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We extend the usual multipolar theory of linear Rayleigh and Raman scattering to include the
second-order correction. The new terms promise a wealth of information about the shape of a

scatterer and yet are insensitive to the scatterer’s chirality.

Our extended theory might prove

especially useful for analysing samples in which the scatterers have non-trivial shapes but no chiral
preference overall, as the zeroth-order theory offers little information about shape and the first-order
correction is often quenched for such samples. A basic estimate suggests that our extended theory
can be applied to a scatterer as large as kod ~ 1/10 with less than ~ 0.1% error resulting from the
neglect of the third- and higher-order corrections. Our results are entirely analytical.

I. INTRODUCTION

Light scattering is an all-pervasive phenomenon. To-
gether with light absorption, it is largely responsible for
the appearance of the material world [1, 2]. Theoretical
understanding of light scattering is sufficiently advanced
to enable determinations of the nature of interstellar dust
[3], radar [4], studies of the structures of viruses [5] and
the measurement of the salinity of seawater [6], to name
but a few applications. There is much still to be explored,
however, and the study of light scattering remains at the
cutting edge of research [7-15].

One can distinguish between different types of light
scattering [1, 16-21]. This paper is concerned with one
of the simplest and most common of these: a two-photon
process in which a quantum of light collides with an elec-
trically neutral scatterer [22]. Nonlinear light scattering
processes, involving three or more photons, are also pos-
sible and are proving increasingly useful [8, 9, 22]. We
do not consider these here, however: our interest is em-
phatically in linear light scattering.

If the aforementioned collision is elastic, it is usually
referred to as Rayleigh scattering for kod <« 1 [16, 23, 24]
or Willis-Tyndall scattering for 1/10 < kod < 10 [25],
with d a characteristic length of the scatterer and kg the
wavenumber of the incident photon. If the collision is
inelastic [19], it is referred to as combination [20] or Ra-
man scattering [21]. For kod <« 1, light scattering is of-
ten treated using the zeroth-order Rayleigh theory (or its
extension to Raman scattering), in which multipolar ex-
pansions for the scatterer are truncated at electric-dipole
order. The first-order correction to this theory was in-
troduced relatively recently [26, 27] and has proved ex-
tremely useful in the laboratory for the analysis of chiral
molecules [2, 5, 28-30], as it discriminates between left
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and right. For 1/10 < kod < 10, elastic light scattering by
scatterers with sufficiently simple shapes can be treated
using the mathematical machinery of (analytical) Mie
theory [1, 25]. Numerical approaches are usually used
instead for scatterers with more complicated shapes [3],
although a semi-analytical extension of Mie theory has
recently been put forward [7, 13].

In this paper we introduce the second-order correction
to the zeroth-order Rayleigh / Raman theory. The new
terms promise a wealth of information about the shape
of a scatterer and yet are insensitive to the scatterer’s
chirality (left versus right) if the scatterer happens to be
chiral. Our extended theory might prove especially useful
for analysing samples in which the scatterers have non-
trivial shapes but no chiral preference overall. Consider,
for example, a racemic sample of chiral molecules, as
might be produced in a symmetric chemical reaction us-
ing achiral precursors [31]. The zeroth-order theory offers
little information about the shapes of the molecules and
the first-order correction is quenched by virtue of there
being equal numbers of left- and right-handed molecules.
The second-order correction, however, can still be ex-
ploited as an incisive probe of the shapes of the molecules.
Our extended theory might also help bridge the perceived
divide between small scatterers (kod <« 1) and medium-
sized scatterers (1/10 < kod < 10): a basic estimate sug-
gests that the zeroth-order theory together with its first-
and second-order corrections can be applied to a scat-
terer as large as kod ~ 1/10, with less than ~ 0.1% error
resulting from the neglect of the third- and higher-order
corrections. Let us emphasise here that our results are
entirely analytical.

In what follows we imagine ourselves to be in an iner-
tial frame of reference with time ¢; right-handed Carte-
sian coordinates x, y and z with associated unit vectors
X, y and z and spherical coordinates r, # and ¢ with as-
sociated unit vectors t, 6 and éS The SI system of units
is adopted and the Einstein summation convention [32]



is to be understood, with subscripts a, b, ¢, ... running
over x, y and z. Complex quantities are indicated using
tildes, except where otherwise stated.

II. GENERAL CALCULATION

Our aim in this paper is to introduce the second-
order correction to the zeroth-order Rayleigh / Raman
theory as simply as possible. We focus our attention,
therefore, upon a semiclassical model in which a single
scatterer is illuminated by weak, quasi-monochromatic
light that has been ‘switched on’ slowly at some distant
time in the past. The scatterer could represent a small
molecule in vacuum [2], for example. We make no spe-
cific assumptions about the scatterer, except that it is
smaller than around one-tenth of the wavelength of the
illuminating light and is localised near the spatial ori-
gin (z =y = z = 0), so that we can perform converging
multipolar expansions about the spatial origin. The re-
lationship of the ‘local multipole approach’ [26, 27] used
in this paper to the ‘distributed dipole approach’ [3] is
examined in [33].

The electric and magnetic fields of the illuminating
light at the spatial origin have the following forms:

E ~» R (Ee “0") (1)
B~R (Be_i“’ot) , (2)

with wg = cko the angular frequency of the illuminat-
ing light. The illuminating light induces oscillations in
the charge and current distributions of the scatterer and
these oscillations are themselves the source of electro-
magnetic radiation: scattered light. The electric and
magnetic fields of the scattered light have the following
forms:

e~ R (&) (3)
b~ R (be_i“’t) , (4)

with w = ck the angular frequency of the scattered light.
This is equal to wp for Rayleigh scattering, or wg—wy; for
a Raman-scattering transition f < 7, where wy; is the an-
gular frequency of the transition. In this paper we use a
parameter A = 1 to help us keep track of order in our mul-
tipolar expansions. The powers of A quoted by us have
their origins in Taylor expansions. Each term in one of
these expansions has an additional spatial derivative (of
the illuminating light or scattered light) and length scale
(the position of some constituent of the scatterer relative
to the chosen origin of multipolar expansion) relative to
the term before it. We thus associate each power of A
with a factor of ~ (kod) ~ (kd) < (1/10), where d is a
characteristic length of the scatterer, as above. Far from

the scatterer (kr > 1),
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where [ig, éab and Qabc are the induced electric-dipole,
electric-quadrupole and electric-octupole moments of the
scatterer, and M, and M,; are the induced magnetic-
dipole and magnetic-quadrupole moments. These re-
sults, (5) and (6), constitute an extension of those given
in [2] to include terms of order A\* and can be regarded
as a special case of the results given in [34], particular to
harmonic oscillations. The induced multipole moments
of the scatterer are related to the illuminating light by
the scatterer’s property tensors:
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These results, (7)-(11), also constitute an extension of
those given in [2] to include terms of order A\?. Explicit
quantum-mechanical expressions for multipole moments
and property tensors are given in appendix A, where we
also show how the property tensors reduce under certain
special circumstances.

We consider the Stokes parameters s¢ (§ € {0,1,2,3})
of the scattered light, which can be written succinctly as
follows:

s¢ = fearCaly, (12)
with
foab = 00y + Ga by, (13)
Frab =040 — dadhy, (14)
f~2ab = _éang - anéb (15)
Faab = =i0a + 160y (16)

Note that fgab = ffba’ which ensures that the s¢ are real.

Furthermore anb, fmb, and f2ab are symmetric in a and
b and purely real whereas fgab is antisymmetric in a and
b and purely imaginary.



