
Lawrence Berkeley National Laboratory
Lawrence Berkeley National Laboratory

Title
WAVE-ENERGY DENSITY AND WAVE-MOMENTUM DENSITY OF EACH SPECIES OF A 
COLLISION-LESS PLASMA

Permalink
https://escholarship.org/uc/item/16z3f4t3

Author
Cary, John R.

Publication Date
1979-11-01

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/16z3f4t3
https://escholarship.org
http://www.cdlib.org/


published in Physical Review A 

WAVE-ENERGY DENSITY AND WAVE-MOMENTUM DENSITY 
OF EACH SPECIES OF A COLLISIONLESS PLASMA 

John R. Cary and Allan N. Kaufman 

November 1979 

TWO-WEEK LOAN 

LBL-1 0414 C • 
Preprint 

LiBRARY ANL 

y 

is a Library Circulating Copy 

which may be borrowed two weeks. 

a personal copyft 

Divisiony Ext 6782. "' 
0 

Prepared for the U.S. Department of Energy under Contract W-7405-ENG-48 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain conect information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any wanamy, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
Califomia. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Govemment or any agency thereof or the Regents of the 
University of Califomia. 



To be in 

WAVE-ENERGY DENSITY AND WAVE~HOMENTUM DENSITY 
OF EACH SPECIES OF A COLLISIONLESS PLASHA 

John R. Cary(a) and Allan N. Kaufman 

rtment of ics and Lawrence Berkeley Laboratory 
Universi of California 

Berke , California 720 

October 3, 1979 
Revised Novembe 27, 1979 

ABSTRACT 

ressions for the wave-energy densi and wave .. nwmentum densi 

of each species of a collisionless plasma are derived. The sum of the 

~;ave energy densities of all the species and the electromag-

netic energy ) densi s the previous known result for 

the total ~Jave~·energy (momentum) densi of a dispersive medium. 



I. INTRODUCTION 

. 1-9 Express1ons for the wave-energy density and wave-momentum 

densi of a dispersive medium have been applied to a number of problems. 

The sign of the wave energy can be used to determine whether coupled 

waves are explosively unstable. 6 The ponderomotive force density 

on a medium can be deduced8 ' 9 from the knowledge of the wave-

d . d d . I dd. · N · 10 
t rgy ematy an wave-momentum ens1ty. n a 1t1on, evu1s 11as 

shown that particle transport, caused by trapped particle instabilities, 

can be explained by the increase in the wave-momentum density as the 

unstable wave grows. 

In a collisionless plasma, the quantities of concern for each of 

the above questions can be divided into contributions from the separate 

asma species. One may wish to know which species causes a wave to 

have negative energy, bow much of the ponderomotive force density acts 

on the ions and how much acts on the electrons, or the relative amounts 

of ion and electron transport caused by an instability. To answer 

6 8-10 
these questions by the methods of the previous analyses, ' one 

first needs to know the wave-energy density and wave-momentum density 

of the individual species. 

-
The purpose of this paper is to derive the contributions of the 

separate species to the wave-energy density and wave-momentum densi 

of the medium. This we do under the following assumptions: (1) The 

electric field is small. Hence, linear theory is valid. (2) The 

electric field has the wave packet form, i;e., it is the product of a 

s varying amplitude with a plane wave. (3) Dissipation is small. 

(4) The plasma is collisionless. Upon obtaining these expressions for 

the wave-energy and wave-momentum density, we note that they and the 
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electroma c contributions sum to the 3 ously known formulas 

for the total wave-energy density and wave-momentum density of the 

medium. 



II. WAVE-ENERGY DENSITY AND WAVE-MOMENTUM DENSITY OF THE SEPARATE 

SPECIES OF A COLLISIONLESS PLASMA 

We consider a homogeneous, multispecies plasma under the influence 

of a small electric field. In this case, the current response of each 

species is given by a separate conductivity: 

s ;I (~,w) (1) 

In addition, we follow Bers 3 in assuming that the electric field is the 

product of a slowly varying amplitude and a plane wave, 

(2) 

Furthermore, we assume dissipation to be small. Finally, we assume the 

plasma to be collisionless, so that a given species can obtain energy 

and momentum only from the macroscopic electromagnetic fields. Under 

these conditions we derive local conservation laws for the energy and 

momentum of each species, thereby obtaining the wave-energy density and 

wave-momentum density of the separate species of a collisionless plasma. 

In order to derive these local conservation laws, we must first 

find local relations between the electric field and the current density 

of species s. To do this, we fourier transform Eqs. (1) and (2) to 

obtain 

1 (3) 
(2n) 

and 



) 

.<. 

= f(k~o ,w-wo)+f (~+~o ,w+wo) (4) 

(In this expression, (~,w) denotes the fourier transform of_ (!,t), 

not the complex conjugate of £(~,w).) Insertion of Eq. (4) into Eq. (3) 

now Ids 

C!,t) = 1 

(271) 

3 
1 

d kdw e (~,w)· 

This integral is calculated by changing the integration variables to 

result is 

.__ e 
i(~0 ·!-w0 t) 1 

n! 

