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S U M M A R Y

Crustal deformation in Fennoscandia is associated with the glacial isostatic adjustment (GIA)

process that is caused by ongoing stress release of the mantle after removal of the Late

Pleistocene ice sheet by ∼10 cal ka BP. With an earth model of defined structure and rheology

and an ice-sheet model of known melting history, the GIA process can be simulated by

geophysical models, and the surface deformation rates can be calculated and used to compare

with global positioning system (GPS) observations. Therefore, the crustal deformation rates

observed by GPS in Fennoscandia provide constraints on the geophysical models. On the

basis of two ice sheet models (ANU-ICE and ICE-5G) reconstructed independently by the

Australian National University (ANU) and University of Toronto, we use the GPS-derived

deformation rates to invert for lithosphere thickness and mantle viscosity in Fennoscandia.

The results show that only a three-layer earth model can be resolved from current GPS data,

providing robust estimates of effective lithosphere thickness, upper and lower mantle viscosity.

The earth models estimated from inversion of GPS data with two different ice sheet models

define a narrow range of parameter space: the lithosphere thickness between 93 and 110 km,

upper mantle viscosity between 3.4 and 5.0 × 1020 Pa s, and lower mantle viscosity between

7 × 1021 and 13 × 1021 Pa s. The estimates are consistent with those inverted from relative

sea-level indicators.

Key words: Space geodetic surveys; Transient deformation; Tectonics and climactic inter-

actions; Rheology: mantle.

1 I N T RO D U C T I O N

A network of permanent global positioning system (GPS) stations

was established in Fennoscandia to monitor regional deformation as-

sociated with glacial isostatic adjustment (GIA) under the auspices

of the BIFROST project (The Baseline Inferences for Fennoscan-

dian Rebound Observations Sea Level and Tectonics). Johansson

et al. (2002) processed the GPS observations between 1993 and

2000 and investigated the pattern of 3-D crustal deformation in the

region. Due to early development of the network, the observations

before 1996 were affected by frequent disturbance in antenna en-

vironments and have ‘jumps’ in time series. Lidberg et al. (2007)

provided an updated analysis of the GPS data of January 1996–June

2004 (Fig. 1). The uncertainties and systematic errors were reduced

in the new solutions comparing with previous results (Johansson

et al. 2002). A latest update of the deformation field is given by

Lidberg et al. (2010) (Fig. 1).

The GPS-derived crustal deformation in Fennoscandia has been

used to constrain GIA models (e.g. Milne et al. 2001). Both for-

ward and inverse analyses of the surface deformation were con-

ducted by Milne et al. (2004) and various earth models (litho-

sphere thickness estimates and depth-dependent mantle viscosity

profiles) were investigated on the basis of the early GPS solu-

tions of Johansson et al. (2002). Since the GPS network has been

extended and data have been reprocessed (Lidberg et al. 2007,

2010), an updated modelling analysis with the new GPS solutions is

necessary.

In addition, the ice sheet models used in previous modelling

analyses (e.g. Milne et al. 2004) have been upgraded. The ice model

developed at the Australian National University (named as ANU-

ICE hereafter), which was used in previous studies (e.g. Lambeck

et al. 1998; Milne et al. 2001, 2004), has been updated in a recent

study (Lambeck et al. 2010). The ICE-5G model developed by

Peltier’s group at the University of Toronto has been released to

replace ICE-3G (Peltier 2004).

In this study, we use the surface deformation rates derived by

Lidberg et al. (2010) to invert for earth models associated with the

GIA process in Fennoscandia, based on ANU-ICE and ICE-5G,

respectively, and discuss the effects of uncertainties in ice sheets on

inversion results.
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Lithosphere thickness and mantle viscosity 279

Figure 1. (a) Horizontal and (b) vertical deformation in Fennoscandia (unit: mm yr−1). Black/solid arrows = observations from Lidberg et al. (2007), Grey/red

arrows = observations from Lidberg et al. (2010) and error ellipses are ignored for clarity; solid and dashed contours in (b) denote vertical deformation from

the 2007 (multiplication signs) and 2010 (circles) data, respectively.

2 G P S DATA

The GPS stations of the BIFROST project have an inter-station

distance of 100–200 km (Fig. 1a). The data of January 1996–June

2004 were processed by Lidberg et al. (2007). This covered 8.5

yr compared to 6.5 yr for the previous published BIFROST so-

lutions (Johansson et al. 2002). The time span for the individual

station record is from 4.2 to 8.5 yr. The ‘GAMIT/GLOBK’ soft-

ware package version 10.1 was used (Ref. Lidberg et al. 2007). The

International Terrestrial Reference Frame (ITRF) realization was

performed by constraining a number of globally distributed high-

quality ITRF2000 stations (using their a priori ITRF2000 position

and velocity values as well as their respective variance estimates).

Therefore, the final solutions are dependent of the ITRF2000 ve-

locity field globally. In other words, any distortion in ITRF2000

could be transferred to the regional solutions. For example, a shift

in geocentre in ITRF2000 will affect the derived vertical velocity

significantly, while horizontal velocities are less affected. A compre-

hensive description of the BIFROST project, including data analysis

and results, is presented in Johansson et al. (2002) and Lidberg et al.

