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Local exact controllability for the 1-D compressible Navier-Stokes
equation

Sylvain Ervedoza * Olivier Glass | Sergio Guerrero  Jean-Pierre Puel®

December 20, 2011

1 Introduction

In this article, we consider the compressible Navier-Stokes equation in one space dimension in a bounded
domain (0, L):

Oips + 0z(psus) = 0in (0,T) x (0, L), (1.1)
ps(0rus + usOyus) — VOypus + 9xp(ps) = 0 in (0,T) x (0, L). ’

Here ps is the density, ugs the velocity and p denotes the pressure, which follows the standard law:

p(ps) = cppgs (1.2)

for some constants ¢, > 0 and v > 1. This law is the classical one when considering isentropic flows
(v = 1.4 for perfect gases) or isothermal flows (7 = 1). We also impose the initial data:

(vavuS)\t:O = (p07u0) in (OvL)v (13)

Let us emphasize that the boundary conditions do not appear in the equation (1.1), as frequently happens
when controlling hyperbolic equations like the equation of the density. They will be used as the controls
on the system. Our goal is to prove the local exact controllability to constant states (p,u), which of
course satisfy (1.1), when the velocity part of the target does not vanish. To be more precise, given
(p,w) € R x R*, we want to prove that, for (pg,ug) close enough to (,), one can find a solution of
(1.1) with initial data (1.3) connecting the initial state to the target (p,%) in some time 7.

The goal of this article is to prove the following result.
Theorem 1.1. Letw € R* and p € R, Let T > 0 satisfy

L
T>—. 1.4
= (1.4)

Then there exists k > 0 such that, for any ug € H*(0,L) and po € H3(0, L) such that

lwo — @l ms0,y + lpo — Pllaso,y < K, (1.5)

there exists a solution (ps,us) of (1.1)~(1.3) satisfying
(ps, us)(T) = (7,7) in (0, L), (1.6)

Besides, the controlled trajectory satisfies ps € H((0,T) x (0,L)) and us € H'((0,7); L*(0,L)) N
12((0,7); H*(0, 1).
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Remark 1.2. [t is likely that we can reduce the regularity asked on the initial data. However, as can be
seen in the proof, our method requires information on the second derivative of ps, which can be obtained
using third derivatives of ug.

Remark 1.3. Conditions © # 0 and T > L/[u| appear natural if we want the velocity u to stay close
to W as, for example, the waves of density which travel at velocity T have to reach the boundary (where
the control acts) before time T. Actually, if we consider the linearized system around (p,0), it appears
that the density is not controllable as can be seen in [20]. But this does not necessarily imply that the
nonlinear system is not controllable as the numerous examples of use of the so-called return method
[3, 9, 5] show.

Theorem 1.1 appears to be the first controllability result concerning a compressible and viscous
fluid except for the recent result by Amosova [2], which deals with a controllability problem concerning
compressible viscous fluids in dimension 1. In this paper, the author considers the equation in Lagrangian
coordinates, with zero boundary condition for the velocity on the boundaries of the interval and an
interior control on the velocity equation. She proves a result of local exact controllability to trajectories
for the velocity, provided that the initial density is already on the “targeted trajectory”. Our result
differs because:

e We consider boundary controls for both equations, but have no assumption on the initial density
except the smallness of p — py,

e We suppose @ # 0 and obtain a local exact controllability result for both the density and the
velocity to (p,@),

e The change of variable between Lagrangian and Eulerian coordinates (which consists in taking a
primitive of the density as a new space variable) does not leave the domain (or the control zone)
invariant.

Let us now give more references on control results for fluids.

Controllability problems for incompressible fluids have been extensively studied in the recent years.
In [3], Coron obtained a global exact controllability result for Euler equations in the 2 dimensional case
and Glass extended in [9] this result to the 3 dimensional case. Concerning incompressible Navier-Stokes
equations and related systems, Fursikov and Imanuvilov gave in [8] the first local exact controllability
result for boundary conditions on the normal velocity and on the curl. Then Imanuvilov in [14] gave
a local result for the no-slip Dirichlet boundary conditions and this result was extended by Fernandez-
Cara, Guerrero, Imanuvilov and Puel in [7]. Let us also mention the results and method of [11] where
a fictitious control is introduced and which can be applied to coupled systems like Boussinesq system.
Global controllability is here an open question and it is also the case for incompressible Navier-Stokes
equations, except for controls acting on the whole boundary (see Coron and Fursikov [4]). For Burgers
equation in 1-D Guerrero and Imanuvilov gave in [12] a counterexample for global controllability whereas
for 2-D Burgers equations, the situation is more complex and Imanuvilov and Puel in [15] proved global
controllability for a special geometry and gave a counterexample for another one.