Working to order A2, we substitute (5) with (7)-(11)
into (12) and find that the Stokes parameters of the scat-
tered light take the following form:

Se w )\Oséo) + )\1321) + )\2322), (17)
with the séo), the sél) and the 822) as defined below.
The zeroth-order theory is embodied by the following:

s =587, (18)
with
5 Km( aabacdfﬁachEd) (19)
and
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as is well known [2; 22]. The zeroth-order theory is al-
ready sufficient to account in a basic way for the polar-
isation, depolarisation and colour of the light from the
sky [16, 23, 24], for example.

The first-order correction is due to interference be-
tween light waves scattered via the familiar property ten-
sor ‘a’ and light waves scattered via the optical activity
property tensors ‘A’ and ‘G’, as embodied by the follow-
ing:

st = sg e sg (21)

with
a-A 1 ~ A+ r3 I %
55 = KR gaabAcvdefgachadEe

ik _
+ Eaab

ﬁf?c*,deffadEbE:f’e) (22)
s¢7¢ = Km(&abégd feacEvB;;

1 ~ g% rs [ Ta% A
+ CaabgcdeecfféaeEbEdrf)v (23)

as is also well known [2, 22]. The first-order correc-
tion accounts for the leading-order contributions to op-
tical activity in an isotropic sample of chiral molecules
[26, 27]. Natural Raman optical activity has been devel-
oped into an incisive spectroscopic tool for chiral scatter-
ers both large and small [2, 5, 28-30]. In contrast, natural
Rayleigh optical activity has been reported for a hand-
ful of large chiral biological structures, including octopus
sperm [35], but has thus far proved elusive for small chi-
ral molecules [2], in spite of potential applications such
as the robust assignment of absolute configuration [36].
The difficulties here might be partially overcome using
structured light [37, 38]. Interestingly, orientated achi-
ral molecules can also exhibit natural optical activity via
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the first-order correction, embodied by the sél) [2], and
partially orientated chiral molecules can exhibit natural
optical activity via the zeroth-order theory, embodied by
the 820) [39].

We find that the second-order correction is due to mu-
tual interference between light waves scattered via the
optical activity property tensors ‘A’ and ‘G’, together
with equally important contributions due to interference
between light waves scattered via the familiar property
tensor ‘e’ and light waves scattered via the more exotic
property tensors ‘B’, ‘C”, ‘D’, ‘D™ and ‘x’, as embodied
by the following:
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the optical activity cross terms and
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the exotic interference terms. The second-order correc-
tion does not appear to have been described explicitly
before and is the central result of this paper. Accounted
for by the 322) are the “terms in G2 and A2?” alluded
to in [2]. Light scattering to second order has also been
touched upon in [33], where the possibility of new rota-
tional Raman lines with zero background is highlighted.

It is important to note that each of the optical activ-
ity property tensors ‘A’ and ‘G’ and each of the exotic
property tensors ‘B’, ‘C°, ‘D’, ‘D™ and ‘x’ is implic-
itly dependent upon our choice of origin for multipolar
expansions: they differ when calculated about different
origins. In appendix B we show that our physical predic-
tions (based upon the complete Stokes parameters s¢ of
the scattered light, with all terms of order A\°, A! and \?
considered simultaneously) are nevertheless independent
of our choice of origin for multipolar expansions, as they
should be.

As mentioned earlier, a basic estimate based on the

orders of the Taylor expansions reveals that séo) ~

(kod)_lsgl) ~ (k:od)_ng) .... This suggests that even for
a scatterer with kod ~ 1/10, the second-order correction
will yield a modification of only ~ 1% to the zeroth-order
theory. That is to say, exploitation of the second-order
correction in the laboratory will demand precision mea-
surements. This estimate also implies that neglect of the
third- and higher-order corrections gives rise to < 0.1%
error for kod $ 1/10, which suggests that the zeroth-order
theory together with its first- and second-order correc-
tions might serve as a precise alternative to numerical
approaches for kod < 1/10.

To better appreciate the validity of such estimates,
note first the well-established fact [2, 5, 28-30, 36] that

the first-order correction, which has contributions of the
form ‘a x A’ and ‘a x G’, is typically smaller than the
zeroth-order theory, which has contributions of the form
‘ax a’, by the predicted factor of ~ (kod). It follows im-
mediately (from ‘A ~ (kod)a’ and ‘G ~ (kod)’) that the
optical activity cross terms, which have contributions of
the form ‘A x A’, ‘A x G’ and ‘G x G’, will typically be
smaller than the first-order correction by the same factor
of ~ (kod). One expects the order of magnitude of the ex-
otic interference terms to be similar because a change in
the choice of origin for mutlipolar expansion intermixes
these with the optical activity cross terms as shown in ap-
pendix B. Preliminary calculations performed by us us-
ing a dynamic coupling model [40] support these claims.

The results we have given thus far are rather general.
They might be applied to Rayleigh or Raman scatter-
ing, on or off resonance, for any scatterer in any orien-
tation. Moreover, they can be extended to account for
the presence of static fields, by considering distortions of
the property tensors [2, 22]. Let us also emphasise that
our results can be applied for different forms of (quasi-
monochromatic) illuminating light: plane-wave illumina-
tion, considered below, is but one possibility. Hlumina-
tion by more exotic forms of light could open the door
to new possibilities, one example of which is highlighted
in section IV. Evanescent fields play important roles in
scattering-type near-field optical microscopy techniques
[10] and it has recently been shown that illumination by
standing waves yields new possibilities for optical activ-
ity [37, 38], to give two more examples of non-plane-wave
illumination in light scattering.

IIT. PLANE-WAVE ILLUMINATION AND
ROTATIONAL AVERAGING

A scattering experiment often involves a Gaussian
beam of light illuminating a fluid sample. The Stokes
parameters s¢ of the scattered light are measured as a
function of the Stokes parameters S¢ (¢ € {0,1,2,3}) of
the illuminating light and the scattering angle §. With
such a setup in mind, we now consider the following spe-
cific example.

With regards to the illuminating light, we consider a
plane wave propagating in the +z direction:

E = (Eoux + Eoyy) (33)
-1, =
B-= - (-Eoyk + Eo,¥) . (34)

We define the Stokes parameters S¢ of the illuminating
light as follows:

So = Eoo Egy, + Eoy E,,

Sy = Eou Ej, — EoyEgy,,

So = = (EouEj, + Eoy B,
S3 = —i (Eog By, — EoyEg,) -



We also average over all possible orientations of the scat-
terer, with this average denoted using angular brackets.
With regards to the observation geometry, we choose
¢ = /2 which restricts us to the y > 0 region of the
y — z plane, with

t = sin 0y + cos 6z, (39)
0 = cos 0y — sin 0z (40)
é=-%. (41)

Note that this choice does not limit the generality of the
results below.