(2007). Horizontal and vertical displacements at a total of 34 sta-

tions (squares in Fig. 1a) from Lidberg et al. (2007) are plotted

in Fig. 1a (black/solid arrows) and Fig. 1b (solid/black contours),

respectively. Stations in southern part of the region (e.g. Southern

Denmark, Germany, Poland, etc.) are not used in this study because

the magnitude of deformation on the stations is relatively small.
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Table 1. Uncertainties in GPS-derived deformation.

Error EW (mm) NS (mm) Vertical (mm) Period (yr)

Nominal STD (averaged) (Lidberg et al. 2007) ±0.09 ±0.07 ±0.21 January 1996–June 2004

Nominal STD (averaged) (Lidberg et al. 2010) ±0.15 ±0.10 ±0.34 August 1993–November 2006

Sdu∗ ±0.47 ±0.45 ±1.04 NA

∗Estimated from the differences of two solutions (see Fig. 1).

The average nominal standard deviation (STD) is ±0.09

and ±0.07 mm for EW and NS displacement components, re-

spectively, and ±0.21 mm for vertical displacement components

(Table 1).

Lidberg et al. (2010) processed the data of August

1993–November 2006 for the extended BIFROST network (cir-

cles in Fig. 1). Horizontal and vertical displacements at a total of

54 stations are plotted in Fig. 1a (grey/red arrows) and Fig. 1b

(dashed/red contours), respectively. Comparing with their 2007 so-

lution, the 2010 solution has the following features: (1) the 2010

solution is constrained to ITRF2005; (2) there are more stations

along the western coast of Norway, which improves the station

coverage in the region; (3) the average nominal STD is increased

to ±0.15 and ±0.10 mm for EW and NS displacement components,

respectively, and ±0.34 mm for vertical displacement component

(Table 1). Due to different observational periods, different (refer-

ence) coordinate systems and different data processing procedures

used, there are significant differences in the derived deformation

fields (Fig. 1). The horizontal displacements from the 2010 so-

lution (red/grey arrows) are generally larger than those from the

2007 solution (black/solid arrows), except for several stations in

central Sweden (west of UMEA). Also, the vertical displacements

from the 2010 solution (dashed contours) are larger than those of

the 2007 solution (solid contours). For example, the extent of the

area with uplift more than 8 mm is larger than that of the 2007

solution.

For the 2010 solution, the regional BIFROST analysis is com-

bined with a global network analysis, and the daily combined net-

works were stabilized to the ITRF2005 (Ref. Lidberg et al. 2010

for details). This is different from the strategy used for the 2007

solution, where the solution was combined with networks from

the Scripps Orbit and Permanent Array Center (SOPAC), and con-

strained to ITRF2000 (Lidberg et al. 2007).

ITRF2000 and ITRF2005 are defined by the centre of mass of

Earth’s system (CM) (Altamimi et al. 2002, 2003; 2011). The GIA

models are referenced to the centre of mass of solid Earth (CE).

Argus (2007) has revealed a difference of 1.8 mm yr−1 in the z-

direction between ITRF2000 and ITRF2005 relative to CE. The

estimate of CE (with a formal error ∼0.8 mm yr−1) is inferred

with data from satellite laser ranging (SLR), very long baseline

interferometry (VLBI), Doppler orbitography and radiopositioning

integrated by satellite (DORIS) and GPS together with a global

GIA model (Argus 2007). The difference between ITRF2000 and

ITRF2005 is mostly reflected in vertical components (Altamimi

et al. 2007). In addition, Wu et al. (2010) found that the origin (CM)

of ITRF2005 is in agreement with CE at the level of ∼1 mm yr−1,

which is consistent with results from Argus & Peltier (2010).

In general, the differences between the 2007 and 2010 solutions

reflect combined errors in the GPS observations, which are re-

lated to observational noise, reference systems, and data processing

procedures. Although it is difficult to quantify the error sources

accurately, the differences between two solutions can be used as a

good measure to the current accuracy of derived displacements. Let

the differential vector of two solutions be du ( = u1−u2), the STD

Sdu of du is given by

(Sdu)2 =
(

∑n

1
(dui )

2
)/

n − 1, (1)

where n is the total number of the common stations between two

solutions (n = 34 used here). Since any systematic errors common

in both solutions are eliminated in the differential vector (du =

u1−u2), there is a possibility that Sdu underestimates systematic

errors in the GPS data, though this is difficult to verify.

The STDs estimated from the differences of two solutions and

their nominal error estimates are listed in Table 1. The estimated

STD of the vertical component is ±1.04 mm, which is about twice

that of horizontal components (±0.47 and ±0.45 mm). This indi-

cates that current accuracy in vertical components is about a factor

of 2 less than those of horizontal components. Comparing the nomi-

nal STDs of the 2010 solution (±0.15, ±0.10, and ±0.34 mm) with

those derived from the differences of two solutions (±0.47, ±0.45,

and ±1.04 mm), the nominal STDs have underestimated the real

errors by a factor of about 3.

