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◆❯❘❇❙✲❜❛s❡❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ r♦❧❡ ♦❢ t✐♣ ❡♥r✐❝❤♠❡♥t

❳✳ P❡♥❣1✱ ❊✳ ❆tr♦s❤❝❤❡♥❦♦2¶✱ P✳ ❑❡r❢r✐❞❡♥1✱ ❙✳ P✳ ❆✳ ❇♦r❞❛s3,1,4

1■♥st✐t✉t❡ ♦❢ ▼❡❝❤❛♥✐❝s ▼❛t❡r✐❛❧s ❛♥❞ ❆❞✈❛♥❝❡❞ ▼❛♥✉❢❛❝t✉r✐♥❣✱ ❈❛r❞✐✛ ❯♥✐✈❡rs✐t②✱ ❈❋✷✹

✸❆❆✱ ❯❑

2❉❡♣❛rt♠❡♥t ♦❢ ▼❡❝❤❛♥✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❧❡✱ ❙❛♥t✐❛❣♦✱ ✽✸✼✵✹✹✽✱ ❈❤✐❧❡

3❯♥✐✈❡rs✐té ❞✉ ▲✉①❡♠❜♦✉r❣✱ ❋❛❝✉❧té ❞❡s ❙❝✐❡♥❝❡s✱ ❞❡ ❧❛ ❚❡❝❤♥♦❧♦❣✐❡ ❡t ❞❡ ❧❛ ❈♦♠♠✉♥✐❝❛t✐♦♥✱

✻ r✉❡ ❘✐❝❤❛r❞ ❈♦✉❞❡♥❤♦✈❡✲❑❛❧❡r❣✐✱ ▲✲✶✸✺✾ ▲✉①❡♠❜♦✉r❣ ✕ ❘❡s❡❛r❝❤ ❯♥✐t ✐♥ ❊♥❣✐♥❡❡r✐♥❣

❙❝✐❡♥❝❡ ❈❛♠♣✉s ❑✐r❝❤❜❡r❣✱ ● ✵✵✼

4❯♥✐✈❡rs✐t② ♦❢ ❲❡st❡r♥ ❆✉str❛❧✐❛✱ ✸✺ ❙t✐r❧✐♥❣ ❍✇②✱ ❈r❛✇❧❡②✱ ❲❆ ✻✵✵✾✱ ❆✉str❛❧✐❛

❆❇❙❚❘❆❈❚

❲❡ ♣r♦♣♦s❡ ❛ ♠❡t❤♦❞ ❢♦r s✐♠✉❧❛t✐♥❣ ❧✐♥❡❛r ❡❧❛st✐❝ ❝r❛❝❦ ❣r♦✇t❤ t❤r♦✉❣❤ ❛♥ ✐s♦❣❡♦♠❡tr✐❝ ❜♦✉♥❞✲

❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞ ❞✐r❡❝t❧② ❢r♦♠ ❛ ❈❆❉ ♠♦❞❡❧ ❛♥❞ ✇✐t❤♦✉t ❛♥② ♠❡s❤ ❣❡♥❡r❛t✐♦♥✳ ❚♦ ❝❛♣t✉r❡

t❤❡ str❡ss s✐♥❣✉❧❛r✐t② ❛r♦✉♥❞ t❤❡ ❝r❛❝❦ t✐♣✱ t✇♦ ♠❡t❤♦❞s ❛r❡ ❝♦♠♣❛r❡❞✿ ✭✶✮ ❛ ❣r❛❞❡❞ ❦♥♦t ✐♥✲

s❡rt✐♦♥ ♥❡❛r ❝r❛❝❦ t✐♣❀ ✭✷✮ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t② ❡♥r✐❝❤♠❡♥t✳ ❆ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ ❈❆❉ ❛❧❣♦r✐t❤♠ ✐s

❛❞♦♣t❡❞ t♦ ❣❡♥❡r❛t❡ s♠♦♦t❤ ❝r❛❝❦ s✉r❢❛❝❡s ❛s t❤❡ ❝r❛❝❦ ❣r♦✇s✳ ❚❤❡ M ✐♥t❡❣r❛❧ ❛♥❞ Jk ✐♥t❡❣r❛❧

♠❡t❤♦❞s ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ str❡ss ✐♥t❡♥s✐t② ❢❛❝t♦rs ✭❙■❋s✮✳ ❚❤❡ ♦❜t❛✐♥❡❞ ❙■❋s ❛♥❞

❝r❛❝❦ ♣❛t❤s ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ ♦t❤❡r ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳

❑❡②❲♦r❞s✿ ■s♦❣❡♦♠❡tr✐❝ ❛♥❛❧②s✐s❀ ◆❯❘❇❙❀ ▲✐♥❡❛r ❡❧❛st✐❝ ❢r❛❝t✉r❡❀ ❇♦✉♥❞❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞❀

❈r❛❝❦ ❣r♦✇t❤✳

✶ ■♥tr♦❞✉❝t✐♦♥

▼❡s❤✐♥❣ ❛♥❞ r❡♠❡s❤✐♥❣ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❤✉♠❛♥ ✐♥t❡r❛❝t✐✈❡ t❛s❦ ✐♥ ❢r❛❝t✉r❡ s✐♠✉❧❛t✐♦♥✳ ▼♦st

✐❢ ♥♦t ❛❧❧✱ ❝♦♠♠❡r❝✐❛❧ ❝♦❞❡s ❞♦ ♥♦t ♦✛❡r ❝♦♠♣❧❡t❡❧② ❛✉t♦♠❛t✐❝ ❛♣♣r♦❛❝❤ ❢♦r ✐♥❞✉str✐❛❧ ❢r❛❝t✉r❡

s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ❞✐✣❝✉❧t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝♦♠♣✉t❛t✐♦♥❛❧ ❢r❛❝t✉r❡ ♠❡❝❤❛♥✐❝s ❤❛✈❡ ✈❛r✐♦✉s

s♦✉r❝❡s✳ ❋✐rst✱ ❣✐✈❡♥ ❛ ❈❆❉ ♠♦❞❡❧ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥t✱ ❛ s✉✐t❛❜❧❡ ♠❡s❤ ❤❛s t♦ ❜❡ ❣❡♥❡r❛t❡❞✱

✉s✉❛❧❧② ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ✜♥❡r ✐♥ t❤❡ r❡❣✐♦♥✭s✮ ✇❤❡r❡ ❝r❛❝❦s ❛r❡ ✐♥tr♦❞✉❝❡❞✱ t❤❛♥ t❤❡ ♠❡s❤

¶❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✳ ❚❡❧✿ ✰✺✻✭✷✮✾✼✽✹✹✶✺ ❋❛①✿✰✺✻✭✷✮✻✽✾✻✵✺✼
❊✲♠❛✐❧ ❛❞❞r❡ss✿❡❛tr♦s❤❝❤❅❣♠❛✐❧✳❝♦♠

✶



✉s❡❞ ❢♦r str❡ss ❛♥❛❧②s✐s✳ ❙❡❝♦♥❞✱ t❤❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❡♥❣❡♥❞❡r❡❞ ❜② t❤❡ ❝r❛❝❦s ♠✉st ❜❡ ❢♦❧❧♦✇❡❞

❞✉r✐♥❣ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥✳ ❚❤✐r❞✱ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♠✉st ❜❡ ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ t❤❡ ❧❛r❣❡ ❣r❛❞✐✲

❡♥ts ✭s✐♥❣✉❧❛r✐t✐❡s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧✐♥❡❛r ❡❧❛st✐❝ ❢r❛❝t✉r❡ ♠❡❝❤❛♥✐❝s ✭▲❊❋▼✮✮✳ ❚❤✐s r❡q✉✐r❡♠❡♥t✱

❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❛t ♦❢ ❝❛♣t✉r✐♥❣ ❞✐s❝♦♥t✐♥✉✐t✐❡s ❛s t❤❡② ❡✈♦❧✈❡ ✐♠♣❧✐❡s t❤❛t r❡❧❛t✐✈❡❧② ✜♥❡ ♠❡s❤❡s

♠✉st ❜❡ ❝♦♥t✐♥✉♦✉s❧② r❡❣❡♥❡r❛t❡❞ ❛s ❝r❛❝❦s ♣r♦♣❛❣❛t❡✳ ❋♦✉rt❤✱ r❡❧✐❛❜❧❡ ❛♥❞ ❣❡♥❡r❛❧ ❢r❛❝t✉r❡

♠♦❞❡❧s r❡♠❛✐♥ ❡❧✉s✐✈❡✳ ❋♦r ▲❊❋▼✱ t❤❡ P❛r✐s ❧❛✇ ♦r ✐ts ❝♦✉s✐♥s ❛r❡ ❝♦♠♠♦♥❧② ✉s❡❞✳ ❙✉❝❤ ❧❛✇s

❝♦♠♣✉t❡ t❤❡ ✐♥❝r❡♠❡♥t ✐♥ ❝r❛❝❦ ❛❞✈❛♥❝❡ ❛s ❛ ♣r♦♣♦rt✐♦♥❛❧ t♦ s♦♠❡ ♣♦✇❡rm✭m > 1✮ ♦❢ t❤❡ str❡ss

✐♥t❡♥s✐t② ❢❛❝t♦r ✭❙■❋✮✳ ❆ s♠❛❧❧ ❡rr♦r εSIF ✐♥ t❤❡ ❙■❋ t❤✉s ❧❡❛❞s t♦ ❛♥ ❛❝❝✉♠✉❧❛t❡❞ ❡rr♦r s❝❛❧✐♥❣

❛s mεSIF ❛t ❡❛❝❤ ♦❢ t❤❡ t❡♥s ♦❢ t❤♦✉s❛♥❞s ♦❢ ❝r❛❝❦ ❣r♦✇t❤ st❡♣s r❡q✉✐r❡❞ ❢♦r ❡❛❝❤ s✐♠✉❧❛t✐♦♥✳

❈♦♥s❡q✉❡♥t❧②✱ ✈❛r✐♦✉s ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t♦ ♦✈❡r❝♦♠❡✱ ♦r ❛t ❧❡❛st ❛❧❧❡✈✐❛t❡ t❤♦s❡

❞✐✣❝✉❧t✐❡s ❛s ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✶✳

❈❆❉ ✫ ▼❡s❤ ■●❆ ❬✶❪✱ ■●❆❇❊▼ ❬✷❪❬✸❪✱ ❛✉t♦♠❛t✐❝ r❡♠❡s❤✐♥❣ ❬✹❪

❉✐s❝♦♥t✐♥✉✐t✐❡s ▼❡s❤❧❡ss ❬✺❪✱ ❳❋❊▼ ❬✻❪✱ ❇❊▼ ❬✼❪

▲❛r❣❡ ❣r❛❞✐❡♥ts ✫ ❙✐♥❣✉❧❛r✐t✐❡s ❳❋❊▼ ❬✻❪✱ ❳■●❆ ❬✽❪❬✾❪✱ ❝♦❤❡s✐✈❡ ■●❆ ❬✶✵❪

▼♦❞❡❧s ✫ ❊rr♦r
❳❋❊▼ ❡rr♦r ❡st✐♠❛t♦rs ❬✶✶❪❬✶✷❪✱ ❳❙P❘ ❬✶✸❪❬✶✹❪

❤♦♠♦❣❡♥✐③❛t✐♦♥ ✫ ♠✉❧t✐s❝❛❧❡ ❢r❛❝t✉r❡ ♠♦❞❡❧✐♥❣ ❬✶✺❪❬✶✻❪

❚❛❜❧❡ ✶✿ ❉✐✣❝✉❧t✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝r❛❝❦ ♠♦❞❡❧✐♥❣ ❛♥❞ ♠❛✐♥ r❡♠❡❞✐❡s✱ s❡❡ ❛❧s♦ ❘❛❜❝③✉❦ ❡t ❛❧
❬✶✼❪

❚❤❡ ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❇❊▼✮ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ ❢♦r s✐♠✉❧❛t✐♥❣ ❢r❛❝t✉r❡ ♣r♦❜❧❡♠s ❢♦r

s❡✈❡r❛❧ ❞❡❝❛❞❡s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t (1) t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛r❡ ❛❝❝✉r❛t❡❧② s❛t✐s✜❡❞ ✐♥ t❤❡

❞♦♠❛✐♥ ✐♥t❡r✐♦r ✇✐t❤ t❤❡ ✉s❡ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr② ❛♥❞

❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st ♦♥❧② ♦❝❝✉r ♦✈❡r t❤❡ ❜♦✉♥❞❛r②✳ ❇❊▼ ✐s ✐♥ ♣❛rt✐❝✉❧❛r

❛❜❧❡ t♦ ❝❛♣t✉r❡ t❤❡ str❡ss ❝♦♥❝❡♥tr❛t✐♦♥ ♦r s✐♥❣✉❧❛r✐t② ❜❡tt❡r t❤❛♥ ❞♦♠❛✐♥ ✐♥t❡❣r❛t✐♦♥ ♠❡t❤♦❞s

s✉❝❤ ❛s t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❋❊▼✮ ❬✶✽❪❀ (2) t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥ ❇❊▼

✐s r❡❞✉❝❡❞ ❜② ♦♥❡ ❛♥❞ ♦♥❧② t❤❡ ❜♦✉♥❞❛r② ❣❡♦♠❡tr② ❛♥❞ ❞✐s❝r❡t✐③❛t✐♦♥ ♠✉st ❜❡ ♠♦❞✐✜❡❞ ✇❤❡♥

❝r❛❝❦s ❡✈♦❧✈❡✱ ✇❤✐❝❤ s✐♠♣❧✐✜❡s t❤❡ r❡♠❡s❤✐♥❣ ♣r♦❝❡❞✉r❡✳ ❆♥ ✐♠♣♦rt❛♥t ✐ss✉❡ ❢♦r ♠♦❞❡❧✐♥❣

❢r❛❝t✉r❡ ✉s✐♥❣ ❇❊▼ ✐s t❤❡ ❞❡❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♠❛tr✐① ✇❤❡♥ t❤❡ s♦✉r❝❡ ♣♦✐♥ts ❛r❡ ♣❧❛❝❡❞

♦♥ ♦✈❡r❧❛♣♣✐♥❣ ❝r❛❝❦ s✉r❢❛❝❡s✳ ▼✉❝❤ ✇♦r❦ ✇❛s ❞♦♥❡ t♦ ❛❞❞r❡ss t❤✐s ♣r♦❜❧❡♠✳ ❇❧❛♥❞❢♦r❞ ❡t ❛❧ ❬✶✾❪

✉s❡❞ t❤❡ ♠✉❧t✐✲r❡❣✐♦♥ ♠❡t❤♦❞ t♦ ♠♦❞❡❧ ❝r❛❝❦ ♣r♦❜❧❡♠s ❜② ❞✐✈✐❞✐♥❣ t❤❡ ❞♦♠❛✐♥ ✐♥t♦ s✉❜✲❞♦♠❛✐♥s

❛❧♦♥❣ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡ ❛♥❞ ✐♥tr♦❞✉❝✐♥❣ ❛rt✐✜❝✐❛❧ ❜♦✉♥❞❛r✐❡s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❝✉♠❜❡rs♦♠❡ ✐♥

❞❡❛❧✐♥❣ ✇✐t❤ ♠✉❧t✐♣❧❡ ❝r❛❝❦s ❛♥❞ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❙②♥❞❡r ❛♥❞ ❈r✉s❡ ❬✷✵❪ ❞❡✈❡❧♦♣❡❞

❛ ♠♦❞✐✜❡❞ ❢✉♥❞❛♠❡♥t❛❧ ❦❡r♥❡❧ ❢♦r ✐♥✜♥✐t❡ ❞♦♠❛✐♥s ❝♦♥t❛✐♥✐♥❣ ✢❛t✱ tr❛❝t✐♦♥ ❢r❡❡ ❝r❛❝❦s ✐♥ ❛ 2❉

✷



♠✐①❡❞✲♠♦❞❡ ♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦♣♦s❡❞ ❦❡r♥❡❧ ✐s ❧✐♠✐t❡❞ t♦ ✢❛t ❝r❛❝❦s✳ ❚❤❡ ♠♦st ♣♦♣✉❧❛r

❛♣♣r♦❛❝❤ t♦ ♦✈❡r❝♦♠❡ t❤❡ ❞❡❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐s t♦ ♣r❡s❝r✐❜❡ ❞✐s♣❧❛❝❡♠❡♥t ❜♦✉♥❞❛r②

✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ✭❇■❊✮ ♦♥ ♦♥❡ ❝r❛❝❦ s✉r❢❛❝❡ ❛♥❞ tr❛❝t✐♦♥ ❇■❊ ♦♥ t❤❡ ♦t❤❡r ❝r❛❝❦ s✉r❢❛❝❡✳ ❚❤❡

♠❡t❤♦❞ ✐s ❝❛❧❧❡❞ ❞✉❛❧ ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❉❇❊▼✮ ❬✷✶❪✳ ❉❇❊▼ ♣r♦✈✐❞❡s ❛♥ ❡✣❝✐❡♥t ✇❛②

t♦ ♠♦❞❡❧ ❝r❛❝❦s ♦❢ ❛r❜✐tr❛r② ✶❉ ❛♥❞ ✷❉ ❣❡♦♠❡tr✐❡s ❬✷✷❪❬✷✸❪❬✼❪❬✷✹❪✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ✐s ❦♥♦✇♥

❛s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❞✐s❝♦♥t✐♥✉✐t② ♠❡t❤♦❞ ✭❉❉▼✮ ❬✷✺❪✱ ✇❤✐❝❤ ✐s ♠♦st❧② s✉✐t❛❜❧❡ ❢♦r ♣r♦❜❧❡♠s

✇✐t❤ s②♠♠❡tr②✳ ■♥ t❤✐s ♠❡t❤♦❞✱ t❤❡ t✇♦ ♦✈❡r❧❛♣♣✐♥❣ ❝r❛❝❦ s✉r❢❛❝❡s ❛r❡ r❡♣❧❛❝❡❞ ❜② ♦♥❡ ♦❢ t❤❡

s✉r❢❛❝❡s✱ ✇❤✐❝❤ ❞❡❝r❡❛s❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠♦❞❡❧ s✐③❡✳ ❆❧s♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ tr❛❝t✐♦♥

❞✐s❝♦♥t✐♥✉✐t✐❡s ♦♥ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡ ❛r❡ ✉s❡❞ ❛s ♣r✐♠❛r② q✉❛♥t✐t✐❡s ✐♥st❡❛❞ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞

tr❛❝t✐♦♥ ♦♥ t❤❡ t✇♦ ❝r❛❝❦ s✉r❢❛❝❡s ✐♥ ❉❇❊▼✳ ✐♥ s✉❝❤ ❛ ❝❛s❡✱ ❡✈❡♥ ❛ s✐♥❣❧❡ tr❛❝t✐♦♥ ❇■❊ ❝❛♥

❜❡ ✉s❡❞ ❢♦r ❢r❛❝t✉r❡ ♣r♦❜❧❡♠s ❬✷✻❪✳ ❉❉▼ ✇❛s ❧❛t❡r ♣r♦✈❡❞ t♦ ❜❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❉❇❊▼ ❜②

P❛rt❤❡②♠ü❧❧❡r ❡t ❛❧ ❬✷✼❪✱ ✇❤♦ ❛❧s♦ ❡①t❡♥❞❡❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❉❉▼ ❢r♦♠ s②♠♠❡tr✐❝ ❧♦❛❞❡❞

❝r❛❝❦s t♦ ❛s②♠♠❡tr✐❝ ❧♦❛❞❡❞ ❝r❛❝❦s✳ ❍♦✇❡✈❡r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ♦♥ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡ ✐s

✐♥❞✐r❡❝t s✐♥❝❡ ♦♥❧② ❞✐s♣❧❛❝❡♠❡♥t ❞✐s❝♦♥t✐♥✉✐t② ✐s ♦❜t❛✐♥❡❞✳ ❆❞❞✐t✐♦♥❛❧ ♣♦st♣r♦❝❡ss✐♥❣ ♥❡❡❞s t♦

❜❡ ❞♦♥❡ t♦ r❡tr✐❡✈❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t s♦❧✉t✐♦♥ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❝♦♠♣❧❡①✐t②

❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥✳

❆♥♦t❤❡r ❜r❛♥❝❤ ♦❢ ✇♦r❦ ❤❛s ❢♦❝✉s❡❞ ♦♥ t❤❡ ●❛❧❡r❦✐♥ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❇❊▼✱ ♣❛rt✐❝✉❧❛r❧② s②♠✲

♠❡tr✐❝ ●❛❧❡r❦✐♥ ❇❊▼ ✭❙●❇❊▼✮✱ ❢♦r ❢r❛❝t✉r❡ ♠❡❝❤❛♥✐❝s✱ ✇❤✐❝❤ ✐s ♣r✐♠❛r✐❧② ❜❛s❡❞ ♦♥ ❉❉▼

❬✷✽❪❬✷✾❪❬✸✵❪✳ ■♥ ●❛❧❡r❦✐♥ ❢♦r♠✉❧❛t✐♦♥s✱ t❤❡ ❡rr♦r ❡st✐♠❛t✐♦♥ t❤❡♦r② ✐s ✇❡❧❧ ❞❡✈❡❧♦♣❡❞ ❛♥❞ t❤❡

❜♦✉♥❞❛r② ❝♦♥t✐♥✉✐t② r❡q✉✐r❡♠❡♥t ✐s r❡❧❛①❡❞ t♦ ❜❡ C0 ❢♦r ❤②♣❡r✲s✐♥❣✉❧❛r ❇■❊ ❞✉❡ t♦ t❤❡ ✇❡❛❦

❢♦r♠ ❬✸✶❪✳ ❍♦✇❡✈❡r✱ ❞♦✉❜❧❡ ✐♥t❡❣r❛❧s ♠✉st ❜❡ ❡✈❛❧✉❛t❡❞ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ♠❡t❤♦❞ s❧♦✇❡r ❜✉t

❛❧s♦ ♠♦r❡ st❛❜❧❡ t❤❛♥ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ❇❊▼✳ ■♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ❝r❛❝❦ ♠♦❞❡❧✐♥❣ ♠♦r❡ ❡✣❝✐❡♥t

❢♦r ❧❛r❣❡ s❝❛❧❡ ♣r♦❜❧❡♠s✱ ❤②❜r✐❞ ❇❊▼✲❋❊▼ s❝❤❡♠❡s ✇❡r❡ ♣r♦♣♦s❡❞ ❬✸✷❪❬✸✸❪❬✸✹❪✳ ❚❤❡ ❣❡♥❡r❛❧

✐❞❡❛ ✐s t♦ s✉❜❞✐✈✐❞❡ t❤❡ ❝r❛❝❦❡❞ ❞♦♠❛✐♥ ✐♥t♦ t✇♦ s✉❜✲❞♦♠❛✐♥s✱ t❤❡ ❇❊▼ s✉❜✲❞♦♠❛✐♥ ❛♥❞ t❤❡

❋❊▼ s✉❜✲❞♦♠❛✐♥✱ t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜♦t❤ ♠❡t❤♦❞s✳ ❙♦♠❡ ♦t❤❡r ♠❡t❤♦❞s ❧✐❦❡ ❜♦✉♥❞❛r②

❡❧❡♠❡♥t✲❢r❡❡ ♠❡t❤♦❞ ❬✸✺❪ ❛♥❞ t❤❡ s❝❛❧❡❞ ❜♦✉♥❞❛r② ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❙❇❋❊▼✮ ❬✸✻❪ ✇❡r❡

