QUARTERLY OF APPLIED MATHEMATICS
VOLUNE LXI. NUMBER 2
JUNE 2003. PAGES 345 361

LOCAL AND GLOBAL EXISTENCE FOR THE
COUPLED NAVIER-STOKES-POISSON PROBLEM

By

DONATELLA DONATELLI

Dip. di Matematica Pura ed Applicata, Universitd degli Studi dell’Agquila, 67100 L’Aquila, Italy

Abstract. In this paper we investigate the Cauchy Problem for coupled Navier-
Stokes-Poisson equation. The global existence of weak solutions in Sobolev framework is
proved by using some compactification properties deduced from the Poisson equation.

1. Introduction. In this paper we deal with the existence of weak solutions for the
coupled Navier-Stokes-Poisson problem. The interest for similar models is originated
by the study of semiconductor devices. In the numerical simulation for semiconductor
devices, the hydrodynamical models represent an acceptable conipromise between accu-
racy and computational efficiency. Their common feature is the fact that the number
of independent variables is reduced. Hydrodynamical models are obtained from the infi-
nite hierarchy of the moment equations of the Boltzmann transport equation by suitable
truncation procedures (see for instance [6], [7], [18]. [19]), and from these are derived
the classical continuity equation, the momentumn balance equation, and the energy bal-
ance equation ({2], [3], [10], [12], [13]. [24]). In the case of a 1-D Euler-Poisson model,
some results have been obtained in [16], [17]. In the model system considered here, we
take into account the viscosity terms but we remove the equation regarding the energy
(temperature). The removal of the energy balance is not completely justified from the
physical point of view, since by adding viscosity it would be reasonable to include other
physical quantities leading to effects of the same order. Unfortunately, the mathematical
theory for the Navier-Stokes equation has been widely developed in the isoentropic case,
but for the system including the energy balance equation, it is still at the initial state
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(see [15] for details). In particular we consider the following system

an

0—: + div{(nu) =0

onu , . N . (1.1)
o + div(nu & u) + Vian™) — pAu — EVdivu =nVo — nu

Ao =n—blr)

in the region € x (0. 7). Q being a bounded connected open smooth domain in RV, The
previous system is supplemented with the initial conditions

n(x.0) = ng(r). n(r, Mu(r.0) = no(ayug(r). o(x.0) = o).
for any x € © and the Dirichlet boundary condition
=0 on 92 x (0, 7).

Here n > 0 denotes the electron density, 1 € RY the particle velocity. Vo € RY the elec-
tron field which is generated by the Coulomb foree of the particles, the function b = b(x)
stands for the density of fixed positively charged background ions, p = an”. v > 1 is the
pressure density relation, and j = nu will denote the electron current density.

In this paper we construct the weak solutions by using fixed point methods and com-
pactness arguments: namely, we will consider the systemn

% + div(nu) =0

onu . ) ; (1.2)
o + div(nu @ u) + Vian™) — pAu — EVdivu = nVy — nu

Ao =n—b(r)

with a given potential ¢*. We will define the following fixed point map. from a suitable
Banach space X into itself, as follows. We say that

AP =¢ if and only if Ao =n —blx).

where n solves the first two equations of (1.2) with prescribed . At this point we need to
show that the map A is well-defined in suitable functional frameworks and will have some
compactness properties to apply Schauder’s fixed point theorem. The well-posedness of
A requires to show that the map ¢ — n{y) is well defined. namely that we can produce
a solution to the problem (see [15])

%{i + div(nu) =0

dnu
o + div(nu ®u) + Vian") — pAu — EVdive = nVi — nu.

Of course, the uniqueness problem to (1.3) is still a major open problem (sce [15], Remark

(1.3)

7.7, pg. 180): hence we could produce. in principle. more than one map A. Hence the

lack of uniqueness for (1.3) will reflect also on our results. Morcover, we will have another
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source of possible nonuniqueness which depends on the use of Schauder fixed point theory.
A technical difficulty that one should keep in mind relies on the Lions theory, which
assumes ¥ € L>(0, T: W12/G=1(Q)), while in our case ¢ is reconstructed by means of
divj and this entails a loss of regularity with respect to . We overcome this difficulty
assuming some restriction on . The plan of the paper is as follows. In Sec. 2 we recall
some of the theorems we are going to use later and we will define the kind of weak
solutions we are going to build up. In Sec. 3, by using the theory of P. L. Lions [15], we
investigate the existence of solutions for system (1.3). Then, in Sec. 4, we show that the
map A: X — X has a fixed point, which is our solution. Because of the nature of this
problem we cannot apply a contractive-type theorem but we will usc a Schauder-type
fixed point theorem. In order to satisfy the requirements of this thcorem we will get
some restrictions on the possible values of v and on the time. Hence this will provide
only a local solution for our problem. Later, by proving some uniform continuity in time
of the local solutions, we will get the global existence.