The vertical displacements (using 2010 solution hereafter) dis-

play a dome shape of uplift with a maximum value of 11.1 mm yr−1

at site UMEA. The horizontal displacements show a radial pattern

with points moving away from the uplift centre. The maximum

horizontal component is 1.5 mm yr−1, which is about seven times

smaller than the maximum vertical component. These results con-

firm that crustal extension is one of the mechanisms associated with

post-glacial rebound in the region, which is consistent with previous

studies (e.g. Milne et al. 2004).

3 P O S T - G L A C I A L R E B O U N D M O D E L

3.1 Basic formulae

The solution of the post-glacial deformation equation uses the cor-

respondence principle to transfer elastic solutions to viscoelastic

solutions and then obtaining the inverse of the Laplace transform

(Peltier 1974; Peltier & Andrews 1976; Wu & Peltier 1982; Peltier

1985; Nakada & Lambeck 1987). The model used in this study

calculates the responses of a spherically symmetric (Maxwell) vis-

coelastic earth model to a load composed of a model of Late Pleis-

tocene ice cover and a gravitationally self-consistent ocean load

(Lambeck & Johnston 1998). The displacement vector u(r, θ , λ) in

a spherical coordinate system for r < R is given by

u(r, θ, λ) =
∑

n

ψ1,n(r )

g(0)(r )

( r

R

)n [

hn(r )Yn(θ, λ)
∧
r +rln(r )∇Yn(θ, λ)

]

,

(2)

where ∇Yn is the gradient of the spherical-harmonic function; h and

l are the displacement Love numbers, and k is the potential Love

number; ψ1,n (r) is the gravitational potential; g(0) (r) is the initial

gravity; R is the earth radius;
∧
r is the unit radial vector; θ is the

colatitude and λ is the longitude.
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In the computation, the effects of Earth’s rotation and water/ocean

load are also included (Sabadini & Vermeersen 1997; Mitrovica

& Milne 1998; Johnston & Lambeck 1999). More details of the

computation aspects are discussed in Johnston & Lambeck (1999),

Lambeck et al. (2003), and Milne et al. (2004). This package of pro-

grams and models has been successfully used to interpret sea-level

indicators, reconstruct ice sheets and test earth models in many sep-

arate studies (e.g. Lambeck et al. 1998; Lambeck & Johnston 1998;

Fleming & Lambeck 2004). Although there is trade-off between ice

sheets and earth models in the GIA modelling analysis, previous

studies with limited observational data have provided consistent so-

lutions (Ref. Peltier 2004; Lambeck et al. 2010). A recent trend is

to consider Earth’s heterogeneity and non-linear mantle rheology in

post-glacial rebound modelling (Steffen & Wu 2011). In this study,

we limit models to the linear rheology and ignore the effects of

lateral change in earth structures.

3.2 Earth models

Since modern surface deformation rates are not sensitive to detailed

ice melting histories, the GPS data do not have resolving power for

earth models of more than three layers (discussed later). Due to

this limitation, only results associated with earth models of three

and four layers are reported in details. The three-layer model, as

shown in Fig. 2a, consists of a lithosphere layer, an upper mantle

(<670 km) and a lower mantle between 670 and 2891 km. In the

four-layer model (Fig. 2b), a transition zone is introduced between

400 and 670 km, and the upper mantle is set between the base of the

lithosphere and the depth of 400 km. Values for the density and bulk

and shear moduli as a function of depth are from the preliminary

reference earth model (PREM) of Dziewonski & Anderson (1981).

A basic assumption used in this study is that lateral variability

in mantle parameters on the scale of the area considered can be

ignored. The lithosphere thickness and the viscosity of each layer

are free parameters in inversion analysis.

There are many occasions where uncertainties in sea-level indi-

cators are large so that a three-layer model is used as a guide, and

more sophisticated earth models (viscosity profiles) cannot be re-

solved (e.g. Vink et al. 2007; Lambeck et al. 2010). Therefore, the

three-layer earth model is most commonly used in relative sea-level

analysis (e.g. Lambeck & Purcell 2005), and it is practically signif-

icant to accurately determine its model parameters. The four-layer

model in this study is used to test whether it provides a better fit to

the GPS observations by including a transition zone.

3.3 Ice sheet models

Two ice sheet models are used in this study: ANU-ICE and ICE-5G.

Both ice sheet models were mainly constrained by relative sea-level

indicators and glacial morphological data. A recent update for the

ANU-ICE model is given by Lambeck et al. (2010), and details

about construction of the ICE-5G model and its predecessors have

been discussed in several studies (e.g. Tushingham & Peltier 1991;

Peltier 2002; Peltier 2004). To explore the differences between these

two ice sheet models, contours of ice thickness at t = 20 cal ka BP

in Fennoscandia are given in Fig. 3.