❛❧s♦ ♣r♦♣♦s❡❞ ❛♥❞ ❛♣♣❧✐❡❞ t♦ ❢r❛❝t✉r❡ ♠♦❞❡❧✐♥❣ ✳

❚❤❡ ❛❝❝✉r❛t❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ str❡ss ✐♥t❡♥s✐t② ❢❛❝t♦rs ✭❙■❋s✮ ♣❧❛②s ❛ ♣✐✈♦t❛❧ r♦❧❡ ✐♥ ❝r❛❝❦ ❣r♦✇t❤

♠♦❞❡❧✐♥❣✳ ❉✉❡ t♦ t❤❡ 1/
√
r str❡ss s✐♥❣✉❧❛r✐t② ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❝r❛❝❦ t✐♣✱ s♣❡❝✐❛❧ ❝❛r❡ s❤♦✉❧❞

❜❡ t❛❦❡♥ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s ✐♥ ♦r❞❡r t♦ ❛❜s♦❧✉t❡❧② ♦❜t❛✐♥ ♠♦r❡ ❛❝❝✉r❛t❡ ❙■❋s✳ ❖♥❡

❛♣♣r♦❛❝❤ t♦ ❝❛♣t✉r❡ t❤❡ ❛s②♠♣t♦t✐❝s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ str❡ss ✜❡❧❞s ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢

✸



❛ ❝r❛❝❦ ✐s t❤❡ ✉s❡ ♦❢ s♣❡❝✐❛❧ ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥ts❀ ❢♦r ❡①❛♠♣❧❡✱ q✉❛rt❡r✲♣♦✐♥t ❡❧❡♠❡♥ts ❬✸✼❪❬✸✽❪✱

✇❤✐❝❤ ❝❛♥ ❡①❛❝t❧② r❡♣r❡s❡♥t t❤❡ 1/
√
r s✐♥❣✉❧❛r✐t② ✐♥ t❤❡ ♥❡❛r✲t✐♣ str❡ss ✜❡❧❞ ❛♥❞ ❛❧❧♦✇ ❛ ❞✐r❡❝t

❡①tr❛❝t✐♦♥ ♦❢ t❤❡ ❙■❋s ❬✸✾❪✳ ❆♥♦t❤❡r ♣♦ss✐❜✐❧✐t② ✐s t❤❡ ❤②❜r✐❞ ❝r❛❝❦ ❡❧❡♠❡♥t✱ ❞❡✈❡❧♦♣❡❞ ✐♥ ❜♦t❤

t❤❡ ❋❊▼ ❛♥❞ t❤❡ ❇❊▼ ❝♦♠♠✉♥✐t✐❡s ❬✹✵❪❬✹✶❪✱ ✇❤✐❝❤ ✐♥tr♦❞✉❝❡s ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡

str❡ss ✜❡❧❞ ❛r♦✉♥❞ ❝r❛❝❦ t✐♣ ✐♥t♦ t❤❡ t✐♣✲❡❧❡♠❡♥t s♦ t❤❛t t❤❡ ❙■❋s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❞✐r❡❝t❧② ❛♥❞

❛❝❝✉r❛t❡❧②✳

❚❤❡ ✈✐rt✉❛❧ ❝r❛❝❦ ❝❧♦s✉r❡ t❡❝❤♥✐q✉❡ ✭❱❈❈❚✮ ❜❛s❡❞ ♦♥ t❤❡ ■r✇✐♥✬s ✐♥t❡❣r❛❧ ♦❢ str❛✐♥ ❡♥❡r❣② r❡❧❡❛s❡

r❛t❡s✱ ✐s ❛ ❝♦♠♠♦♥ ♠❡t❤♦❞ t♦ ❡①tr❛❝t ❙■❋s ✐♥ ❜♦t❤ t❤❡ ❋❊▼ ❛♥❞ t❤❡ ❇❊▼✱ ❛♥❞ ❤❛s r❡❝❡♥t❧②

❜❡❡♥ ❡①t❡♥❞❡❞ t♦ ❡①t❡♥❞❡❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❳❋❊▼✮ ❛♥❞ ❡①t❡♥❞❡❞ ❡❧❡♠❡♥t✲❢r❡❡ ●❛❧❡r❦✐♥

♠❡t❤♦❞ ✭❳❊❋●✮ ❬✹✷❪❬✹✸❪✳ ❙✐♥❝❡ t❤❡ ♥❡❛r✲t✐♣ s✐♥❣✉❧❛r ❜❡❤❛✈✐♦r ✐s ❛❧r❡❛❞② ❦♥♦✇♥ ❛s ❲✐❧❧✐❛♠s✬

s♦❧✉t✐♦♥✱ t❤❡ ✐❞❡❛ ✐s t♦ r❡♠♦✈❡ t❤❡ s✐♥❣✉❧❛r✐t② ❛♥❞ ❡①tr❛❝t t❤❡ ❙■❋s ❞✐r❡❝t❧②❬✹✹❪✳ ❍♦✇❡✈❡r✱ t❤❡

❲✐❧❧✐❛♠s✬ s♦❧✉t✐♦♥ ✐s ♦♥❧② ✈❛❧✐❞ ✐♥ t❤❡ ❵♥❡❛r✲t✐♣✬ r❡❣✐♦♥✳ ❚❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤✐s ❵♥❡❛r✲t✐♣✬

r❡❣✐♦♥ ❢♦r s✐♠✉❧❛t✐♦♥ ✐s ❛♠❜✐❣✉♦✉s ✐♥ ♣r❛❝t✐❝❛❧ ♣r♦❜❧❡♠s✳

J ✐♥t❡❣r❛❧ ❜❛s❡❞ ♠❡t❤♦❞s ❛r❡ r❡❣❛r❞❡❞ ❛s ✈❡r② ❛❝❝✉r❛t❡ ❛♣♣r♦❛❝❤❡s t♦ ❡①tr❛❝t ❙■❋s ✐♥ ❜♦t❤ ❋❊▼

❛♥❞ ❇❊▼ ❝♦♠♠✉♥✐t✐❡s✳ ❉✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ J1 ✭J✮ ✇❡r❡ ❞❡✈❡❧♦♣❡❞✱ s✉❝❤ ❛s

t❤❡ s②♠♠❡tr✐❝ ❛♥❞ ❛s②♠♠❡tr✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ J1 ❬✹✺❪ ❛♥❞ t❤❡ M ✐♥t❡❣r❛❧ ✭✐♥t❡r❛❝t✐♦♥ ❡♥❡r❣②

✐♥t❡❣r❛❧✮ ❬✹✻❪✳ ❈❤❛♥❣ ❛♥❞ ❲✉ ❬✹✼❪ ♣r♦♣♦s❡❞ t❤❡ Jk ♠❡t❤♦❞ ✇❤✐❝❤ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥② ❛✉①✐❧✐❛r②

✜❡❧❞s ❛♥❞ ✐s s✉✐t❛❜❧❡ ❢♦r ❜♦t❤ ✢❛t ❛♥❞ ❝✉r✈❡❞ ❝r❛❝❦s✳ ❲❡ ♥♦t❡ t❤❛t ✐♥ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢

❋❊▼✴❳❋❊▼ ❛♥❞ ♦t❤❡r ❞♦♠❛✐♥ t②♣❡ ♠❡t❤♦❞s✱ t❤❡s❡ ❝♦♥t♦✉r ✐♥t❡❣r❛❧s ❛r❡ ❛❧✇❛②s ❝❛st ✐♥t♦

❞♦♠❛✐♥ ✐♥t❡❣r❛❧s s✐♥❝❡ t❤❡ ❋❊▼ s♦❧✉t✐♦♥s ❛♥❞ t❤❡ r❡❧❛t❡❞ q✉❛♥t✐t✐❡s ✭✐♥ ♣❛rt✐❝✉❧❛r str❡ss❡s✮ ❛r❡

❦♥♦✇♥ ✐♥s✐❞❡ t❤❡ ❞♦♠❛✐♥ ❬✹✽❪❬✹✾❪❬✻❪✳ ❍♦✇❡✈❡r✱ ✐♥ ❇❊▼ ✐t ✐s ❡❛s✐❡r t♦ ❞❡❛❧ ✇✐t❤ ❝♦♥t♦✉r ✐♥t❡❣r❛❧s✱

s✐♥❝❡ ♦❜t❛✐♥✐♥❣ s♦❧✉t✐♦♥s ✐♥s✐❞❡ t❤❡ ❞♦♠❛✐♥ r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ ✐♥t❡❣r❛t✐♦♥✳ ❲❤✐❧❡ ❡✈❛❧✉❛t✐♥❣

Jk ❛♥❞ M ✐♥t❡❣r❛❧s ❛❧♦♥❣ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡s ✐s ❞♦♥❡ ❞✐r❡❝t❧② ❛♥❞ str❛✐❣❤t❢♦r✇❛r❞❧② ❞✉❡ t♦ t❤❡

❜♦✉♥❞❛r② ♥❛t✉r❡ ♦❢ ❇❊▼ s♦❧✉t✐♦♥s✳ ❚❤❡ ❧❛tt❡r t✇♦ ❝♦♥t♦✉r ✐♥t❡❣r❛❧ ♠❡t❤♦❞s✱ ♥❛♠❡❧② Jk ❛♥❞

M ✐♥t❡❣r❛❧s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ t❤✐s ♣❛♣❡r✳

❚❤❡ ✐s♦❣❡♦♠❡tr✐❝ ❛♥❛❧②s✐s ✭■●❆✮ ❬✶❪ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞♦❧♦❣② t♦ t❤❡

tr❛❞✐t✐♦♥❛❧ ▲❛❣r❛♥❣❡ ♣♦❧②♥♦♠✐❛❧ ❜❛s❡❞ ❛♥❛❧②s❡s✳ ❚❤❡ ■●❆ ✉t✐❧✐③❡s t❤❡ s❛♠❡ s♣❧✐♥❡s✱ t❤❛t ❛r❡

✉s❡❞ t♦ ❡①❛❝t❧② r❡♣r❡s❡♥t t❤❡ ❣❡♦♠❡tr②✱ ❛s ❜❛s✐s ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✉♥❦♥♦✇♥

✜❡❧❞s✱ ✇❤✐❝❤ ❜✉✐❧❞s ✉♣ ❛ ♠♦r❡ ❞✐r❡❝t ❧✐♥❦ ❜❡t✇❡❡♥ ❈❆❉ ❛♥❞ ❛♥❛❧②s✐s✳ ◆♦♥✲✉♥✐❢♦r♠ r❛t✐♦♥❛❧

❇✲s♣❧✐♥❡s ✭◆❯❘❇❙✮ ❜❛s❡❞ ■●❆ ❤❛s ❜❡❡♥ ✇✐❞❡❧② ✐♥✈❡st✐❣❛t❡❞ ✐♥ ♠❛♥② ❛r❡❛s ❬✺✵❪❬✺✶❪❬✺✷❪❬✺✸❪❬✺✹❪✳

✹



▼♦r❡ ✢❡①✐❜❧❡ ❣❡♦♠❡tr✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ t❡❝❤♥✐q✉❡s✱ s✉❝❤ ❛s ❚✲s♣❧✐♥❡s ❬✺✺❪❬✺✻❪✱ P❍❚ s♣❧✐♥❡s ❬✺✼❪

❛♥❞ ▲❘ ❙♣❧✐♥❡s ❬✺✽❪ ❡t❝✳✱ ❤❛✈❡ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ t♦ ♦✈❡r❝♦♠❡ t❤❡ ♠❛❥♦r ❞✐✣❝✉❧t② ♦❢ ◆❯❘❇❙✱ ✐✳❡✳

t❤❡ ❧❛❝❦ ♦❢ ❧♦❝❛❧ r❡✜♥❡♠❡♥t ❞✉❡ t♦ ✐ts t❡♥s♦r ♣r♦❞✉❝t str✉❝t✉r❡✳ ❘❡❝❡♥t❧② t❤❡ ■●❆ ❤❛s ❜❡❡♥

✐♥❝♦r♣♦r❛t❡❞ ✇✐t❤ ❇❊▼ ✭♥❛♠❡❧② t❤❡ ✐s♦❣❡♦♠❡tr✐❝ ❇❊▼ ✭■●❆❇❊▼✮✮ ❛♥❞ ❛♣♣❧✐❡❞ t♦ ❡①t❡r✐♦r

♣♦t❡♥t✐❛❧✲✢♦✇ ♣r♦❜❧❡♠s ❬✺✾❪✱ ♣♦t❡♥t✐❛❧ ♣r♦❜❧❡♠s ❬✻✵❪✱ ❡❧❛st♦st❛t✐❝s ❬✷❪❬✸❪✱ s❤❛♣❡ ♦♣t✐♠✐③❛t✐♦♥ ❬✻✶❪✱

❙t♦❦❡s ✢♦✇ ❬✻✷❪ ❛♥❞ ❛❝♦✉st✐❝ ❬✻✸❪❬✻✹❪ ❡t❝✳ ▼♦r❡ r❡❝❡♥t❧②✱ ■●❆❇❊▼ ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✇✐t❤

tr✐♠♠❡❞ ◆❯❘❇❙ ❣❡♦♠❡tr② ❬✻✺❪❬✻✻❪ ❛♥❞ ❛ ♣♦st❡r✐♦r✐ ❡rr♦r ❡st✐♠❛t♦r ✐s ♣r♦♣♦s❡❞ ❢♦r ❛❞❛♣t✐✈❡

■●❆❇❊▼ ❬✻✼❪✳ ❆ ❢❛st ■●❆❇❊▼ s♦❧✈❡r ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✻✽❪✳

❚❤❡ ■●❆❇❊▼ ♣r❡s❡♥ts ❛♥♦t❤❡r ✇❛② ❢♦r ✐s♦❣❡♦♠❡tr✐❝ ❛♥❛❧②s✐s ❞✉❡ t♦ t❤❡ ♥❛t✉r❛❧ ✜t ❜❡t✇❡❡♥ t❤❡

t✇♦ ♠❡t❤♦❞s✳ ❈✉rr❡♥t❧②✱ t❤❡ ❞♦♠✐♥❛t❡❞ ❈❆❉ ❣❡♦♠❡tr② ♦♥❧② ♣r♦✈✐❞❡s s✉r❢❛❝❡ ❞❡s❝r✐♣t✐♦♥ ❜②

s♠♦♦t❤ s♣❧✐♥❡s✳ ❚❤✐s ✐s ✐♥ ❝♦♥s✐st❡♥❝❡ ✇✐t❤ t❤❡ ❜❛s✐❝ ❢❡❛t✉r❡ ♦❢ t❤❡ ❇❊▼ s✐♥❝❡ ♦♥❧② t❤❡ ✉♥❦♥♦✇♥

✜❡❧❞s ✭❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ tr❛❝t✐♦♥✮ ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r② ✐s r❡q✉✐r❡❞ t♦ ❛♣♣r♦①✐♠❛t❡✳ ❆♥❞ t❤❡

❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❝♦❧❧♦❝❛t✐♦♥ ❇❊▼ ✇✐t❤ s♣❧✐♥❡s ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✇❤✐❝❤ ❢♦r♠s ❛ s♦❧✐❞ ❜❛s✐s

❢♦r t❤❡ ❝♦♠❜✐♥❡❞ ♠❡t❤♦❞♦❧♦❣② ❬✻✾❪❬✼✵❪ ❛♥❞ ❧❛t❡st ✇♦r❦ ❝❛♥ ❜❡ r❡❢❡rr❡❞ ✐♥ ❬✼✶❪✳ ■♥ t❤✐s ♣❛♣❡r✱ ❛

♥❡✇ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ■●❆❇❊▼ ✐s ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ❢♦r ❧✐♥❡❛r ❡❧❛st✐❝ ❢r❛❝t✉r❡ ♣r♦❜❧❡♠s✳ ■t s❤♦✉❧❞

❜❡ ♥♦t❡❞ t❤❛t ❦♥♦t ✐♥s❡rt✐♦♥ ✐♥ ❇✲s♣❧✐♥❡s ❝❛♥ ✐♥tr♦❞✉❝❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥ t❤❡ ❣❡♦♠❡tr②✱ ✇❤✐❝❤

♠❛❦❡s ✐t ♣♦ss✐❜❧❡ t♦ ❡①t❡♥❞ ■●❆ t♦ ❢r❛❝t✉r❡ ♠❡❝❤❛♥✐❝s ❬✼✷❪❬✶✵❪✳ ❚❤❡ ❤✐❣❤❡r ♦r❞❡r ❝♦♥t✐♥✉✐t②

♣r♦✈✐❞❡❞ ❜② s♣❧✐♥❡s ❛❧s♦ ❡♥❛❜❧❡s ❛ ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ tr❛❝t✐♦♥ ❇■❊ ❢♦r ❝r❛❝❦

♠♦❞❡❧✐♥❣✳ ❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛ ❜❛s✐❝ s❝❤❡♠❡ ❢♦r ❢r❛❝t✉r❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ✐♥

2❉ ❞♦♠❛✐♥s✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ◆❯❘❇❙ ✐s r❡✈✐❡✇❡❞ s❤♦rt❧② ✐♥ s❡❝t✐♦♥ ✷✳

❚❤❡ ❜❛s✐❝s ♦❢ t❤❡ ❉❇❊▼ ❢♦r ❢r❛❝t✉r❡ ♠♦❞❡❧✐♥❣ ❛r❡ ❜r✐❡✢② r❡✈✐❡✇❡❞ ✐♥ s❡❝t✐♦♥ ✸✱ ❛♥❞ ♠♦r❡

❞❡t❛✐❧s ❢♦❧❧♦✇✱ ✐♥❝❧✉❞✐♥❣ ❝♦❧❧♦❝❛t✐♦♥ ❛♥❞ s✐♥❣✉❧❛r ✐♥t❡❣r❛t✐♦♥ ✐♥ ❉❇❊▼✳ ❙❡❝t✐♦♥ ✹ ❞❡t❛✐❧s t❤❡

❛♣♣r♦❛❝❤❡s ❞❡✈❡❧♦♣❡❞ ❢♦r ❡①tr❛❝t✐♦♥ ♦❢ t❤❡ ❙■❋s✱ ❜❛s❡❞ ♦♥ t❤❡ M ✐♥t❡❣r❛❧ ❛♥❞ t❤❡ Jk ✐♥t❡❣r❛❧✳

❙❡❝t✐♦♥ ✺ ♦✉t❧✐♥❡s ❛ ♠♦❞✐✜❡❞ ◆❯❘❇❙ ❛♣♣r♦❛❝❤ t♦ s✐♠✉❧❛t❡ ❝r❛❝❦ ❣r♦✇t❤ ✉s✐♥❣ ◆❯❘❇❙ ❜❛s❡❞

r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❝r❛❝❦s✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❛r❡ s❤♦✇♥ ❜♦t❤ ❢♦r ❢r❛❝t✉r❡ ❛♥❛❧②s✐s ❛♥❞ ❝r❛❝❦

♣r♦♣❛❣❛t✐♦♥✱ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ♦t❤❡r ♣♦♣✉❧❛r ♠❡t❤♦❞s s✉❝❤ ❛s ❙●❇❊▼✱ ❳❋❊▼ ❛♥❞ ❳❊❋●✳

✺



✷ ◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥s

◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❇✲s♣❧✐♥❡ ❢✉♥❝t✐♦♥s t❤❛t ❛❧❧♦✇s ❛ ❵♣r♦❥❡❝t✐♦♥✬

❢r♦♠ sq✉❛r❡ ❛♥❞ ❝✉❜✐❝ ❞♦♠❛✐♥s t♦ ❢♦r♠ ❝♦♠♣❧❡① ❣❡♦♠❡tr✐❡s✳ ❙♦ t❤❡ ❜❛s✐❝ ❝♦♥❝❡♣t ♦❢ ❇✲s♣❧✐♥❡ ✐s

✜rst ♦✉t❧✐♥❡❞✳ ❇✲s♣❧✐♥❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ♦✈❡r ❛ ❦♥♦t ✈❡❝t♦r✱ ✇❤✐❝❤ ✐s ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣

s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs ❣✐✈❡♥ ✐♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡✳ ❆ ❦♥♦t ✈❡❝t♦r ✐s ❞❡♥♦t❡❞ ❛s Ξ =

{ξ1, ξ2, ..., ξn+p+1}✱ ✇❤❡r❡ ξA ∈ R ✐s t❤❡ At❤ ♣❛r❛♠❡t❡r ❝♦♦r❞✐♥❛t❡ ✭❦♥♦t✮✱ p ✐s t❤❡ ♦r❞❡r ♦❢ t❤❡

♣♦❧②♥♦♠✐❛❧ ✐♥ ❇✲s♣❧✐♥❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✱ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❋♦r ❛ ❣✐✈❡♥ ♦r❞❡r

p✱ t❤❡ ❇✲s♣❧✐♥❡ ❜❛s✐s ❢✉♥❝t✐♦♥s NA,p ✇✐t❤ 1 6 a 6 n ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ ❈♦①✲❞❡ ❇♦♦r r❡❝✉rs✐♦♥✿

NA,0(ξ) =















1 ξA 6 ξ < ξA+1

0 ♦t❤❡r✇✐s❡✱

✭✶✮

t❤❡♥✱ ❢♦r p > 0✱

NA,p(ξ) =
ξ − ξA

ξA+p − ξA
NA,p−1(ξ) +

ξA+p+1 − ξ

ξA+p+1 − ξA+1
NA+1,p−1(ξ). ✭✷✮

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ❇✲s♣❧✐♥❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛t ξA ❝❛♥ ❜❡ ❞❡❝r❡❛s❡❞ ❜② r❡♣❡❛t✐♥❣ t❤❡ ❦♥♦t s❡✈❡r❛❧

t✐♠❡s✳ ■❢ ξA ❤❛s ♠✉❧t✐♣❧✐❝✐t② k ✭ξA = ξA+1 = ... = ξA+k−1✮✱ t❤❡♥ t❤❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ Cp−k

❝♦♥t✐♥✉♦✉s ❛t ξA✳ P❛rt✐❝✉❧❛r❧②✱ ✇❤❡♥ k = p✱ t❤❡ ❜❛s✐s ✐s C0 ❛♥❞ k = p+1 ❧❡❛❞s t♦ ❛ ❞✐s❝♦♥t✐♥✉✐t②

❛t ξA✳ ■❢ t❤❡ ✜rst ❛♥❞ ❧❛st ❦♥♦t ❤❛✈❡ k = p+ 1✱ t❤❡ ❦♥♦t ✈❡❝t♦r ✐s ❝❛❧❧❡❞ ❛♥ ♦♣❡♥ ❦♥♦t ✈❡❝t♦r✳

▼♦r❡ ❞❡t❛✐❧s ❝❛♥ ❜❡ r❡❢❡rr❡❞ ✐♥ ❬✼✸❪✳

❍❛✈✐♥❣ ❞❡✜♥❡❞ t❤❡ ❇✲s♣❧✐♥❡ ❜❛s✐s ❢✉♥❝t✐♦♥s N = {NA,p}nA=1✱ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ ❛ ❝✉r✈❡ C(ξ)

✐♥ R
ds ✭ds ✐s t❤❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥❛❧✐t②✱ ds = 2 ✐♥ t❤✐s ♣❛♣❡r✮ ❜② ❛ ❣r♦✉♣ ♦❢ ❝♦♥tr♦❧ ♣♦✐♥ts