Writing down the rotationally averaged Stokes param-
eters (s¢) of the scattered light in terms of the Stokes
parameters S¢ of the incident light involves calculating
the rotational averages of (25)-(32) and using (33)-(41).
Some of the terms in the second-order correction, em-
bodied here by the (s?)), have the same dependences on
the S¢ and the scattering angle 6 as terms in the zeroth-

order theory, embodied here by the (séo)). We therefore

consider the (séo)) and the (522)) simultaneously. The
general results are listed in appendix C. For the special
case of Rayleigh scattering of far-off-resonance light by a
time-reversible scatterer (see appendix A 3), they reduce
to the following forms:

(s + (s = K[Sg (A + cos 0B’ + cos® OC + cos® 6D”)

+ S sin? @ (E + cos OF") ], (42)

(8 + (s = K[Sl (G + cos OH' + cos® 0T + cos® 03”)
+ Spsin® 6 (K + cos AL") ], (43)
(s + (s = K3, (M’ + cos ON + cos” 60) (44)
<5§0)> + (sgz)) = K S5 (P' +cos6Q + cos® 0R') . (45)
Explicit expressions for the coefficients A, ..., R’ are listed

in appendix D. Note that (s,go)) +(s[()2)) and (s&o))+(5§2))
are independent of Sy and S5 and that <S§0)> + (s§2)) and
(55(30)) + (ng)) are independent of Sy and S;. Furthemore
for 6 =0 and 6 = m we obtain (s(()o)) + (s(()z)) o< Sp, (sio)) +
(5)) o< 51, (s) + (s87) o< S and (s$) + (s§7) o< S,

The coefficients A, ..., R’ can be grouped into three
types by their dependence on different subsets of the
property tensors. The unprimed coefficients (4, C, E, G, I,
K, N and Q) each have contributions of the following types:
‘a-a’, ‘A-A,'G-A,‘G-G, ‘a- B and ‘a- D™
The singly-primed coefficients (B, H', M, 0/, P’ and R’ )
each have contributions of the following types: ‘A — A’
‘G-A,'G-G,‘a-C", ‘a-D’ and ‘a-x’. Note that
there are no contributions of the ‘a — a’ type here: the
singly primed coefficients are of pure second-order char-
acter. Finally, the doubly-primed coefficients (D", F”, J”
and L") each have contributions of the types ‘A - A’ and
‘a—C". Note that the doubly primed coefficients are also
of pure second-order character.
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The first-order correction, embodied here by the (sél) ),
is of a rather different character to the zeroth-order the-
ory and its second-order correction, embodied here by
the (séo)) and the (522)). In particular, it has different,
optically active dependencies upon the Stokes parame-
ters S¢ of the incident light. In contrast, each of the
coefficients A, ..., R’ is unchanged when the scatterer is
inverted through the spatial origin. That is to say, the
rotationally averaged zeroth-order theory and its second-
order correction are independent of the scatterer’s chiral-
ity: they don’t discriminate between left and right. For

a particularly clear discussion of the (Sél)), see [41].

IV. OUTLOOK

In this paper we have focussed upon a single scatterer.
Our results are most relevant to elastic light scattering
in samples for which the scatterers can be regarded as
independent and in which multiple scattering is not im-
portant (a rarefied medium such as an ideal gas being the
prototypical example) and to inelastic light scattering at
essentially all sample densities, again provided that mul-
tiple scattering is not important [1, 2]. It remains to in-
corporate our results into more realistic, sample-specific
theories, where the motions of the scatterers, local field
corrections and other subtleties are taken into account.
This is especially important for small scatterers and / or
long wavelengths, as the second-order correction will be
especially small in such cases.

An obvious next step is to explore potential applica-
tions. A group-theoretical analysis of the coeflicients
A,...,R’ could prove useful here, as it might facilitate a
better understanding of their dependence upon the shape
and other properties of a scatterer (we already know that
A, ... R are independent of a scatterer’s chirality, for ex-
ample). One might hope to find a measurable combina-~
tion of A,... R’ that distinguishes between chirality and
achirality to directly probe the chirality of scatterers in
racemic mixtures, or a combination that is uniquely sen-
sitive to icosahedral scatterers for the purposes of virus
detection, for example. It is also necessary to identify ex-
perimental arrangements optimised towards the second-
order correction, as the signatures of interest will invari-
ably be small. Spatially structured light could prove use-
ful here. Consider the rotational average of our results
for a scatterer located in the node of a linearly polarised
standing wave, for example: there is no scattering to
zeroth-order (as E = 0) or first-order (as the illuminating
light is achiral [37, 38]) and the second-order correction
describes the scattered light to leading order.

It is natural, perhaps, to enquire about the third-order
correction to the zeroth-order Rayleigh / Raman theory,
although a basic estimate reveals that this will be smaller
still than the second-order correction by a factor of ~ kqd.
It seems that some progress in this direction has already
been made, however: we believe that the novel diamag-



netic light scattering described in [11] can be regarded as
part of an anticipated ‘x — x’ contribution to the third-
order correction.
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Appendix A: Explicit quantum-mechanical
expressions

In this appendix we give explicit quantum-mechanical
expressions for multipole moments and property tensors.
We also show how the latter reduce under certain special
circumstances.

Let us suppose that the scatterer is a molecule in
vacuum: an electrically neutral collection of electrons
and nuclei, bound together by electromagnetic interac-
tions. We treat the kth particle (electron or nucleus) as
a point-like object of rest mass my, mean position £y = rg,
canonical momentum py = —ihVy, electric charge g, and
magnetic-dipole moment my = VxS, with v the gyro-
magnetic ratio and §; = hoi/2 the mean spin, where oy,
is a pseudovector of Pauli matrices. We indicate depen-
dencies upon position r = X + yy + 2z but refrain from
indicating dependencies on time t, for the sake of nota-
tional simplicity.

Working to order 1/c°, the molecular Hamiltonian is

H=Hy+V (A1)
with
-2
2 Px qrqk
Hy=) —/+ . A2
Zk: 2my ; Kz Smeo[Tr — Fr| (42)

the unperturbed molecular Hamiltonian and
V=3 aqu®(tr)
&
dk A . .
- S P AE) + A(Er) - Pr]
k 41k
7
=Sy B(Eg) + ) - A% () (A3)
k R 2

the interaction Hamiltonian, where ®(r) and A(r) are
the scalar and magnetic-vector potentials of the illumi-
nating light, the electric and magnetic fields of which
follow as

E(r) = -v&(r) - A(r) (A4)
B(r) =V x A(r). (A5)

For a detailed discussion of the relativistic properties of
a molecule to order 1/c?, see [42]. We imagine that the
energy spectrum of the molecule in isolation is known:

Hyls) = hws)s), (A6)

with |s) the unperturbed energy eigenstates and hws the
associated energy eigenvalues.

Working to order A2, we now choose the following po-
tentials [28, 34]:

1
B(r)w A0 - \0r B, - \! 5ram,abEa
1
- AngarbrcacﬁbEa (A7)

1 1
Aa(r) ~ —)\1 §6abcrbBC - )\2§6abc’rbrdadBCa (AS)

with ® = ®(r = 0), for example. Substituting (A7) and
(A8) into (A3) yields the following multipolar expansion
about the spatial origin:

~ 14
Va-\0.E, - N, B, — Alg@ababEa

- )\2%mababBa - )\2%QabcacabEa7 (Ag)

with the multipole moments ji,, Mg, éab, Mgy and Qabc
as defined below. We have neglected nonlinear terms in
(A9), as our interest is in linear light scattering.