Two profiles are shown in Fig. 4 for ice distribution along the 62◦

parallel and 20◦ meridian, respectively (also see Fig. 3). Comparing

Figs 4a and b, it is clear that both ice sheet models give a dome

shape of ice coverage. The ice contour of 2000 m in ICE-5G extends

further east than ANU-ICE (Fig. 3), while the ice contours of 1000

and 1500 m in ANU-ICE extend further south. That is, there is more

ice in ICE-5G in the eastern part of the region (Fig. 4a), while in

the south, there is more ice in ANU-ICE (Fig. 4b).

Fig. 5 shows the history of ice melting at the location (20◦,

62◦) since the last glacial maximum (LGM) from the two ice sheet

models. Ice melting occurred faster in ANU-ICE than in ICE-5G.

For example, at t = 15 cal ka BP, the ice thickness in ANU-ICE

dropped from about 3000 to 1000 m, while the ice thickness in

ICE-5G is still above 2000 m. The total volume of ice melted

since 40 cal ka BP in ICE-5G is about twice of that in ANU-ICE.

Note that modern surface deformation associated with post-glacial

rebound in Fennoscandia is mainly influenced by the ice volume and

distribution after LGM (between 10 and 20 cal ka BP). Therefore,

the difference between two ice sheets is mainly reflected by the

melting curve between 10 and 20 cal ka BP (Fig. 5), which indicates

that there is about 20 per cent more ice in ICE-5G than in ANU-ICE.

The ice sheet models are usually used in conjunction with a set

of earth models in GIA-related sea-level and deformation studies.

Such as the ICE5G is coupled with the earth model VM2, which

is equivalent to a model with a lithosphere thickness of 90 km,

an upper mantle viscosity of 5 × 1020 Pa s and an averaged lower

mantle viscosity of 1.6 × 1021 Pa s (Peltier 2004; Braun et al. 2008;

Argus & Peltier 2010). Obviously, using different ice sheet models

Figure 2. Two representative earth models used in the study. (a) Three-layer model. (b) Four-layer model (with a transition zone). xi are the unknown parameters

in the inversion computation (i = 1, 2, 3, 4).
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Figure 3. Contours of ice thickness (unit: m) in Fennoscandia at t = 20

cal ka BP for (a) ANU-ICE and (b) ICE-5G, respectively. The 62◦ parallel

and 20◦ meridian indicate the positions of two profiles in Fig. 4.

in the inversion analysis will affect the earth model parameters esti-

mated from GPS data. To explore the effects, the inversion analysis

of GPS data is conducted with these two ice sheet models, respec-

tively. Since the ice sheet models are not constrained by surface

deformation data, the inversion analysis of GPS data could provide

an independent examination of the ice sheets or/and earth models

to a certain degree.

4 I N V E R S I O N M E T H O D

Schematically, deformation ui (i = 1, 2 and 3) at a point (λ, θ )

on the Earth’s surface associated with post-glacial rebound can be

expressed as

ui (λ, θ ) = f (Me,Mc) , (3)

where Me is the earth model, Mc is the ice sheet model, and f is the

nonlinear operator. Detailed expressions are given by formulae (2)

(Lambeck & Johnston 1998).

Figure 4. Ice thickness at t = 20 cal ka BP along two profiles (see

Fig. 3) for ANU-ICE (solid curve) and ICE-5G (dashed curve), respec-

tively. (a) West–east profile at latitude = 62◦ and (b) south–north profile at

longitude = 20◦.

Given ice sheet models, the earth model parameters (Me) can be

estimated by the inversion of the displacements. The displacements

vector of GPS points resulting from post-glacial rebound can be

expressed as

u = F (Me) , (4)

where F is the nonlinear operator that relates u to Me.

With the inverse operator F−1, the earth model can be expressed

as

Me=F−1 (u) . (5)

The corresponding mathematical model for solving the nonlinear

inverse problem is given by
∥

∥{u0 − F (Me)}
/

σ

∥

∥ = min
∥

∥ (6)
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Figure 5. Ice melting history during LGM in Fennoscandia at longitude =

20◦ and latitude = 62◦ from ANU-ICE (solid curve) and ICE-5G (dashed

curve), respectively.

subject to C1 ≤ Me ≤ C2, where ‖.‖ denotes the L2 norm, u0

and σ are the observed deformation (rate) vector and its STD,

respectively, Me is the unknown earth model parameter vec-

tor and C1 and C2 are the lower and upper limits of the pa-

rameter vector, respectively. The solution of the model (6) can

be obtained by a nonlinear programming method (Gabasov &

Kirillova 1988).

To test the effect of the inversion method on estimating model

parameters from surface deformation rates, several numerical tests

have been done (not shown here). The tests indicate that the in-

version algorithm is robust and not affected by any systematic and

gross errors in signals/observations. The parameter space of the

earth models is set to be:

50 km ≤ lithosphere thickness ≤ 150 km

0.1 × 1020 Pa s ≤ upper mantle viscosity ≤ 100 × 1020 Pa s,

0.1 × 1020 Pa s ≤ transition zone viscosity ≤ 100 × 1020 Pa s,

0.1 × 1020 Pa s ≤ lower mantle viscosity ≤ 800 × 1020 Pa s.

