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\doh Xqlyhuvlw|

dqg
K|xqjvln U1 Prrq

Ghsduwphqw ri Hfrqrplfv
Xqlyhuvlw| ri Fdoliruqld/ Vdqwd Eduedud

Dsulo 4<<<

Devwudfw

Wklv sdshu ghyhorsv d uhjuhvvlrq olplw wkhru| iru qrqvwdwlrqdu| sdqho gdwd
zlwk odujh qxpehuv ri furvv vhfwlrq +q, dqg wlph vhulhv +W , revhuydwlrqv1 Wkh
olplw wkhru| doorzv iru erwk vhtxhqwldo olplwv/ zkhuhlq W $ 4 iroorzhg e|
q $ 4> dqg mrlqw olplwv zkhuh W> q $ 4 vlpxowdqhrxvo|> dqg wkh uhodwlrq0
vkls ehwzhhq wkhvh pxowlglphqvlrqdo olplwv lv h{soruhg1 Wkh sdqho vwuxfwxuhv
frqvlghuhg doorz iru qr wlph vhulhv frlqwhjudwlrq/ khwhurjhqhrxv frlqwhjudwlrq/
krprjhqhrxv frlqwhjudwlrq/ dqg qhdu0krprjhqhrxv frlqwhjudwlrq1 Wkh sdshu
h{soruhv wkh h{lvwhqfh ri orqj0uxq dyhudjh uhodwlrqv ehwzhhq lqwhjudwhg sdqho
yhfwruv zkhq wkhuh lv qr lqglylgxdo wlph vhulhv frlqwhjudwlrq dqg zkhq wkhuh lv
khwhurjhqhrxv frlqwhjudwlrq1 Wkhvh uhodwlrqv duh sdudphwul}hg lq whupv ri wkh
pdwul{ uhjuhvvlrq frh!flhqw ri wkh orqj0uxq dyhudjh fryduldqfh pdwul{1 Lq wkh
fdvh ri krprjhqhrxv dqg qhdu krprjhqhrxv frlqwhjudwlqj sdqhov/ d sdqho ixoo|
prgl�hg uhjuhvvlrq hvwlpdwru lv ghyhorshg dqg vwxglhg1 Wkh olplw wkhru| hqdeohv
xv wr whvw k|srwkhvhv derxw wkh orqj uxq dyhudjh sdudphwhuv erwk zlwklq dqg
ehwzhhq vxejurxsv ri wkh ixoo srsxodwlrq1

WDq hduolhu yhulrq ri d sdshu zlwk wklv wlwoh/ Skloolsv dqg Prrq +4<<:,/ zdv suhvhqwhg dw wkh
lqdxjxudo phhwlqj ri wkh Qhz ]hdodqg Hfrqrphwulf Vwxg| Jurxs lq Dxfnodqg/ Iheuxdu| 4<<:1 Vrph
ri wkh uhvxowv wkhuh zhuh dovr suhvhqwhg lq d wudlqlqj frxuvh rq sdqho frlqwhjudwlrq jlyhq e| wkh �uvw
dxwkru dw wkh phhwlqjv ri wkh Hfrqrplf Prghoolqj Exuhdx ri Dxvwudold lq Sdop Fryh/ Dxjxvw 4<<91
Dw wkh uhtxhvw ri wkh Fr0Hglwru dqg uhihuhhv/ wkh suhvhqw sdshu frpelqhv wkh vhtxhqwldo olplw wkhru|
ghyhorshg lq Skloolsv dqg Prrq +4<<:, zlwk d mrlqw olplw wkhru| wkdw zdv rewdlqhg e| wkh dxwkruv lq
d vxevhtxhqw sdshu1

_Wkh dxwkruv wkdqn Dodlq Prqiruw dqg wkuhh uhihuhhv iru frpphqwv rq wkh sdshu/ dqg Grqdog
Dqguhzv/ Gdylg Sroodug/ dqg Rolyhu Olqwrq iru khosixo glvfxvvlrqv1 Skloolsv wkdqnv wkh QVI iru
uhvhdufk vxssruw xqghu Judqw Qr1 VEU <7�55<55/ dqg Prrq judwhixoo| dfnqrzohjhv �qdqfldo vxssruw
iurp d F1D1 Dqghuvrq Sul}h Ihoorzvkls1 Wkh sdshu zdv w|shg e| wkh dxwkruv lq Vflhqwl�f Zrug 5181



41 Lqwurgxfwlrq

Wkhuh kdv ehhq pxfk uhfhqw hpslulfdo hfrqrphwulf zrun rq hfrqrplf prghov wkdw
xvhv sdqho gdwd iru zklfk wkh wlph vhulhv frpsrqhqw lv qrqvwdwlrqdu|1 Whvwlqj jurzwk
frqyhujhqfh wkhrulhv lq pdfurhfrqrplfv dqg hvwlpdwlqj orqj0uxq uhodwlrqv ehwzhhq
lqwhuqdwlrqdo �qdqfldo vhulhv vxfk dv uhodwlyh sulfhv dqg h{fkdqjh udwhv/ dqg vsrw
dqg ixwxuh h{fkdqjh udwhv duh d ihz h{dpsohv1 Wklv zrun kdv ehhq idflolwdwhg e|
wkh frqvwuxfwlrq dqg dydlodelolw| ri d qxpehu ri lpsruwdqw sdqho gdwd vhwv fryhulqj
gl�huhqw lqglylgxdov/ uhjlrqv/ dqg frxqwulhv ryhu d uhodwlyho| orqj wlph shulrg/ d
qrwdeoh h{dpsoh ehlqj wkh Shqq Zruog wdeoh1 Iru vxfk fdvhv d qhz qrqvwdwlrqdu|
sdqho gdwd olplw wkhru| zklfk doorzv iru odujh q dqg odujh W dv|pswrwlfv lv xvhixo1
Pxfk sdvw sdqho gdwd uhvhdufk kdv irfxvhg rq lghqwli|lqj dqg hvwlpdwlqj h�hfwv iurp
vwdwlrqdu| sdqhov zlwk d odujh furvv vhfwlrq gdwd glphqvlrq +q, exw zlwk ihz wlph
vhulhv +W , revhuydwlrqv= Lq vxfk fdvhv d odujh q> �{hg W olplw wkhru| lv qdwxudo dqg
Fkdpehuodlq +4<;7,/ Kvldr +4<;9,/ Pdw|dv dqg Vhyhvwuh +4<<5,/ dqg Edowdjl +4<<8,
uhylhz pxfk ri wklv uhvhdufk1

Wkh sxusrvh ri wkh suhvhqw frqwulexwlrq lv wr lqyhvwljdwh uhjuhvvlrqv zlwk qrq0
vwdwlrqdu| sdqho gdwd iru zklfk wkh wlph vhulhv frpsrqhqw lv dq lqwhjudwhg surfhvv
dqg zkhuh erwk W dqg q duh odujh1 Lq vxfk fdvhv/ sdqho uhjuhvvlrqv fdq ehkdyh yhu|
gl�huhqwo| iurp wlph vhulhv uhjuhvvlrqv1 Lw kdv orqj ehhq uhfrjql}hg e| hfrqrphwul0
fldqv wkdw sdqho gdwd fdq glvwlqjxlvk h�hfwv wkdw wlph vhulhv ru furvv vhfwlrq gdwd
dorqh fdqqrw lghqwli|/ dqg qrqvwdwlrqdu| sdqhov surylgh d ixuwkhu lqvwdqfh ri wklv
skhqrphqrq1

Vxssrvh wkdw zh kdyh wzr L+4, udqgrp yhfwruv/ vd| \�c| dqg[�c|=Zkhq wkhuh lv qr
frlqwhjudwlqj uhodwlrq ehwzhhq \�c| dqg [�c|> dqg d wlph vhulhv uhjuhvvlrq iru jlyhq l lv
shuiruphg/ wkhq wkh uhjuhvvlrq frh!flhqw lv zhoo nqrzq wr kdyh d qrqghjhqhudwh olplw
glvwulexwlrq dqg wkh uhjuhvvlrq lv fkdudfwhul}hg dv vsxulrxv +Judqjhu dqg Qhzerog/
4<:7/ dqg Skloolsv/ 4<;9,1 Qrz vxssrvh wkdw wkhuh duh sdqho revhuydwlrqv ri \�c| dqg
[�c| zlwk odujh furvv vhfwlrqdo dqg wlph vhulhv frpsrqhqwv1 Lq wklv fdvh/ hyhq li wkh
qrlvh lq wkh wlph vhulhv uhjuhvvlrq lv vwurqj/ wkh qrlvh fdq riwhq eh fkdudfwhul}hg dv
lqghshqghqw dfurvv lqglylgxdov1 Khqfh/ e| srrolqj wkh furvv vhfwlrq dqg wlph vhulhv
revhuydwlrqv/ zh pd| dwwhqxdwh wkh vwurqj h�hfw ri wkh uhvlgxdov lq wkh uhjuhvvlrq
zkloh uhwdlqlqj wkh vwuhqjwk ri wkh vljqdo +[�c|,1 Lq vxfk d fdvh/ zh fdq h{shfw d
sdqho0srrohg uhjuhvvlrq wr surylgh d frqvlvwhqw hvwlpdwh ri vrph orqj0uxq uhjuhvvlrq
frh!flhqw1

Wkh suhvhqw sdshu lv frqfhuqhg zlwk ghyhorslqj d olplw wkhru| wkdw lv khosixo
lq xqghuvwdqglqj dqg lqwhusuhwlqj uhjuhvvlrqv ri wklv w|sh1 Lq sduwlfxodu/ zh vkrz
wkh h{lvwhqfh ri dq lqwhuhvwlqj orqj0uxq uhodwlrq ehwzhhq sdqho yhfwruv olnh \�c| dqg
[�c| wkdw kdyh qr lqglylgxdo wlph vhulhv frlqwhjudwlqj uhodwlrq1 Wkh qhz uhodwlrq lv d
orqj0uxq dyhudjh uhodwlrqvkls ryhu wkh furvv vhfwlrq dqg lw lv sdudphwul}hg lq whupv
ri d pdwul{ uhjuhvvlrq frh!flhqw ghulyhg iurp wkh furvv vhfwlrq orqj0uxq dyhudjh
fryduldqfh pdwul{1

Wkh iroorzlqj vhfwlrqv frqvlghu irxu srvvleoh sdqho vwuxfwxuhv iru \�c| dqg [�c|=
+l, qr frlqwhjudwlqj uhodwlrq/ +ll, d khwhurjhqhrxv frlqwhjudwlqj uhodwlrq/ +lll, d krpr0
jhqhrxv frlqwhjudwlqj uhodwlrq/ dqg +ly, d qhdu0krprjhqhrxv uhodwlrq1 Rxu dqdo|vlv
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vkrzv wkdw lq doo irxu fdvhv wkh srrohg hvwlpdwru lv frqvlvwhqw dqg kdv d qrupdo olplw
glvwulexwlrq1 Lq wkh qr frlqwhjudwlrq dqg khwhurjhqhrxv frlqwhjudwlrq fdvhv/ zh dovr
vwxg| d olplwlqj furvv vhfwlrq hvwlpdwru dqg suryh wkdw lw lv frqvlvwhqw dqg kdv d
qrupdo olplw glvwulexwlrq/ exw wkdw lw lv ohvv h!flhqw wkdq wkh srrohg hvwlpdwru1 Lq
dgglwlrq/ lq wkh fdvh ri krprjhqhrxv frlqwhjudwlrq dqg qhdu0krprjhqhrxv frlqwhjud0
wlrq/ zh fdq frqvwuxfw d frqvlvwhqw hvwlpdwru iru wkh orqj0uxq uhjuhvvlrq frh!flhqw
zklfk zh fdoo d srrohg IP hvwlpdwru1 Wklv hvwlpdwru kdv d idvwhu frqyhujhqfh udwh
wkdq wkh vlpsoh furvv vhfwlrq dqg wlph vhulhv hvwlpdwruv1

Vlqfh wkh ehjlqqlqj ri wkh 4<<3*v wkhuh kdv ehhq vrph rqjrlqj uhvhdufk rq qrq0
vwdwlrqdu| sdqho gdwd zklfk frqqhfwv wr rxu zrun khuh1 Txdk +4<<7,/ Ohylq dqg Olq
+4<<6,/ dqg uhfhqwo| Lp hw do1 +4<<9, frqvlghuhg xqlw urrw wlph vhulhv uhjuhvvlrqv zlwk
qrqvwdwlrqdu| sdqho gdwd dqg sursrvhg whvw vwdwlvwlfv iru xqlw urrwv1 Lq dgglwlrq/ Sh0
gurql +4<<8, vwxglhg vrph surshuwlhv ri frlqwhjudwlrq vwdwlvwlfv lq srrohg wlph vhulhv
sdqhov/ dqg Urehuwvrq dqg V|prqv +4<<5, vwxglhg wkh eldvhv wkdw duh olnho| wr dulvh lq
sudfwlfh zlwk erwk vwdwlrqdu| dqg qrqvwdwlrqdu| sdqho gdwd1 Pruh forvho| uhodwhg wr
rxu sdshu/ Shvdudq dqg Vplwk +4<<8, h{dplqhg wkh lpsdfw ri qrqvwdwlrqdu| yduldeohv
rq furvv vhfwlrq uhjuhvvlrq hvwlpdwhv1 Wkh| vkrzhg wkdw vsxulrxv fruuhodwlrq ehwzhhq
wzr L+4, yduldeohv grhv qrw dulvh lq wkh fdvh ri furvv vhfwlrq uhjuhvvlrq zlwk d �qlwh
qxpehu ri wlph vhulhv revhuydwlrqv xqghu frqglwlrqv vxfk dv h{rjhqrxv uhjuhvvruv dqg
llg glvwxuedqfhv1 Rxu sdshu h{whqgv wkdw uhvxow wr d yhu| jhqhudo vhwwlqj dqg surylghv
d olplw wkhru| dv W $ 4 dqg q $ 4 lq sdqho uhjuhvvlrqv1 Wkh orqj0uxq uhodwlrq
gh�qhg lq Shvdudq dqg Vplwk +4<<8, lv dq dyhudjh ri udqgrpo| gl�huhqw frlqwhjudwlqj
frh!flhqwv dqg wkh| vxjjhvwhg furvv vhfwlrq uhjuhvvlrq zlwk wlph dyhudjhg gdwd iru
frqvlvwhqw hvwlpdwlrq1 E| frqwudvw/ rxu orqj uxq uhodwlrq lv wkh uhjuhvvlrq uhodwlrq
dvvrfldwhg zlwk wkh orqj uxq dyhudjh fryduldqfh pdwul{ dqg lw lv wklv uhjuhvvlrq wkdw
lv wkh qdwxudo olplw ri d srrohg sdqho uhjuhvvlrq1 Ixuwkhu/ zh vkrz wkdw erwk srrohg
sdqho uhjuhvvlrq dqg olplwlqj furvv vhfwlrq uhjuhvvlrq hvwlpdwruv duh frqvlvwhqw iru
wklv orqj0uxq dyhudjh uhodwlrq1

Wkh olplw wkhru| ghyhorshg khuh doorzv iru erwk vhtxhqwldo olplwv/ zkhuhlq W $ 4
iroorzhg e| q $ 4> dqg mrlqw olplwv zkhuh W> q $ 4 vlpxowdqhrxvo|1 Vhtxhqwldo olplw
wkhru| lv hdv| wr ghulyh dqg jhqhudoo| ohdgv wr txlfn uhvxowv iru d ydulhw| ri prgho frq0
�jxudwlrqv41 Xqghu vrph vwuhqjwkhqlqj ri wkh frqglwlrqv/ wkh uhvxowv rewdlqhg xqghu
vhtxhqwldo olplwv dovr dsso| zkhq W> q $ 4 vlpxowdqhrxvo|1 Iru d olplw glvwulexwlrq
wkhru| zh qhhg wkh udwh frqglwlrq q@W $ 3= Wkh odwwhu frqglwlrq lqglfdwhv wkdw wkh
olplw wkhru| khuh lv prvw olnho| wr eh xvhixo lq sudfwlfh zkhq q lv prghudwh dqg W
lv odujh1 Zh fdq h{shfw vxfk gdwd frq�jxudwlrqv lq pxowl0frxqwu| pdfurhfrqrplf
gdwd/ iru h{dpsoh/ zkhq zh uhvwulfw dwwhqwlrq wr jurxsv ri frxqwulhv olnh RHFG qd0
wlrqv ru ghyhorslqj frxqwulhv1 Wkh olplw wkhru| hqdeohv xv wr whvw k|srwkhvhv derxw
wkh orqj0uxq dyhudjh sdudphwhuv erwk zlwklq dqg ehwzhhq vxfk vxejurxsv ri wkh ixoo
srsxodwlrq1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh edvlf prgho/ od|v rxw
dvvxpswlrqv/ dqg jlyhv vrph suholplqdu| uhvxowv lqfoxglqj d pxowlglphqvlrqdo Ehy0

4Dq hduolhu yhuvlrq ri wklv sdshu/ Skloolsv dqg Prrq +4<<:,/ ghyhorshg doo ri wkh pdlq uhvxowv
jlyhq khuh iru wklv w|sh ri olplw ehkdylrxu1
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hulgjh Qhovrq +EQ, ghfrpsrvlwlrq1 Vhfwlrq 6 ghyhorsv d iudphzrun iru dv|pswrwlfv
iru grxeoh lqgh{hg surfhvvhv wkdw lv xvhg lq wkh sdshu iru erwk vhtxhqwldo dqg mrlqw
olplw wkhrulhv1 Vhfwlrq 7 dvvxphv wkdw wkhuh lv qr frlqwhjudwlrq dprqj wkh L+4, ydul0
deohv dfurvv doo wkh lqglylgxdov dqg jlyhv dv|pswrwlf wkhrulhv iru d srrohg uhjuhvvlrq
hvwlpdwru dqg d olplwlqj furvv vhfwlrq hvwlpdwru1 Vhfwlrq 8 dvvxphv wkdw wkhuh h{lvwv d
frlqwhjudwlqj uhodwlrq lq wkh L+4, yduldeohv dfurvv doo wkh lqglylgxdov dqg ghulyhv olplw
wkhrulhv iru wkh srrohg hvwlpdwruv lq wkuhh fdvhv � khwhurjhqhrxv/ krprjhqhrxv/ dqg
qhdu0krprjhqhrxv frlqwhjudwlrq1 Vhfwlrq 9 lqglfdwhv vrph h{whqvlrqv ri wklv wkhru|
wr doorz iru prghov zlwk lqglylgxdo vshfl�f h�hfwv1 Vhfwlrq : frqfoxghv wkh sdshu1
Ilyh dsshqglfhv duh lqfoxghg wr ghyhors wkh pxowlglphqvlrqdo olplw wkhru|/ surylgh
vrph whfkqlfdo edfnjurxqg/ uhohydqw ohppdv/ ghulydwlrqv dqg surriv ri uhvxowv lq wkh
sdshu1

Qrwdwlrq lv idluo| vwdqgdug1 Wkh v|pero �,� vljql�hv zhdn frqyhujhqfh/ ���
vljql�hv htxlydohqfh lq glvwulexwlrq/ �

R$� lv frqyhujhqfh lq suredelolw|/ dqg �d1v1$� lv
frqyhujhqfh doprvw vxuho|1 Wkh lqhtxdolw| _ A 3% vljql�hv srvlwlyh gh�qlwhqhvv zkhq
dssolhg wr pdwulfhv1 Vwrfkdvwlf surfhvvhv vxfk dv Eurzqldq prwlrq Z +u, rq ^3> 4` duh
xvxdoo| zulwwhq dv Z> lqwhjudov vxfk dv

U �
f Z +u,gu dv

U
Z> dqg vwrfkdvwlf lqwhjudov

olnh
U �
f Z +u,gZ +u, dv

U
ZgZ= Dovr/ yhf+D, ghqrwhv yhfwrul}dwlrq ri wkh pdwul{ D

e| vwdfnlqj froxpqv/ dqg nDn lv wkh Hxfolghdq qrup +wu+D�D,,�*21

51 Dvvxpswlrqv/ Odujh W Dv|pswrwlfv/ dqg
wkh Orqj0Uxq Dyhudjh Fryduldqfh Pdwul{

Zh vwduw zlwk d sdqho gdwd prgho edvhg rq wkh yhfwru lqwhjudwhg surfhvv

]�c| @ ]�c|3� .X�c| +w @ 4> ===> W > l @ 4> ===> q, +514,

zlwk frpprq lqlwldol}dwlrq dw w @ 3 vdwlvi|lqj

]�cf lv llg dfurvv l zlwk H n]�cfne ? 4= +515,

Zh sduwlwlrq wkh p0yhfwruv ]�c| dqg X�c| lq +514, lqwr p+ dqg p% frpsrqhqwv +p @
p+ .p%, dv ]�c| @ +\ �

�c|>[
�
�c|,

� dqg X�c| @ +X �
+�c|> X

�
%�c|,

�= Frqglwlrq +515, lv pdgh iru
frqyhqlhqfh dqg frxog eh jhqhudol}hg wr doorz iru uhprwh sdvw lqlwldol}dwlrq dw wkh
frvw ri vrph ixuwkhu frpsolfdwlrqv +h1j1/ Xkolj/ 4<<7/ Skloolsv dqg Ohh/ 4<<9/ dqg
Fdqmhov dqg Zdwvrq/ 4<<:,1 Wkh huuru X�c| lv dvvxphg wr eh jhqhudwhg e| wkh udqgrp
frh!flhqw olqhdu surfhvv

X�c| @
"[
r'f

F�crY�c|3r> +516,

zkhuh= +l, iF�c|j lv d grxeoh vhtxhqfh ri +p�p, udqgrp pdwulfhv dfurvv l dqg ryhu
w> +ll, wkh p0yhfwruv Y�c| duh llg dfurvv l dqg ryhu w zlwk H+Y�c|, @ 3/ H+Y�c|Y �

�c|, @ L6/
dqg/ ohwwlqj Y@c�c| eh wkh dwk hohphqw ri Y�c|> wkh Y@c�c| duh dvvxphg wr eh lqghshqghqw
dfurvv d @ 4> ===>p zlwk H+Y e

@c�c|, @ ye iru doo l dqg w> +lll, F�cr dqg Y�c| duh lqghshqghqw
iru doo l> m> w> dqg v=
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Zh pdnh wzr ixuwkhu dvvxpswlrqv derxw wkh udqgrp frh!flhqwv lq +516,1 Wkh
�uvw lqyroyhv prphqw frqglwlrqv dqg wkh vhfrqg lv d vhw ri vxppdelolw| frqglwlrqv
rq wkh prphqwv ri wkh udqgrp frh!flhqwv1

Dvvxpswlrq 4 +Udqgrp Frh!flhqw Frqglwlrqv,

+l, iF�crj� lv llg dfurvv l iru doo v=

+ll, HmmF�crmme ? 4 iru doo v=

Wkxv/ F�cr lv dvvxphg wr eh llg dfurvv lqglylgxdov dqg wr kdyh �qlwh irxuwk pr0
phqwv zklfk pd| ydu| ryhu wlph1 Zh doorz F�cr wr eh ghshqghqw ryhu v= Wklv lv lp0
sruwdqw/ ehfdxvh zkhqhyhu X�c| lv jhqhudwhg e| d �qlwh0sdudphwhu wlph vhulhv prgho/
wkh frh!flhqwv lq wkh Zrog ghfrpsrvlwlrq +516, zloo eh qrqolqhdu ixqfwlrqv ri wkhvh
sdudphwhuv wkdw duh odj +v, ghshqghqw dqg zloo wkhuhiruh lqhylwdeo| eh ghshqghqw
ryhu v1 Ohw F@c�cr eh wkh dwk hohphqw ri yhf +F�cr, = Dovr ohw H+F &

@c�cr, @ �&c@cr= Wkhq
zh dvvxph=

Dvvxpswlrq 5 +Vxppdelolw| Frqglwlrqv, Wkh iroorzlqj krog iru doo d @ 4> ===>p2=

+l,
S"

r'f v
2�2c@cr ? 4

+ll,
S"

r'f v
e +�ec@cr,

�*e ? 4=

Uhpdunv

+d, Lq ylhz ri Dvvxpswlrq 5+l, dqg +ll,/
S"

r'fv
�HmmF�crmm2 ? 4 iru m � 5 dqgS"

r'fv
�HmmF�crmm, ? 4 iru m � 7 dqg �

e � o ? 4=

+e, Vxssrvh X�c| lv jhqhudwhg e| d udqgrp frh!flhqw DUPD surfhvv zkrvh fkdu0
dfwhulvwlf htxdwlrq kdv urrwv i��� = m @ 4> ===> Mj = Wkhq wkh frh!flhqwv F�cr lq
wkh Zrog ghfrpsrvlwlrq +516, duh doo olqhdu frpelqdwlrqv ri srzhuv ri wkhvh
fkdudfwhulvwlf urrwv1 Xqghu zhdn frqglwlrqv rq wkh glvwulexwlrq ri wkh urrwv zh
fdq qrz yhuli| Dvvxpswlrqv 4 dqg 51 Vxssrvh/ iru lqvwdqfh/ wkdw wkh vxssruw ri
wkh glvwulexwlrq ri wkh prgxol ri wkhvh urrwv lv d frpsdfw vhw lqvlgh wkh vwdeoh
uhjlrq/ vr wkdw m��� m � Pb ? 4 d=v= Wkhq doo prphqwv ri mmF�crmm duh �qlwh iru
doo v> dqg vhulhv vxfk dv wkrvh lq Dvvxpswlrq 5 duh hdvlo| vhhq wr eh pdmrulvhg
e| frqyhujhqw vhulhv1 Iru h{dpsoh/

S"
r'f v

2�2c@cr � P
S"

r'f v
2P2r

b ? 4 iru
vrph frqvwdqw P= Vlplodu frqglwlrqv zloo hqvxuh wkh ydolglw| ri wkh dowhuqdwlyh
Dvvxpswlrqv 7 dqg 8 wkdw duh xvhg odwhu rq lq wkh sdshu1

+f, Dv vkrzq lq Ohppd 4 ehorz/ xqghu Dvvxpswlrq 5/ wkh orqj0uxq prylqj dyhudjh
frh!flhqw F�+4, @

S"
r'fF�cr ? 4 d1v1

+g, Wkh irxuwk prphqw dvvxpswlrq ri Y�c| lv pdlqo| uhtxluhg wr ghulyh d mrlqw olplw
glvwulexwlrq ri hvwlpdwruv dqg whvw vwdwlvwlfv dv +W> q $ 4,1 Dv glvfxvvhg odwhu/
wkh vhtxhqwldo olplw uhvxowv krog zlwkrxw dvvxplqj irxuwk prphqwv ri Y�c|1