2. General Framework.

2.1. Preliminary results. In this section we will recall the basic notations and theorems
that will be used later on. We begin with the following version of the Ascoli Arzela
Theorem (see [22], pg. 135).

THEOREM 2.1. Let X be a compact metric space, ¥ a Banach space, and C(X;Y) the
Banach space of continuous functions from X to Y with the sup norm. A subset H of
C(X;Y) has compact closure in C(X;Y) if and only if

(i) H is equicontinuous, and

(ii) for every x € X the set H(x) = {f(z) | f € H} has compact closure in Y.

Since in our system (1.1) we have a Poisson equation, we need the following elliptic
regularity theorem [20]:

THEOREM 2.2. Consider the differential equation
Lu = divAVu = divf + h, in Q (2.1)
where A = A(z) is a complex measurable matrix such that
A=H+R
where H and R arc matrices such that the inequalities
MNP < (HEH <[P A>0
|R| < (1-6)A 0<6<1
hold for all relevant z and £. If Q is a bounded smooth domain, then (2.1) has a unique

solution in VVU1 P(Q) for every complex vector field f = f(x) € LP(2) and every complex
function h = h(z) € L7(Q) with »* > p. The solutions satisfy

llgradull o) < C|\ fllLry + I[R]

Lr(Q)

where C is a constant depending only on 2, A, p, and r.

We recall the following interpolation theorem ([4]. pg. 310):
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THEOREM 2.3. Let f € LP(Q) NW2"(Q) with 1 < p < oc. Then f € WH9(Q) where

1 1(1 1>
-=—|-+4-]and
qg 2\p r
1/2 1/2
1 lwraey < el fIhia oI £, (2.2)

In particular. if p = ¢ = r. then

1/2 1/2
£l ey < ellf o 11 5 (2.3)

2.2. Statement of the problem. We will look for global weak solution of the following

system
on
e + div(nu) =0
onu 4 ‘ (2.4)
T + div(nu & u) + V{an™) — pAu — EVdivu = nVo — nu
Ap =n —b(x)

in Q x (0,7), Q a bounded connected open smooth domain in R, endowed with the
initial conditions

n(x,0) =ng(x) (2.5)

r.0)u(x.0) = no(r)ug(z) = jo(x)
(1 0) = ¢g(x) for any r € Q

and the Dirichlet boundary condition
u=0 on d81 x (0,T). (2.6)

Here the viscosity parameters satisfy g > 0, g+ € > 0, moreover ¢ > 0 and the adiabatic
constant v > 1, n > 0, u € RV, ¢ € R. We assune the following conditions hold:
(A1) ¢p € LYO.T;WEA/0-D(Q)), 0 = ¢ on N x (0.7). ¢ = 0,
(A.2) b=b(x) e L1(Q).
(A.3) ng >0 ac. in Q. nge LY Q) NL(Q),
(A.4) jo € L>»/0+D(Q). jo=0 ac. on {ny = 0}.
(A.5) |jol?/no € LY(2) defined to be 0 on {ng = 0} and ny # 0.
The conditions (A.1), (A.2), (A.3), (A4), (A.5) are required to fit into the Lions frame-
work [15]. At this stage, we arc not imposing any further restrictions. We introduce here
the notion of weak solution we are going to build and usc.

DEFINITION 2.4. By a weak solution of (2.4), we mean (n. u. ¢) satisfying (2.4) in the
sense of distributions such that

ne L™(0.T: L2 (Q)) N C([0. T): LP(2)) for1<p<~v.,m>0ac. (2.7)

Vu € L*(0.T: L*(2)).  nful* € L>=(0.T: L*() (2.8)

j = nue C([0.7). L2/ OF(Q) — weak). (2.9)
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¢ e LY. T; WhH/0=Dqy) it N >2 (2.10)
é € L0, T: W2(€)) if N=2and y>2
¢ e LY0.T: Wh3/2(Q)) if N=3and~ > 6.

The above notion of weak solution is very natural in this frame since it simply follows
from the energy identity which we will obtain in the next section.

3. Existence for the Navier-Stokes equations. This section is devoted to the
analysis of the first two equations of the system (2.4), namely, the Navier-Stokes equations

on .
T +div(nu) =0 (3.1)
a(gfl) + div(nuw;) + 0;(an”) — pAu; — £0;divu = nVy — nu;, (3.2)

1 < i< N, in €. a bounded connected open smooth domain in RV, where p > 0,
w+€>0,a>0, and v > 1. Moreover, in this case ¥ = ¥(z, ) is fixed; it is a given
function corresponding to the force terms on € x (0,7) for some fixed T € (0,0¢). We
assume the following Dirichlet boundary condition

u=0 on 99 x (0.7), (3.3)
and the initial conditions
nli=o =ng in §2, noit|s=o = jo in (3.4)

In this section we report the main ideas from P. L. Lions’s book [15] with some modifi-
cations in order to take into account the presence of the clectric field and the collision
term nu.