The misfit to the GPS data is calculated with

σ 2
p =

1

n0 − t0

n0
∑

k=1

(

uGPS
k − um

k

σk

)2

, (7)

where σ p is the weighted STD of residuals, uk
GPS and uk

m are ob-

served and modelled displacements, respectively, σ k is the STD

of the kth observation (k = 1, 2, 3, . . ., n0), n0 is the number of

observations and t0 is the number of earth model parameters. The-

oretically, σ p should approach ‘unit’ if the residuals are subject to a

standard normal distribution, and there are no un-modelled signals

and systematic errors in observations.

5 I N V E R S I O N R E S U LT S

The GPS data from Lidberg et al. (2010) have been used to invert for

earth model parameters. Inversion computation is done for horizon-

tal and vertical displacements separately and jointly, respectively.

For each GPS data set (horizontal, vertical and both), the inversion

analysis is conducted for different earth models (viscosity profiles)

with different ice sheet models (ANU-ICE and ICE-5G). The pur-

pose of using different data sets with different ice sheet models

in the inversion analysis is to examine the contribution of each

data type, and effects of uncertainties in ice sheets on the estimated

earth model parameters. The parameters estimated for the three- and

four-layer earth models are given in Tables 2 and 3, respectively.

5.1 Results for the three-layer earth model

The lithosphere’s effective elastic thickness of the three-layer earth

model estimated from different data sets is within a small range:

about 93–97 km for ANU-ICE and 105–110 km for ICE-5G

(Table 2). The estimate of the upper mantle viscosity for differ-

ent data sets is in the range of 4.9 × 1020–5.0 × 1020 Pa s for

ANU-ICE and 3.4 × 1020–4.0 × 1020 Pa s for ICE-5G. There is

a difference in the lower mantle viscosity estimated from different

data with ANU-ICE: the estimate of 131.5 × 1020 Pa s from vertical

displacements (Model A2) is about twice of that (70.0 × 1020 Pa s)

from the horizontal data (Model A1). For ICE-5G, the lower mantle

Table 2. Inversion results for the three-layer earth model.

Lithosphere Upper mantle Lower mantle

GPS data Ice model thickness (km) viscosity (1020 Pa s) viscosity (1020 Pa s) RSTD Notes

Horizontal ANU-ICE 97 ± 8 4.9 ± 1.2 70.0 ± 15 ±1.151 Model A1

Vertical ANU-ICE 95 ± 2 5.0 ± 1.0 131.5 ± 31 ±1.203 Model A2

Joint inversion ANU-ICE 93 ± 12 5.0 ± 1.4 122.0 ± 27 ±1.158 Model A3

Horizontal ICE-5G 110 ± 8 4.0 ± 0.9 50.0 ± 15 ±1.127 Model B1

Vertical ICE-5G 105 ± 11 3.4 ± 0.4 78.8 ± 25 ±1.393 Model B2

Joint inversion ICE-5G 106 ± 12 3.5 ± 0.3 72.6 ± 24 ±1.228 Model B3

Table 3. Inversion results for the four-layer earth model.

Lithosphere Upper mantle Transition zone viscosity Lower mantle

GPS data Ice model thickness (km) viscosity (1020 Pa s) viscosity (1020 Pa s) viscosity (1020 Pa s) RSTD Notes

Horizontal ANU-ICE 105 ± 13 3.7 ± 1.2 18.0 ± 3.9 93.7 ± 45 ±1.137 Model C1

Vertical ANU-ICE 87 ± 20 4.0 ± 0.7 5.7 ± 3.4 160.9 ± 80 ±1.223 Model C2

Joint inversion ANU-ICE 100 ± 9 4.1 ± 1.5 6.0 ± 2.8 164.4 ± 77 ±1.174 Model C3

Horizontal ICE-5G 109 ± 11 3.8 ± 1.2 7.8 ± 3.7 64.9 ± 60 ±1.126 Model D1

Vertical ICE-5G 112 ± 33 3.5 ± 1.2 2.7 ± 2.3 139.9 ± 62 ±1.385 Model D2

Joint inversion ICE-5G 112 ± 26 3.5 ± 1.2 2.8 ± 2.4 139.9 ± 80 ±1.231 Model D3
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Figure 6. (a) Horizontal and (b) vertical displacements predicted by ANU-ICE with the three-layer earth model from inversion of horizontal (Model A1) and

vertical deformation (Model A2), respectively (solid contours = observations; dashed contours = predictions; unit: mm yr−1).

viscosity estimated from different data set is in the range of 50.0 ×

1020–78.8 × 1020 Pa s.

The results from the joint inversion are similar to those from

inversion of vertical deformation, suggesting that the joint in-

version computation is dominated by the vertical deformation.

This is mainly due to the larger signal-to-noise ratio of the ver-

tical deformation, comparing with that of horizontal deformation.

