator) act as a time-independent
field on the molecular system (represents a static internal
perturbation). The relativistic operators therefore may be
used as interaction operators of zero frequency.

If Hy denotes the nonrelativistic Hamiltonian at a
geometry R°, the nonrelativistic Hamiltonian at a displaced

J. Chem. Phys., Vol. 82, No. 7, 1 April 1985



3242

geometry R® + 7 can be expanded in a power series
around RO '3

Hy(R® +n) = Ho+ nH; +jnHm + - - -, (3.7

and H, H,, etc., can be used as interaction operators of
zero frequency. H;, H,, etc. describe the static internal
perturbations that act on the molecular electronic system
at R° due to a infinitesimal displacement of the nuclei.

In quantum chemistry calculations a whole potential
energy surface is often described in terms of a finite
atomic basis which sits at the nuclei. The finite atomic
basis contains a dependence of the nuclear positions
which vanish in the limit where a complete atomic basis
is used. If the Hamiltonian at each geometry is expanded
in terms of a set of orthonormal orbitals consisting of
linear combinations of the atomic orbitals then the nuclear
dependence due to the use of a finite basis can be
transformed into H,;, H,, etc. which then contain terms
involving derivatives of the atomic basis functions. In
Ref. 31, explicit expressions are given for H,;, H,, etc.,
for the case of a finite atomic basis.

If a finite atomic basis is used to describe molecular
properties which contain geometry derivatives then the
operators that are used to describe the molecular property
contain a geometry dependence due to the use of a finite
basis. For example, when a finite atomic basis is used to
describe the derivative of the dipole moment with respect
to a normal coordinate then the electric dipole operator
appropriate for such a calculation is

WR® + ) = po + nuy + Lnpam + -+ - -, (3.8)

where yu, is the electric dipole operator at geometry R°
and u,, u,, etc., are the terms which describe the linear,
quadratic, etc. dependence in the nuclear displacement.
M1, M2, €tc., contain derivatives of the atomic basis
functions and vanish in the limit where a complete basis
is used. In Ref. 32, explicit expressions are given for u,,
M2, etc., for the case of a finite atomic basis.

B. Linear response

Let us first describe the case where a homogeneous
periodic electric field of frequency w, is applied to the
molecular system and where A refers to the electric dipole
operator.'!? Using Eq. (2.57), the u%, u’th component of
the linear response function becomes

KOy

_ ( 1 cued
o \wp — w + e

b a
w2k ) . (3.9)

wp + wi + e

The denominators of the linear response function
are of the form w, + ie = w;. The frequency variable
may therefore be redefined to include the convergence
factor w, + ie — w, and w, then becomes a complex
variable. The frequency variables of the quadratic and
cubic response functions may be redefined in the same
way to include convergence factors.

Using Eq. (2.38), the real part of Eq. (3.9) is given
by
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<<ﬂa; #b>>wb
_ s (<0|,,¢“|k><k|ub|0> _ <0|#blk><klllalo>) (3.10)

wWp — Wi wb+wk

k>0

when w, is a real variable. Equation (3.9) is the u% u’th
component of the frequency-dependent dipole polariz-
ability tensor at frequency w,. Equations (2.51) and (3.9)
show that the frequency-dependent dipole polarizability
describes the absorption of one photon of energy w, and
the emission of one photon of energy w;.

The poles of Eq. (3.9) occur when the energy variable
wp 1s equal to plus or minus the difference in energy
between the reference state |0) and the excited state |k):

wp = tay = H(Ey — Ey). (3.11)

The corresponding residues are

1:31 (w5 — wn) % 1D,

— i = Ol nlat0),
Hm (wp + @)% 1)),

wh——wn

= ub 1§ = —{0lu’In){n|pn0).

The residues thus give information about the dipole
transition matrix element between the reference state [0)
and excited state |n).

If 4 is a component D™ of the quadrupole moment,
the linear response function {((D"% pb>>w,, is a component
of the quadrupole dipole polarizability.

If A is replaced with the orbital angular momentum
operator L = (L*, L?, L?) the residues at w, = w, of the
linear response function become

tm (w5 = w)((L% 4)Yun = COILIn)rlu(0).

(3.12)

(3.13)

This determines the rotational strength of optically active
molecules.?*

If the external field is a homogeneous periodic mag-
netic field, and 4 is the magnetic moment, the linear
response function describes the magnetic susceptibility.>

A large group of second-order molecular response
properties that originate from static internal perturbations
may be expressed in terms of linear response functions.??
For example the indirect nuclear spin-spin coupling
constant contains several contributions that may be ex-
pressed in terms of linear response functions at zero
frequency. One of these contributions describes the inter-
action between the Fermi contact Hamiltonian [H(N)]
at nucleus N and the Fermi contact Hamiltonian at
nucleus N'. The linear response function describing this
interaction becomes

(CHANY; HHN'))) up=0
__s (<0|HF(N)|k><k|HF(N’)|O>

Wy

k>0

N <0|H;(N’)|k><kIHF(N)IO>)

W

(3.14)
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where the frequency parameter w, is set equal to zero
since Hp is a static internal perturbation.

Another example is the derivative of the dipole
moment with respect to a normal coordinate. This deriv-
ative determines the intensity of infrared spectra. The
interaction operator for this case is H,, H,, etc., of Eq.
(3.7). Letting n denote a normal coordinate displacement
we obtain, using Eq. (3.8):

d .~
& {O0ll0}ly=o

d N
=4 {Oluo + ey + 2nuam + + + <10)],-0

= {0luil0 + {Cpos Hi))uso-

In a finite basis calculation the derivative of the dipole
moment with respect to a rormal coordinate is thus a
sum of the average value of u; and the linear response
function ((uo; H1))up-o0-

Geometrical derivatives of potential energy surfaces
may also be described using the above formalism. The
operator (d/dn)H(R® + n) then replaces 4 in Eq. (2.50)
and H,, H,, etc. of Eq. (3.7) become the interaction
operators. The molecular gradient is <O|[(d/dn)H(R°
+ n)]l0> evaluated at undisplaced geometry and becomes
{0|H,|0). The molecular Hessian is the first geometrical
derivative evaluated at undisplaced geometry.

(3.15)

di; Oli(d/dmH(R® + n)]0Y],-o

= (OIH,10) + ((H5 HYYumo.  (3.16)
The first anharmonicity is the second geometrical deriv-
ative evaluated at undisplaced geometry etc. In the next
subsection we express the first anharmonicity in terms of
linear and quadratic response functions.

C. Quadratic response

Let us first describe the case where a homogeneous
electric field of frequency w, and one of frequency w, are
applied to the molecular system and A refers to the
electric dipole operator. Using Egs. (2.59), (2.38), and
(2.41), the %, ub, u‘th component of the quadratic response
function becomes

% 18 Y e
5 [CUEXE =~ OO0

(wb + w, — wk)(wc wn)
<0|u‘|n><n|u ~ (0|p?|0)k)(klu%0)
(wb + . + wk)(wc + wn)
_ {0lu®lkyCklu® = (0lul0Y|n) nluc0)
(wp + w)we — wp)

. COlulicy(Hlue = COluloYmy (10

(wb + w — wp)(wp — wy)
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<0|#b|n><n|# - {0lpl0H k) Klusl0)
(wp + we + wpwp + wg)
_ O0]pclk ) Klp® ~ <0|M“|0>in><n|ﬂb|0>:| .

(we + wwp — wy)

3.17

Equation (3.17) is identical to the p?, u®, u‘th component
of the electric frequency-dependent dipole hyperpolariz-
ability tensor®® at frequencies w;, .. The frequency-
dependent hyperpolarizability describes® the absorption
of two photons, one of frequency w, and one of frequency
w., and the emission of one photon of frequency w = wy
+ w.. The case where w;, = w, is often referred to as the
second harmonic generation.>*38

The expression for the hyperpolarizability in Eq.
(3.17) differs from the traditional hyperpolarizability
expression®’ in that the reference state |0 is not included
in the sum over intermediate states and in the use of
fluctuation operators as, e.g., p* — {0|u%0). However, it
is straightforward to show that Eq. (3.17) is identical to
the conventionally used expression for the hyperpolariz-
ability since the fluctuation operators give exactly the
contributions which in the conventional expression orig-
inate from |0) in the sum over intermediate states.

Molecular properties may also be expressed in terms
of residues of the quadratic response function in Eq.
(3.17). The residue at w, = w,, 1S

wln:’l (wc - wm)<<ﬂa; “b’ ﬂc>>—wb,wc
_ {Olpalk){klub — 0]u?l0)|m Y m|u0)
kz, [+ ~wp + Wy — Wi
M~ OO
—~Wp + Wi
_s [@l#"lkxklﬂb = (0|u|0)|m)
>0 = (W — wp)
+ COlutheyCln® = <Ohualo>|m>]<m|u”|0>. (3.18)
Wy — Wy

The conventional expression for the u? u’th component
of the two-photon absorption transition matrix element
between state [0) and state |m) is>'*

a b b 4
5 [QlEm , QOHA], .19)
ke{10),In)} Wk T @1 G
where

(3.20)

w; + wy = wy.

A comparison of Egs. (3.18) and (3.19) shows that the
amplitude describing two-photon absorption may be iden-
tified from Eq. (3.18) with w, = wp and w; = w,, — wp.
We point out that the two-photon absorption cross section
is an observable which is described by the cubic response
function® (see the discussion in Sec. III D). The quadratic
response function may only be used to identify formal
expressions for the two-photon absorption matrix element.
However, this turns out to be important in approximate
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response calculations, as the identification of the two-
photon absorption matrix element based on the quadratic
response function is much simpler than the corresponding
identification based on the cubic response function.
Residues of the quadratic response function in Eq.
(3.17) may also be evaluated at both the poles w, = wy,
and w, = —w,. We then obtain’
lim [ ll_’m (w — wm)<<#a; ﬂbs I-‘c>>wb,wc](wb + wq)
wp—r—wg Wwm
= —{0lp’1g){ql(u® — {Olu0Y)m){m|uc|0}.
(3.21)

The quadratic response function may thus be used to
identify matrix elements between excited state |m) and
excited state |¢), when the matrix elements between the
reference state |0) and excited state [m) and |g) have
been identified from the linear response function.

Many molecular properties may be described in
terms of quadratic response functions with one or several
interaction operators representing a static internal pertur-
bation. It is impossible to describe in any detail all of
these molecular properties. In the following we just give
four examples of such molecular properties.

In the first example we consider the derivative of the
frequency-dependent polarizability with respect to a nor-
mal coordinate. This derivative determines the intensity
of Raman spectra.'> The interaction operator for this case
has two components: one originates from a constant
periodic electric field of frequency w, [see Eq. (3.2)] and
one originates from the static perturbation that acts on
the molecular electronic system at R® due to an infinites-
imal displacement of the nuclei [H,;, H,, etc., of Eq.
(3.7)]. If n denotes a normal coordinate displacement
then the derivative of the polarizability with respect to a
normal coordinate becomes the terms of @/dn{0|u|0)],-o
containing two electric dipole operators. Using the expan-
sion of the dipole moment operator in Eq. (3.8) gives
that the derivative of the frequency dependent polariz-
ability with respect to a normal coordinate can be ex-
pressed as

<<P'0; Ko, Hl>>wb,wc=0 + <<l"0, ”'l>>wb
+ (k15 #0) Vs (3.22)

and therefore evaluated as a sum of a quadratic and
a linear response function. The formula for ({u; p,
H\))upu=0 in terms of sum over state expressions is
obtained from Eq. (3.17) by replacing u¢ with H; and
setting w, = 0.