1. Multipole moments

We define the (components of the) electric-dipole mo-
ment fiq, the canonical magnetic-dipole moment 17,
the mechanical magnetic-dipole moment M,, the sym-
metric and traceless electric-quadrupole moment O,
the canonical magnetic-quadrupole moment 745, the
mechanical magnetic-quadrupole moment Mg, and the
electric-octupole moment @Q,p. of the molecule about the



spatial origin as follows [2, 34, 43]:

fla = ) QkTkas (A10)
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2
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R 2m dk
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1
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%
with
. 1 .
Vi = — [Dr - @ A(Tr)] (A17)
mi

the velocity of the kth particle. Working to order A%, we
use (A8) to deduce that

2
v A 9
MM, = M, - AL Zk: %eabbrkbA (Tx)
~ Mg + AQXEL‘Z)B,, (A18)
2 2 4 2 2%% A N
N M = N1ivap — A > €acdTkb ke Ad(Tr)
k 3mk
~ Mg, (A19)
with
(@) q;
Xab = Z —£_ (fkafkb - 6abfk‘cfkc) (AQO)
& 4mk

the diamagnetic susceptibility of the molecule about the
spatial origin. It will prove useful in appendix B to recog-
nise, in addition to (7)-(11), the following;:

AN, AT By + 22 D<">a By

a,be
L 2B, (A21)
N Qab » N Q) B+ NCP) 04
+ A?@fff,{B (A22)
with the property tensors g( ") D((l"b)c, ~f£)7 M;?C) , C’ing d

and 9{%2 defined identically to the property tensors %b,

Da,bw )Zaln %,bca C~Vab,cd and @a,bc but with ma replaced
by the canonical orbital magnetic-dipole moment 7, of
the molecule about the spatial origin in the former three
and O, replaced by the symmetric but not traceless
electric-quadrupole moment @, of the molecule about
the spatial origin in the latter three, where

abcfkbﬁkc (A23)

Kk
2m
q PraTkb- (A24)

Working to order A\?, we can again use (A8) to relate the
mechanical orbital magnetic-dipole moment N, of the
molecule about the spatial origin to 7,:

AN, =AY I
k

:Alﬁa—A12

% Mg + A2 ()Bb,

2 6abc’r‘kbvkrc

72
o eapetrnAc(Tr)
2my,

(A25)

which is distinct from (A18).

2. Property tensors

A simple quantum-mechanical treatment akin to that
given in [2, 34, 43] gives the following explicit forms for



the molecule’s property tensors:

1 fs, st fs si
Ggp = — Z ,,’ua H’b + f’[/b :ua , (AQG)
h <\ Wi —wo w;'f+w0
B 1 fssi @fs st
Agpe =+ Z flla be + = betla y (A27)
h S\ @s; —wo w;f+w0
N 1 @fs s1 fs@Qsi
ejMa be = 7 Z = betla + .’,ua be s (A28)
h S\ @s —wo w;f+w0
N 1 fs,,80 mfs s1
Gup= 3| Loy Mo e ) (A9)
h s \ Wsi —Wo w;f + Wo
B 1 fs,, st fsmsi
Gu =7 Y| 2t Fr e ) (a30)
h S\ Ws —wo w;f + wo
B 1 fssi fs  si
Baped = T Z /‘j’a Qde + ?deua s (A31)
’ h s \ Wsi —Wo w;’f+w0
fs  si fs)si
_ 1
By o = — Z ?bcdua 4 lfa Qpea ’ (A32)
’ h <\ Ws; —wo w;‘f+w0
B 1 @fse)si @fSG)si
Cab cd = 54 Z = ab “cd + = cd —ab (A33>
’ 3h G\ wsi —wo w;’f + wp
~ 1 fs@si @fs Bl
Da be = T Z 7~na be + = be Ta ) (A34)
’ h 5\ Wsi —wo w;'f+w0
5 1 @fs si fs@si
@a bec = T Z = be T + fna be ; (A35)
’ h S\ @s —wo w;f+w0
N 1 fsmsz mfslusi
D(m) i Z Ha bc + be Fa (A36)
a,be h S Wi — Wo L:J;f + Wo ’
¥ )
@(m) — l Z malf'utsrz n Nfsmgﬁ (A37)
c,ab h s a)si —wo L:J;f + Wo
~(d
Kb = (F1%63 1)
1 mfsmsi mfsmsi
" E 0 ; : + ~>fb - ’ (A38)
s \ Wsi —Wo wsf + Wo
with
- 1.
Wy =Wgq — ilrfl (A39)

a complex transition angular frequency, where s’ =
(8|fia]i), for example. We have dropped explicit state
exclusions from the summations [2] and refrained from
using tildes for potentially complex matrix elements, for
the sake of notational simplicity.

3. Reduced property tensors

For the special case of Rayleigh scattering of far-off-
resonance light by a time-reversible scatterer w = wg, and
we approximate the property tensors by the following

forms:

Qab = Qab, (A40)
Agpe = Aabes (A41)
A pe = Aa,bes (A42)

Gap = -Gl (A43)

G =G, (Ad4)

Cab.cd = Cab.cds (A45)
Ba ped = Ba.ped; (A46)
Baped = Ba ped, (A4T)
(A48)
(A49)
(A50)
(A51)
(A52)

Dy pe = -iD,,

a,be

-@a,bc =1iD|

a,ber

D(m) _ _iD(m),

a,bc a,bc ?
gz(m) _ iD(m)'

a,bc a,bc

)zab = Xabs

with, for a molecule in particular,

o= & M), (453)
Ause= 3 ¥ 2 2R 65), (A54)
= h i), (455)
Bua= 3 ¥ 2 2 Rk Qi) (A56)
Canca= 35 % 22 2 (0401, (A57)
A Dl (458)
DU =2 3 (i mi) (450)

s St

0
da(d))s 2 Wsi is_ si
Xab = <7’|Xa |Z> + - Z 9{("ﬂna‘ my, ) (A60)
b h % w? —w?

S

Again, we have dropped explicit state exclusions from
the summations [2] and refrained from using tildes for
potentially complex matrix elements.

4. Reduced property tensors for a scatterer with
spherical symmetry

For a scatterer with spherical symmetry, the reduced
property tensors described above reduce further to the



following forms:

Qap = Oap ¥, (A61)
Aape =0, (A62)
o = 0ap G (A63)
Babed = (0ap0cd + 0acOpd + daddee) B, (A64)
Coab.ed = [20ap0cd — 3 (0acObd + 0addpc) ] C, (A65)
ape =0, (A66)
D "' = ey D (A67)
Xab = dabXs (A68)

with the scalars o, G', B, C, D'(™) and x dependent
upon the precise nature of the scatterer, of course. Devi-
ations away from the forms seen in (A61)-(A68) encode
information about the shape of the scatterer.

Appendix B: Origin independence

In this appendix we show that our physical predictions
are independent of our choice of origin for multipolar
expansions, as they should be. The calculations here are
rather intricate and we focus our attention, therefore,
upon Rayleigh scattering of far-off-resonance light by a
time-reversible scatterer (see appendix A 3).