The average vertical deformation is about 6.2 mm with the av-

eraged STD of about ±1.0 mm (Table 1), which gives a signal-

to-noise ratio of about 6.2:1. For the horizontal deformation, the

average signal level is about 0.59 mm with the averaged STD of

about ±0.45–0.47 mm, which gives a signal-to-noise ratio of ap-

proximately 1.3:1. This demonstrates that the weight of vertical

deformation is about five times that of the horizontal deformation

in the joint inversion. Several inversion experiments show that the

effects of change in the weight ratio between horizontal and vertical

displacements do not alter the estimated earth model parameters

significantly.

The differences of the two ice models result in differences in the

estimated earth models. For model parameters (Models B1 and B2)

C© 2012 The Authors and Commonwealth of Australia, GJI, 190, 278–292
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Figure 7. (a) Horizontal and (b) vertical displacements predicted by ANU-ICE with the three-layer earth model from joint inversion (Model A3) of horizontal

and vertical deformation (solid contours = observations; dashed contours = predictions; unit: mm yr−1).

estimated with ICE-5G, the lithosphere thickness (105–110 km) is

about 10 km larger than that (95–97 km) of ANU-ICE (Models A1

and A2), and the lower mantle viscosity estimate (50 × 1020–78.8 ×

1020 Pa s) is significantly smaller than that (70.0 × 1020–131.5 ×

1020 Pa s) from ANU-ICE.

For ANU-ICE, the predicted horizontal and vertical displace-

ments are plotted in Figs 6a and b, respectively (Models A1 and

A2). There are some notable differences between the observed and

predicted horizontal vectors, especially in the southeast part of the

region (South Finland), where the predicted horizontal displace-

ments are smaller than those observed. The observed and predicted

vertical displacements are in general agreement with the predicted

uplift centre near site UMEA, which is consistent with observa-

tions. The results from joint inversion with ANU-ICE give similar

results (Fig. 7). Judging from the weighted residual STDs (RSTD)

of Models A2 and B2 (±1.203 versus ±1.393), the ANU-ICE model

provides a better fit to the vertical displacements.

For ICE-5G, the predicted horizontal and vertical displacements

are plotted in Fig. 8. Model B2 from inversion of vertical dis-

placements (Fig. 8b) with ICE-5G predicted the uplift centre in

the east of site UMEA, which is not consistent with observations

(solid contours). The results from joint inversion with ICE-5G give
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Figure 8. (a) Horizontal and (b) vertical displacements predicted by ICE-5G with the three-layer earth model from inversion of horizontal (Model B1) and

vertical deformation (Model B2), respectively (solid contours = observations; dashed contours = predictions; unit: mm yr−1).

a similar result (Fig. 9): the predicted area of 8 mm uplift (dashed

contour) shifted to east, comparing with that (solid contour) concen-

trated at site UMEA from observations (Fig. 9b). The discrepancy

from observations is due to the centre of the ice sheet (with the

maximum ice height) located at the northeast of site UMEA in

ICE-5G.

The ICE-5G predicted slightly larger horizontal deformation in

the southeast part of the region (South Finland; Fig. 8a), which

provides an improved fit to the horizontal displacements (Mode

B1), comparing with those predicted by ANU-ICE (Model A1). The

RSTD (±1.127) from the inversion computation with horizontal

displacements is slightly less than that (±1.151) from the ANU-

ICE. As shown in Fig. 4a, there is more ice in the eastern part of

the region in ICE-5G than in ANU-ICE. In addition, there is more

ice presented between 10 and 20 cal ka BP in ICE-5G (Fig. 5).

These differences lead to a slightly large magnitude of horizontal

deformation predicted with ICE-5G for the southeast part of the

region. In general, uncertainties in ice models and errors in GPS

observations both contribute to the varied estimates of the model

parameters.
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Figure 9. (a) Horizontal and (b) vertical displacements predicted by ICE-5G with the three-layer earth model from joint inversion (Model B3) of horizontal

and vertical deformation (solid contours = observations; dashed contours = predictions; unit: mm yr−1).

5.2 Results for the four-layer earth model

The predicted horizontal and vertical displacements with the four-

layer earth model are plotted in Figs 10 and 11. Comparing results

from Tables 2 and 3, the following features are observed:

(1) For horizontal deformation, adding a transition zone has no

significant effect on estimates of earth model parameters (Mod-

els A1 versus C1; Models B1 versus D1), though there is a 6–

8 km difference in lithosphere thickness estimates. There are no

notable differences between the horizontal displacements predicted

by the three- and four-layer earth models from inversion of horizon-

tal deformation (Figs 6a versus 10a and Figs 8a versus 11a). The

RSTD of horizontal displacements from the four-layer earth model

is ±1.137 and ±1.126 for ANU-ICE and ICE-5G (Models C1

and D1), respectively, which are slightly reduced, comparing with

those (±1.151; ±1.127) from the three-layer models (Models A1

and B1).