7



Wkh iroorzlqj ohppd hvwdeolvkhv wkh lqwhjudelolw| ri whupv zklfk dsshdu iuhtxhqwo|
lq wkh iroorzlqj glvfxvvlrq1

Ohppd 4 Ohw F�+4, @
S"

r'fF�cr> �F�cr @
S"

|'rn�F�c|> dqg �X�c| @
S"

r'f
�F�crY�c|3r=

Xqghu Dvvxpswlrqv 4 dqg 5/ wkh iroorzlqj krog1

+d, H^
S"

r'f v
2mmF�crmm2` ? 4=

+e, HmmX�c|mm2 ? P iru vrph P ? 4
+f, Hmm �X�c|mme ? P iru vrph P ? 4=

+g, HmmF�+4,mme ? 4=

Uhpdunv

+d, Ohppd 4+d, lpsolhv wkdw
S"

r'f mmH+F�crF
�
�cr,mm ? 4 dqg lw iroorzv iurp +g, wkdw

mmH+yhf F�+4,,+yhf F�+4,,�mm ? 4=

+e, Wkh whpsrudo vkliw rshudwru jhqhudwlqj wkh llg vhtxhqfh iY�c|j| gh�qhv d phdvxuh
suhvhuylqj pds rq wkh surgxfw suredelolw| vsdfh lqgxfhg e| wkh lqghshqghqw
vhtxhqfhv iY�c|j| dqg iF�c|j| dqg lw jhqhudwhv wkh vhtxhqfh iX�c|j|= Dovr wkh udq0
grp frh!flhqw vhtxhqfh iF�c|j| lv vtxduh vxppdeoh d1v1 vlqfh

S"
|'f mmF�c|mm2 ? 4

d1v1 e| Ohppd 4+d,1 Khqfh/ wkh wlph vhulhv vhtxhqfh iX�c|j| lv vtxduh lqwhjudeoh
+Ohppd 4+e,, dqg vwulfwo| vwdwlrqdu| iru doo l1 Krzhyhu/ wkh vhtxhqfh iX�c|j|
lv qrw hujrglf1 Wklv lv ehfdxvh IS� @ �+F�cf> ===> F�c|> ===,/ wkh vljpd �hog jhqhu0
dwhg e| wkh vhtxhqfh iF�c|j"|'f/ lv dq lqyduldqw vljpd �hog zlwk uhvshfw wr wkh
whpsrudo vkliw rshudwru dqg jhqhudwhv hyhqwv zlwk suredelolw| ehwzhhq }hur dqg
xqlw|1

Dv vkrzq lq Ohppd 45 ri Dsshqgl{ D/ d wlph vhulhv EQ ghfrpsrvlwlrq +vhh
Skloolsv dqg Vror/ 4<<5, krogv doprvw vxuho| iru X�c| iru hdfk l> l1h1/

X�c|
d1v1
@ F�+4,Y�c| . �X�c|3� � �X�c|1 +517,

Qrwh wkdw F�+4, @
S"

r'fF�cr ? 4 d1v1 lq ylhz ri Ohppd 4+g,/ dqg �X�c| duh zhoo
gh�qhg vtxduh lqwhjudeoh udqgrp yhfwruv e| Ohppd 4+f,1 Wkh sduwldo vxp surfhvv
ri X�c| fdq eh zulwwhq dv

�I
A

dAoo[
|'�

X�c|
d1v1
@ F�+4,

�I
A

dAoo[
|'�

Y�c| .
�I
A
�X�cf � �I

A
�X�cdAoo> +518,

zkhuh ^Wu` ghqrwhv wkh lqwhjhu sduw ri Wu1 Hdfk whup lq htxdwlrq +518, olhv lq wkh
surgxfw phwulf vsdfh G^3> 4`6 ri p lqghshqghqw frslhv ri G^3> 4`>wkh vsdfh ri doo uhdo
ydoxhg ixqfwlrqv rq wkh lqwhuydo ^3> 4` wkdw duh uljkw frqwlqxrxv dqg kdyh �qlwh ohiw
olplwv1 G^3> 4`6 lv hqgrzhg zlwk wkh phwulf �6+i> j, @ pd{�i�+i�> j�, = l 5 i4> ===>pj>
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i�> j� 5 G^3> 4`j> zkhuh � lv wkh prgl�hg Vnrurkrg phwulf +vhh Eloolqjvoh|/ 4<9;, xqghu
zklfk G^3> 4` lv vhsdudeoh dqg frpsohwh1

Dv lq Skloolsv dqg Vror +4<<5,/ +518, fdq eh xvhg wr surylgh d vlpsoh surri ri
ixqfwlrqdo odzv iru odujh W dv|pswrwlfv1 Lqghhg/ dsso|lqj Grqvnhu*v wkhruhp wr wkh
vhfrqg idfwru lq wkh �uvw whup ri +518, zh kdyh �I

A

SdAoo
|'� Y�c| , Z�+u,> vwdqgdug yhfwru

Eurzqldq prwlrq1 Lw iroorzv wkdw F�+4,
�I
A

SdAoo
|'� Y�c| frqyhujhv lq odz wr F�+4,Z�+u,

dv W $ 4 iru doo l> zkhuh Z�+u, lv lqghshqghqw ri F�+4,= Dsshqgl{ D vkrzv wkdw

�6

3CF�+4,
�I
A

dAoo[
|'�

Y�c|>
�I
A

dAoo[
|'�

X�c|

4D R$ 3 +519,

dv W $ 4 iru doo l= Khqfh/ zh kdyh wkh iroorzlqj odujh W uhvxow1

Ohppd 5 Xqghu Dvvxpswlrqv 4 dqg 5/

�I
A

dAoo[
|'�

X�c| , F�+4,Z�+u, dv W $ 4 iru doo l=

Ohw P�+u, @ +P+�+u,
�>P%�+u,

�,� @ F�+4,Z�+u, @ +F+�+4,
�> F%�+4,

�,�Z�+u,= P�+u, lv
d udqgrpo| vfdohg +ru pl{hg, Eurzqldq Prwlrq zlwk frqglwlrqdo fryduldqfh pdwul{
F�+4,F�+4,

�> zkrvh h{shfwdwlrq lv zhoo gh�qhg ehfdxvh mmHF�+4,F�+4,
�mm ? 4 +vhh

Uhpdun +d,,1
E| wkh frqwlqxrxv pdsslqj wkhruhp dqg lqlwldo frqglwlrq +515, zh kdyh

�
A 2

A[
|'�

]�c|]
�
�c| , F�+4,

U
Z�Z

�
� F�+4,

�

@
U
P�P

�
� dv W $ 4 iru doo l=

Qrwh wkdw
q

�
A2

SA
|'� ]�c|]

�
�c|

r
�
lv lqghshqghqw dfurvv l= Wkxv/ dyhudjlqj ryhu l @

4> ===> q> zh kdyh

�
?

?[
�'�

�
A 2

A[
|'�

]�c|]
�
�c| , �

?

?[
�'�

F�+4,
U
Z�Z

�
� F�+4,

� +51:,

� �
?

?[
�'�

U
P�P

�
� dv W $ 4 iru dq| �{hg q= +51;,

Lqwhjudelolw| ri wkh vxppdqgv lq +51;, iroorzv uhdglo|1

Ohppd 6 Xqghu Dvvxpswlrqv 4 dqg 5/
U
P�P

�
� lv vtxduh lqwhjudeoh iru doo l> wkdw

lv/ Hmm U P�P
�
� mm2 ? 4=

9



Wkhq/ d vwurqj odz ri odujh qxpehuv +khuhdiwhu VOOQ, dssolhv wr +51:, dv q $ 4
dqg d vhtxhqwldo olplw wkhru| iroorzv1 Wkh olplw ghshqgv qrw rq wkh fryduldqfh pdwul{
ri ]�c|> exw rq d sdudphwhu pdwul{ wkdw phdvxuhv wkh orqj uxq +ryhu w, fryduldqfh ri
]�c| dyhudjhg ryhu l=

Ohw � eh wkh orqj0uxq frqglwlrqdo fryduldqfh pdwul{ ri ]�c| @ +\�c|> [�c|,
� frqgl0

wlrqhg rq IS� / l1h1/

� @

�
+�+� +�%�

%�+� %�%�

�
@ F�+4,F�+4,

� @
�
F+�+4,F+�+4,

� F+�+4,F%�+4,
�

F%�+4,F+�+4,
� F%�+4,F%�+4,

�

�
>

zkhuh wkh sduwlwlrqv ri � dqg F�+4,F�+4,
� duh frqirupdeoh1 E| Ohppd 4+g,/ � lv

lqwhjudeoh dqg zh ghqrwh

 @

�
++ +%

%+ %%

�
@ H�=

Zh fdoo  wkh orqj0uxq dyhudjh fryduldqfh pdwul{ ri ]�c|=

61 Olplw Wkhru| iru Pxowlglphqvlrqdo Surfhvvhv

Wkurxjkrxw wkh uhvw ri wklv sdshu/ dwwhqwlrq lv irfxvvhg rq ghulylqj wkh olplw ehkdy0
lru ri d grxeoh lqgh{hg surfhvv [?cA = Lq jhqhudo/ wkh olplw ri [?cA ghshqgv rq wkh
wuhdwphqw ri wkh wzr lqglfhv/ q dqg W> dqg wkh surshuwlhv wkdw olqn wkh urzv dqg
froxpqv ri wkh surfhvv1 Vhyhudo dssurdfkhv duh srvvleoh1 Rqh dssurdfk lv wr �{ rqh
ri wkh lqgh{hv/ vd| q> dqg doorz wkh rwkhu +W , wr sdvv wr lq�qlw|/ jlylqj dq lqwhu0
phgldwh olplw1 E| ohwwlqj q sdvv wr lq�qlw| vxevhtxhqwo|/ d vhtxhqwldo olplw wkhru|
lv rewdlqhg1 Zh zulwh wklv w|sh ri olplw surfhvv lq wkh irup +W> q $ 4,vht1 Zkloh
wkh| riwhq ohdg wr wudfwdeoh ghulydwlrqv/ vhtxhqwldo olplwv fdq jlyh dv|pswrwlf uhvxowv
zklfk duh plvohdglqj lq fdvhv zkhuh erwk lqgh{hv sdvv wr lq�qlw| vlpxowdqhrxvo|1 D
vhfrqg dssurdfk lv wr sdvv wr lq�qlw| dorqj d vshfl�f gldjrqdo sdwk +lq wkh wzr gl0
phqvlrqdo duud|, ghwhuplqhg e| d prqrwrqlfdoo| lqfuhdvlqj ixqfwlrq uhodwlrq ri wkh
w|sh W @ W +q, zkloh wkh lqgh{ q $ 4= Zh zulwh wklv w|sh ri olplw surfhvv lq wkh
irup +W +q,> q $ 4,gldj1 Wklv dssurdfk dovr vlpsol�hv wkh dv|pswrwlf wkhru| e| uh0
sodflqj [?cA zlwk wkh vlqjoh lqgh{hg surfhvv [?cA E?�= Wkh gudzedfn ri gldjrqdo sdwk
olplw wkhru| lv wkdw wkh dvvxphg h{sdqvlrq sdwk +W +q,> q, $ 4 pd| qrw surylgh dq
dssursuldwh dssur{lpdwlrq iru d jlyhq +W> q, vlwxdwlrq1 Pruhryhu/ wkh olplw wkhru|
fdq ghshqg rq wkh vshfl�f ixqfwlrqdo uhodwlrq W @ W +q, wkdw lv xvhg lq wkh dv|ps0
wrwlf ghyhorsphqw1 +D uhfhqw hfrqrphwulf h{dpsoh ri wklv vlwxdwlrq lv dqdo|}hg lq
Skloolsv dqg Ohh/ 4<<91, D wklug dssurdfk lv wr doorz erwk lqgh{hv wr sdvv wr lq�qlw|
vlpxowdqhrxvo| zlwkrxw sodflqj vshfl�f gldjrqdo sdwk uhvwulfwlrqv rq wkh glyhujhqfh1
Zh zulwh wklv w|sh ri olplw surfhvv lq wkh irup +W> q $ 4,= Jhqhudoo| vshdnlqj/
vxfk mrlqw olplw wkhru| uhtxluhv vwurqjhu frqglwlrqv +olqnlqj wkh urzv dqg froxpqv
ri wkh mrlqw duud|/ dqg rq wkh prphqwv ri wkh frpsrqhqw yduldwhv, wr hvwdeolvk wkdq
vhtxhqwldo frqyhujhqfh1

Wkh dv|pswrwlf ghyhorsphqw lq wklv sdshu zloo lqyroyh erwk vhtxhqwldo olplw wkhru|
dqg mrlqw olplw wkhru| dujxphqwv1 Wkh vhtxhqwldo olplwv duh hvshfldoo| khosixo lq
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h{wudfwlqj txlfn dv|pswrwlfv dqg wkh| duh xvhixo ehfdxvh wkh| eulqj lqwr sod| doo ri
wkh nh| hohphqwv lq rxu �qdo olplw wkhru| lq d vwudljkwiruzdug zd|1 Wkh mrlqw olplw
wkhru| lv pruh gl!fxow wr ghulyh dqg dssolhv xqghu vwurqjhu frqglwlrqv1 Iruwxqdwho|/
wkhvh frqglwlrqv gr qrw vhhp wr h{foxgh fdvhv ri pdmru lpsruwdqfh iru wkh w|sh ri
odujh W dqg prghudwh q hpslulfdo dssolfdwlrqv wkdw zh kdyh lq plqg iru rxu phwkrgv1

Wkh iroorzlqj vxevhfwlrqv gh�qh wkh frqyhujhqfh frqfhswv wkdw zh qhhg dqg jlyh
vrph frqglwlrqv wkdw dvvxuh mrlqw frqyhujhqfh1

6141 Gh�qlwlrqv dqg Vrph Uhodwlrqv ehwzhhq Vhtxhqwldo
dqg Mrlqw Olplwv

D w|slfdo grxeoh lqgh{ surfhvv ri wkh w|sh wkdw rffxuv lq wklv sdshu kdv wkh olqhdu
irup

[?cA @ �
&?

?[
�'�

\�cA > +61<,

zkhuh \�cA duh lqghshqghqw p0frpsrqhqw udqgrp yhfwruv dfurvv l gh�qhg rq d sure0
delolw| vsdfh +>I > S ,1 D w|slfdo \�cA frpsrqhqw lq rxu fdvh kdv wkh irup ri d
vwdqgdugl}hg vxp

\�cA @ �
_A

A[
|'�

i+]�c|'dAoo,> +6143,

zkhuh wkh ]�cdAoo duh udqgrp hohphqwv lqG^3> 4`�/ iru vrph lqwhjhu k/ zlwklq wkh vsdfh
+>I > S ,/ gA lv d vwdqgdugl}lqj idfwru/ dqg i lv d frqwlqxrxv ixqfwlrqdo iurp G^3> 4`�

wr U
6=

Gh�qlwlrq 4

+d, D vhtxhqfh ri p0yhfwruv i[?cA j rq +>I > S , lv vdlg wr frqyhujh lq suredelolw|
wr [ vhtxhqwldoo|> zulwwhq [?cA $R [ lq vhtxhqwldo olplw dv +W> q $ 4,vht/ li

olp
?<" olp

A<"
S imm[?cA �[mm A %j @ 3 ;% A 3=

+e, [?cA frqyhujhv lq glvwulexwlrq vhtxhqwldoo| wr wkh p0yhfwru [> zulwwhq [?cA ,
[ lq vhtxhqwldo olplw dv +W> q $ 4,vht/ li

olp
?<" olp

A<"
mHi+[?cA ,�Hi+[,m @ 3 ;i 5 F>

zkhuh F lv wkh fodvv ri doo erxqghg/ frqwlqxrxv uhdo ixqfwlrqv rq U
6

Lq sudfwlfh/ zh fdq �qg wkh vhtxhqwldo olplwv ri [?cA lq +61<, dv iroorzv1 Xvlqj
wlph vhulhv olplw wkhru| zh �qg wkh olplw ehkdylru ri \�cA 1 Vxssrvh/ iru h{dpsoh/ wkdw
dv W $ 4

\�cA , \� +6144,

ru
\�cA

R$ \� iru doo l= +6145,

;



Wkhq/ e| wkh lqghshqghqfh ri \�cA dfurvv l iru doo W> zh kdyh [?cA , [? ru [?cA

$R [? dv W $ 4 iru doo q>zkhuh [? @ �
&?

S?
�'� \�=

E| hqodujlqj wkh xqghuo|lqj suredelolw| vsdfh li qhfhvvdu|/ zh fdq wdnh lw lq wkh
fdvh ri +6144, wkdw doo wkh \�*v duh gh�qhg rq wkh vdph suredelolw| vsdfh1 Khqfh/ wkh
vxp ri wkh olplw udqgrp yduldeohv

S?
�'� \� lv zhoo gh�qhg rq wkh vdph vsdfh1 Qh{w/

zh doorz q $ 4 dqg dsso| d olplw wkhru| wr wkh vwdqgdugl}hg vxp

[? @ �
&?

?[
�'�

\�= +6146,

Xqghu vrph uhjxodulw| frqglwlrqv/ zh fdq qrz �qg wkh vhtxhqwldo olplw/ [> ri [?=
Iru h{dpsoh/ li n? @ q> zh fdq dsso| d odz ri odujh qxpehuv +OOQ, wr [? dqg li
n? @

s
q zh fdq xvh dq dssursuldwh fhqwudo olplw wkhruhp +FOW,1

Wkh uhtxluhphqw wkdw wkh \�*v lq +6144, duh gh�qhg rq wkh vdph suredelolw| vsdfh
lv lpsruwdqw/ hvshfldoo| zkhq zh dsso| dq OOQ wr [? lq wkh vhfrqg vwdjh +6146,1 Wkh
uhdvrq lv dv iroorzv1 Wkh zhdn frqyhujhqfh [?cA , [? dv W $ 4 lqyroyhv rqo| wkh
lpsolfdwlrq wkdw wkh glvwulexwlrq ri wkh [?cA frqyhujhv wr wkh glvwulexwlrq ri wkh [?

qrw dq| surshuwlhv ri wkh suredelolw| vsdfh zkhuh wkh [? duh gh�qhg1 Lqghhg/ li wkh
zhdn frqyhujhqfh lv pl{lqj +h1j1/ vhh Kdoo dqg Kh|gh/ 4<;3,/ wkhq [? hvfdshv iurp
wkh xqghuo|lqj suredelolw| vsdfh zkhq W $ 4= Krzhyhu/ wr hpsor| dq OOQ wr wkh
vhtxhqfh ri [?> wkhvh yduldwhv qhhg wr eh gh�qhg rq wkh vdph suredelolw| vsdfh1 Wkh
uhtxluhphqw wkdw wkh \�*v lq +6144, duh gh�qhg rq wkh vdph suredelolw| vsdfh fdq eh
dffrpprgdwhg e| vxlwdeo| hqodujlqj wkh xqghuo|lqj vsdfh1 Wkh frqvwuxfwlrq ri vxfk
d suredelolw| vsdfh lv surylghg lq Dsshqgl{ E1

Qh{w/ zh gh�qh wkh frqfhswv ri mrlqw frqyhujhqfh lq suredelolw| dqg mrlqw zhdn
frqyhujhqfh1

Gh�qlwlrq 5

+d, Vxssrvh wkdw wkh p0yhfwru udqgrp vhtxhqfh [?cA dqg [ duh gh�qhg rq d
suredelolw| vsdfh +>I > S ,1 [?cA lv vdlg wr frqyhujh lq suredelolw| mrlqwo| wr
[> zulwwhq [?cA $R [ dv +W> q $ 4,> li

olp
Ac?<"

S imm[?cA �[mm A %j @ 3 ;% A 3= +6147,

+e, [?cA lv vdlg wr frqyhujh lq glvwulexwlrq mrlqwo| wr d +p� 4, udqgrp yhfwru [>
zulwwhq [?cA , [ dv +W> q $ 4,> li

olp
Ac?<"

mHi+[?cA ,�Hi+[,m @ 3 ;i 5 F> +6148,

zkhuh F lv wkh fodvv ri doo erxqghg/ frqwlqxrxv uhdo ixqfwlrqv rq U
61

Uhpdunv

<



+d, Hylghqwo|/ mrlqw frqyhujhqfh lpsolhv gldjrqdo frqyhujhqfh rq doo prqrwrqlf gl0
djrqdo sdwkv1 Pruhryhu/ d yhuvlrq ri wkh frqyhuvh lv dovr wuxh/ qdpho| wkdw
[?cA $R [ +ru [?cA , [, dv +W> q $ 4, li [?cA E?� $R [ dv +W +q,> q $
4,gldj iru doo W +q, $ 4 prqrwrqlfdoo| dv q $ 4=

+e, Lq vrph ri rxu uhvxowv/ zh qhhg wr sodfh d frqglwlrq rq wkh lqgh{hv lq mrlqw
frqyhujhqfh ri wkh irup q@W $ 3= Mrlqw frqyhujhqfh dv +W> q $ 4, lv wkhq
vdlg wr dsso| vxemhfw wr wklv frqglwlrq1 Wkh gh�qlwlrqdo olplwv jlyhq lq +6147,
dqg +6148, deryh/ duh qdwxudoo| vxemhfw wr wkh vdph frqglwlrq uhjduglqj wkh
sdvvdjh ri wkh lqgh{hv wr lq�qlw| lq wklv fdvh1

H{dpsoh Vhtxhqwldo olplwv duh qrw dozd|v htxlydohqw wr wkh mrlqw olplwv1 Wkhuh
duh pdq| vxfk h{dpsohv lq uhdo dqdo|vlv +h1j1/ Dsrvwro/ 4<:7/ s1 533,1 Khuh zh jlyh
d vlpsoh h{dpsoh iru d grxeoh vhtxhqfh ri udqgrp yduldeohv wr looxvwudwh zkdw fdq
kdsshq1 Vxssrvh wkdw

]�c| @

�
Q+3> l, li l � w � 4
Q+3> 4, li l ? w

dqg ]�| lv lqghshqghqw dfurvv l dqg ryhu w1 Ohw \�cA @ �I
A

SA
|'�]�c| dqg [?cA @

�I
?

S?
�'� \�cA = Wkhq/

\�cA @

+
Q+3> l, li l � W � 4

Q+3> �
2nEA3��

A , li W A l

, Q�+3> 4, dv W $ 4 iru �{hg l=

Lw iroorzv wkdw

[?cA , �I
?

?[
�'�

Q�+3> 4, dv W $ 4 iru �{hg q>

, Q+3> 4, dv q $ 4=

Wkxv/ [?cA frqyhujhv lq glvwulexwlrq vhtxhqwldoo| dv +W> q $ 4,vht wr Q+3> 4,1

Qrz dvvxph wkdw q @ W o1 Wkhq/

[?cA @ [A ocA @ �I
A o

A o[
�'�

\�cA @ Q

#
3> �

A o

A o[
�'�

�2nEA3��
A

$
=

Qrz dv W $ 4> [?cA +@ [A ocA , kdv gl�huhqw olplw glvwulexwlrqv dv wkh ydoxhv ri u
fkdqjh1 Lq sduwlfxodu/ dv W $ 4

[A ocA ,

;A?A=
Q+3> 4, li u ? �

2

Q+3> e�, li u @ �
2

grhv qrw frqyhujh li u A �
2 =
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Vr/ vhtxhqwldo olplw wkhru| dqg gldjrqdo sdwk olplw wkhru| jlyh gl�huhqw uhvxowv1 Wkhuh
lv qr jhqhudo mrlqw olplw wkhru| khuh iru [?cA ehfdxvh [?cA glyhujhv li q lqfuhdvhv wrr
idvw +l1h1/ q@

s
W $ 4,1 D gl�huhqw qrupdol}dwlrq iurp

s
q lv uhtxluhg lq wklv sduw ri

wkh duud| wr rewdlq d zhoo gh�qhg olplw1

Xqghu vrph flufxpvwdqfhv zh fdq hvwdeolvk d uhodwlrqvkls ehwzhhq vhtxhqwldo
olplwv dqg mrlqw olplwv1 Wkh iroorzlqj wzr ohppdv jlyh vrph hohphqwdu| frqqhfwlrqv1

Ohppd 7 +Frqglwlrqv iru Mrlqw Frqyhujhqfh wr Lpso| Vhtxhqwldo Frqyhu0
jhqfh,

+d, Vxssrvh wkhuh h{lvw udqgrp yhfwruv [? rq wkh vdph suredelolw| vsdfh dv [?cA

vdwlvi|lqj/ iru doo q> [?cA $R [? dv W $ 4= Li [?cA $R [ dv +W> q $ 4,/
wkhq [?cA $R [ vhtxhqwldoo| dv +W> q $ 4,ti^1

+e, Vxssrvh wkhuh h{lvw udqgrp yhfwruv [? vxfk wkdw/ iru dq| �{hg q> [?cA , [?

dv W $ 4= Li [?cA , [ dv q> W $ 4> wkhq [?cA , [ vhtxhqwldoo| dv
+W> q $ 4,ti^1

Ohppd 8 +Frqglwlrqv iru Vhtxhqwldo Frqyhujhqfh wr Lpso| Mrlqw Frqyhu0
jhqfh,

+d, Vxssrvh wkhuh h{lvw udqgrp yhfwruv [? dqg [ rq wkh vdph suredelolw| vsdfh dv
[?cA vdwlvi|lqj/ iru doo q> [?cA $R [? dv W $ 4 dqg [? $R [ dv q $ 4=
Wkhq/ [?cA $R [ dv +q> W $ 4, li dqg rqo| li/

olp vxs
?cA

S imm[?cA �[?mm A %j @ 3 ;% A 3= +6149,

+e, Vxssrvh wkhuh h{lvw udqgrp yhfwruv [? vxfk wkdw/ iru dq| �{hg q>[?cA , [?

dv W $ 4 dqg [? , [ dv q $ 4= Wkhq/ [?cA , [ dv +q> W $ 4, li dqg
rqo| li/

olp vxs
?cA

mH+i+[?cA ,,�H+i+[?,,m @ 3 ;i 5 F= +614:,

6151 Mrlqw Frqyhujhqfh lq Suredelolw|

Frqvlghu d grxeoh lqgh{hg surfhvv [?cA zkrvh w|slfdo irup lv dq dyhudjh ri +p� 4,
udqgrp yhfwruv \�cA >

[?cA @ �
?

