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Abstract

Let F be any field and let T,,(F) be the n x n upper triangular
matrix space over F. We denote the set of all n x n upper triangular
idempotent matrices over F by P,(F). A map ¢ on T,,(F) is called a
preserver of idempotence if p(P,(F)) C P,(F); and a strong preserver
of idempotence if ¢(P,(F)) = P, (F). In this paper, we characterize the
bijective linear preservers of idempotence on T}, (F). Further, the strong

linear preservers of idempotence on T, (F) are characterized.
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1 Introduction and main result

In the past six decades, many authors studied linear preserver problems (see[l-
15]) which are concerning with characterizing maps on matrix spaces that pre-
serve some property, set or relation. As pointed out in [5,7], one of techniques
that have been successful in solving linear preserver problems is to reducing
a new problem to a known one, while the latter is often a preserver of idem-

potence. The preservers of idempotence play an important role in studying
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linear preserver problems, and thus there are a lot of results about the linear
preserver of idempotence [1-4,8,10-12]. Expressly, the linear preservers of
idempotence on triangular matrices are discussed in [4,10-12]. These papers
obtained the forms of linear preserver of idempotence on triangular matrices
with a common restriction, that is, they require the field is of characteristic
not 2 (or 2 is a unit of the ring). There is a natural problem, if the field is of
characteristic 2, how determine the forms of linear preserver of idempotence
on triangular matrices? In this paper, we will answer this question. We solve
this problem over any field including the field of characteristic 2. As we will
see, our results contain some new forms.

We now introduce some concepts and fix the notation, which will be used
in the rest of this article. Suppose F is a field and F* is its subset consisting of
all nonzero elements, CharF denotes the characteristic of F. For any positive
integer n, let T,,(F) be the linear space of all n x n upper triangular matrices
over F' and denote the set of all upper triangular idempotent matrices by
P,(F), namely, P,(F) = {A € T,(F) : A2 = A}. For any matrix B € T,(F),
BT (respectively, rank B) denotes the transpose (respectively, rank) of B. Let
I,, be the n x n identity matrix. For any positive integers 7 and j, let F;; be
the matrix with 1 in the (7, j)-th entry and O elsewhere. For a subset S of
T,.(F), let span(S) be the space spanned by S. Symbol @ denotes the usual
direct sum of matrices. For two integers ¢ < j, we let [i,j] = {i,i+ 1, -+, j}.

A Linear map ¢ from 7T, (F) to itself is called linear preserver of idempo-
tence if o(P,(F)) C P,(F); and a strong linear preserver of idempotence if
P(P(F)) = P, (F).

We state our main results as follows.

Theorem 1.1 Suppose F is any field and n > 1 is an integer. Then  is a
bijective linear preserver of idempotence on T, (F) if and only if there is an
invertible matriz T € T, (F) such that

0(A) =TAT " + f(A), for all A € T,(F) (1)
or

©(A) =TJATJT ' + f(A)I, for all A€ T,(F), (2)
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where J =Y 1 _ | Exn_g+1 and f is a linear map from T,(F) to F satisfying
(a) f(I,) = 0; (b) f(Exk) € {0,1} for all k € [1,n]; (¢) if charF # 2 then
f=0;(d) if F #Fy, then f(E;;) =0 for all i < j.

Theorem 1.2 Suppose F is any field and n > 1 is an integer. Then ¢ is a

strong linear preserver of idempotence on T, (F) if and only if ¢ is of the forms

(1) or (2).
About Theorem 1.1, we give a remark as follows.

Remark 1.3 Let ¢ be a map on T,(F) defined by ¢(A) = ay 1, for all A =
lai;] € T,(F). Then ¢ is a linear preserver of idempotence on T, (F) but it is
not of the form which given by Theorem 1.1. This show that the assumption of

bijection of ¢ in Theorem 1.1 is essential.

In fact, if we take out the assumption of bijection of ¢, then the forms of
such maps become very complicated. For example, the following ¢ give a lot of

linear preservers of idempotence on T,,(F) which are different from the forms

(1) or (2).
Example 1.4 Let ¢ be a map on T, (F) defined by
W(A)=(A1®B1)®--- & (A ® By) forall Ae T,(F),

where A;,i = 1,---t are some s; X s; special principal submatrices of A such
that

i
-
*
*
*

A 0 * %k ’
O 0 At *
0 0 0 =«
and B;, v = 1,---t are respectively some given m; X m; idempotent upper tri-

angular matrices satisfying 22:1 s;m; = n. Then it is easy to check that ¢ is

a linear preserver of idempotence.
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2 Preliminary results
For the proof our main results we need several lemmas.