(2) For vertical deformation, the lower mantle viscosity estimates

of the four-layer earth models are larger than those of three-layer

models. For ANU-ICE, the estimate changed from 131.5 × 1020 to

160.9 × 1020 Pa s (Model A2 versus Model C2), and from 78.8 ×

1020 to 139.9 × 1020 Pa s; (Model B2 versus Model D2) for ICE-

5G. The Model D2 from ICE-5G produced a small area of uplift in

the east of UMEA (dashed contour of 9 mm), which over-estimates
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Figure 10. (a) Horizontal and (b) vertical displacements predicted by ANU-ICE and the four-layer earth model (models C1 and C2) from inversion of horizontal

and vertical deformation, respectively (solid contours = observations; dashed contours = predictions; unit: mm yr−1).

vertical displacements by about 1 mm (Fig. 11b). The residual STD

of vertical displacements from the four-layer earth model is ±1.223

and ±1.385 for ANU-ICE and ICE-5G (Models C2 and D2), re-

spectively. These error estimates are not significantly different to

those (±1.203; ±1.393) from the three-layer models (Models A2

and B2).

(3) The model parameters estimated from the joint inversion are

similar to those from vertical deformation, but the residual STDs

are smaller than that from vertical deformation alone, due to con-

straints from the horizontal deformation. The lithosphere thickness

estimated from different data sets is in the range of 87–105 km for

ANU-ICE, and of 109–112 km for ICE-5G. It is worth noting that

there is a 25 km difference in the lithosphere thickness estimated

from inversion of vertical displacements between ANU-ICE and

ICE-5G (Models C2 versus D2), and a ∼17 km difference between

horizontal and vertical deformation with ANU-ICE (Models C1 and

C2). Comparing the effects of using different ice sheet models with

those of using different data sets, it is clear that the effects of differ-

ent ice sheet models (e.g. Models C3 versus D3) are comparable to

those from errors in GPS observations (e.g. Models C1 versus C2).

(4) The viscosity for the transition zone estimated from vertical

displacements (Models C2 and D2) is in the range of 2.7–5.7 (×

1020 Pa s), which are similar to upper mantle viscosity estimates of

3.5–4.0 (× 1020 Pa s). The estimates of the transition zone viscosity
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Figure 11. (a) Horizontal and (b) vertical displacements predicted by ICE-5G and the four-layer earth model (models D1 and D2) from inversion horizontal

and vertical deformation, respectively (solid contours = observations; dashed contours = predictions; unit: mm yr−1).

from horizontal displacements (Models C1 and D1) are 7.8–18.0 (×

1020 Pa s), which are about two to five times of the values (∼3.7 ×

1020 Pa s) of upper mantle viscosity.

(5) Although the viscosity estimates of the transition zone from

four-layer models verify the trend of depth-dependent viscosity in

general, the STDs of the inversion computation are not significantly

reduced from those of three-layer models. This suggests that the

four-layer models do not provide a better fit to the GPS data than

the three-layer models.

5.3 Results for earth models with more layers

Inversion computation has been carried out for earth models of

more than four layers (up to 11 layers; not shown here). The results

indicate that uncertainties in the estimated lower mantle viscosity

increase dramatically when more layers are introduced. There is

trade-off among the viscosity layers in the lower mantle: different

combinations of layers with low and high values give an equiva-

lent fit to the data, but the residuals are not significantly reduced
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Figure 12. Uncertainties of mantle viscosity estimates from three- and four-

layer earth models, respectively. Stars denote estimates from ANU-ICE, and

circles are from ICE-5G (Ref. Tables 2 and 3).

comparing with the three-layer model. Fig. 12 shows the uncertain-

ties of mantle viscosity estimates from the inversion computation

with three- and four-layer models. The uncertainties increased sig-

nificantly in the lower mantle viscosity estimates after introducing

the transition zone (see error bars in Fig. 12b). Therefore, the GPS

data used in this study have no resolving power for more detailed

layering structures in the mantle. A similar conclusion has been

reported by Paulson et al. (2007), where it is shown that inver-

sion computation with a Monte Carlo method cannot resolve more

than two layers in the mantle from the gravity changes and relative

sea-level data near Hudson Bay.

Figure 13. Earth models estimated from inversion analysis of GPS data

with ANU-ICE and ICE-5G, respectively. (a) Three-layer earth model and

(b) four-layer earth model (with a transition zone).

6 D I S C U S S I O N

There are significant differences in the crustal deformation derived

from the GPS solutions of 2007 and 2010 (Lidberg et al. 2007, 2010;

see Fig. 1). The differences reflect errors in GPS solutions, which are

associated with observational noise, systematic errors (of different

reference systems), and errors in data processing procedures. The

STDs estimated from the differences of the GPS solutions reveal

that the nominal STDs have underestimated real errors by a factor

of about 3 (Table 1). On the basis of the updated GPS solution

(Lidberg et al. 2010), the earth model parameters are estimated from
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Table 4. Observed and predicted deformation at two GPS sites in Tromsø, Norway.

Site Longitude Latitude Time span

Observed

(mm yr−1)

Predicted (Model A1)

(mm yr−1)

ue un uz Ue Un Uz

TRO1 18.94 69.66 7.7 1.31 1.23 4.61 −0.278 0.593 4.15

TROM 18.938 69.663 7.9 0.17 0.58 4.15 −0.278 0.593 4.15

Note: Ue, Un and Uz are predicted with Model A1 (Table 2)

Table 5. Parameters of the three-layer earth model in Fennoscandia from different studies.