?[
�'�

\�cA > +614;,

zkhuh wkh \�cA duh lqghshqghqw dfurvv l iru doo W=Wkh frqfhuq lv wr hvwdeolvk frqglwlrqv
xqghu zklfk d suredelolw| olplw ri [?cA lq +614;, h{lvwv dqg wr ghyhors phwkrgv ri
�qglqj wklv suredelolw| olplw=

Vxssrvh wkh [?cA duh lqwhjudeoh dqg ohw

�f @ olp
?cA<"

H[?cA @ olp
?cA<"

�
?

?[
�'�

H\�cA eh �qlwh1 +614<,
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E| gh�qlwlrq lw lv vx!flhqw iru [?cA $R �f dv +q> W $ 4, wr vkrz wkdw

olp
?cA<"

S

+����� �
?

?[
�'�

+\�cA �H\�cA ,

����� A %

,
@ 3 iru doo % A 3= +6153,

Lq vrph dssolfdwlrqv +6153, fdq eh yhul�hg e| vkrzlqj wkdw

olp
?cA<"

H

����� �
?

?[
�'�

+\�cA �H\�cA ,

����� @ 3 +6154,

xvlqj wkh Pdunry lqhtxdolw|1 Ru/ li wkh [?cA duh vtxduh lqwhjudeoh/ +6153, iroorzv e|
Fkhe|fkhy*v lqhtxdolw| zkhq

olp
?cA<"

H

����� �
?

?[
�'�

+\�cA �H\�cA ,

�����
2

@ olp
?cA<"

�
?2

?[
�'�

Hmm\�cA �H\�cA mm2 @ 3> +6155,

zkhuh wkh �uvw htxdolw| krogv ehfdxvh wkh \�cA duh lqghshqghqw dfurvv l iru doo W=
Vhtxhqwldo suredelolw| olplwv fdq dovr eh ghulyhg1 Iurp wlph vhulhv olplw wkhru|

zh pd| rewdlq wkh olplw ehkdylru ri \�cA zkhq W $ 4= Vxssrvh/ iru lqvwdqfh/ wkdw
dv W $ 4

\�cA , \� ;l +6156,

ru
\�cA

R$ \� ;l +6157,

vr wkdw/ e| wkh lqghshqghqfh ri \�cA dfurvv l iru doo W> lw iroorzv [?cA , [? ru
[?cA $R [? dv W $ 4 iru doo q>zkhuh [? @ �

?

S?
�'� \�=

Vxssrvh dovr/ lq wkh fdvh ri +6156,/ wkdw wkh \� duh gh�qhg rq wkh vdph suredelolw|
vsdfh iru doo l vr wkdw wkh vxp ri wkh olplw udqgrp yduldeohv �

?

S?
�'� \� lv phdqlqjixo1

Dsshqgl{ E+4, surylghv d frqvwuxfwlrq iru grlqj wklv dqg/ khuhdiwhu/ zh dvvxph wkdw
wkh udqgrp yhfwruv \� lq +6156, h{lvw rq wkh vdph suredelolw| vsdfh zkhqhyhu zh xvh
vhtxhqwldo olplw dujxphqwv1 E| doorzlqj q $ 4 dqg dsso|lqj d vwdqgdug vwurqj odz
iru lqghshqghqw udqgrp yduldeohv wr

[? @ �
?

?[
�'�

\�> +6158,

xqghu vrph uhjxodulw| frqglwlrqv/5 zh pd| �qg wkh vhtxhqwldo olplw [= Ohw

��f @ olp
?

�
?

?[
�'�

H\�= +6159,

Wkhq

[? @ �
?

?[
�'�

\�
d1v1$ ��f @ olp

?

�
?

?[
�'�

H\�=

5Vlpsoh vx!flhqw frqglwlrqv duh wkdw wkh t� duh lqghshqghqw zlwk t�T�. 8t� 3.t�82 	 "�
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D ixqgdphqwdo txhvwlrq lv zkhwkhu wkh mrlqw suredelolw| olplw [ lq +614<, lv
htxlydohqw wr wkh vhtxhqwldo suredelolw| olplw �[ lq +6159,1 Ohppd 8 surylghv rqh
vroxwlrq1 Dffruglqj wr Ohppd 8/ lw lv hqrxjk wr yhuli| frqglwlrq +614:, zlwk [?cA @
�
?

S?
�'� \�cA dqg [? @ �

?

S?
�'� \� wr frqfoxgh wkdw [?cA $R ��f dv q> W $ 4> zkhuh

��f @ olp?
�
?

S?
�'�H\�= Wkh iroorzlqj wkhruhp jlyhv d vhw ri vx!flhqw frqglwlrqv xq0

ghu zklfk frqglwlrq +614:, lv vdwlv�hg/ vr wkdw wkh wzr suredelolw| olplwv �f lq +614<,
dqg ��f lq +6159, duh htxlydohqw1

Wkhruhp 4 +Mrlqw Suredelolw| Olplwv, Vxssrvh wkh +p�4, udqgrp yhfwruv \�cA
duh lqghshqghqw dfurvv l iru doo W dqg lqwhjudeoh1 Dvvxph wkdw \�cA , \� dv W $ 4
iru doo l1

+d, Ohw wkh iroorzlqj krog=

+l, olp vxs?cA
�
?

S?
�'�Hmm\�cA mm ? 4>

+ll, olp vxs?cA
�
?

S?
�'� mmH\�cA �H\�mm @ 3>

+lll, olp vxs?cA
�
?

S?
�'�Hmm\�cA mm4imm\�cA mm A q%j @ 3 ;% A 3>dqg

+ly, olp vxs?
�
?

S?
�'�H n\�n 4in\�n A q%j @ 3 ;% A 3=

Wkhq frqglwlrq +6=4:, krogv1

+e, Li olp?<" �
?

S?
�'�H\� +@ ��f, h{lvwv dqg [? $R ��f dv q $ 4> wkhq [?cA

$R ��f dv +q> W $ 4,=

Lq hvwdeolvklqj wkh h{lvwhqfh ri d mrlqw suredelolw| olplw ri �
?

S?
�'� \�cA > Wkhruhp 4

uhtxluhv rqo| �uvw prphqw dvvxpswlrqv rq \�cA dqg lv/ lq wklv uhvshfw/ ohvv ghpdqglqj
wkdq +6155,/ zklfk xvhv vhfrqg prphqwv ri \�cA = Wkhruhp 4 lv sduwlfxoduo| xvhixo zkhq
wkh �uvw prphqw frqglwlrq +6154, lv qrw vr hdv| wr hvwdeolvk1

Dq lpsruwdqw vshfldo fdvh dulvhv zkhq wkh \�cA duh vfdohg yhuvlrq ri vrph llg
udqgrp yhfwruv T�cA 16 Vxssrvh wkdw \�cA @ F�T�cA / zkhuh wkh iT�cA j� duh llg iru doo
W dqg wkh F� duh +p �p, qrqudqgrp pdwulfhv iru doo l1 Vxssrvh wkdw T�cA , T�

dv W $ 4 iru doo l> vr wkdw \� @ F�T�= Lq jhqhudo/ wkh \�cA duh khwhurjhqhrxv dfurvv
l xqohvv wkh F� duh wkh vdph iru doo l= Wkh vrxufh ri wkh khwhurjhqhlw| ri \�cA lv wkh
vfdoh h�hfw F�> dqg wkhq wkh khwhurjhqhlw| iurp F� lv vprrwkhg e| ohwwlqj q $ 4=
Zh kdyh wkh iroorzlqj uhvxow iru wklv vshfldo fdvh1

Fruroodu| 4 Vxssrvh wkdw \�cA @ F�T�cA / zkhuh wkh T�cA duh llg dfurvv l iru doo W>
dqg wkh F� duh +p � p, qrqudqgrp pdwulfhv iru doo l1 Dvvxph wkdw wkh T�cA duh
lqwhjudeoh iru doo W dqg T�cA , T� dv W $ 4= Dvvxph wkdw F @ olp?

�
?

S?
�'�F�

h{lvwv1 Li mmT�cA mm lv xqlirupo| lqwhjudeoh lq W iru doo l> dqg li vxs� mmF�mm ? 4> wkhq
�
?

S?
�'� \�cA $R FH+T�, dv +q> W $ 4,=

6 Lq pdq| dssolfdwlrqv dq UE�� surfhvv ~�c| fdq eh ghfrpsrvhg lqwr d vfdohg udqgrp zdon surfhvv
soxv dq huuru whup/ wkdw lv/ ~�c| ' ��E��7�c| n �L�cf 3 �L�c|c zkhuh 7�c| ' 7�c|3� n L�c| dqg ��E�� lv
wkh orqj0uxq prylqj dyhudjh frh!flhqw ri {~�c| +h1j1/ vhh Skloolsv dqg Vror/ 4<<5,1 Wkhq/ wkh vfdoh
idfwru �� lv ��E�� dqg '�cA fruuhvsrqgv wr s E7�c|*

I
A �/ zkhuh s lv d frqwlqxrxv ixqfwlrqdo rq vrph

phwulf vsdfh1
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6161 Mrlqw Fhqwudo Olplw Wkhru|

Wklv vhfwlrq frqvlghuv mrlqw frqyhujhqfh lq glvwulexwlrq ri wkh
s
q0vwdqgdugl}hg grxeoh

vhtxhqfh [?cA

[?cA @ �I
?

?[
�'�

\�cA > +615:,

zkhuh wkh \�cA duh lqghshqghqw +p� 4, udqgrp yhfwruv dfurvv l zlwk H\�cA @ 3 dqg
H\�cA\

�
�cA @ �cA =

Rqh dssurdfk wr wkh olplw glvwulexwlrq ri [?cA lv wr dwwhpsw wr xvh d pxowlyduldwh
FOW gluhfwo|1 Wklv dssurdfk lv sduwlfxoduo| dssursuldwh lq wkh fdvh ri gldjrqdo sdwk
olplwv zkhuh zh kdyh [?cA E?� @

�I
?

S?
�'� \�cA E?� dqg d vxlwdeoh pxowlyduldwh FOW iru

wuldqjxodu duud|v fdq eh dssolhg1 Wklv lghd zdv hpsor|hg e| Txdk +4<<7, dqg Ohylq
dqg Olq +4<<6, lq wkhlu zrun rq sdqho xqlw urrw whvwv1 Exw/ lq jhqhudo/ zkhq q dqg
W jr wr lq�qlw| dqg qr vshfl�f h{sdqvlrq uhodwlrq ehwzhhq q dqg W lv dvvxphg/ zh
fdqqrw xvh wudglwlrqdo FOW*v lq wklv zd|1 Lq zkdw iroorzv/ wkhuhiruh/ zh ghyhors d
mrlqw FOW iru +q> W $ 4,> xvlqj d Olqghehuj frqglwlrq iru d grxeoh lqgh{hg surfhvv1

Iluvw/ wdnh wkh fdvh zkhuh wkh \�cA lq +615:, duh vfdodu udqgrp yduldeohv1 Ohw
v2?cA @

S?
�'��cA dqg gh�qh ��c?cA @ \�cA @v?cA 1 Wkhq zh kdyh wkh iroorzlqj uhvxow1

Wkhruhp 5 +Mrlqw Olplw FOW, Vxssrvh wkdw iru ;% A 3>

olp
?cA<"

?[
�'�

H^�2�c?cA 4im��c?cA m A %j` @ 3= +615;,

Wkhq/ dv +q> W $ 4,>
?[
�'�

��c?cA , Q+3> 4,=

Djdlq/ dq lqwhuhvwlqj vshfldo fdvh ri wklv mrlqw FOW dulvhv zkhq wkh +p�4, udqgrp
yhfwruv \�cA duh vfdohg yhuvlrqv ri llg udqgrp yhfwruv T�cA =

Wkhruhp 6 +Mrlqw Olplw FOW iru Vfdohg Yduldwhv, Vxssrvh wkdw \�cA @ F�T�cA /
zkhuh wkh +p�4, udqgrp yhfwruv T�cA duh llg+3>	A , dfurvv l iru doo W dqg wkh F� duh
+p�p, qrq}hur dqg qrqudqgrp pdwulfhv1 Dvvxph wkh iroorzlqj frqglwlrqv krog=

+l, Ohw �2A @ �4�?+	A , dqg olp lqiA �2A A 3>

+ll,
4@ �$?8��82

b4�?+
S?

�'� ���
�
�,

@ R
�
�
?

�
dv q $ 4>

+lll, mmT�cA mm2 duh xqlirupo| lqwhjudeoh lq W /

+ly, olp?cA
�
?

S?
�'�F�

S
A F �

� @  A 3=

Wkhq/

[?cA @ �I
?

?[
�'�

\�cA , Q+3>, dv q> W $ 4=
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Uhpdunv

+d, Wkhruhp 6 lv forvho| uhodwhg wr d wkhruhp gxh wr Hlfnhu +4<96,1 Hlfnhu +4<96,
ghyhorshg d FOW iru d

s
q0vwdqgdugl}hg vxp ri vfdohg llg udqgrp yduldeohv ri

wkh irup �I
?

S?
�'� f�|�= Wkhruhp 6 h{whqgv wkh Hlfnhu FOW wr yhfwru ydoxhg

grxeoh lqgh{hg surfhvvhv1

+e, Qrwh wkdw \�cA @ F�T�cA lv d vfdohg yhuvlrq ri dq llg surfhvv dfurvv l= Wkxv/ lq
ghulylqj wkh olplw glvwulexwlrq/ zh fdq vhsdudwh wkh h�hfwv ri khwhurjhqhlw| lq
wkh furvv vhfwlrq iurp wkh dv|pswrwlf olplw lq wkh wlph vhulhv1

Vhtxhqwldo zhdn frqyhujhqfh ri �I
?

S?
�'� \�cA fdq eh ghulyhg lq wkh vdph zd| dv

wkh vhtxhqwldo suredelolw| olplw ri �
?

S?
�'� \�cA frqvlghuhg hduolhu1 Vxssrvh wkdw/ iru

hdfk l dv W $ 4> wkh udqgrp yduldeohv \�cA frqyhujh lq glvwulexwlrq wr \�> zkhuh wkh
\� duh lqghshqghqw zlwk phdq }hur dqg yduldqfh �= Wkhq/ �I

?

S?
�'� \� , Q+3>, li

iru doo % A 3 dv q $ 4
H
\ 2
�

v2?
4

�����\ 2
�

v2?

���� A %

�
$ 3> +615<,

dqg
�
?v

2
? @ �

?

?[
�'�

� $ = +6163,

Lq pdq| hfrqrphwulf dssolfdwlrqv \� lv d Jdxvvldq udqgrp yduldeoh ru d ixqf0
wlrq ri d Jdxvvldq surfhvv1 Vr wkh \� xvxdoo| srvvhvv kljkhu prphqwv1 Vhfrqg
prphqw uhtxluhphqwv wkhq iroorz dxwrpdwlfdoo|/ dqg wkh Olqghehuj frqglwlrq +615<,
iru �I

?

S?
�'� \� pd| eh yhul�hg gluhfwo| xvlqj d Oldsrxqry frqglwlrq1

Dgglwlrqdo Uhpdunv

+d, Vhtxhqwldo zhdn frqyhujhqfh ri �I
?

S?
�'� \�cA wrQ+3>, xqghu frqglwlrqv +615<,

dqg +6163, grhv qrw lpso| wkdw �I
?

S?
�'� \�cA frqyhujhv lq glvwulexwlrq mrlqwo|

wr Q+3>, dv +q> W $ 4,= Dffruglqj wr Ohppd 8+ll,/ frqglwlrq +614:, lv d
qhfhvvdu| dqg vx!flhqw frqglwlrq iru �I

?

S?
�'� \�cA wr frqyhujh lq glvwulexwlrq

mrlqwo| wr wkh vhtxhqwldo olplw glvwulexwlrq Q+3>,1 Lq wklv fdvh/ wkhuhiruh/
frqglwlrq +615;, dqg wkh frqglwlrq wkdw �

?

S?
�'��cA $  dv +q> W $ 4, surylgh

vx!flhqw frqglwlrqv iru frqglwlrq +614:,1

+e, Zkhq \�cA lq +615:, grhv qrw kdyh phdq }hur/ exw lqvwhdg kdv phdq }hur dv0
|pswrwlfdoo| dv W $ 4 iru hdfk l/ mrlqw FOW*v vxfk dv Wkhruhp 5 ru Fruroodu|
6 fdqqrw eh dssolhg1 Lq wklv fdvh/ W qhhgv wr lqfuhdvh idvw hqrxjk wr pdnh wkhs
q0vwdqgdugl}hg vxp ri wkh eldvhv vpdoo1 Wkdw lv/ �I

?

S?
�'�H\�cA vkrxog jr

wr }hur dv +q> W $ 4,= Lq wklv fdvh/ dv|pswrwlf qrupdolw| ri �I
?

S?
�'� \�cA zloo

frqwlqxh wr krog surylghg wkh h{sdqvlrq udwh ehwzhhq q dqg W doorzv wkh eldv
wr jr wr }hur1 Wkh qh{w vhfwlrq jlyhv dq h{dpsoh zkhuh wklv sureohp dulvhv
+h1j1/ vhh Wkhruhp 7,1
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71 Vsxulrxv Sdqho Uhjuhvvlrq

Wklv vhfwlrq frqvlghuv wkh fdvh zkhuh wkh wzr frpsrqhqw udqgrp yhfwruv \�c| dqg
[�c| ri ]�c| lq +514, kdyh qr frlqwhjudwlqj uhodwlrq iru dq| l= Zh dvvxph wkh iroorzlqj1

Dvvxpswlrq 6 +Vsxulrxv Uhjuhvvlrq, Wkh udqgrp pdwulfhv � duh srvlwlyh ghi0
lqlwh doprvw vxuho|1

Vxssrvh wkdw zh shuirup d wlph vhulhv uhjuhvvlrq ri \�c| rq [�c|=

\�c| @ a��[�c| . aX�c|> +7164,

zkhuh a�� @
SA

|'� \�c|[
�
�c|+

SA
|'�[�c|[

�
�c|,

3�= Dv lv zhoo nqrzq +h1j1/ Skloolsv/ 4<;9,/

xqghu Dvvxpswlrq 6 wkh uhjuhvvlrq frh!flhqw hvwlpdwru a�� kdv wkh iroorzlqj qrqgh0
jhqhudwh olplw glvwulexwlrq/ dv W $ 4

a�� ,
U
P+�P

�
%�

�U
P%�P

�
%�

�3� iru doo l= +7165,

Wkh zhdn frqyhujhqfh uhvxow +7165, lpsolhv wkdw uhjuhvvlrq +7164, lv vsxulrxv lq wkh
vhqvh wkdw wkh uhjuhvvlrq ri \�c| rq [�c| grhv qrw lghqwli| dq| �{hg orqj0uxq uhodwlrq
ehwzhhq \�c| dqg [�c|= Wkh pdlq uhvxow lq wkh iroorzlqj vhfwlrq lv wkdw/ lq d sdqho gdwd
vhw/ vxfk uhjuhvvlrqv duh qr orqjhu vsxulrxv dqg gr/ lq idfw/ glvwlqjxlvk d orqj0uxq
dyhudjh uhodwlrq ehwzhhq \�c| dqg [�c|=

Frqvlghu wkh iroorzlqj olqhdu ohdvw0vtxduhv uhjuhvvlrq ri \�c| rq [�c| zlwk sdqho
gdwd=

\�c| @ a�?cA[�c| . aX�c|> +7166,

zkhuh

a�?cA @

#
?[
�'�

A[
|'�

\�c|[
�
�c|

$#
?[
�'�

A[
|'�

[�c|[
�
�c|

$3�
= +7167,

Iru vxfk hvwlpdwruv/ vrph txlfn dv|pswrwlf uhvxowv duh dydlodeoh xvlqj vhtxhqwldo
dv|pswrwlfv dv +W> q $ 4,vht1 Dffruglqj wr +51:,/ wkh srrohg hvwlpdwru a�?cA kdv wkh
iroorzlqj olplw glvwulexwlrq

a�?cA ,
#
�
?

?[
�'�

U
P+�P

�
%�

$#
�
?

?[
�'�

U
P%�P

�
%�

$3�
dv W $ 4 iru dq| �{hg q=

Iurp Ohppd 6 zh nqrz wkdw
U
P+�P

�
%� dqg

U
P%�P

�
%� kdyh �qlwh vhfrqg prphqwv1

Dovr/ d vlpsoh fdofxodwlrq uhyhdov wkdw H
�U

P�P �
�

�
@ �

2H +�, @ �
2= Wkxv/ li zh

dsso| wkh VOOQ wr �
?

S?
�'�

U
P+�P

�
%� dqg

�
?

S?
�'�

U
P%�P

�
%� / uhvshfwlyho|/ zh kdyh dv

q $ 4
�
?

?[
�'�

U
P+�P

�
%�

d1v1$ �
2+%

dqg
�
?

?[
�'�

U
P%�P

�
%�

d1v1$ �
2%%=
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E| Dvvxpswlrq 6/ %�%� lv srvlwlyh gh�qlwh d=v=/ dqg f �%�%�f A 3 d=v= iru dq| f 9@ 3
lq U

6% = Wkxv/ Hf �%�%�f @ f �%%f A 3> zklfk lpsolhv wkdw %% lv srvlwlyh gh�qlwh1
Khqfh 3�%% h{lvwv dqg zh kdyh dv +W> q $ 4,vht

a�?cA
R$ +%

3�
%% =

Ohw � @ +%3�%% = Zh zloo fdoo wkh sdudphwhu � wkh orqj0uxq dyhudjh uhjuhvvlrq
frh!flhqw1 Lw lv wkh pdwul{ uhjuhvvlrq frh!flhqw +ri | rq {, dvvrfldwhg zlwk wkh orqj0
uxq dyhudjh fryduldqfh pdwul{ = Wr �qg wkh olplw glvwulexwlrq ri a�?cA zh uhvfdoh wkh
fhqwhuhg hvwlpdwru +a�?cA � �, e|

s
q dqg ohw W $ 4 iru �{hg q1 Iru doo �{hg q dv

W $ 4 zh kdyh
s
q+a�?cA � �,

, �I
?

?[
�'�

+
U
P+�P

�
%� � �

U
P%�P

�
%�,

#
�
?

?[
�'�

U
P%�P

�
%�

$3�
= +7168,

Qrwh wkdw

H+
U
P+�P

�
%� � �

U
P%�P

�
%�,

@ H^H+
U
P+�P

�
%� � �

U
P%�P

�
%� m IS�,`

@ �
2H++�%� �+%

3�
%%%�%�, @ 3>

zkhuh wkh frqglwlrqdo h{shfwdwlrq h{lvwv ehfdxvh
U
P+�P

�
%� � �

U
P%�P

�
%� lv vtxduh

lqwhjudeoh e| Ohppd 61 Wkxv/ wkh qxphudwru ri +7168, kdv phdq }hur1 Dovr/ zh
nqrz wkdw wkh qxphudwru kdv �qlwh vhfrqg prphqwv iurp Ohppd 61 Dsshqgl{ F+4,/
ghulyhv wkh yduldqfh pdwul{ ri wkh qxphudwru1 Lw lv

H
�
yhf+

U
P+�P

�
%� � �

U
P%�P

�
%�,yhf+

U
P+�P

�
%� � �

U
P%�P

�
%�,

�� +7169,

@ �
SH

�
%�%� 

�
+�+� � �%�+� �+�%��

� . �%�%��
���

. �
SH

�
+%�+� �%�%��

�, ++�%� � �%�%�,N6+6%

�
. �

eH
�
yhf++�%� � �%�%�,+yhf++�%� � �%�%�,,

��
@ �> vd|/

zkhuh N6+6% lv wkh +p+p% � p+p%, frppxwdwlrq pdwul{ +h1j1/ vhh Pdjqxv dqg
Qhxghfnhu/ 4<;;,1 Wkh vhtxhqfh ri udqgrp pdwulfhv iUP+�P

�
%���

U
P%�P

�
%�j� lq wkh

qxphudwru ri wkh pdwul{ txrwlhqw +7168, lv llg +3>�, dfurvv l= Iurp wkh pxowlyduldwh
Olqghehuj�Ohy| wkhruhp/ zh wkhq jhw dv q $ 4

�I
?

?[
�'�

+
U
P+�P

�
%� � �

U
P%�P

�
%�, , Q+3>�,= +716:,

Frpelqlqj +716:, zlwk wkh olplw

�
?