Lemma 2.1 Suppose that A,B,A+ B € P,(F). Then AB = BA. We have
in addition AB = 0 if CharF # 2.

Proof. The proof is simple and we omitted it. m

Lemma 2.2 [6] Suppose A € P,(F), then there is an invertible matriz T €
T.(F) such that

A = Tdiag(ey, €2, ,e,)T 7",
where £1,€9,- -+ &, € {0,1}.

Lemma 2.3 Suppose F is any field and n > 1 is an integer. Suppose

Ay, As, - Ay € T,(F) are idempotent matrices such that A;A; = AjA; for
all i,j € [1,m]. Then there are an invertible matriz T € T,(F) and €;; €
{0,1},i=1,2,---,n, j=1,2,--- m such that

Ay = Tdiag(e1g, €y - -+ Eni) T~ for all k € [1,m].

Proof. We prove the result by induction on m.

Due to Lemma 2.2, the conclusion is true for m = 1. Suppose the conclusion
is true for m — 1, that is there exist an invertible matrix 77 € T,,(F) and
gi;€{0,1},1=1,2,---,n, j=1,2,---,m—1such that

Ay, = Tdiag (e, €, - -+, €ni) Ty Y, for all k € [1,m — 1].

We will show that the conclusion is true for m, too. Let A,, = Ti[a;]T; " So
lai;] € P,(F) since A, € P,(F). By the situation of the nonzero elements in

la;;], we can find a n X n permutation matrix P such that
Ap=TP(Bi® By ®---®B,®0)P T, (3)

here B; € T;,(F), i = 1,---,t are indecomposable idempotent submatrices
of [a;j] (recall that an upper triangular matrix N is called indecomposable if

there is not any permutation matrix @ such that QNQ™! decomposes into a
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nontrivial direct sum of upper triangular matrices), and sq,--- ,s; are some
positive integers.
For every k € [1,m — 1], it follows form AzA,, = A,, Ay that

aij(eik — 5jk) =0 for all £ € [1,m — 1].

Indeed, e, = ej; if a;; # 0 for all k& € [1,m — 1]. This, together with (3),

one can determine ¢ non-intersectant subsets of [1,n], say {qi1,q12, ", q1s, }
{q217 q22, " - 7q252}) ) {Qtla G2, - " - 7Qt8t}7 such that for every (RS [17 t]a
gk = Eqiuk =+ = Eq,, 1, € {0, 1} for all k € [1,m — 1]. (4)

Thus, by (4) and the choice of P, one has
Ak == TlP(Ckl D Okg DD th D Ck)P_lTl_l for all & € [1, m — 1] (5)

where Cy; = I, or O5,, 1 = 1,--- ,t and C}, is a diagonal matrix with diagonal
elements 0 or 1.

Now, note that By, Bsy,---, B, are idempotent upper triangular matrices
in (3). Due to Lemma 2.2, then there are invertible upper triangular matrices
Uy, -+, U; such that

B; = Udiag(biy, - -+ ,bis,)U; 1 for all i € [1,¢],

here b;; € {0,1}. Pt U = U1 @U@ -- @ U, @ I, then U is invertible in 7),(F).
We have by (5) and (3) that

Ay =T\PUCi ®Cra® -+ D Cry @ C)U P for all k € [1,m — 1]

and

A, =T\PU DB @0 |Uutpirt
bis, bis,

(7)

Let T = Ty PUP~'. By the choice of P and U, it is not difficult to see that

PUP™! is an upper triangular matrix. Hence, T' € T,,(F). Finally, by (6) and

(7) we see that T7*A,T, k = 1,2,--- ,m are diagonal matrices with diagonal

elements 0 or 1. The proof is completed. m
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Lemma 2.4 For a given subset A of [1,n] with r elements, put
T,(A) = {A € T, <Z ) = (ZEjj> A}.
JEA JEA
Then dim span(T,(A)) < 271 (n? — 2nr + n + 2r?).