Lithosphere Upper mantle Transition Lower mantle

Parameter thickness (km) viscosity (1020) zone viscosity viscosity (1021) Data used

Milne et al. 2004 ∼100 5–10 NA 5–50 GPS (1993–2000)

Lambeck et al. (2010) 65–100 3–4 NA 5–20 Relative sea-level indicators

This study 93–110 3.4–5.0 Not resolved 7–13 GPS (1993–2006)

inversion of horizontal and vertical displacements separately and

jointly with two different ice models (ANU-ICE and ICE-5G), re-

spectively (Tables 2 and 3). Fig. 13 shows the earth model param-

eters estimated from horizontal and vertical deformation, respec-

tively (the estimates from joint inversion are not shown here). The

results demonstrate that estimated earth model parameters are af-

fected by different data sets and ice models used. Uncertainties in

ice sheet models are directly transferred into the inversion analysis

because the ice configurations are fixed.

The differences in ice sheet models are mostly reflected in the

estimates of lithosphere thickness and lower mantle viscosity. ICE-

5G gave a lithosphere which is ∼10 km thicker (105–110 km) and

a low value for the lower mantle viscosity (50.0 × 1020–78.87 ×

1020 Pa s), comparing with those from ANU-ICE (93–97 km; 70 ×

1020–120 × 1020 Pa s). The effects of observational errors in the

inversion analysis could have been dwarfed by the effects of different

ice sheet models. For example, the difference in the lower mantle

viscosity estimated from vertical deformation between ICE-5G and

ANU-ICE (Models B2 versus A2) is comparable to those due to

different data sets with the same ice sheet (Models A1 versus A2

and Models B1 versus B2 in Fig. 13a).

There is a tendency that the lower mantle viscosity estimate from

inversion of horizontal deformation is generally smaller than that

from vertical deformation (solid versus dashed lines in Fig. 13).

It is not clear whether this difference reflects that the horizontal

and vertical displacements provide different constraints to the GIA

models or is due to different noise levels in the data sets.

Comparing with the three-layer earth model, the four-layer earth

model fit the GPS data equally well, and there is no significant

reduction in residual STDs. This suggests that the earth model

with a transition zone is not resolved by the GPS data. Adding

more layers in the mantle increases non-uniqueness of the inversion

computation to some extent, which results in large uncertainties in

lower mantle viscosity estimates (Fig. 12b). The results partially

verify the finding by Paulson et al. (2007) that current observa-

tions cannot resolve earth models with more than two layers in the

mantle.

Inspecting the observed and predicted horizontal vectors (e.g.

Figs 6a and 8a), the horizontal displacements in the south-eastern

part of the region (South Finland) are underestimated: the predicted

horizontal displacements are much smaller than those observed. It is

not clear whether the relatively large horizontal deformation in the

area is a genuine feature, because this feature was not present in pre-

vious GPS solutions (Johansson et al. 2002; Lidberg et al. 2007; see

Fig. 1a). The magnitude of horizontal deformation in South Finland

from the 2007 solution is about half of that from the 2010 solution

(Fig. 1a). Future GPS observations may help to clarify this discrep-

ancy. In addition, there are some horizontal displacements, which

cannot be explained by the GIA models, especially for those sites

along the west–southwest coast of the region. For example, there

are significant differences in the horizontal deformation at two sites

(TRO1 and TROM) about 350 m apart in the north-western corner

of the region (Tromsø, Norway; see Fig. 1a). The observed and

predicted displacements at the two sites are listed in Table 4. The

magnitude of predicted horizontal displacements is in agreement

with that observed at site TROM, while the large magnitude of hor-

izontal displacements observed at site TRO1 is not consistent with

the predictions. These anomalies might represent local deformation

associated with coastal instability.

The effect of the North American ice sheets on the horizontal de-

formation in Fennoscandia has been ignored in this study. Modelling

results show that the North American ice sheets produce an aver-

aged shift of about 0.3 mm yr−1 on the GPS sites (Ref. Lambeck &

Purcell 2003). However, such evaluation with the GIA process alone

is subject to uncertainties due to the possible effects of plate bound-

aries and lateral heterogeneity in lithosphere/mantle (e.g. Klemann

et al. 2008). In view of current accuracy of the horizontal deforma-

tion used in this study (Table 1), the effects of North American ice

sheets and earth rotation (Argus & Peltier 2010) might have been

masked by noise in GPS observations.

Finally, we take the results from the three-layer earth model as

the representative estimates constrained by current GPS data. The

estimates from ANU-ICE and ICE-5G define a narrow range of

estimates (Table 2 and Fig. 13a): the effective lithosphere thickness

of 93–110 km, upper mantle viscosity of 3.4 × 1020–5.0 × 1020 Pa s,

and lower mantle viscosity of 7 × 1021–13 × 1021 Pa s. Although

the upper mantle viscosity estimated from this study is smaller

than that from Milne et al. (2004) (Table 5), these estimates are

consistent with those inverted from relative sea-level indicators in

Fennoscandia (Lambeck et al. 2010).
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