3.1. Estimates for the Navier-Stokes equations. We begin with some a priori estimates
and compactness results.

3.1.1. A priori estimate. We specify better our initial condition; namely, we assume
that ng. 7o satisfy

ng >0 ac inQ, nge LY Q)NL(), joe L2/ (),
Jjo=0 aec. on {ng =0} (3.5)
l70|2/n0 defined to be 0 on {ng =0} € L1(Q) and ngy # 0,

and for the moment we take 3 € L'(0,T; W!'2/0=1(Q)). From Eq. (3.1) we get that
n remains non-negative for all ¢ > 0 and that [, n(t)dz is independent of ¢ > 0. In
addition, multiplying (3.2) by u, we deduce that

Juf? Ju?

ul*/2 | A . 2 N2
= +nu-V 5 pA 5 Ediv(udivu) + p|Dul® + &(divu)

%) a , ) ay . 9
= 7 ) + div (4 ) = nu- Vi — nu?. 3.6
+ ET: (7_ 7" ) + div <uﬂ/_ T ) nu - V¢ — nu (3.6)
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Integrating (3.6) with respect to x and remembering the boundary condition on u, we
deduce that

d jul? a5 2 )2
n— + n sde+ | p|Dul® 4 E(dive)*dr = | nuVyde (3.7)
Q Ja Jo

dt 2 T 4—1
—/nu?d.r
Q

and obviously [, (divu)®dr = [, diu;05uda < [, |Dul*da. Since pp > 0. p+ € > 0, we
deduce from (3.7) that we have for some v > 0

d [ fu|? a ' 9 ' o,
— n— + n'ydr+v [ |Dul* < [ nu-Vyder - | nu“dr. (3.8)
dt Jo 2 -1 Jo Ja Q

Taking into account the condition on v, we have

/ nuNVpdr < ||nullpes e o) IVO] p2rrm -1 ()
Jo

< WaliLz @) IVnull L2 V9 L2 - 1)

' Jul?
E(t)= n— +n’sdx
Ja 2

and integrating on t, we have the following energy inequality
ot . ot . ot
E(t) +V/ |\ D) dtdx + / / nuldtdr < E(0) + / E(s)ds. (3.9)
o Jo Jo Ja Ja

Setting

Applying Gronwall’s lenuna. we get

E(t) < ce.

In this way we have proved the following

THEOREM 3.1. Suppose (n.u) is a weak solution of (3.1), (3.2). Supposc that (A.1).
(A.2), (A.3), (Ad), (A5) hold. Then n € L>(0.T:L7(8)), Vu € L*(0.T:L*(%)).
nlul?> € LY[0.T] x Q), nu € C([0.T]. L¥/0+D —peak).

Finally, we remark that since we have Dirichlet boundary conditions, we get also
uwe L?(0.T: H} ().

3.1.2. Compactness results. Existence results often follow from the analysis of the
convergence of sequences of solutions and of the passage to the limits inside the equations.
In this section we briefly report the results of P. L. Lions [15] on the analysis of the
convergence and of the compactness of solutions. So we suppose to have a sequence
of weak solutions (n*.u*) of (3.1) and (3.2) with v replaced by ¢* and some initial
conditions

71k|t:0 = 718 in €, n.(")"u"'|,:() = J(]; a.c in . (3.10)

We always assume that nf. j& satisfies (3.5) for all & > 1, and that (n5)r>1 is bounded
in LYQ) N L2 (Q), (j§)a>1 is bounded in L2/0+1(Q), and (15512 /&) k>1 is bounded in
LY(Q). By the energy inequality we can assume that

e (n¥)>1 is bounded in L>(0,T: L' N L7 (12)).

o (n*|u*]?)r>1 is bounded in L>(0.T: L'(2)). and
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o (u*)i>1 is bounded in L?(0,T; Hg(f2)).
Without loss of generality {(extracting subsequences if necessary), we can assume that
n* — n weakly in LY(Q x (0,T)) and n € L>=(0,T; L N LY(2)) n > 0 a.e.),
uf — u weakly in L2(0,T; H} (),
Vnk = /i weakly in L¥(Q x (0.7)),
Vnku* — v weakly in L2(Q x (0.T)) and v € L>(0.T; L*(R2)).
nku* = § weakly in L2/0+0(Q) and j € L°(0,T; L*/0+D(Q)),
n"ulu;‘ — e;; in the sense of measures on 2 x(0,T) and e;; is a bounded measure
on Q for almost all ¢ € (0,T) which is bounded uniformly in t € (0.7,
o nFVYF = nVy weakly in L7(Q2 x (0,T)).
In order to get compactness it is necessary to assume some a priori bounds on n* that
don’t follow from the energy estimate. These bounds will be proved in the next section
when we deal with the existence question. We thus assume that for some fixed ¢ > 2,

g<~y,8>N/2

(n*)r>1 is bounded in L9(0,T: L9(K)) N L>(0.T: L*(Y)) K C Q. compact set.
(3.11)