Proof. We prove the result by induction on n. The case n = 1 is clear.

Suppose the conclusion is true for n — 1. For any A € I',(A), we write A as

A:

A, & ]

0 Ann

where a,,, € F, A, € T,(F). Clearly, A,,_1 € I',_1(A1) where A} = A\ {n}.
Case 1. n € A. By A <Z]€A ) = (Zje/\ Ejj> A, we see that

<ZjeA Ejj) &in ] ~ . Hence, [ &in

elements. Thus, by induction hypothesis we have

contains at most r nonzero

ann

dim span (T, (A)) < dim span(T,_1(A1)) +r
<27 ((n—12=-2n—)(r—-1D+Mn-1)+2(r—1)32) +r
=271(n? = 2nr + n + 2r?).

Case 2. n ¢ A. ByA(ZJGA ) (ZjeA )A we see that
4

)

<2j€ A E]-j) = 0. Thus, contains at most n — r nonzero
ann ann

elements. It follows from the induction hypothesis that

dim span(I',(A)) < dim span(I',—1(A1)) +n—r
<2 (= 12— 2n— 1+ (= 1)+ 22 +n—7
=271(n? = 2nr +n + 2r?).

We complete the proof. m

3 The proof of main results

In this section, we assume that F is any field and n > 1 is an integer.
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Lemma 3.1 Let ¢ be a bijective linear preserver of idempotence on T, (F).

Then for any k € [1,n], we have rank @(Ex) =1 orn — 1.

Proof. Case 1. charF # 2. For any i # j, since E;;, Ej;, E;i + Ej; € P,(F),
we have by Lemmas 2.1 and 2.3 that ¢(E;;)p(E;;) = 0 and
©(E11), p(Fa), -+, ¢(Fun) can be simultaneously diagonalizable. It follows
that rank ¢(Fyx) = 1 for all k € [1,n].

Case 2. charF = 2. Tt is clear that the conclusion is true when n = 1.
We assume that n > 2. For a given k € [1,n], suppose rank ¢(FEy;) = r. By
©(Exx) € P,(F) and Lemma 2.2, one can find an invertible matrix T € T,,(F)
such that

©(B) = Tdiag(ey, €2, -+ ,en)T7F, (8)
where 1,9, -+ ,&, € {0,1} . Take

A-1x(-1) B-1)x(n-) € P (F).

0 Cln—k)x(n—k)

By Lemma 2.1 and

Ae—Dyxk=1) 0 Br—1)x(n—k)
By + 0 0 0 € Pn(F)

0 Clnk)x(n—k)

we have
A—xk=1) 0 Br—1)x(n—k)
O(Err)p 0 0 0
0 0 Crnei)yx(n
(n—k)x(n—Fk) (9)
Ae—vyxk=1) 0 Br—1)x(n—k)
— 0 0 0 P (Er)-
0 Cln—i)x(n—k)
Let

A=) (k=1) 0 Bi—1)x(n—k)

A-1yx(e-1)  Blr1)x(n—
S = 0 a 0 caeF, | TRTxGEEL S PeEx(eh e o (F)

C —k n—k
0 0 Clnk)x(n—k) (n=k)px (=)
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Note that ¢(Ep)e(aFEw) = p(aEw)e(Ew) = ale(E)]?. This, together with
(9), implies that ¢(A)p(Exk) = ¢(Ekk)(A) for every A € S. Thus,

T o(S)T C Tu(A),
where A = {i : ; = 1 in (8)} is a subset of [1,n]|. Due to Lemma 2.4, we obtain

dim span(p(S))

= dim span(T ' p(S)T) < dim span(T,(A)) < 27Hn? — 2nr +n + 2r%). (10)
On the other hand, we have
dim span(S) = dim span(P,_1(F)) + 1 =2"'(n* —n) + 1. (11)

Since ¢ is bijective, so dim span(S) = dim span(p(S)). This, together with
(10) and (11), gives that

r<lorr>n-—1.