P = {PA}nA=1 ✇✐t❤ t❤❡♠ ❛s✿

C(ξ) =

n
∑

A=1

PANA,p(ξ). ✭✸✮

❆ ◆❯❘❇❙ ❝✉r✈❡ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❜✉t ❜② r❡♣❧❛❝✐♥❣ t❤❡ ❇✲s♣❧✐♥❡ ❜❛s✐s ❢✉♥❝t✐♦♥s ❜②

◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ◆❯❘❇❙ ❝✉r✈❡ C(ξ) ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s✿

C(ξ) =

n
∑

A=1

PARA,p(ξ), ✭✹✮

✻



❋✐❣✉r❡ ✶✿ ❈r❛❝❦ ♠♦❞❡❧

✇❤❡r❡ RA,p ❛r❡ t❤❡ ◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ❛s

RA,p(ξ) =
ωANA,p(ξ)

∑n
B=1 ωBNB,p(ξ)

. ✭✺✮

ωB ✐s t❤❡ ✇❡✐❣❤t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ Bt❤ ❝♦♥tr♦❧ ♣♦✐♥t✳ ◆♦t❡ t❤❛t RA,p ✐s ♦♥❧② ♥♦♥✲③❡r♦ ♦♥ t❤❡

❦♥♦t ✐♥t❡r✈❛❧ [ξa, ξb]✮ ❞❡✜♥❡❞ ❜② p+ 1 ❝♦♥tr♦❧ ♣♦✐♥ts✳

✸ ■s♦❣❡♦♠❡tr✐❝ ❉❇❊▼ ❢♦r ❢r❛❝t✉r❡ ♠♦❞❡❧✐♥❣

✸✳✶ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥

❈♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ❞♦♠❛✐♥ Ω ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛ ❝r❛❝❦ ❛s ✐♥ ❋✐❣✉r❡ ✶✳ ❚❤❡ ❜♦✉♥❞❛r② Γ ✐s

❝♦♠♣♦s❡❞ ♦❢ Γu ✇❤❡r❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♣r❡s❝r✐❜❡❞ ✭❦♥♦✇♥ ❞✐s♣❧❛❝❡♠❡♥t ū✮✱

Γt ✇❤❡r❡ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♣r❡s❝r✐❜❡❞ ✭❦♥♦✇♥ tr❛❝t✐♦♥ t̄✮✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt

♦❢ t❤❡ ❜♦✉♥❞❛r② ✐s ❛ss✉♠❡❞ t♦ ❜❡ tr❛❝t✐♦♥ ❢r❡❡✳ ❚❤❡ ❝r❛❝❦ Γc ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❝♦✐♥❝✐❞❡♥t ❢❛❝❡s✿

Γc+ ❛♥❞ Γc− ✐s ❛ss✉♠❡❞ ❛❧s♦ tr❛❝t✐♦♥ ❢r❡❡✳ s = (s1, s2) ❞❡♥♦t❡s t❤❡ s♦✉r❝❡ ♣♦✐♥t ❛♥❞ x = (x1, x2)

t❤❡ ✜❡❧❞ ♣♦✐♥t✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❇■❊ ❛t s♦✉r❝❡ ♣♦✐♥t s ✐s ❣✐✈❡♥ ❜② ✜♥❞✐♥❣ u, t : Ω → R
2 s✉❝❤

t❤❛t

cij(s)uj(s) +−
∫

Γ
Tij(s,x)uj(x)❞Γ(x) =

∫

Γ
Uij(s,x)tj(x)❞Γ(x), ✭✻✮

✇❤❡r❡ t❤❡ Uij ✱ Tij ❛r❡ ❝❛❧❧❡❞ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ❛♥❞ ❢♦r ❧✐♥❡❛r ❡❧❛st✐❝✐t②✱ ❣✐✈❡♥ ❜②

Uij(s,x) =
1

8πµ(1− ν)

[

(3− 4ν)δij ❧♥

(

1

r

)

+ r,ir,j

]

, ✭✼✮

✼



Tij(s,x) = − 1

4π(1− ν)r

{

∂r

∂n
[(1− 2ν)δij + 2r,ir,j ]− (1− 2ν)(r,inj − r,jni)

}

, ✭✽✮

❢♦r ✷D ✉♥❞❡r ♣❧❛♥❡ str❛✐♥ ❝♦♥❞✐t✐♦♥s✱ ✇❤❡r❡ µ = E/[2(1 + ν)]✱ E ✐s ❨♦✉♥❣✬s ▼♦❞✉❧✉s ❛♥❞ ν

P♦✐ss♦♥✬s r❛t✐♦✳ ❈♦♠♣♦♥❡♥ts Tij ❡①❤✐❜✐t ❛ s✐♥❣✉❧❛r✐t② ♦❢ O(1/r) ❛♥❞ t❤❡ s✐❣♥ −
∫

✐♠♣❧✐❡s t❤❛t t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ✐♥t❡❣r❛❧s ❛r❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❈❛✉❝❤② Pr✐♥❝✐♣❛❧ ❱❛❧✉❡✱ |r| = |x−s|✳

❛♥❞ Uij ✐s ✇❡❛❦❧②✲s✐♥❣✉❧❛r ✭♦❢ ♦r❞❡r O(❧♥(1/r))✮✳

❚❤❡ ✐❞❡❛ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞ ✐s t♦ ❞✐s❝r❡t✐③❡ t❤❡ ❜♦✉♥❞❛r② ❣❡♦♠❡tr② ❛♥❞ t❤❡

♣❤②s✐❝❛❧ ✜❡❧❞s ✉s✐♥❣ s❡ts ♦❢ ❜❛s✐s ❢✉♥❝t✐♦♥s✳ ❙✉❜s❡q✉❡♥t❧②✱ t❤❡ s♦✉r❝❡ ♣♦✐♥t ✐s ♣❧❛❝❡❞ ❛t t❤❡

❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❇■❊ ✭✻✮ ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ s②st❡♠ ♦❢

❧✐♥❡❛r ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ❞♦♠❛✐♥ ❝♦♥t❛✐♥s ❛ ❝r❛❝❦✱ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts

♦♥ t❤❡ ♦✈❡r❧❛♣♣✐♥❣ s✉r❢❛❝❡s ✭r❡❢❡r t♦ ❋✐❣✉r❡ ✶ ✭❜✮✮ Γc+ ❝♦✐♥❝✐❞❡ ✇✐t❤ Γc− ❛♥❞ t❤❡ s②st❡♠ ♠❛tr✐①

❜❡❝♦♠❡s s✐♥❣✉❧❛r✳ ❚❤✐s ❞✐✣❝✉❧t② ✐s ♦✈❡r❝♦♠❡ ✐♥ ❞✉❛❧ ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞s ❜② ♣r❡s❝r✐❜✐♥❣

t❤❡ tr❛❝t✐♦♥ ❇■❊ ♦♥ ♦♥❡ ♦❢ t❤❡ ❝r❛❝❦ ❢❛❝❡s ✭Γc− ✐♥ ❋✐❣✉r❡ ✶✭❜✮✮✱ ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❇■❊ ♦♥

t❤❡ ♦t❤❡r ❝r❛❝❦ s✉r❢❛❝❡ ✭Γc+✮ ❛♥❞ ♦♥ t❤❡ r❡st ♦❢ t❤❡ ❜♦✉♥❞❛r② Γ✳ ❚❤❡ tr❛❝t✐♦♥ ❇■❊ ✐s ♦❜t❛✐♥❡❞

❜② ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❇■❊ ✇✐t❤ r❡s♣❡❝t t♦ s ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② t❤❡ ❡❧❛st✐❝

t❡♥s♦r Eijkl✿

cij(s)tj(s) + =

∫

Γ
Sij(s,x)uj(x)❞Γ(x) = −

∫

Γ
Kij(s,x)tj(x)❞Γ(x), ✭✾✮

Sij(s,x) = Eikpq
∂Tpj(s,x)

∂sq
nk(s), Kij(s,x) = Eikpq

∂Upj(s,x)

∂sq
nk(s), ✭✶✵✮

✇❤❡r❡ Sij ✐s t❤❡ ❤②♣❡rs✐♥❣✉❧❛r ❦❡r♥❡❧ ✭O(1/r2)✮ ❛♥❞ t❤❡ s✐❣♥ =
∫

❞❡♥♦t❡s t❤❡ ❍❛❞❛♠❛r❞ ✜♥✐t❡

♣❛rt ✐♥t❡❣r❛❧s ❛♥❞ Kij ✐s ♦❢ ♦r❞❡r O(1/r)✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ tr❛❝t✐♦♥ ❇■❊ ❛r❡

❞❡t❛✐❧❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳ cij(s) = 0.5δij ✇❤❡♥ t❤❡ s♦✉r❝❡ ♣♦✐♥t s ✐s ♦♥ ❛ s♠♦♦t❤ ❜♦✉♥❞❛r②✳

✸✳✷ ◆❯❘❇❙ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s

■♥ t❤❡ ◆❯❘❇❙ ❜❛s❡❞ ✐s♦❣❡♦♠❡tr✐❝ ❝♦♥❝❡♣t✱ t❤❡ ♣❤②s✐❝❛❧ ✜❡❧❞ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ s❛♠❡

◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛s t❤♦s❡ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❣❡♦♠❡tr② Γ = C(ξ)✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t

❛♥❞ tr❛❝t✐♦♥ ✜❡❧❞s ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s ❢♦❧❧♦✇s✿

ui(ξ) =
n
∑

A=1

RA,p(ξ)d
A
i , ✭✶✶✮

✽



ti(ξ) =
n
∑

A=1

RA,p(ξ)q
A
i , ✭✶✷✮

❲❡ ❞❡✜♥❡ ❛♥ ❡❧❡♠❡♥t ✐♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ❛s ❛♥ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ♥♦♥✲

r❡♣❡❛t❡❞ ❦♥♦ts [ξa, ξb] ❛♥❞ ❧✐♥❡❛r❧② ♠❛♣ ✐t t♦ ✐♥t❡r✈❛❧ [−1, 1]✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ♣❛r❡♥t s♣❛❝❡

❬✶❪ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐s Ne✳ ❲❡ ❞❡✜♥❡ ξ̂ ❛s t❤❡ ♣❛r❡♥t ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ✜❡❧❞ ♣♦✐♥t x

✐♥ [−1, 1]✱ ξ̂s ❛s t❤❡ ♣❛r❡♥t ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ s♦✉r❝❡ ♣♦✐♥t s ✐♥ [−1, 1]✱ ❛♥❞ J(ξ̂) ✐s t❤❡ ❏❛❝♦❜✐❛♥

tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ♣❤②s✐❝❛❧ t♦ ♣❛r❡♥t s♣❛❝❡✳ ❚❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♣r♦❝❡ss ❢♦r ♦♥❡ ◆❯❘❇❙

❡❧❡♠❡♥t ✭t❤❡ ❦♥♦t ✐♥t❡r✈❛❧ [ξa, ξb]✮ t♦ t❤❡ ♣❛r❡♥t s♣❛❝❡ [−1, 1] ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳ ❆♥❞ ✇❡

❤❛✈❡

ξ = ξ(ξ̂) =
(ξb − ξa)ξ̂ + (ξb + ξa)

2
,

J(ξ̂) =
❞Γ

❞ξ

❞ξ

❞ξ̂
.

✭✶✸✮

❚❤❡♥ t❤❡ ❛❜♦✈❡ ❢♦r♠ ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ✈✐❛ t❤❡ ❡❧❡♠❡♥t❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❛s✿

ui(ξ̂) =

p+1
∑

I=1

NI(ξ̂)d
I
i , ✭✶✹✮

ti(ξ̂) =

p+1
∑

I=1

NI(ξ̂)q
I
i , ✭✶✺✮

✇❤❡r❡

NI(ξ̂) = RA,p(ξ). ✭✶✻✮

❆♥❞ di✱ qi ❛r❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ tr❛❝t✐♦♥ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥

t❤❡ ❧♦❝❛❧ ✐♥❞❡① I ❛♥❞ t❤❡ ❣❧♦❜❛❧ ✐♥❞❡① A ✐s ❣✐✈❡♥ ❜② t❤❡ ❡❧❡♠❡♥t ❝♦♥♥❡❝t✐✈✐t② ❬✷❪✳ ❙✉❜st✐t✉t✐♥❣

t❤❡ ❞✐s❝r❡t✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ tr❛❝t✐♦♥s ✐♥t♦ t❤❡ ❇■❊s ✇✐❧❧ ❣✐✈❡✱

p+1
∑

I=1

CI
ij(s)d

I
j +

Ne
∑

e=1

p+1
∑

I=1

T I
ijd

I
j =

Ne
∑

e=1

p+1
∑

I=1

U I
ijq

I
j , ✭✶✼✮

p+1
∑

I=1

CI
ij(s)t

I
j +

Ne
∑

e=1

p+1
∑

I=1

SI
ijd

I
j =

Ne
∑

e=1

p+1
∑

I=1

KI
ijq

I
j , ✭✶✽✮

✇❤❡r❡ t❤❡ ❥✉♠♣ t❡r♠ ❛♥❞ ✐♥t❡❣r❛❧s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ❛r❡ r❡s♣❡❝t✐✈❡❧② ✇r✐tt❡♥ ❛s✿

CI
ij(s) = cijNI(ξ̂s), ✭✶✾✮

✾



❋✐❣✉r❡ ✷✿ ❈♦♦r❞✐♥❛t❡ s②st❡♠ ✐♥ ■●❆❇❊▼✿ ✭❛✮ t❤❡ ❡❧❡♠❡♥t ❝♦♥t❛✐♥✐♥❣ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥t s ✐♥ t❤❡
❣❧♦❜❛❧ s♣❛❝❡❀ ✭❜✮t❤❡ ♣❛r❛♠❡tr✐❝ s♣❛❝❡ ❛♥❞ ♣❛r❡♥t s♣❛❝❡

T I
ij =

∫ 1

−1
Tij(s,x(ξ̂))NI(ξ̂)J(ξ̂)❞ξ̂, ✭✷✵✮

U I
ij =

∫ 1

−1
Uij(s,x(ξ̂))NI(ξ̂)J(ξ̂)❞ξ̂, ✭✷✶✮

SI
ij =

∫ 1

−1
Sij(s,x(ξ̂))NI(ξ̂)J(ξ̂)❞ξ̂, ✭✷✷✮

KI
ij =

∫ 1

−1
Kij(s,x(ξ̂))NI(ξ̂)J(ξ̂)❞ξ̂. ✭✷✸✮

✸✳✸ ❚r❡❛t♠❡♥t ♦❢ s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s

■♥t❡❣r❛t✐♥❣ t❤❡ ✇❡❛❦❧②✲s✐♥❣✉❧❛r✱ str♦♥❣❧②✲s✐♥❣✉❧❛r ❛♥❞ ❤②♣❡r✲s✐♥❣✉❧❛r ❦❡r♥❡❧s ✐♥ ❊q✉❛t✐♦♥s ✭✷✵✮✲

✭✷✸✮ ✐s ❛ ♠❛❥♦r ❞✐✣❝✉❧t② ✐♥ ❇❊▼✳ ■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡❛❦❧②✲s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s ❛r❡ ❡✈❛❧✉❛t❡❞

✉s✐♥❣ ❚❡❧❧❡s✬ tr❛♥s❢♦r♠❛t✐♦♥ ❬✼✹❪✳ ❙tr♦♥❣❧②✲s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s ✐♥ ❊q✉❛t✐♦♥ ✭✻✮ ❛r❡ tr❡❛t❡❞ ✐♥ t✇♦

❞✐✛❡r❡♥t ✇❛②s✳ ■♥ t❤❡ ✜rst ❛♣♣r♦❛❝❤✱ t❤❡ s✐♥❣✉❧❛r✐t② ✐♥ Tij ✐s r❡♠♦✈❡❞ ❜② t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥

♠❡t❤♦❞✱ ❜❛s❡❞ ♦♥ ✉s❡ ♦❢ s✐♠♣❧❡ s♦❧✉t✐♦♥s ❬✼✺❪❬✼✻❪✱ ✐✳❡✳ t❤❡ r✐❣✐❞ ❜♦❞② ♠♦t✐♦♥s✱ ✇❤✐❝❤ s❛t✐s❢②

❊q✉❛t✐♦♥ ✭✻✮ ✇✐t❤ ③❡r♦ tr❛❝t✐♦♥s✳ ❆❞❞✐♥❣ ❛♥❞ s✉❜tr❛❝t✐♥❣ t❡r♠ u(s) ✐♥ ❊q✉❛t✐♦♥ ✭✻✮✱ t❤❡

str♦♥❣❧②✲s✐♥❣✉❧❛r ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ t❤❡ r❡❣✉❧❛r✐③❡❞ ❢♦r♠✿

∫

Γ
Tij(s,x)(uj(x)− uj(s))❞Γ(x) =

∫

Γ
Uij(s,x)tj(x)❞Γ(x). ✭✷✹✮

✶✵



❆❢t❡r ❞✐s❝r❡t✐③❛t✐♦♥✱ ❊q✉❛t✐♦♥ ✭✷✹✮ ❜❡❝♦♠❡s

Ne
∑

e=1

p+1
∑

I=1

P I
ijd

I
j =

Ne
∑

e=1

p+1
∑

I=1

U I
ijq

I
j , ✭✷✺✮

✇❤❡r❡

P I
ij =

∫ 1

−1
Tij(s,x(ξ̂))(NI(ξ̂)−NI(ξ̂s))J(ξ̂)❞ξ̂. ✭✷✻✮

❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✭✷✹✮ ✐s s✐♠♣❧❡ ❛♥❞ ❞♦❡s ♥♦t r❡q✉✐r❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❥✉♠♣ t❡r♠

cij(s)✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❊q✉❛t✐♦♥ ✭✷✹✮ ✐s ✉s❡❞ ❛t ❝♦✐♥❝✐❞❡♥t ♣♦✐♥ts ♦♥ ❝r❛❝❦ s✉r❢❛❝❡s✱ t❤❡ s✐♥✲

❣✉❧❛r✐t② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦♥❧② ♦♥❡ ♦❢ t❤❡ ♣♦✐♥ts ✐s r❡♠♦✈❡❞✳ ❚❤❡r❡ ❤❛✈❡ ❜❡❡♥ ♠❛♥② ❛tt❡♠♣ts

t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✳ ❋♦r ❡①❛♠♣❧❡✱ ❝r❡❛t✐♥❣ ❛rt✐✜❝✐❛❧ ✐♥t❡❣r❛t✐♦♥ s✉r❢❛❝❡s✱ ❡①❝❧✉❞✐♥❣ t❤❡

s❡❝♦♥❞ s✐♥❣✉❧❛r ♣♦✐♥t ❬✼✼❪❬✼✽❪ ✐s ❛ ♣♦ss✐❜✐❧✐t②✳ ❍♦✇❡✈❡r✱ t❤❡ ❝r❡❛t✐♦♥ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ❛❧♦♥❣ t❤❡

❛rt✐✜❝✐❛❧ s✉r❢❛❝❡ ✐s ❡①♣❡♥s✐✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❬✼✾❪ ❛♥❞ ✐s ♣❛rt✐❝✉❧❛r❧② ❝✉♠❜❡rs♦♠❡ t♦ ❞❡❛❧ ✇✐t❤

✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ✐s♦❣❡♦♠❡tr✐❝ ❛♥❛❧②s✐s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ❊q✉❛t✐♦♥ ✭✷✹✮ ✐s

✉s❡❞ ♦♥❧② ♦♥ t❤❡ ♥♦♥✲❝r❛❝❦❡❞ ❜♦✉♥❞❛r②✱ ✇❤✐❧❡ ♦♥ ❝r❛❝❦ s✉r❢❛❝❡s✱ t❤❡ ❛♣♣r♦❛❝❤✱ ❦♥♦✇♥ ❛s t❤❡

s✐♥❣✉❧❛r✐t② s✉❜tr❛❝t✐♦♥ t❡❝❤♥✐q✉❡ ✭❙❙❚✮✱ ✐s ✉s❡❞ ❬✽✵❪✳ ❙❙❚ ✐s ❛♣♣❧✐❡❞ t♦ ❜♦t❤ str♦♥❣❧②✲s✐♥❣✉❧❛r

❛♥❞ ❤②♣❡r✲s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s ❛❢t❡r t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ✐♥ t❤❡ ♣❛r❡♥t s♣❛❝❡ ✭❊q✉❛t✐♦♥s ✭✷✵✮✱ ✭✷✷✮

❛♥❞ ✭✷✸✮✮✳ ❚❤❡ ❡ss❡♥t✐❛❧ ✐❞❡❛ ♦❢ t❤❡ ♠❡t❤♦❞ ✐s t♦ ❡①♣❛♥❞ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ ❢✉♥❝t✐♦♥✱

t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❏❛❝♦❜✐❛♥ J(ξ̂) ✐♥t♦ ❚❛②❧♦r s❡r✐❡s ✐♥ t❤❡ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❝♦❧❧♦❝❛t✐♦♥

♣♦✐♥t✱ ❛♥❞ s♣❧✐t t❤❡ ✐♥t❡❣r❛♥❞s ✐♥t♦ r❡❣✉❧❛r ❛♥❞ s✐♥❣✉❧❛r ♣❛rts✳ ❚❤❡♥ t❤❡ s✐♥❣✉❧❛r t❡r♠s ❝❛♥ ❜❡

❡✈❛❧✉❛t❡❞ ❛♥❛❧②t✐❝❛❧❧②✱ ✇❤✐❧❡ ❢♦r r❡❣✉❧❛r t❡r♠s st❛♥❞❛r❞ ●❛✉ss q✉❛❞r❛t✉r❡ ✐s s✉✣❝✐❡♥t✳ ❚❛❦❡

t❤❡ ❤②♣❡r✲s✐♥❣✉❧❛r ✐♥t❡❣r❛❧ t❡r♠ Se
ijl ❛s ❛♥ ❡①❛♠♣❧❡✿

SI
ij =

∫ 1

−1
Sij(s,x(ξ̂))NI(ξ̂)J(ξ̂)❞ξ̂ =

∫ 1

−1
F (ξ̂s, ξ̂)❞ξ̂. ✭✷✼✮

❚❤❡ ❢✉♥❝t✐♦♥ F (ξ̂s, ξ̂) ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ❛s✿

F (ξ̂s, ξ̂) =
F−2(ξ̂s)

δ2
+

F−1(ξ̂s)

δ
+O(1), ✭✷✽✮

✇❤❡r❡ δ = ξ̂− ξ̂s✳ ❚❤❡ ❞❡t❛✐❧s t♦ ♦❜t❛✐♥ F−2 ❛♥❞ F−1 ✇✐t❤ ❛ ◆❯❘❇❙ ❜❛s✐s ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐①

✶✶



❆ ❛♥❞ ❛r❡ st✉❞✐❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❬✽✵❪❬✽✶❪✳ ❚❤❡ ✜♥❛❧ ❢♦r♠ ♦❢ ✭✷✼✮ ✐s ❣✐✈❡♥ ❜②✿

∫ 1

−1
F (ξ̂s, ξ̂)❞ξ̂ =

∫ 1

−1

(

F (ξ̂s, ξ̂)−
F−2(ξ̂s)

δ2
− F−1(ξ̂s)

δ

)

❞ξ̂

+ F−2(ξ̂s)

(

− 1

1− ξ̂s
+

1

−1− ξ̂s

)

+ F−1(ξ̂s)❧♥

∣

∣

∣

∣

∣

1− ξ̂s

−1− ξ̂s

∣

∣

∣

∣

∣

.