?[
�'�

U
P%�P

�
%�

d1v1$ �
2%% dv q $ 4>

4:



zh kdyh wkh iroorzlqj olplw glvwulexwlrq ri wkh srrohg hvwlpdwru a�?cA dv +W> q $ 4,vht

s
q+a�?cA � �, , Q

�
3> 7+3�%%  L6+,�+3�%%  L6+,

�
= +716;,

Wkhruhp 7 ehorz vkrzv wkdw wkhvh uhvxowv frqwlqxh wr krog lq mrlqw dv|pswrwlfv
dv +W> q $ 4,1 Iru wkh olplw glvwulexwlrq +716;, wr krog lq wklv fdvh zh qhhg wkh
dgglwlrqdo uhtxluhphqw wkdw q@W $ 3=

Wkhruhp 7 Vxssrvh Dvvxpswlrqv 4/ 5/ dqg 6 krog1

+d, Wkhq/ dv +q> W $ 4,> zh kdyh a�?cA $R �=

+e, Li +q> W $ 4, dqg q@W $ 3> wkhq

s
q+a�?cA � �, , Q+3> 7+3�%%  L6+,�+3�%%  L6+,,=

Uhpdunv

+d, Wkhruhp 7 vkrzv wkdw wkh srrohg hvwlpdwru a�?cA lv d
s
q frqvlvwhqw hvwlpdwru

ri wkh orqj0uxq dyhudjh uhjuhvvlrq frh!flhqw � @ +%
3�
%% = Vxssrvh zh gh�qh

�X�c| @ +L6+ >��,]�c| +716<,

zlwk ]�c| jhqhudwhg e| +514,1 Wkhq/ e| gh�qlwlrq

\�c| @ �[�c| . �X�c|= +7173,

dqg wkh uhjuhvvlrq +7166, surgxfhv d frqvlvwhqw hvwlpdwh ri wklv orqj0uxq dyhu0
djh uhodwlrqvkls1 Dovr/ wkh srrohg hvwlpdwru a�?cA lv

s
q frqvlvwhqw dqg kdv d

qrupdo dv|pswrwlf glvwulexwlrq li q@W $ 31 Wklv lv wr eh h{shfwhg ehfdxvh wkh
hvwlpdwru srrov q lqghshqghqw furvv vhfwlrq revhuydwlrqv1 Wkh frqyhujhqfh udwh
grhv qrw ghshqg rq W= Krzhyhu/ wklv grhv qrw lpso| wkdw Wkhruhp 7 fdq eh
hvwdeolvkhg zlwk �qlwh wlph vhulhv1 D odujh qxpehu ri wlph vhulhv revhuydwlrqv
vhuyhv wr vwdelol}h wkh h�hfw ri wkh qrqvwdwlrqdulw| lq wkh sdqho gdwd e| hqvxu0
lqj wkdw wkh uhjuhvvlrq kdv d zhoo gh�qhg olplw �> wkh uhjuhvvlrq frh!flhqw ri
wkh orqj0uxq dyhudjh fryduldqfh pdwul{  +zklfk lv frqvlvwhqwo| hvwlpdeoh rqo|
zkhq W $ 4,1

+e, Lq wkh wlph vhulhv uhjuhvvlrq +49,/ dv glvfxvvhg lq Skloolsv +4<;<,/ wkh qrlvh
�X�c| gh�qhg lq +716<, lv dv vwurqj dv wkh vljqdo [�c| ehfdxvh wkh qrlvh �X�c| kdv
wkh vdph wlph vhulhv surshuwlhv dv wkh lqwhjudwhg surfhvv ]�c| @ +\ �

�c|>[
�
�c|,

�= Vr
wkh wlph vhulhv uhjuhvvlrq +49, lv vsxulrxv dqg a�� kdv d qrqghjhqhudwh olplw
glvwulexwlrq zkhq W $ 41 Krzhyhu/ lq wkh sdqho uhjuhvvlrq +7166, zlwk d
odujh qxpehu ri furvv vhfwlrq gdwd/ wkh vwurqj qrlvh lv dwwhqxdwhg e| srrolqj
wkh gdwd dqg d frqvlvwhqw hvwlpdwh ri wkh vljqdo fdq eh h{wudfwhg1 Wr vhh wklv/
qrwh wkdw dowkrxjk wkh qrlvh �X�c| lv lqwhjudwhg ryhu w dqg lv fruuhodwhg zlwk
wkh vljqdo [�c|/ wkh furvv surgxfwv �

A
�X�c|[

�
�c| duh lqghshqghqw dfurvv l dqg kdyh

4;



phdq }hur dv|pswrwlfdoo|1 Lq srrolqj wkh gdwd/ wkh vfdohg vdpsoh fryduldqfh
�

?A 2
S?

�'�

SA
|'�

�X�c|[ �
�c|> frqyhujhv lq suredelolw| wr }hur dv +q> W $ 4,= Lq

h�hfw/ wkhuhiruh/ wkh prgho vdwlv�hv dq ruwkrjrqdolw| frqglwlrq iru wkh uhjuhvvru
[�c| dqg huuru �X�c| rq dyhudjh iru srrohg gdwd1 Wklv phdqv wkdw zh fdq hvwlpdwh
wkh dyhudjh orqj0uxq frh!flhqw � frqvlvwhqwo| e| srrolqj wkh sdqho gdwd1

+f, Wkh uhvwulfwlrq ?
A $ 3 lq Wkhruhp 7 frqwurov wkh h�hfw ri eldv lq wkh sdqho

uhjuhvvlrq1 Xqghu wkh dvvxpswlrqv rq wkh GJS jlyhq lq Vhfwlrq 5/ wkh h{shf0
wdwlrq ri wkh frpsrqhqwv lq wkh qxphudwru ri

s
q
�
a�?cA � �

�
lv jhqhudoo| qrq

}hur/ l=h=>

H

#
4

W 2

A[
|'�

�
\�c|[

�
�c| � �[�c|[

�
�c|

�$ 9@ 3>

zkhuhdv

H

#
4

W 2

A[
|'�

�
\�c|[

�
�c| � �[�c|[

�
�c|

�$ $ 3>

dv W $ 4 iru doo l= Lq wklv fdvh/ wkh frqglwlrq ?
A $ 3 suhyhqwv wkh eldv iurp kdyh

d grplqdwlqj dv|pswrwlf h�hfw rq wkh vwdqgduglvhg txdqwlw|
s
q
�
a�?cA � �

�
1

Exw/ zkhq ?
A < 3/ wkh eldv fdq grplqdwh dqg wkh dv|pswrwlf ehkdylrxu fdq eh

yhu| gl�huhqw1 Iru h{dpsoh/ vxssrvh wkdw �I
?

S?
�'�H

�
�
A 2

SA
|'�

�
\�c|[ �

�c| � �[�c|[ �
�c|

��
$

e lq vrph gldjrqdo olplw +W +q, > q $ 4,_�@} = Lq wklv hyhqw/ zh fdq h{shfw wr kdyh
d olplw glvwulexwlrq zlwk dq dv|pswrwlf eldv e= Ixuwkhu/ wkh uhtxluhg uhvwulfwlrq
rq wkh h{sdqvlrq udwh ehwzhhq q dqg W zloo fkdqjh ghshqglqj rq wkh xqghuo|0
lqj dvvxpswlrqv derxw wkh GJS1 Iru h{dpsoh/ li wkh vkrfnv X�c| +@ �]�c|, duh
llg ryhu w dqg ]�cf @ 3 iru doo l> wkhq rxu uhvxowv krog dv +q> W $ 4, zlwkrxw
lpsrvlqj dq| uhvwulfwlrq rq wkh h{sdqvlrq udwh ehwzhhq q dqg W=

+g, Wkhruhp 7 krogv iru dq| sduwlwlrq ri ]�c|= Li wkh sdqho gdwd lv d yhfwru xqlw
urrw prgho vxfk dv +514, wkhq zh fdq hvwlpdwh wkh dyhudjh orqj0uxq uhodwlrq
ehwzhhq dq| wzr vxeyhfwruv1 Lq h�hfw/ wkhuhiruh/ wkhuh lv dq dyhudjh orqj0uxq
uhodwlrqvkls ehwzhhq dq| wzr vxeyhfwru frpsrqhqwv ri dq lqwhjudwhg surfhvv
ryhu d furvv vhfwlrq srsxodwlrq1

+h, D nh| idfwru lq ghwhuplqlqj wkhvh uhvxowv lv wkdw sdqho gdwd surylgh llg furvv
vhfwlrq lqirupdwlrq wkdw lv xqdydlodeoh lq d vlpsoh wlph vhulhv frqwh{w1 Lq frq0
vhtxhqfh/ zh pd| h{shfw vrph uhodwhg uhvxowv wr dsso| zkhq wkh uhjuhvvlrq
xwlol}hv rqo| d iudfwlrq ri wkh wlph vhulhv gdwd1 Vxssrvh zh uhjuhvv \�c| rq [�c|

xvlqj wkh furvv vhfwlrq revhuydwlrqv dw wlph shulrg w @ ^Wu` zlwk 3 ? u � 4=
Wkh furvv vhfwlrq ROV hvwlpdwru ��?cdAoo lv gh�qhg e|

��?cdAoo @

#
?[
�'�

\�c|[
�
�c|

$#
?[
�'�

[�c|[
�
�c|

$3�
= +7174,

4<



Xvlqj vlplodu dujxphqwv wr wkrvh hpsor|hg deryh/ zh fdq vkrz wkdw/ lq vhtxhq0
wldo dv|pswrwlfv zlwk W $ 4 �uvw dqg wkhq q $ 4> zh kdyh

��?cdAoo
R$ � dqg

s
q+��?cdAoo � �, , Q+3> +3�%%  L6+,��+3�%%  L6+,,>

zkhuh

�� @ H+%�%�  ++�+� � �%�%� �%�%��
� . �%�%��

�,,
. H++%�+� �%�%��

�, ++�%� � �%�%�,N6+6%,

. H+yhf++�%� � �%�%�,+yhf++�%� � �%�%�,,
�,=

+i, Vlqfh +3�%%  L6+,��+3�%%  L6+, � 7+3�%%  L6+,�+3�%%  L6+, A 3> wkh furvv
vhfwlrq hvwlpdwru ��? lv dv|pswrwlfdoo| ohvv h!flhqw wkdq wkh srrohg hvwlpdwru
a�?cA = Wklv lv wr eh h{shfwhg ehfdxvh wkh srrohg hvwlpdwru a�?cA xvhv doo wkh
wlph vhulhv lqirupdwlrq zkloh wkh furvv vhfwlrq hvwlpdwru ��?cdAoo xvhv rqo| vlqjoh
wlph shulrg lqirupdwlrq1 Lw lv wkhuhiruh lqwhuhvwlqj wr qrwh wkdw/ dowkrxjk wlph
vhulhv uhjuhvvlrq pd| eh vsxulrxv/ xvh ri doo wkh wlph vhulhv gdwd grhv uhgxfh
wkh olplwlqj yduldqfh lq d sdqho uhjuhvvlrq1 Khxulvwlfdoo|/ wklv lv ehfdxvh zkhq
zh srro wkh gdwd zh dyhudjh wkh olplwlqj lqirupdwlrq dqg txdqwlwlhv olnh

U �
fP+�

dqg
U �
fP+�P

�
%� kdyh ohvv yduldwlrq wkdqP+�+4, dqgP+�+4,P%�+4,= Iru h{dpsoh/

Z +4, � Q+3> 4,> zkhuhdv
U �
f Z � Q

�
3> ��

�
=

81 Sdqho Frlqwhjudwlrq

Wklv vhfwlrq frqvlghuv wkh fdvh zkhuh wkh yduldeohv lq ]�c| duh frlqwhjudwhg1 Dv glv0
fxvvhg lq Skloolsv +4<;9,/ wkhuh h{lvwv d frlqwhjudwlqj uhodwlrq dprqj wkh yduldeohv lq
]�c| li wkh frqglwlrqdo orqj0uxq yduldqfh pdwul{ � ri ]�c| kdv d gh�flhqw udqn1 Zh
zloo glvfxvv wkuhh sduwlfxodu w|shv ri prgho= +l, khwhurjhqhrxv sdqho frlqwhjudwlrq/
zkhuh wkhuh h{lvwv gl�huhqw frlqwhjudwlqj uhodwlrqv dprqj wkh yduldeohv lq ]�c| dfurvv
lqglylgxdov> +ll, krprjhqhrxv sdqho frlqwhjudwlrq/ zkhuh wkh frlqwhjudwlrq uhodwlrq
lv wkh vdph iru doo wkh lqglylgxdov> dqg +lll, qhdu0krprjhqhrxv sdqho frlqwhjudwlrq
zkhuh wkhuh h{lvw voljkwo| gl�huhqw frlqwhjudwlqj uhodwlrqv dfurvv wkh lqglylgxdov1

8141 Khwhurjhqhrxv Sdqho Frlqwhjudwlrq

Zh vwduw e| vwuhqjwkhqlqj wkh prphqw frqglwlrqv ri wkh udqgrp frh!flhqwv F�c| lq
+516, dqg wkh vxppdelolw| frqglwlrqv dv iroorzv1

Dvvxpswlrq 7 +Udqgrp Frh!flhqw Frqglwlrqv �,

+l, Dvvxpswlrq 4+l, krogv1

+ll, HF �S
@c�c| +@ ��Sc@c|, ? 4 iru doo d @ 4> ===>p2=
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Dvvxpswlrq 8 +Vxppdelolw| Frqglwlrq �, Iru doo d @ 4> ===>p2>

+l,
S"

|'f w
2�2c@c| ? 4

+ll,
S"

|'f w
e +�ec@c|,

�*e ? 4
+lll,

S"
|'f w

2 +�Hc@c|,
�*H ? 4

+ly,
S"

|'f +��Sc@c|,
�*�S ?41

Wkh suhylrxv vhfwlrq dvvxphv wkdw wkh frqglwlrqdo orqj0uxq fryduldqfh pdwul{ �

ri wkh lqwhjudwhg yhfwru ]�c| lq +514, lv srvlwlyh gh�qlwh1 Zkhq � lv vlqjxodu/ dv lv
zhoo nqrzq/ d gl�huhqw olplw wkhru| dssolhv iru hdfk l=

Dvvxpswlrq 9 Wkh iroorzlqj frqglwlrqv krog doprvw vxuho|1

+l, � kdv udqn p%1

+ll, Hdfk +p% �p%, ohdglqj vxepdwul{ %�%� lv srvlwlyh gh�qlwh1

Lq wklv fdvh wkh jhqhudwlqj phfkdqlvp +514, kdv d gh�flhqw vhw ri xqlw urrwv dqg wkh
yhfwru ]�c| lv frlqwhjudwhg doprvw vxuho|1 Wr vhh wklv/ wdnh dq duelwudu| hohphqw ri wkh
suredelolw| vsdfh iru zklfk +l, dqg +ll, ri Dvvxpswlrq 9 krog1 Wkhq zh kdyh +�+� @
+�%�

3�
%�%�%�+� = Ohw �� @ +L6+ >���, dqg �� @ +�%�

3�
%�%� = Wkh +p+ � p, udqgrp

pdwul{ �� lv zhoo gh�qhg ehfdxvh %�%� lv srvlwlyh gh�qlwh1 Vlqfh � @ F�+4,F�+4,�>
wkh htxdolw| +�+� �+�%�

3�
%�%�%�+� @ 3 fdq eh zulwwhq dv

��F�+4,F+�+4,
� @ 3> +814,

vr wkdw �� lv lq wkh urz qxoo vsdfh ri wkh pdwul{ F�+4,=
Gh�qh H�c| @ ��]�c| @ \�c| � ��[�c|= Qrwh wkdw �H�c| @ ���]�c| @ ��X�c| @

��F�+4,Y�c| � ��� �X�c|> zkhuh wkh odvw htxdolw| frphv iurp wkh EQ ghfrpsrvlwlrq
ri X�c|= Wkhq/ vlqfh ��F�+4, @ 3> �H�c| @ ���� �X�c|> wkdw lv H�c| @ ��� �X�c| @
���

S"
r'f

�F�crY�c|3r= Ohppd 9 ehorz vkrzv wkdw H�c| lv vtxduh lqwhjudeoh dqg wkdw
wkh udqgrp frh!flhqwv i��� �F�crjr duh vxppdeoh1 Khqfh/ Dvvxpswlrq 9 lpsolhv wkh
h{lvwhqfh ri wkh iroorzlqj sdqho frlqwhjudwlrq prgho zlwk suredelolw| rqh=

\�c|
d1v1
@ ��[�c| .H�c|

[�c| @ [�c|3� .X%�c|>
+815,

zkhuh

I�c| @

�
H�c|

X%�c|

�
@

"[
r'f

J�crY�c|3r> J�cr @

���� �F�cr

�F�cr

�
> dqg � @ +3

111 L6%,+p% �p,=

Uhpdun Wkh frh!flhqw �� lq Prgho +815, lv udqgrp1 Wklv phdqv wkdw wkh frh!flhqw
�� gl�huv udqgrpo| dfurvv l dqg vr wkh frlqwhjudwlqj uhodwlrq ehwzhhq \�c| dqg [�c| lv
khwhurjhqhrxv1

54



Lq Prgho +815, wkh udqgrp frh!flhqwv J�cr lq wkh olqhdu surfhvv jhqhudwlqj
+H �

�c|> X
�
%�c|,

� hdfk lqyroyh wkh frlqwhjudwlqj pdwul{ �� zkrvh pdlq frpsrqhqw lv
�� @ +�%�

3�
%�%� > zklfk ghshqgv rq wkh lqyhuvh ri %�%� = AIurp Dvvxpswlrq 9/

3�%�%� h{lvwv doprvw vxuho|1 Exw/ dgglwlrqdoo|/ zh qhhg vrph prphqw frqglwlrqv rq
+�%�

3�
%�%� wr hqvxuh wkh h{lvwhqfh ri prphqwv ri wkh udqgrp frh!flhqwv J�cr> zklfk

lv lpsruwdqw lq wkh iroorzlqj dqdo|vlv1 Dvvxpswlrqv 4 dqg 5 dorqh gr qrw dvvxuh wkh
h{lvwhqfh ri prphqwv ri 3�%�%� 1 Khqfh/ wr dyrlg khdy| wdlov lq wkh ghqvlw| ri 3�%�%� > zh
pdnh wkh iroorzlqj dvvxpswlrq derxw wkh glvwulexwlrq ri %�%� =

Dvvxpswlrq : Wkh udqgrp pdwul{ %�%� kdv frqwlqxrxv ghqvlw| ixqfwlrq i zlwk
wkh iroorzlqj surshuwlhv1

+l, i+, @ R+hwu+�f,, iru vrph f A 3 zkhq wu +, $ 4> zkhuh hwu+�f, ghqrwhv
h{siwu+�f,j=

+ll, i+, @ R++ghw,�, iru vrph � A : zkhq ghw +, $ 3=

Uhpdunv

+d, Frqglwlrq +l, lpsolhv wkdw wkh wdlo ri wkh ghqvlw| i lv h{srqhqwldoo| vpdoo dv
wu +, $ 4= Frqglwlrq +ll, uhvwulfwv wkh ehkdylru ri wkh ghqvlw| i zkhq ghw $
3= Wdnhq wrjhwkhu +l, dqg +ll, hqvxuh wkdw +ghw,r i+, lv lqwhjudeoh iru v � �;=

+e, Dq h{dpsoh ri d ghqvlw| i vdwlvi|lqj frqglwlrqv +l, dqg +ll, lv wkh Zlvkduw
glvwulexwlrq Z6%+M> L6%, zkrvh suredelolw| hohphqw lv

i+, +g, @
4

5
6%a
2

K6%+a2 ,
hwu

���
2

�
ghw

a36%3�
2 +g, >

zlwk ghjuhhv ri iuhhgrp sdudphwhu M A p% . 48 dqg zkhuh �6%

�
a
2

�
@

U
l:f

�hwu+�,ghw
a36%3�

2 +g, = Lq wklv fdvh/ 3� kdv dq lqyhuvh Zlvkduw glvwule0
xwlrq zlwk +M .p% . 4, ghjuhhv ri iuhhgrp dqg +p% �p%, sdudphwhu pdwul{
L6% > Z

3�
6%

+M .p% . 4> L6%, +h1j1/ vhh Pxlukhdg/ 4<;5/ s1 446,1

Wkh iroorzlqj ohppd hvwdeolvkhv wkh lqwhjudelolw| ri whupv wkdw dsshdu iuhtxhqwo|
lq wklv vhfwlrq1

Ohppd 9 Ohw J�+4, @
S"

r'fJ�cr> �J�cr @
S"

|'rn�J�c|> dqg �I�c| @
S"

r'f
�J�crY�c|3r=

Vxssrvh wkdw Dvvxpswlrqv 7�: krog1 Wkhq=

+d, H+
S"

r'f v
2mmJ�crmm2, ? 4=

+e, HmmI�c|mm2 ? P iru vrph frqvwdqw P ? 4=

+f, HmmJ�+4,mme ? 4=

+g, Hmm �I�c|mme ? P iru vrph frqvwdqw P ? 4=
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Dffruglqj wr Ohppd 45 ri Dsshqgl{ D/ zh fdq zulwh wkh EQ ghfrpsrvlwlrq ri
I�c| dv

I�c|
d1v1
@ J�+4,Y�c| . �I�c|3� � �I�c|> +816,

zkhuh J�+4,Y�c| dqg �I�c| duh zhoo gh�qhg vtxduh lqwhjudeoh udqgrp yhfwruv lq ylhz ri
Ohppd 91 Xvlqj +816,/ wkh sduwldo vxp surfhvv ri I�c| fdq eh zulwwhq dv

�I
A

dAoo[
|'�

I�c|
d1v1
@ J�+4,

�I
A

dAoo[
|'�

Y�c| .
�I
A
�I�cf � �I

A
�I�cdAoo= +817,

Dv lq wkh surri ri Ohppd 5/ Grqvnhu*v Wkhruhp dssolhv wr wkh sduwldo vxp
W3�*2S�cdAoo @ W3�*2

SdAoo
|'� Y�c| dqg vlqfh wklv txdqwlw| dqg J�+4, duh lqghshqghqw/

zh kdyh

J�+4,
�I
A

dAoo[
|'�

Y�c| , J�+4,Z�+u, iru doo l> dv W $ 4>

zkhuh Z�+u, lv d vwdqgdug yhfwru Eurzqldq prwlrq lqghshqghqw ri IS� = Dsshqgl{ G/

Vhfwlrq 6/ vkrzv wkdw �6
�

�I
A

SdAoo
|'� I�c|> J�+4,

�I
A

SdAoo
|'� Y�c|

�
$R 3 dv W $ 4> ohdglqj

wr wkh iroorzlqj olplw glvwulexwlrq iru sduwldo vxpv ri I�c|=

Ohppd : Vxssrvh wkdw Dvvxpswlrqv 7�: krog1 Wkhq

�I
A

dAoo[
|'�

I�c| , J�+4,Z�+u, dv W $ 4 iru doo l> +818,

zkhuh Z�+u, lv d vwdqgdug yhfwru Eurzqldq prwlrq lqghshqghqw ri IS� =

Wkxv/ �I
A

SdAoo
|'� I�c| frqyhujhv lq glvwulexwlrq wr d udqgrpo| vfdohg +ru pl{hg,

Eurzqldq prwlrq J�+4,Z�+u, dv W $ 4 iru doo l= Ohw V�c| @
S|

r'� I�cr . V�cf> zkhuh
V�cf duh llg dfurvv l zlwk H nV�cfne ? 4= Wkh qh{w ohppd vkrzv wkdw �

A

SA
|'� V�c|I

�
�c|

frqyhujhv lq glvwulexwlrq wr d pdwul{ vwrfkdvwlf lqwhjudo soxv dq IS�0phdvxudeoh udq0
grp pdwul{1

Ohppd ; Vxssrvh wkh dvvxpswlrqv lq Ohppd : krog1 Wkhq/

�
A

A[
|'�

I�c|V
�
�c| , J�+4,

U
gZ�Z

�
� J�+4,

� .�� dv W $ 4> +819,

zkhuh �� @
S"

&'fH+I�c&I
�
�cf m IS�, @

S"
&'f

S"
r'fJ�crn&J

�
�cr=

Sduwlwlrq J�+4,> �� dqg J�+4,Z�+u, frqirupdeo| dv iroorzv

J�+4, @

�
Je�+4,
J%�+4,

�
p+

p%
> �� @

�
�e�e� �e�%�

�%�e� �%�%�

�
>
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J�+4,Z�+u, @

�
Je�+4,Z�+u,
J%�+4,Z�+u,

�
@

�
Pe�+u,
P%�+u,

�
=

Frqvlghu wkh wlph vhulhv uhjuhvvlrq ri \�c| rq [�c|= Xvlqj +818,/ +819, dqg wkh frqwlq0
xrxv pdsslqj wkhruhp/ zh �qg wkh iroorzlqj odujh W olplw glvwulexwlrq iru wkh ROV
hvwlpdwru ri wkh +udqgrp, frh!flhqw ��

W +a�� � ��,
d1v1
@

#
�
A

A[
|'�

H�c|[
�
�c|

$#
�
A 2

A[
|'�

[�c|[
�
�c|

$3�
+81:,

, +Je�+4,
U
gZ�Z

�
�J%�+4,

� .�e�%�,+J%�+4,
U
Z�Z

�
�J%�+4,

�,3�

@
�U

gPe�P
�
%� .�e�%�

� �U
P%�P

�
%�

�3� dv W $ 4 iru doo l=

Wkh eldv whup �e�%� dulvhv lq wkh xvxdo zd| iurp wkh whpsrudo fruuhodwlrq ehwzhhq
H�c| dqg X%�c| +f1i1/ Skloolsv dqg Gxuodxi/ 4<;9,1 Wkxv/ wlph vhulhv uhjuhvvlrq surgxfhv
d frqvlvwhqw hvwlpdwru ri wkh frlqwhjudwlqj pdwul{ ��> dqg wkhuhe| glvwlqjxlvkhv wkh
udqgrpo| gl�hulqj lqglylgxdo orqj0uxq uhodwlrqv ehwzhhq \�c| dqg [�c|=

Zkhq erwk glphqvlrqv ri wkh sdqho gdwd duh xwlol}hg/ d orqj0uxq dyhudjh frh!flhqw
� fdq dovr eh lghqwl�hg1 Wklv fdq eh dffrpsolvkhg/ dv lq wkh suhylrxv vhfwlrq/ e|
phdqv ri d srrohg sdqho uhjuhvvlrq ru d olplwlqj furvv vhfwlrq uhjuhvvlrq1 Wkh iroorzlqj
vhfwlrqv frqfhqwudwh rq srrohg sdqho uhjuhvvlrq dqg glvfxvv olplwlqj furvv vhfwlrq
hvwlpdwruv rqo| eulh |1

Lq wkh khwhurjhqhrxv sdqho frlqwhjudwlrq prgho +815, wkh srrohg hvwlpdwru a�?cA
gh�qhg lq +7167, ehfrphv

a�?cA @
?[
�'�

A[
|'�

\�c|[ �
�c|

#
?[
�'�

A[
|'�

[�c|[ �
�c|

$3�
d1v1
@ �

?

?[
�'�

��
�
A 2

A[
|'�

[�c|[ �
�c|

#
�
?

?[
�'�

�
A2

A[
|'�

[�c|[ �
�c|

$3�

. �
?

?[
�'�

�
A 2

A[
|'�

H�c|[
�
�c|

#
�
?

?[
�'�

�
A 2

A[
|'�

[�c|[
�
�c|

$3�
=

+81;,

Djdlq/ txlfn dv|pswrwlfv duh srvvleoh xvlqj vhtxhqwldo frqyhujhqfh phwkrgv1 Il{lqj
q dqg ohwwlqj W $ 4> zh kdyh

a�?cA ,
#
�
?

?[
�'�

��
U
P%�P

�
%�

$#
�
?

?[
�'�

]
P%�P

�
%�

$3�
=

Qrwh wkdw mmH+ yhf ��
U
P%�P

�
%�,+yhf ��

U
P%�P

�
%�,

�mm ? 4= +Vhh wkh surri ri +8143,
ehorz1, Khqfh/ e| dsso|lqj wkh VOOQ wr �

?

S?
�'� ��

U
P%�P

�
%� dqg

�
?

S?
�'�

U
P%�P

�
%� >

zh kdyh dv q $ 4
�
?

?[
�'�

��
U
P%�P

�
%�

d1v1$ H
�
��

U
P%�P

�
%�

�
@ H^H+��

U
P%�P

�
%� m IS�,`

@ �
2%+>
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dqg
�
?