The second example we consider describes the ex-
perimental situation where a homogeneous static magnetic
field and a homogeneous periodic electric field of frequency
w, are simultaneously applied on the molecular system.*’
When A4 denotes the electric dipole operator the appro-
priate quadratic response function is ((u; M, 1) )up=0,u-
The residue at w, = w,,:
whn‘: (w, — wm)<<ﬂ; M, F">>wb=0,wc

e

(3.23)

gives the so-called B term in magnetic circular di-
chroism. 404!
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The third example we consider is the case where a
dipole forbidden transition (0}ulm) becomes allowed due
to a perturbation operator V. ¥ may, e.g., be the spin-
orbit coupling operator in which case phosphorescence
lifetimes*? may be determined. The above case may be
described in terms of conventional time-independent per-
turbation theory! where H, of Eq. (2.3) is used as the
zeroth-order Hamiltonian and V is considered to be the
perturbation operator. The exact states in the presence of
the perturbation V" are expanded in a perturbation series

Ity = |m + mDY + [m® +, (3.24)
where
Im(1)> =3 |k> ﬁk’V|m> .
k#tm Wi = W

and the transition amplitude becomes
(Oluliy = (Olulm) + Olulm™y + (0D|u|m)

fop- S (OlulkalVlm)
k*m k

— W

(3.25)

4 5 SVlXKplm) Vlkw<k"‘lm> +0(2).
k

k#0

If we replace u? of Eq. (3.18) with ¥ and set w, = 0 a

comparison of Eqgs. (3.18) and (3.25) shows that the

transition amplitudes of Eq. (3.25) can be identified from

the residue of the quadratic response function
lim (wc - wm)<<l‘; v, #>>wb=0,wc~

we—twm

(3.26)

We note that the restrictions k¥ # m and k # 0 of Eq.
(3.25) may also be imposed on the corresponding terms
in the residue expression in Eq. (3.18) since we have
assumed that (O|u|m) is zero.

As the last case we describe how the first anharmon-
icity of a potential energy surface may be evaluated. We
consider the first anharmonicity in the direction #:

2
%73 <6|[a,4“:7 H(R® + 77)]|6>»=o
= (OlH3|0) + ((Hy; Ha)Yupmo + (CHa3 Hy)Dup=o

+ <<H1, Hl s Hl>>wb=0, we=0+ (327)

The first anharmonicity may thus be evaluated as a sum
of an average value of H; and linear and quadratic
response functions involving H, and H,.

D. Cubic response

In this section we describe in some detail a few of
the molecular properties that may be expressed in terms
of cubic response functions or the residues of cubic
response functions. Let us first consider the case where a
periodic electric field of frequency w,, w,, and w, is
applied to the molecular system, and where A refers to
the electric dipole operator. The real part of the u% p?,
¢, u“th component of the cubic response function in Eq.
(2.60):
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% 1 1 1) D onwesoa

B u4 sgn(k) _ [T A —A
=P d){[§ wp + we + wg — sgn(k)wy (? [ § [w: + wg — sgn(n)w,][ws — sgn(m)w,]

B(kn)ubpt ] + pugus,, ])
[wc + Sgn(n)wn][wd - Sgn(k)wk] >0 (we — w,lwg + wy)

b c a d b a ¢ d
Mt = mMic—nkt. n- —nkn—mit
ki m nMn kik—nkn m )} (328)

k,mn>0 ((wb + w, + wk)(‘-‘-’c + wm)(wd - wn) (wp + wk)(wc + wg — wn)(wd - W)

becomes the u?, ub, u¢, u“th component of the frequency-dependent second hyperpolarizability at frequencies w,, w,,
wg. Many spectroscopic experiments are controlled by the second hyperpolarizability as, e.g., stimulated Raman
spectroscopy.* The case where w, = w, = w, describes the third harmonic generation.>?

We now describe molecular properties that can be expressed in terms of residues of Eq. (3.28). Consider initially

the residue

lim (wc + wy — Wy )<<Ma; /-'vbs “c’ ﬂd>>—wb,wc.wd
wetwd—wf

HE by 1 — bt

s |
kom0 LO—Ws — 0 + 0 N—we + wp @)

bt 1 it ]
(—wp — wy + wplw, — @,,)

+ s [ e T T

ko LO@p + @i)(—we + wp — wpy)

B s

F;—ml‘gn

B2 s 1 i :|
(—wp + Wp)(we — wm)

=k§0(_

3 u’lku%—f) (
—wp —wp twp wp W) o \—we T wp— wy

d c
+ & ""“'") . (3.29)

We — Wy

This residue determines the two-photon absorption cross section. A comparison with Eq. (3.19) shows that this
expression is identical to the square of the conventional expression for the two-photon absorption matrix element in

Eq. (3.19).
Consider next the residue:

lim (wq = @ )u% 18, 16 1) Vupwenwa
wg—wf

B8 kb it

S I

k,n>0

18 bty By b e

(wp + we + wy— widwe + wp— wy)  (wp + we + wi)w, + wm)

piul p i

(wp + Wil we + wr— wn)) ] * 0 ((wb + wNwe + wi) B (wp + o + W+ wilwe + ax)

piul sy

ﬂikuzﬂﬂf

- +
(wp + @ + wr+ w)w, + w)

The formula for the three-photon absorption amplitude?
is the expression inside { } of Eq. (3.30). We point out
that the three-photon absorption cross section is an
observable determined by the fifth hyperpolarizability.
Hence, Eq. (3.30) can only be used to formally identify
the amplitude.

Finally, consider the double residue which is obtained
by taking the residue of Eq. (3.30) at w, = —w3:

lim (w + we)[‘dljirz)j(wd — wr X<{u% wh, s, u">>wb,wl-,w:|

W e

ez (-

i ketly
wp — We + Wi

kbR )
wp + wr— wx

d
.
(wp + we + wr— wi)w + wf))} 4

(3.30)
|
+ phrpe  wloul
Wp— w, wpt+w
a b b . a
- B Kk
+ 8er 2 ( < )}u}i. (3.31)
k>0 \Wh — Wk Wp + wg

In this case the expression inside { } of Eq. (3.31) gives
the two-photon absorption amplitude between excited
state |f) and excited state [e). When the two excited
states are equal to |f) the expression inside { } gives
the difference between the polarizability of the excited
state | £ and the polarizability of the reference state |0).

A large number of experiments are controlled by the
residues of the cubic response functions. We will not go
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into any detail about particular experiments as this is
outside the scope of the present paper. We refer to Refs.
3, 37, and 43 where a description of some of these
experiments can be found.

Many experiments are controlled by cubic response
functions where one or several of the perturbations refer
to a static internal perturbation. One example is the
derivative of the frequency-dependent hyperpolarizability
with respect to the normal coordinates.* This derivative
is the major contributor to the intensity of hyper-Raman
spectra, and contains among other terms the cubic re-
sponse function

<<ﬂa H, K,y H1>>wb,wp,wd = 0,

where H, is defined in Eq. (3.7). The above examples
illustrate how cubic response functions may be used to
describe molecular properties.

(3.32)

E. Discussion

We have in this section described how a large variety
of molecular properties may be expressed in terms of the
response functions for state lO). We have assumed that
|0) was an eigenstate for the Hamiltonian of the nonin-
teracting molecular system (H,) and our results have been
expressed in terms of the residual set of eigenstates of Hy.
The exact eigenstate IO) of Hy is in general not attainable,
and the results of the previous section therefore are of
little practical value for evaluating molecular properties.
However, the results illustrate how molecular properties
may be expressed in terms of response functions, and
motivate the determination of response functions for
approximate states. Molecular properties may of course
be evaluated from the approximate response functions in
exactly the same way as they are evaluated from the exact
response functions.

In Sec. V we determine the linear, quadratic, and
cubic response function for a multiconfiguration self-
J
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consistent field (MCSCF) wave function. We describe in
Sec. VI computationally practical ways of evaluating the
MCSCF response functions. Before we determine the
MCSCF response functions we will derive the equations
of motion for the exact response functions as these
equations turn out to be important for understanding the
conditions that we will impose on the time development
of the MCSCEF reference state.

IV. EQUIVALENT EXPRESSIONS FOR DIPOLE
MOLECULAR PROPERTIES

In this section we describe how molecular properties
that contain the electric dipole or position operator (in
atomic units u = 7) can be expressed in equivalent forms
containing the momentum operator p.!” The equivalent
expressions are straightforwardly derived from the equa-
tions of motion for the response functions.?® Equivalent
expressions may also be obtained from response functions
for an approximate state. We will discuss the conditions
that must be imposed on the time development of an
approximate state to assure that equivalent property
expressions can be obtained from the response functions
for an approximate state.

A. Equations of motion for the response functions

In Sec. II C we used Ehrenfest’s theorem to determine
the time development of the reference state. In this
section we determine the equations of motion for the
linear, quadratic, and cubic response functions by using
that Ehrenfest’s theorem

i% (0lA|0)Y — (OI[A, Ho + V11i0) = 0 (4.1)
is satisfied through each order in the perturbation. 4 is
assumed not to contain an explicit time dependence.
Using Eq. (2.1) and inserting the power series expansion
in Eq. (2.51) for each term in Eq. (4.1) gives

—0l[4, Ho]l0) + f: dey expl(—iwy + e)t){(w) + ie)(4; V") )urric = {{[4, Hol; V') )uyric— OI[A, V1110 }

1 o] oK
+ > f dw, f dwy expl(—iw) — iwy + 26)]{(w; + wy + 2ie)]{{A4; V', V)01t enic

- <<[Aa HO]; le, Vw2>>w1+ie,w2+ie - D(l’ 2)<<[A’ le]; Vw2>>w2+ie}

l [+ o] =] [s o
+ gf dw, f dwzf dws expl(—iw; — iw; — iws + 3)]{(w; + wy + w3 + 3ie)

X <<A; le; sza Vw3>>wx+ie,w2+is,ws+i¢ - <<[A, HO]; le’ sza Vw3>>w|+ie,w2+i(,w3+ie

- D(l’ 2’ 3)<<[A’ le]; sza Vw3>>w2+ic,w3+ie} + oo = 0-

The frequency decomposition of ¥* in Eq. (2.1) is intro-
duced to the contributions originating from the term
(Ol[A, V*I0> and the terms are symmetrized in the
integration variables. D(i, j,- - ) generates all distinct
permutations when operating on the subscripts of w;, w;,
...; for example, the last term in Eq. (4.2) only contains

4.2)

[
three distinct contributions since the propagator is sym-

metric in the last two subscripts.
Equation (4.2) is valid for each order and at each
frequency of the perturbation. The zeroth-order equation

—(0l[A, Ho]j0) = 0 (4.3)
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is obvious since |0) is an eigenfunction of Hy. The first
order terms in Eq. (4.2) give the equation of motion for
the linear response function

(W + ie){A; V' )oric
= <<[A3 HO]; le>>w1+i¢ + <0|[Aa le]|0>'

The second- and third-order terms give the equations of
motion for the quadratic?®® and cubic response functions,
respectively,

(wl + Wy + 2i€)<<A; Vnn, Vw2>>w|+ie,w2+ie
= <<[A’ HO]’ Ve, Vw2>>w1+ie,w2+ie
+ D(ls 2)<<[A, le]-, sz>>w2+ie

4.4)

4.5)
and
(wl + w2 + w3 + 316)<<A; V@l’ sz’ Vw3>>w1+i£,u2+ie,w3+ie

= <<[A, HO]; wa, szs Vw3>>a:|+ie,w2+ie,w3+ie
+ D(1, 2, 3¢
<[A9 V‘“]; sza V03>>w2+ie,w3+i¢' (4-6)

In the next section we will use the equations of motion
for the linear, quadratic, and cubic response functions to
derive examples of equivalent expressions to the molecular
property expressions of Sec. III containing electric dipole
operators.

B. Equivalent expressions for dipole
molecular properties

We first discuss equivalent expressions for dipole
properties described in terms of linear response functions.
Dipole properties described by the quadratic response
functions are then considered and a brief discussion then
follows of dipole properties that can be expressed in terms
of the cubic response functions.