✭✷✾✮

❚❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ ✭✷✾✮ ✐s r❡❣✉❧❛r ❛♥❞ ✐t ✐s ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ st❛♥❞❛r❞ ●❛✉ss✐❛♥ q✉❛❞r❛t✉r❡✳

✸✳✹ P❛rt✐t✐♦♥ ♦❢ ✉♥✐t② ❡♥r✐❝❤♠❡♥t ❢♦r♠✉❧❛t✐♦♥

❚❤❡ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t② ✭P❯✮ ❡♥r✐❝❤♠❡♥t ♠❡t❤♦❞ ❬✽✷❪ ❤❛s ❜❡❡♥ ✇❡❧❧ st✉❞✐❡❞ ✐♥ ❋❊▼ t♦ ♠♦❞❡❧

♣r♦❜❧❡♠s ✇✐t❤ ❛ ♣r✐♦r✐ ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ s♦❧✉t✐♦♥✳ ❙❡❡ ❙✉❦✉♠❛r ❡t ❛❧ ❬✽✸❪✱ ▼♦ës ❡t ❛❧ ❬✽✹❪✱

●r❛✈♦✉✐❧ ❡t ❛❧ ❬✽✺❪ ❢♦r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❳❋❊▼ t♦ ✸❉ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ ❇♦r❞❛s ❛♥❞ ▼♦r❛♥

❬✽✻❪✱ ❇♦r❞❛s ❡t ❛❧ ❬✽✼❪✱ ❲②❛rt ❡t ❛❧ ❬✽✽❪ ❢♦r ✐♥❞✉str✐❛❧ ❞❛♠❛❣❡ t♦❧❡r❛♥❝❡ ❛ss❡ss♠❡♥t ✉s✐♥❣ ❳❋❊▼✳

■t ✇❛s ❛❧s♦ s❤♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t❤❛t t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ str❡ss ✐♥t❡♥s✐t② ❢❛❝t♦rs ❢♦r ✸❉ ❧✐♥❡❛r

❡❧❛st✐❝ ❢r❛❝t✉r❡ ♠❡❝❤❛♥✐❝s ✇❛s ✐♥s✉✣❝✐❡♥t ❢♦r ❝♦❛rs❡ ♠❡s❤❡s ❛♥❞ ❛❧✇❛②s ♦s❝✐❧❧❛t♦r②✳ ❆ ♣♦st❡r♦r✐

❡rr♦r ❡st✐♠❛t❡ ✇❡r❡ ❞❡r✐✈❡❞ ❬✶✹❪❬✶✷❪❬✶✶❪❬✽✾❪ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤✐♥ t❤❡ ❝♦♠♠❡r❝✐❛❧ s♦❢t✇❛r❡

▼♦r❢❡♦ t♦ ❝♦♥tr♦❧ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ❬✶✷❪❬✶✶❪✳

❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r✐♠❛r② ✜❡❧❞ ❜② P❯ ❡♥r✐❝❤♠❡♥t ✐s ❞❡❝♦♠♣♦s❡❞ ❜② t✇♦ ♣❛rts✿ ❛

r❡❣✉❧❛r ♣❛rt ❛♥❞ ❛♥ ❡♥r✐❝❤❡❞ ♣❛rt✳ ❚❤❡ ❧❛tt❡r ❛❧❧♦✇s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ r❡♣r♦❞✉❝❡ s♣❡❝✐✜❝

✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s♦❧✉t✐♦♥ t❤r♦✉❣❤ ❛❞❞✐t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❆♥❞ t❤❡ ❡♥r✐❝❤♠❡♥t ✐❞❡❛

❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✇✐t❤✐♥ ❇❊▼ ❛s ✇❡❧❧ ❬✸✺❪❬✻✸❪✳ ❙✐♠♣s♦♥ ❡t ❛❧ ❬✽✶❪ ✜rst ♣r♦♣♦s❡❞ t❤❡ ✐❞❡❛

♦❢ ❡♥r✐❝❤♠❡♥t ✐♥ ❇❊▼ t♦ ❝❛♣t✉r❡ t❤❡ str❡ss s✐♥❣✉❧❛r✐t② ❛r♦✉♥❞ t❤❡ ❝r❛❝❦ t✐♣✳ ❚❤❡ ❡♥r✐❝❤❡❞

❞✐s♣❧❛❝❡♠❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ❛ ◆❯❘❇❙ ❜❛s✐s ✇r✐t❡s✿

ui(x) =
∑

I∈NI

NI(x)d
I
i +

∑

J∈NJ

NJ(x)
4
∑

l=1

φl(x)a
J
i , ✭✸✵✮

✇❤❡r❡ dIi ❛r❡ t❤❡ r❡❣✉❧❛r ❉❖❋s✳ a
J
i ❛r❡ t❤❡ ❝r❛❝❦ t✐♣ ❡♥r✐❝❤❡❞ ❉❖❋s✳ ❙❡❡ ❬✽✼❪ ❢♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥

❞❡t❛✐❧s ✐♥ ❛♥ ❳❋❊▼ ❢r❛♠❡✇♦r❦✳ ❙✐♥❝❡ ✐♥ ❇❊▼ t❤❡ ❝r❛❝❦ ✐s ❡①♣❧✐❝✐t❧② ♠♦❞❡❧❡❞ ❜② t✇♦ ♦✈❡r❧❛♣♣✐♥❣

s✉r❢❛❝❡s✱ t❤❡ ❍❡❛✈✐s✐❞❡ ❡♥r✐❝❤♠❡♥t ✐s ♥♦t r❡q✉✐r❡❞✳ NI ❛♥❞ NJ ❛r❡ t❤❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ r❡❣✉❧❛r

❝♦♥tr♦❧ ♣♦✐♥ts ❛♥❞ ❡♥r✐❝❤❡❞ ❝♦♥tr♦❧ ♣♦✐♥ts✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❝r❛❝❦ t✐♣ ❡♥r✐❝❤♠❡♥t ❢✉♥❝t✐♦♥s ❛r❡

❞❡✜♥❡❞ ❛s✿

✶✷



{φl(r, θ), l = 1, 4} =

{√
rs✐♥

θ

2
,
√
r❝♦s

θ

2
,
√
rs✐♥

θ

2
s✐♥θ,

√
r❝♦s

θ

2
s✐♥θ

}

, ✭✸✶✮

✇❤❡r❡ (r, θ) ❛r❡ t❤❡ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝r❛❝❦ t✐♣✳ ■❢ t❤❡ ❡♥r✐❝❤♠❡♥t ✐s ❞♦♥❡

✐♥ ❛ s♠❛❧❧ ✈✐❝✐♥✐t② ♦❢ t❤❡ ❝r❛❝❦ t✐♣✱ ✇❤❡r❡ t❤❡ ❝r❛❝❦ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛ str❛✐❣❤t ❧✐♥❡✱ ✐✳❡✳ ✐♥

❊q✉❛t✐♦♥ ✭✸✶✮ ❛♥❣❧❡ θ = ±π ❛♥❞ t❤❡ s❡t ♦❢ ❢♦✉r ❝r❛❝❦ t✐♣ ❡♥r✐❝❤♠❡♥t ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ r❡❞✉❝❡❞

t♦ ♦♥❡✱ ✐✳❡✳ φ(r) =
√
r✳ ❚❤❡♥ ❊q✉❛t✐♦♥ ✭✸✷✮ r❡s✉❧ts ✐♥✿

ui(x) =
∑

I∈NI

NI(x)d
I
i +

∑

J∈NJ

NJ(x)φ(x)a
J
i . ✭✸✷✮

❙✉❜st✐t✉t✐♥❣ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✐♥t♦ ✭✻✮ ❛♥❞ ✭✾✮ ❛♥❞ ❞✐s❝r❡t✐③✐♥❣ ✇✐t❤ ❛ ◆❯❘❇❙ ❜❛s✐s✱ t❤❡

❡♥r✐❝❤❡❞ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ tr❛❝t✐♦♥ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ r❡s♣❡❝t✐✈❡❧②✿

p+1
∑

I

CI
ij(s)(d

I
j + φ(s)aIj ) +

Ne
∑

e=1

p+1
∑

I

(T I
ijd

I
j + T I

ijφa
I
j ) =

Ne
∑

e=1

p+1
∑

I

U I
ijq

I
j , ✭✸✸✮

p+1
∑

I

CI
ij(s)t

I
j +

Ne
∑

e=1

p+1
∑

I

(SI
ijd

I
j + SI

ijφa
I
j ) =

Ne
∑

e=1

p+1
∑

I

KI
ijq

I
j . ✭✸✹✮

◆♦t❡ t❤❛t t♦♣♦❧♦❣✐❝❛❧ ❡♥r✐❝❤♠❡♥t ✐s ✉s❡❞✱ ✐✳❡✳ ♦♥❧② t❤❡ ❡❧❡♠❡♥ts ❝♦♥t❛✐♥✐♥❣ t❤❡ ❝r❛❝❦ t✐♣ ❛r❡

❡♥r✐❝❤❡❞✱ t❤❡ ❡♥r✐❝❤♠❡♥t t❡r♠s ❞♦ ♥♦t ♥❡❡❞ t♦ ❜❡ ❝♦♠♣✉t❡❞ ❢♦r ✉♥❡♥r✐❝❤❡❞ ❡❧❡♠❡♥ts✳ ❉✐✛❡r✐♥❣

❢r♦♠ ❬✽✶❪ ✇❤❡r❡ t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s q✉❛❞r❛t✐❝ ▲❛❣r❛♥❣❡ ❡❧❡♠❡♥ts ❛r❡ ❡♥r✐❝❤❡❞✱ t❤❡ ❡♥r✐❝❤♠❡♥t

❢♦r t❤❡ ◆❯❘❇❙ ❜❛s✐s ✇✐❧❧ ❧❡❛❞ t♦ ❜❧❡♥❞✐♥❣ ❡❧❡♠❡♥ts ❞✉❡ t♦ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❜❛s✐s✳ ❚❤❡

s✐♥❣✉❧❛r ✐♥t❡❣r❛t✐♦♥ ❢♦r ❡♥r✐❝❤❡❞ ❡❧❡♠❡♥ts ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ ❙❙❚ ❛s ✐♥ s❡❝t✐♦♥ ✸✳✸ ❛s ❧♦♥❣ ❛s t❤❡

❧♦❝❛❧ ❡①♣❛♥s✐♦♥ ❢♦r φ(r) =
√
r ❛t t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥t ✇✐t❤ r❡s♣❡❝t t♦ ✐♥tr✐♥s✐❝ ❝♦♦r❞✐♥❛t❡ ✐s

✇r✐tt❡♥ ❡①♣❧✐❝✐t❧②✳

✸✳✺ ❈♦♥t✐♥✉✐t② r❡q✉✐r❡♠❡♥ts ❛♥❞ ❝♦❧❧♦❝❛t✐♦♥ str❛t❡❣②

▼❡t❤♦❞s ❢♦r ❡✈❛❧✉❛t✐♥❣ str♦♥❣❧②✲s✐♥❣✉❧❛r ❛♥❞ ❤②♣❡r✲s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s ✭✷✵✮✱ ✭✷✷✮✱ ✭✷✸✮✱ ❞❡s❝r✐❜❡❞

❛❜♦✈❡✱ ❛r❡ ✐♠♣❧✐❝✐t❧② ♦r ❡①♣❧✐❝✐t❧② ❜❛s❡❞ ♦♥ ❚❛②❧♦r ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ✐♥t❡❣r❛♥❞s ✐♥ t❤❡ ✈✐❝✐♥✐t②

♦❢ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥t✳ ❙✐♥❝❡ t❤❡ ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡ ♦❢ t❤❡ ✐s♦❣❡♠❡tr✐❝ ❛♣♣r♦❛❝❤ ✐s t♦ r❡♣r❡s❡♥t

❞✐s♣❧❛❝❡♠❡♥ts✱ tr❛❝t✐♦♥s ❛♥❞ t❤❡ ❣❡♦♠❡tr② ✉s✐♥❣ t❤❡ s❛♠❡ ◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥s✱ s♣❡❝✐❛❧

❛tt❡♥t✐♦♥ s❤♦✉❧❞ ❜❡ ♣❛✐❞ t♦ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛t t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts

✶✸



❋✐❣✉r❡ ✸✿ ▼❡s❤ ❞✐s❝r❡t✐③❛t✐♦♥ ❢♦r ❛ ♠♦❞❡ ■ ❝r❛❝❦✿ ✭❛✮ ❞✐s❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡ ❡❧❡♠❡♥t ✭p = 2✮✱
✭❜✮ ◆❯❘❇❙ ✭p = 2✮

✇❤❡r❡ t❤❡ ❚❛②❧♦r s❡r✐❡s ❛r❡ ❡①♣❛♥❞❡❞✳

■♥ t❤❡ ❝❧❛ss✐❝❛❧ ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ♠❡t❤♦❞ ❛ ❝♦♠♠♦♥ ✇❛② t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✐♥t❡❣r❛❧s

✐♥ ✭✷✵✮✱ ✭✷✷✮✱ ✭✷✸✮ ✐s ❜② t❤❡ s♦✲❝❛❧❧❡❞ ❞✐s❝♦♥t✐♥✉♦✉s q✉❛❞r❛t✐❝ ▲❛r❣❛♥❣❡ ❡❧❡♠❡♥ts ❬✷✷❪✱ ✐✳❡✳ ♣❧❛❝✐♥❣

❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ✐♥s✐❞❡ ❛♥ ❡❧❡♠❡♥t✱ ✇❤❡r❡ t❤❡ q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧s ❛r❡ C∞ ❝♦♥t✐♥✉♦✉s✳ ❚❤❡

s❛♠❡ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ ◆❯❘❇❙ ♣❛r❛♠❡tr✐③❛t✐♦♥✱ s✐♥❝❡ ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥ts

◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛r❡ ✐♥✜♥✐t❡❧② s♠♦♦t❤✱ ✐✳❡✳ t❤❡ ❙❙❚ ❝❛♥ ❜❡ ✉s❡❞ ❞✐r❡❝t❧② t♦ tr❡❛t ❛❧❧

s✐♥❣✉❧❛r✐t✐❡s✳ ■♥ ❋✐❣✉r❡ ✸ ✭❛✮ ❛♥❞ ✭❜✮ ❡①❛♠♣❧❡s ♦❢ ❜♦✉♥❞❛r② ❞✐s❝r❡t✐③❛t✐♦♥ ❛r❡ s❤♦✇♥ ❢♦r ❝❧❛ss✐❝❛❧

❇❊▼ ❛♥❞ ■●❆❇❊▼ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ✐♥ ■●❆ ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ●r❡✈✐❧❧❡

❛❜s❝✐ss❛❡ ❬✾✵❪ ❛♥❞ t❤❡ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ❛r❡ ♠♦✈❡❞ ✐♥s✐❞❡ t❤❡ ❡❧❡♠❡♥ts ✇❤❡♥ ❤✐❣❤❡r ♦r❞❡r

❝♦♥t✐♥✉✐t② ✐s ♥❡❝❡ss❛r②✳

❋♦r t❤❡ ❡♥r✐❝❤♠❡♥t ❢♦r♠✉❧❛t✐♦♥✱ s✐♥❝❡ ❡♥r✐❝❤❡❞ ❉❖❋s ❛r❡ ✐♥tr♦❞✉❝❡❞✱ ❛❞❞✐t✐♦♥❛❧ s♦✉r❝❡ ♣♦✐♥ts

♥❡❡❞ t♦ ❜❡ ❝♦❧❧♦❝❛t❡❞ t♦ ❜❛❧❛♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ s②st❡♠ ✉♥❦♥♦✇♥s✳ ❚❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡

♣♦✐♥ts ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡ ❇❊▼ s②st❡♠ ♠❛tr✐①✳ ■t r❡✈❡❛❧s

t❤❛t ❢♦r ❝r❛❝❦ t✐♣ ❡♥r✐❝❤♠❡♥t✱ ✇❤❡♥ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts ❛r❡ ✐♥s✐❞❡ t❤❡ ❡♥r✐❝❤❡❞

❡❧❡♠❡♥t✱ t❤❡ s②st❡♠ ❝♦♥❞✐t✐♦♥ r❡♠❛✐♥s s♠❛❧❧ ❛♥❞ ❣✐✈❡s ❛❝❝✉r❛t❡ s♦❧✉t✐♦♥s ✭s❡❡ ❬✽✶❪ ❢♦r ♠♦r❡

❞❡t❛✐❧s✮✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ s♣❡❝✐✜❝ ❧♦❝❛t✐♦♥ ✐♥s✐❞❡ t❤❡ ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥t ❤❛s ❧✐tt❧❡ ✐♥✢✉❡♥❝❡ ♦♥
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❋✐❣✉r❡ ✹✿ ▼❡s❤ ❛♥❞ ❝♦❧❧♦❝❛t✐♦♥ ❢♦r ❝r❛❝❦ s✉r❢❛❝❡s

t❤❡ ✜♥❛❧ r❡s✉❧ts✳ ❍❡♥❝❡ ✐♥ t❤✐s ✇♦r❦✱ t❤❡ ❛❞❞✐t✐♦♥❛❧ s♦✉r❝❡ ♣♦✐♥ts ❛r❡ ✐♥s❡rt❡❞ ✇✐t❤✐♥ t❤❡ ❝r❛❝❦

t✐♣ ❡❧❡♠❡♥t ❛♥❞ s♣r❡❛❞ ✉♥✐❢♦r♠❧② ❜❡t✇❡❡♥ t❤❡ ♦r✐❣✐♥❛❧ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts✳ ❋✐❣✉r❡ ✭✹✮ ✐❧❧✉str❛t❡s

t❤❡ s❝❤❡♠❡ ❛♣♣❧✐❡❞ ✐♥ t❤✐s ♣❛♣❡r ❢♦r ❝♦❧❧♦❝❛t✐♦♥ ♦♥ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡✳

❍♦✇❡✈❡r✱ t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ❛❞♠✐ts ♠✉❝❤ ✇❡❛❦❡r ❝♦♥t✐♥✉✐t②

r❡q✉✐r❡♠❡♥ts✱ ✐✳❡✳ t❤❡ ❈❛✉❝❤② ❛♥❞ ❍❛❞❛♠❛r❞ ✐♥t❡❣r❛❧s ❡①✐st ❢♦r C1,α(Γ)(0 < α < 1) ❞❡♥s✐t②

❢✉♥❝t✐♦♥s ✭❦♥♦✇♥ ❛s ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s✮ ❬✾✶❪✳ ❚❤❡r❡❢♦r❡✱ str♦♥❣❧② s✐♥❣✉❧❛r ❛♥❞ ❤②♣❡r✲s✐♥❣✉❧❛r

❡q✉❛t✐♦♥s✱ ❛♥❞ ❛❧❧ t❤❡ ♠♦r❡ s♦ t❤❡ r❡❣✉❧❛r✐③❡❞ ❡q✉❛t✐♦♥ ✭✷✹✮✱ ❝❛♥ ❜❡ ✉s❡❞ ❛t ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥ts

❧♦❝❛t❡❞ ❛t t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts ✐♥ ■●❆❇❊▼✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ◆❯❘❇❙ ❜❛s✐s ✐s s✉✣❝✐❡♥t❧②

s♠♦♦t❤✳ ❍♦✇❡✈❡r✱ ♦♣t✐♠❛❧ ❝♦❧❧♦❝❛t✐♦♥ str❛t❡❣✐❡s r❡♠❛✐♥ t❤❡ s✉❜❥❡❝t ♦❢ ❢✉rt❤❡r r❡s❡❛r❝❤✱ ❛♥❞

r❡q✉✐r❡ ♠♦r❡ ❞❡t❛✐❧❡❞ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s✳

✹ ❊✈❛❧✉❛t✐♦♥ ♦❢ str❡ss ✐♥t❡♥s✐t② ❢❛❝t♦rs

✹✳✶ Jk✲✐♥t❡❣r❛❧

■♥ t❤✐s s❡❝t✐♦♥✱ t✇♦ ❞✐✛❡r❡♥t ❦✐♥❞s ♦❢ J ✐♥t❡❣r❛❧ ❜❛s❡❞ ♠❡t❤♦❞s ❢♦r t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❙■❋s ❛r❡

❜r✐❡✢② r❡✈✐❡✇❡❞✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ Jk ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ ❬✹✼❪✱ ✇❤✐❝❤ ✐s t❤❡ ♠♦r❡ ❣❡♥❡r❛❧

❝❛s❡ ♦❢ t❤❡ ❏ ✐♥t❡❣r❛❧✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ Jk ✐♥ 2❉ ✐s ❣✐✈❡♥ ❛s✿

Jk := lim
Γǫ→0

∫

Γǫ

(Wδjk − σijui,k)nj❞Γ = lim
Γǫ→0

∫

Γǫ

Pkjnj❞Γ, ✭✸✺✮

✇❤❡r❡ Pkj ✐s t❤❡ ❊s❤❡❧❜② t❡♥s♦r✱ W = 1/2σijǫij ✐s t❤❡ str❛✐♥ ❡♥❡r❣② ❞❡♥s✐t②✱ nj ✐s t❤❡ ✉♥✐t

♦✉t✇❛r❞ ♥♦r♠❛❧ ♦❢ Γǫ✳ J1 r❡♣r❡s❡♥ts ❛ s♣❡❝✐❛❧ ❝❛s❡✱ t❤❡ J ✐♥t❡❣r❛❧✳ ❚❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r ✇❡
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❋✐❣✉r❡ ✺✿ P❛t❤ ❞❡✜♥✐t✐♦♥ ❢♦r J ✐♥t❡❣r❛❧

✇✐❧❧ ✉s❡ t❤❡s❡ t✇♦ ♥♦t❛t✐♦♥s ✐♥t❡r❝❤❛♥❣❡❛❜❧②✳ ❆❧❧ t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝r❛❝❦ t✐♣ ❧♦❝❛❧

❝♦♦r❞✐♥❛t❡ s②st❡♠ (x0, y0) ❛s ✐♥ ❋✐❣✉r❡ ✺ ✭❛✮✳ ❍♦✇❡✈❡r✱ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✐t ✐s

❞✐✣❝✉❧t t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❧✐♠✐t ✐♥ ❊q✉❛t✐♦♥ ✭✸✺✮✱ s♦ t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Jk ✐s ✉s✉❛❧❧② ♠♦❞✐✜❡❞

✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❙✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ❊s❤❡❧❜② t❡♥s♦r ✐s ❡q✉❛❧ t♦ ③❡r♦ ❢♦r ❛♥② ❝❧♦s❡❞

❝♦♥t♦✉r✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ❞❡❢❡❝t✱ ❛❞❞✐t✐♦♥❛❧ ❝♦♥t♦✉rs Γ, Γc+ , Γc− ❛r❡ ✐♥tr♦❞✉❝❡❞✱ s✉❝❤

t❤❛t ❊q✉❛t✐♦♥ ✭✸✺✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❬✾✷❪

Jk = lim
Γǫ→0

∫

Γǫ

Pkjnj❞Γ =

∫

Γ
Pkjnj❞Γ +

∫

Γ
c+

Pkjnj❞Γ +

∫

Γ
c−

Pkjnj❞Γ. ✭✸✻✮

❲❤❡♥ k = 1✱ ❢♦r ❛ ✢❛t ❝r❛❝❦ n1 = 0 ❛❧♦♥❣ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡s ❛♥❞ t❤✉s ❛❧♦♥❣ t❤❡ ❝♦♥t♦✉rs Γc+