Clearly, r # 0 since p(FEgx) # 0. For the conclusion, it suffices to show that
r # n. Otherwise, r = n and ¢(Ey) = I,. If & = 1, we take A; = Ey;,
i =12 nand Ay = Y0, By if k= n, we take A; = Ej,, i =
1,2, ,nand Ay = Y170 By if 1 < k < n, we take A; = B+ Y0, 1 B,
ie[Lk—=1], Ay =30 111 Bey Ay = By, t € [k 4+ 1,n] and A,y = By In
every case, it is easy to check that

dim span(Ay, -+, Apy1) =n+ 1. (12)

Again, note that ¢(Fxx) = I, and Ex, + A; € P,(F), i € [1,n + 1]. This,
together with Lemma 2.1, gives that ¢(A;) € P,(F) for all i € [1,n + 1]. We

will conclude that

p(Ai)e(4;) = (4;)(A) (13)

for every part i,7 € [1,n + 1]. When k = 1, we have P,(F) > ¢(E1; + (A; +
A))) =1, + p(A;) + p(A,) for every 4,5 € [1,n]. So, we have ¢(A4;) + p(4;) €
P, (F). Due to Lemma 2.1, proving (13) for i, j € [1,n]. But A;4+A,11 € P.(F),
for all i € [1,n], so we have by Lemma 2.1 that (13) holds for ¢,5 € [1,n + 1].
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The proof of (13) for the case k = n is similar to the case k = 1. Consider
the case 1 < k < n. By the choice of Ay, -, A,4+1, we see that (13) holds
for i,7 € [Lk]U{n+ 1} ori € [1Lk]U{n+ 1} and j € [k + 1,n]. When
i,j € [k+1,n], it follows by P,,(F) 3 p(Ex + (Ai +4;)) = I, + ¢(Ai) + ¢(4;)
that (13) holds. Hence, by Lemma 2.3 we have that ¢(A;), -, ¢(A,11) can be
simultaneously diagonalizable. It gives that dim span(p(A1), -, o(Ans1)) <

n, which contradicts (12) since ¢ is bijective. The proof is completed. m

Lemma 3.2 Let ¢ be a bijective linear preserver of idempotence on T, (F).
Then there are an invertible matrizx T € T,(F) and a bijective map g from
[1,n] to itself such that

(,O(Ekk) = TEg(k)g(k)T_l + pprl, for all k € [1,%]

and

bi; T (Eyiyg) + Dij) T, (i) < g(4),

©(Ey;) = IR o foralli<je(ln]
’ { bi; T(Ey(jyey + Dig) T~ (i) > g(4),

where pg, € {0,1}, b; € F*, D;; = diag(agij),egj), e ,affj)) with 55{3 = 5%))
for all k,i,j € [1,n], satisfying (a) if charF # 2 then ugx = 0; (b) if F # Fy

then Dz’j =0.

Proof. For any i # j, since Ey;, E;;, Eii+Ej; € P,(F),s0 p(Ey), o(Ej;), ¢(Eiu)+
o(E;;) € P,(F). This, together with Lemma 2.1, implies that for any ¢ # j,
o(Ei)p(Ej;) = ¢(Ej;)¢(E;) and in addition

©(Eii)p(Ej;) = 0 if charF # 2. (14)

Due to Lemma 2.3, ¢(F11), 9(E22), -, ¢(En,) can be simultaneously diago-
nalizable by an invertible matrix T € T,,(F). Note that Lemma 3.1, so we may
find a map ¢ from [1, n] to itself such that ¢(FEy), k € [1,n] can be written in

the forms
@(Ekk) = TEg(k)g(k)Til + ,uk.kfn, for all k € [1,%], (15)

where p, € {0, 1}.
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If charF # 2, one can by (14) obtain that uge = 0 and g is bijective. If
charF = 2, we will show that ¢ is bijective, too. When n = 1 or 2, we have
immediately that g is bijective. Assume that n > 3. In order to prove this, we
will conclude that if g(i) = g(j) then ¢ = j for any 4, j € [1,n]. When p; = pj5,
then ¢(E;) = ¢(E;;) and so ¢ = j since ¢ is a bijection. Next suppose that
Wi 7 ;- 1f @ # j, we will get a contradiction. It is no loss generality to assume

that 7 < j, ui = 0 and pj; = 1. Take

B+ Y B+ Y0 Busy ke [Li—1),

sS=

A Eik, keli,j—1Ulj+1,n],
k — .
Ei; + Ejj, k=j,
- .
Zi=i+l ESS + Zs:j+1 E887 k =N + 1

It is easy to check that
dim span(Ay, -+, Apy1) =n+ 1. (16)