Consider initially the equation of motion [Eq. (4.4)]
for the frequency-dependent polarizability in Eq. (3.10)
at the frequency w,. Using the operator identity

p = i[r, Hy], 4.7
we obtain
Ws(r% 1) = (KU Hols %))
= —iKP% ") )us- 4.8)

Equation (4.8) shows that the frequency-dependent dipole
polarizability at frequency w, may be evaluated either in
terms of the propagator ((r% r®))., or —(i/ws)}{p%
r"»-'! The residue of Eq. (4.8) at the pole w, = w,gives
[see Eq. (3.11)]

wr OIrel /Y f1r%10) = —i0lpa /) f1r%10).  (4.9)

Equation (4.9) shows the equivalent expressions for the
transition moments in the dipole length and the dipole
velocity approximation.*

Consider now the equation of motion (Eq. 4.5) for
the frequency-dependent hyperpolarizability of Eq. (3.17)
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at frequency w,, w.. Using Eq. (4.7), the r% r®, r‘th
component of the dipole hyperpolarizability becomes

(wp + WK% 18, 1V = —HLD% T8 Do (4.10)

Equation (4.10) expresses two equivalent forms for the
frequency-dependent dipole hyperpolarizability.

The residue of Eq. (4.10) at w, = wyis [see Eq.
(3.18)]

0lrky{klr® — {Olr®10M />

wi = (wr— wp)
4 COIPlkyCKIr® = Olrl0)f >] (/170
Wi — Wy

0l p?lk)(kir® = <0Irb10)1 1)
wi — (wr— wp)

, OrlexCklp — <0lpI0)lf 2]<f|rv|o>. @.11)

W — W

—(wp + wr) 2 I:
>0

=+ik§J[

Equation (4.11) expresses two equivalent forms for the
two-photon absorption amplitudes between state l0> and
state | /).

The residue of Eq. (4.11) at w, = —w, becomes [see
Eq. (3.21)]

(g = wrXOIr’lg){alr® — {OIrOp| £ Y f1rI0)
= i0lr’lg){glpl £ ){ f1rI0).

Equation (4.12) gives two equivalent expressions for the
transition matrix elements between excited state | ) and
excited state |g).

Consider finally the equation of motion [Eq. (4.6)]
for the r%, r?, r¢, réth component of the second frequency-
dependent dipole hyperpolarizability

(wp + @ + @)% 8 1 1Y e
= —il{D% 1% 1% 1) waope-

Equation (4.13) gives two equivalent forms for the second
hyperpolarizability. The residue at w; = wy may be used
to identify two equivalent expressions for the three-
photon absorption amplitudes [see Eq. (3.29)]. The double
residue of Eq. (4.13) at wy = @y and w, = —w, may be
used to identify two equivalent forms for two-photon
absorption amplitudes between excited state |f) and
excited state |e) [see Eq. (3.31)]. We point out that many
more equivalent forms may be derived for the above
described molecular properties. The equivalent forms
given above are only derived to illustrate a general
principle about how equivalent expressions may be derived
for molecular properties. We also point out that equivalent
forms can be derived in a similar way for molecular
properties in which one (or several) of the operators r?,
rb, r<, r? in the above response functions refer to a static
internal perturbation. Equivalences can also be obtained
between different forms of the mixed quadrupole-dipole
polarizability and between different forms of other mul-
tipole polarizabilities.

4.12)

(4.13)
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C. Discussion

The derivations in this section show that the equiv-
alent forms for the molecular dipole properties can be
derived straightforwardly from the equations of motion
for the response functions. The derivations also show that
equivalent dipole property expressions are obtained if the
equations of motion [Eqs. (4.3)-(4.6)] are satisfied. Equiv-
alent dipole property expressions can therefore be obtained
from response functions for approximate states if the
response functions for these approximate states satisfy
Egs. (4.3)-(4.6). This requires (1) the approximate state
to be variationally determined [see Eq. (4.3)], (2) Ehren-
fest’s theorem [see Eq. (4.1)] to be used to determine the
time development of the reference state, and (3) the
operators that describe the time development of the
approximate state span the space of all one-electron
operators when operating on the time developed state
Iﬁ} and <6|. Conditions (2) and (3) assure that Eq. (4.1)
is satisfied for a general one-electron operator. When Eq.
(4.1) is satisfied then Egs. (4.3)-(4.6) are also satisfied
provided condition (1) is satisfied and Eq. (4.7) can be
used to obtain the equivalent dipole property expressions.
We point out that equivalent molecular property results
are only obtained in approximate calculations provided a
complete basis is used since only then will the operator
identity in Eq. (4.7) be satisfied. In the next section we
derive the response functions for an MCSCF state. We
also demonstrate explicitly that equivalent dipole property
expressions can be derived from the MCSCF response
functions.'®

V. RESPONSE FUNCTIONS IN THE
MCSCF APPROXIMATION

In this section we derive the response functions for
an MCSCF-reference state. Our derivation of the MCSCF
response functions is similar in structure to the derivation
of the response functions for the exact state in Sec. IL
The MCSCF response functions are determined by solving
the equations for the exact response functions in a
subspace spanned by the operators describing the time
development of the MCSCEF state. In Sec. V A we describe
very shortly the MCSCF formalism. The equations defin-
ing the time evolution of the MCSCF state are derived in
Sec. V B, in Sec. V C these equations are solved through
third order. In Sec. V D the expectation value of an
operator as a function of time is examined and a com-
parison with the similar equation for the exact response
functions of Sec. II F is then used to identify the MCSCF
response functions. The poles and residues of the MCSCF
response functions are determined in Sec. V E. The
Einstein convention for summation over repeated indices
will be used in this section.

A. Parametrization of the time development
of the MCSCF state

We assume that the unperturbed molecular system
can be described by a multiconfigurational self-consistent
field (MCSCF) state®

J. Olsen and P. Jorgensen: Response functions for exact and MCSCF state

g

where {|¢,)} is a set of configuration state functions
(CSF’s). Each CSF is a linear combination of Slater
determinants |¢f ):

lof > =TT a/ Ivac),
ref

where ][] < fa;“ refers to an ordered product of spin
orbitals. The configuration expansion coefficients of Eq.
(5.1) and the spin-orbitals of Eq. (5.2) are fully optimized
and satisfy the generalized Brillouin theorem [see
Eq. (5.11)].

When a time-dependent perturbation is introduced,
the spin-orbitals (a;) and the configuration expansion
coefficients {Cy} vary in time, and [0} turns into a time-
dependent state |0). The time evolution of |0) may be
conveniently described in terms of exponential unitary
transformations. '8

[0Y = e eSO}, (5.3)
The Hermitian operator «(¢), generating the unitary trans-

formation of the orbitals, contains a set of time-dependent
amplitudes (,):

(5.2)

k() = (2 Krsa:‘as + K:‘sa:ar)

r>s

= 2 (kg5 + xXq,), 54

and the Hermitian operator S(¢f), which generates the
unitary transformation of the configuration expansion
coefficients, is parametrized in terms of a set of time-
dependent amplitudes (Sy, S,):

S@) = 2 (S0l + S30)(nl)y + (So + S§)|0)<0]

= 2 (SxRy; + SERy) + (So + SR, (5.5)

where (|0}, |#)) is an orthonormal basis for {|¢,)}, having
|0 as its first element.

As described in Sec. II C the phase factor originating
from the operator S§R{ may be factored out in the time-
dependent wave function in Eq. (5.3). We then obtain

,(-)> _ l(‘)>eizs6” (5.6)
where
|()> = eix(t)eim)|0> = eix(r)|()> 5.7)

and where 258 contains the phase factor. The operator
S(2) in Eq. (5.7) is defined as the sum over # in Eq. (5.5).
It is convenient to collect the operators in a row

vector, and the amplitudes in a column vector
(M) =@,0=(",R", q,R),
K

o-(2)-( ;
:

(5.8
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In order to get a unique correspondence between a set of
parameters {x, S} and a given point |0), care must be
exercised to assure that only nonredundant operators are
included in (7). According to the discussion of Ref. 20
one must therefore exclude from (7') all operators (a; a;,
ata,) which are generators for a subgroup of U(N) and
which satisfies the equations

atal0y = T CHln),

atal0y = 3 CilR), (5.9
n
where
1Ay = e%|n),

For example, operators g;; where both indices i and j
refer to either completely occupied or to completely
unoccupied orbitals must be excluded.

The condition that the MCSCF reference state is
fully optimized (satisfies the generalized Brillouin theorem)
can be written as

—i{0|[5x + 8S, Ho)l0) = 0

(<0|[q+, Ho]|0>) _ (0)
(OI[R™, Holloy/ \0/°

The set of elementary operators (7T) in Eq. (5.8) is
convenient to use as a basis for the MCSCF optimization
and for describing the change of the MCSCF state when
a time-independent perturbation is applied.** When a
time-dependent perturbation is applied, the time devel-
opment of the MCSCF state must be described in a more
general basis for the operators

(0)=(Q%, Q) =", HX.

X is a nonsingular matrix which conserves the adjoint
nature of the operator basis and therefore must be of the
structure

(5.10)

or

(5.11)

(5.12)

Iy 2
X = (2x’x*) . (5.13)
The operator «(f) + S(¢) can now be written as
«(2) + S@) = (TXB) = (DHXX'(B)
= (OX7'(B) = (O)a), (5.14)

where (@) are the amplitudes for «(z) + S(¢) in the operator
basis (0). It is easy to demonstrate that the adjoint nature
of (8) = (3.) is conserved in () so we have

o-(2)

As for the exact case we introduce a notation which
explicitly contains the adjoint nature of (0O) and («) [see
Egs. (2.13)-(2.16)],

(02)=(3) v>o

(5.15)

(5.16)
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and write

d
«(f) + S(0) = 2 (v;QF + v Q)

Jj=1

a8

= 2 (v,0; + v-,0-))

j=1

d
= 2 o0

J=—d

5.17)

where we have defined y_; = v¥.

The operator O; can be split into a sum of two parts:
O.; involving only the configuration operators {R*, R}
and O, involving only the orbital operators {g*, g}:

0j=0¢j+00j. (518)

With this partitioning of O; we can identify the operators
k() and S(?) in Eq. (5.17) as

d
K(t) = 2 ajoﬂj:
j—d
d
St =3 0., (5.19)
j=~d

In the following when otherwise not stated we will assume
that the summation over repeated indices runs from —d
to d, omitting |0).

B. Equations for the time development
of an MCSCF state

In the previous subsection we described the parameter
space in which the MCSCF state was allowed to develop.
We now proceed by defining the equations that determine
the evolution of [0 in Eq. (5.7). We first discuss how the
equations that determine the time development of the
MCSCEF state may be chosen such that equivalent molec-
ular property expressions are obtained for properties
involving the electric dipole operator. We then derive
matrix equations that may be used to determine the
response of the MCSCF state in each order of the
perturbation.

1. The time development of the MCSCF state

As in Sec. II C we determine the time evolution of
J0> by requiring Ehrenfest’s theorem to be fulfilled for
the set of operators describing the time evolution of |0).
This set is restricted to be of the form in Eq. (5.8). For
reasons that will become clear shortly we will describe
the time evolution in the time transformed basis

q
() = ;ﬁ , (5.20)
Ié +
where
GF = eMOgte 0 G, = gi0g.omix®
R :l- - eix(t) eiS(t) R '4'- e—iS(t) e—ix(t),
R, = ¢ 0eiSOR o= iS0g=ix() (5.21)
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The time transformed operators in Eq. (5.21) correspond
to using orbitals at time ¢

ag(t) = e™gfe (5.22)

to define the orbital excitation operators. The time evo-
lution of the MCSCF state is thus determined from
Ehrenfest’s theorem for the time-dependent operators
(T*) of Eq. (5.20):

d ,x s
= OI710)
= (0|T*10) — KO|[T™, Hy + V/0) (5.23)
or, in expanded form,
(01410} <0l4[0)
4 (OIRi0) (OIRID)
dr\ (013*0) (01710
(O|R*0) (OIR*|0)

(0llg, Ho + V110
<OI[R Ho + V110
(Ollg*, Ho + VD)
(O|[R™, Hy + V1|0)
(5.24)

It is convenient to transform Eq. (5.23) to a more
general basis similar to the one of Eq. (5.12) for the
operator set (7'). Multiplying Eq. (5.23) from the left with
X* of Eq. (5.13) gives

%<ﬁlé+lé> = (0l0*|0Y — iKO|[O*, Hy + V110, (5.25)

where

~

Ocj = eix(t)eiﬂt)ocj e—iS(t)e—ix(t)’
0,, = €00, ;¢
Oj = Ocj + Ooj, (526)

and where O,; and O,; are defined in Eq. (5.18). As in
Sec. II C the phase factor can be eliminated from Eq.
(5.25) and Eq. (5.25) then becomes
d ~ ~..x o AL a . o
7 {0l0*10) = {0|0*|0) — iOl[O*, Ho + V1|0). (5.27)
The phase of Eq. (5.6) may be determined from Eq.
(2.20).