❛♥❞ Γc− t❤❡ ✐♥t❡❣r❛❧ ✐s ③❡r♦✱ ❛♥❞ ❊q✉❛t✐♦♥ ✭✸✻✮ s✐♠♣❧✐✜❡s t♦✿

J1 =

∫

Γ
P1jnj❞Γ. ✭✸✼✮

❚❤✐s ❡①♣r❡ss✐♦♥ s❤♦✇s t❤❡ ♣❛t❤ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ J ✐♥t❡❣r❛❧ ❢♦r ❛ ✢❛t ❝r❛❝❦✳ ❇✉t ❢♦r t❤❡ J2

✐♥t❡❣r❛❧✱ t❤❡ t❡r♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡ ❝❛♥♥♦t ❜❡ ♦♠✐tt❡❞ s✐♥❝❡ n2 = 1 ❛♥❞ t❤✐s

t❡r♠ ❧❡❛❞s t♦ ❛ s✐♥❣✉❧❛r✐t② ✐♥ ♥✉♠❡r✐❝❛❧ ❡✈❛❧✉❛t✐♦♥✳

❚❤❡ ♠♦st ❣❡♥❡r❛❧ ✷❉ s❝❡♥❛r✐♦ ♠✉st ❛❝❝♦✉♥t ❢♦r ❝✉r✈❡❞ ❝r❛❝❦s✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♥tr✐❜✉t✐♦♥

❢r♦♠ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡s t♦ ❜♦t❤ J1 ❛♥❞ J2 ❝❛♥♥♦t ✐♥ ❣❡♥❡r❛❧ ❜❡ ♥❡❣❧❡❝t❡❞✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞

t❤❛t t❤❡ ❡♥❡r❣② ❞❡♥s✐t② W → 1/r ✇❤❡♥ ❛♣♣r♦❛❝❤✐♥❣ t❤❡ ❝r❛❝❦ t✐♣ s✐♥❝❡ ❜♦t❤ σij ❛♥❞ ǫij t❡♥❞

t♦ 1/
√
r✳ ❚❤❡ ✐♥t❡❣r❛♥❞ ❛❧♦♥❣ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡ ✇✐❧❧ r❡♠❛✐♥ ♦❢ O(1/r)✱ ❛♥❞ t❤✐s ❦✐♥❞ ♦❢ s✐♥❣✉❧❛r

✶✻



✐♥t❡❣r❛❧ ❝❛♥♥♦t ❜❡ tr❡❛t❡❞ ✐♥ ❛ r❡❣✉❧❛r ✇❛②✳ ■♥ ❬✾✷❪ ❛♥❞ ❬✹✼❪✱ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡ ✇❛s s♣❧✐t ✐♥t♦ ❛

❢❛r ✜❡❧❞ ♣❛rt ❛♥❞ ❛ ♥❡❛r✲t✐♣ ♣❛rt ✭❋✐❣✉r❡ ✺✭❜✮✮ ✐♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ s✐♥❣✉❧❛r ✐♥t❡❣r❛❧✿

Jk =

∫

Γ
Pkjnj❞Γ +

∫

R−r
JW Kn+

k ❞Γ +

∫

r
JW Kn+

k ❞Γ. ✭✸✽✮

❚❤❡ ❢❛r ✜❡❧❞ ♣❛rt ✐s ✐♥t❡❣r❛t❡❞ ❜② r❡❣✉❧❛r ●❛✉ss q✉❛❞r❛t✉r❡✳ ❚❤❡ ♥❡❛r✲t✐♣ ♣❛rt ✐♥t❡❣r❛❧ ♦♥ t❤❡

❝r❛❝❦ s✉r❢❛❝❡ ❝❛♥ ❜❡ s✐♠♣❧② ♦♠✐tt❡❞ ❢♦r J1(k = 1)✱ s✐♥❝❡ n1 ✐s ♠♦st❧② ③❡r♦✱ ✇❤✐❧❡ ❢♦r J2(k = 2)✱

t❤❡ ♥❡❛r✲t✐♣ ♣❛rt ❡①❤✐❜✐ts t❤❡ O(1/r) s✐♥❣✉❧❛r✐t②✳ ❚❤❡ ❡♥❡r❣② ❥✉♠♣ JW K ♦♥ t❤❡ ♥❡❛r✲t✐♣ s✉r❢❛❝❡

❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ❛s ✐♥ ❬✾✷❪✿

JW K =
−4KIIσx0

E
√
2πr

+O(r1/2), ✭✸✾✮

✇❤❡r❡ σx0 ✐s ❝❛❧❧❡❞ ❚✲str❡ss✳ ❚❤✉s ♥❡❛r✲t✐♣ ♣❛rt ♦❢ JW K ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ♣r♦♣♦rt✐♦♥ t♦

t❤❡ r1/2

Jk =

∫

Γ
Pkjnj❞Γ +

∫

R−r
JW Kn+

k ❞Γ + Λnkr
1/2. ✭✹✵✮

❙✐♥❝❡ t✇♦ ✉♥❦♥♦✇♥ ✈❛r✐❛❜❧❡s J2 ❛♥❞ Λ ❛♣♣❡❛r ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ t❤❡ ✐♥t❡❣r❛❧ ❝❛♥♥♦t ❜❡

❡✈❛❧✉❛t❡❞ ❛t ♦♥❝❡✳ ❚❤❡ s♣❧✐tt✐♥❣ ♣r♦❝❡❞✉r❡ ♥❡❡❞s t♦ ❜❡ ♣❡r❢♦r♠❡❞ s❡✈❡r❛❧ t✐♠❡s ❜② t❛❦✐♥❣

❞✐✛❡r❡♥t r✱ ❛♥❞ ❛ ❣r♦✉♣ ♦❢ ✈❛❧✉❡s ♦❢ J2 ❛♥❞ Λ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♦r❞❡r t♦ ❡①tr❛♣♦❧❛t❡ J2 ❢♦r

t❤❡ ❝❛s❡ ♦❢ ♥♦ s♣❧✐tt✐♥❣✳ ■♥ ❊q✉❛t✐♦♥ ✭✹✵✮✱ ❛s ❧♦♥❣ ❛s t❤❡ O(1/r1/2) ❝❛♥ ❜❡ ❝❛♣t✉r❡❞✱ t❤❡ Jk

✐♥t❡❣r❛❧ ❝❛♥ ❜❡ ❝♦rr❡❝t❧② ❡✈❛❧✉❛t❡❞ ❛♥❞ t❤❡ ❙■❋s ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✮✳ ◆❡✈❡rt❤❡❧❡ss✱

t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❡①tr❛❝t✐♦♥ r❛❞✐✉s ❵r✬ ❜❡❝♦♠❡s ♣❛t❤ ❞❡♣❡♥❞❡♥t ❛♥❞ ♣r♦❜❧❡♠ ❞❡♣❡♥❞❡♥t ✐♥ r❡❛❧

❛♣♣❧✐❝❛t✐♦♥s✳

✹✳✷ M ✐♥t❡❣r❛❧

❚❤❡M ✐♥t❡❣r❛❧ ✐s ❛♥♦t❤❡r ♣♦ss✐❜❧❡ ♠❡t❤♦❞ t♦ ❡①tr❛❝t t❤❡ ❙■❋s✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ J ✐♥t❡❣r❛❧ ✉♥❞❡r

t✇♦ st❛t❡s✱ t❤❡ ❛❝t✉❛❧ st❛t❡ ✭❞❡♥♦t❡❞ ✇✐t❤ s✉♣❡rs❝r✐♣t ❵✶✬✮✱ ❛♥❞ t❤❡ ❛✉①✐❧✐❛r② st❛t❡ ✭s✉♣❡rs❝r✐♣t

❵✷✬✮✱ ❛♥❞ ❛❞❞✐♥❣ t❤❡♠ t♦❣❡t❤❡r✿

J (1+2) =

∫

Γǫ

[1

2
(σ

(1)
ij + σ

(2)
ij )(ǫ

(1)
ij + ǫ

(2)
ij )δ1j − (σ

(1)
ij + σ

(2)
ij )

∂(u
(1)
i + u

(2)
i )

∂x1

]

nj❞Γ. ✭✹✶✮

❘❡❛rr❛♥❣✐♥❣ t❤❡ t✇♦ st❛t❡ t❡r♠s ❣✐✈❡s

J (1+2) = J (1) + J (2) +M (1,2), ✭✹✷✮

✶✼



✇❤❡r❡

M (1,2) =

∫

Γǫ

[

W (1,2)δ1j − σ
(1)
ij

∂u
(2)
i

∂x1
− σ

(2)
ij

∂u
(1)
i

∂x1

]

nj❞Γ, ✭✹✸❛✮

W (1,2) = σ
(1)
ij ǫ

(2)
ij = σ

(2)
ij ǫ

(1)
ij . ✭✹✸❜✮

❖♥❝❡ t❤❡ M ✐♥t❡❣r❛❧ ❤❛s ❜❡❡♥ ❡✈❛❧✉❛t❡❞✱ t❤❡ ❙■❋s ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❞✐r❡❝t❧② ✭s❡❡ ❆♣♣❡♥❞✐① ❇✮✳

❇✉t ✇❡ ♥♦t❡ t❤❛t ✐♥ ❨❛✉ ❡t ❛❧ ✬s ✇♦r❦ ❬✹✻❪✱ ❛ ✢❛t ❝r❛❝❦ s✉r❢❛❝❡ ✐s ❛ss✉♠❡❞✳ ❲❤❡♥ ❛♣♣❧✐❡❞ t♦

♣r❛❝t✐❝❛❧ ♣r♦❜❧❡♠s✱ t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❝♦♥t♦✉r ❝✐r❝❧❡ s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ ❵s♠❛❧❧ ❡♥♦✉❣❤✬ t♦ ❣✉❛r❛♥t❡❡

t❤❛t ✇✐t❤✐♥ t❤❡ ❞♦♠❛✐♥ ❜♦✉♥❞❡❞ ❜② Γ✱ t❤❡ ❝r❛❝❦ ✐s ❵❛❧♠♦st✬ str❛✐❣❤t✳

■♥ t❤✐s ♣❛♣❡r✱ t❤❡ M ✐♥t❡❣r❛❧ ✐s ❛❞♦♣t❡❞✳ ❆ ❞❡t❛✐❧❡❞ ❝♦♠♣❛r✐s♦♥ ♦❢ ❜♦t❤ ♠❡t❤♦❞s ❛♣♣❧✐❡❞ t♦

❝✉r✈❡❞ ❝r❛❝❦s ✐s ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❢♦rt❤❝♦♠✐♥❣ s❡❝t✐♦♥s✳

❖♥❝❡ t❤❡ ❙■❋s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞✱ t❤❡ ♠❛①✐♠✉♠ ❤♦♦♣ str❡ss ❝r✐t❡r✐♦♥ ✐s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡

t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝r❛❝❦ ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ θc

s✉❝❤ t❤❛t t❤❡ ❤♦♦♣ str❡ss ✐s ♠❛①✐♠✉♠✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ✭s❡❡ ❬✾✸❪✱ ❢♦r ❡①❛♠♣❧❡✮ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

❡①♣r❡ss✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❡❛❝❤ ♣r♦♣❛❣❛t✐♦♥

st❡♣ ✐s t❤❡ r❛t✐♦ ✭KII/KI✮

θc = 2❛r❝t❛♥

[

−2(KII/KI)

1 +
√

1 + 8(KII/KI)2

]

. ✭✹✹✮

✺ ✷❉ ◆❯❘❇❙ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥

❆ ◆❯❘❇❙ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s ♦✉t❧✐♥❡❞ ♥❡①t✳ ❚❤❡ ❝♦♥❝❡♣t✉❛❧ ✐❞❡❛ ❢♦r t❤❡ ❞❡❢♦r✲

♠❛t✐♦♥ ♦❢ t❤❡ ◆❯❘❇❙ ❝✉r✈❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝r❛❝❦ ✐s r❡❛❧✐s❡❞ ❜② ♠♦✈✐♥❣ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts t♦

♠❛❦❡ t❤❡ ❝✉r✈❡ s❛t✐s❢② t❤❡ ❡①t❡r♥❛❧ ❝♦♥str❛✐♥ts ✉♥❞❡r ❛ ✉s❡r✲❞❡✜♥❡❞ ❢✉♥❝t✐♦♥ ❬✾✹❪✳ ❋♦r ❝r❛❝❦

❣r♦✇t❤✱ t❤❡ ❡①t❡r♥❛❧ ❝♦♥str❛✐♥t ✐s t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❝r❛❝❦ t✐♣ ✭♦r ❝r❛❝❦ ❢r♦♥t ✐♥

3❉✮✳ P❛❧✉s③♥② ❡t ❛❧ ✐♠♣❧❡♠❡♥t❡❞ t❤❡ ✐❞❡❛ ✐♥ ❋❊▼ t♦ r❡♣r❡s❡♥t ❝r❛❝❦ ❣r♦✇t❤ ♦r ✐♥t❡rs❡❝t✐♦♥ ❜②

✉♣❞❛t✐♥❣ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts t♦ s❛t✐s❢② t❤❡ ❝♦♥str❛✐♥ts ❣✐✈❡♥ ❜② ❢r❛❝t✉r❡ ♣❛r❛♠❡t❡rs ❬✾✺❪✳ ❚❤❡

❛❧❣♦r✐t❤♠ ✐s ❜r✐❡✢② r❡✈✐❡✇❡❞ ❛s ❢♦❧❧♦✇s✿

• ■♥✐t✐❛t✐♦♥✿ r❡♣r❡s❡♥t t❤❡ ❝r❛❝❦ ❜② t❤❡ ◆❯❘❇❙ ❝✉r✈❡❀

• ❈❛❧❝✉❧❛t❡ t❤❡ ♥❡✇ ♣❤②s✐❝❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝r❛❝❦ t✐♣ M ′ ✭t❤❡ s♣❛❝❡ ❝♦♥str❛✐♥t✮✳ ❚❤✐s ✐s

❞❡t❡r♠✐♥❡❞ ❜② s♣❡❝✐✜❡❞ ❢r❛❝t✉r❡ ❝r✐t❡r✐♦♥ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✹✳✷❀

✶✽



❋✐❣✉r❡ ✻✿ ◆❯❘❇❙ ♠♦❞✐✜❝❛t✐♦♥ ❢♦r ❝r❛❝❦ ❣r♦✇t❤✳ ✭❛✮❖r✐❣✐♥❛❧ ❝r❛❝❦ ❛♥❞ ♥❡✇ ❝r❛❝❦ t✐♣ M ′❀
✭❜✮❑♥♦t ✐♥s❡rt✐♦♥ t♦ r❡✜♥❡ t❤❡ ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥t❀ ✭❝✮▼♦✈❡ t❤❡ ❝♦♥tr♦❧ ♣♦✐♥ts t♦ ♦❜t❛✐♥ ♥❡✇
❝r❛❝❦ ❝✉r✈❡ ❜② t❤❡ ♣r❡s❡♥t❡❞ ❛❧❣♦r✐t❤♠

• ❙♣❡❝✐❢② t❤❡ ♣❛r❛♠❡tr✐❝ ❝♦♦r❞✐♥❛t❡ ξ ✭t❤❡ ♣❛r❛♠❡tr✐❝ ❝♦♥str❛✐♥t✮ ♦❢ t❤❡ ♦❧❞ ❝r❛❝❦ t✐♣ M ❀

• ❉❡✜♥❡ t❤❡ ✐♥✢✉❡♥❝❡ ❢✉♥❝t✐♦♥s f ✳ ❍❡r❡ ❢♦r 2❉ ❢r❛❝t✉r❡ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛r❡ s❡❧❡❝t❡❞ ❛s t❤❡

◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥s ❛t t❤❡ ♣❛r❛♠❡tr✐❝ ❝♦♥str❛✐♥t ξ ✭✇❤✐❝❤ ✐s ❝❛❧❧❡❞ ♥❛t✉r❛❧ ❞❡❢♦r♠❛t✐♦♥

✐♥ ❬✾✹❪✮✳ f(A) = RA,p(ξ)✱ A = 1, ..., n✱ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥ ♦❢ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥tr♦❧ ♣♦✐♥t PA✳

• ❈❛❧❝✉❧❛t✐♥❣ t❤❡ ♠♦t✐♦♥ ✈❡❝t♦r ♦❢ ❡❛❝❤ ❝♦♥tr♦❧ ♣♦✐♥t m(A)✿ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❝♦♥tr♦❧

♣♦✐♥ts ✐s ❣✐✈❡♥ ❜②

m(A) =
f(A)

∑n
B=1RB,p(ξ)f(B)

e, e =
−−−→
MM ′. ✭✹✺✮

❚❤❡ ♣r♦❝❡ss t♦ str❡t❝❤ ❛ ◆❯❘❇❙ ❝✉r✈❡ t♦ s✐♠✉❧❛t❡ ❝r❛❝❦ ❣r♦✇t❤ ✐♥ 2❉ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡

✻✳ ❈❡rt❛✐♥ ❦♥♦t ✐♥s❡rt✐♦♥ s❤♦✉❧❞ ❜❡ ❞♦♥❡ ❛t t❤❡ ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥t ✐♥ ♦r❞❡r t♦ ❝❛♣t✉r❡ t❤❡

❧♦❝❛❧ ❝❤❛♥❣❡s✳ ❲❡ ♥♦t❡ t❤❛t r❡✜♥✐♥❣ t❤❡ ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥t ❛❧s♦ ❤❡❧♣s ✐♠♣r♦✈❡ t❤❡ s♦❧✉t✐♦♥ ♥❡❛r

t❤❡ ❝r❛❝❦ t✐♣✱ ❛♥❞ ❛ ❣r❛❞❡❞ ♠❡s❤ r❡✜♥❡♠❡♥t ✐s ❞❡s✐❣♥❡❞ ❛s ✐♥ ❋✐❣✉r❡ ✹✱ ✇❤❡r❡ t❤❡ ♥❡✇ ❦♥♦ts

❛r❡ ✐♥s❡rt❡❞ ❝♦♥s❡❝✉t✐✈❡❧② ❛t t❤❡ (1/2)i, i = 1, 2, 3, 4... ♦❢ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❝r❛❝❦ t✐♣ ✐♥

♣❛r❛♠❡tr✐❝ s♣❛❝❡ ✭t❤❡ ♦❜t❛✐♥❡❞ ♠❡s❤❡s ❛r❡ ❞❡♥♦t❡❞ ❛s R1✱ R2✱ R3✱ R4...✮✳

✻ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s

■♥ t❤✐s s❡❝t✐♦♥✱ s❡✈❡r❛❧ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❛r❡ ♣r❡s❡♥t❡❞ t♦ ✈❡r✐❢② t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❢♦r

❢r❛❝t✉r❡ ❛♥❛❧②s✐s✳ ❲❡ ✜rst ❣✐✈❡ ❡①❛♠♣❧❡s t♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✭❳✮■●❆❇❊▼ ♦♥ st❛t✐❝

❢r❛❝t✉r❡ ❛♥❛❧②s✐s✳ ❚❤❡♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ❜② ❝♦♠♣❛r✐♥❣ ❛❣❛✐♥st ❳❋❊▼ ✐s

❞❡♠♦♥str❛t❡❞✳ ❆ ✜①❡❞ ♥✉♠❜❡r ♦❢ ●❛✉ss ♣♦✐♥ts ✭ngp = 30✮ ✐s ❛❞♦♣t❡❞ ❢♦r t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ ❜♦t❤

s✐♥❣✉❧❛r ❛♥❞ ♥❡❛r❧②✲s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s✱ ❛❧t❤♦✉❣❤ ✇❡ ♥♦t❡ t❤❛t ✐t ✇♦✉❧❞ ❜❡ ❞❡s✐r❛❜❧❡ t♦ ❞❡✈❡❧♦♣
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❋✐❣✉r❡ ✼✿ ❊❞❣❡ ❝r❛❝❦

❛❞❛♣t✐✈❡ q✉❛❞r❛t✉r❡ r✉❧❡s ❢♦r t❤❡ ♥❡❛r❧②✲s✐♥❣✉❧❛r ✐♥t❡❣r❛❧s ✐♥ ❇❊▼✳ ❚❤❡ ♦r❞❡r ♦❢ ◆❯❘❇❙ ❜❛s✐s

❛♥❞ ❞✐s❝♦♥t✐♥✉♦✉s ❧❛❣r❛♥❣❡ ❜❛s✐s ✐s t❛❦❡♥ ❛s 2 ❢♦r ❛❧❧ t❤❡ ❡①❛♠♣❧❡s✳

✻✳✶ ❊❞❣❡ ❝r❛❝❦

❋✐❣✉r❡ ✼ ✐❧❧✉str❛t❡s t❤❡ ❝❤♦s❡♥ ❡❞❣❡ ❝r❛❝❦ ♣r♦❜❧❡♠✳ ✇❡ ✉s❡ t❤❡ ✜rst✲t❡r♠ ❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥ ♦❢

❛ ❝r❛❝❦ ♣r♦❜❧❡♠ ❬✾✻❪ ✭r❡❢❡r t♦ t❤❡ ❛✉①✐❧✐❛r② ❞✐s♣❧❛❝❡♠❡♥ts ✐♥ ❆♣♣❡♥❞✐① ❇✮✱ ✇❤✐❝❤ ✇❡ ♣r❡s❝r✐❜❡

❛s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♦✉t❡r ❜♦✉♥❞❛r✐❡s✱ ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❝r❛❝❦ ❢❛❝❡s tr❛❝t✐♦♥

❢r❡❡✳ ❚❤❡ ♣❛r❛♠❡t❡rs E = 1✱ ν = 0.3✱ a = 1✱ L = 2✳ ❋♦r ❛ ♠♦❞❡ ■ ❝r❛❝❦✱ KI = 1,KII = 0 ❛♥❞

❢♦r ❛ ♠♦❞❡ ■■ ❝r❛❝❦✱ KI = 0,KII = 1✳ ❚❤✉s t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ♦♥ t❤❡ ❝r❛❝❦ ❛s

✇❡❧❧ ❛s t❤❡ ❙■❋s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✳

✻✳✶✳✶ ❆❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞ t♦ ❝❛♣t✉r❡ t❤❡ ❝r❛❝❦ t✐♣ s✐♥❣✉❧❛r✐t②

❆♥ ❛❝❝✉r❛t❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ♥❡❛r t❤❡ ❝r❛❝❦ t✐♣ ✐s ❝r✉❝✐❛❧ t♦ t❤❡ ❛❝❝✉r❛t❡ ❡✈❛❧✉❛t✐♦♥

♦❢ ❢r❛❝t✉r❡ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s t❤❡ ❙■❋s✳ ❚❤r❡❡ s❝❡♥❛r✐♦s ❛r❡ st✉❞✐❡❞ ❤❡r❡✱ ✉♥✐❢♦r♠ ♠❡s❤❡s✱

❣r❛❞❡❞ r❡✜♥❡♠❡♥t ❛♥❞ ❡♥r✐❝❤♠❡♥t ♦❢ t❤❡ ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥t ✇✐t❤ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ✐♥ ❊q✉❛t✐♦♥

✭✸✷✮✳ ❋✐❣✉r❡ ✽ s❤♦✇s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t uy ❛❧♦♥❣ t❤❡ ✉♣♣❡r ❝r❛❝❦ s✉r❢❛❝❡ ❢♦r t❤❡ ♠♦❞❡ ■ ♣r♦❜❧❡♠✳