Elsewhere in this paper we have chosen the origin of
our multipolar expansions to coincide with the spatial
origin. Here we choose a different origin for our multi-
polar expansions, located at position a (sufficiently close
to the spatial origin to ensure converging multipolar ex-
pansions). We use a prime to indicate that a quantity is
defined relative to a. This should cause no confusion, ex-
cept perhaps in the case of the reduced property tensors

Gups Dy 4 and Df:;g’, which are defined relative to the
spatial origin and already have a prime (as per the con-

ventional notation): we denote the corresponding quanti-

ties defined relative to a as (G7,;)’, (Dy, ;)" and (D(m) ).
In place of (A7) and (A8) we choose

1
d'(r) ~ Ao - )\Or('lE; - /\lgréré@bE('L
1
- )\267”' Ty 0.0y EL (B1)
1
Al (r) ~ =\ eabcrbB' A2§eabcr;,r;ad3;, (B2)
with ' = r—a and ® = ®'(r = a), for example. Note

that (B1) and (B2) differ from (A7) and (A8) by a gauge
transformation. In place of (A9) we obtain the following
multipolar expansion about a:

V'~ X0 ED - Al B! - = G’babE’

1
- A2§mabab3; - A26Qabca WE!, (B3)

with the primed multipole moments fi/,, /., ©,, m’,
and Q'

abce

defined identically to the unprlmed multipole

moments fiq, Maq, @ab, Map and Qabc but with the posi-
tion Iy translated as 1}, = #, —a. Thus

flo = ) dkTha (B4)
k
2
m; Z qfk (Gabcf;qbﬁkc + Mk §ka) ) (B5)
& 2my qk
for example. It follows that
ﬂ; = ,&/av (BG)
. . 1 ira
My, = Mg — 5 €abelby [Ho. fic], (B7)
.3 3 )
ab = ®a - 5 a,Ufb - 2ab,ua + 5abacﬂca (BS)
2
m;b = mab + 3€acdabac h [H()a /u'd]
- 2abma - 36acdach [HOa de]
2
+ 7(5abacﬁc (BQ)
Qabc Qabc + aaab,uc + aaac,ub + abac,ua
- aach - aanc - acQab- (BIO)

Note that Qab and n, have emerged naturally here, as
anticipated in appendix A 1. Working to order A2, we
use (B2) to deduce that the primed mechanical magnetic-
dipole moment of the molecule is

A=A 5 Y by e
1 Ak/ 1 q2
=X, — A ;meabcrkb/l (tx)
~ Al + X2 (D) By, (B11)
with
() =¥ g "k - (Flafle ~0wiicfl)  (B12)

the primed diamagnetic susceptibility of the molecule.
Working to order A? and linear order in the illumi-

nating light, we find that the expectation values of the

primed multipole moments have the following forms:

AW g [0 Xl )

+ A" (fipe o), (B13)

AW [N W) w A (il i)
+ AR (MeT w0t (B14)

AW 00, 0) m A (i[O, i)
+ AR (0,670, (B15)

N (W[ Mgy [ W) » X (ilring i)
+ N2 (M e w0t (B16)

A2 (W|Q0pel ) N (i1 Qi)
+ MR (Qhpee ™), (BL7)

abc



with

- 1
NGy~ Xal, By + Alg a.be

d.Ep - \i(al,) By
1 _ 1 _
+ AQEB;bcdadacEg - )\251(D(m))’8cB{,,(818)

a,be

N . 1 .
Ny = N(Gy) By = N 21D ) 0c By

+ N X0 By, (B19)

)‘Ié;b N AlA;,abEé + )‘2C;b,cdadEé
+ Ni(D;q) Be, (B20)
A0, ~ A5(D) Y EL (B21)
N Quve ¥ N Bl ape By (B22)

where the primed reduced property tensors a,, A’

a,bc?
(Gw)'s B;,bcdﬂ (Dt(:gg)la (Dfl,bc)'a X and C:zb,cd are de-

fined identically to the unprimed reduced property ten-
SOr's Qgp, Aa,bcv G;ba Ba,bcda D((;ZL D:z,bc’ Xab and Cab,cd
but with primed rather than unprimed multipole mo-
ments. Thus

0= 2 ¥ Rl sl (B23)

wg,; — W

(G = =3 ¥ =3l ls) sl i), (B24)

si 70

for example, where once more we have dropped explicit
state exclusions from the summations [2] and refrained
from using tildes for potentially complex matrix ele-
ments.
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It follows that

Wy = Qab, (B25)
/ 3 3
a,be = Aa,bc - iabaac - §acaab + §bcadaad7 (B26)
wo
(Gaw) =Gy + 5 Cbed@cCad, (B27)
clz,bcd = B(thd + apAcQad + ApAdQge T AcQdQab
—ap A~ ac AL — aa A (B28)
3
Cop.ca = Cabed + 70a0ca + 7 0a0aQe + 7 Ah0cCad
3 1 1
+ Zabadaac - §§abacaeade - géabadaeace
1 1
- iécdaaaeabe - iécdabaeaae + géabécdaeafaef
1 1 1 1
- §aaAb,cd - iabAa,cd - §acAd,ab - iadAc,ab
1 1
+ géabaeAe,cd + gécdaeAe,abz (B29)
30.}0 30.}0
(D:z,bc), = ;,bc + Teadeabadaec + Teadeacadaeb
wo wo
- ?eadeadAe,bc - ?5bc€adeadafaef
3 ! 3 ’ ’
+ iacha + iaCGba - 5bcadea, (B30)
’ r 2w w
(Di?zz )’ = D((L?ZZ - ?Oebdeacado‘ae + goebdeadA((;?c)e
2 ’
- 2a,G", + gébcadej;) (B31)
W w
X;b = Xab t ?OeacdacGIdb + ?OebcdacGIda
wp
+ Zeacdebefacaeadf- (B32)

Note that Affi)c and GE:;) " have emerged naturally here,
as anticipated in appendix A 1.

Working to order A%, we substitute (B25)-(B32) into
(B18)-(B22) and Taylor expand the illuminating light

about the spatial origin as
07 ., 10 1 21
NE, s N Ey + XN apOpE, + A iabacﬁc&lEa, (B33)

for example. Comparing the results of this calculation
with (7)-(11), with the latter expressed in terms of re-
duced property tensors using (A40)-(A52), we find that

/1:1 = [la; (B34)
~, ~ 3 . 3 5
ab = ®ab - §aaﬂb - §abﬂa + 5abac/~LC7 (B35)
W, =1 + %Oeabcabﬂc, (B36)
~ 2iw . ~
b = Map - Toeacdabac,ud - 2apM,
. _ 9 _
+ lw?oeacdachd + §§abach (B37)
Q:zbc = C}abc - aa@bc - a/b@ac - acQab
+ A apflc + Qo fipQe + flgApQec. (B38)



Note that N, and Qab have emerged naturally here, as
anticipated in appendix A 1.

Finally, a calculation analogous to that which gives (5)
and (6) [2, 34], but with a chosen as the origin of mul-
tipolar expansion, shows that the electric and magnetic
fields of the scattered light have the following forms:

e n R (&™) (B39)
b’ ~ R (b'e ), (B40)
with
2 ik(r-t-a)
- How? e P -
e, OT((Sab - rarl,)(/\ougJ
+A! lebchc’fd ke Tofe
C
2 lk el oA A 2k2 7 A A
- )\ ?cebchce’l’er - )\ Fchdrcrd (B41)
-1
bl & = €abelben, (B42)
(&

far from the scatterer. Working to order A2, we substitute
(B34)-(B38) into (B41) and (B42) and Taylor expand the
phase factor as

(i . 1
elF(r=ta) o oikr [/\0 -Mi.a- A2§k2 (t- a)2] . (B43)
giving

& —eam APAO L XA L \2ZA@) (B44)
with Ago) = AS}’ = A((f) = 0. Thus, the scattered elec-
tric and magnetic fields are independent of our choice of
origin for multipolar expansions, as they should be. It
follows that

Sé = fgabé;é;f
=S¢ (B45)

to order A2. Thus, the Stokes parameters of the scattered
light are also independent of our choice of multipolar ex-
pansions to order A2, as they should be.

The calculations above illustrate the need to consider
all of the relevant multipole moments and property ten-
sors simultaneously: if any one of these is omitted, ‘physi-
cal’ predictions are obtained that depend upon our choice
of origin for multipolar expansions. These predictions are
meaningless, of course, as they are not unique.