Now we can report the following theorem [15]:

THEOREM 3.2. (1) We always have: v = Vi, j = nu, e;; = nuu; a.e in 0 x (0.7 for
all 1 <i4,j <N.
(2) If, in addition to the above assumptions, we assume that nf converges in L'(§) to
ny, then (n,u) is a weak solution of (3.1). (3.2) satistying the initial conditions (3.4) and
we have
n* —n in C([0.T); LP(Q)) N L' (K x (0.T)) (3.12)
foralll1<p<s, 1<r<yq,

nfuf — nu in LP(0,T; L7(Q)) forall 1 <p <oc, 1 <r < 2y/(y+1).

uF —u in LP(Q x (0.T))N{n >0} and in L2(2 x (0.T)) N {n > &} (3.13)
forall 1 <p< 2, foralld>0,

nkulﬂ“u;‘f — nuzuy  in LP(0, T LY Q) (3.14)

foralll<p<oc,foralll <i.7<N.

One of the main tools in the proof of Theorem 3.2 is the use of renormalized solutions
of (3.1), (3.2); namely, u € L20.T:HL (), n € L} () satisfying (3.1), (3.2) are

loc
renormalized solutions of (3.1), (3.2) if they satisfy
%(:Z + div(uB(n)) + (divw)[3(n) — 3'(n)n] =0

for any 3 € C'([0,20)) such that
AC >0, forallt>0, [8'(t) <CA+H)"

with a = (¢ — 2)/2, and also
B (e + &)divu® — a(m™) "} = B{( + &)divu — ap)} in D',
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where 3. P are the weak limits of (#%)7. 3(n*) respectively. The use of the assumption
(3.11) is also important in passing into the limit in the terms such as 71"'[’uj'R,j](1‘1"'115»"]»).
where the operator R;; = (—=A)~'9;; is bounded in all L" spaces for 1 < r < x.

3.2. Euxistence results. In this section we are going to prove the existence of a solution
(n.u) of (3.1), (3.2).

3.2.1. A priori bounds. We always assume that ng. Jjy satisfv

ng € LYY NLY() ng >0 ac. in Q. ng#0.
Jo € LH/OFN). jy =0 ac. on {ng=0}. (3.15)
Ljol?/no € LY(€2)  defined to be 0 on {ng = 0}.

Following [15]. in this section we take a more general hypothesis on v

Vi e LY0.T: L2/0=D(Q)) + L2+ 0. 7: L™ (Q)). (3.16)
where o = (2 — )4, %—}- % (1- %) +35+ ];“ =1l.and ¢ = ffz if N > 3. ¢ is arbitrary

in [2,00) if N = 2. Then from the energy estimate we have the natural a priori bounds
uw € L*(0.T: Hi()). neL>(0.T:L2(Q)). nlul? € LY[0.T] x ). (3.17)

In the last section the assumption (3.11) was important. Here. we want to derive this
crucial a priori estimate on n.

THEOREM 3.3. Let (1. 1) be a solution of (3.1). (3.2). We assume that Vi€ L' (0. T: L3/?)
if N =3and 4 > 6 and Vo' € LY0.T:L?) if N =2 and 4 > 2. We assume in addition
that n € LP(K x (0.T)) with p = max(p,2) and p =~ + Tf—ﬂ, — 1. K being an arbitrary
compact set in £2. Then, » is bounded in LP(K % (0.7)) in terms of bounds on the data

only.

REMARK 3.4. It is possible to provide some explanation for the exponent p occuring
in the above result. Indeed. on one hand n € L (L2). and on the other hand. if we

simply expect n7 and nu & u to have the same integrability. we deduce that n*~! should
belong to L%(L.{W(A;Q)) since u € L}Z(Ly/miz))

bounds imply by interpolation that n € L . with p =4 + 24 — 1.

by Sobolev embeddings. These two

We will give only a sketch of the proof of Theorem 3.3. emphasizing the parts in which
some modifications are needed because of the collision term nuw.

Proof. There is nothing to prove if v < % since in that case. p < v -1 and n €
L>(0.T: L' N L"). Thercfore. in all that follows, we assume that v > % Since we are
in Dirichlet boundary conditions we have to localize our probleni. In order to do so. we
introduce for any compact set K C § a cut-off function ¢ € C3<(§2) such that 0 < ¢ <0,
w=1on K. and p > 0 on 2. We then apply the divergence on Eq. (3.2):

9]
5(1171,'(71’111-) + 0;0;(nuiuy) — (e + E)Adivu + A{an”) = div(n Vi) — div(nu;).

Multiplying by ¢ we obtain

%(@div('nm)) + 0:0; (pnuwg) — (e + A(pdive) + Alapn”) =div(pnV)

— pdiv(nu;) + F,
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where F' is given by
F = (0ij9)nuu; + 20;00; (nu;u) — (u + ) Ap(divu) + aApn? (3.18)
—2(u+ &)V - Vdivu + 2aVy - V" — nViVe.