Equati~on (5.27) supplemented with the boundary
condition [0) — |0) for t — —c0, i.c.,

hm «(¢) =0

——0

lim S() =

t——w

(5.28)

determine the time development of the MCSCF state.
Before we derive explicit formulas for the time develop-
ment of the MCSCF state we will in Secs. VB 2 and V
B 3 examine some of the consequences of using Eq.
(5.27) to determine the time development of the MCSCF
state.
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2. Equivalence relations for dipole
molecular properties

The time development of the MCSCF state is de-
scribed by Eq. (5.27) and determines the MCSCF response
functions (see Sec. V D). We now show that molecular
dipole property expressions derived from the MCSCF
response functions satisfies the same equivalence relations
as the exact response functions (see Sec. IV B). To prove
this we show that conditions (1)~(3) of Sec. IV C are
satisfied. These conditions are (1) the MCSCF state has
to be variationally determined, (2) Ehrenfest’s theorem
must be used to determine the time development of the
MCSCEF state, and (3) the operators which describe the
time development of the MCSCF state must span the
space of all one electron operators when operating on
|0 and (0|. Conditions (1) and (2) are obviously fulfilled.
In the following we prove that condition (3) is satisfied.
We begin by expanding an arbitrary one-body operator
A in terms of the time transformed orbitals of Eq. (5.22):

(5.29)

The summation in Eq. (5.29) extends both over the
nonredundant orbital operators of Eq. (5.8) and the
orbital operators which are redundant in the sense of Eq.
(5.9). To examine the effect of 4 operating on [0) we
split A up in two parts,

A= 2 (4,4} +4;4)+ 2 4474,
Jj>0 r.s:red

A = A,d;d;.

(5.30)

where the first summation contains the nonredundant set
of one-body operators and the second summation is over
the redundant operators. We now show that the redundant
set of operators in Eq. (5.30) when operating on [0) and
(0| can be expanded in terms of the state transfer operators
in Eq. (5.20). Using Egs. (5.6), (5.9), (5.21), and (5.22)
we obtain

AD) = T (4;4] + A;G)0) + T A,474,0)
Jj>0 r,s:red

= 3 (4,47 + A;G,)I0)
j>0
+ 3 Ae™ata Sei&t)|0>eZiS§

r,s:red

= 2 (4;4] + 4;4,)I0)
j>0
+ 33 A’SC;seix(;)eiS(z)|n>e2is§
rs:red n
= Z (Aj‘i
j>0
+ 2 X A4,CER:0).

rs:red n

A5G ,)10)
(5.31)

Similarly,

(014 = (0| [ > 4,3}

>0

+ 3 (4 zcs:zé,,)].
r,$:red n

Ajg;)

(5.32)
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The operator A when operating on either [0 or (0| can
thus be replaced with an operator AF, that consists of a
sum of operators from (T),

= 2 (4G} + A;G))
>0
+ X [A,SZ(C;SRHC:'Rn)]

r.s:red n
= o, T} (5.33)

and condition (3) is fulfilled. This concludes the proof
that equivalent molecular dipole property expressions are
obtained from the MCSCEF response functions.

If the set (T) of Eq. (5.8) was used instead of the
set (T*) in Eq. (5.20), a relation similar to Eq. (5.33)
cannot in general be obtained. The reason is that when
A is expanded in the basis (T™), terms occur in A|6> of
the type a;a 0), where a;a, corresponds to a redundant
operator in the sense of Eq. (5.9). These terms cannot be
expanded in state transfer operators as was done in Eq.
(5.31) due to the occurrence of ¢™® in |0). Equivalent

molecular dipole property expressions therefore cannot

be obtained from MCSCF response functions if the basis
(T*) is used to describe the time development of the
MCSCEF state.

3. Connection to McLachlan-Ball’s variational principle

Another motivation for defining the time develop-
ment of the MCSCF state as in Eq. (5.24) is that these
equations are identical to the ones obtained by using the
time-dependent variational principle of McLachlan and
Ball.*® To see this we write the McLachlan-Ball time-
dependent variational principle for |0) of Eq. (5.7) as

. d .

Re((&OIz i Hy — V’IO)) = (5.34)

Considering n and n* of Eq. (5.8) as vgriational parameters
an arbitrary first-order variation of |0) is

160) = ion 7 d} + on,d, + on.Ry; + oniR,)0).

Inserting the variation of Eq. (5.35) in Eq. (5.34) we
obtain Eq. (5.24). In the limit where the external pertur-
bation is absent (i.e., t — —o0), Eq. (5.24) becomes the
generalized Brillouin theorem [see Eq. (5.11)].

(5.35)

4. Matrix equation for the time development
of the MCSCF

In this subsection we derive a matrix representation
of Eq. (5.27). Consider initially the terms in Eq. (5.27)
which contain a time differentiation. Straightforward dif-
ferentiation of these terms gives a plethora of terms which
are very tedious to contract. The expressions in Appendix
A for the time derivative of a BCH expansion can be
used to simplify the derivation. Using Egs. (5.7) and
(5.26) the terms of Eq. (5.27) containing time derivatives
becomes
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d, xox,n A i
Z (0105 10)) — <0lOf |0)
<0|e"500,e’sl0>+ <0|o 10%
_ <O|e—iSe—zx - (etxooje lx)etxelS|0>
T I .
= Ole%e " = (e"e°0%;e e F)ee™l0).  (5.36)

In Eq. (5.36) and in the rest of this section we will not
write out explicitly the time dependence in «(f) and S(2).
Using Eq. (A8) the first term on the right-hand side of
Eq (5.36) becomes

<0|e"sO.,,e‘S|0>

w® n (_l)k(i)n+1
=2 2 - k+ D)

X (O(SHOZ;, (S™*S)DI0). (5.37)
The second term on the right-hand side of Eq. (5.36) is
zero. Using the first equality sign in Eq. (A9) the third
term becomes

<0| —lS —ix (etxooje—tx)eixeiSI())
o ( l)n(l')n+l

w0 (m+ 1!
3 © (_l)n(i)n+1

- ?0 (n+ 1)

_ © n (_l)n(l')n+l
=Z2Z (k!(n—k+ !

= (Ole e (e [(k"K), OF;le ™ )e"e™(0)
(0le™S[(#"), 0%1e10)

QSHE0, 051)0).

(5.38)

Similarly, the fourth term on the right-hand side of Eq.
(5.36) becomes

<Ol —tS —ix ii_ (eixeiSO:je—iSe—ix)eixeiSIO>

<0|e—xs (etSOEje—1S)eiSIO>
( l)n( )n+l

+ 3 GO (n+ 1)

n=Q

3 @ ("1)"(i)n+l
- §0 (n+ 1)
(__l)n(i)n+l

—k+ 1)

Olite™&"x)e’, 0110y
(0l[($"S), 0%110)

(OISR *k), 04110

(5.39)
We thus have

d o~ x.x o AL a
4 (010116 - 0167 10)

-5 (l)n+1(2 _

Sk — k + 1)) (C1R0IS10%
n=0 0
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X (STEHDIOY + (—1YKOISHOE;, (™ *1)DI0) We now introduce the expansion of S and « given in Eq.
g (5.19) into Eq. (5.40). Using the notation for the kth
+ (=1 )n<0|[oc]’ ( S+ K))]l0> }) power of the superoperator
' k k
© (=1 - Sk = -o‘c-k=( 0}-)( ) 5.41
+ 3 ('2n +( 1;) (Ol[0%;, (5"$)]0). (5.40) (20" = {11 Oci \I1 a, >-41)
n=0 ¢

| we write Eq. (5.40) as

d ~ o~ x N AL x
% <010718) ~ <0167 10)

%, (l)m{kok'( R ¥ <0|((ﬁ )[03"’((,11, 0”’") )])'0>
)

u=1

|
oo oo 1, ooJoJo  corofer () 1, o))

by + ({1 - mstr]
+ TR <0|[:0”, ((E 06,“)06,,,)]|0>}ozm‘g1 E "S- ey H oy, (5.42)

where S1i*!)., is defined as

1. Sl oo (7, 00 o
" (—1>"—'<01((§ oa) 05 (( 1;{ w)0u) )03 + 17c0f 03, ((’hz 0,
(L 0o 2 o (0o

u=2
The term on the right-hand side of Eq. (5.27) in- | ]
volving H, becomes The expansion of exponentials of Eq. (A1) then gives

O[O}, Hol0)

~i(0le™Se 0% + O, Hole'Se™(0)

=" Sk e
= —i{0I[0Z;, eSe™*Hoe™e']|0) - §> kzo Ki(n — k! (IO, (5" E“HI0)
— K0le03,, e Hoe e 0. (5.44) + (OIS0, G™*HoDI0Y}. (5.45)

| Using Eq. (5.19) we thus obtain

07 =15 [ 85 ofo, ( 1 0 1, 0o

n=0 u=k+1

+ <0|((ﬁ Ocl,)[ogj, (( II 001,.) )])l@}}n a;, = —Z @) EFH, H ay,, (5.46)

p=k+1

where the last equality sign defines EI"*'). In a similar way it can be straightforwardly shown that

0107, V1) = =1 2 {Z 3 Dy {o 03 ((}f{ 0a)(( 11, 6)7)) Jo

u=k+1

¥ <0|((rk1 oa) 03 (( T1 001,)V‘)])I0>}}H o, = —z v, H o, (547)

u=k+1

Introducing the explicit form of ¥* from Eq. (2.1) we obtain

~iOI0], V1) = ~i 3 {kzo i dwle—"<~'+"‘{<0|[0:j, ((ﬁl 0}1“)(( fIl 0u)r=)) o>

= u=k+
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sol(faofou (1, o

= E (l')n+l f dw (e z(w|+u)tiIIl[n+]]) H o,

n=0

All terms have now been expanded and we can write Eq.
(5.27) in the compact notation

[ n =} n

2 @SE oy [T e, = =2 GERY T @
n=1 u=2 n=0 p=1
)
_ z (i)n+th[n+1] i H al,. (5 49)
n=0
or

2 @St e, H oy,

n+1

= Z (l)n+l }7‘+l] " H 041,. (l')n+1

n=0 n0

n
X f du(e iyt i)y T] o, (5.50)
p=1
where the matrices St EI"*!] and v are defined
in Egs. (5.43), (5.46), and (5.48). Aspects of the actual
calculation of terms involving S, E, and V matrices are
described in Sec. VI.

C. Solution of the time-dependent MCSCF
equations through third order

The equations which determine the response of the
MCSCEF reference state through third order in the pertur-
bation V* will now be derived. We first derive from Eq.
(5.50) a set of coupled linear differential equations for the
linear, quadratic, and cubic response of the MCSCF
reference state. We then show how the transformation
matrix X of Eq. (5.13) can be chosen such that the
differential equations separate. The solutions to the sep-
arated differential equations are then obtained.