Appendix C: General expressions for the Stokes
parameters after rotational averaging

In this appendix we list the rotationally averaged ver-
sions of the 5{*) and the s{? for plane-wave illumination,

as described in section III of the main text. We have
calculated these results using the procedure described in
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[22], where the rotational average (T,,. 4, ) Of a tensor
T,,..an of rank N is calculated as follows:

N
<Tal«~~aN) = I( ) ol Ta’l...a’Na

ai...anaf...aly

(C1)

with Izggt):da’b’c’d” I(S,zt):dea’b’c’d’e’ and Itgggdefa’b’c’d’e’f’ as
seen in (A2.20), (A2.24) and (A2.26) of [22]. In some
of the equations below we have refrained from including
tildes and superscript labels, for the sake of notational
brevity. The results are quoted in terms of isotropic com-
binations of property tensor components, which are de-
fined after each set of contributions. These have been
defined so that they all have the same dimensions and
are all real for the special case of Rayleigh scattering of
far-off-resonance light by a time-reversible scatterer.

Let us emphasise that no special assumptions have
been made here about the scatterer: the results below
are rather general.

The ‘a—a’ terms are

a-« 1 Aa—a
(se7) = K9 (g A).

40
with
Ag—a = So (=M + 14 M5 — M3)
+ S cos® 0 (3M; — 2My + 3M3)
+ Sy sin? 0 (3My — 2M, + 3Ms) (C2)
A = 8y (~3M; +2M; - 3Ms)
+ 51 cos® 0 (=3M; + 2My — 3M3)
+ Spsin® @ (~=3M; +2My - 3M3), (C3)
AS™ = Sy cos 0 (=6 My + 4 My — 6Ms) (C4)
AS™ = S3cos 0 (10M; - 10Ms3), (C5)
where
tha = daad;b, (06)
M™% = @gpay (C7)
M™% = Ggpay, (C8)

are the relevant properties of the scatterer.
The ‘A - A’ terms are

A-A 1 (544, pa-a | AA-4
(s874) = KR o (A4 4 BEA 4 62 | (o)
with
A = Sy (3M + 3My)
+ S cos? 0 (—9M; — 9M>)

+ Sy sin? 0 (9M; + 9My) (C10)
A=A = 81 (-9M, - 9My)

+5 cos? 0 (-9M; - 9M>)

+ Spsin® 0 (9M; + 9My) (C11)
A=A = 8y cos O (~18M; — 18My), (C12)
AL = Sy cos 6 (14My - 14My) (C13)



B4 = Sy cos 0 (24 M — 60My)

+ Sp cos® 0 (~40Ms + 16My)

+ 5 sin? 0 cos § (—40Ms + 16My)
B4 = S} cos 0 (-32M — 4My)

+ 81 cos® 0 (40M3 — 16M,)

+ Spsin? @ cos O (40Ms — 16My)
B = Sy (~36 M3 + 6My)

+ S5 cos? 0 (44 M3 — 26 M)

+1S5sin? 0 (28 M5 + 14My)
B4 = S5 (28 M3 + 14 M)

+ S3cos® 0 (-84 M3 — 42M)

+1Sysin® @ (28 M3 — 14My) ,

C&= = Sy (3M;5 + 3M;)
+ Sg cos? 0 (—9Ms5 — 9Mg)
+ Sy sin? 0 (—9Ms5 - M),
CAA = 81 (<9M5 — 9Mg)
+ 81 cos? 0 (—9Ms5 — 9My)
+ Sgsin® 0 (~9Ms - 9Ms)
C4 = Sy cos O (18 M5 — 18 M)
O34 = S3cos6 (14Ms — 14 M) ,

where

A-A wh
~ A o = -
Ml = chgﬂabA

c,ber
A-A _ Wo
-A _ %0 A *
M2 - cigAa’bCAb,am

TA-A _ WowW £ x
M3z = 2 Aa,ab b

Mf_A = %Aa,bc%taca
AW 7%
M5 = Cﬁﬂa,ab%,bc
-aa_ W - 7
MG = cigdaybcﬂfb,ac

are the relevant properties of the scatterer.
The ‘G — A’ terms are

_ 1 (s =G G
(s? A)zKiRl(A? A+B5G A+C’5G A

(C14)

(C15)

(C16)

(C17)

(C18)

(C19)
(C:20)
(C21)

(C22)

(C23)
(C24)

(C25)
(C26)

(C27)

(C28)

with

AS = 8y (2M - 4M5)

+ Sy cos? 0 (—6M, +12M5)

+ Sl sin2 0 (—2M1 + 4M2) s
AS A = ) (2M - 4My)

+ 5 cos® 0 (2M, — 4My)

+ Sosin? 0 (6M; — 12M5)
Ag_A = SQ cosf (4M1 - 8M2) 5
A4 = S3cos6 (~12M7)

BS™ = Sy cos0 (-12My) ,
BY4 = ) cosO (-8M; + 4My)
BS~4 = 8y (~4Ms + 2My)
+ Sy cos? O (~4Mj + 2My)
+1S3sin® 0 (=4 M5 + 2My) ,
BS™A = S5 (~4Ms + 2My)
+ S5 cos® 6 (12M3 — 6My)
+1S sin? 0 (-12M5 + 6]My)

C§ = Sycosh (12Ms)
CY A = 8 cosO (-4 M5 + 8Mg) ,
CF~ = Sy (~2M5 + 4Mg)
+ S5 cos? 0 (—2Ms + 4 M)
+1S3sin? 0 (=6 M5 + 12M;)
C§A = S5 (~2M5 + 4 M)
+ Sy cos? 0 (6Ms — 12Mg)
+1S;sin? 0 (-2M;5 + 4Mg) ,

DS = Sy (4M7 - 2My)

+ So COS2 0 (—12M7 + 6Mg)

+ Sy sin? 0 (-12M7 + 6Mg) ,
DS = Sy (4M7 - 2Mg)

+ S cos? 0 (4M7 — 2Mg)

+ Sosin? @ (4M7 — 2Msg) ,
bQG_A = Sy cos (8Mr7 — 4My)
DS = S5cos6 (12Mg),
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(C29)

(C30)
(C31)

(C32)
(C33)

(C34)

(C35)

(C36)

(C37)

(C38)

(C39)

(C40)

(C41)

(C42)



where

~ iwg - ~
2 EabCAaJ)dGCda
. iwo -
TfabcAmbdeca
C
~ iw - =
?eabcda’bdchu
C
~GoA _ W e A
M4 = Eﬁabcda’bde(;,
~ iwg - ~
2 €abcAa7bdgcd7

By iwo < s
2 €abcAa7bdgdC7

TG-A iw 7% ]
M7 = geabcda,bdng

~ oA lw o
Mg = gﬁabc%a’bdgdc

are the relevant properties of the scatterer.
The ‘G - G’ terms are

(C43)
(C44)
(C45)
(C46)
(C47)
(C48)
(C49)

(C50)

(s¢7) = K| 135 (A6 + BEO 4. CE-) | (51)

1
120
with
ASC = Sy (~My +14M; — M)
+ Spcos? 0 (3M71 —2Ms5 + 3M3)
+ 8 sin? @ (=3M; + 2M>5 — 3M3)
A$=C = 81 (3M; — 2M, + 3Ms)
+ S cos? 0 (3My — 2M; + 3Ms)
+ Sgsin? 0 (~3My + 2My — 3M3)
AS™Y = Sy cos0 (6M, — 4Ms + 6Ms3)
AS™C = S3cos0 (10M; — 10M3),