Since ¢(Ey;) + p(E;;) = I, and ¢(E; + Ej; + Ey) € Po(F) for all k €
i, j—1]U[j+1, n], we obtain that ¢(A;) € P,(F) for all k € [1,n+1]. Again, for
any s # t, it is easy to see that p(As+A;) € P,(F). This, together with Lemma
2.1, gives that ¢(As)p(Ar) = @(Ai)p(As) for any s,t € [1,n + 1]. Further, we
see by Lemma 2.3 that ¢(A;),- -, ¢(An+1) can be simultaneously diagonaliz-
able. Thus, dim span(p(A;),- -, ©(Ant1)) < n. This contradict (16) since ¢
is bijective. In every case, we have shown that ¢ is bijective.

For 7 < j, let us consider the image of Ej;; under ¢.

When F # Fy, take 1 € F with p # 0, 1. Because of p(E;;)+ap(Ei;), o(E;;)+
ap(E;j) € P,(F) where a = 1, u, we have by (15) that [¢(E;;)]> = 0 and

©(Eiy) = TEguyg)T " (Eij) + ©(Eij)T Egiygy T
= TEyjg ()T (Eij) + (L) T EgjyginT

By the direct computation, we get

b'LTE 2 'Tila ) < .7
¢(Eij):{ T Eoon T 900 <9U): g < e 1]

bijTEg(j)g(i)Tilu g(i) > g(7),

where b;; € F*.
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o(E;j) € P,(F) for all k#i,j € [1,n]. It is easy to check that

P(Eij) + [0(Eij)]* = o(Ei)e(Eij) + ¢(Eij)o(Ei),
P(Eij) + [p(Ei))* = o(Ej)(Eij) + ¢(Eij)(Ejj),
P(Eij) + [0(Eij)]? = (0(Ejj) + ¢(Ew))e(Eij) + 0(Eij) (0(Ej;) + ¢(Er))-

Moreover, we get

((Ei) + 9 (Ejj))e(Ei) = o(Eg)(p(Ei) + ¢(Ej)), (17)
o(Ew)p(Eij) = o(Eij)p(Exy), for all k # i, j.
Note that g is bijective, then it follows by (17) that
T(Ey o) + Di) T, g(i .
o(E,;) = { (Eg(i)ati) + Dis) B 9(2_) < g(J') for all i < j € [1,n],
T(Eg(yga) + Dij) T, (i) > g(j),
where Dy; = diag(e{”, {7 ... £{). Also, we have by (Ey)+¢(Ei;), o(Ej;)+

©(E;j) € P,(F) that 5(1(33 = g(jj)) The proof is completed. m

Now we can prove the main result of this paper.

Proof of Theorem 1.1. The “if” part. If charF # 2, the result is
obvious. We assume that charF = 2. We only prove it for ¢ is of the form
(1), since the proof when ¢ is of the form (2) is similar. For any A = [a;;] €
P,(F), we will show that f(A) € {0,1}. The conclusion is clear if F = Fy.
Otherwise, F # F,. Since A2 = A, so that ag, = 0 or 1 for all k € [1,n].
Note that f(Ex) € {0,1} and f(E;;) = 0 for all k and ¢ < j, then f(A) =
Yoy aref(Egi) € {0,1}. As f(A) € {0,1}, it is easy to check that ¢(A) =
TAT™' + f(A)I, is idempotent. To continue, let us show that ¢ is bijective.
One way to prove this conclusion is to show that ¢(P,(F)) = P,(F) since
span(P,(F)) = T,(F). Let A € P,(F), then T"'AT € P,(F). We by above
have known f(T7'AT) € {0,1}. When f(T~'AT) = 0, we have o(T*AT) =
A; when f(T7'AT) =1, by f(I,) = 0 we have (T (I, + A)T) = I, + A+
f(I, + T7*AT)I, = A. This completes the proof of the “if” part.

The “only if” part. It is known that ¢ has the form in Lemma 3.2.

Firstly, let us prove that D;; = p;;1, where u;; € {0,1} for any i < j €
[1,n]. But from Lemma 3.2 we know that if F # F5 then D;; = 0, so that we
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only need consider the case F = F5. The case n = 2 is obvious, so we assume
that n > 3. We prove it only for g(i) < g(j), since the proof for g(i) > g(j) is
very similar. Let k # 4, j be any integer in [1,n]|. The proof is divided into the
following four cases.