1. Coupled differential equations for the time
development of the MCSCF state

The parameters a of Eq. (5.15) which determine the
response of the MCSCF state to the perturbation ¥’ in
Eg. (2.1) can be expanded in orders of the perturbation

=V +oP+aP+ .-, (5.51)
where the zeroth-order coefficient vanishes since E! in
Eq. (5.50) is zero (the generalized Brillouin theorem).
The parameters &, i = 1, 2, - - - may be determined by
requiring Eq. (5.50) to be valid in each order of the
perturbation. We will derive explicit expressions for o'V,
a?, and . In Eq. (5.52) we have written all terms of
Eq. (5.50) which contribute to the evaluation of ofY,
o®, and a®.
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n
7))o e
u=1
(5.48)
i
lS][f]aI SJ[?,]"alam is¥ ,mnaIa,,,a,,
= Emoq + lEm Ol Oy — E},mnaIama,,
-~ iVj'-“] + VJ’.llzla, + lVJ‘[,:,‘,],alam. (5.52)

In Eq. (5.52) we have again used that E!') equals zero
[see Eq. (5.11)]. Inserting the expansion of « from Eq.
(5.51) and collecting terms of first order gives the first-
order equations

iSPa) ~ Eflaf? = ~ivin, (5:53)
The second-order equations are
s Q2] (2 2 2

= SR Vot + (BB ol al® + Vo (5.54)

and the third-order equations become
ISP — ERof®
= SELEPAD + &) + iSll, 4 alal
+ ,Em ) (aPalh) + ofVa®) — E““ PRIIOMY
+ V;[,”afz’ + zV}ﬁ}a}”aﬁ,‘). (5.55)
Equations (5.53) to (5.55) all have the structure
= f{(), (5.56)

where {o{Y} are the unknown variables and f{() is
determined from the lower-order equations. If we can
find a representation where S!?! and E®?! are simultaneously
diagonal:

S[ 1 = )j10js

- ol2] Lk 2] (k
ISJ[-,]af ) — EJ[,]a? )

E}%] = 05w, (5.57)

then Eq. (5.56) becomes a set of separated linear differ-
ential equations:

aR — w;a® = FR(). (5.58)

is;al

2. Simultaneous diagonalization of S and E!2!

We describe now how to simultaneously diagonalize
SI21 and EP. Using the notation that E® and S!? are
the E® and S'? matrices in the elementary basis [see Eq.
(5.8)] we see by inserting (O) of Eq. (5.12) into the
definition of EP! and S [see Eqgs. (5.46) and (5.43)] that
Eq. (5.57) corresponds to

(X+ eE[ZIX)]’[ = wjéﬂ,
(X+ esl2]x)ﬂ = O'jaj[. (559)

This is equivalent to solving the generalized eigenvalue
problem*’
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eEIZIXj = )\j eS[an; (k_, = wjoj_'). (5.60)

In Sec. V E we show that w; becomes the excitation
energy between state |0) and state |j). A complete set of
eigenvectors X; can be found de jure if “E™® is positive
definite.*® The matrix E' is the second derivative of the
unperturbed energy at |0). For an MCSCF stationary
point |0) representing a ground state EP is positive
definite and a matrix X which simultaneously diagonalizes
¢Sl and “EW exists. For a stationary point representing
an excited state, E/ is not positive definite and it is not
clear whether S and E® can be simultaneously diago-
nalized. In the cases we have considered where the
Hessian had the required characteristics of an excited
state®® a simultaneous diagonalization of ¢Sl and °E™
could be performed. It can furthermore be shown*’ that
if “E!? is positive definite the eigenvalues w; are real and
positive, and the eigenvalues o; are real. In the following
we assume that w; and o; are real also for excited states.
With these assumptions we now prove that the matrix X
has the structure of Eq. (5.13). The adjoint nature of the
operator set (T) implies that “E?! has the structure

B* A*/)’

where

A= (<O|[4ia [Ho, af 110>  {Oll[g:, Hol, Rf]|0>)
(OI[R;, [Ho, g 110} <{OI[R;, [Ho, R} 1110}

(5.62)

(5.61)

and

_ (<0|[q.~, [Ho, ¢,11105  {Olilg:, Hol, Rj]IO>)
(OI[R;, [Ho, q;1110)  <OI[R;, [Ho, R1II0)/

(5.63)
The matrix ¢S is
p> A
eal2) —
s (_A* —z*)’ (5.64)
where
{Ollg;, g;110> {Ol[g;, Rf']|0>)
= 5.65
(<ouR,-, 47110y (OI[R,, R}]I0) ©-69)
and
<0|[¢1i, 4j]|0> <0|[‘1i, Rj]|0>
= . 5.66
(<0|[R.-, 4,110 <01[R,-,R,-1|o>) 66)

lx‘
Let X; = (ZX]) be an eigenvector to the generalized

J'

eigenvalue problem in Eq. (5.60),

X; X, _
eEIZI(ij) =X esm(zxj) s = wigi").  (5.67)
Using Egs. (5.61) and (5.64) we obtain

2x* 2x*
2 V| = ). egl2f Y
E (’x,*) A ‘S (le). (5.68)
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2x*

The vector ( ) is thus an eigenvector for the generalized

J
lxj*
eigenvalue problem in Eq. (5.60). The elements of the

x*
diagonal forms of Eq. (5.59) corresponding to ('X:‘)
]

becomes

(zxrlx*)"sm(zxf ) = —g;
- v lx_* J]?
v

(CX*'X*)E2 X W (5.69)
J J lx;: A *

If o; differs from zero it is seen from Eq. (5.69) that the

. 'X; x> .

two eigenvectors (2X ) and (‘X }") corresponds to different
J

eigensolutions of Eq. (5.60).

The case g, equals zero is allowed and may give
reasonable excitation-energies. However, this case occurs
only for particular choices of the configuration state
functions and the singularities generally disappear when
the set of operators (7T') is enlarged. We therefore assume
that the ¢; all are nonzero. The X vectors therefore can
be scaled such that the normalization of o; = *I is
fulfilled. If we collect all eigenvectors with o; = 1 in the
columns of X with positive index, and the eigenvectors
with ¢; = —1 in the columns with negative index, i.e.,

(X+EE[2]X)U = Eﬁl = wjé,-j, w_; = Wwj,

(X*eslZIx), = Sg-] = sgn( j)0;, (5.70)
then X has the structure
lx 2x*
(2X ‘X"‘) s (5.71)

which is the one we required in Eq. (5.13). Under typical
circumstances a matrix of the form in Eq. (5.13) which
simultaneously diagonalized ¢S and “E! can be found.
In Sec. VI we discuss the computational aspects of
determining the eigenvalues and eigenvectors of Eq. (5.60).

3. First-, second-, and third-order time dependence
of the MCSCF state

Using the basis of Eq. (5.59) the set of coupled
inhomogeneous differential equations in Egs. (5.53), (5.54),
and (5.55) will separate. The Einstein summation conven-
tion will be used in this subsection with the exception
that j is a fixed index. The first-order equation becomes

isgn(j)c'vj(.” - wjaj(-” = —iVj’.“]. (5.72)
The second- and third-order equations read
i sgn(j)o® — wa®
= Sﬁ}n&?’af,‘,) + iE}?,La}"aﬁ,‘,’ + V,’.Ezla?), (5.73)
i sgn( /) — w;al®
= SPUEPAD + &) + IS albet)
+ IEfafPaly + of o) ~ Efflaf el
+ V}[,Z‘afz’ +i Vj’.[,f},af”aﬁ,',). (5.74)
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Equations (5.72), (5.73), and (5.74) with the initial con-
ditions of Eq. (5.28) have the same general form as the
Eqgs. (2.37), (2.40), and (2.42) of Sec. Il E for the exact
responses. The equations can therefore be solved in an
analogous manner using the solution of Eq. (2.43) given
in Eq. (2.45). The first-order amplitudes become

L2 o)
a§l) = -if dw; exp[—i(w; + ie)f]

n( /)yt
sgl)) et (5.75)
w; — sgn( j)w; + ie
Introducing the notation
an[l]
M = > 7
S w) e w—— (5.76)
we can write Eq. (5.75) as
= ~isgn()) [ do
X exp[—i(w, + ie)t] f}')(w,). (5.77)

Substituting the first-order amplitudes of Eq. (5.77) in the
second-order equation [Eq. (5.73)] gives

i sgn(j)o?® — wjal?
= i sgn(l) f f dw dw; exp[—i(w; + way + 2ie)]

X {sgn(m)[S}il(w, + i) — EGL]
X [ 1w f WA wa) = VB (w))}. (5.78)
Using Eq. (2.45) the second-order amplitudes become

0[}-2) = —~i sgn(j) f_ f_ dwldw2f§2)(wns ;)

X expl—i(w; + wy + 2ie)t], (5.79)

where fP(«w,, w,) is chosen as the symmetrical form
/ 5-2)(“’1 » W2)
~ (4 ssnmXER) + Ef — S + i0
= SB(ws + i) £ (1) f W w2)
+ 3 sV f (P (wy) + ViR £V ()}

1
X .
Wy + @ — sgn( jw; + 2ie

(5.80)

Inserting the first- and second-order amplitudes [Egs.
(5.77) and (5.79)] into the third-order equation in Eq.
(5.74) gives

i sgn( j)d}” - w,-a}”
an oo @K
=i f J. f dw, dw, dws expl—i(w; + wy + w;
—ao -0 —a0

+ 3ie)t]{sgn(lm)SJ[-?,],,[ SO (@)@ + i) fPw,, ws)

+ [P (w2, w3)wy + w3 + 2ie) fP(w))]
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— sgn(imXEL), + ERDf Plwr, w)f Pws)
+ sgn(Imn)(SI (o, + ie) — EW) f{%w) f(wy)
X fws) = sgnm)V 5l £{V(w,) £ ws)

— sgn(DHV;1P [P (w2, w3)}

= —if f f dw, dw; dws exp[—i(w; + @,

+ w3 + 3ie)f]h(w;, ws, w3), (5.81)

where the last equality sign implicitly defines 4;(w;, w,,
w3). The third-order amplitudes become

o = —i sgn(j) fff dw, dw; dws [P (w1, w2, w3)

X exp[—ilw; + wy + w3 + 3ie)], (5.82)

where we have introduced the shorthand notation
f}s)(wla w2, 0)3)
_ P(l, 2: 3)hj(wls Wy, w3)
6[(0] + wy + wy — sgn(j)w,- + 316] ’

P(1, 2, 3) is the symmetric permutation operator operating
on the subscripts of w,, w,, and w;. Expressions for the
first three amplitudes have now been derived.

(5.83)

D. Derivation of MCSCF response functions

In this section we use the amplitudes oV, a®, and
a® to describe the time development of the expectation
value of an operator 4. By comparing this expectation
value with the exact time development in Eq. (2.51) we
determine MCSCF approximations to the linear, qua-
dratic, and cubic response functions. We stress that the
derivation in this section parallels the one of Sec. Il F
where the response functions are determined for an exact
state.