✷✵
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❋✐❣✉r❡ ✽✿ uy ❛❧♦♥❣ t❤❡ ✉♣♣❡r ❝r❛❝❦ s✉r❢❛❝❡✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t ✐♥ ❛❧❧ ❝❛s❡s✱ t❤❡ ♥✉♠❡r✐❝❛❧
❞✐s♣❧❛❝❡♠❡♥ts ❛❣r❡❡ ✇❡❧❧ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✱ ❡✈❡♥ ❢♦r ❝♦❛rs❡ ♠❡s❤❡s✳ ❚❤❡ ❣r❛❞❡❞
r❡✜♥❡♠❡♥t ❛♥❞ ❡♥r✐❝❤♠❡♥t ♠❡t❤♦❞ ❜♦t❤ ❣✐✈❡ ✐♠♣r♦✈❡❞ r❡s✉❧ts ♥❡❛r t❤❡ ❝r❛❝❦ t✐♣

❚❤❡ ❝r❛❝❦ ✐s ❞✐s❝r❡t✐③❡❞ ❜② 3 ✉♥✐❢♦r♠ ❡❧❡♠❡♥ts✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t ✐♥ ❛❧❧ ❝❛s❡s✱ t❤❡

♥✉♠❡r✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ❛❣r❡❡ ✇❡❧❧ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✱ ❡✈❡♥ ❢♦r ❝♦❛rs❡ ♠❡s❤❡s✳ ❚❤❡

❣r❛❞❡❞ r❡✜♥❡♠❡♥t ❛♥❞ ❡♥r✐❝❤♠❡♥t ♠❡t❤♦❞ ❜♦t❤ ❣✐✈❡ ✐♠♣r♦✈❡❞ r❡s✉❧ts ♥❡❛r t❤❡ ❝r❛❝❦ t✐♣✳ ❚♦

❢✉rt❤❡r ❛ss❡ss t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡s❡ ♠❡t❤♦❞s✱ t❤❡ ❡rr♦r ✐♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t L2 ♥♦r♠ ♦❢ t❤❡

❞✐s♣❧❛❝❡♠❡♥ts ❛❧♦♥❣ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡s✱ ❣✐✈❡♥ ❜②

eL2
=

√

√

√

√

∫

Γc
(u− uext)❚(u− uext)❞Γ
∫

Γc
u❚extuext❞Γ

✭✹✻✮

✐s ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✾✳ ❲❡ ❝❤❡❝❦ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❜② ✐♥s❡rt✐♥❣ t❤❡ ❦♥♦ts ❛t (1/2)i

❝♦♥s❡❝✉t✐✈❡❧② ✉♥t✐❧ i = 4 ❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✉r❡ ✹ ✭t❤❡ r❡s✉❧ts ❛r❡ ❞❡♥♦t❡❞ ❛s R1, R2, R3 ❛♥❞

R4 r❡s♣❡❝t✐✈❡❧②✮✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❡♥r✐❝❤♠❡♥t ❛❝❤✐❡✈❡s ❛♥ ❛❝❝✉r❛❝② ✇❤✐❝❤ ✐s ✐♥t❡r♠❡❞✐❛t❡

❜❡t✇❡❡♥ R3 ❛♥❞ R4 ❣r❛❞❡❞ ♠❡s❤❡s ✇❤✐❧❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s ✐♠♣r♦✈❡❞ ❜② 55% ❝♦♠♣❛r❡❞ t♦

t❤❡ ❣r❛❞❡❞ ♠❡s❤ r❡✜♥❡♠❡♥t✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡s ❢♦r st❛t✐❝ ❝r❛❝❦ ❛♥❞ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥✱

t❤❡ ❣r❛❞❡❞ ♠❡s❤ r❡✜♥❡♠❡♥t ❜② 4 s✉❝❝❡ss✐✈❡ ❦♥♦t ✐♥s❡rt✐♦♥s ✐s ✉s❡❞ ❢♦r st✉❞② ❢✉rt❤❡r✳
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Uniform mesh

Crack tip refinement

Enrichment

R4 R3

R2

R1

0.99

1.53

❋✐❣✉r❡ ✾✿ ❘❡❧❛t✐✈❡ ❡rr♦r ✐♥ L2 ♥♦r♠ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡✳ ◆♦t❡ t❤❛t R1✱
R2✱ R3 ❛♥❞ R4 ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥t✬s r❡✜♥❡♠❡♥t ❜② ❝♦♥s❡❝✉t✐✈❡ ❦♥♦t ✐♥s❡rt✐♦♥s
❛t (1/2)1✱ (1/2)2✱ (1/2)3 ❛♥❞ (1/2)4 ♦❢ t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❝r❛❝❦ t✐♣ ✐♥ ♣❛r❛♠❡tr✐❝ s♣❛❝❡✳ ■t
❝❛♥ ❜❡ s❡❡♥ t❤❛t ❡♥r✐❝❤♠❡♥t ❛❝❤✐❡✈❡s ❛♥ ❛❝❝✉r❛❝② ✇❤✐❝❤ ✐s ✐♥t❡r♠❡❞✐❛t❡ ❜❡t✇❡❡♥ R3 ❛♥❞ R4
❣r❛❞❡❞ ♠❡s❤❡s ✇❤✐❧❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐s ✐♠♣r♦✈❡❞ ❜② 55% ❝♦♠♣❛r❡❞ t♦ t❤❡ ❣r❛❞❡❞ ♠❡s❤
r❡✜♥❡♠❡♥t

✻✳✶✳✷ ❙■❋s ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ▲❛❣r❛♥❣❡ ❜❛s✐s

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ■●❆❇❊▼ ❢♦r ❢r❛❝t✉r❡✱ t❤❡ ❙■❋s ❣✐✈❡♥ ❜② t❤❡ M ✐♥t❡❣r❛❧ ❛r❡ ❝♦♠✲

♣❛r❡❞ t♦ t❤♦s❡ ❢r♦♠ ▲❛❣r❛♥❣❡ ❡❧❡♠❡♥ts ✉s✐♥❣ ✉♥✐❢♦r♠ ♠❡s❤❡s ❛♥❞ ♥♦ s♣❡❝✐❛❧ tr❡❛t♠❡♥t ❢♦r t❤❡

❝r❛❝❦ t✐♣✳ ❚❤❡ r❛❞✐✉s ❢♦r t❤❡ M ✐♥t❡❣r❛❧ ✐s t❛❦❡♥ ❛s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❝r❛❝❦ t✐♣ t♦ t❤❡

t❤✐r❞ ❝♦❧❧♦❝❛t✐♦♥ ♣♦✐♥t ❝♦✉♥t✐♥❣ ❢r♦♠ t❤❡ ❝r❛❝❦ t✐♣✱ t❤✉s ✇✐t❤ ♠❡s❤ r❡✜♥❡♠❡♥t✱ t❤❡ ❡①tr❛❝t✐♦♥

❞♦♠❛✐♥ ✇✐❧❧ s❤r✐♥❦✳ ❆ ❝♦♥✈❡r❣❡♥❝❡ ❝❤❡❝❦ ❢♦r t❤❡ ❡rr♦r ✐♥ t❤❡ ♥♦r♠❛❧✐③❡❞ ❙■❋s KI ,KII ✐s s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✶✵✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ♣r❡❝✐s✐♦♥ ♣r♦✈✐❞❡❞ ❜② ◆❯❘❇❙ ❜❛s✐s ✐s ♠✉❝❤ ❤✐❣❤❡r

✭♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r ❛♣♣r♦①✐♠❛t❡❧② 500 ❉❖❋s✮ t❤❛♥ t❤❛t ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡

❜❛s✐s✳ ❇❡❝❛✉s❡ ❞✐s❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡ ❜❛s✐s t②♣✐❝❛❧❧② ❧❡❛❞s t♦ ♠♦r❡ ♥♦❞❡s t❤❛♥ ◆❯❘❇❙ ❜❛s✐s

❢♦r ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✭❛s ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✸✮✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❛r❡ r❡✲♣❧♦tt❡❞

✐♥ t❡r♠s ♦❢ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ ❋✐❣✉r❡ ✶✶✳ ❋♦r t❤❡ t✇♦ ❝♦❛rs❡st ♠❡s❤❡s ♦❢ ✹ ❡❧❡♠❡♥ts ♣❡r

❡❞❣❡✱ t❤❡ ▲❛❣r❛♥❣❡ ❜❛s✐s ✐s ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥ ◆❯❘❇❙✱ ❜✉t ✇✐t❤ ♠❡s❤ r❡✜♥❡♠❡♥t✱ t❤❡ ◆❯❘❇❙

❜❡❝♦♠❡s s✉♣❡r✐♦r✱ ❞✉❡ t♦ ❛ ❧❛r❣❡r ❝♦♥✈❡r❣❡♥❝❡ r❛t❡✳ ❋r♦♠ ❜♦t❤ ✜❣✉r❡s✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t t❤❡

❝♦♥✈❡r❣❡♥❝❡ r❛t❡s ♦❢ ❙■❋s ❜② ◆❯❘❇❙ ❜❛s✐s ✐s 5 ∼ 8 t✐♠❡s ❤✐❣❤❡r t❤❛♥ t❤♦s❡ ❜② ❞✐s❝♦♥t✐♥✉♦✉s
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1.29

1.81

0.34

0.15

❋✐❣✉r❡ ✶✵✿ ❈♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦❢ ❙■❋ ❢♦r t❤❡ ♠♦❞❡ ■ ❛♥❞ ♠♦❞❡ ■■ ❝r❛❝❦✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞
t❤❛t t❤❡ ♣r❡❝✐s✐♦♥ ♣r♦✈✐❞❡❞ ❜② ◆❯❘❇❙ ❜❛s✐s ✐s ♠✉❝❤ ❤✐❣❤❡r ✭♦♥❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r ❛♣✲
♣r♦①✐♠❛t❡❧② 500 ❉❖❋s✮ t❤❛♥ t❤❛t ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡ ❜❛s✐s

▲❛❣r❛♥❣❡ ❜❛s✐s✳

✻✳✷ ■♥❝❧✐♥❡❞ ❝❡♥tr❡ ❝r❛❝❦

■♥ t❤✐s ❡①❛♠♣❧❡✱ ❚❤❡ ❙■❋s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r ❛ ♣❧❛t❡ ✇✐t❤ ❛♥ ✐♥❝❧✐♥❡❞ ❝r❛❝❦ ✉♥❞❡r r❡♠♦t❡ ❜✐❛①✐❛❧

t❡♥s✐♦♥ s✉❝❤ t❤❛t σ = σ0 ✐s ❛♣♣❧✐❡❞ ✐♥ t❤❡ y✲❞✐r❡❝t✐♦♥ ❛♥❞ σ = λσ0 ✐s ❛♣♣❧✐❡❞ ✐♥ t❤❡ x✲❞✐r❡❝t✐♦♥✱

✇❤❡r❡ λ ✐s t❤❡ ❧♦❛❞ r❛t✐♦ ❛♥❞ σ0 = 1✳ ❚❤❡ ✐♥❝❧✐♥❡❞ ❝❡♥tr❡ ❝r❛❝❦ ✇✐t❤ ❛♥❣❧❡ β ✈❛r✐❡s ❢r♦♠ 0 t♦

π/2✱ s❡❡ ❋✐❣✉r❡ ✶✷✳ ❚❤❡ ❡❞❣❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❧❛t❡ L = 1✱ ❝r❛❝❦ ❧❡♥❣t❤ 2a = 0.02✳ L >> a s♦

t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r ❛♥ ✐♥✜♥✐t❡ ♣❧❛t❡✱

❣✐✈❡♥ ✐♥ ❬✾✼❪✳ ❚❤❡ ❡❧❛st✐❝✐t② ♣❛r❛♠❡t❡rs ❛r❡ E = 1✱ ν = 0.3✳ ❚❤❡ ❙■❋s ✐♥ t❤✐s ❡①❛♠♣❧❡ ♦❜t❛✐♥❡❞

❜② t❤❡ M ✐♥t❡❣r❛❧ ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ ♦♥❡s ❛s ❢♦❧❧♦✇s✿

KI = σ
√
πa(❝♦s2β + λs✐♥2β), ✭✹✼❛✮

KII = σ
√
πa(1− λ)❝♦sβs✐♥β. ✭✹✼❜✮

❚❤❡ ♠❡s❤ ♦❢ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡ ✇❛s r❡✜♥❡❞ ✉♥✐❢♦r♠❧② ❢♦r ❜♦t❤ t❤❡ ❞✐s❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡ ❜❛s✐s

❇❊▼ ✭▲❇❊▼✮ ❛♥❞ ◆❯❘❇❙ ✭■●❆❇❊▼✮✳ ❚❤❡ ❧♦❝❛❧ ❣r❛❞❡❞ r❡✜♥❡♠❡♥t ❢♦r ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥ts

❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✉r❡ ✹ ✐s ❛❧s♦ ♣❡r❢♦r♠❡❞ ✭t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧t ✐s ❞❡♥♦t❡❞ ❛s ■●❆❇❊▼✭r✮✮✳
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1.20

1.68

0.32

0.14

❋✐❣✉r❡ ✶✶✿ ❈♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ♦❢ ❙■❋ ❢♦r t❤❡ ♠♦❞❡ ■ ❛♥❞ ♠♦❞❡ ■■ ❝r❛❝❦✱ ♣❧♦tt✐♥❣ ✐♥ t❡r♠s ♦❢
❡❧❡♠❡♥t ♥✉♠❜❡r

❋✐❣✉r❡ ✶✷✿ P❤②s✐❝❛❧ ♠♦❞❡❧ ♦❢ ❛♥ ✐♥❝❧✐♥❡❞ ❝❡♥t❡r ❝r❛❝❦ ♣r♦❜❧❡♠

✷✹



❆ss✉♠✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ❢♦r t❤❡ ❝r❛❝❦ ✐s m✱ ❛ ❝♦♥✈❡r❣❡♥❝❡ ❝❤❡❝❦ ✐s ❞♦♥❡ ✇✐t❤ t❤❡ ❝r❛❝❦

❛♥❣❧❡ β = π/6 ❛t ❧♦❛❞ r❛t✐♦ λ = 0.5 ✭❜✐❛①✐❛❧❧② ❧♦❛❞❡❞✮✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷ ❛♥❞

✸✳ ❍❡r❡ t❤❡ ❙●❇❊▼ r❡s✉❧ts ❬✸✵❪ ❛r❡ ❛❧s♦ ❣✐✈❡♥ ❛s ❛ r❡❢❡r❡♥❝❡✳ ■t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t t❤❡

♣r♦♣♦s❡❞ ❧♦❝❛❧ ❝r❛❝❦ t✐♣ r❡✜♥❡♠❡♥t ❣✐✈❡s ❛ ✈❡r② ❣♦♦❞ ❛❝❝✉r❛❝② ❢♦r ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳

❚❤❡ ❙■❋s ❛r❡ t❤❡♥ ❝♦♠♣❛r❡❞ ❢♦r ❞✐✛❡r❡♥t ❛♥❣❧❡s ❛t λ = 0 ✭✉♥✐❛①✐❛❧❧② ❧♦❛❞❡❞✮✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡

❝r❛❝❦ ✐s ❞✐s❝r❡t✐③❡❞ ❜② 4 ✉♥✐❢♦r♠ ❡❧❡♠❡♥ts✱ ❛♥❞ ❢♦r ■●❆❇❊▼✱ t❤❡ ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥t ✐s ❢✉rt❤❡r

r❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥✳ ❚❤❡ ❙■❋s ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✹✳

KI/K
exact
I

m ❙●❇❊▼ ▲❇❊▼ ■●❆❇❊▼ ■●❆❇❊▼✭r✮

3 0.9913 1.00451 1.00982 1.00120

4 1.0002 1.00333 1.00769 1.00105

5 1.0001 1.00268 1.00633 1.00090

6 1.0002 1.00230 1.00539 1.00080

7 1.0003 1.00206 1.00474 1.00074

8 1.0003 1.00190 1.00426 1.00070

9 1.0003 1.00177 1.00389 1.00066

10 1.0003 1.00167 1.00359 1.00064

11 1.0003 1.00159 1.00336 1.00062

12 1.0003 1.00152 1.00316 1.00060

14 1.0003 1.00142 1.00285 1.00058

❚❛❜❧❡ ✷✿ ◆♦r♠❛❧✐③❡❞ KI ✐♥ ✐♥❝❧✐♥❡❞ ❝❡♥tr❡ ❝r❛❝❦

KII/K
exact
II

m ❙●❇❊▼ ▲❇❊▼ ■●❆❇❊▼ ■●❆❇❊▼✭r✮

3 1.0075 1.00104 1.00647 1.00146

4 1.0009 1.00129 1.00656 1.00129

5 1.0010 1.00158 1.00607 1.00113

6 1.0009 1.00160 1.00550 1.00102

7 1.0014 1.00153 1.00500 1.00096

8 1.0005 1.00143 1.00458 1.00091

9 0.9997 1.00134 1.00424 1.00087

10 1.0009 1.00126 1.00396 1.00085

11 0.9992 1.00119 1.00373 1.00083

12 1.0013 1.00112 1.00353 1.00081

14 1.0004 1.00102 1.00322 1.00079

❚❛❜❧❡ ✸✿ ◆♦r♠❛❧✐③❡❞ KII ✐♥ ✐♥❝❧✐♥❡❞ ❝❡♥tr❡ ❝r❛❝❦

✻✳✸ ❆r❝ ❝r❛❝❦

❚❤❡ ❝✐r❝✉❧❛r ❛r❝ ❝r❛❝❦ ✉♥❞❡r r❡♠♦t❡ ✉♥✐❢♦r♠ ❜✐❛①✐❛❧ t❡♥s✐♦♥ ✐s ✉s❡❞ t♦ ❢✉rt❤❡r ✈❛❧✐❞❛t❡ t❤❡

❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❢♦r ❝✉r✈❡❞ ❝r❛❝❦s✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ✐♥ ❋✐❣✉r❡ ✶✸✳

✷✺



KI KII

β ❊①❛❝t ■●❆❇❊▼✭r✮ ❙●❇❊▼ ❊①❛❝t ■●❆❇❊▼✭r✮ ❙●❇❊▼

0 1.0000 1.0006(6.0e− 4) 1.0002(2.0e− 4) 0.0000 0.0000(< 1.e− 4) 0.0000(< 1.e− 4)

π/12 0.9330 0.9336(6.4e− 4) 0.9332(2.1e− 4) 0.2500 0.2503(1.2e− 3) 0.2502(8.0e− 4)

π/6 0.7500 0.7505(6.7e− 4) 0.7502(2.7e− 4) 0.4330 0.4336(1.4e− 3) 0.4334(9.2e− 4)

π/4 0.5000 0.5003(6.0e− 4) 0.5001(2.0e− 4) 0.5000 0.5006(1.2e− 3) 0.5004(6.0e− 4)

π/3 0.2500 0.2501(4.0e− 4) 0.2500(< 1.e− 4) 0.4330 0.4335(1.2e− 3) 0.4333(6.9e− 4)

5π/12 0.0670 0.0670(< 1.e− 4) 0.0670(< 1.e− 4) 0.2500 0.2503(1.2e− 3) 0.2502(8.0e− 4)

π/2 0.0000 0.0000(< 1.e− 4) 0.0000(< 1.e− 4) 0.0000 0.0000(< 1.e− 4) 0.0000(< 1.e− 4)

❚❛❜❧❡ ✹✿ ❙■❋s ❛♥❞ r❡❧❛t✐✈❡ ❡rr♦r ✭✐♥ ❜r❛❝❦❡ts✮ ❢♦r t❤❡ ✐♥❝❧✐♥❡❞ ❝❡♥tr❡ ❝r❛❝❦

❋✐❣✉r❡ ✶✸✿ P❤②s✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ❛r❝ ❝r❛❝❦

✷✻



❍❡r❡ L = 1✱ 2a = 0.01✱ L >> a✱ E = 1✱ ν = 0.3✳ ■♥ t❤❡ t❡st σ = 1, β = π/4✳ ❚❤❡ ❛♥❛❧②t✐❝❛❧

❙■❋s ❛r❡ ❣✐✈❡♥ ❜② ❬✾✽❪ ❛s✿

KI = σ
√
πa

❝♦s(β/2)

1 + s✐♥2(β/2)
, ✭✹✽❛✮

KII = σ
√
πa

s✐♥(β/2)

1 + s✐♥2(β/2)
. ✭✹✽❜✮

m ❡❧❡♠❡♥ts ❛r❡ ✉s❡❞ t♦ ❞✐s❝r❡t✐③❡ ❡❛❝❤ ❝r❛❝❦ s✉r❢❛❝❡ ✇✐t❤ ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥ts r❡✜♥❡❞ ❛s ✐♥ ❋✐❣✉r❡

✹✳ ❆ ❝♦♥✈❡r❣❡♥❝❡ ❝❤❡❝❦ ❢♦r t❤❡ ❙■❋s ❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ✺✳ ❍❡r❡ t❤❡ ❙■❋ ❡①tr❛❝t✐♦♥ ❢r♦♠ ❜♦t❤

t❤❡ Jk ✐♥t❡❣r❛❧ ♠❡t❤♦❞ ❛♥❞ t❤❡ M ✐♥t❡❣r❛❧ ♠❡t❤♦❞ ❛r❡ ❝♦♠♣❛r❡❞✳ ❇♦t❤ ♠❡t❤♦❞s ✉s❡ t❤❡ s❛♠❡

r❛❞✐✉s R✱ ❛♥❞ t❤❡ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡ ❢♦r t❤❡ Jk ✐♥t❡❣r❛❧ ✐s ❞♦♥❡ ❜② ❡①♣❡r✐❡♥❝❡ ❛t

r = 0.03R, 0.04R, 0.05R, 0.06R, 0.07R✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ t✇♦ ♠❡t❤♦❞s ❛r❡ ❝♦♠♣❛r❛❜❧❡✱ ❞✐✛❡r✐♥❣

♦♥❧② ❛t t❤❡ ❢♦✉rt❤ ❞✐❣✐t✳ ❇✉t ✇❡ ♥♦t❡ t❤❛t t❤❡ Jk ✐♥t❡❣r❛❧ ♠❡t❤♦❞ ✐s ♠♦r❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧②

❡①♣❡♥s✐✈❡ t❤❛♥ t❤❡ M ✐♥t❡❣r❛❧ ❛s ✭✶✮ ✐t ♥❡❡❞s ✐♥t❡❣r❛t✐♦♥ ♦♥ t❤❡ ❝r❛❝❦ s✉r❢❛❝❡s❀ ✭✷✮ t❤❡ ❝r❛❝❦

s✉r❢❛❝❡ ♥❡❡❞s t♦ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ t✇♦ ♣❛rts❀ ✭✸✮ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♥❡❡❞s t♦ ❜❡ ♣❡r❢♦r♠❡❞ s❡✈❡r❛❧

t✐♠❡s ❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✶✳

KI/K
exact
I KII/K

exact
II

m M ✐♥t❡❣r❛❧ Jk ✐♥t❡❣r❛❧ M ✐♥t❡❣r❛❧ Jk ✐♥t❡❣r❛❧

✶✵ 1.00045 0.99972 0.97506 1.00309

✶✹ 1.00014 0.99979 0.98621 1.00248

✶✼ 1.00011 0.99982 0.98642 1.00217

✷✵ 1.00009 0.99985 0.98657 1.00195

✷✸ 1.00002 0.99987 0.99407 1.00176

✷✻ 1.00002 0.99989 0.99413 1.00163

❚❛❜❧❡ ✺✿ ❙■❋s ❢♦r t❤❡ ❛r❝ ❝r❛❝❦

✻✳✹ ❈r❛❝❦ ❣r♦✇t❤ ✐♥ ❛ ♣❧❛t❡ ✇✐t❤ r✐✈❡t ❤♦❧❡s

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❡①❛♠♣❧❡ ✐s t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ ■●❆❇❊▼ ❢♦r ❝r❛❝❦ ❣r♦✇t❤✳ ❚❤❡