?[
�'�

U
P%�P

�
%�

d1v1$ �
2%%>

zkhuh wkh frqglwlrqdo h{shfwdwlrq lv zhoo gh�qhg vlqfh mmH+ yhf ��
U
P%�P

�
%�,

+yhf ��
U
P%�P

�
%�,mm ? 4= Zh ghgxfh wkdw a�?cA $R � lq vhtxhqwldo dv|pswrwlfv dv

+W> q $ 4,vht=

Iru wkh olplw glvwulexwlrq ri a�?cA > wkh qrupdol}dwlrq idfwru lv
s
q/ dv lq wkh vsxulrxv

uhjuhvvlrq fdvh1 Xqghu wkh dvvxpswlrqv xvhg lq Ohppd ;/ dv W $ 4 iru �{hg q> zh
kdyh

s
q+a�?cA � �,

d1v1
@ �I

?

?[
�'�

+�� � �, �
A 2

A[
|'�

[�c|[ �
�c|

#
�
?

?[
�'�

�
A 2

A[
|'�

[�c|[ �
�c|

$3�

. �I
?

?[
�'�

�
A 2

SA
|'�H�c|[

�
�c|

#
�
?

?[
�'�

�
A 2

A[
|'�

[�c|[
�
�c|

$3�

, �I
?

?[
�'�

+�� � �,
U
P%�P

�
%�

#
�
?

?[
�'�

U
P%�P

�
%�

$3�
=

+81<,

Qrwh wkdw

H^H++�� � �,
U
P%�P

�
%� m IS�,`

@ H^++�%�
3�
%�%� � �,H+

U
P%�P

�
%� m IS�,`

@ �
2H++�%� �+%

3�
%%%�%�, @ 3=

Dsshqgl{ G/ vhfwlrq 8/ vkrzv wkdw wkh yduldqfh ri wkh qxphudwru lv

H+yhf+�� � �,
U
P%�P

�
%�,+yhf+�� � �,

U
P%�P

�
%�,

� +8143,

@ �
SH+%�%�  ++�+� � �%�%� �%�%��

� . �%�%��
�,,

. �
SH++%�+� �%�%��

�, ++�%� � �%�%�,,N6%6+

. �
eH+yhf++�%� � �%�%�,yhf++�%� � �%�%�,

�,
@ �=

Wkhuhiruh/ wkh udqgrp vhtxhqfh i+�� � �,
U
P%�P

�
%�j� lv llg +3>�,= Dsso|lqj wkh

pxowlyduldwh Olqghehuj�Ohy| wkhruhp wr �I
?

S?
�'�+�� � �,

U
P%�P

�
%� dqg frpelqlqj

wklv zlwk wkh olplw ri
�
�
?

S?
�'�

U
P%�P

�
%�

�3�dv q $ 4> zh kdyh#
�I
?

?[
�'�

+�� � �,
U
P%�P

�
%�

$#
�
?

?[
�'�

U
P%�P

�
%�

$3�
, Q

�
3> 7+3�%%  L6+,�+3�%%  L6+,

�
=

Wkxv/ lq vhtxhqwldo olplwv dv +W> q $ 4,vht/ zh kdyh
s
q+a�?cA � �, , Q+3> 7+3�%%  L6+,�+3�%%  L6+,,=

Wkh iroorzlqj wkhruhp vkrzv wkdw wkhvh uhvxowv h{whqg wr wkh fdvh ri mrlqw olplwv
dv +W> q $ 4,=
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Wkhruhp 8 Ohw wkh dvvxpswlrqv ri Ohppd 9 krog1 Wkhq=

+d, dv +q> W $ 4,> a�?cA $R �>

+e, dv +q> W $ 4, zlwk q@W $ 3>

s
q+a�?cA � �, , Q+3> 7+3�%%  L6+,�+3�%%  L6+,,=

Uhpdunv

+d, Gh�qh �H�c| @ +�� � �,[�c| . H�c|= Wkhq wkh khwhurjhqhrxv sdqho frlqwhjudwlrq
prgho +815, ehfrphv

\�c| @ �[�c| . �H�c|= +8144,

Wkh srrohg hvwlpdwru a�?cA lv d ohdvw vtxduhv hvwlpdwru ri wkh uhjuhvvlrq frhi0
�flhqw lq +8144, dqg frqvlvwhqwo| hvwlpdwhv wkh orqj0uxq dyhudjh frh!flhqw �
ehwzhhq \�c| dqg [�c|= Qrwh wkdw wkh qrlvh/ �H�c|> lq wklv uhjuhvvlrq lqyroyhv wkh
lqwhjudwhg udqgrp yhfwru [�c|> mxvw dv �X�c| lq +716<, lqyroyhv ]�c|= E| wkh vdph
orjlf dv wkdw jlyhq lq Uhpdun +e, iroorzlqj wkhruhp 7/ wkh orqj0uxq uhodwlrq
frh!flhqw � lv frqvlvwhqwo| hvwlpdwhg e| srrolqj wkh sdqho gdwd ehfdxvh furvv
vhfwlrq srrolqj dwwhqxdwhv wkh vwuhqjwk ri wkh qrlvh �H�c| uhodwlyh wr wkh vljqdo
lq wkh uhjuhvvlrq +8144,1

+e, Dv vhhq lq Wkhruhp 8/ wkh srrohg hvwlpdwru a�?cA lv
s
q frqvlvwhqw iru wkh dyhudjh

orqj0uxq uhjuhvvlrq frh!flhqw � dqg kdv d qrupdo olplw glvwulexwlrq1 Revhuyh
wkdw wkh olplw yduldqfh pdwul{ iru wkh khwhurjhqhrxv srrohg sdqho uhjuhvvlrq
hvwlpdwru lq Wkhruhp 8/ yl}1/ 7+3�%% L6+,�+3�%% L6+, kdv suhflvho| wkh vdph
irup dv wkh olplw yduldqfh pdwul{ ri wkh vsxulrxv uhjuhvvlrq srrohg sdqho uh0
juhvvlrq hvwlpdwru jlyhq lq Wkhruhp 71 Wklv htxlydohqfh lq irup lv hvshfldoo|
lqwhuhvwlqj ehfdxvh wkh lqglylgxdo orqj0uxq fryduldqfh pdwul{ � lv vlqjxodu lq
wkh khwhurjhqhrxv frlqwhjudwlrq fdvh exw qrq0vlqjxodu lq wkh vsxulrxv uhjuhvvlrq
fdvh/ vr wkdw wkhvh lqglylgxdo frpsrqhqw pdwulfhv pxvw eh gl�huhqw ehwzhhq wkh
wzr prghov1 Qhyhuwkhohvv/ dqg lq vslwh ri wkhvh gl�huhqfhv/ wkh dyhudjh orqj0uxq
fryduldqfh pdwul{  pd| zhoo eh qrq0vlqjxodu lq wkh khwhurjhqhrxv frlqwhjud0
wlrq prgho/ lq zklfk fdvh wkhuh lv d edvlv iru gluhfw frpsdulvrq ehwzhhq wkh
wzr uhvxowv1 Reylrxvo|/ wkh h�hfw ri wkh khwhurjhqhlw| lq wkh frlqwhjudwlrq sd0
udphwhu lv wr vorz grzq wkh udwh ri frqyhujhqfh ri wkh srrohg hvwlpdwru1 Lq
sduwlfxodu/ wkh frqyhujhqfh udwh lv

s
q dqg/ lqwhuhvwlqjo|/ wklv udwh lv xqlq x0

hqfhg e| wkh wlph vhulhv vdpsoh vl}h lq vslwh ri wkh idfw wkdw wkh lqglylgxdo
wlph vhulhv uhjuhvvlrqv duh wkhpvhoyhv W 0frqvlvwhqw +vhh +81:,,1 Wkxv/ wkhuh lv
d fruuhvsrqghqfh lq wkh olplw wkhru| ehwzhhq wkh khwhurjhqhrxv frlqwhjudwlrq
prgho dqg wkh srrohg vsxulrxv uhjuhvvlrq prgho diwhu srrolqj wkh gdwd1

+f, Lq jhqhudo/ ri frxuvh/ H^+�%�
3�
%�%� ` 9@ H^+�%� `+H^%�%� `,

3�/ vr wkhuh lv qr uhd0
vrq zk| wkh olplw ri wkh dyhudjh ri wkh frlqwhjudwlqj uhodwlrq �

?

S?
�'� �� vkrxog

htxdo �> wkh dyhudjh orqj0uxq uhjuhvvlrq frh!flhqw1 Dv zh kdyh vhhq/ lw lv wkh
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odwwhu sdudphwhu wkdw lv wkh olplw ri wkh srrohg uhjuhvvlrq hvwlpdwru lq wkh khw0
hurjhqhrxv frlqwhjudwlrq prgho1 Rqh vlwxdwlrq zkhuh olp?<" �

?

S?
�'� �� @ �

grhv krog lv zkhq %�%� kdv d ghjhqhudwh glvwulexwlrq/ qdpho|/ %�%� @ %%

doprvw vxuho|1 Wkxv/ lq wkh khwhurjhqhrxv sdqho frlqwhjudwlrq fdvh/ wkh sd0
udphwhu ehlqj hvwlpdwhg lv qrw wkh dyhudjh frlqwhjudwlqj frh!flhqw/ exw wkh
dyhudjh orqj0uxq uhjuhvvlrq frh!flhqw/ mxvw dv lq wkh vsxulrxv sdqho uhjuhvvlrq
fdvh1 Djdlq/ wkh wzr prghov duh pxfk forvhu wkdq wkh| pljkw dsshdu1

+g, Dv glvfxvvhg lq +d,/ wkh khwhurjhqhrxv sdqho frlqwhjudwlrq prgho fdq eh uhlq0
whusuhwhg lq wkh irup ri wkh sdqho prgho +8144,1 Dv vxfk/ zh pd| eh lqwhuhvwhg
lq frqvwuxfwlqj vwdwlvwlfdo whvwv derxw wkh orqj0uxq frh!flhqwv �= Iru h{dpsoh/
wr whvw Kf = *+�, @ 3> zkhuh *+�, lv d s0yhfwru ri vprrwk ixqfwlrqv rq d vxevhw
ri U6+f6% vxfk wkdw C*@C�� kdv ixoo udqn s +� p+p%,/ zh pd| xvh wkh Zdog
vwdwlvwlf

Z) @ q*+a�?cA ,
� aY 3�
) *+a�?cA ,>

zkhuh aY) @ +C*+a�?cA ,@C�
�, aYq+C*+a�?cA ,�@C�,> aYq @ 7+a3�%% L6+,a�+a3�%% L6+,>

a� @ �
?

?[
�'�

;?= �
A e

A[
rc|'�

[�c|[
�
�cr  aH�c|

aH �
�cr

<@> > a3�%% @

%
�
?

?[
�'�

+
2
A 2

A[
|'�

[�c|[
�
�c|

,&3�
>

dqg aH�| @ \�c| � a�?cA[�c|= Vrph vlpsoh pdqlsxodwlrqv lq wkh fdvh ri vhtxhqwldo
dv|pswrwlfv vkrz wkdw wklv vwdwlvwlf ohdgv wr d vwdqgdug dv|pswrwlf "2 whvw dv
+W> q $ 4,vht1 Wklv olplw wkhru| dovr krogv yhu| jhqhudoo| xqghu mrlqw olplwv dv
+W> q $ 4, dv wkh qh{w uhvxow uhyhdov1

Wkhruhp 9 Xqghu Kf = *+�, @ 3 dqg wkh dvvxpswlrqv ri Ohppd 9/ Z) , "2R> dv
+q> W $ 4, zlwk q@W $ 3=

+h, Zh pd| dovr eh lqwhuhvwhg lq whvwlqj k|srwkhvhv derxw wkh frh!flhqwv lq jhq0
hudol}dwlrqv ri prgho +8144, ri wkh iroorzlqj irup=

\�c| @ �>[�c| . �H�c| zlwk
�
�> @ �@ iru l 5 L@
�> @ �K iru l 5 LK

+8145,

zkhuh L@ dqg LK duh lqgh{ vhwv fruuhvsrqglqj wr vxejurxsv ri wkh furvv vhfwlrq
srsxodwlrq iru zklfk wkh orqj0uxq dyhudjh fryduldqfh pdwulfhv duh @ dqg K>
uhvshfwlyho|/ ohdglqj wr orqj0uxq dyhudjh uhjuhvvlrq frh!flhqwv �@ @ @c+%

3�
@c%%

dqg �K @ Kc+%
3�
Kc%% wkdw pd| gl�hu ehwzhhq wkh wzr srsxodwlrqv1 Prghov olnh

+8145, fdq eh uhdglo| h{whqghg wr pxowl0fdwhjru| prghov dqg zloo eh hpslulfdoo|
uhohydqw/ iru h{dpsoh/ lq furvv frxqwu| sdqho uhjuhvvlrqv zkhuh frxqwulhv duh
sduwlwlrqhg lqwr fodvvhv ri vlplodu fdwhjru| olnh ghyhorshg +RHFG, qdwlrqv dqg
ghyhorslqj dqg xqghyhorshg qdwlrqv1 Qrwh wkdw lq vxfk fdvhv wkh prgho +8145,
doorzv iru lqwud0fodvv yduldwlrq +l1h1/ wkh uhjuhvvlrq frh!flhqwv �� iru l 5 L@
zloo gl�hu, exw rxu sulpdu| lqwhuhvw olhv lq wkh lqwhu0fodvv gl�huhqfh �@ � �K=
D qdwxudo k|srwkhvlv lv wkhq= Kf = �@ @ �K= Ohw q@ @ &+L@, dqg qK @ &+LK,>

5:



uhvshfwlyho|1 Vxssrvh wkdw qK@q@ $ � ? 4 dv q@> qK $ 4= Wkh qxoo k|srwkhvlv
fdq eh whvwhg e| frqvwuxfwlqj srrohg uhjuhvvlrq frh!flhqwv a�@/ a�K lq hdfk fodvv
dqg frpsxwlqj wkh Zdog vwdwlvwlf

Z@cK @ qKiyhf+a�@ � a�K,
� aY 3�
@3Kyhf+a�@ � a�K,j>

zkhuh aY@3K @ +q@@qK, aY@ . aYK> aY> @ 7+a3�>c%%  L6%,a�>+a
3�
>c%%  L6%,>

a�> @ �
?>

[
�MU>

;?=�
A e

A[
rc|'�

[�c|[
�
�cr aH�c|

aH �
�cr

<@>> a3�>c%% @

57 �
?>

[
�MU>

+
2
A 2

A[
|'�

[�c|[
�
�c|

,683�>
dqg aH�| @ \�c| � a�>[�c| zlwk � 5 id> ej= Djdlq/ wklv ohdgv wr dq dv|ps0
wrwlf "2 whvw1 Wkh iroorzlqj uhvxow jlyhv wkh olplw wkhru| xqghu mrlqw olplwv
dv +q@> qK> W $ 4, dqg fdq eh rewdlqhg lq d vlpsoh zd| iurp Wkhruhpv 8 dqg
91

Wkhruhp : Xqghu Kf = �@ @ �K dqg wkh dvvxpswlrqv ri Ohppd 9/ Z@cK , "26+6%
>

dv +q@> qK> W $ 4, zlwk q@@W> qK@W $ 3=

8151 Krprjhqhrxv Sdqho Frlqwhjudwlrq

Wklv vhfwlrq frqvlghuv d krprjhqhrxv sdqho frlqwhjudwlrq prgho/ zkhuh wkh frlq0
whjudwlqj uhodwlrqv duh wkh vdph dfurvv lqglylgxdov1 Zh vwduw zlwk wkh iroorzlqj
vlpsoli|lqj dvvxpswlrq1

Dvvxpswlrq ; F�c| @@�t� F|/ zkhuh F| lv dq +p�p, qrqudqgrp pdwul{ iru doo w=

Wkhq/ xqghu Dvvxpswlrq 9/ wkh sdqho frlqwhjudwlrq prgho +815, ehfrphv

\�c|
d1v1
@ �[�c| .H�c|

[�c| @ [�c|3� .X%�c|>
+8146,

zkhuh

� @ +%
3�
%% > � @ +L6+ >��,>

�
H�c|

X%�c|

�
@

"[
r'f

JrY�c|3r>

Jr @

�
Jecr

J%cr

�
@

��� �Fr

�Fr

�
> dqg �Fr @

"[
�'rn�

F� =

Lq wklv prgho wkh vdph orqj0uxq uhodwlrq ehwzhhq \�c| dqg [�c| dssolhv iru doo l1 Xqolnh
suhylrxv prghov/ wkh huuru whup lq prgho +8146, lv jhqhudwhg e| d olqhdu surfhvv
zlwk qrqudqgrp frh!flhqwv iJrj> rq zklfk zh lpsrvh wkh iroorzlqj vxppdelolw|
frqglwlrq1

Dvvxpswlrq <
S"

r'f v
�mmFrmm ? 4=

5;



Gh�qh �Jr @
S"

�'rn�J�= Xqghu Dvvxpswlrq </ J+4, @
S"

r'fJr ? 4 dqgS"
r'f v

2mm �Jrmm2 @
S"

r'f v
2mmS"

�'rn�J� mm2 ? 4= Zulwh I�c| @ +H �
�c|> X

�
%�c|,

�= Wkhq/ dv

W $ 4> zh kdyh wkh ixqfwlrqdo odz �I
A

SdAoo
|'� I�c| , E�+u, � EP+8 ,> zkhuh

8 @ J+4,J+4,� +h1j1/ Wkhruhp 617 lq Skloolsv dqg Vror/ 4<<5,1 Wkh iroorzlqj dv0
vxpswlrq lv frqyhqwlrqdo lq wlph vhulhv frlqwhjudwlrq dqdo|vlv/ dowkrxjk lw frxog eh
uhod{hg zlwk vrph frqvhtxhqwldo fkdqjhv lq wkh dv|pswrwlfv/ lqfoxglqj fkdqjhv lq
frqyhujhqfh udwhv lq gluhfwlrqv ghwhuplqhg e| wkh vlqjxodulw|1

Dvvxpswlrq 43 8 lv srvlwlyh gh�qlwh1

Sduwlwlrq E�+u, @ +Ee�+u,
�> E%�+u,

�,� frqirupdeo| zlwk I�c|1 Vhw V�c| @
S|

r'� I�cr.
V�cf> zkhuh V�cf duh llg dfurvv l zlwk H nV�cfne ? 4= Wkhq/ lq wkh xvxdo zd| +fi1/
Skloolsv/ 4<;;,/ dv W $ 4

�
A

A[
|'�

I�c|V
�
�c| ,

U
gE�E

�
� .�8 >

zkhuh �8 @
S"

&'fH
�
I�c&I

�
�cf

�
@

S"
&'f

S"
r'fJrn&J

�
r= Djdlq/ frqirupdeo| sduwlwlrq

8 dqg �8 dv
�
ee e%

%e %%

�
dqg

�
�ee �e%

�%e �%%

�
> uhvshfwlyho|1

Iru hdfk l>prgho +8146, lv d wlph vhulhv frlqwhjudwlqj uhjuhvvlrq1 Wkh ohdvw vtxduhv
hvwlpdwru a�� @

SA
|'� \�c|[

�
�c|+

SA
|'�[�c|[ �

�c|,
3� @d1v1 �.

SA
|'�H�c|[ �

�c|+
SA

|'�[�c|[ �
�c|,

3�

kdv wkh iroorzlqj dv|pswrwlf glvwulexwlrq +Skloolsv dqg Gxuodxi/ 4<;9,

W +a�� � �, , +
U
gEe�E

�
%� .�e%,+

U
E%�E

�
%�,

3� dv W $ 4= +8147,

Wkh wlph vhulhv hvwlpdwru a�� lv wkhuhiruh frqvlvwhqw iru �> wkh frpprq orqj0uxq fr0
h!flhqw iru doo l> dowkrxjk wkhuh pd| eh d vhfrqg rughu eldv h�hfw hqwhulqj wkurxjk
wkh whup �e% lq +8147, dulvlqj iurp fruuhodwlrq ehwzhhq H�c| dqg [�cr1

Zkhq wkh sdqho revhuydwlrqv duh srrohg/ dv lq wkh hvwlpdwru a�?cA gh�qhg lq
+7167,/ zh jhw

a�?cA
d1v1
@ � .

?[
�'�

A[
|'�

H�c|[
�
�c|

#
?[
�'�

A[
|'�

[�c|[
�
�c|

$3�
=

Dv xvxdo/ d vhtxhqwldo dv|pswrwlf wkhru| iru +W> q $ 4,vht lv hdv| wr ghulyh1 Iluvw/
qrwh wkdw

W +a�?cA � �,
d1v1
@ �

?

?[
�'�

�
A

A[
|'�

H�c|[
�
�c|

#
�
?

?[
�'�

�
A 2

A[
|'�

[�c|[
�
�c|

$3�

,
#
�
?

?[
�'�

U
gEe�E

�
%� .�e%

$#
�
?

?[
�'�

U
E%�E

�
%�

$3�
R$ �e%

�
�
2%%

�3�
>
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vr a�?cA $R � zkhq +W> q $ 4,vht1 Krzhyhu/ wkh udwh ri frqyhujhqfh ghshqgv rq
zkhwkhu ru qrw �e% @ 3= Li �e% 9@ 3> wkhq wkh hvwlpdwru a�?cA lv frqvlvwhqw iru � rqo|
dw wkh udwh W

Li wkh eldv whup �e% @ 3> dv zkhq H�c| dqg [�cr duh xqfruuhodwhg/ wkh srrohg
hvwlpdwru a�?cA vdwlv�hv

s
qW +a�?cA � �,

d1v1
@ �I

?

?[
�'�

�
A

SA
|'�H�c|[

�
�c|

#
�
?

?[
�'�

�
A 2

A[
|'�

[�c|[
�
�c|

$3�

,
#

�I
?

?[
�'�

U
gEe�E

�
%�

$#
�
?

?[
�'�

U
E%�E

�
%�

$3�
dv W $ 4 iru �{hg q= Qrz sduwlwlrq J+4, @ +Je+4,

�> J%+4,
�,� frqirupdeo| zlwk

+H �
�c|> X

�
%�c|,

�= Qrwh wkdw H
�U

gEe�E
�
%�

�
@ Je+4,H

�U
gZ�Z

�
�

�
J%+4, @ 3> dqg

H+yhf
U
gEe�E

�
%�,+yhf

U
gEe�E

�
%�,

�

@ +J%+4,Je+4,,H+yhf
U
gZ�Z

�
� ,+yhf

U
gZ�Z

�
� ,
�+J%+4,Je+4,,

�

@ +J%+4,Je+4,,H+
U
Z�  gZ�,+

U
Z�  gZ�,

�+J%+4,Je+4,,
�

@ +J%+4,Je+4,,
�
2 +L6  L6, +J%+4,Je+4,,

� @ �
2+%% ee,>

zkhuh Z� lv d vwdqgdug yhfwru Eurzqldq prwlrq1
Dsso|lqj wkh pxowlyduldwh Olqghehuj�Ohy| wkhruhp wr �I

?

S?
�'�

U
gEe�E

�
%� dqg

xvlqj wkh olplw ri �
?

S?
�'�

U
E%�E

�
%� > zh �qg wkdw dv q $ 4#

�I
?

?[
�'�

U
gEe�E

�
%�

$#
�
?

?[
�'�

U
E%�E

�
%�

$3�
, Q+3> 5+3�%% ee,,=

Lq wklv fdvh/ wkh hvwlpdwru a�?cA lv frqvlvwhqw iru � dw wkh udwh
s
qW / dqg kdv d olplw

qrupdo glvwulexwlrq dv +W> q $ 4,vht1 Wkhvh vhtxhqwldo frqvlvwhqf| dqg qrupdolw|
uhvxowv iru wkh fdvh zkhuh �e% @ 3 duh h{whqghg lq wkh iroorzlqj wkhruhp wr mrlqw
olplwv1

Wkhruhp ; Vxssrvh wkdw Dvvxpswlrqv 9/ ;�43 krog1 Li �e% @ 3> wkhq dv +q> W $ 4,
zlwk q@W $ 3> s

qW +a�?cA � �, , Q+3> 5+3�%% ee,,=

Wkxv/ li H�c| dqg X%�cr duh xqfruuhodwhg/ vr wkdw wkh rqh vlghg orqj0uxq fryduldqfh
�e% @ 3> wkh srrohg hvwlpdwru a�?cA lv

s
qW frqvlvwhqw dqg kdv d olplwlqj qrupdo

glvwulexwlrq lq mrlqw dv|pswrwlfv dv +q> W $ 4, zkhq q@W $ 31
Zkhq �e% 9@ 3> zh gr qrw dwwdlq

s
qW frqvlvwhqf| zlwk wkh srrohg ohdvw vtxduhv

hvwlpdwru a�?cA = Krzhyhu/ zh pd| �ixoo| prgli|� wkh uhjuhvvru \�c| wr holplqdwh wkh
vhuldo fruuhodwlrq �e%= Ruljlqdoo|/ wkh ixoo| prgl�hg +IP, uhjuhvvlrq phwkrg zdv
lqwurgxfhg lq Skloolsv dqg Kdqvhq +4<<3, wr fruuhfw iru wkh suhvhqfh ri hqgrjhqhlw|
+wkh fruuhodwlrq ehwzhhq Ee� dqg E%�, dqg vhuldo fruuhodwlrq lq wkh ROV hvwlpdwru a� ri
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wkh lqglylgxdo frlqwhjudwlrq uhjuhvvlrq prgho1 Wkhlu frqvwuxfwlrq fdoov iru frqvlvwhqw
wlph vhulhv hvwlpdwruv a8 dqg a�8 ri 8 dqg �8 = Lq rxu fdvh/ frqvlvwhqw hvwlpdwhv pd|
eh frqvwuxfwhg xvlqj dyhudjhv +ryhu l @ 4> ==> q, ri wkh xvxdo frqvlvwhqw +dv W $ 4,
qrqsdudphwulf nhuqho hvwlpdwhv ri wkh fruuhvsrqglqj orqj0uxq txdqwlwlhv iru hdfk l=
Pruh vshfl�fdoo|/ ohw a�� +m, @ �

A

S
| I�c|n�I

�
�c|/ zkhuh wkh vxppdwlrq lv ryhu 4 � w>

w. m � W> dqg gh�qh wkh dyhudjhg nhuqho hvwlpdwruv

a8 @ �
?