The expectation value of 4,

(01410> = {Olexp(—iS)exp(ix)4 exp(ik)exp(iS)I0) (5.84)

can be expanded with the BCH formulas of Eq. (Al) of
the Appendix:

o=
<0110 = ?0 -3 ,EO K ~ &)

X {O[(S*R"*A4))I0). (5.85)

When & and S are expanded in the O basis [see Eq.
(5.19)], Eq. (5.85) becomes

R A P n 1
QU = = (rf-1r % gy

n=0 k=0

<oo(f1 02) 1t ouo

u=k+1

n

Xl a=Z (rai? , T1 «,.
u=1 n=0 b p=1 (5.86)

In Eq. (5.86) we have implicitly defined A"l. Note that
the definition of A" differs slightly from the definition
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of, e.g., EP! in Eq. (5.46). By inserting the expansion of
a through third order in Eq. (5.86) and writing only the
terms explicitly through third order we obtain

¢01410) — (014/0)

= iAoV + ANl — AP Vo) + idelD

J. Otsen and P. Jorgensen: Response functions for exact and MCSCF state

- A][-,f](afl)af) + a}z)afcl))

N NN S (5.87)

Introducing the expressions for oV, of, and /¥ of Egs.
(5.77), (5.79), and (5.82) gives

(01410) — (0}4|0) = f " oy expl—i(w; + ie)Jsgn(j)ll D) + f_ ) f_ " doy dus expl—i(wr + w; + 2ie)]

X {sgn(jk)f N w)f Aw)AP + sgn(HANf PN w,, wr)} + f_ f_ f_ dw, dw; dws

X exp[—i(w; + wy + w3 + 3ie)]){sgn(kDAR N w)f (A w2)f P (w3)
+ sgn(RIAZLf Nw)f Plwz, w3) + fPlwy, w2)f Pws)]

+ sgn(NAMf e, @, w3)} + - -

Comparison with Eq. (2.51) gives the linear response
function.

s V) Dor = 580G e,

The quadratic and cubic response functions were defined
to be symmetric in the integration variables. Symmetrizing
Eq. (5.88) and comparing with Eq. (2.51) shows that the
MCSCF quadratic response function is

<<A, le, Vw2>>w1+ie,w2+ie
= P(1, 2){sgn(GR)AZf @) f{(w2)
+ sgn(j)AJ“]ff-z’(wx , @)}
and the cubic MCSCF response function reads
<<A; le’ sz: Vw3>>w|+i(,w2+ie,w3+ie
= P(1, 2, 3){sgnGkDAR (@) f Aw2)f ws)
+ sgn(RARI( S/ N w)f Pw2, w3)
+f }2)(‘01 s w)f i"(ws)] + sgn(i)AJ{-”f 5'3)(401 , W3, W3)}.
(5.91)

Explicit expressions have now been determined for the
linear, quadratic, and cubic response functions. In the
next section explicit expressions will be derived for residues
of these response functions which may then be used to
determine the molecular properties of Sec. III.

(5.89)

(5.90)

E. Molecular properties from MCSCF response
functions

We will now examine the MCSCF linear and qua-
dratic response functions of Sec. V D in order to derive
MCSCF expressions for the molecular properties of Sec.
III. The MCSCF expressions for the molecular properties
in Sec. III is of course obtained by replacing the exact
response functions of Sec. III with the corresponding
MCSCEF response functions. We first consider the MCSCF
linear response function and the poles and residues of
this response function, then we carry out a similar analysis

. (5.88)

-
for the quadratic MCSCF response function. For brevity

we choose not to discuss the derivation of MCSCF
expressions for molecular properties that are determined
by the residues of the cubic response function. The
Einstein summation convention will be used in this
subsection with the exception that f and g are used as
fixed state indices.

The MCSCEF linear response function may be deter-
mined by inserting the expression (5.76) into Eq. (5.89):

. _ {0l[0;, A]|0)sgn(j)0|[B, O}1|0>
s B) Juic = wy — sgn(j)w; + ie

(5.92)

- AT B (5.93)
w; — sgn(j)w; + i€’ )
where A1 is defined in Eq. (5.86) and where B!" is
defined in accordance with the definition of 31"l in Eq.
(5.50). Equation (5.93) has poles at w = *w; and the w;’s
are therefore MCSCF approximations to the excitation
energies. The corresponding residues become

lim (w1 — @)({A; B Yursic = AJBY,
wi—wf

(5.94)

Jim (@1 + )5 BYyurvic = —AYBL).  (595)
By comparing Eqgs. (5.94) and (5.95) and Eqgs. (3.12) and
(3.13) we identify the square of the transition matrix
element as

ol4lf Y fIBIO) = A}”B}”. (5.96)
Equation (5.96) does not by itself allow us to identify
{0l4|f> but only |[{0l4|f>|. The sign of the transition
matrix element is however not important for the descrip-
tion of molecular properties as transition matrix elements
are always squared in molecular property expressions.
We choose the identification

0l4] > = {0l[4, 040> = {0l[4, O}1|0, (5.97)
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in agreement with the exact limit where | /) = Qf|0) and
Qr|0> = 0. When A4 and B refer to the various interaction
operators of Sec. III A we can obtain MCSCF expressions
for second-order molecular properties, transition matrix

elements, and excitation energies. These MCSCF quantities
|

<<A§ B, C>>w|+is,w2+ie
sgn(jA!BPICI

sgn(j)w; + 2iel[w, — sgn(l)w; + ie]
sgn(_]l)AmC[Z]Bm

[0 + wp —
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have been calculated with promising results for small
MCSCF configuration lists.?

We will now examine the MCSCF quadratic response
function. By inserting the expressions of Eqgs. (5.80) and
(5.76) for f@ and fO, respectively, in Eq. (5.90) the
MCSCF quadratic response function becomes

sgn(GK)BI' (45! + APHCI!

[w. + w; — sgn(j)w; + 2ie][w; — sgn(Vyw; + ie] [

sgn(lmAMER], + ER) — SB(w, + i) — SPw, + i) BICW

Jjml Jjlm jlm

- sgn(j)w; + Iel{w, — sgn(k)wy + ie]

fw) + @y — sgn(jw; + 2ie][w, — sgn(m)w,, + ie)[w; — sgn(l)w; + ie]

(5.98)

The residue of Eq. (5.98) corresponding to the one of Eq. (3.18) for the exact response function becomes

sgn(j)4MBRICH

sgn(j)BUIAL! + AZHCIY

lim ((.02 - wf)«A B C>>—w1+u wrtie =

w2—wf

wr — w; — sgn(j)w; + 2ie —w
+ sgn(]'l)AJ[”[Ell-;,] + E][ff] - [3]( —w; + i€) — S[3](wf+ ze)]B“]Cm

— sgn(j)w; + ie

[wr—

By comparing Egs. (5.99) and (3.18) we identify
{<0|A|j><j (B — <0|BIOY)./> + 0IBl;Y{jl(4 — <0l4l0NI.f>

w; — Wy

w; — wrt w

sgn(j ) Blll( A2l 4 [2])

sgn(HAV(ED + EB) + SBo,

wy — sgn(])w, + 2ie][—w; — sgn{l)w; + i€ (5.99)

_ { sgn(j)Al B

wr— w; — sgn(j)w; — sgn(])w,

— SHwp)B! } (5.100)

[wr— @y — sgn(l)w,-][—wn — sgn(/)w)]

Equation (5.100) shows for example how to calculate the two-photon transition matrix element in the MCSCF

approximation.

The double residue corresponding to Eq. (3.21) becomes

lim (w; + wg)[ llm (wz — wp{{4; B, C))u1 0]

(w1——wg)

sgn(HAVER + EP) + SB o, — S(3]gwj)B[llcll]

— 1 2
= —BU4PL + APH)Cl —

By comparing Egs. (5.101) and (3.21) and by using Eq.
(5.97) we identify

(glt4 — <ol4ioN1 /)
— AR+ 4P
sgn(])A“]( D+ EB+ SPLw, — ST, j)

wr — wg — Sgn(j)w;

(5.102)

Equation (5.102) enables us to calculate the MCSCF
approximations to transition moments between two states
different from the reference state. From the MCSCF
quadratic response function and the poles and residues
of the MCSCF quadratic response function we can there-
fore evaluate MCSCF expressions for the molecular prop-
erties that have been discussed in Sec. III C. MCSCF
expressions for molecular properties that can be expressed
in terms of residues of the cubic response function may

(5.101)

wr — wg — sgn(Jj)w;

be derived from the MCSCF cubic response function in
Eq. (5.91) in a similar manner as described above for the
MCSCF quadratic response function.

We point out that in the limit where the perturbation
is frequency independent the MCSCF response functions
become identically to the ones that are determined in a
time-independent variational calculation.** The MCSCF
response functions therefore determine the analytical an-
alongs to finite field MCSCF calculations for both fre-
quency-dependent and frequency-independent molecular
properties. For example, the analytical expression for the
derivative with respect to a normal coordinate of the
frequency-dependent polarizability is obtained from Eq.
(3.22) when MCSCEF response functions replace the exact
response functions, and the analytical expression for the
anharmonicity of a MCSCF potential energy surface is
obtained from Eq. (3.27) when the exact expressions are
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replaced by the corresponding MCSCF expressions. We
will discuss in more detail in a future publication how
the results of a time-independent variational calculation
are obtained in the limit where the perturbation is fre-
quency independent.’!

In the exact limit the configuration space of an
MCSCF calculation becomes a full CI calculation and
the MCSCF orbital excitation operators are redundant
operators. The MCSCF response functions then becomes
identical to the exact response functions.

The MCSCEF linear response function is given in Eq.
(5.93). In the exact limit all the orbital operators are
redundant and it is then straightforward to see that there
is a one to one correspondence between the terms of the
MCSCEF linear response function and those of the exact
linear response function in Eq. (2.57).

The MCSCF quadratic response function is given in
Eq. (5.98). The terms in the quadratic response function
involving EP®! and S are zero in the exact limit as the
orbital excitation operator part vanishes, and the state
transfer part always is zero for these matrices. The orbital
excitation part also vanishes in the rest of the terms in
Eq. (5.98). Using the definition of A® and B™ in Egs.
(5.86) and (5.48), respectively, it can be shown that Eq.
(5.98) reproduces the exact quadratic response function
in Eq. (2.59). Note that the terms involving S** and E®®
are introduced in the MCSCF quadratic response function
because the orbital excitation operators are many-body
operators and therefore do not satisfy a closure relation,
that is when two orbital excitation operators operate on
each other an excitation operator is formed which is not
a member of the set of MCSCF orbital excitation operators.

Vi. COMPUTATIONAL ASPECTS OF THE
CALCULATION OF MCSCF-RESPONSE
FUNCTIONS AND THEIR RESIDUES

In this section we outline how the MCSCF response
functions and their residues may be efficiently evaluated.
The techniques®® we use to bring the response functions
to a computationally tractable form are similar to the
ones that have been successfully used in large scale direct
second-order MCSCF calculations.”> We again confine
our discussion to the calculation of properties related to
the linear and quadratic response function.

The MCSCEF linear and quadratic response functions
contain summation indices referring to the whole set of
eigensolutions to Eq. (5.60). Before the MCSCF response
functions can be evaluated for large configuration state
function (CSF) lists the specific reference to the eigenso-
lutions has to be eliminated. The MCSCF response func-
tions also contain explicit reference to the vectors EUL
VU1 the matrices EP, V¥, A2 and the supermatrices
S and EP. While E!'Y and VI!! can be evaluated for
large CSF lists the matrices EZ, V), A%l and supermatrices
SB and EP! can only be explicitly evaluated for relatively
small CSF lists. In this section we describe how the
calculation of the MCSCF response functions may be
expressed in terms of E!'Ltype vectors containing no
explicit reference to the set of eigenstates of Eq. (5.60).

J. Olsen and P. Jargensen: Response functions for exact and MCSCF state

In Sec. VI A the terms containing summations over the
eigenvectors of Eq. (5.60) are recasted, so the evaluation
of these terms instead require the solution of linear sets
of equations. In Sec. VI B we show how the expressions
where ‘E is involved, i.e., the solution of linear equations
and the calculation of selected eigensolutions, can be
formulated such that E®! always appears as °E'?! times a
vector. We then demonstrate how °E'?! times a vector can
be calculated as a sum of two vectors of °El'-type
containing modified Hamilton operators and modified
density matrices. In Sec. VI C we use that ‘EP’! always
occurs as °EP times two vectors to show that the terms
from EP! can be calculated as a sum of four vectors of
el type with modified Hamilton operators and modified
density matrices. We also note that the terms involving
A v gl gBl etc. can be evaluated in a similar way.
In Sec. VI D we discuss how the orthogonal space {|n)}
can be chosen so °E!' can be efficiently calculated in the
CSF basis.