♣r♦❜❧❡♠ ✐s ❝❤♦s❡♥ ❢r♦♠ t❤❡ ❳❋❊▼ ✇♦r❦ ❜② ▼♦ës ❡t ❛❧ ❬✻❪✳ ❚❤❡ ❣❡♦♠❡tr② ❛♥❞ ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥s

❛r❡ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✹ ✭θ = π/4✱ ✐♥✐t✐❛❧ ❝r❛❝❦ ❧❡♥❣t❤ a = 0.1✮✳ ❚❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs

E = 1000✱ ν = 0.3✳ ❇❡❧♦✇ ✇❡ ❝♦♠♣❛r❡ t❤r❡❡ ❝r❛❝❦ ♣❛t❤s✿

✭✶✮ t❤❡ ❝r❛❝❦ ♣❛t❤✱ ♦❜t❛✐♥❡❞ ❜② ■●❆❇❊▼ ✭❛❜❜r❡✈✐❛t❡❞ ❛s ❵■●❆❇❊▼✬✮✱

✭✷✮ t❤❡ ❝r❛❝❦ ♣❛t❤✱ ♦❜t❛✐♥❡❞ ❜② ❳❋❊▼ ✐♥ ❬✻❪ ✭❛❜❜r❡✈✐❛t❡❞ ❛s ❵❳❋❊▼✭▼✮✬✮✱

✭✸✮ t❤❡ ❝r❛❝❦ ♣❛t❤✱ ♦❜t❛✐♥❡❞ ❜② t❤❡ ✐♥✲❤♦✉s❡ ❳❋❊▼ ❝♦❞❡ ✭❛❜❜r❡✈✐❛t❡❞ ❛s ❵❳❋❊▼∗✬✮✳

❋♦r ■●❆❇❊▼ ❝r❛❝❦ ❣r♦✇t❤ 12 ❡❧❡♠❡♥ts ❛r❡ ✉s❡❞ ❢♦r ❡❛❝❤ ❝✐r❝❧❡ ❛♥❞ 3 ❡❧❡♠❡♥ts ❢♦r ❡❛❝❤ ❡❞❣❡

✷✼



r = 5/64

2 1 2

2.5

2.5

❋✐❣✉r❡ ✶✹✿ P❤②s✐❝❛❧ ♠♦❞❡❧ ♦❢ r✐✈❡t ❤♦❧❡s ♣❧❛t❡ ✇✐t❤ ✐♥✐t✐❛❧ ❝r❛❝❦s ❡♠❛♥❛t✐♥❣ ❢r♦♠ t❤❡ ❤♦❧❡s✳ ❚❤❡
✐♥✐t✐❛❧ ❝r❛❝❦ ❧❡♥❣t❤s ❛r❡ 0.1✱ ✭▼♦ës ❡t ❛❧✱ ✶✾✾✾✮✳

❛♥❞ ❢♦r t❤❡ ✐♥✐t✐❛❧ ❝r❛❝❦s✳ ❚❤❡ ❝r❛❝❦ t✐♣ ❡❧❡♠❡♥ts ❛r❡ ❢✉rt❤❡r r❡✜♥❡❞ ✐♥ t❤❡ ✇❛② ❞❡s❝r✐❜❡❞ ✐♥

s❡❝t✐♦♥ ✺✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ ❝r❛❝❦ ❛❞✈❛♥❝❡s ∆a = 0.05 ❛t ❡❛❝❤ st❡♣✱ ✇❤✐❝❤ ✐s ✐❞❡♥t✐❝❛❧ t♦

t❤❡ ✐♥❝r❡♠❡♥t ❝❤♦s❡♥ ✐♥ ❬✻❪ ❢♦r t❤❡ ✜♥❡st ♠❡s❤✳ ❲❡ ❣r♦✇ t❤❡ ❝r❛❝❦ ❢♦r ✶✻ st❡♣s✳

◆❡①t✱ ❛❧❧ t❤r❡❡ ❝r❛❝❦ ♣❛t❤s ✲ ✭✶✮✱ ✭✷✮ ❛♥❞ ✭✸✮ ✲ ❛r❡ ❝♦♠♣❛r❡❞ ✐♥ ❋✐❣✉r❡ ✶✺✳ ❚❤❡ t✐♣ ♣♦s✐t✐♦♥s ❛♥❞

❙■❋s ❢♦r t❤❡ ❧❡❢t ❝r❛❝❦ ✐♥ ❡❛❝❤ st❡♣ ❛r❡ ❢✉rt❤❡r ❝♦♠♣❛r❡❞ ✐♥ ❚❛❜❧❡ ✻✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t

t❤❡ t✐♣ ♣♦s✐t✐♦♥s ❛♥❞ t❤❡ ❝r❛❝❦ ♣❛t❤s ✐♥ ❛❧❧ t❤r❡❡ ❝❛s❡s ❛r❡ q✉❛s✐✲✐❞❡♥t✐❝❛❧ ❞✉r✐♥❣ ♣r♦♣❛❣❛t✐♦♥✳

❋r♦♠ ❋✐❣✉r❡ ✶✻ ✭❛✮ ✇❡ ♥♦t❡ t❤❛t ❙■❋s ❞✐s♣❧❛② s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✐♥ st❡♣s 9 ∼ 12✳ ❍♦✇❡✈❡r✱

t❤❡ ❝r❛❝❦ ❣r♦✇t❤ ❞✐r❡❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜② t❤❡ r❛t✐♦ KII/KI ✇❤✐❝❤ ✐s s❤♦✇♥ ✐♥ ✶✻ ✭❜✮ ❛♥❞ ❛❢t❡r

t❤❡s❡ ✈❛❧✉❡s ♦❢ KII/KI ❛r❡ ❡♠♣❧♦②❡❞ ✐♥t♦ t❤❡ ❝r❛❝❦ ❣r♦✇t❤ ❝r✐t❡r✐❛✱ t❤❡ ✜♥❛❧ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡

❝r❛❝❦ t✐♣ ♣♦s✐t✐♦♥s ❜❡t✇❡❡♥ ❛❧❧ t❤r❡❡ ♣❛t❤s ❞♦❡s ♥♦t ❡①❝❡❡❞ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ t❤✐r❞ ❞✐❣✐t❛❧

s✐❣♥✳

✻✳✺ ❚❤r❡❡ ❤♦❧❡s ♣❧❛t❡ ❜❡♥❞✐♥❣ ♣r♦❜❧❡♠

❆ t❤r❡❡ ♣♦✐♥t ❜❡♥❞✐♥❣ ❜❡❛♠ ✇✐t❤ t❤r❡❡ ❤♦❧❡s ✐s s✐♠✉❧❛t❡❞ t♦ ❢✉rt❤❡r ✈❡r✐❢② t❤❡ r♦❜✉st♥❡ss

❛♥❞ ❛❝❝✉r❛❝② ♦❢ ■●❆❇❊▼ ❢♦r ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥✳ ❚❤❡ ❣❡♦♠❡tr② ❛♥❞ ❧♦❛❞✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡
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XFEMdMw

IGABEM

XFEMb

❋✐❣✉r❡ ✶✺✿ ❈r❛❝❦ ♣❛t❤ ❝♦♠♣❛r✐s♦♥✳ ❳❋❊▼✭▼✮ ✐s ❢r♦♠ ▼♦ës ❡t ❛❧✱ ✶✾✾✾❀ ❳❋❊▼✯ ✐s ❢r♦♠ t❤❡
✐♥✲❤♦✉s❡ ❳❋❊▼ ❝♦❞❡

■●❆❇❊▼ ❳❋❊▼✯ ❳❋❊▼✭▼✮

❙t❡♣ xc yc xc yc xc yc
■♥✐t✐❛❧ 2.1488 2.5707 2.1488 2.5707 2.1488 2.5707

1 2.1986 2.5665 2.1986 2.5662 2.1986 2.5663

2 2.2481 2.5596 2.2481 2.5593 2.2481 2.5595

3 2.2981 2.5575 2.2981 2.5570 2.2981 2.5575

4 2.3481 2.5564 2.3480 2.5556 2.3481 2.5581

5 2.3981 2.5573 2.3980 2.5564 2.3981 2.5562

6 2.4480 2.5598 2.4480 2.5587 2.4480 2.5600

7 2.4980 2.5614 2.4979 2.5604 2.4980 2.5608

8 2.5463 2.5485 2.5463 2.5477 2.5465 2.5488

9 2.5885 2.5217 2.5885 2.5209 2.5886 2.5219

10 2.6324 2.4978 2.6324 2.4968 2.6321 2.4972

11 2.6824 2.4986 2.6823 2.4990 2.6820 2.4998

12 2.7324 2.5000 2.7323 2.4997 2.7320 2.5013

13 2.7823 2.5035 2.7821 2.5036 2.7819 2.5037

14 2.8311 2.5144 2.8307 2.5157 2.8306 2.5151

15 2.8805 2.5217 2.8802 2.5223 2.8802 2.5217

❚❛❜❧❡ ✻✿ ❚✐♣ ♣♦s✐t✐♦♥ ❢♦r ❧❡❢t ❝r❛❝❦ t✐♣ ✇✐t❤ ∆a = 0.05✳ ❳❋❊▼✭▼✮ ✐s ❢r♦♠ ▼♦ës ❡t ❛❧✱ ✶✾✾✾✱
❳❋❊▼✯ ✐s ❢r♦♠ t❤❡ ✐♥✲❤♦✉s❡ ❳❋❊▼ ❝♦❞❡✳ ❚❤❡ ✜♥❛❧ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❝r❛❝❦ t✐♣ ♣♦s✐t✐♦♥s ❜❡t✇❡❡♥
❛❧❧ t❤r❡❡ ♣❛t❤s ❞♦❡s ♥♦t ❡①❝❡❡❞ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ t❤✐r❞ ❞✐❣✐t❛❧ s✐❣♥
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✭❜✮

❋✐❣✉r❡ ✶✻✿ ❙■❋ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❧❡❢t ❝r❛❝❦ t✐♣ ❢♦r t❤❡ ✇❤♦❧❡ ♣r♦❝❡ss ♦❢ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥✳
❳❋❊▼✭▼✮ ✐s ❢r♦♠ ▼♦ës ❡t ❛❧✱ ✶✾✾✾✱ ❳❋❊▼✯ ✐s ❢r♦♠ t❤❡ ✐♥✲❤♦✉s❡ ❳❋❊▼ ❝♦❞❡
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❋✐❣✉r❡ ✶✼✿ P❤②s✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡ t❤r❡❡ ♣♦✐♥t ❜❡♥❞✐♥❣ ❜❡❛♠ ✇✐t❤ ✸ ❤♦❧❡s

✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✶✼✳ ❚❤❡ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡rs ❛r❡ E = 1000✱ ν = 0.37✳ P❧❛♥❡ str❛✐♥

❝♦♥❞✐t✐♦♥s ❛r❡ ❛ss✉♠❡❞✳ ❲✐t❤ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝r❛❝❦✱ ❞✐✛❡r❡♥t ❝r❛❝❦

tr❛❥❡❝t♦r✐❡s ✇❡r❡ ♦❜t❛✐♥❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ✐♥ ❬✾✾❪✳ ❍❡r❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝r❛❝❦ ✐s s❡t

❛s d = 5✱ a = 1.5✳ ❚❤✐s ❡①❛♠♣❧❡ ❤❛s ❜❡❡♥ s♦❧✈❡❞ ✉s✐♥❣ ❳❋❊▼ ❛♥❞ ❳❊❋● ❬✶✵✵❪ ❛s ✇❡❧❧✳ ❚❤❡

❝r❛❝❦ ❛❞✈❛♥❝❡ ∆a ✐s s❡t t♦ ❜❡ 0.052 ❢♦r ❜♦t❤ ❳❋❊▼ ❛♥❞ ■●❆❇❊▼✳ ❚❤❡ ♠♦❞❡❧ ✐s ❞✐s❝r❡t✐③❡❞ ❜②

27, 869 ♥♦❞❡s ❛♥❞ 55, 604 tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ❢♦r ❳❋❊▼✳ ❆♥❞ ❢♦r ■●❆❇❊▼✱ 82 ❡❧❡♠❡♥ts ❛♥❞

230 ❉❖❋s ❛r❡ ✉s❡❞✳ ❈r❛❝❦ t✐♣ ♠❡s❤ r❡✜♥❡♠❡♥t ✐s ✉s❡❞ ✇✐t❤♦✉t ❡♥r✐❝❤♠❡♥t✳ ■♥ ❬✶✵✵❪✱ t❤❡ ❳❊❋●

♠♦❞❡❧ s✐③❡ ✐s ♥♦t ❣✐✈❡♥✱ ❜✉t t❤❡ ❝r❛❝❦ ✐♥❝r❡♠❡♥t ∆a = 0.1✳ ❋✐❣✉r❡ ✶✽ ❝♦♠♣❛r❡s t❤❡ ❝r❛❝❦ ❣r♦✇t❤

♣❛t❤s ✉s✐♥❣ ❛❧❧ t❤❡ ♠❡♥t✐♦♥❡❞ ♠❡t❤♦❞s✳ ❆❧❧ t❤❡ ❝r❛❝❦ ♣❛t❤s ❛❣r❡❡ ✇❡❧❧ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥ts✳

❖❢ ❝♦✉rs❡✱ ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ ❞✐s❝r❡t✐③❛t✐♦♥ ❛♥❞ ❝r❛❝❦ ✐♥❝r❡♠❡♥t✱ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❞♦

❞✐✛❡r✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ■●❆❇❊▼ r❡♣r♦❞✉❝❡s s❧✐❣❤t❧② ❜❡tt❡r t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝r❛❝❦

tr❛❥❡❝t♦r② t❤❛♥ t❤❡ ❳❋❊▼ ❢♦r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❝r❛❝❦ ♣❛ss❡s t❤r♦✉❣❤ t❤❡ ✜rst ❤♦❧❡✳ ❋✐❣✉r❡ ✶✾

❝♦♠♣❛r❡s t❤❡ ❙■❋s ❢r♦♠ ❳❋❊▼ ❛♥❞ ■●❆❇❊▼✳ ❲❡ ♥♦t❡ t❤❛t s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✐♥ ❙■❋ ✈❛❧✉❡s

❛♥❞ t❤❡ r❛t✐♦ ♦❢ KII/KI ♦❝❝✉r ✇❤❡♥ t❤❡ ❝r❛❝❦ ♣❛ss❡s ♥❡❛r t❤❡ ✜rst ❤♦❧❡✳ ❆ ♣♦ss✐❜❧❡ ❡①♣❧❛♥❛t✐♦♥

❢♦r t❤✐s ❝♦✉❧❞ ❜❡ t❤❛t ✐♥ ❳❋❊▼✱ t❤❡ ❞♦♠❛✐♥ ✉s❡❞ ❢♦r ❙■❋ ❡①tr❛❝t✐♦♥ ✐s ❛❧❧♦✇❡❞ t♦ ❜❡ ✐♥t❡rs❡❝t❡❞
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experiment

XFEM

XEFG

IGABEM

❋✐❣✉r❡ ✶✽✿ ❈r❛❝❦ ♣❛t❤s ✭❳❊❋● r❡s✉❧t ∆a = 0.1 ✐s ❢r♦♠ ❱❡♥t✉r❛ ❡t ❛❧✱ ✷✵✵✷✮

✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✳

✻✳✻ ❈r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥ ♦♣❡♥ s♣❛♥♥❡r

❚❤❡ ❧❛st ❡①❛♠♣❧❡ ❝♦♥s✐sts ✐♥ s✐♠✉❧❛t✐♥❣ t❤❡ ❢❛✐❧✉r❡ ♣r♦❝❡ss ♦❢ ❛♥ ♦♣❡♥ s♣❛♥♥❡r ❞✉❡ t♦ ❝r❛❝❦

♣r♦♣❛❣❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡ ❣❡♦♠❡tr② ✐s t❛❦❡♥ ❞✐r❡❝t❧② ❢r♦♠ ❈❆❉✳ ❚❤❡ ♣❤②s✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐s

s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✵✳ ❆s ✐♥ ✐♥❞✉str✐❛❧ ❞❛♠❛❣❡ t♦❧❡r❛♥❝❡ ❛ss❡ss♠❡♥t ❬✽✻❪✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛ s♠❛❧❧

❞❡❢❡❝t ❤❛s ✐♥✐t✐❛t❡❞ ❢r♦♠ t❤❡ s✉r❢❛❝❡ ❛t t❤❡ ❛r❡❛ ♦❢ ❤✐❣❤ str❡ss ❝♦♥❝❡♥tr❛t✐♦♥ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛♥

❡❧❛st♦st❛t✐❝ ❛♥❛❧②s✐s ❬✷❪✳ ❚❤❡ ✐♥✐t✐❛❧ ❣❡♦♠❡tr② ✐♥❝❧✉❞✐♥❣ t❤❡ ❝r❛❝❦ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✷✶✳ ❚❤❡

❝r❛❝❦ ✇✐❧❧ ❣r♦✇ ✇✐t❤ ∆a = 0.1✳ ❋✐❣✉r❡ ✷✷ ♣r❡s❡♥ts t❤❡ ❞❡❢♦r♠❡❞ ❣❡♦♠❡tr② ✇✐t❤ t❤❡ ❝r❛❝❦✳ ❚❤✐s

❡①❛♠♣❧❡ ❣✐✈❡s ❛ str❛✐❣❤t❢♦r✇❛r❞ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢ s❡❛♠❧❡ss ✐♥t❡❣r❛t✐♦♥ ♦❢ ❈❆❉ ❛♥❞

❢❛✐❧✉r❡ ❛♥❛❧②s✐s✱ s✐♥❝❡ ♥♦ ♠❡s❤ ❣❡♥❡r❛t♦r ✐s r❡q✉✐r❡❞ ❛♥❞ t❤❡ ❝r❛❝❦ ♣❛t❤ ✐s ♦❜t❛✐♥❡❞ ❞✐r❡❝t❧②

❢r♦♠ ❈❆❉✳

✼ ❈♦♥❝❧✉s✐♦♥s

❆ ❞❡t❛✐❧❡❞ ♣r♦❝❡❞✉r❡ t♦ ♠♦❞❡❧ ❧✐♥❡❛r ❡❧❛st✐❝ ❢r❛❝t✉r❡ ♣r♦❜❧❡♠ ✉s✐♥❣ t❤❡ ◆❯❘❇❙ ❜❛s❡❞ ■●❆❇❊▼

✐s ♣r♦♣♦s❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❚❤❡ ❞✉❛❧ ❇■❊s ✐s ✐♥tr♦❞✉❝❡❞ s♦ t❤❛t ❝r❛❝❦s ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ✐♥ ❛ s✐♥❣❧❡
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✭❛✮
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✭❜✮

❋✐❣✉r❡ ✶✾✿ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❙■❋s ❢♦r t❤❡ ✇❤♦❧❡ ♣r♦❝❡ss ♦❢ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥

❋✐❣✉r❡ ✷✵✿ ❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ♠❛t❡r✐❛❧s ❛♥❞ ❣❡♦♠❡tr② ♦❢ t❤❡ ♦♣❡♥ s♣❛♥♥❡r ✭❙✐♠♣s♦♥ ❡t ❛❧✱
✷✵✶✷✮

✸✸



❋✐❣✉r❡ ✷✶✿ ❈♦♥tr♦❧ ♣♦✐♥ts ❛♥❞ ◆❯❘❇❙ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦♣❡♥ s♣❛♥♥❡r

❋✐❣✉r❡ ✷✷✿ ❚❤❡ ❞❡❢♦r♠❡❞ ❣❡♦♠❡tr② ❛❢t❡r 10 st❡♣s ♦❢ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥

✸✹



❞♦♠❛✐♥✳ ❉✐✛❡r❡♥t tr❡❛t♠❡♥ts ❢♦r ❝r❛❝❦ t✐♣ s✐♥❣✉❧❛r✐t② ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥❝❧✉❞✐♥❣ ❝r❛❝❦ t✐♣ ❣r❛❞❡❞

♠❡s❤ r❡✜♥❡♠❡♥t ❛♥❞ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t② ❡♥r✐❝❤♠❡♥t✳ ❚❤❡ ♣♦♣✉❧❛r ❛♣♣r♦❛❝❤❡s t♦ ❡①tr❛❝t ❙■❋s

❛r❡ ❝♦♠♣❛r❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ■●❆❇❊▼ ❛♥❞ ✐t ♣r♦✈❡s t❤❛t t❤❡ M ✐♥t❡❣r❛❧ ✐s ♠♦r❡ ❡✣❝✐❡♥t

❢♦r ❙■❋ ❡①tr❛❝t✐♦♥ ✐♥ ■●❆❇❊▼✳ ❚❤❡ ❝r❛❝❦s ❛r❡ ♠♦❞❡❧❡❞ ❞✐r❡❝t❧② ❜② ◆❯❘❇❙✱ ❛♥❞ ❛♥ ❛❧❣♦r✐t❤♠

❢♦r ♠♦❞✐❢②✐♥❣ t❤❡ ◆❯❘❇❙ ❝✉r✈❡ ✐s ✐♠♣❧❡♠❡♥t❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥✳ ◆✉♠❡r✐❝❛❧

❡①❛♠♣❧❡s s❤♦✇s t❤❛t✿

✭✶✮ ❚❤❡ ■●❆❇❊▼ ❝❛♥ ♦❜t❛✐♥ ❛ ❤✐❣❤❡r ❛❝❝✉r❛❝② t❤❛♥ ▲❛❣r❛♥❣❡ ❜❛s✐s ❜❛s❡❞ ❇❊▼ ❢♦r t❤❡ s❛♠❡

♠♦❞❡❧ s✐③❡ ♦r ❉❖❋s✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✐♥ ❙■❋s ❤❛s ❜❡❡♥ ✐♠♣r♦✈❡❞ ❜② 5 ∼ 8 t✐♠❡s t❤❛♥

❇❊▼ ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ▲❛❣r❛♥❣❡ ❜❛s✐s ✇✐t❤♦✉t ❛♥② tr❡❛t♠❡♥t t♦ t❤❡ ❝r❛❝❦ t✐♣❀

✭✷✮ ❇♦t❤ ❝r❛❝❦ t✐♣ ❣r❛❞❡❞ ♠❡s❤ r❡✜♥❡♠❡♥t ❛♥❞ ❡♥r✐❝❤♠❡♥t ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞

♥❡❛r t❤❡ ❝r❛❝❦ t✐♣✱ ❛♥❞ t❤❡ ❣r❛❞❡❞ ♠❡s❤ r❡✜♥❡♠❡♥t ✐s s❡❧❡❝t❡❞ t♦ ❛♣♣❧② ✐♥ t❤❡ ❝r❛❝❦ ❣r♦✇t❤❀

✭✸✮ ❚❤❡ ♣r♦♣♦s❡❞ ❝r❛❝❦ ❣r♦✇t❤ ♣r♦❝❡❞✉r❡ ❝❛♥ ❧❡❛❞ t♦ C1 s♠♦♦t❤ ❝r❛❝❦ tr❛❥❡❝t♦r② ❛♥❞ ❛❣r❡❡s

✇❡❧❧ ✇✐t❤ t❤♦s❡ r❡s✉❧ts ❢r♦♠ ❳❋❊▼✳

✭✹✮ ❆ ♣r♦❝❡❞✉r❡ ❢♦r ❞❛♠❛❣❡ t♦❧❡r❛♥❝❡ ❛ss❡ss♠❡♥t ❞✐r❡❝t❧② ❢r♦♠ ❈❆❉ ✐s ♣r❡s❡♥t❡❞✱ ✇❤✐❝❤ ❞♦❡s