Case 1. k < i and g(k) < g(j). It follows from Ej; + Ey; + E;; € P,(F)
that

Eyyati) T Egwyg) + Drj + Egye() + Dij € Pu(F).

This tells us that

(k) _ (i) (k) _ (i) (k) _ (i)
€ty = Egtiy T 1 gy = Egy T 1 9y = Eg(n T 1,
or
ki) _ _Gi) (ki) _ _Gi)  _(kd) _ (i)
Eql) = Eg(k) Ea) = €90y’ Eo(i) = Eolr):
Note that ¢ = ¢®) ¢4 we see that ¢ = @)

a(k) — Ca(i)’ g(k) = S9() -
Case 2. k <iand g(j) < g(k). By Ej; + Ey; + E;; € P,(F), we get

By + Egratr) + Dij + Egyets) + Dij € Pu(F),

this is impossible for any diagonal matrices D;; and Dy;. So the case dos not
appear.

Case 3. i < k and ¢(i) < g(k). Similar to the proof of Case 1, we have by
Ej; + Ey, + Eyj € P,(F) that zsg{,j) - 5(8

Case 4. i < k and g(k) < g¢(i). Similar to the proof of Case 2, we get a
contradiction by Ej; + E;, + E;; € P, (F).

The above Cases 1 — 4 with 55(?) = 5 deduce that D;; = py;1, where

Hij = ;Z(jy)) € F, = {0,1}. So, we have that

for alli < j € [1,n]

o) =4 T Bawa) T + sl 9(0) < 905),
! b T(Egiyg)) T~ + pigln, 9(3) > g(j),

where f;; € {0,1}, and if F # Fy then p;; = 0 for all ¢ < j € [1,n]. Now, by
Lemma 3.2, similar to the proof of Theorem 3.1 in [11], we have g(k) = k for
all k € [1,n] or g(k) =n—k+ 1 for all k € [1,n].
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Suppose g(k) = k for all k£ € [1,n] holds. If F # Fy, it follows from
SO(EZIC + Eyr + Ekj + Ezg) € pn(F) that bij = bzkbkj foralli <k < j € [1,71]
Set

T1 = szag(l, blg, ce ,bln).
We have by direct computation for any field that
where p1;; € {0, 1} satisfying (a) if charF # 2 then p;; = 0 for all ¢ < j € [1,n];
(b) if F # F5 then p1;; = 0 for all ¢ < j € [1,n]. Now for any A = [a;;] € T,(F),
let
g = (Y ) 1
i=1 j=1

one can easy to check that f is a linear map from 7,,(F) to F. By (18) we get
0(A) = AT + f(A)I, for all A € T,(F).

From the definition of f and the conditions of (18), we have (a) if charF # 2
then f = 0; (b) if F # Fy, then f(E;;) = 0 for all ¢ < j € [1,n]. Again,
for any k € [1,n], since f(Ep) = [bi;] € P.(F) so that b, € {0,1} for all
t € [1,n]. When charF = 2, we see by p;; € {0,1} and the definition of f that
f(Eg) € {0,1} for all k € [1,n]. Note that f(I,) = f(O_1_, Ei) € {0,1} and
o(l,) = I, + f(I,)I, # 0. We get f(1I,) # 1 so that f(I,,) = 0. The above all
tell us that ¢ is of the form (1). Similarly, if g(k) =n —k+ 1 for all k € [1,n]
holds, we can prove that ¢ is of the form (2). The proof is completed. =
Proof of Theorem 1.2 . In order to prove the result, by Theorem 1.1

we only need to prove the following:
o(P,(F)) = P,(F) < ¢ is bijective and ¢(P,(F)) C P,(F).
The “«<=" part. By Theorem 1.1, ¢ is of the forms (1) or (2). If charF # 2,

the conclusion is clear. On the other hand, for charF = 2, we already show
that (P, (F)) = P,(F) in the proof of the “if” part of Theorem 1.1.

The “=" part. We only need to prove that ¢ is bijective. In fact, by the
following

T,(F) = span(Py(F)) = span(p(Py(F))) C Ime C T,(F)

we get Imy = T, (F). So ¢ is surjective and furthermore it is bijective. m
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