At this point, we invoke the assumption that 

i a 

(6) 

,t) varies slowly. 

This allows us to neglect the higher derivatives in Eq. ), 

obtaining 

(!,t) 
i(~o. !-wo t) 

:::: e + i a i a 

+ c.c. (7) 

a local relation between l 8 
and !· 

=5-

(5) 



By the same procedure, we can obtain a relation between the external 

charge density and the electric field, using ps = ~·~s/w, and a relation 

between the magnetic field and the electric field, using B = ckxE/w: - ~ ~ 

s 
p (~, t) 

iC~o ·~-wot) 
= e ( 1 + i 

0 
ot aw

0 
-

+ c. c. (8) 

and 

i(~o ·~-wot) 
= e 

+ c.c. ( 9) 

With these expressions in hand, we proceed to calculate the average 

rate at which species s gains energy. In the absence of collisions, 

species s gains energy only from the electric field. Hence, the average 

rate at which energy is transferred to species s per unit volume is 

given by <f(~,t)·~s(~,t)>. (The brackets refer to the time averaged 

part of the quantity.) From Eqs. (2) and (3), we find the following 

relation for this quantity: 

-6-



where we have introduced the hermitian and antihermitian parts of the 

conductivi + At this point, we invoke our last ssump-

tion, that the diss tion is small. This allows us to ect the 

last term of . (10) in comparison to the second, the obtaining 

> ;;: (~, t). (1o•wo)·E ,t) 

() a ~\> 

,wo) ·f ,t)) ~f' 

3 3 ·'l-: 
+ 

31o 
, t) • (!~0 1 w0 ) 0 ~- ( ~ 1 t (11) 

tion (11) is an energy conservation law for species s. The 

left side of the Eg. (11) is the rate at which energy is transferred to 

species s per unit volume. The first term on the side of . (11) 

is the rate at '.vhich species s dissipates energy per unit volume. If 

we ect this term and te (11) ove space and time, we 

find that the total energy received species s is given by the spatial 

3 
't)' (12) 

Hence, is the wave-energy densi of spe ies s. Final , the last 

term of . (11) is the d of the energy flux of species s: 

a ), 
't) ;/ 

I 
(13) 

In order to compa " ( 2) to work, which we wil do momen-

ta we rew:dte " (12) in terms of the sus ibili /w: 



By a similar analysis, we find the rate at which momentwn is 

transferred to species s per unit volume: 

+ 0 
ot 

0 
ox 

(14) 

(15) 

(The arguments of the functions are the same as in the previous equations.) 

We therefore conclude that the wave-momentum density of species s is given 

by 

(16) 

and the wave-momentum flux tensor is given by 

(17) 

To correlate the present results with previous work, we note the 

following. If one sums the wave-energy density, as given by Eq. (14), 

of all the species and the electromagnetic energy density, <E 2+B2>/8n, 

one finds that the total wave-energy density is given by 

-8-



(18) 

where D(k,w)=I(1 
~ rv ~ 

C2/'"2) kk 2/ 2 "s(k ) . h d' . "" + ~~c w + ""~ ~'w 1s L e 1spers1on tensor. 

This result is equivalent to the result of Bers (ref. 3, p. 128) for 

the total energy densi of a dispersive medium. Similarly, if one 

sums the wave-momentum density, as given by Eq. (16), of all the species 

and the electromagnetic momentum density, <~x~>/4nc, one finds that the 

total wave-momentum densi is given by 

(19) 

This result is equivalent to the result of Bers (ref. 3, p. 132) 

for the total momentum densi of a dispersive medium. Analogous 

statements apply to the energy flux density and the momentum flux 

density. 
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III. AN ILLUSTRATION 

As an illustration of these ideas we consider the generation of 

longitudinal drift waves in an electron-io~ low-~ plasma with density 

ient in the x-direction, with magnetic field in the z-direction, 

and with both species having small thermal velocities. In this case 

the longitudinal susceptibility of species s is given by
11 

2 
UJ 

s 
2 

UJ 

(20) 

where UJ is the plasma frequency of species s, n is the gyrofrequency 
s s 

(including the sign) of species s, w =Kk T c/e B
0 

is the drift frequency, 
ns y s s 

-1 
and K=n dn/dx. Using Eq. (14), we note that the sign of the energy 

density of species s must equal the sign of the quantity 

a 
ow 

Hence, the wave energy of species s is negative when 

1 < 

holds. 

2w 
ns 

UJ 

(21) 

(22) 

To be specific, let us examine the case k > 0 and, thus, w . > 0 y n1 

and w < 0 hold. In this case, the electrons have negative wave 
ne 

energy for 

2w < w < 0 
ne 

-10-
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and the ions have negative wave energy for 

2w . > w > 0 ( 2 4) 
nl 

Hence, unstable waves with negative phase velocity, w/k < 0, are due 
y 

to the negative wave energy of the electrons. Unstable waves with 

positive phase velocity are due to the ive wave energy of the 

ions. 
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