Now, applying the operator A~ and multiplying the above equation by n?, § = p — 4,
we obtain

apn¥t? = g—[ng(—A)_l(a,odiv(nu))] + div[un®(—A) " pdiv(nu))] — n®(-A)"'F
¢

— (=AY div(enV) + n® (=AY Hpdiv(inu)) + (1 + E)e(divu)n®

+n8{R;R;(pnusuj) — u - V(=AY (pdiv(nu))}

+ (8 — 1)(divu)n® (= A) Y odiv(nu)), (3.19)
where R;R; = (—A)7'9;9;. We consider first when N > 3. If N > 3, we get an
L., bound on pn?*? = pn? and thus on ]K nPdz. In fact, by integrating (3.19) over
Q2 x (0,T), we deduce that

/ /npdet < C’+C/ n® (= A) Y pdiv(nu))dx
/ dt /Q de|divuin®(1 + |(~A) " div(nu)))
+C / dt / dxn®| Ry R;(nusuj) — u; Ry R;(onuy)|
e dt/ dan®|(~A) 2 div(pVe)|

0
/ df/ dzn®(=A) 7 F 4+ nf (= A) " Hpdiv(nu)). (3.20)
We focus our attention on the bound in L'(2 x [0,T]) of the new term
nb (= A)"Ypdiv(nu)).

Now we recall that n” and n|u|? are bounded in L>(0,T; L'), while Du is bounded in
L?(Q x (0,T) and u (using Sobolev embeddings) is bounded in L?(0, T; L*N/N=2(Q)). In
particular, using Hélder inequality, nu is bounded in L>(0,T; L*Y/ "ty N L2(0,T;L")
where 1 = =2 4 %, and thus n®(—A)~(pdiv(nu)) € L>=(0,T; L' U L®) where 1 =
Q, + Xl % = % + % — % < 1. The other terms are handled in the same way as in

5
[15]. We deduce then from (3.19) that

T T v/p
/ / enPdzdt < C |1+ (/ / nP[|Vp|P/7 + |A<p|p/'y]dxdt> (3.21)
0o Jao o Ja

to get

¥/p

T T T
/ / pnPdrdt < C1+ (/ / <,on”da¢dt> <Cl1+T' % / / wn”dxdt.
0 Jo o Ja 0 Jo
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Remembering that o =1 on K C (). a compact set, we obtain the desired estimate when
n > 3.

Finally we consider the case when N = 2. In that case we need to handle in a different
way the terms n?{R; R;(pnuiu;) — u- V(~A)"Yodiv(nu))} and
[divun® (—=A) = (pdiv(nu))). After some calculation we have only to consider

n?{ R, R;(pnusu;) —u:R; Rj(pnu;)} and divun®(—A) = (div(pnu)). In order to do so, we
are going to multiply (3.21) by ™ for some m to be determined later on. Here we follow
[15] exactly, but we point out thdt to estimnate the term {R; R;(onu;u;) —u; R Rj(pnu;) }.
we use the fact that u is bounded in L2(0.7; H') and thus in L?(0. T; BAM O). Then, by
the Coifian-Rochberg-Weiss commmtator Theorem [5]. we have for almost all ¢ € [0.7)

VR R, (pnuu;) — iR Rij(onu)| pzorwsn < Cllullsarollnull pess i -
and we finally deduce that

In?{RiR;j(pnuin;) — u? R R (pnu; JH, 20 ) <C||n||1/2'. (3.22)

Hence, if we choose m such that mp/6 > 1+ m and 2p > 1 + m. then we have

/ dt / HrnPde < C (1 + ||991+m/p7’”u/9 (2 0. T]))

if we choose m such that mp/6 > 1+m. In conclusion, the proof is complete, provided we
choose m and ¢ such that V™ < C holds and 1 +m < 2p, mp/6 > 1+m. In particular
we may take m = 1 and we conclude sincep > 1l and p =2y —-12>20 =2(y - 1). ]

3.2.2. Existence. We recall the notion of weak solution. We require n and u to satisfy
(3.1), (3.2) and

ne L>0,T: L' nL () nC(o,T], L") foralll1 <r<y.n>0ae (3.23)

w€ L2(0.T: HYQ)). nlul> € L=(0,T; L)) (3.24)

nu € C[0.T], L*/0+D(Q) — weak). (3.25)

Finally, as in Theorem 3.3, we assume that V¢ € LY(0.T: L3/?) if N = 3 and v > 6 and
Vi e YO, T: L?) if N =2 and v > 2.

THEOREM 3.5 Undcr the above conditions, and if we assume that v > 2 1f N=2,v> -g—
if N =3, and v > & if N > 4, there exists a solution (1, u) of (3.1) and (3.2) satisfying
the initial conditiom (3.4) and such that n € LP(K x (0.T)) for any compact set K C Q,
where p = v + 5 — 1. In addition (n,u) satisfies the following energy inequality for
almost all ¢ € (0. T].