Controllability problems have also been considered in the context inviscid compressible fluids. In
dimension one, since the compressible Euler equation is a hyperbolic system of conservation laws, the
general result of Li and Rao [16] applies to it and proves a local controllability result of classical solutions
(of class C). For further results in this context, see the book [17] and the references therein. A local exact
controllability result for the one dimensional isentropic Euler equation in the context of weak entropy
solutions was established by Glass in [10]. Let us also mention a result of approximate controllability in
the 3-dimensional case by means of a finite number of modes, see Nersisyan [19].

The rest of the paper is devoted to the proof of Theorem 1.1. In Section 2, we describe the structure
of an operator, connected to a controllability problem which is still nonlinear but not as severely as
the original one and whose fixed point will give a solution to the controllability problem. In fact we
introduce a decoupling which gives a linear controllability problem for the velocity u and, once u is
given, a linear controllability problem for the density p. In Section 3, we describe how we solve the part
of the linear controllability problem concerning the velocity. In Section 4, we describe how we solve the
part concerning the density. In Section 5, we prove that the operator that we constructed admits a fixed



point, proving Theorem 1.1. Finally, the appendix gives the details of some tedious computations and
some comments on the Cauchy problem for (1.1)—(1.3).

For the rest of the paper, we will assume, without loss of generality, that
u > 0.

It is just a matter of using the change of coordinates x — L — .

2 Main steps of the proof of Theorem 1.1

2.1 Reformulation

The general idea of the construction is to build an operator whose fixed points will give a solution
of the controllability problem. It is based on the resolution of controllability problems for suitable
approximations of equation (1.1) near the trajectory (p,@).

In our fixed point argument, it will be convenient to work within a class of functions vanishing at
time ¢ = 0. Therefore, to take the initial data into account, we extend (pg, up) into smooth functions on
R, still denoted the same, such that (pg — p, up — ) vanish outside (—1, L + 1), in such a way that we
still have

1po = Pllmaw) + lluo — Ul 3wy < Ck, (2.1)

for some constant C' > 0 depending on L only.
We then define (p;,, uin) as the solution of

with initial data
pin(0) = po —p and u;,(0) =up—w on R. (2.3)

The existence of (pin, uin) is given in the next proposition, which is a direct consequence of a paper by
Matsumura and Nishida [18] (see also [13] for a related result).

Proposition 2.1. Set (p,u) € Ry x R and T > 0. There exists £, K > 0 such that, for any uo €
u+ H3(R) and po € p+ H3(R) satisfying (2.1), there exists a solution (pin,usy) in L°°(0,T; H3(R)) N
W00, T; H3(R)) x L>(0,T; H3(R)) n W1 (0, T; HY(R)) of (2.2)-(2.3), satisfying:

||,0mHLoo(o,T;HS(R))mWLoo(o,T;H2(R)) + ||um||L°C(0,T;H3(R))HW1’°°(O,T;Hl(lR))
< K (llpo — pllas®) + lluo — Ul mswy) - (2.4)

We give some explanations on Proposition 2.1 in Appendix 6.3.

As a consequence of Proposition 2.1, we will be able to suppose that p;, and u;, are suitably small
by choosing initial data (pg,uo) sufficiently close to (p,@). To express this in a convenient manner, we
introduce

Rin = ||pin|lLo (0,7:w2 % R))nw 1.0 (0,15 1.0 (R)) F |[Winl| Loo (0,75w200 R))nW 150 (0,75 15 (R)) (2.5)

which we will be able to consider small when taking x small enough in (1.5). In particular it will be
systematically supposed to satisfy:
} . (2.6)

)

Rin S min {la

NS
A



We can now reformulate the problem as follows. First, recall that T has been chosen large enough so
that (1.4) holds. We can thus introduce Ty > 0 such that

1 L
u

Now we choose a smooth cut-off function A such that

1 forte [O,To],

A:[0,T] = [0,1], A(t)= { 0 forte 2Ty, T], (2.8)
and set
p=ps—p—Apyw and u=wus—1u— Auy,. (2.9)
Then our goal is to show that there exists a solution (p,u) of
(P + Apin) (0w + WO u) — vOpzu = g(p,u) in [0,T] x (0, L), (2.11)
where f(p,u) and g(p,u) are given as follows:
f(Pa U) = *A,pm + (A - AQ)am (pmum) — A0, (pmu) — ApOztin — pOzu + Sp/(ﬁ)p (2-12)

and

9(psu) = — (P + Mpin) Nttin, — (' (5 + Apin) — D' (P + pin)) Ao pin
+ PinOittin (A — A?) + pini0utin (A — A?) 4 PUinOptiin (A — A?) + pintiinOptiin (A — A3) (2.13)
— AP + Apin) Oz (uttin) — (P + Apin)udzu
— p(Oe(Atin, + 1) + (T + Attin + 1) Oz (Auin, + u))
— (' (P + Apin + p) = P (B + Apin))0z(Apin + p) — D' (P + Apin)Oup,
satisfying
p(0,-) = p(T,-) = 0 and u(0,-) = u(T,-) = 0. (2.14)

The lengthy computations leading to the expressions of f and g are detailed in Appendix 6.1 and 6.2
respectively.