A. Elimination of explicit summations over
“intermediate’ states

In the linear and quadratic response function and in
residues of the quadratic response function [see, e.g., Eq.
(5.99)] there appear summations of the type

C —sgn(jlw; w;— sgn(j)C’ ’

where C is a constant consisting, e.g., of an energy
parameter and f; and g; depend linearly upon O;. We
assume f; to contain explicit reference to (O) and g; to
(0™"). Straightforward application of Eq. (6.1) requires
knowledge of the complete set of eigenvectors and eigen-
values for the generalized eigenvalue problem of Eq.
(5.60). This complete diagonalization is feasible*’ if the
dimension of ¢E?! and ¢S, i.e., the number of variables
in (T) is of the order ~10%. A much larger number of
variables 10°-10° seems, however, to be necessary to
obtain reliable properties even for small molecules. A
complete diagonalization is unrealistic for this number of
variables. It is thus mandatory to avoid the explicit
reference to the set of eigenvectors X; and eigenvalues o,
o; in the intermediate sums. We first observe from Eq.
(5.59) that

w — Co = X*(E® — Cesl?)X, 6.2)
SO

(@ — Co)™' = (X)(EX — Cesiy~Y(xh)~L. (6.3)
Using Eq. (5.12) we obtain

5 = TXy, 6.4

g = Xjgi. (6.5)

By inserting Eqgs. (6.2), (6.4), and (6.5) in Eq. (6.1) and
using o; = sgn(j), we obtain

&

—_— e eEl2] — CeSIZJ —le, .
o —sn()C X e

(6.6)
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The terms involving summation over intermediate states
can thus be evaluated by solving one set of linear equa-
tions. .

We consider now the evaluation of the linear response
function. By introducing Eq. (6.6) in Eq. (5.93) we obtain

((A; B})w, = —eAIYER — ) egl2)~legll] 6.7)
If we solve the linear set of equations
N(wy) = (B — w82y, (6.8)

the linear response function at frequency w; is obtained
as
{4; BY),, = —"A}”N,’«’(wl). 6.9)

This expression represents a compact way for evaluating
linear response functions at a frequency w,.

By comparing Eq. (6.6) with Eq. (5.98) we see that
the evaluation of the quadratic response function at
frequencies w,, w, requires the solution of three sets of
linear equations

N%w + @) = [(EP = (@) + w;)S2) AU,
NYwr) = (E™ — w8y 1B,
Nw,) = (B — w,782)~tecll], (6.10)
Inserting the vectors of Eq. (6.10) in Eq. (5.98) gives

({45 B, C))urn
= Nj(w) + w2)*BP'Nf(w2) + Nf(w; + w2)*CPN}(wy)
+ NN w) AR + “AFYINYw2)

+ Ni(w + w)CEQ) + ER] — S,

+ Sl NI (@)Nin(w3).

By solving three sets of linear equations we can thus
generate any quadratic response function for example the
first hyperpolarizability at frequencies w;,, w,. One or
several of the vectors in Eq. (6.10) may already be known
from a preceding linear response calculation.

We consider now the evaluation of the residue of
the quadratic response function in Eq. (5.100). Introducing
Eq. (6.6) and the expansioin of O,in Eq. (5.12) into Eq.
(5.100) gives

{@Aljxj'l(B — {0IBlOY)IS>

w; — wf+ (O]

(6.11)

4 SOIBL (il — jOIA|0>)|f>}
W — W
= Nj(wr— 0By + NY(—w)CAR + AN Xy
+ N#(wr— 0)ED] + <EB) + SBlo,
= SHINI(—w1) Xy

If the eigenvector X, and the eigenvalue w,are known we
can thus calculate, e.g., the two-photon transition matrix
element for a given frequency w, by solving two sets of
linear equations.

The transition matrix element between two excited
states | /') and |g) becomes from Eq. (5.102):

6.12)
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(gldlf) — 05(01410)
= (AR + A, Xyp + N¥(or— w)CEY)
+ ER) — Slw, + SPapXigXs4. 6.13)

If the eigenvectors X;, X_, and the eigenvalues wyand w,
are known, the transition moment {(gl4| /') can be obtained
by solving a single set of linear equations. We have now
eliminated all explicit reference to sum over intermediate
states that appear in the formulas in Sec. V E.

Both the evaluation of the linear and the quadratic
response function requires only that linear sets of equations
of the form in Eq. (6.8) are solved. These linear sets of
equations determine the first-order perturbation correction
to the MCSCF wave function due to the external field.
The first order perturbation correction to the wave function
determines in general the energy through third order in
agreement with the fact that the linear and the quadratic
response functions describe the second- and third-order
perturbation corrections, respectively, to the total energy.
The fourth-order perturbation correction to the total
energy requires the second-order correction to the wave
function to be explicitly evaluated. The cubic response
function which determines the fourth-order energy cor-
rection therefore requires explicit evaluation of the second-
order correction to the MCSCF wave function. The linear
sets of equation which have to be solved to determine
the second-order correction to the wave function are of a
more complicated structure than the ones which determine
the first-order correction to the wave function. This is
one of the reasons why the evaluation of the cubic
response function is more complicated than the evaluation
of the quadratic response function.

B. The solution of linear equations and the
calculation of individual eigenvectors

In order to calculate properties involving an initial
or final state which differ from the reference state the
eigenvectors and eigenvalues for the corresponding states
must be determined from the generalized eigenvalue
problem of Eq. (5.60). Due to the large dimensions of
£l and S one must use direct iterative techniques to
determine the eigenvalues and eigenvectors. It is profitable
to rewrite Eq. (5.60) to obtain inverse excitation energies

2y, = of ERLY;, o = 1w, (6.14)

We are usually interested in determining the lowest
excitation energies and therefore can concentrate on
determining the largest eigenvalues of Eq. (6.14). The
largest eigenvalues and corresponding eigenvectors are
the eigensolutions which can be most reliably determined
with direct iterative methods. In ground state calculations
the matrix “E? is positive definite and may then be
considered as the metric. The eigenvalues and eigenvectors
may, e.g., be determined using the generalized Lanczos
algorithm or the generalized Rayleigh quotient method
(see Ref. 47 and references therein). A common charac-
teristic of these algorithms is that they either require
several solutions of sets of linear equations of the type
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(@S + BB Xyt = f (6.15)
or they require many calculations of the type

(x°SP + B, EPN,. (6.16)

In Eqgs. (6.15) and (6.16), a; and B, are scalars and f; is
a vector, all of which depend on the method used.
Selected eigensolutions (X, w;, ¢;) can thus be obtained
by either solving sets of linear equations [Eq. (6.15)] or
by iterative linear transformations [Eq. (6.16)). Both
methods require linear transformations

(x°E?) + B °SIT)N 6.17)

to be carried out. In order to carry out such linear
transformations the matrices ‘E™ and °S™ are not needed
explicitly, only procedures for calculating °E®! and ¢S]
times a vector must be known. For the case where N has
the structure

K
S
—K

-5

; (6.18)

the linear transformation has routinely been carried out
in large scale direct second-order MCSCF calcula-
tions.'*-?! The elements « and —« forms an antisymmetric
matrix

ks for r>s
=30 for r=ys (6.19)
—k,; for r<s.

x may thus both be considered as a matrix with two
indices and as a vector with a single index. The vector N
in Eq. (6.17) required to determine the eigenvectors of
Eq. (6.14) has the more general structure

(6.20)
SI

corresponding to the matrix definition for x and «"

ks for r>s
®s=4{0 for r=s 6.21)
x,, for r<s.

We now generalize our previous algorithm to accommo-
date vectors of the type of Eq. (6.20). The analysis is
done separately for each of the four operator types (g™,
R*, g, R) [see Eq. (5.8)]. For j corresponding to an orbital
excitation g,

“ERINi = —(Ol(S,R, + ShR,), [g, HolllO)
— {Ollg{xegt + xigy, HolllO).

Note that the index j refers to the set (7) of Eq. (5.8)
according to the definition of °E in Eq. (5.46). If H, is
composed of a one-body and a two-body term

(6.22)

H, = h.ata, + Yrsltwa; ata,a;, (6.23)
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one obtains
(kg7 + «ig;, Hol
= [Kmnnm@n, Hol
= h,.a’a, + Yrsltu)a; af a,a;. (6.24)

In Eq. (6.24) we have introduced the one-index trans-
formed integrals

hrs = Kppllps — Kpshrp’

(rsltu) = k,(ps|tu) — kprpltu) + Ky (rslpu) — kpdrsiep).
(6.25)
The commutator on the left-hand side of Eq. (6.24) can

thus be considered as a Hamiltonian with modified
integrals, so we write

Hoy(x) = [xq + kiqi, Hol. (6.26)
It is also convenient to introduce modified states

0% = —S,R}10) = =S,n),

{0 = {OI(SWR,) = Si(nl. (6.27)

The calculation of these modified states is discussed in
Sec. VI D. By introducing Egs. (6.24) and (6.27) in Eq.
(6.22), one obtains

ERIN, = —{{0"Ilg;, Holl0) + {Ollg;, HollO®)
+ (Ollg;, Ho(x)1|0)}. (6.28)

In the same way one obtains for j corresponding to
an orbital deexcitation operator g;,

eE,[-;f]Nk = —{(0"g}, Holl0) + {Ollg} , H)I0®)
+ {0llg;}, Ho(x)}|0)}. (6.29)

For j corresponding to a state excitation R} we obtain
using the definition of E™® from Eq. (5.46),

ERIN, = —{{OI[R;, [(SkRF + SiRy), Holll0)

+ (OI[R;, [(xxgi + xiae), Holll0)}.  (6.30)
The introduction of Egs. (6.24) and (6.27) in Eq. (6.30)
gives
BN, = ~{(1Hol0")

+ SKOIH,|0) + (j|Ho(x)|0)}. (6.31)

For j corresponding to a state deexcitation operator
R,, one similarly obtains

ERIN, = —{—(0HHoljy + SKOHol0) — (O|Ho(x)lj)}-
(6.32)

By collecting Egs. (6.28), (6.29), (6.31), and (6.32), the
vector *EZIN; can be written as

<OL|[qj’ H0]|0> + <0|[qp H0]|0R>
(| Hol0%)

{0%llg; , Holl0) + <Ollg, HollO®)
—(0"|Holj)

(Ollg;, Ho(:)]10) 0

{ilHow)l0) ~ s,
Qoligt, Hawonioy | ~ OO 5
—(OlH ()l Y

(6.33)
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From a comparison of Eq. (6.33) and °E!" of Eq. (5.46)
given by

<0|[4j’ H]|0>
(J1HI0)

{oltg/, H1l0) |°
—(0lH}j)

we notice that the first vector of Eq. (6.33) corresponds
to an “El'l-type vector with a modified density matrix and
the second vector corresponds to an “E!'-type vector with
a modified Hamiltonian. A comparison of the vector °E!"!
and the gradient of a normal MCSCF calculation;

(o)

shows that E!" roughly corresponds to the evaluation of
two MCSCEF gradients.

Formulas for the calculation of ¢S} times a vector
can easily be obtained from the definition [Eq. (5.43)]. It
is easily recognized that this calculation only involves the
calculation of one electron density and transition density
matrix elements.

g = (6.34)

(6.35)

C. Calculations of contributions from °E®!
and °s?!

The determination of the quadratic response function
and residues of the quadratic response function requires
the calculation of terms of the type

CER) + <EUN'NSN,,

esji} lNkzN[,
and

CAZ + cAZ)'N,. (6.36)
The calculation of "’A}il !N, can be done using the scheme
developed in Sec. VI B. A technique for the calculation
of °E}) 'N}2N; has been developed for the case where 'N
and °N have the structure of Eq. (6.18).!%?° The vectors

of Eq. (6.36) are in general of the same form as in Eq.
(6.20):

lN: 1,1 s
K
ISI
2K
2
2N = zf, 6.37)
2Sl

We now demonstrate how the techniques of Sec. VI B
can be generalized so that “E®! times two vectors can be
calculated directly. Again we study the four types of
operators separately. For j corresponding to an orbital
excitation operator g} one obtains from the definition of
‘EP in Eq. (5.46) with (O) replaced by (T)

(EQ) + “EB)'N2N,

J
= K0llg;, [('xeaic + 'igw), Prgi + *ciar, Hol1l0)
+ 30l [Craaic + kiqo), [kl + 'x1, Hol1110)
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+ (O{("SkRE + 'SkRY), [4;, Praf + ka1, Hol11l0)
+ (Ol[CScRE + 2SiR), [g;, ['kgl + 'k'qr, Hollll0)
+ KO SkRE + 'SkRy), [CSRT + 2SRy, [g;, Hollll0)
+ 5OI>SkRE + 2SRy, [('SRT + 'S'R)), [, Hollll0).