2 ot g
/ nﬂ + =L ndr + / ds / plDul? + &(divu)? + nude
Ja 2 -1 Jo Ja

"1 o |2 ’ 't '
< / —M + (I nodr + / ds / nuVydaz. (3.26)
Ja2 noe -1 Jo o Ja

Moreover, for any R > 0, if

lnoll Ly < R ljollL2ssveny < R lvllur2re-no) < R
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then there exists ¢(R) > 0 such that

In(- Olle=o.riLv) < c(R) 7¢Ol L1n2r6+0@) < c(R). (3.27)

REMARK 3.6. The uniqueness of solutions, the regularity of solutions, and the fact
that this energy inequality (3.26) might be an equality are outstanding open questions.

REMARK 3.7. It is possible to prove that the momentum 7 = nu of the Navier-Stokes
equation has actually some time regularity with values into L2¥/00+1) endowed with its
strong topology (see [8] for details).

The proof of Theorem (3.5) will be made “backwards”: if Eq. B approximates Eq. A,
we first explain how solutions of A can be obtained from solutions of B before explaining
how to obtain the latter via solutions of C. Here we report for completeness the first step
of the proof from [15].

Proof. We consider a “periodic box™ Q= Hf’v:1(ai~ b;) such that Q C Q: without loss
of generality, we may take ¢; = 0 and set T; = b; —a; for 1 <i < N. Then we introduce
p € C=(RY), periodic in each z; of period T; for each i € {1,..., N}, such that p =0
inQ, p>0in () — . We then consider the followi ing problem in RY x (0.7), where the
solution (n®,u*) is required to be periodic in @; of period T; for cach ¢ and ¢ € (0, 1]:

0” + div(nfu®) =0 n® >0

(3.28)
%ftii)—i—div(ns u® uf )HaV(n®)" — yAug—deiqu%—%puE='n,€V’IE-nE us,
where 1; is an extension of ¥ to Q x (0.T) by 0 and is then extended periodically to

RN x (0,T). Now we assume to have a solution (n®,u) of (3.28) satisfying all of the
properties listed in Theorem 3.5 and (3.26) is replaced by

S
n =ju|°+
/ )

1 2
< / _l{l{— nodl +/ (1.5/ nfu Vu(h (3.29)
( 0

Ja2 no

t
. ce2 b
¢ . (n®)7dx + / ds [ w| Dus|? + E(divet)? + nf|uf|” + —puda

Of course, nfli—p = Mg, N°U|t=g = j(), and (ng, jo) arc periodic extensions of (ng, jo)
by 0. The inequality (3.29) yields bounds on (n)” in Lx(O.T;Ll(Q)), on nfluf|? in

L(Q x (0,T)), on ¢ in L2(0, T} HY()), and on ipuf in LY x (0,7)) uniformly in e.
In addition, Theorem 3.3 yields a bound on (n€) in LP(K x (0,T)) for any compact set
K C Q, where p = v+ % — 1. Extracting subsequences if necessary, we may assume
that n® converges weakly in L"(0, T L7(Q)) for all » € (1,00) as £ goes to 0 to some
n € L>(0,T; L”(Q) N LP(K % (0,T)) for any compact set K C €2, and we may assume
that u® converges weakly in L?(0,T: H 1(Q)) as £ goes to 0 to some u. In addition, since
\/E pu is bounded in L2(Q x (0,7T)), V/Pus converges to 0 in L2(2 x (0,T)) and thus

pu=0in Q x (0,T). Therefore u = 0 a.c. in ( — ) x (0.T). Since Q is smooth, this
implies that v € L%(0,T; H}).
Finally, in order to conclude, we simply observe that we can apply Theorem 3.2 to the
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sequences (n€.u). In fact we can apply part (1) and part (2) of Theoren 3.2. Finally
from the energy inequality (3.26) we get (3.27). Now we have to show how to construct
a solution for (3.28): for this we can follow [15]. O

4. Existence for the Coupled Navier-Stokes-Poisson equation.
4.1. Local existence. We recall we are studying the following problem:

%; + div(nu) =0

Inu , ) . . (4.1)
o + div(nu g u) + V{an”) — pAu — EVdivu = nVo — nu

Ao =n — b(x)

with the initial conditions (2.5). the boundary condition (2.6), and the hypotheses (A.1),
(A.2). (A.3). (A.4). (A.5). We wish to solve the previous problem by using a fixed point
argunient on the potential o: namely, we consider

on

o + div(nu) =0 (4.2)
onu . ] . .

ar + div(nu s u) + Vian?) — pAu — EVdivu = nVyr — nu (4.3)
Ap =n —b(x) (4.4)

with the potential ¥» given. We assume the initial condition (2.5). the boundary condi-
tions (2.6}, the hypotheses (A.1). (A.2), (A.3). (A.4). (A.5). and the following hyvpothesis
for all T > 0:

(A.6)
e LN0. T W2 /0=y if N > 2.
¢ € LY0.T: W1?) if N=2and vy > 2.
v e LY0.T: 13/2) if N =3and~ > 6.