BSC = 8y cosf (~20My + 20Ms) ,

BEY = 8, cosO (~12M, + 8Ms5 — 12M)

BS¢ = S, (~=6 My + 4Ms5 — 6 M)
+ Sy cos? 0 (—6 My + 4 M5 — 6 M)
+1S3sin? 0 (-6 My + 4Ms5 — 6Mg)
BS~C = 83 (2My — 28 M + 2My)
+ Sy cos? O (—6 My + 4 M5 — 6 M)
+1S;sin? 0 (6 My — 4M5 + 6Mg) ,

CF™C = Sy (~My7 + 14 Mg — My)
+ S() COS2 0 (3M7 - 2Mg + 3Mg)
+ 81 sin? 0 (3M7 — 2Ms + 3My)
CEC = Sy (3M7 — 2Mg + 3My)
+ 81 cos? 0 (3My7 — 2Mg + 3My)
+ Sosin? @ (3M7 — 2Mg + 3My)
C§™% = Sy cos0 (6My — 4 Mg + 6My)
C§™Y = 3080 (10M7 — 10My),

(C52)

(C53)
(C54)
(C55)

(C56)
(C57)

(C58)

(C59)

(C60)

(C61)
(C62)
(C63)
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where
V6 = 56 (C64)
My=¢ = C%Gabé;m (C65)
B = GG (Co6)
B = = Cos, (Co7)
WG = G, (cs8)
W = 5 Guri, (C69)
VG = S Gu (C70)
WG = G, ()
WSO = Gy, (c72)
are the relevant properties of the scatterer.
The ‘a - B’ terms are
(s27%) = Kot [ o (g2 B (om)
with
A8 = Sy (6M, — 36 My + 6 M3 — 16M,)

Aa—B
Af

Aa—B
Aj

Aa—B
A3

poa—B
BQ

poa—B
BB

+ S cos? 0 (~18 My — 4My — 18 M + 48 M)
+ S, sin%0

x (=10M +4My — 10M5 + 8My) (C74)
= 51 (10M; — 4My + 10Ms5 — 8My)

+ 51 cos? 0 (10M; — AMy + 10Ms — 8My)
+Spsin? 6

x (18My + 4My + 18 M5 — 48My) (C75)

= SQ cosf (20M1 - 8M2 + 20M3 - 16M4) ,(C76)
= Sg cosf (—28M1 + 28M3) s (C77)

= Sy (6 M5 + 6 Mg — 36 M7 — 16My)
+ S cos? 0 (—18 M5 — 18 Mg — 4 M + 48 My)
+ S sin%0

x (—18Ms5 — 18 Mg — 4 M7 + 48 My) ,

= S; (10M5 + 10Mg — 4M7 — 8My)

+ 81 cos? 0 (10Ms + 10Mg — 4M7 — 8 Myg)
+ Sgsin® 0 (10Ms + 10Mg — 4M7 — 8Mg) , (C79)
= S5 cos 0 (20Ms5 + 20Mg — 8 M7 — 16 Mg)
= S3cos0 (—28 M5 + 28Ms) ,

(CT8)

(C80)



where
MlaiB - (z;) daaBb beer
MQOhB = %&ab ~;,bcc’
Ml?iB = L:S dabBb acc?
MéféiB = 7200701? ~z—,a.bcﬂ
C
MSOKB = gdaa@; bees
MgéiB = 70@5%(1 beer
MgiB = %dab'@;acc
MéxiB = 2 CNkab'%?:abc

are the relevant properties of the scatterer.

The ‘a - C” terms are

1 -
a-C a-C
KR(——A 1
(€70 = (1260 ¢ ) ’ (C81)
with
AS7C = Sy cos 0 (—=6M; + 30My — 12Ms)
+ Sp cos® O (10M; — 8 My + 20M3)
+ S, sin? 0 cos b (10M7 - 8M5 +20M3), (C82)

A% = 8 cosf (~6M, +2M, + 16M3)

+ S cos® 0 (~10My + 8Ms — 20M3)

+ Spsin® @ cos @ (~10M, + 8 M — 20M3) ,(C83)
AS7C = Sy (2M, — 3M, + 18M3)

+ Sy cos? 0 (~18M; + 13My — 22M3)

+1S5sin? 0 (=14My + 7TMy + 14Ms3) (C84)
AS7C = S5 (=14 M + TMy + 14Ms3)
+ S5 cos? O (42M, — 21 My — 42M5)
+iSysin® @ (~14M; + TMy + 14Ms),  (C85)
where
M{I—C - @daaégc ber (086)
c
M50 = 2060 Ce e (C87)
c?
~ro— wwo - %
M?)a ©= 2 aabcbc,ac (088)
are the relevant properties of the scatterer.
The ‘a— D’ terms are
a-D
= KR A ) , C89
tse) (180 (C89)
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with
AS™P = Sy cosf (=6 M, + 6 My — 6Ms3) (C90)
AP = 8y cosf (~2M — 2My + 2M5 — 4My) , (C91)
AS™D = Sy (=M — My + My - 2My)
+ Sy cos? 0 (=M — My + M3 — 2My)
+1S3sin® 0 (My + My + 3Ms — 6My)
AS™P = Sy (M + My — Ms + 2My)
+ Sy cos? O (=3M; — 3Ms + 3M3 — 6My)
+1Sysin? 0 (=3My — 3My — M3 + 2My) ,(C93)

(C92)

where
- iw L~
M{l D = gGabcaab.@d7cd, (094)
ro— iw ~ *
M b :Eabcaad-@b7cd> (095)
ra-D _ wO
M3 2 e(lb(‘a{ldDb ,ed (096)
NP = o =D capedar D} oq (C97)
c?
are the relevant properties of the scatterer.
The ‘a— D™’ terms are
1 /- m m
a-D™ a-D a-D
KR[— (A +B C98
<S§ ) [120 ( € £ )] ’ ( )

with
AS™D™ = S (M, - 8My + 6Ms + My - 6Mg)
+Sg cos® 0 (=3M; + AMy + 2Ms — 3My, — 2My)
+ 5 sin%0

X (MI_QMB_M4+2M5_2M6)7 (099)

ASDP™ = Gy (=M + 2Ms + My — 2Ms + 2My)

+ 51 cos® O (=M, + 2Ms + My — 2Ms + 2Mg)

+ Spsin? 6

x (3My — 4My — 2Ms + 3My +2Mg),  (C100)
A3P" = Gy cos6

x (=2Mj +4Ms + 2M, — AMs + 4Mg),  (C101)
AP = Sscos0 (2M — 2My + 8Ms) (C102)
B§™P" = Sy (—-Ms - Mg + 6Mi3)

+ Sy cos? 0 (3Mg + 3Mi + 2M15)

+ Sy sin® 0 (3Mg + 3Myo + 2M5) , (C103)

BO™P™ = G (~Mg +2Mg — Myg + 2My — 2My3)
+ S cos? O (—Mg + 2Mg — Mg + 2M1y — 2M15)
+ Spsin? 6
x (=Mg +2My — Mg +2My1 — 2Mi5)
Bg‘Dm = Sycosf
x (=2Ms + 4Mg — 2Myo + 4My — 4My5) (C105)
B%“‘Dm = S5 cosf
x (—4M7 — 2Mg + 8Mg + 2M19 — 8M11),

(C104)