Now to obtain a solution of (2.10)-(2.14), the idea is to find a fixed point to the application

F(p,a) := (p,u), (2.15)
where (p,u) is a suitable solution of
Oep + (U + u + Auin)Oep + pOzu + gp'(ﬁ)p = f(p,a) in [0,T] x (0, L), (2.16)
(P + Apin) (Oru + WO u) — vOypu = g(p, @) in [0,T] x (0, L), (2.17)
satisfying
p(0) = p(T) = 0 and u(0) = u(T) = 0. (2.18)

Of course, for this map to be well-defined, we need to make precise in which spaces the map F' is defined
and how the solution (p,u) is constructed. Indeed, the existence of such (p,u) is not obvious since it is
a solution of a control problem that involves a heat type equation for the equation of the velocity and a
transport equation for the density. Details on the construction of F' will be given afterwards.

Besides, to complete the proof of Theorem 1.1, we will have to construct a convex set which is stable
by F'. This will be the main difficulty of the proof.

To simplify notations, we shall denote f(p, %) and g(p, @) simply by f and §, respectively.



2.2 Construction of the fixed point map

The map F' is constructed in two steps that will be detailed in the sections afterwards:

Step 1. Controlling u. For this to be done, we shall use a global Carleman estimate involving a weight
function that will “travel” at velocity w. This is the object of Section 3. The idea is very close to
the control of the classical heat equation, except that one should be cautious about the fact that
the weight functions travel along the characteristics.

Step 2. Constructing p. The idea is to use a backward solution vanishing at time 7" and a forward solution
vanishing at time 0 and to glue them along the characteristics of the flow. This construction is
very naive and natural, but the main difficulty is then to estimate the obtained p in an appropriate
space. Such an estimate is derived in Section 4.

We finally end this section by giving a description of the fixed point space.

2.3 Description of the fixed point space
The space where F is to be defined is a weighted space connected to the aforementioned Carleman

estimate. Let us first describe the weight function that we use. Set ¢ € C*°(R; R ) such that

3< min < max ¥ <4, max ¢’ <0 and min ¢’ > 0. (2.19)
(5T, L] [—5uT, L] (3T, L] [—5aT,— 47T

Then, let 6§ = 6(t) € C%([0, T]; R..) defined by

t in [0, 27
o) =4 1 in [3T, T — 3Ty) (2.20)
T—t  inl[T—2T,T)

and being such that 6 is increasing on [0,37p] and decreasing on [T' — 3Ty, T1.
We then define the weight function ¢(t, z), depending on a positive parameter \ as follows

1 _
o(t,x) = 0} (65)\ — eAl/’(m*"t)) , (t,z) € (0,T) xR. (2.21)
To this weight we associate the time-dependent function
&(t) == min @(t,z) = ¢(t,0), t € (0,T). (2.22)
z€[0,L]
We also denote
E(t,x) = %N(I—W (t,z) € (0,T) x R. (2.23)
Note in particular that for all (¢,2) € (0,T) x R,
E>1. (2.24)

The parameter A used in the above definition of ¢ in (2.21) will always be assumed to be positive and
larger than one, as well as the second parameter, called s, of the Carleman estimates:

s>1 and A > 1. (2.25)
We can now define the set on which F' is to be defined. It depends on two constants
R, €(0,1) and R, € (0,1). (2.26)

Given s, A, R, and R,, we define the spaces X; ) r, and Y; x g, as follows:

Xs 2R, = {p such that

£ le?p e L*((0,7) x (0,L)) with [[€7" %ol L2 ((0.7)x (0.L)) < Ry,

I 3/2¢5¢9) P € L2<(O,T> x (0,L)) with ||§_3/2€s‘paszL2((0’T)X(OYL)) < R,,
dp € L*((0,T) x (0,L)) with [|0:pl| L2 ((0,7)x (0,2)) < Rp,

e*?/2p e L>((0,T) x (0, L)) with [|e*?/2p|| L (0.7)x (0,1)) < Rps (2.27)
es¢/28mp € LOO((OvT)’ L? (07 L)) with ”es¢/28rp”L°°((O,T);L2(0,L)) < va
(€73/2e%2p)(-,0) € L*(0,T) with [[AV2[€73/2e ) (-, 0)|| 20,1y < Ry,
(€732e%?p)(-, L) € L*(0,T) with [AV2[€73/2e¢p) (-, L) 2(0,m) < Ry,