We now define the mapping for which a fixed point will yield a solution of (4.1). Let us
denote by

FO.TiB) = {0 € LY0. T W/ =4@) | o = 0ol Lo av1 20212 < R}
ifN>8andy>N/20or4 <N <8andy>5N/(N+2)or N=3and 3<y <6,
F(0.Ti:R) = {0 € L'(0.T.. W) | llo — ¢oll 101,71 2(02)) < R}

if N=2and v > 2, and

F(0,T:R) = {fl) € LY0. T WH32() | [|o — ool L1 0.1, w1020y < R}

if N=3and v > 6.

We define a map from F(0.7: R) into itsclf as follows:
A F(0.T);R) — F(0.T1: R)
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and
AY = ¢ if and only if A¢ =n - b(x).

where (n,w) is the weak solution to the Navier-Stokes equation (4.2), (4.3) with a given
potential ¥. The map A is well-posed, since from the previous section we have the
existence of weak solutions to (4.2). (4.3) in any arbitrary time interval [0.T]. Now we
show the existence of a fixed point which will give a local weak solution to (4.1) with the
regularity defined in (2.7), (2.8), (2.9), and (2.10).

THEOREM 4.1. Suppose that (A.1), (A.2), (A.3), (A.4), (A.5), (A.6) hold. Thenif N > 8
and vy > N/2or3 < N <8andy >5N/(N+2)or N=3and 3 <y <86, there exists
Ty > 0 such that the map A is continuous and compact.

Proof. From Theorem 3.5 we have that n is bounded in L (0,7 LY(2)). while j = nu
is bounded in L>(0,T; L*/7*1(2)). More preciscly, there exists a constant ¢(R) > 0
depending only on the initial data such that

In —nollL=@or.Lv@)y Sc(R)  jlle=o.r276+00) < c(R).
From the Poisson equation (4.4) we get in the sense of distribution
div [Vy] = —divj (4.5)
and applying the elliptic regularity Theorem 2.2 we have

[AY(,t) = do (=) < AV 1) — do(Hlwr2e/c40(q
= [|¢(-. ) — do(-)|

Sl Lo 0.2z /40y < te(R),

W27/ (41} (£1)

where s is the Sobolev exponent of ;% We can also observe that

A¢( t) - A¢(O) = 7L(', t) - nO()
and so, applying Theorem 2.2 again we get

1A (- t) = @o()llwz~ sy < I 1) =o)Ly < e(R).

Now we apply (2.2) of Theorem 2.3 to have

1A% (- 1) — do(Hlwr2sr-nqy Sello(-it) — @()(')llll/p/'z-w(gz)||¢<'at) - ¢0(‘)||};/qz(g)

< ¢(R)tY/2,

where ¢ = —25 and provided that ¢ < s, which is true if N > 8 and v > N/2 or
y—2

3 <N <8and~y>5N/(N+2). We have

, 3/2
| Avr = @oll Lro.7,.w12076-1 )y < C(R)Tl/ )

()

Now taking, for instance,
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we get that A is continuous from F(0.Ty: R) into itself. Finally, we have to show that
A is a compact map. It is sufficient to sce that the range of A is relatively compact.
Applving Theorem 2.2 again we have. taking v € F(0.T1: R).

[ AV (- 1) = A s)llwraeen St = slfllpe Lm0 @) S c(R)E— s,

so AF(0,T1:R) € CY2 (0.T.W1/0=1(Q)).  Morcover, since Av(-.t) — op(-) €
Wy (§2) N W2(52). by using the hvpothcsos on v we get AF(0.7y: R), for any fixed

t. is relatively compact in 1W127/0=D(Q). In this way. all the hypotheses of Theorem
2.1 are fullfilled and we get, finally, the compactness of the map A. ]

Now we investigate what happens in the other cases.

THEOREM 4.2. Suppose that (A.1), (A.2). (A.3). (A.4). (A.5). (A.6) hold. Thenif N =3
and v = 3 or v > 6, there exists 71 > 0 such that the map A is continuous and compact.

Proof. 1f v > 6 by hyvpothesis (A.6), we can take v € LY(0.T,. W3/2(Q)). and so by
Theorem 2.2 we have
[AG(-t) = do()llwrare < AL ) = Ado (Nl 2o scen SHG L= o.1:02070+0(02))
< t(R).
and, morcover,
by , 2
[| Ay — Q)()“L‘(().Tl.H"--"/‘Z(SZ)) < ¢(R)TY.
When v = 3, by applying the Sobolev embeddings theorem and the elliptic regularity
theorem, we get

lo(-.t) — oo(-) 22/ 1) (Q))

where s is the Sobolev exponent of m Using the interpolation inequality (2.3) of
Theorem 2.3 we get

Vo(-.t) — Voo )”L“(SZ) < cllof.t) - @U(')||:4/“22w(52)“@('~ — do(- ”L ()

If s > v we get
!|V<’)( t) = Vool

ey < AR \o(- 1) — @0l )| Lo s
< (?(R)fl/zl|.j||Lx(o.T.L%/(wn(gz)) < c(R)t'2.