(6.38)

Using the notation of Eq. (6.26),

Ho('x) = [('xgi + 'ciq), Hol, (6.39)

Ho(*x) = [Crigi + *xiq1), Ho) (6.40)
and introducing the modified states

018y = —1S,R[0) = ~'S,In),

02%y = 25,REI0) = ~2S,In,

(0™ = (OI('S,Ry) = 'S¢,

(0% = 0ICS7R,) = 2S(nl, (6.41)

we obtain
ER) + “EGY'NZEN,
= {0llg;, [Crigi + iqi), Ho(')]I0)
+ KO0llg;, [[Cxegit + 'kian), Crmi + i)}, Holl0)
+ <0'"M[g;, Ho*i)I0) + <O0l[g;, Ho(*)]10'%)
+ {0*|[g;, Ho('0)1I0> + {Ollg;, Ho(*0)]I0**)
+ 0" lg;, Holl0*®)

+ K0 lg;, Holl0'). (6.42)
Inserting the definition
Ho('x, ) = [Cragit + *xii, Ho('x)) (6.43)
and
3K = IKZK - 2K1K (644)

into Eq. (6.42) gives
CE + EGYNEN,
= (0llg;, (Ho('x, *¢) + 3Ho(x))]1I0)
+ (0"llg;, Ho)II0) + (Ollg;, Ho(r)}0'%)
+ {0%!lg;, Ho('0)]|0) + (Ollg;, Ho('0)110°%)
+ 3(0'"lg;, Holl0**)
+ 30*([g;, HollO™®). (6.45)

We thus see that for j representing an orbital excitation
the term (°E) + °ER)!N,2N; can be written as a sum of
terms whose structure is like °E!'l, where modified states
and modified Hamiltonians are introduced.

In a similar way we obtain for j corresponding to an
orbital deexcitation operator g,

CER) + ERNN
= (Ollg}, (Ho('«, ) + 3Ho(*k))I0)

+ (0'H[gf, Ho(*0)110) + (Ollg}, Ho(x)]I0')

+ (0%lgf, Ho("01I0) + <O0llg}", Ho('0)]I0*F)

+ 50'Hlg}, Holl0*) + K0%"Ilgf, Holl0'®).  (6.46)
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For j corresponding to a state-excitation operator
R} we obtain
CER) + EUN'NAN,
= KOILR;, [('uait + 'xiqn), [Cragi + *c'q), Hol1110)
+ KOILR;, [Cregic + 2xign), ['xigi + 'wigr, HolNNIO)
+ (OI[R;, [('SkRE + 'SiRy), Pt + i, Hol1110)
+ (OI[R;, [SkRE + 2SiRW), 'kl + 'wiqr, HolNI0)
+ KOI[R;, [('SkRE + 'SiRy), PSIRT + 2SQRI, Hollllo)
+ KOI[R;, [CSkRE + 2SiRy), ['SIRS + 'SiRy, Holl10).
(6.47)
Using Egs. (6.39), (6.40), (6.41), and (6.43) gives
CER) + “ERY'NZN, = (jIHo('x, *x) + $Ho(*k)|0)
+ (IHCIO™) + (jIHo(')I0*F). (6.48)

The terms on the right-hand side of Eq. (6.48) are again
a sum over °E!'l-type terms.

In a similar way one obtains for j corresponding to
a state deexcitation operator

(E + “EB) NN,
= —(OlHo('x, *) + $Ho(*0lny — (0'{HoC)l)
- <02L|Ho(‘x)|j>. (6.49)
By combining Eqgs. (6.45), (6.46), (6.48), and (6.49)

we have for (‘ER) + °EG)'N,’N; where j runs over the
four types of operators

(CER) + “EB)'N2N,
(Ollg;, (Ho('x, %) + 3Ho(x))]I0)
Gl(Ho('x, *x) + -Ho(3K))|0>

(Ollg/ ,(Ho(’K, x) + 3Ho(Cx))]|0)
—(OI(Ho('x, %) + $HoC)j)

0'llg;, Ho(*x)1I0) + (Ollg;, Hox)HO'™)
(JIHo)I0'%)

(0'"llgf , Ho(*0)]I0) + (Ollq/, Ho(x)]I0'*)
—(0"HoCr)lj)

{0*Ilg;, Ho('K)]|0> + {0llg;, Ho(')I0*%)
G HW( 0107

(0*lg/, Ho('0)1I0) + {Ollg} , Ho('x)]I0°%)
—(O*Ho(')lj)

(0'%|lg;, Holl0*®) + {0**I[g;, Holl0'®)
0

1
T3 (0Migh, Hollo™®y + (0°H[g}, Holl0'®
0

(6.50)

Equation (6.50) shows that (‘E%) + “ER)'N2N; can be
evaluated as a sum of four eE“]-type terms with one-
index transformed Hamiltonians and with transition den-
sity matrices.

An algorithm for the direct construction of ¢S[!
times two vectors can be derived. Only terms involving
one-electron density and transition density matrices are
involved.
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D. The treatment of large Cl expansions

The evaluation of the linear and quadratic response
functions has been expressed in Secs. VI B and VI C in
terms of only E!'-type matrix elements, where E!'! was
expressed in the basis {|n)} spanning the orthogonal
complement to |0) [see, e.g., Eq. (6.31)]. We now show
how the basis {|n)} can be chosen such that E!") can be
evaluated directly in the CSF basis {|¢m)}.

Our technique starts by defining a set of parameters
S, and a “basic CSF” |¢p):

0y = exp{— 3 Silog) ol — a¢o><¢g|)}|¢o>. (6.51)
g*0

By expanding the exponential of Eq. (6.51) one obtains

sin d
10> = cos dl|¢o) — Z Seloe)s
where
1/2
d= (Z S’gz) . (6.52)
g*0
Equation (6.51) is fulfilled if we choose S} as
', = “Co? o o Geo. (6.53)
sind ’

Since the exponential operator of Eq. (6.51) is unitary
the basis {|n)} for the orthogonal complement space can
be chosen as (|¢,,) # |do)):

Iny = exp(— S Sulog)dol - |¢o><¢g|))|¢n>

d
= lony + T S3ioey + (") 3 s
Coo— 1
= |¢n) — Colo) + Cro - 2 Gl
00/ f0
G
= 62) = G [l0) + [0} 654

It should be noticed that any reference to S, vanishes in
Eq. (6.54).

Modified states of the type of Eq. (6.27) can be
written as

=3 i) = = T S{lon) ~ 2 10) + b)) |
= k%) — (Sk + aCi)ldr) — a1 + Cooldo)),  (6.55)
where
— 2 SaCro
a= ————;’*3_ Co (6.56)
We can now write
=2 Suny = —Z CSESkldbic), (6.57)

n¥0
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where
CSFSO = Ot(l + Coo),
CSFS = S + aClo. (6.58)

The sum over states in the orthogonal basis is thus easily

transformed to a sum over configuration state functions.
Explicit reference to the basis {|n)} is also made in

terms of the type <n|H]O> Usmg Eq. (6.54) we obtain

{nlHI0) = {¢,HI0) - (ol H10)

+ (OlHI0Y). (6.59)

The terms (n|H|0) can thus be readily obtained from the
calculation of (¢,,|H(0)

We have thus shown that the terms involving the
orthogonal states can be recasted so that the evaluation
of these terms occurs in the configuration state function
basis.

1+C

Vil. DISCUSSION

We have derived the linear, quadratic, and cubic
response functions for an MCSCF state and discussed
how a large variety of molecular propertiess may be
expressed in terms of these response functions. The
examples include frequency-dependent hyperpolarizabili-
ties, the derivatives with respect to the normal coordinates
of the dipole moment, phosphorescence lifetimes, and
two-photon absorption cross sections. We have also shown
how the MCSCF molecular property expressions contain-
ing the electric dipole operator can be expressed in
equivalent forms containing the momentum operator.

The MCSCF response functions have been written
in a form that allows direct techniques to be used. This
is done by eliminating explicit reference to summation
indices over intermediate states and by expressing the
evaluation of the response function in a configuration
state function basis. Direct CI techniques [as, e.g., the
graphical unitary group approach (GUGA)J*® and one-
index transformations of the Hamiltonian can then be
straightforwardly used and MCSCF response functions
can with this technique be evaluated for very large
configuration lists, as demonstrated in recent direct second-
order MCSCF calculations with 10°-10° configuration
state functions.

A very crucial step in deriving the MCSCF response
functions is that the time development of the MCSCF
reference state is parametrized in terms of explicit unitary
exponential time dependent transformations of the orbital
space and of the configuration state function space. This
parametrization makes the normalization conditions re-
dundant and allows the phase factor to be eliminated
from the response function analysis. It also allows the
response of the MCSCF wave function to a perturbation
to be determined by requiring Ehrenfest’s theorem to be
satisfied in each order of the perturbation. The MCSCF
response functions are therefore determined by solving
the equations for the exact response functions in a
subspace spanned by the operators describing the time
development of the MCSCF state. We note that the

3263

MCSCF results in the limit where the perturbation is
frequency independent becomes the ones of a time inde-
pendent variational calculation.’!

When explicit unitary exponential transformations
are used to derive time-dependent and time-independent
perturbation theory, considerations related to the nor-
malization condition and to the phase factor are avoided.
In our opinion the standard textbook treatment of per-
turbation theory is simplified significantly and becomes
more lucid if carried out using explicit unitary exponential
transformations.
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APPENDIX: THE TIME DERIVATIVE OF A

BAKER-CAMPBELL-HAUSDORF EXPANSION

The Baker—-Campbell-Hausdorf (BCH) expansion
formula is

1)"

e B = Z (4"B), (Al)
where 4 is the superoperator which is defined as
= [A, B]. (A2)

We will in this Appendix derive a compact expression for
the time derivative of the BCH formula in Eq. (Al).

To do this it is convenient first to derive a formula
for the time derivative of an exponential operator?®

_6_ &Y _, = lim l (e10+D) — gl
or T b

= lim 1 (HAOHAWS] _ gid(t) (A3)
s—0 0

Through first order in 3,
AAD+AWI) _ Hid@)

i

1
f a3l (HMAW+AWIIE) = ADa1) id D
o dz

1
i6 j; dz{( 402 4(f)e~ 07 A0

i

i 1 5 (‘_ZZ LY LA(2)
i fo dz(go - A0

o i("+l)

=6 TS [A"(DA®H)] 4.
n=0 *

(Ad)

We thus have from Eq. (A3),

a . =] (1 n+1

Z A0 =

ot Z:)( + 1)
In the following, all time-dependent operators have the
same time argument ¢, and for notational convenience
we drop the explicit time references.

[A" (@B A(1)]e“. (A5)
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In the same way as in Eqgs. (A3)-(AS5) we obtain

9 A ia © (l-)n+l

o€ 2t

(A6)

The time derivative of the operator of Eq. (Al) can now
be evaluated

g_ —id i
Y (e™“ Bé“)

e MB e + (2 e“A)Be + e"AB(a e"‘)
ot ot (A7)

© nntl
B + e"A[B > ((‘l o '"A')]eff‘.

H

Introducing the BCH expansion of Eq. (A1) into Eq. (A7)
and collecting terms of equal order in A, we obtain

3 ey =3 L g+ 3 3
ot no M n=0 k=0
(_l)k(i)n+1 - I
Aok T B @D (a8
Substituting 4 with —A4 gives
9 g
v (é“Be ™)
_ @ (l)n . A[ @ (_l)n(l-)n+1 o ] i
;0 " (A"B) + ¢ é}————(w o (A"4), B |e
=S l g @O (=1)*
Sz B+ %kzok!(n—k-% 0l

X (A(A™*A), B). (A9)

Equations (A7)-(A9) give the desired formulas for the
time derivative of the BCH expansion.
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