?[
�'�

a8c�> a8c� @
A3�[

�'3An�
z
�

�
g

�
a�� +m, >

a�8 @ �
?

?[
�'�

a�8c�> a�8c� @
A3�[
�'f

z
�

�
g

�
a�� +m, > +8148,

zkhuh z+{, lv d odj nhuqho iru zklfk z+3, @ 4> z+{, @ z+�{,>
U"
3"z+{,2g{ ? 4/

dqg zlwk Sdu}hq*v h{srqhqw t 5 +3>4, vxfk wkdw n^ @ olp%<"
�3�E%�
�%�^ ? 4 +h1j1/

vhh Kdqqdq/ 4<:3/ ru Dqguhzv/ 4<<4,17 Dv lv zhoo nqrzq lq wkh qrqsdudphwulf
olwhudwxuh/ wkh fkrlfh ri wkh edqgzlgwk N lv lpsruwdqw lq wkh olplw ehkdylru ri a8 =
Xqghu wkh vxppdelolw| frqglwlrq jlyhq lq Dvvxpswlrq </ lw lv nqrzq wkdw a8c� $ 8

li N> W $ 4 zlwk N@W $ 31 Krzhyhu/ odwhu lq wklv vhfwlrq +h1j1/ iru Wkhruhp <, zh
qhhg wkh vwurqjhu uhvxow wkdw

s
q+a8 � 8 ,>

s
q+a�8 � �8 , @ rR+4, dv +q> W $ 4,

zlwk q@W $ 3= Wkh iroorzlqj Dvvxpswlrq derxw edqgzlgwk fkrlfh lv pdgh vr wkdw
wkhvh frqglwlrqv dsso|1

Dvvxpswlrq 44 Wkh odj nhuqho z+�, lq +8=48, kdv Sdu}hq h{srqhqw t A 4@5/ dqg
wkh edqgzlgwk sdudphwhu N whqgv wr lq�qlw| zlwk N@W $ 3 dqg N2^@W $ � A 3=

Gh�qh
\ n
�c| @ \�c| � ae%

a3�%%�[�c| +8149,

dqg
a�n
e% @ a�e% � ae%

a3�%% a�%%= +814:,

Htxdwlrq +8149, jlyhv wkh hqgrjhqhlw| fruuhfwlrq dqg htxdwlrq +814:, jlyhv wkh vhuldo
fruuhodwlrq fruuhfwlrq1

Xvlqj wkhvh fruuhfwlrqv/ d srrohg IP +SIP, hvwlpdwru fdq eh gh�qhg dv iroorzv=

a��8� @

#
?[
�'�

A[
|'�

\ n
�c|[

�
�c| � qW a�n

e%

$#
?[
�'�

A[
|'�

[�c|[
�
�c|

$3�
d1v1
@ � .

#
?[
�'�

#
A[
|'�

aHn
�c|[

�
�c| � W a�n

e%

$$#
?[
�'�

A[
|'�

[�c|[ �
�c|

$3�
>

+814;,

7 Lq ghwhuplqlqj dv|pswrwlf surshuwlhv ri nhuqho hvwlpdwhv ri wkh orqj0uxq yduldqfh zh xvxdoo| dovr
lpsrvh d vprrwkqhvv uhvwulfwlrq rq wkh vshfwudo ghqvlw| dw wkh ruljlq1 Wklv vprrwkqhvv frqglwlrq fdq
eh irupxodwhg dv d vxppdelolw| frqglwlrq rq wkh dxwrfryduldqfh vhtxhqfh KE�� ' .E8�c|8

�
�c|n��1 Wkh

vxppdelolw| frqglwlrqv lq Dvvxpswlrq < hqvxuh wkdw
S"

�'f �
2��KE���� 	 "c dqg surylgh vx!flhqw

vprrwkqhvv iru rxu uhvxowv khuh1
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zkhuh aHn
�c| @ H�c| � ae%

a3�%%�[�c|= Uhvfdolqj a��8� � � e|
s
qW dqg ohwwlqj W $ 4

iru �{hg q> zh kdyh

s
qW +a��8� � �, ,

#
�I
?

?[
�'�

U
gEe��%�E

�
%�

$#
�
?

?[
�'�

U
E%�E

�
%�

$3�
>

zkhuh Ee��%�+u, � EP+e�%, dqg e�% @ ee �e%3�%%%e=
Qrwh wkdw Ee��%�+u, dqg E%�+u, duh lqghshqghqw/ vr H

U
gEe��%�E

�
%� @ 3 dqg

H+yhf
U
gEe��%�E

�
%�,+yhf

U
gEe��%�E

�
%�,

� @ �
2 +%% e�%, =

Wkxv/ dsso|lqj wkh pxowlyduldwh Olqghehuj�Ohy| wkhruhp wr �I
?

S?
�'�

U
gEe��%�E

�
%�

dqg frpelqlqj wklv zlwk wkh olplw ri �
?

S?
�'�

U
E%�E

�
%� > zh �qg wkdw dv q $ 4#

�I
?

?[
�'�

U
gEe��%�E

�
%�

$#
�
?

?[
�'�

U
E%�E

�
%�

$3�
, Q+3> 5+3�%% e�%,,>

Wkxv/
s
qW +a��8� � �, , Q+3> 5+3�%% e�%,, lq vhtxhqwldo olplw dv +W> q $ 4,vht1

Wkh iroorzlqj wkhruhp vkrzv wkdw wkhvh dv|pswrwlfv dovr krog iru mrlqw olplwv1

Wkhruhp < Xqghu Dvvxpswlrqv 9/ ;� 44 zh kdyh

s
qW +a��8� � �, , Q+3> 5+3�%% e�%,,

dv +q> W $ 4, zlwk q@W $ 3=

Uhpdunv

+d, Wkh srrohg IP hvwlpdwru a��8� lv
s
qW frqvlvwhqw dqg kdv d qrupdo olplw

glvwulexwlrq1

+e, Zkhq �e% @ 3> revhuyh wkdw a��8� lv pruh h!flhqw wkdq a�?cA ehfdxvh e�% ?

ee= Wkh h!flhqf| jdlq lq a��8� lv rewdlqhg iurp wkh hqgrjhqhlw| fruuhfwlrq
wkdw dgmxvwv \�c| lq wkh ixoo| prgl�hg hvwlpdwru1 Wklv h�hfwlyho| uhgxfhv wkh
orqj0uxq yduldqfh ri wkh qrlvh lq wkh sdqho frlqwhjudwlqj htxdwlrq1

+f, Dv|pswrwlf "2 whvwv iroorz iurp Wkhruhp < lq wkh xvxdo zd|1 D frqvlvwhqw
hvwlpdwh ri wkh fryduldqfh pdwul{/ 5+a3�%%  ae�%,> fdq eh frqvwuxfwhg iurp a
lq +8148, e| gh�qlqj ae�% @ aee � ae%

a3�%% a%e= D Zdog whvw ri Kf = *+�, @ 3>
zkhuh *+�, lv d s0yhfwru ri vprrwk ixqfwlrqv vxfk wkdw C*@C�� kdv ixoo udqn s/
fdq wkhq eh irupxodwhg lq wkh xvxdo zd| dv

Z) @ qW 2*+a��8� ,� aY 3�
) *+a��8� ,> +814<,

zkhuh
aY) @ +C*+a��8� ,@C� �,^5a3�%%  ae�%`+C*+a��8� ,�@C�,=

65



+g, Dv lq Uhpdun +h, iroorzlqj wkhruhp 9/ lw pd| eh ri lqwhuhvw wr jhqhudol}h prgho
8146 wr doorz iru vxejurxsv ri wkh srsxodwlrq lq zklfk wkh uhjuhvvlrq frh!flhqw
lv wkh vdph1 Lq h�hfw/ zh pd| uhsodfh prgho 8146 zlwk

\�c|
d1v1
@ �>[�c| .H�c| zlwk

�
�> @ �@ iru l 5 L@
�> @ �K iru l 5 LK

[�c| @ [�c|3� . X%�c|>
+8153,

Lw lv wkhq srvvleoh wr whvw k|srwkhvhv derxw wkh yhfwruv �@ dqg �K lq wkh jhqhu0
dol}hg prgho +8153,1 Iru h{dpsoh/ wr whvw Kf = �@ @ �K> ohwwlqj q@ @ &+L@, dqg
qK @ &+LK,> uhvshfwlyho|/ dqg dvvxplqj wkdw qK@q@ $ � ? 4 dv q@> qK $ 4>
zh pd| frqvwuxfw srrohg IP uhjuhvvlrq frh!flhqwv a�@c�8� / a�Kc�8� lq hdfk
fodvv dqg wkhq wkh Zdog vwdwlvwlf

Z@3Kc�8� @ qKW
2iyhf+a�@c�8� � a�Kc�8� ,� aY 3�

@3Kc�8�yhf +a�@c�8� � a�Kc�8� ,j=

Khuh/ aY@3Kc�8� @ �aY@c�8� . eYKc�8� / aY>c�8� @ 5a3�>c%%  a>ce�%> dqg a>c%%/
a>ce�% duh wkh uhvshfwlyh hvwlpdwhv ri wkh orqj0uxq frqglwlrqdo fryduldqfh pd0
wulfhv ri wkh uhjuhvvruv dqg wkh ixoo| prgl�hg huuru surfhvvhv lq wkh fodvvhv L>
zlwk q> @ &+L>, zkhuh � 5 id> ej= Dv lq wkh hduolhu fdvh ri khwhurjhqhrxv
frlqwhjudwlrq/ wklv ohdgv wr dq dv|pswrwlf "2 whvw edvhg rq wkh qxoo glvwulexwlrq
Z@3Kc�8� , "26+6%

> zklfk iroorzv lq d pdqqhu dqdorjrxv wr wkdw ri Wkhruhp
:1

8161 Qhdu0Krprjhqhrxv Sdqhov

Wkh krprjhqhrxv sdqho prgho +8146, glvfxvvhg deryh lv vrphzkdw xquhdolvwlf ehfdxvh
lw dvvxphg wkdw hdfk lqglylgxdo kdv h{dfwo| wkh vdph frlqwhjudwlqj uhodwlrq1 Khuh zh
vwxg| d sdqho frlqwhjudwlrq prgho zlwk qhduo| krprjhqhrxv frlqwhjudwlqj yhfwruv ri
wkh irup

�� @ � .
��s
qW

> +8154,

zkhuh wkh vhtxhqfh ri +p+ �p%, udqgrp pdwulfhv �� lv llg dfurvv l zlwk phdq � dqg
�qlwh yduldqfh1

Dvvxpswlrq 45 �� lv lqghshqghqw ri +H�c|> X%�c|, iru doo l dqg w=

Wkh srrohg hvwlpdwru a�?cA ri � qrz kdv wkh irup=

a�?cA @ � .
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�'�

A[
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qW
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Iluvw/ vxssrvh wkdw H�c| dqg X%�cr duh xqfruuhodwhg/ l1h1/ �e% @ 3> dqg gr vrph txlfn
vhtxhqwldo dv|pswrwlfv iru wklv fdvh1 Iru �{hg q dv W $ 4 zh kdyh

s
qW +a�?cA � �, @ �

?
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�'�
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U
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�
%�

$3�
=

E| wkh VOOQ/ �
?

S?
�'� ��

U
E%�E

�
%�

�
�
?

S?
�'�

U
E%�E

�
%�

�3� $d1v1 H+��, @ � dv q $ 4>
dqg vr zh kdyh dv q $ 4
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%�

$3�
, Q+�> 5+3�%% ee,,=

Qh{w/ frqvlghu wkh srrohg IP hvwlpdwru a��8� jlyhq lq +814;,1 Lq wkh jhqhudo
fdvh zkhuh �e% 9@ 3> zh �qg wkdw

s
qW +a��8� � �, , �

?

?[
�'�

��
U
E%�E

�
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$3�
, Q+�> 5+3�%% e�%,,

lq vhtxhqwldo dv|pswrwlfv zlwk +W> q $ 4,vht=
Wkh iroorzlqj wkhruhp vkrzv wkdw wkhvh vhtxhqwldo dv|pswrwlfv fdq eh h{whqghg

wr krog iru mrlqw olplwv dv +W> q $ 4,=

Wkhruhp 43 Vxssrvh wkhuh h{lvwv qhdu0krprjhqhrxv sdqho frlqwhjudwlrq ri wkh irup
+8=54,1 Ohw Dvvxpswlrqv < 0 45 krog1 Wkhq/ dv +q> W $ 4, zlwk q@W $ 3>

s
qW +a�?cA � �, , Q+�> 5+3�%% ee,, li �e% @ 3 +8155,

dqg s
qW +a��8� � �, , Q+�> 5+3�%% e�%,,= +8156,

Uhpdunv
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+d, Lq erwk fdvhv/ wkh olplw glvwulexwlrqv lqyroyh wkh qrqfhqwudolw| sdudphwhu �>
wkh phdq ri wkh ghyldwlrqdo udqgrp pdwul{ ��= Li �� kdv phdq }hur/ wkdw lv
� @ 3> wkhq wkh uhvxowv +8155, dqg +8156, duh wkh vdph dv wkrvh jlyhq iru wkh
krprjhqhrxv frlqwhjudwlrq uhjuhvvlrq prgho +8146,1

+e, Wkhruhp 8156 lv xvhixo lq fdofxodwlqj wkh dv|pswrwlf orfdo srzhu ri wkh whvw
vwdwlvwlf iru wkh qxoo k|srwkhvlv

Kf = �� @ �f ;l= +8157,

Dffruglqj wr Uhpdun +f, ri wkh suhylrxv vxevhfwlrq/ wkh Zdog vwdwlvwlf lq +814<,
iru wkh qxoo k|srwkhvlv lq +8157, lv Z) zlwk *+�, @ yhf+� � �f, dqg lwv olplw
glvwulexwlrq lv "26+6%

= D vhtxhqfh ri orfdo dowhuqdwlyhv wr wkh qxoo +8157, fdq eh
irupxodwhg dv

Ku� = �� @ �f .
��s
qW

> +8158,

zkhuh wkh �� duh llg dfurvv l zlwk phdq � 9@ 3> kdyh �qlwh yduldqfh dqg vdwlvi|
Dvvxpswlrq 451 Lq wklv fdvh/ xqghu wkh orfdo dowhuqdwlyh k|srwkhvlv +8158, dqg
wkh dvvxpswlrqv ri wkhruhp 8156/ wkh Zdog vwdwlvwlf Z) kdv dq dv|pswrwlf
qrq0fhqwudo fkl0vtxduh glvwulexwlrq dv +q> W $ 4, zlwk q@W $ 3/ l1h1/

Z) , "26+6%
+�,>

zkhuh wkh qrq0fhqwudolw| sdudphwhu lv � @
�iUEw��T 3�) �iUEw�

2 =

91 Prghov zlwk Lqglylgxdo H�hfwv

Pxfk ri wkh suhfhglqj dv|pswrwlf wkhru| fdq eh h{whqghg lq d vwudljkwiruzdug zd|
wr sdqho prghov zlwk lqglylgxdo vshfl�f h�hfwv dqg wlph wuhqgv1 Zh looxvwudwh zkdw
lv lqyroyhg lq wkhvh h{whqvlrqv e| wdnlqj wkh fdvh ri sulpdu| lpsruwdqfh zkhuh wkh
sdqho uhjuhvvlrq htxdwlrq lqyroyhv lqglylgxdo vshfl�f h�hfwv1 Wr prwlydwh dqdo|vlv/
frqvlghu wkh iroorzlqj prgho ri khwhurjhqhrxv sdqho frlqwhjudwlrq lq sodfh ri +815,

\�c|
d1v1
@ �� . ��[�c| .H�c|

[�c| @ [�c|3� . X%�c|>
+9159,

Khuh/ wkh �� duh lqglylgxdo h�hfwv lq wkh frlqwhjudwlqj htxdwlrq1 Wkh| frxog eh
�{hg ru udqgrp h�hfwv1 Zh fdq dovr doorz iru lqglylgxdo h�hfwv lq wkh htxdwlrq iru
[�c| lq +9159,1 Lq wkdw fdvh/ wkh [�c| kdyh lqglylgxdo ghwhuplqlvwlf wuhqgv dv zhoo dv
vwrfkdvwlf wuhqgv dqg lq zkdw iroorzv zh zrxog surfhhg xvlqj ghwuhqghg udwkhu wkdq
ghphdqhg gdwd lq wkh srrohg sdqho uhjuhvvlrq/ zlwk vrph dvvrfldwhg fkdqjhv lq wkh
�qdo irupxodh1

Wkh lqglylgxdo h�hfwv lq +9159, fdq eh holplqdwhg lq wkh xvxdo zd| e| uhprylqj
lqglylgxdo vshfl�f phdqv/ l1h1/ �\�c� @ �

A

SA
|'� \�c| dqg �[�c� @

�
A

SA
|'�[�c|= Wkhq srrohg

sdqho uhjuhvvlrq ohdgv wr wkh hvwlpdwru
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zkhuh �\�c| @ \�c| � �\�c�> dqg �[�c| @ [�c| � �[�c�=
Dv lq rxu hduolhu wkhru|/ vrph txlfn dv|pswrwlf uhvxowv iru ��?cA fdq eh rewdlqhg

xvlqj vhtxhqwldo olplwv1 Iluvw frqvlghu wkh fdvh zkhuh wkhuh lv qr frlqwhjudwlrq
dqg wkh wuxh gdwd jhqhudwlqj phfkdqlvp lv +514,/ hyhq wkrxjk lw lv prgho +9159,
wkdw lv hvwlpdwhg1 Gh�qh wkh ghphdqhg olplw surfhvv �P�+u, @ + �P �

+�+u,>
�P �
%�+u,,

� @
P�+u,�

U
P�+v,gv1 Dffruglqj wr +51:, dqg wkh frqwlqxrxv pdsslqj wkhruhp/ xqghu

Dvvxpswlrqv 406/ wkh srrohg hvwlpdwru ��?cA kdv wkh iroorzlqj olplw glvwulexwlrq dv
W $ 4 iru dq| �{hg q =

��?cA ,
#
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U
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D vlpsoh fdofxodwlrq vkrzv wkdw H+

U
�P�

�P �
� , @ H+

U
P�P

�
� , � H+

U
P�

U
P �

�, @ �
S=

Wkxv/ dsso|lqj wkh VOOQ wr �
?

S?
�'�

U
�P+�

�P �
%� dqg
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S?
�'�

U
�P%�

�P �
%� >zh jhw

�
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S?
�'�

U
�P+�

�P �
%� $d1v1

�
S+%> dqg �

?

S?
�'�

U
�P%�

�P �
%� $d1v1

�
S%%= Lw iroorzv wkdw ��?cA $R � @ +%3�%% dv

+W> q $ 4,vht=
Wkh dv|pswrwlf qrupdolw| ri ��?cA iroorzv e| dujxphqwv dqdorjrxv wr wkrvh ri

Vhfwlrq 71 Uhvfdolqj wkh fhqwhuhg hvwlpdwru +��?cA ��, e|
s
q dqg ohwwlqj W $ 4 iru

�{hg q> zh kdyh

s
q+��?cA � �, , 4s

q
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Qrwh wkdw H+
U

�P+�
�P �
%� ��

U
�P%�

�P �
%�, @ 3> vr ghphdqlqj wkh gdwd grhv qrw d�hfw wkh

dv|pswrwlf fhqwhulqj1 Diwhu vrph ohqjwk| fdofxodwlrqv/ zh �qg wkh yduldqfh pdwul{
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�SH
�
yhf ++�%� � �%�%�, +yhf ++�%� � �%�%�,,

��
@ �s > vd|1

Qrwh wkdw wklv fryduldqfh pdwul{ gl�huv lq wkh frh!flhqwv ri lwv frpsrqhqwv iurp wkh
hduolhu pdwul{ � jlyhq lq +7169, iru wkh fdvh zkhuh wkhuh lv qr ghphdqlqj wr uhpryh
srvvleoh lqglylgxdo h�hfwv1 Dv lv fohdu iurp wkh irupxodh iru wkhvh wzr fdvhv +vhh
+915:, ehorz,/ �s ? �> vr rqh h�hfw ri ghphdqlqj lv wr uhgxfh wlph vhulhv yduldelolw|1

Dsso|lqj wkh pxowlyduldwh Olqghehuj�Ohy| wkhruhp wr �I
?

S?
�'�+

U
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%�, dqg frpelqlqj wklv zlwk wkh olplw ri
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dv q $ 4>

zh kdyh
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Khqfh/ dv +W> q $ 4,vht zh kdyh

s
q+��?cA � �, , Q

�
3> 69

�
3�%%  L6+

�
�s

�
3�%%  L6+

��
=

Wkhvh vhtxhqwldo olplw uhvxowv fdq eh h{whqghg wr mrlqw olplw uhvxowv/ mxvw dv lq wkh
surri ri Wkhruhp 7/ dqg zh phuho| vwdwh wkh �qdo uhvxowv khuh1

Wkhruhp 44 Vxssrvh Dvvxpswlrqv 4/ 5/ dqg 6 krog dqg wkh gdwd jhqhudwlqj phfk0
dqlvp lv +5=4,1 Wkhq=

+d, Wkhq/ dv +q> W $ 4,> zh kdyh ��?cA $R �=
+e, Li +q> W $ 4, dqg q@W $ 3>

s
q+��?cA � �, , Q

�
3> 69

�
3�%%  L6+

�
�s

�
3�%%  L6+

��
=

Uhpdunv

+d, Frpsdulqj wkh olplw yduldqfh ri ��?cA lq Wkhruhp 44 wr wkdw ri a�?cA lq Wkhruhp
7/ zh �qg wkdw ��?cA kdv wkh vpdoohu dv|pswrwlf fryduldqfh1 Lq idfw/ lw lv dssduhqw
iurp wkh irupxodh wkdw

7�� 69�s @ e
�DH

�
%�%� 

�
+�+� � �%�+� �+�%��

� . �%�%��
��� +915:,

. e
�DH

��
%�+� �%�%��

�� ++�%� � �%�%�,N6+6%

�
@ e

�DHi+F%�+4, +F+�+4,� �F%�+4,,, +L62 .N6,

�+F%�+4, +F+�+4,� �F%�+4,,,
�j

A 3= +915;,

Dv uhpdunhg deryh/ wklv uhgxfwlrq lq yduldqfh rffxuv ehfdxvh ghphdqlqj wkh
gdwd e| uhprylqj lqglylgxdo h�hfwv uhgxfhv wlph vhulhv yduldelolw|1 Vlplodu hi0
ihfwv rffxu zkhq kljkhu rughu wlph wuhqgv duh uhpryhg iurp wkh gdwd lq wkh
frqvwuxfwlrq ri srrohg sdqho hvwlpdwruv1

+e, Lq wkh khwhurjhqrxv sdqho frlqwhjudwlrq fdvh/ wkh gdwd duh jhqhudwhg e| +9159,1
Wkh lqglylgxdo h�hfwv �� fdq qrz eh frqvlvwhqwo| hvwlpdwhg e| wlph vhulhv
uhjuhvvlrq rq +9159, ohdglqj wr e�� @ �\�c� � h��[�c� dqg h�� @ +

SA
|'�

�\�c| �[
�
�c|,

� +
SA

|'�
�[�c|

�[ �
�c|,

3�= Wkhvh ohdvw vtxduhv hvwlpdwhv dqg wkhlu ixoo| prgl�hg
yduldqwv kdyh dv|pswrwlf surshuwlhv wkdw duh zhoo nqrzq +Skloolsv dqg Kdqvhq/
4<<3,1 Iroorzlqj wkh vdph olqh ri dujxphqw dv lq Vhfwlrq 814/ wkh srrohg sdqho
hvwlpdwru ��?cA fdq eh vkrzq wr kdyh wkh vdph olplw glvwulexwlrq dv wkdw jlyhq lq
Wkhruhp 44 iru wkh vsxulrxv uhjuhvvlrq fdvh/ dowkrxjk wkh orqj uxq fryduldqfh
pdwulfhv � duh qrz vlqjxodu/ mxvw dv lq Vhfwlrq 8141 Xqghu wkh dvvxpswlrqv
ri Wkhruhp 8/ wkh dv|pswrwlf wkhru| krogv iru mrlqw olplwv dv +q> W $ 4, dqg
q@W $ 3> dv zhoo dv vhtxhqwldo olplwv1 Djdlq/ ��?cA hvwlpdwhv wkh orqj uxq dyhu0
djh frh!flhqw � @ +%3�%% =Zdog whvwv olnh wkrvh glvfxvvhg lq Vhfwlrq 8 fdq qrz
eh frqvwuxfwhg zlwk reylrxv prgl�fdwlrqv wr wkh hvwlpdwhg fryduldqfh pdwul{
irupxodh wkdw doorz iru holplqdwlrq ri wkh lqglylgxdo h�hfwv e| ghphdqlqj1

6:



+f, Lq wkh krprjhqhrxv sdqho frlqwhjudwlrq fdvh/ wkh gdwd duh jhqhudwhg e| +9159,
zlwk �� @ � @ +%3�%% d=v= Zh fdq holplqdwh lqglylgxdo h�hfwv e| uhprylqj
lqglylgxdo vshfl�f phdqv dv deryh/ dqg pd| surfhhg zlwk IP hvwlpdwlrq dv
lq Vhfwlrq 8151 Wkh gdwd duh qrz fruuhfwhg dffruglqj wr wkh irupxod �\ n

�c| @
�\�c| � ae%

a3�%%� h[�c| udwkhu wkdq dv lq +8149,1 Wkh srrohg IP hvwlpdwru lq wklv
fdvh lv jlyhq e|
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Xqghu wkh vdph dvvxpswlrqv dv Wkhruhp </ zh �qg wkdw
s
qW +h��8� � �, ,

Q+3> 9+3�%%  e�%,, dv +q> W $ 4, zlwk q@W $ 3= Qrwh wkdw lq wklv fdvh/ wkh
h�hfw ri holplqdwlqj lqglylgxdo vshfl�f phdqv lv wr lqfuhdvh wkh olplw yduldqfh
pdwul{ lq frpsdulvrq zlwk Wkhruhp <1 Zdog whvwv fdq eh frqvwuxfwhg dv gh0
vfulehg lq Vhfwlrq 815 zlwk reylrxv prgl�fdwlrqv iru wkh xvh ri ghphdqhg gdwd/
dqg d qrqfhqwudo olplw wkhru| iroorzv dv lq Vhfwlrq 8161