Now provided v > 72_71 and choosing t sufficiently small, we get as in the previous
theorem our result. We have only to verify that % < 7y < s, and this is the case if
v = 3 (actually this is the only case). As in Theorem 4.1 we get the compactness of

A. 0

Finally we investigate the case N = 2.

THEOREM 4.3. Suppose that (A.1), (A.2). (A.3), (A.4), (A.5). (A.6) hold. If N =2 and
~v > 2, there exists 77 > 0 such that the map A is continuous and compact.

Proof. In the case N = 2 and 7 > 2. we follow the same argument of Theorem 4.1
with the difference that, in this case, s = 2y and ¢ =

=1 and since v > 2 we have ¢ < s.
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The compactness of A follows by using Theorem 2.1 in the same way as in Theorem
4.1. O
Now we can conclude with the main result in this section:

THEOREM 4.4. Suppose that (A.1), (A.2), (A.3), (A4), (A.5), (A.6) hold. Thenif N > 8
and vy > N/2ord < N <8and~y >5N/(N+2)or N=3andy >3 or N=2and
v > 2, there exists a local solution of system (2.4).

Proof. The theorem is a consequence of Theorem 3.5 and Schauder’s fixed point The-
orem ([21], pg. 84). In fact, by Theorem 3.5, we get the existence of n and u in an
arbitrary time interval for (4.2), (4.3). Using Theorem 4.1, Theorem 4.2, and Theorem
4.3, we can apply Schauder’s fixed point Theorem ([21], pg. 84) to the map A, getting a
fixed point ¢ for the map A. Namely, there exist ¢ € F(0,77; R) such that A¢p = n—b(z);
that is our solution to the Cauchy problem. |

4.2. Global existence. From Theorem 4.4 we have the existence of a local weak solution
(n,u, @) in a time interval [0,T*), where T* is the maximal time of existence. We want
to prove that we can extend the weak solution of the system (4.1) to the whole interval
[0,7*]. From the energy estimates follows

THEOREM 4.5. Let (n,u,¢) be a local weak solution of system (4.1); then j = nu is
equibounded in L>(0.T*; L>/0+1D(Q)).

Proof. Multiplying Eq. (4.3) by v and integrating with respect to 2 and remembering
the boundary conditions on u, we deduce that we have for some v > 0

d [ f WP s =1 [P
— 1 Du|dx —d
dt/g{ 5 —+—7 & (T+1//| | + > /sz 5 de

v+1
<1 [ wde+ 2900 Ollemca (46)
T oJa

Using Gronwall’s lemma we get for any ¢ € [0,7™)

/ G Y +C/T*||V¢> 9|l ds
0 2 3 ’Y_ln T < 1 ) 0 L2¥/7=1()

. 1/2
15D sy < InC 1720, I (L OI1E

and

-
<Ci+ Cz/ IVO(. )l L2vin-1(0yds.
0

By Theorem 2.2 and the previous estimates we get (from (4.1))

d )
E”v¢('vt)HL?ﬁ/("‘H)(Q) <NV (D)l L2armrrqay < ellil Dl Lavvern oy
SCi+Co sup V()| L2r/a-10)-
te[0.7+]

By Gronwall’s lemma there exists Al > 0 such that

sup  [[V@(. 1) perrvriq) < M
te(0.7%]
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fromi which follows the equibound on j = nu. O

COROLLARY 4.6. Suppose T is the maximal time of existence of the solutions of system
(4.1) and that the hypotheses of Theorem 4.4 hold: then

b e CY2 (0. T W H/0-1q)) it N > 2. (4.7)
e CY2 (0. T Wh2(q) if N =2and~y > 2. (4.8)
¢ € Lip(0.T1: W3/2(Q)) if N =3 and~y > 6 (4.9)

moreover, ¢ s cquicontinuous in time.
Proof. Combining the equation of system (4.1) and Theorem 2.2, we have

lo(- 1) — oo $)llsrzscan oy S NE=slllillox .12 400

by Theorem 4.5 and the values of v we get the equicontinuity in time of ¢. O
By the previous results and by using standard continuation methods. we obtain the
following globally in time existence theorem.

THEOREM 4.7. Assumne that N > 8 and v > N/2 ord4d < N < 8 and v > 5N/(N +2)
or N=3andy >3 or N =2and~y > 2. If (A.1). (A.2), (A.3). (A4). and (A.5) hold,
then the system (2.4) has a global weak solution satisfying (2.7), (2.8), (2.9). (2.10).
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