♥♦t r❡q✉✐r❡ ❛♥② ♠❡s❤ ✭r❡✮❣❡♥❡r❛t✐♦♥✳

❚❤❡ ❛✉t❤♦rs ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥ ✇♦✉❧❞ ❜❡♥❡✜t ♠♦r❡

t❤❛♥❦s t♦ t❤❡ s♠♦♦t❤ ❝r❛❝❦ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❤✐❣❤❡r ♦r❞❡r ❝♦♥t✐♥✉♦✉s ◆❯❘❇❙ ❜❛s✐s✱ ✇❤✐❝❤

✇♦✉❧❞ ♣r♦✈✐❞❡ ❛ ❞✐st✐♥❝t s♦❧✉t✐♦♥ s❝❤❡♠❡ ❢♦r ❢r❛❝t✉r❡ ❛♥❛❧②s✐s ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✐❞❡❛ ✐♥ t❤❡

❢r❛♠❡✇♦r❦ ♦❢ ❋❊▼✴❳❋❊▼✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤❡ ✜rst ❛♥❞ ❧❛st ❛✉t❤♦rs ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ♦❢ t❤❡ ❋r❛♠❡✇♦r❦

Pr♦❣r❛♠♠❡ ✼ ■♥✐t✐❛❧ ❚r❛✐♥✐♥❣ ◆❡t✇♦r❦ ❋✉♥❞✐♥❣ ✉♥❞❡r ❣r❛♥t ♥✉♠❜❡r ✷✽✾✸✻✶ ❵■♥t❡❣r❛t✐♥❣ ◆✉♠❡r✲

✐❝❛❧ ❙✐♠✉❧❛t✐♦♥ ❛♥❞ ●❡♦♠❡tr✐❝ ❉❡s✐❣♥ ❚❡❝❤♥♦❧♦❣②✬✳ ❙✳ P✳ ❆✳ ❇♦r❞❛s ❛❧s♦ t❤❛♥❦s ♣❛rt✐❛❧ ❢✉♥❞✐♥❣

❢♦r ❤✐s t✐♠❡ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❯❑ ❊♥❣✐♥❡❡r✐♥❣ ❛♥❞ P❤②s✐❝❛❧ ❙❝✐❡♥❝❡ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ✭❊P❙❘❈✮

✉♥❞❡r ❣r❛♥t ❊P✴●✵✻✾✸✺✷✴✶ ❆❞✈❛♥❝❡❞ ❞✐s❝r❡t✐③❛t✐♦♥ str❛t❡❣✐❡s ❢♦r ❵❛t♦♠✐st✐❝✬ ♥❛♥♦ ❈▼❖❙ s✐♠✲

✉❧❛t✐♦♥❀ t❤❡ ❊P❙❘❈ ✉♥❞❡r ❣r❛♥t ❊P✴●✵✹✷✼✵✺✴✶ ❵■♥❝r❡❛s❡❞ ❘❡❧✐❛❜✐❧✐t② ❢♦r ■♥❞✉str✐❛❧❧② ❘❡❧❡✈❛♥t

❆✉t♦♠❛t✐❝ ❈r❛❝❦ ●r♦✇t❤ ❙✐♠✉❧❛t✐♦♥ ✇✐t❤ t❤❡ ❡❳t❡♥❞❡❞ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞✬ ❛♥❞ t❤❡ ❊✉✲

r♦♣❡❛♥ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ❙t❛rt✐♥❣ ■♥❞❡♣❡♥❞❡♥t ❘❡s❡❛r❝❤ ●r❛♥t ✭❊❘❈ ❙t❣ ❣r❛♥t ❛❣r❡❡♠❡♥t ◆♦✳

✷✼✾✺✼✽✮ ❡♥t✐t❧❡❞ ❵❚♦✇❛r❞s r❡❛❧ t✐♠❡ ♠✉❧t✐s❝❛❧❡ s✐♠✉❧❛t✐♦♥ ♦❢ ❝✉tt✐♥❣ ✐♥ ♥♦♥✲❧✐♥❡❛r ♠❛t❡r✐❛❧s

✸✺



✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ s✉r❣✐❝❛❧ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❡r ❣✉✐❞❡❞ s✉r❣❡r②✬✳ ❊✳ ❆tr♦s❤❝❤❡♥❦♦ ✇❛s

♣❛rt✐❛❧❧② s✉♣♣♦rt❡❞ ❜② ❋♦♥❞❡❝②t ❣r❛♥t ♥✉♠❜❡r ✶✶✶✸✵✷✺✾ ❡♥t✐t❧❡❞ ❵❇♦✉♥❞❛r② ❡❧❡♠❡♥t ♠♦❞❡❧✐♥❣

♦❢ ❝r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ♠✐❝r♦♣♦❧❛r ♠❛t❡r✐❛❧s✬✳

❆♣♣❡♥❞✐① ❆

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ❢♦r tr❛❝t✐♦♥ ❇■❊ ❛r❡✿

Kij =
1

4π(1− ν)r
[(1− 2ν)(δijr,k + δjkr,i − δikr,j) + 2r,ir,jr,k]nk(s) ✭✹✾✮

Sij =
µ

2π(1− ν)r2

{

2
∂r

∂n
[(1− 2ν)δikr,j + ν(δijr,k + δjkr,i)− 4r,ir,jr,k]

+ 2ν(nir,jr,k + nkr,ir,j)− (1− 4ν)δiknj

+ (1− 2ν)(2njr,ir,k + δijnk + δjkni)
}

nk(s)

✭✺✵✮

◆♦✇ ✇❡ ♣r❡s❡♥t t❤❡ ❙❙❚ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❤②♣❡r✲s✐♥❣✉❧❛r ✐♥t❡❣r❛❧ ❛s ❢♦❧❧♦✇s✳ ❊①♣❛♥❞✐♥❣ t❤❡

❝♦♠♣♦♥❡♥ts ♦❢ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ✜❡❧❞ ❛♥❞ s♦✉r❝❡ ♣♦✐♥ts ❛s ❚❛②❧♦r s❡r✐❡s ✐♥ ♣❛r❡♥t s♣❛❝❡ ❣✐✈❡s✿

xi − si =
❞xi

❞ξ̂

∣

∣

∣

ξ̂=ξ̂s
(ξ̂ − ξ̂s) +

❞2xi

❞ξ̂2

∣

∣

∣

ξ̂=ξ̂s

(ξ̂ − ξ̂s)
2

2
+ · · ·

:= Ai(ξ̂ − ξ̂s) +Bi(ξ̂ − ξ̂s)
2 + · · ·

= Aiδ +Biδ
2 +O(δ3)

✭✺✶✮

❛♥❞

A :=

(

2
∑

k=1

A2
k

)

1

2

C :=
2
∑

k=1

AkBk

✭✺✷✮

✸✻



❚❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ❛r❡✿

❞xi
❞ξ

=
❞Na

❞ξ
xai

❞2xi
❞ξ2

=
❞2Na

❞ξ2
xai

❞xi

❞ξ̂
=

❞xi
❞ξ

❞ξ

❞ξ̂

❞2xi

❞ξ̂2
=

❞2xi
❞ξ2

(❞ξ

❞ξ̂

)2

✭✺✸✮

❚❤❡ ❞❡r✐✈❛t✐✈❡ r,i ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

r,i =
xi − si

r
=

Ai

A
+

(

BiA−Ai
AkBk

A3

)

δ +O(δ2)

:= di0 + di1δ +O(δ2)

✭✺✹✮

❚❤❡ t❡r♠ 1/r2 ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

1

r2
=

1

A2δ2
− 2C

A4δ
+O(1)

:=
S−2

δ2
+

S−1

δ
+O(1)

✭✺✺✮

❚❤❡ ❝♦♠♣♦♥❡♥t ♦❢ ❏❛❝♦❜✐❛♥ ❢r♦♠ ♣❛r❛♠❡tr✐❝ s♣❛❝❡ t♦ ♣❤②s✐❝❛❧ s♣❛❝❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿

J1(ξ) = J10(ξs) + J11(ξs)(ξ − ξs) +O((ξ − ξs)
2)

= J10(ξs) +
❞ξ

❞ξ̂

∣

∣

∣

ξ=ξs
J11(ξs)δ +O(δ2)

J2(ξ) = J20(ξs) + J21(ξs)(ξ − ξs) +O((ξ − ξs)
2)

= J10(ξs) +
❞ξ

❞ξ̂

∣

∣

∣

ξ=ξs
J21(ξs)δ +O(δ2)

✐✳❡✳,

Jk(ξ) := Jk0(ξs) +
❞ξ

❞ξ̂

∣

∣

∣

ξ=ξs
Jk1(ξs)δ +O(δ2)

✭✺✻✮

✸✼



❛♥❞ ✇❡ ♥♦t❡ t❤❛t

J(ξ) =
√

J2
1 (ξ) + J2

2 (ξ) =

√

(

❞y

❞ξ

)2

+

(

−❞x

❞ξ

)2

n(ξ) =
[❞y

❞ξ
,−❞x

❞ξ

]

✐✳❡✳,

nk(ξ) = Jk(ξ)/J(ξ)

✭✺✼✮

❆♥❞ t❤❡ ◆❯❘❇❙ ❜❛s✐s ❢✉♥❝t✐♦♥ ✐s ❛❧s♦ ❡①♣❛♥❞❡❞ ❛s✿

Na(ξ̂) = Na(ξ̂s) +
❞Na

❞ξ

∣

∣

∣

ξ=ξs
(ξ − ξs) + · · ·

= Na(ξ̂s) +
❞Na

❞ξ

∣

∣

∣

ξ=ξs

❞ξ

❞ξ̂

∣

∣

∣

ξ̂=ξ̂s
δ + · · ·

:= Na0(ξ̂s) +Na1(ξ̂s)
❞ξ

❞ξ̂

∣

∣

∣

ξ̂=ξ̂s
δ +O(δ2)

✭✺✽✮

❚❤❡ ❞❡t❛✐❧ ❢♦r♠ ♦❢ ❤②♣❡r✲s✐♥❣✉❧❛r ❦❡r♥❡❧ Sij ✐s ✭♣❧❛♥❡ str❛✐♥✮

Sij(s,x) =
µ

2π(1− ν)r2

{

2
∂r

∂n
[(1− ν)δikr,j + ν(δijr,k + δjkr,i − 4r,ir,jr,k)]

+ 2ν(nir,jr,k + nkr,ir,j)− (1− 4ν)δiknj

+ (1− 2ν)(2njr,ir,k + δijnk + δjkni)
}

nk(ξ̂s)

:=
1

r2
h(ξ̂)

✭✺✾✮

◆♦t✐♥❣ t❤❛t nk(ξ) = Jk(ξ)/J(ξ)✱ ❯s❡ t❤❡ ❛❜♦✈❡ ❡①♣❛♥s✐♦♥s t♦ r❡✇r✐t❡ h(ξ) ❛s✿

h(ξ̂) =
h0(ξ̂s)

J(ξ)
+

h1(ξ̂s)

J(ξ)
δ +O(δ2) ✭✻✵✮

h0(ξ̂s) =
(

2ν(Ji0dj0dk0 + Jk0di0dj0) + (1− 2ν)(2Jj0di0dk0 + δijJk0 + δjkJi0)

+ (1− 4ν)δikJj0

) µ

2π(1− ν)
nk(ξ̂s)

✭✻✶✮

✸✽



h1(ξ̂s) =
[

2(dl1Jl0 + dl0Jl1)
(

(1− 2ν)δikdj0 + ν(δijdk0 + δjkdi0)− 4di0dj0dk0

)

+ 2ν
(

Ji0(dj1dk0 + dj0dk1) + Ji1dj0dk0 + Jk0(di1dj0 + di0dj1) + Jk1di0dj0

)

+ (1− 2ν)
(

2(Jj1di0dk0 + Jj0(di1dk0 + di0dk1)) + δijJk1 + δjkJi1

)

− (1− 4ν)δikJj1

] µ

2π(1− ν)
nk(ξ̂s)

✭✻✷✮

❚❤✉s✱

h(ξ̂)Na(ξ̂)J(ξ̂) =
(

h0(ξ̂s) + h1(ξ̂s)δ +O(δ2)
)(

Na0(ξ̂s) +
❞ξ

❞ξ̂

∣

∣

∣

ξ̂=ξ̂s
Na1(ξ̂s)δ +O(δ2)

)

= h0Na0 + (h1Na0 + h0Na1
❞ξ

❞ξ̂

∣

∣

∣

ξ̂=ξ̂s
)δ +O(δ2)

✭✻✸✮

F (ξ̂s, ξ̂) =
1

r2(ξ̂s, ξ̂)
h(ξ̂)Na(ξ̂)J(ξ̂)

=
(S−2

δ2
+

S−1

δ
+O(1)

)(

h0Na0 + (h1Na0 + h0Na1
❞ξ

❞ξ̂

∣

∣

∣

ξ̂=ξ̂s
)δ +O(δ2)

)

=
S−2h0Na0

δ2
+

S−1h0Na0 + S−2(h1Na0 + h0Na1
❞ξ

❞ξ̂

∣

∣

∣

ξ̂=ξ̂s
)

δ
+O(1)

:=
F−2

δ2
+

F−1

δ
+O(1)

✭✻✹✮

❆♣♣❡♥❞✐① ❇

❖♥❝❡ t❤❡ J1 ❛♥❞ J2 ❛r❡ ❡✈❛❧✉❛t❡❞ ♣r♦♣❡r❧②✱ KI ❛♥❞ KII ❝❛♥ ❜❡ ❢♦✉♥❞ ❡❛s✐❧②✳ ❙✐♥❝❡

J1 =
K2

I +K2
II

E′
✭✻✺❛✮

J2 = −2KIKII

E′
✭✻✺❜✮

✇❤❡r❡ E′ = E/(1− ν2) ❢♦r ♣❧❛♥❡ str❛✐♥ ❝♦♥❞✐t✐♦♥✳ ❆♥❞ KI ❛♥❞ KII ❝❛♥ ❜❡ s♦❧✈❡❞ ❛s ❬✾✷❪✿

KI = ±
{E′J1

2

[

1±
(

1−
(J2
J1

)2)1/2]}1/2
✭✻✻❛✮

KII = ±
{E′J1

2

[

1∓
(

1−
(J2
J1

)2)1/2]}1/2
✭✻✻❜✮

✸✾



❚❤❡ s✐❣♥s ♦❢ KI ❛♥❞ KII ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s✐❣♥s ♦❢ ❝r❛❝❦ ♦♣❡♥✐♥❣ ❞✐s♣❧❛❝❡♠❡♥t Ju1K ❛♥❞ Ju2K✱

r❡s♣❡❝t✐✈❡❧②✳ ■❢ Ju1K > 0✱ KI > 0✳ ❚❤❡ t❡r♠ ✐♥ ❜r❛❝❡ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛s ✿

✐❢|Ju1K| ≥ |Ju2K|, t❛❦❡+ ✭✻✼❛✮

✐❢|Ju1K| < |Ju2K|, t❛❦❡− ✭✻✼❜✮

❈♦♠❜✐♥❡❞ ✇✐t❤ ❊q✉❛t✐♦♥ ✻✺❛✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s❤✐♣ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ M ✐♥t❡❣r❛❧✱

M (1,2) =
2

E′
(K

(1)
I K

(2)
I +K

(1)
II K

(2)
II ) ✭✻✽✮

▲❡t st❛t❡ 2 ❜❡ t❤❡ ♣✉r❡ ♠♦❞❡ I ❛s②♠♣t♦t✐❝ ✜❡❧❞s ✇✐t❤ K
(2)
I = 1✱ K

(2)
II = 0 ❛♥❞ KI ✐♥ r❡❛❧ st❛t❡

1 ❝❛♥ ❜❡ ❢♦✉♥❞ ❛s

K
(1)
I =

2

E′
M (1, ♠♦❞❡ I) ✭✻✾✮

❚❤❡ KII ❝❛♥ ❜❡ ❣✐✈❡♥ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥✳

❚❤❡ ❛✉①✐❧✐❛r② str❡ss ✜❡❧❞ σ
(2)
ij ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ u

(2)
j ❛r❡ ❣✐✈❡♥ ❛s✿

σxx(r, θ) =
K

(2)
I√
2πr

❝♦s
θ

2

(

1− s✐♥
θ

2
s✐♥

3θ

2

)

− K
(2)
II√
2πr

s✐♥
θ

2

(

2 + ❝♦s
θ

2
❝♦s

3θ

2

)

σyy(r, θ) =
K

(2)
I√
2πr

❝♦s
θ

2

(

1 + s✐♥
θ

2
s✐♥

3θ

2

)

+
K

(2)
II√
2πr

s✐♥
θ

2
❝♦s

θ

2
❝♦s

3θ

2

τxy(r, θ) =
K

(2)
I√
2πr

s✐♥
θ

2
❝♦s

θ

2
❝♦s

3θ

2
+

K
(2)
II√
2πr

❝♦s
θ

2

(

1− s✐♥
θ

2
s✐♥

3θ

2

)

ux(r, θ) =
KI

2µ

√

r

2π
❝♦s

θ

2

(

κ− 1 + 2s✐♥2
θ

2

)

+
(1 + ν)KII

E

√

r

2π
s✐♥

θ

2

(

κ+ 1 + 2❝♦s2
θ

2

)

uy(r, θ) =
KI

2µ

√

r

2π
s✐♥

θ

2

(

κ+ 1− 2❝♦s2
θ

2

)

+
(1 + ν)KII

E

√

r

2π
❝♦s

θ

2

(

1− κ+ 2s✐♥2
θ

2

)

✭✼✵✮

✇❤❡r❡ (r, θ) ❛r❡ t❤❡ ❝r❛❝❦ t✐♣ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s ❛♥❞

µ =
E

2(1 + ν)
✭✼✶✮

✹✵



κ =











3− 4ν, P❧❛♥❡ str❛✐♥

(1− ν)/(3 + ν), P❧❛♥❡ str❡ss
✭✼✷✮

❚❤❡ ❛✉①✐❧✐❛r② str❛✐♥ ✜❡❧❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ uj ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❤②s✐❝❛❧

❝♦♦r❞✐♥❛t❡✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❚ ❏ ❘ ❍✉❣❤❡s✱ ❏ ❆ ❈♦ttr❡❧❧✱ ❛♥❞ ❨ ❇❛③✐❧❡✈s✳ ■s♦❣❡♦♠❡tr✐❝ ❛♥❛❧②s✐s✿ ❈❆❉✱ ✜♥✐t❡ ❡❧❡♠❡♥ts✱

◆❯❘❇❙✱ ❡①❛❝t ❣❡♦♠❡tr② ❛♥❞ ♠❡s❤ r❡✜♥❡♠❡♥t✳ ❈♦♠♣✉t❡r ▼❡t❤♦❞s ✐♥ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s

❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✾✹✭✸✾✕✹✶✮✿✹✶✸✺✕✹✶✾✺✱ ✷✵✵✺✳

❬✷❪ ❘ ◆ ❙✐♠♣s♦♥✱ ❙ P ❆ ❇♦r❞❛s✱ ❏ ❚r❡✈❡❧②❛♥✱ ❛♥❞ ❚ ❘❛❜❝③✉❦✳ ❆ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ■s♦❣❡♦✲

♠❡tr✐❝ ❇♦✉♥❞❛r② ❊❧❡♠❡♥t ▼❡t❤♦❞ ❢♦r ❡❧❛st♦st❛t✐❝ ❛♥❛❧②s✐s✳ ❈♦♠♣✉t❡r ▼❡t❤♦❞s ✐♥ ❆♣♣❧✐❡❞

▼❡❝❤❛♥✐❝s ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✱ ✷✵✾✕✷✶✷✭✵✮✿✽✼✕✶✵✵✱ ✷✵✶✷✳

❬✸❪ ▼ ❆ ❙❝♦tt✱ ❘ ◆ ❙✐♠♣s♦♥✱ ❏ ❆ ❊✈❛♥s✱ ❙ ▲✐♣t♦♥✱ ❙ P ❆ ❇♦r❞❛s✱ ❚ ❏ ❘ ❍✉❣❤❡s✱ ❛♥❞

❚ ❲ ❙❡❞❡r❜❡r❣✳ ■s♦❣❡♦♠❡tr✐❝ ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ❛♥❛❧②s✐s ✉s✐♥❣ ✉♥str✉❝t✉r❡❞ ❚✲s♣❧✐♥❡s✳

❈♦♠♣✉t❡r ▼❡t❤♦❞s ✐♥ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✱ ✷✺✹✭✵✮✿✶✾✼✕✷✷✶✱ ✷✵✶✸✳

❬✹❪ P✳❖✳ ❇♦✉❝❤❛r❞✱ ❋✳ ❇❛②✱ ❨✳ ❈❤❛st❡❧✱ ❛♥❞ ■✳ ❚♦✈❡♥❛✳ ❈r❛❝❦ ♣r♦♣❛❣❛t✐♦♥ ♠♦❞❡❧❧✐♥❣ ✉s✐♥❣ ❛♥

❛❞✈❛♥❝❡❞ r❡♠❡s❤✐♥❣ t❡❝❤♥✐q✉❡✳ ❈♦♠♣✉t❡r ▼❡t❤♦❞s ✐♥ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✱

✶✽✾✭✸✮✿✼✷✸✕✼✹✷✱ s❡♣ ✷✵✵✵✳

❬✺❪ ❙ P ❆ ❇♦r❞❛s✱ ❚ ❘❛❜❝③✉❦✱ ❛♥❞ ● ❩✐✳ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝r❛❝❦ ✐♥✐t✐❛t✐♦♥✱ ♣r♦♣❛❣❛t✐♦♥✱

❜r❛♥❝❤✐♥❣ ❛♥❞ ❥✉♥❝t✐♦♥ ✐♥ ♥♦♥✲❧✐♥❡❛r ♠❛t❡r✐❛❧s ❜② ❛♥ ❡①t❡♥❞❡❞ ♠❡s❤❢r❡❡ ♠❡t❤♦❞ ✇✐t❤♦✉t

❛s②♠♣t♦t✐❝ ❡♥r✐❝❤♠❡♥t✳ ❊♥❣✐♥❡❡r✐♥❣ ❋r❛❝t✉r❡ ▼❡❝❤❛♥✐❝s✱ ✼✺✭✺✮✿✾✹✸✕✾✻✵✱ ✷✵✵✽✳

❬✻❪ ◆ ▼♦ës✱ ❏ ❉♦❧❜♦✇✱ ❛♥❞ ❚ ❇❡❧②ts❝❤❦♦✳ ❆ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r ❝r❛❝❦ ❣r♦✇t❤ ✇✐t❤♦✉t

r❡♠❡s❤✐♥❣✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ❢♦r ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✹✻✭✶✮✿✶✸✶✕✶✺✵✱

✶✾✾✾✳

❬✼❪ ❆ P ❈✐s✐❧✐♥♦ ❛♥❞ ▼ ❍ ❆❧✐❛❜❛❞✐✳ ❉✉❛❧ ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ❛ss❡ss♠❡♥t ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧

❢❛t✐❣✉❡ ❝r❛❝❦ ❣r♦✇t❤✳ ❊♥❣✐♥❡❡r✐♥❣ ❆♥❛❧②s✐s ✇✐t❤ ❇♦✉♥❞❛r② ❊❧❡♠❡♥ts✱ ✷✽✭✾✮✿✶✶✺✼✕✶✶✼✸✱

✷✵✵✹✳

✹✶
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