:1 Frqfoxvlrq

Wklv sdshu kdv ghyhorshg d olqhdu uhjuhvvlrq olplw wkhru| iru qrqvwdwlrqdu| sdqho
gdwd zlwk odujh qxpehuv ri furvv vhfwlrq dqg wlph vhulhv revhuydwlrqv1 D fhqwudo
uhvxow lv wkh h{lvwhqfh ri lqwhuhvwlqj orqj0uxq uhodwlrqv ehwzhhq wzr lqwhjudwhg sdqho
yhfwruv zkhuh wkhuh lv qr lqglylgxdo wlph vhulhv frlqwhjudwlrq ru zkhuh wkhuh duh
khwhurjhqhrxv frlqwhjudwlqj uhodwlrqv1 Wkh qhz uhodwlrqv duh fkdudfwhul}hg dv orqj0
uxq dyhudjh uhodwlrqvklsv ryhu wkh furvv vhfwlrq dqg duh sdudphwhul}hg lq whupv ri wkh
pdwul{ uhjuhvvlrq frh!flhqw/ +%

3�
%% > ri wkh furvv vhfwlrq orqj0uxq dyhudjh fryduldqfh

pdwul{/ 1
Wkh wkhru| doorzv iru irxu gl�huhqw prghov lq zklfk wkhuh duh wkh iroorzlqj wlph

vhulhv uhodwlrqvklsv ehwzhhq wkh sdqho yhfwruv \�c| dqg [�c|= Wkh pdlq uhvxowv duh
vxppdul}hg dv iroorzv1

+d, Zkhq wkhuh lv qr frlqwhjudwlqj uhodwlrq ru khwhurjhqhrxv frlqwhjudwlqj uh0
odwlrqv ehwzhhq \�c| dqg [�c|> erwk wkh srrohg hvwlpdwru dqg olplwlqj furvv vhfwlrq
hvwlpdwru duh

s
q frqvlvwhqw iru wkh orqj0uxq dyhudjh uhjuhvvlrq frh!flhqw dqg kdyh

qrupdo olplw glvwulexwlrqv1 Wkhuh duh gl�huhqfhv lq wkh dv|pswrwlf yduldqfhv lq wkhvh
wzr fdvhv1 Lq sduwlfxodu/ wkh olplw yduldqfh ri wkh srrohg hvwlpdwru lv ohvv wkdq wkdw
ri wkh olplwlqj furvv vhfwlrq hvwlpdwru ehfdxvh wkh srrohg hvwlpdwru xvhv doo wkh wlph
vhulhv lqirupdwlrq/ zkloh wkh olplwlqj furvv vhfwlrq hvwlpdwru xvhv rqo| d vlqjoh wlph
shulrg ri gdwd1 Vr wlph vhulhv gdwd zloo uhgxfh wkh olplwlqj yduldqfh hyhq zkhq wkhuh
lv qr wlph vhulhv frlqwhjudwlrq1

+e, Lq wkh wzr fdvhv ri krprjhqhrxv dqg qhdu0krprjhqhrxv frlqwhjudwlrq/ e|
srrolqj wkh gdwd zh fdq frqvwuxfw d srrohg ixoo| prgl�hg +SIP, hvwlpdwru zkrvh
frqyhujhqfh udwh/

s
qW> lv idvwhu wkdq wkdw ri wkh furvv vhfwlrq hvwlpdwru ru wkh wlph

vhulhv hvwlpdwru1 Lq wkh fdvh ri qhdu0krprjhqhrxv frlqwhjudwlrq wkh SIP hvwlpd0

6;



wru kdv d olplw glvwulexwlrq zlwk qrqfhqwudolw| sdudphwhu htxdo wr wkh phdq ri wkh
ghyldwlrqdo udqgrp pdwul{ ri wkh qhdu0krprjhqhrxv frlqwhjudwlqj yhfwru1

+f, Wkh olplw wkhru| fdq eh xvhg wr frqvwuxfw whvwv ri k|srwkhvhv derxw wkh orqj0
uxq dyhudjh uhjuhvvlrq frh!flhqwv dqg wr frpsduh wkhvh frh!flhqwv lq vxejurxsv ri
wkh furvv vhfwlrq srsxodwlrq1 Wkhvh whvwv duh jlyhq h{solflwo| iru wkh wzr fdvhv ri
khwhurjhqhrxv sdqho frlqwhjudwlrq dqg krprjhqhrxv sdqho frlqwhjudwlrq/ zklfk vhhp
wr eh wkh lpsruwdqw fdvhv iru hpslulfdo dssolfdwlrqv1 Wkh orfdo dv|pswrwlf srzhu
ixqfwlrq iru wkhvh whvwv lv dovr ghulyhg1

Wkh olplw wkhru| ghyhorshg lq wklv sdshu lv ghvljqhg iru wzr glphqvlrqdo duud|v
zkhuh erwk wlph vhulhv dqg furvv vhfwlrq vdpsoh vl}hv sdvv wr lq�qlw|1 Lw doorzv iru
erwk vhtxhqwldo olplwv dv W $ 4 dqg q $ 4 lq wkdw vhtxhqfh/ dqg mrlqw olplwv zkhuh
W> q $ 4 mrlqwo|1 Dv wkh surriv lq wkh Dsshqglfhv ghprqvwudwh/ frqyhujhqfh iru mrlqw
olplwv lv pruh gl!fxow wr rewdlq1 Krzhyhu/ dsduw iurp vrph vwulfwhu prphqw dqg
vxppdelolw| frqglwlrqv/ wkh rqo| dgglwlrqdo uhtxluhphqw zh xvh lq wkh ghyhorsphqw
ri wklv wkhru| lv wkh udwh frqglwlrq wkdw q@W $ 3= Wklv frqglwlrq lqglfdwhv wkdw wkh
olplw wkhru| jlyhq khuhlq lv olnho| wr prvw xvhixo lq fdvhv zkhuh W lv odujh dqg q lv
prghudwho| odujh1 Wkh xvhixoqhvv ri wklv dv|pswrwlf wkhru| lq ghvfulelqj �qlwh vdpsoh
ehkdylru lq sdqho uhjuhvvlrqv qrz qhhgv wr eh v|vwhpdwlfdoo| h{soruhg lq vlpxodwlrq
h{shulphqwv1

Dq lpsruwdqw dvvxpswlrq wkdw lv frpprq lq sdqho gdwd zrun dqg lv xvhg khuh
lq ghulylqj dv|pswrwlfv lv furvv vhfwlrq lqghshqghqfh1 Iru pdq| qrqvwdwlrqdu| sdqho
gdwd dssolfdwlrqv/ wklv lqghshqghqfh frqglwlrq lv uhvwulfwlyh dqg lw lv dq lpsruwdqw
olplwdwlrq ri rxu wkhru|1 Iru lqvwdqfh/ pxowl0frxqwu| JGS vhulhv/ h{fkdqjh udwhv dqg
�qdqfldo dvvhwv sulfhv doo lqyroyh furvv vhfwlrq ghshqghqfh dulvlqj iurp joredo vkrfnv
dqg frpsolfdwhg lqwhughshqghqflhv dprqj wkh yduldeohv1 Dv lv dssduhqw iurp rxu
dssurdfk/ fhuwdlq vwurqj odzv dqg fhqwudo olplw uhvxowv zloo frqwlqxh wr dsso| zkhq
wkh furvv vhfwlrqdo ghshqghqfh lv ri wkh zhdn phpru| ydulhw|/ exw lq wklv fdvh wkh
olplw yduldqfh pdwulfhv zloo fkdqjh dffruglqj wr wkh ghshqghqfh1 Pruh vljql�fdqwo|/
zkhq wkhuh duh vwurqj fruuhodwlrqv lq d furvv vhfwlrq +dv wkhuh zloo eh lq wkh idfh
ri joredo vkrfnv, zh fdq h{shfw idloxuhv lq wkh vwurqj odzv dqg fhqwudo olplw wkhru|
dulvlqj iurp wkh qrqhujrglflw|1 Krzhyhu/ hyhq lq wklv hyhqw/ wkhruhpv olnh wkh hujrglf
wkhruhp zloo vwloo dsso| exw wkh olplwv zloo eh udqgrp dqg phdvxudeoh zlwk uhvshfw
wr wkh lqyduldqw dojheud jhqhudwhg e| wkh joredo vkrfnv1

Lq wkh suhvhqw fdvh dqg/ lqghhg/ txlwh frpprqo| lq sdqho gdwd wkhru|/ furvv vhf0
wlrq lqghshqghqfh lv dvvxphg lq sduw ehfdxvh ri wkh gl!fxowlhv ri fkdudfwhulvlqj dqg
prgholqj furvv vhfwlrq ghshqghqfh1 Lq jhqhudo/ �qglqj d qdwxudo rughulqj iru furvv
vhfwlrq lqglfhv lq hfrqrplf gdwd lv qrw hdv|/ dqg wklv kdv ehhq d vhulrxv revwdfoh
lq wkh ghyhorsphqw ri d vdwlvidfwru| dssurdfk1 Zkloh vrph uhfhqw uhvhdufk kdv dw0
whpswhg wr uhvroyh wkh gl!fxow| e| hpsor|lqj d iudphzrun iru vsdwldo gdwd edvhg
rq wkh hfrqrplf glvwdqfh ehwzhhq lqglylgxdov +h=j= Frqoh|/ 4<<:,/ wkh vxffhvvixo vl0
pxowdqhrxv prgholqj ri erwk furvv vhfwlrq ghshqghqfh dqg wlph vhulhv ghshqghqfh
uhpdlqv d fkdoohqjlqj sureohp dqg lv d pdmru duhd iru ixwxuh uhvhdufk lq pxowl0lqgh{
dv|pswrwlfv ri wkh w|sh frqvlghuhg khuh1
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;1 Dsshqglfhv

;141 Dsshqgl{ D= Suholplqdu| Ohppdv dqg Surriv iru Vhfwlrq 5

Zh vwduw zlwk vrph ohppdv wkdw zloo eh iuhtxhqwo| xvhg lq wkh iroorzlqj dujxphqwv1

Ohppd <

+d, Iru dq| s � 4 dqg dq| p � q pdwul{ D> wkhuh h{lvwv d frqvwdqw P A 3 vxfk
wkdw

mmDmmR � P
6[
�'�

?[
�'�

md�c�mR> +;14,

zkhuh d�c� lv wkh +l> m,wk hohphqw ri D=

+e, Iru dq| p�p pdwul{ D

+wu+D,,2 � pmmDmm2= +;15,

Surri1 Iru sduw +d,/ qrwh e| wkh gh�qlwlrq ri mmDmm dqg wkh lqhtxdolw|
s
d. e �s

d.
s
e iru d> e � 3 wkdw

mmDmmR @

597
3C 6[

�'�

?[
�'�

d2�c�

4D�*2
6:8
R

�
3C 6[

�'�

?[
�'�

md�c�m
4DR =

Li s @ 4> lqhtxdolw| +;=4, krogv zlwk P @ 4= Li s A 4/ wkhq e| wkh Kùoghu lqhtxdolw|
+
S6

�'�

S?
�'� md�c�m,R � +pq,R*^+

S6
�'�

S?
�'� md�c� mR,> zkhuh 4@s . 4@t @ 4= Sduw +d,

wkhq iroorzv zlwk P @ +pq,R*^= Iru sduw +e,/ e| wkh Fdxfk|�Vfkzdu} lqhtxdolw|/
+wu+D,,2 � p

S6
�'� d

2
�c� � pmmDmm2> dv uhtxluhg1 �

Ohppd 43 Vxssrvh wkdw D +@ id�c�j�c�, dqg E +@ ie�c�j�c�, duh +p �p, pdwulfhv
dqg N6 lv wkh frppxwdwlrq pdwul{1 Wkhq/

wu^+DE,N6` � mmDmmmmEmm=
Li D lv v|pphwulf/ wkhq

wu^+DD,N6` @ mmDmm2=
Surri Ohw h�c� lv wkh +p�p, pdwul{ zkhuh rqo| wkh +l> m,wk hohphqw lv rqh dqg wkh
rwkhu hohphqwv duh }hurv1 E| wkh gh�qlwlrq ri N6

wu^+DE,N6` @ wu

3C 6[
�'�

6[
�'�

+Dh�c� Eh�c�,

4D @
6[
�'�

6[
�'�

d�c�e�c� � mmDmmmmEmm>

zkhuh wkh odvw lqhtxdolw| krogv e| wkh Fdxfk|�Vfkzdu} lqhtxdolw|1 Zkhq D lv v|p0
phwulf/ lw krogv wkdw

wu^+DD,N6` @ wu

3C 6[
�'�

6[
�'�

+Dh�c�Dh�c�,

4D @
6[
�'�

6[
�'�

d�c�d�c� @
6[
�'�

6[
�'�

d2�c� @ mmDmm2= �
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Ohppd 44

+d, Xqghu Dvvxpswlrqv 4 dqg 5

H

�����
"[
|'f

F�c|

�����
e

? 4= +;16,

+e, Xqghu Dvvxpswlrqv 7 dqg 8

H

�����
"[
|'f

wF�c|

�����
H

? 4= +;17,

+f, Xqghu Dvvxpswlrqv 7 dqg 8

H

�����
"[
|'f

F�c|

�����
�S

? 4= +;18,

Surri Dffruglqj wr Ohppd <+d,/ iru lqhtxdolwlhv ri +;16,�+;18, lw lv hqrxjk wr
suryh wkdw H +

S"
|'fF@c�c|,

e > H +
S"

|'f wF@c�c|,
H > dqg H +

S"
|'fF@c�c|,

�S duh �qlwh/ zkhuh
F@c�c| lv wkh dwk hohphqw ri yhf +F�c|, = Iluvw/ zh suryh H +

S"
|'f wF@c�c|,

H ? 41 E| wkh
jhqhudol}hg Plqnrzvnl lqhtxdolw|/

H

# "[
|'f

wF@c�c|

$H
�

# "[
|'f

w
�
H+FH

@c�c|�,
��*H$H

=

Xqghu Dvvxpswlrqv 7 dqg 8/
S"

|'f w^H+FH
@c�c|�

,`�*H lv �qlwh dqg zh kdyh wkh ghvluhg

uhvxow1 Wkh surriv ri H +
S"

|'fF@c�c|,
e ? 4 dqg H +

S"
|'fF@c�c|,

�S ? 4 krog lq d
vlplodu idvklrq1 �

Ohppd 45 Wkh surfhvvhv X�c| @
S"

r'fF�crY�c|3r lq +5=6, dqg I�c| @
S"

r'fJ�crY�c|3r
lq +8=5, dgplw wkh iroorzlqj EQ ghfrpsrvlwlrqv

X�c| @ F�+4,Y�c| . �X�c|3� � �X�c| d=v= +;19,

I�c| @ J�+4,Y�c| . �I�c|3� � �I�c| d=v= +;1:,

Surri Htxdwlrqv +;19, dqg +;1:, iroorz gluhfwo| iurp Skloolsv dqg Vror +4<<5, sur0
ylghg \� @

S"
r'f v

2mmF�crmm2 ? 4 d1v1 dqg ]� @
S"

r'f v
2mmJ�crmm2 ? 4 d1v1/ uhvshfwlyho|1

Dovr/ hdfk frqglwlrq krogv li H+\�, ? 4 dqg H+]�, ? 4> uhvshfwlyho|/ zklfk duh wuxh
e| Ohppd 4+d, dqg Ohppd 9+d,1 �

Zh qrz surfhhg wr suryh wkh uhvxowv vwdwhg lq Vhfwlrq 51

41 Surri ri Ohppd 4
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+d, H+
S"

r'f v
2mmF�crmm2, ? 4 krogv lq ylhz ri Ohppd <+d, dqg Dvvxpswlrq 5+l,1 �

+e, HmmX�c|mm2 ? P iru vrph frqvwdqw P ? 4= E| wkh gh�qlwlrq ri X�c|>

HmmX�c|mm2 @ wu^H+X�c|X
�
�c|,` @ wu

57H "[
r'f

"[
�'f

F�crY�c|3rY �
�c|3�F

�
�c�

68
@ H

% "[
r'f

wu+F�crF
�
�cr,

&
@

"[
r'f

HmmF�crmm2 ,e|
@ P ? 4>

zklfk krogv e| sduw +d,1 �

+f, Hmm �X�c|mme ? P iru vrph frqvwdqw P ? 4= E| wkh gh�qlwlrq ri �X�c|>

Hmm �X�c|mme
@ H^wuiyhf+ �X�c|

�X �
�c|,+yhf+ �X�c|

�X �
�c|,,

�j` +;1;,

@ H

57wu
;?=

"[
r'f

"[
R'f

"[
�'f

"[
&'f

+ �F�cR  �F�cr,+Y�c|3RY �
�c|3&  Y�c|3rY �

�c|3�,+ �F
�
�c&  �F �

�c�,

<@>
68 =

Qrwh wkdw

H+Y�c|3RY �
�c|3&  Y�c|3rY �

�c|3�,

@

;AAAAA?AAAAA=

L62 li s @ n 9@ v @ m
N6 li s @ m 9@ n @ v
yhf+L6,+yhf+L6,,

� li s @ v 9@ n @ m

L62 .N6 . yhf+L6,+yhf+L6,,
� .

�
ye � 6

� 6[
�'�

+h�c�  h�c�, li s @ v @ n @ m

>

zkhuh h�c� lv wkh +p � p, pdwul{ zkhuh wkh +c> c,wk hohphqw lv rqh dqg wkh rwkhu
hohphqwv duh }hurv1 Wkhq/ iurp wkh lqghshqghqfh ri �F�cr dqg Y�c|> +;1;, lv

H

57wu
;?=

"[
r'f
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R'f

+ �F�cR  �F�cr,+ �F
�
�cR  �F �

�cr,

<@>
68

. H

57wu
;?=

"[
r'f
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R'f

+ �F�cr  �F�cr,yhf+L6,+yhf+L6,,
�+ �F �

�cR  �F �
�cR,

<@>
68

. H

57wu
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r'f
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R'f

+ �F�cr  �F�cR,+ �F
�
�cr  �F �

�cR,N6

<@>
68

. +ye � 6,H

%
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+ "[
r'f

+ �F�cr  �F�cr,
6[
,'�

+h�c�  h�c�,+ �F
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�cr  �F �

�cr,
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@ L . LL . LLL . LY> vd|1
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Iru L> qrwh wkdw

L @ H

57wu
;?=

"[
r'f
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R'f

+ �F�cR
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�cR  �F�cr
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�cr,

<@>
68

@ H
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vlqfh wu+DD, @ +wu+D,,2
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zkhuh wkh �uvw lqhtxdolw| krogv e| Ohppd 514 lq Skloolsv dqg Vror +4<<5, iru vrph

frqvwdqw P�1 Iru
S"

r'f v
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H nF�crne
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dqg

S"
r'f v

eHmmF�crmme ? 4> e| Ohppd

<+d,/ lw lv hqrxjk wr vkrz
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r'f v
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S"
r'f v

e�ec@cr ? 4> uhvshfwlyho|/ zklfk

krog ehfdxvh
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r'f v
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zkhuh wkh odvw lqhtxdolw| krogv ehfdxvh L @H
kS"

r'f mm �F�crmm2
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? 4> dv suryhg deryh1
Vlploduo|/ LLL lv �qlwh ehfdxvh
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LY lv �qlwh ehfdxvh

LY @ +ye � 6,H
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Lq ylhz ri +;1<,�+;145,/ wkh erxqgv iru L � LY gr qrw ghshqg rq wkh lqgh{hv l dqg w>
vr zh fdq fkrrvh d odujh frqvwdqw P vxfk wkdw Hmm �X�c|mme ? P=
+g, HmmF�+4,mme ? 4 krogv e| Ohppd 44+d,1 �

51 Surri ri htxdwlrq +519, Xqghu Dvvxpswlrqv 4 dqg 5
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wkdw lq Uhpdun +e, rq sdjh 8/ dqg �X@c�c| lv vtxduh lqwhjudeoh e| Ohppd 41 Wkxv/ e|
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61 Surri ri Ohppd 6

Vxevwlwxwlqj P� @ F�+4,Z�> zh kdyh

Hmm UP�P
�
� mm2 @ Hmmyhf UP�P

�
� mm2@Hmm+F�+4,F�+4,,yhf
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Z�Z

�
� mm2

� HmmF�+4,F�+4,mm2Hmmyhf UZ�Z
�
� mm2>

zkhuh wkh odvw lqhtxdolw| krogv ehfdxvh mmDEmm � mmDmmmmEmm dqg ehfdxvh F�+4, lv lqgh0
shqghqw ri Z�1

Zh nqrz Hmmyhf UZ�Z
�
� mm2 ? 4 dqg HmmF�+4,  F�+4,mm2 @ HmmF�+4,mme ? 4 e|

Ohppd 41 Wkhuhiruh/ Hmm UP�P �
� mm2 ? 4> dv uhtxluhg1 �

;151 Dsshqgl{ E= Surriv iru Vhfwlrq 6 � Pxowlglphqvlrqdo
Olplw Wkhru|

41 Frqvwuxfwlrq ri Udqgrp Yhfwruv \l lq +6144, wr H{lvw rq
wkh Vdph Suredelolw| Vsdfh

Dffruglqj wr Vnrurkrg*v Wkhruhp lq U
6> Wkhruhp 5<19 lq Eloolqjvoh| +4<;9,/8 zh

fdq frqvwuxfw d suredelolw| vsdfh +W� >IW
� > S

W
� , zkhuh wkhuh h{lvw udqgrp yhfwruv \ W

�cA

dqg \ W
� vxfk wkdw \�cA � \ W

�cA > \� � \ W
� > dqg \ W

�cA $d1v1 \ W
� dv W $ 4 iru doo l= Dovr/

zh fdq fkrrvh lqghshqghqw \ W
� ehfdxvh wkh \�cA duh lqghshqghqw dfurvv l iru doo W=

Qrz zh gh�qh W @ �"�'�
W
� > wkh Fduwhvldq surgxfw ri W� > dqg ohw �� eh wkh qdwxudo

surmhfwlrq ri W rqwr W� iru hdfk l= Ohw IW eh wkh vpdoohvw �0�hog frqwdlqlqj doo wkh
vhwv �3�� +I , iru doo l dqg doo I 5 IW

� = Gh�qh U wr eh wkh froohfwlrq ri doo �qlwh gl0
phqvlrqdo uhfwdqjohv/ �"�'�I� zkhuh I� 5 IW

� iru doo l dqg I� @ W� > h{fhsw iru dw prvw
�qlwh pdq| ydoxhv ri l= Qrz gh�qh S W+�"�'�I�, @ �"�'�S

W
� +I�,= Wkhq/ e| Wkhruhp

;1515 +s1 534, lq Gxgoh| +4<;<,/ S W rq U h{whqgv xqltxho| wr d suredelolw| phdvxuh
rq IW= Ohw �\�+$, @ \ W

� +�
3�
� +$,, iru doo $ 5 W= E| wkh zd| ri wkhlu frqvwuxfwlrq/ wkh

�\�+$, duh udqgrp yhfwruv rq wkh suredelolw| vsdfh +W>IW> S W, dqg �\� � \ W
� � \�=

Fkrrvh \� lq +6144, wr eh �\� dqg zh kdyh wkh ghvluhg uhvxow1 �

51 Surri ri Ohppd 7

Zh suryh sduw +e,1 Wkhq sduw +d, krogv e| wkh vdph sulqflsoh1 Vxssrvh wkdw
i 5 F lv jlyhq1 Iurp [?cA , [ dv q> W $ 4> iru dq| jlyhq % A 3> zh fdq fkrrvh qf
dqg W� vxfk wkdw zkhqhyhu q � qf dqg W � W�> wkh iroorzlqj lqhtxdolw| krogv

mHi+[?cA ,�Hi+[,m ? 0
2 = +;146,

AIurp [?cA , [? dv W $ 4 ;q> zh fdq fkrrvh W2 ghshqglqj rq q dqg % vxfk wkdw

mHi+[?cA ,�Hi+[?,m ? 0
2 li W � W2= +;147,

8Iru Vnrurkrg*v Wkhruhp rq vrph ixqfwlrq vsdfh/ uhihu wr Uhsuhvhqwdwlrq Wkhruhp lq Sroodug
+4<;7, ru Wkhruhp 7 rq s1 7: lq Vkrudfn dqg Zhooqhu +4<;9,1
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Iru hdfk q � qf fkrrvh W2+q> %,> dqg fkrrvh d �{hg Wf juhdwhu wkdq erwk W� dqg W2=
Wkhq erwk +;146, dqg +;147, krog dqg wkhuhiruh/

mHi+[?,�Hi+[,m ? % li q � qf

dqg [?cA , [ vhtxhqwldoo| dv +W> q $ 4,vht1 �

61 Surri ri Ohppd 8

Zh vkrz sduw +e,1 Sduw +d, fdq eh hvwdeolvkhg e| vlplodu dujxphqwv1
Vxssrvh wkdw i 5 F lv jlyhq1 Dvvxph wkdw +614:, krogv1 Iurp +614:, dqg [? , [

dv q $ 4/ iru dq| jlyhq % A 3> zh fdq fkrrvh qf dqg Wf vxfk wkdw zkhqhyhu q � qf
dqg W � Wf> zh kdyh

vxs
?D?fcADAf

mHi+[?cA ,�Hi+[?,m ? 0
2 >

dqg
mHi+[?,�Hi+[,m ? 0

2 =

Wkxv/ li q � qf dqg W � Wf>

mHi+[?cA ,�Hi+[,m � vxs
?D?fcADAf

mHi+[?cA ,�Hi+[?,m. mHi+[?,�Hi+[,m ? %=

Khqfh/ [?cA , [ dv +q> W $ 4,=
Qrz dvvxph wkdw [?cA , [ dqg [? , [ dv +q> W $ 4,= Wkh qhfhvvlw| ri wkh

frqglwlrq iroorzv ehfdxvh

olp vxs
?cA

mHi+[?cA ,�Hi+[?,m

� olp vxs
?cA

mHi+[?cA ,�Hi+[,m. olpvxs
?

mHi+[?,�Hi+[,m @ 3= �

Ehiruh vwduwlqj wkh surri ri Wkhruhp 4 zh jlyh wkh iroorzlqj ohppd1

Ohppd 46 Vxssrvh \�cA duh lqghshqghqw dfurvv l= Dvvxph wkdw \�cA , \� dv W $ 4
iru doo l= Wkhq/ olp vxs?<"

�
?

S?
�'�Hm\�cA m ? 4 lpsolhv olp vxs?<"

�
?

S?
�'�Hm\�m ?