(C106)



where
NP - H;}Toﬁabcdach?Zd*’
NP - 1;‘;0 eabcdabbdnzgi*’
WP = D i DY
MR %%bcdaleg%*’
MpTP" %EabcdadDbTZC)*7
NP %eabc@adbz(:;c)*’
M;’_D - ICL;}ecbbcéiéab‘@crgg*7
MSOFD = i—(;}eabcdabgénclzg*’
]\ngafDm = feabc@abgcgrzg*’
MigP" = lc%ﬁabcdadgzéj:d)*’
Mﬁ_Dm - geabcdad@ézc)*

a-D™ _ W o)
M12 = gﬁabcaad.@d,bc

are the relevant properties of the scatterer.
The general ‘a —x’ terms are

Ao X),

<S?MZK%(GO ¢

with

AgX =
ASTX =
Ay =

Socos@ (10M; — 10M3),
Sy cos@ (—-6Mq +4My - 6Ms3),
Sy (=3M; +2Ms — 3M3)
+ 85 cos? 0 (=3M; +2Ms — 3M3)
+1S3sin? 0 (3M, — 2M, + 3Ms3)
Ss (=M +14Ms — Ms)
+ S5 cos? 6 (3M7 - 2M5 + 3M3)
+1Sgsin? @ (3M; — 2M> + 3Ms)

AO‘X

where

aaaXbba
_ ~ ~%

2 = Cj%bxab
_ ~ ~%

3 = gaabXba

are the relevant properties of the scatterer.

(C107)
(C108)
(C109)
(C110)
(C111)
(C112)
(C113)
(C114)
(C115)
(C116)
(C117)

(C118)

(C119)

(C120)
(C121)

(C122)

(C123)

(C124)
(C125)

(C126)
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Appendix D: Explicit expressions for the coefficients

A, ... R

In this appendix we list explicit expressions for the
coefficients A, ..., R’.

The unprimed coefficients are

C=

E=-K

k
+ -0 (2€abcaadDZ§ ci

0 (m)’
+ ( eabcaadDb ed + 8€abcaadDd7bc )

S
40
2

7560

(_aaaabb + 13aabaab)

(GAa abAc be + 6Aa bcAb ac)

ko / /
W (4€abcAa bdch - 8€abcAa,bdec)
b (-2G1, Gy + 4G Gl ~ 261 Gh)

Bb bee — 60aabBa,bcc - 3204abBc,abc)

5040

12¢apeaaDy}) ), (D1)

120c

1
- (3aaaabb + CYabo%r,b)

40
kO
7560 ( 18Aa,abAc,bc - 18Aa,bcAb,ac)
k
368 ( 12€abcAa,bdG;d+24€abcAa,bdG:jc)
+ 5075 (6G0u Gy ~ 4G, Gly + 66l Gl,)
k
+ 50400 (_3604aaBb,bcc - 44aabBa,bcc + 96aabBc,abc)

k
D2
120c (D2)

1
= Z (3aaaabb + aabaab)

ko
% ( 86abc a, bdG cdt 166abc a bdec)

ko
+ -28 aaB cc_28 aBa cc+56 chac
5040C( Qaa B, aabBap ab Beabe)
(m)’ (m)’
+ o0 (4eabcaadDb ")+ deape0raa DY)

—26abc04ale(, dg ) (D?’)



G

N=

Q

" 1202

+
5040c

k m)’
+ -0 (4€abcaadD1§ C;

+7
3

+
5040c

+
120c

(m)’
+ 4€abcaadDb7dc )

+7
3

+
5040c

+
120c

+ SeabcaaleEfgz )

1
= ZO (10aaaabb -

1
=I= 40 ( 3aaaabb - aabaab)
2

7560

( 18Aa abAc be — 18Aa,bcAb,ac)

(4€abcAa,bdG,cd - 8€abcAa,bd G:ic)

(6G1,Gry, — 4G, Goy + 6G LG,

120 120¢2
ko

(2oaaaBb,bcc + 12aabBa,bcc - 1605abBc,abc)

k m)’ m)’
0 ( - 26abcaadD;E703 - 46abcaadD((i,bz

(D4)

1
ZO ( 6aaaabb - 2aabaab)
2

7560

( 36Aa abAc be — 36Aa7bcAb,ac)

(8€abcAa bdG,cd - 16€abcAa,bdG:jc)

(12G, .Gy, - 8GL,Ghy + 12GL,GLL)

120 120¢2
ko

(4oaaaBb,bcc + 24aabBa,bcc - 32aabBc,abc)

k' m ’ m ’
0 ( — 4eabcaadD£7c(3 — 8€abcaadD((i7b)

C

(D5)

10aabaab)

2

7560

(28Aa abAc bec — 28Aa7bcAb,ac)

360 ( 24€abc abdG )

1

(2OGIaabe 2OG, bia)

ko

(_5604aaBb,bcc + 56aabBa,bcc - 3204abBc,abc)

~ 16¢apeaaDyy) ).

C

D6
120c (D6)

The singly-primed coefficients are

kO
7560

ko
—— (—24eqpcAu bdG
+ 360 (—24€apcAa,baGy.)

B, = (24Aa abAc be — 60Aa bcAb ac)

1%2(m0 .Gh, —20G,G))

2

1260

( 6Ofaacvbc be T 28aabcac bc)

+ # (—12€abcaale,;,cd>

(10aaaXbb 10aabXab) ) (D7)

602

16

= (8o~ A0y )
+ % (—16€abcAa,bdGrg + 8€abeAa,pdGue)
+ 00 (120Gl +12G4,Goy ~ 3G Gha)
¢ B (G Chce + 18000 Cac )
+ % (_4€abcaale/),cd)
4 ng (=60taa Xbb = 20tab Xab) 5 (D8)
'-7§go( =36 Aa,ap Acve + 640,00 A 00)
320 (—8€abcAapdGlg + 4€abe A baGlyc)
1202(6G oGy + 6GL, Gl — 4G, Gl L)
¥ 1’;20 (20aaChe,pe + 15aapCac be)
+ % (~2€abeaaDy cq)
+ 02 (=30taaXtb — QabXab) s (D9)
o = 7§§0 (44Aq,abAcbe = 26 A beAb ac)
% (—8€abcAa pdGlg + 4€abe Aa.baGlye)
120 = (6G1,, Gy, +6GL,Gly, — 4Gl Gy
H;(&M@m,wuaw
1:(0) (~2€abeaaDy o)
+ @ (—3aaXsh — QabXab) » (D10)
P 7];% 5 (8AaaAcse + 14Aagedsac)
% (—8€abcAabaGry + 4€abe Aa,baGye)
1202( 2G5 Gy, — 2G5, Gy + 28G 1, Gh,)
1220 (-1404aChe,pe + 21aaCac,be)
+ % (2¢abeaaDy cq)
+ @ (—=aaXpp + 13abXab) (D11)
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k’2
R\ = —% (=844, apAcpe — 4244 peAp ac
7560 ( ,ab41cb ,bc41b, )
ko
+ ﬁ (246abcAa,bdG:;d - 126abcAa,bdG2lc)
1
* o0 (6G Gy, +6G 4, Gy — 4G, Ghy)
+ k% (420044 C, - 63, C, )
1260 aa“be,be ab“ac,bc
0
+ @ (_6€abcaale/)7cd)
+ W (3aaaXbb + aabXab) . (D12)
Finally, the doubly-primed coefficients are
DII — F” — —J” — _LII
404y A+ 164, Ay )
= 7560 a,ab41c,be a,bc41b,ac
ko
10040 Chebe + 12000 Clac.be) - D13
+1260(04 be,be + 1200 Cacbe) (D13)
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