4=

Surri Qrwh wkdw/ vlqfh m\�cA m , m\�m dv W $ 4 e| wkh frqwlqxrxv pdsslqj wkhruhp/
lw iroorzv wkdw Hm\�m � olp lqiA Hm\�cA m +vhh Wkhruhp 816 lq Eloolqjvoh|/ 4<9;,1 Wkxv/

olp vxs
?<"

�
?

?[
�'�

Hm\�m � olpvxs
?<"

olp lqi
A<"

�
?

?[
�'�

Hm\�cA m

� olpvxs
?cA<"

�
?

?[
�'�

Hm\�cA m ?4= �
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71 Surri ri Wkhruhp 4

Sduw +e, iroorzv hdvlo| iurp Ohppd 8 dqg sduw +d,1 Lq sduwlfxodu/ iurp wkh
dvvxpswlrqv ri wkh wkhruhp zh nqrz wkdw [?cA @ �

?

S?
�'� \�cA , [? @ �

?

S?
�'� \�

dv W $ 4 iru doo q dqg [? @ �
?

S?
�'� \� $R ��f @ olp?

�
?

S?
�'�H\�= Wkhq/ vlqfh

frqglwlrq +614:, krogv iurp sduw +d,/ wkh ghvluhg uhvxow [?cA $R ��f dv +q> W $ 4,
iroorzv e| Ohppd 81

Qrz/ zh suryh sduw +d,1 Iluvw/ zh hvwdeolvk frqglwlrq +614:, lq wkh vfdodu fdvh1 Lw
lv vx!flhqw iru frqglwlrq +614:, wr uhvwulfw F wr F"> wkh fodvv ri doo wkh erxqghg/
frqwlqxrxv uhdo ixqfwlrqv zlwk erxqghg/ frqwlqxrxv ghulydwlyhv ri doo rughuv +vhh
Wkhruhp :14 lq Eloolqjvoh|/ 4<9; ru Wkhruhp 45 lq Sroodug/ 4<;7,1 Zlwkrxw orvv
ri jhqhudolw|/ ohw wkh ixqfwlrqv eh vxfk wkdw mi E&�+{,m � 4> ;n=

Ehiruh surfhhglqj/ zh qhhg wr hqvxuh wkdw wkh suredelolw| vsdfh rq zklfk wkh ydul0
dwhv duh gh�qhg lv odujh hqrxjk wr shuplw wkh dujxphqwv wkdw iroorz1 Olplwv vxfk dv
[?cA @ �

?

S?
�'� \�cA , [? @ �

?

S?
�'� \� dv W $ 4 lqyroyh wkh mrlqw glvwulexwlrqv ri

wkh udqgrp yhfwruv +\�cA > ===> \?cA ,� dqg +\�> ===> \?,
�> qrw dq| surshuwlhv ri wkh sured0

elolw| vsdfh rq zklfk wkh| duh gh�qhg1 Krzhyhu/ zh qhhg wr hqvxuh wkdw zh fdq uhodwh
wkhvh yduldwhv rq wkh vdph vsdfh1 Wklv fdq eh dffrpsolvkhg e| sdvvlqj wr d qhz sured0
elolw| vsdfh/ xvlqj Vnrurkrg*v Wkhruhp lq U

6 +h1j1/ Wkhruhp 5<19 lq Eloolqjvoh|/4<;9,/
lq zklfk wkhuh duh gh�qhg qhz udqgrp yduldeohv + �\�cA > ===> �\?cA > �\�> ===> �\?,� vxfk wkdw
�\�cA � \�cA dqg �\� � \� iru doo l dqg wkh 5q udqgrp yduldeohv �\�cA > ===> �\?cA > �\�> ===> �\?
duh lqghshqghqw1 Zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw �\�cA @ \�cA dqg
�\� @ \� iru doo l dqg W 19

Qrz zh fdq gh�qh wkh txdqwlwlhv �&c?cA @
S

&:�D� \�cA.
S

&	�$? \�> iru 4 � n � q>
doo rq wkh vdph suredelolw| vsdfh1 E| yluwxh ri wkh gh�qlwlrqv ri [?cA >[?> dqg �&c?cA >
zh kdyh

i

#
�
?

?[
�'�

\�cA

$
� i

#
�
?

?[
�'�

\�

$
@ i

�
�
?+�?c?cA . \?cA ,

�� i
�
�
?+��c?cA . \�,

�
@

[
&$?

�
i
�
�
?

�
�&c?cA . \&cA

��� i
�
�
?

�
�&c?cA . \&

���
=

Lw iroorzv wkdw

olp vxs
?cA<"

mHi+[?cA ,�Hi+[?,m

@ olpvxs
?cA<"

�����Hi

#
�
?

?[
�'�

\�cA

$
�Hi

#
�
?

?[
�'�

\�

$�����
@ olpvxs

?cA<"

������
[
&$?

H

�
i
�
�
?+�&c?cA . \&cA ,

�� i
�
�
?�&c?cA

�
. i

�
�
?�&c?cA

�� i
�
�
?+�&c?cA . \&,

�������� = +;148,

9Dv lq Dsshqgl{ E+4, deryh/ zh fdq frqvwuxfw dq lq�qlwh glphqvlrqdo suredelolw| vsdfh zkhuh wkh
wzr lqghshqghqw udqgrp yhfwruv Et�cA c ���c t?cA �

� dqg Et�c ���c t?�
� frh{lvw1 Krzhyhu/ wkh dujxphqw

jlyhq deryh lv hqrxjk iru wkh surri wkdw iroorzv1

7:



Ohw j+k, @ vxs% mi+{ . k, � i+{, � i �+{,km= Wdnh { @ �&c?cA @q dqg k @ \&cA @q lq
wkh fdvh ri i

�
�
?+�&c?cA . \&cA ,

�� i
�
�
?�&c?cA

�
> dqg wdnh { @ �&c?cA @q dqg k @ \&@q lq

wkh fdvh ri i
�
�
?+�&c?cA . \�,

�� i
�
�
?�&c?cA

�
= E| wkh wuldqjoh lqhtxdolw|/ lw iroorzv wkdw

+;=48, lv erxqghg deryh e|

olp vxs
?cA<"

�����
?[
�'�

H

�
i �
�
��c?cA
q

��
\�cA
q

� \�
q

�������
. olpvxs

?cA<"

?[
�'�

Hj

�
\�cA
q

�
. olpvxs

?cA<"

?[
�'�

Hj

�
\�
q

�
= +;149,

E| wkh wuldqjoh lqhtxdolw|/ wkh �uvw whup lq +;149, lv ohvv wkdq

olp vxs
?cA<"

?[
�'�

����H�
i �
�
��c?cA
q

��
\�cA
q

� \�
q

������
@ olpvxs

?cA<"

?[
�'�

����Hi �
�
��c?cA
q

�
H

�
\�cA
q

� \�
q

�����
� olp vxs

?cA<"

?[
�'�

����H�\�cAq � \�
q

����� @ 3=

Wkh �uvw olqh deryh xvhv wkh idfw wkdw ��c?cA @q/ \�cA @q/ dqg \�@q duh lqghshqghqw/
wkh lqhtxdolw| lq wkh vhfrqg olqh krogv ehfdxvh mi �m � 4> dqg wkh wklug olqh iroorzv
gluhfwo| iurp frqglwlrq +ll,1

Iru wkh vhfrqg whup lq +;149,/ qrwh e| wkh phdq ydoxh wkhruhp wkdw j+k, �
P�plqimkm> k2j iru vrph frqvwdqw P� zklfk ghshqgv rq i dorqh1 Wkhq/ iru dq|
% A 3

olp vxs
?cA<"

?[
�'�

Hj

�
\�cA
q

�

� olp vxs
?cA<"

?[
�'�

H

�
j

�
\�cA
q

�
4

�����\�cAq
���� � %

��

. olpvxs
?cA<"

?[
�'�

H

�
j

�
\�cA
q

�
4

�����\�cAq
���� A %

��

� %P2
� olp vxs

?cA<"

?[
�'�

H

����\�cAq
����.P� olp vxs

?cA<"

?[
�'�

H

�����\�cAq
����4�����\�cAq

���� A %

��
@ %P2>

zkhuh wkh �uvw lqhtxdolw| krogv e| dsso|lqj j+k, � P�k
2 rq 4im\�cA @qm � %j dqg

j+k, � P�mkm rq 4im\�cA @qm A %j dqg wkh odvw lqhtxdolw| krogv e| frqglwlrqv +l, dqg
+lll, zlwk P2 @ P2

� olp vxs?cA
S?

�'�Hm\�cA @qm1
E| Ohppd 46/ frqglwlrq +l, lpsolhv

olp vxs
?cA

�
?

?[
�'�

Hm\�m ? 4>
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dqg e| frqglwlrq +ly, zh kdyh

olp vxs
?cA

�
?

?[
�'�

Hm\�m4 im\�m A %qj ? 4=

Wkxv/ dsso|lqj wkh vdph dujxphqwv dv wkrvh xvhg iru olp vxs?cA
S?

�'�Hj+\�cA @q,
wr olpvxs?cA

S?
�'�Hj+\�@q,> zh kdyh olp vxs?cA

S?
�'�Hj+\�@q, @ 3= Lw iroorzv iurp

+;148, dqg +;149, wkdw frqglwlrq +614:, krogv1
Zkhq wkh \�cA duh p0yhfwruv/ wkh Fudpìu�Zrog ghylfh fdq eh xvhg1 Wkdw lv/

xvlqj wkh deryh dujxphqw/ zh rewdlq v �[?cA $R v
���f dv +q> W $ 4, ;v 5 U

6/ dqg
lw iroorzv wkdw [?cA $R ��f dv q> W $ 4= �

81 Surri ri Fruroodu| 4

Gh�qh [?cA @ �
?

S?
�'�\�cA @ �

?

S?
�'�F�T�cA dqg [? @ �

?

S?
�'�\� @

�
?

S?
�'�F�T�=

Dvvxph vxs� nF�n A 3> iru li wklv grhv qrw krog/ wkh uhvxow lv wulyldo1 Zh nqrz
wkdw [?cA , [? dv W $ 4 iru doo q e| wkh frqglwlrqv lq wkh fruroodu|1 E| dv0
vxpswlrq wkh T�cA duh xqlirupo| lqwhjudeoh dqg T�cA , T�> vr HmmT�mm ? 4= Dovr/
F @ olp?

�
?

S?
�'�F� h{lvwv/ vr zh kdyh [? $R FH+T�, dv q $ 4= Khqfh/ li zh

hvwdeolvk frqglwlrqv +l,�+ly, ri Wkhruhp 4/ wkhq [?cA $R FH+T�, dv +q> W $ 4,=
E| wkh xqlirup lqwhjudelolw| ri mmT�cA mm dqg vxs� nF�n ? 4> zh kdyh

olp vxs
?cA

�
?

?[
�'�

Hmm\�cA mm � +vxs
�

nF�n, vxs
A

HmmT�cA mm ? 4>

yhuli|lqj frqglwlrq +l,/ dqg

olp vxs
?cA

�
?

?[
�'�

mmH\�cA �H\�mm � +vxs
�

nF�n,olpvxs
A

mmHT�cA �HT�mm @ 3=

Frqglwlrq +lll, lv vdwlv�hg vlqfh

�
?

?[
�'�

H^mm\�cA mm4imm\�cA mm A q%j` � +vxs
�

mmF�mm, vxs
A

H

�
mmT�cA mm4

�
mmT�cA mm A q%

vxs� mmF�mm
��

+;14:,
zklfk frqyhujhv wr }hur dv q $ 4> djdlq e| yluwxh ri xqlirup lqwhjudelolw| dqg
vxs� nF�n ? 4=

Frqglwlrq +ly, ri Wkhruhp 4 krogv ehfdxvh

�
?

?[
�'�

Hmm\�mm4imm\�mm A q%j � +vxs
�

mmF�mm,H
�
mmT�mm4

�
mmT�mm A q%

vxs� mmF�mm
��

$ 3

e| vxs� nF�n ? 4 dqg grplqdwhg frqyhujhqfh vlqfh H nT�n ? 4= �

91 Surri ri Wkhruhp 5
Wkh surri iroorzv wkdw ri Olqghehuj*v wkhruhp jlyhq lq Eloolqjvoh| +4<9;/ Wkhruhp

7<



:15,1 Wkh rqo| fkdqjh lv wkdw wkh dgglwlrqdo lqgh{ W dsshduv lq wkh frpsrqhqw
yduldwhv ��c?cA dqg olplwv duh wdnhq dv +q> W $ 4,1 Wkh idfw wkdw W sdvvhv wr lq�qlw|
zlwk q lv lqflghqwdo wr wkh pdlq dujxphqw1 Iru h{dpsoh/ zh vwloo kdyh

�cA

v2?cA
� %2 .H^�2�c?cA 4im��c?cA m A %j`

dqg/ dv d frqvhtxhqfh ri wkh Olqghehuj frqglwlrq +615;,/

pd{
�$?

�cA

v2?cA
$ 3

dv +q> W $ 4,= �

:1 Surri ri Wkhruhp 6

Gh�qh
��c?cA @ 

3�*2
?cA F�T�cA >

zkhuh ?cA @
S?

�'�F�	AF
�
� = E| wkh Fudpìu�Zrog ghylfh/

S?
�'� ��c?cA , Q+3> L6,

dv +q> W $ 4,/ li ;w 5 U
6 zlwk mmwmm @ 4

w �
?[
�'�

��c?cA , Q+3> 4, dv q> W $ 4= +;14;,

Wkhq/ e| frqglwlrq +ly, �I
?

S?
�'� \�cA , Q+3>, dv +q> W $ 4,=

Wr hvwdeolvk +;14;,/ lw lv vx!flhqw wr yhuli| frqglwlrq +615;,1 Iru jlyhq % A 3 dqg
w 5 U

6 zlwk mmwmm @ 4> zh kdyh

w �
?[
�'�

H
�
��c?cA �

�
�c?cA 4imw ���c?cA � ��c?cA wm A %j� w +;14<,

@ w �3�*2?cA

?[
�'�

H
k
F�T�cAT

�
�cAF

�
� 4imw �3�*2?cA F�T�cAT

�
�cAF

�
�

3�*2
?cA wm A %j

l

3�*2
?cA w=

Wdnh wkh lqglfdwru ixqfwlrq �uvw1 Qrwh wkdw

4

�����w �3 �

2

?cAF�T�cAT
�
�cAF

�
�

3�

2

?cA w

���� A %

�
� 4

�
pd{
��|��'�

����w �3 �

2

?cAF�T�cAT
�
�cAF

�
�

3 �

2

?cA w

���� A %

�
@ 4

�
�4@ 

�

3 �

2

?cAF�T�cAT
�
�cAF

�
�

3�

2

?cA

�
A %

�
� 4i�4@ +

3�
?cA ,+pd{

�$?
mmF� mm2,mmT�cA mm2 A %j

@ 4

;?=mmT�cA mm2 A %
�4�? +?cA ,

pd{
�$?

mmF� mm2

<@> � 4

;?=mmT�cA mm2 A %
�2A�4�?

�S?
�'�F�F �

�

�
pd{
�$?

+mmF�mm2,

<@> =
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Qh{w/ h{suhvvlrq +;14<, lv erxqghg deryh e|

pd{
8|8'�

57w �3 �

2

?cA

?[
�'�

H

57F�T�cAT
�
�cAF

�
� 4

;?=mmT�cA mm2 A %
�2A�4�?

�S?
�'�F�F

�
�

�
pd{
�$?

mmF� mm2

<@>
683 �

2

?cA w

68
� �3�4�?+?cA ,

?[
�'�

H

57mmF�T�cA mm24
;?=mmT�cA mm2 A %

�2A�4�?

�S?
�'�F�F

�
�

�
pd{
�$?

+mmF� mm2,

<@>
68

�
S?

�'� mmF�mm2
�4�?+?cA ,

H

57mmT�cA mm24
;?=mmT�cA mm2 A %

�2A�4�?

�S?
�'�F�F

�
�

�
pd{
�$?

+mmF� mm2,

<@>
68

�
qpd{

�
mmF�mm2

�2A�4�?+
S?

�'�F�F �
� ,
H

57mmT�cA mm24
;?=mmT�cA mm2 A %

�2A�4�?+
S?

�'�F�F
�
� ,

pd{
�$?

+mmF�mm2,

<@>
68 = +;153,

E| frqglwlrqv +l, dqg +ll,/ ?4@ � ������2
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"Ŝ
'f

�JRY�cr3RY �
�crn�3^J

�̂
$$�

� yhf

� "S
r'f

�JrJ �
rn�

��
yhf

� "S
r'f

�JrJ�
rn�

���
<AAA@AAA>
6:::8

@ wu

599997�
A

A32[
�'3An2

�
A3�3���

A

�
3EEEEC

"S
�'f

"S
&'f

"S
R'f

"Ŝ
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wkh prphqw erxqg Hmm[�cfmme ? P> iru vrph frqvwdqw P= �

Uhihuhqfhv

^4` Dqguhzv/ G1 Z1 N1 +4<<4,= Khwhurvnhgdvwlflw| dqg Dxwrfruuhodwlrq Frqvlvwhqw
Fryduldqfh Pdwul{ Hvwlpdwlrq/ Hfrqrphwulfd/ 8</ ;4:�;8;1

^5` Dsrvwro/ W1 +4<:7,= Pdwkhpdwlfdo Dqdo|vlv/ Uhdglqj= Dgglvrq0Zhvoh|1

^6` Edowdjl/ E1 +4<<8,= Hfrqrphwulf Dqdo|vlv ri Sdqho Gdwd/ Qhz \run= Zloh|1

^7` Eloolqjvoh|/ S1 +4<9;,= Frqyhujhqfh ri Suredelolw| Phdvxuhv/ Qhz \run= Zloh|1

^8` Eloolqjvoh|/ S1 +4<;9,= Suredelolw| dqg Phdvxuh/ Qhz \run= Zloh|1

^9` Fdqmhov/ H1 dqg P1 Zdwvrq +4<<:,= Hvwlpdwlqj Ghwhuplqlvwlf Wuhqgv lq wkh
Suhvhqfh ri Vhuldoo| Fruuhodwhg Huuruv/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :</
4;7�5331

^:` Fkdpehuodlq/ J1 +4<;7,= Sdqho Gdwd/ lq ]1 Julolfkhv dqg P1 Lqwuloljdwru +hgv1,/
Kdqgerrn ri Hfrqrphwulfv/ Yro1 5/ Dpvwhugdp= Qruwk�Kroodqg1

^;` Gxgoh|/ U1 +4<;<,= Uhdo Dqdo|vlv dqg Suredelolw|/ Zdgvzruwk ) Eurrnv2Froh
Pdwkhpdwlfv Vhulhv1

^<` Hlfnhu/ I1 +4<96,= Fhqwudo Olplw Wkhruhpv iru Idplolhv ri Vhtxhqfhv ri Udqgrp
Yduldeohv/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 67/ 76<�7791

^43` Judqjhu/ F1 Z1 M1 dqg S1 Qhzerog +4<:7,= Vsxulrxv Uhjuhvvlrqv lq Hfrqrphwulfv/
Mrxuqdo ri Hfrqrphwulfv/ 5/ 444�4531

^44` Kvldr/ F1 +4<;9,= Dqdo|vlv ri Sdqho Gdwd/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw|
Suhvv1

^45` Kdoo/ S1 dqg F Kh|gh +4<;3,= Pduwlqjdoh Olplw Wkhru| dqg lwv Dssolfdwlrqv/
Qhz \run= Dfdghplf Suhvv1

^46` Kdqqdq/ H1 +4<:3,= Pxowlsoh Wlph Vhulhv/ Qhz \run= Zloh|1
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^47` Lp/ N1/ K1 Shvdudq/ dqg \1 Vklq +4<<9,= Whvwlqj iru Xqlw Urrwv lq Khwhurjhqhrxv
Sdqhov/ plphr1

^48` Ohylq/ D1 dqg F1 Olq +4<<6,= Xqlw Urrw Whvwv lq Sdqho Gdwd= Qhz Uhvxowv/ XF
Vdq Glhjr Zrunlqj Sdshu1

^49` Pdjqxv M1 dqg K1 Qhxghfnhu +4<;;,1 Pdwul{ Gl�huhqwldo Fdofxoxv1 Qhz \run=
Zloh|1

^4:` Pdw|dv/ O1 dqg S1 Vhyhvwuh +hgv1, +4<<5,= Wkh Hfrqrphwulfv ri Sdqho Gdwd/
Ervwrq/ PD= Noxzhu Dfdghplf Sxeolvkhuv1

^4;` Pxlukhdg/ U1 +4<;5,= Dvshfwv ri Pxowlyduldwh Vwdwlvwlfdo Wkhru|/ Qhz \run= Zl0
oh|1

^4<` Sdun/ M1 dqg S1 F1 E1 Skloolsv +4<;;,= Vwdwlvwlfdo Lqihuhqfh lq Uhjuhvvlrqv zlwk
Lqwhjudwhg Surfhvvhv= Sduw L/ Hfrqrphwulf Wkhru|/ 7/ 79;�7<:1

^53` Sdun/ M1 dqg S1 F1 E1 Skloolsv +4<;<,= Vwdwlvwlfdo Lqihuhqfh lq Uhjuhvvlrqv zlwk
Lqwhjudwhg Surfhvvhv= Sduw LL/ Hfrqrphwulf Wkhru|/ 8/ <8�4641

^54` Shgurql/ S1 +4<<8,= Sdqho Frlqwhjudwlrq> Dv|pswrwlf dqg Ilqlwh Vdpsoh Surs0
huwlhv ri Srrohg Wlph Vhulhv Whvwv zlwk dq Dssolfdwlrq wr wkh SSS K|srwkhvlv/
Lqgldqd Xqlyhuvlw| Zrunlqj Sdshuv lq Hfrqrplfv Qr1 <8�3461

^55` Shvdudq/ K1 dqg U1 Vplwk +4<<8,= Hvwlpdwlqj Orqj0Uxq Uhodwlrqvklsv iurp
G|qdplf Khwhurjhqhrxv Sdqhov/ Mrxuqdo ri Hfrqrphwulfv/ 9;/ :<�4461

^56` Skloolsv/ S1 F1 E1 +4<;9,= Xqghuvwdqglqj Vsxulrxv Uhjuhvvlrqv lq Hfrqrphwulfv/
Mrxuqdo ri Hfrqrphwulfv/ 66/ 644�6731

^57` Skloolsv/ S1 F1 E1 +4<;;,= Zhdn Frqyhujhqfh ri Vdpsoh Fryduldqfh Pdwulfhv
wr Vwrfkdvwlf Lqwhjudov yld Pduwlqjdoh Dssur{lpdwlrqv/ Hfrqrphwulf Wkhru|/ 7/
85;�8661

^58` Skloolsv/ S1 F1 E1 +4<;<,= Sduwldoo| Lghqwl�hg Hfrqrphwulf Prghov/ Hfrqrphwulf
Wkhru|/ 8/ 4;4�5731

^59` Skloolsv/ S1 F1 E1 +4<<8,= Ixoo| Prgl�hg Ohdvw Vtxduhv dqg Yhfwru Dxwruhjuhv0
vlrq/ Hfrqrphwulfd/ 96/ 4356�43:;1

^5:` Skloolsv/ S1 F1 E1 dqg V1 Gxuodxi +4<;9,= Pxowlsoh Wlph Vhulhv Uhjuhvvlrq zlwk
Lqwhjudwhg Surfhvvhv/ Uhylhz ri Hfrqrplf Vwxglhv/ 86/ 7:6�7<81

^5;` Skloolsv/ S1 F1 E1 dqg E1 Kdqvhq +4<<3,= Vwdwlvwlfdo Lqihuhqfh lq Lqvwuxphqwdo
Yduldeohv Uhjuhvvlrq zlwk L+4, Surfhvvhv/ Uhylhz ri Hfrqrplf Vwxglhv/ 8:/ <<�
4581
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^5<` Skloolsv/ S1 F1 E1 dqg F1 Ohh +4<<9,= H!flhqf| Jdlqv iurp Txdvl0Gl�huhqflqj
xqghu Qrqvwdwlrqdulw|/ lq S1 P1 Urelqvrq dqg P1 Urvhqeodww +hgv1,/ Dwkhqv Frq0
ihuhqfh rq Dssolhg Suredelolw| dqg Wlph Vhulhv= yroxph LL Wlph Vhulhv Dqdo|vlv
lq phpru| ri H1 M1 Kdqqdq1 Qhz \run= Vsulqjhu�Yhuodj1

^63` Skloolsv/ S1 F1 E1 dqg K1 Prrq +4<<:,= Olqhdu Uhjuhvvlrq Olplw Wkhru| iru Qrq0
vwdwlrqdu| Sdqho Gdwd1 Xqlyhuvlw| ri Dxfnodqg Glvfxvvlrq Sdshu lq Hfrqrplfv1

^64` Skloolsv/ S1 F1 E1 dqg M1 Sdun +4<;<,= Rq Irupxodwlrq ri Zdog Whvwv ri Qrqolqhdu
Uhvwulfwlrqv/ Hfrqrphwulfd/ 89/ 4398�43;61

^65` Skloolsv/ S1 F1 E1 dqg Y1 Vror +4<<5,= Dv|pswrwlfv iru Olqhdu Surfhvvhv/ Dqqdov
ri Vwdwlvwlfv/ 53/ <:4�43341

^66` Sroodug/ G1 +4<;7,= Frqyhujhqfh ri Vwrfkdvwlf Surfhvvhv/ Qhz \run= Vsulqjhu
Yhuodj1

^67` Txdk/ G1 +4<<7,= H{sorlwlqj Furvv0Vhfwlrq Yduldwlrqv iru Xqlw Urrw Lqihuhqfh
lq G|qdplf Gdwd/ Hfrqrplf Ohwwhuv/ 77/ <�4<1

^68` Urehuwvrq/ G1 dqg M1 V|prqv +4<<5,= Vrph Vwudqjh Surshuwlhv ri Sdqho Gdwd
Hvwlpdwruv/ Mrxuqdo ri Dssolhg Hfrqrphwulfv/ :/ 4:8�4;<1

^69` Vkrudfn/ J1 dqg M1 Zhooqhu +4<;9,= Hpslulfdo Surfhvvhv zlwk Dssolfdwlrqv wr
Vwdwlvwlfv/ Qhz \run= Zloh|1

^6:` Xkolj/ K1 +4<<7,= Rq Mh�uh|v* Sulru Zkhq Xvlqj wkh H{dfw Olnholkrrg Ixqfwlrq/
Hfrqrphwulf Wkhru|/ 43/ 966�9771
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