)
e*fu e Lz((O,T) X (O, L)) with ||53/2/\2€S<pu”L2((0,T)><(O,L)) < R,,
¢les?0,u € L2((0,T) x (0,L))  with [|sY/2Xé71e*?0,ull L2 (0,7 (0,)) < Ru, 9.98
5‘265“’8mu S L2(( ,T) X ( ,L)) with ||8_1/25_2684Pamxu‘|L2((01T)X(oyL)) < Ry, ( ' )
§_Qes“’8tu S L2<(O, ) X (0, )) with ||5_1/25_263“"(%11\\Lz((O,T)X(O’L)) < Ru
Let us remark that both sets are convex and compact for the topology of L((0,T) x (0, L)). Therefore, if
one shows that the map F' maps X g, X Y5 x R, into itself for convenient choices of parameters s, A > 1
and R,, R, small enough, we are in position to prove the existence of a fixed point by Schauder’s fixed
point theorem, provided the continuity of F' on Xy x r, X Ys g, endowed with the (L?((0,T) x (0, L)))*-
topology is proved. This will be the object of Section 5.

3 Controlling the velocity

In this section, we study the controllability problem attached to the parabolic equation (2.17). The term
g = g(p,0) is considered as a source term. We are then in a familiar framework which can be handled
using Carleman estimates and duality arguments.

3.1 Construction of u
For sake of simplicity, let us introduce the following general heat equation:

adiu~+b0yu —vdgu=gin (0,T) x (0,L), wu(¢t,L)=0, in (0,7) (3.1)
where a(t,z) € W1>°((0,T) x (0, L)), b(t,z) € L>(0,T; W>(0, L)) and

inf t,z)} > 0. 3.2
(m)e(é%x(o,m{a( )} (3:2)

The source term g is assumed to be given.
We also introduce the following control problem: find a trajectory u of (3.1) such that

u(0,-) =u(T,-) =01n (0, L). (3.3)

Here again, the control is hidden in the lack of boundary condition at = 0 in (3.1).

To be more precise, we shall look for conditions on the source term g that guarantee the existence of
a controlled trajectory of (3.1) satisfying (3.3).

Of course, this corresponds to the construction of the u-part of F(p,d) with

a(t,x) :=p+ Apin(t,x), b(t,z) =P+ Apin(t,z))u and g¢g:=g, (3.4)

provided that R;, is small enough to guarantee that a(t,z) := p + Apn(t, x) satisfies (3.2).
To solve this control problem, we first extend (3.1) on a larger domain, for instance (—4wT’, L) and
extend a and b on (0,T) x (—4wT, L) such that the extensions, still denoted by a and b, satisfy:

a € Wh((0,T) x (~4aT, L)), be L>(0,T;W"h>(—4uT, L)),

(3.5)
||a||W1,°o((O,T)x(—zmT,L)) + Hb||L°°(07T;W1,oo(_4HT)L)) < B,
and
i ha)yz >0 3.6
(tvm’)G(OaT}?X(*ALET,L){a( r)} > a (3.6)

Note that, when constructing the u-part of F'(p,u), the coefficients a and b given by (3.4) are naturally
defined on (0,7) x R and then this extension argument is not really needed.

We shall also consider the extension of g by 0 in (0,T") x (—4uT,0), that we still denote the same for
sake of simplicity.



We then consider the following control problem: find a control v so that the solution w of

a 0su + b0yu — vOyeu = g + v1(0,1)x (—auT,—wr) in (0,T) x (—4uT, L),
u(t,—4uT) = u(t,L) = 0, in (0, T), (3.7)
w(0,-) = 0 in (—4aT, L),

satisfies
w(T,-) =0in (—4uT, L). (3.8)

By restriction, solving (3.7)—(3.8) for some v yields a controlled trajectory u of (3.1) satisfying (3.3).

As it is classical now from the work of Fursikov-Imanuvilov [8], this issue can be addressed by proving
a Carleman estimate for the adjoint of the heat operator under consideration.

Hence, setting

P,y:=0a0, +b0; —v0zy on (0,T) x (—4uT, L),
with Dirichlet boundary conditions at x = —4uT and = = L, (3.9)

we are going to derive a Carleman estimate for the operator

P;,b = _825((1 . ) - 89:(b . ) - Vaxm on (07T) X <_4HT7 L)7
with Dirichlet boundary conditions at © = —4uT and x = L, (3.10)

with observation on (0,7) x (—4uT, —uT).
We are now in position to state the following Carleman estimate:

Theorem 3.1. Assume that a and b satisfy conditions (3.5) and (3.6).
There exist s > 1, Ag > 1 and C > 0, all depending on 8 and o, such that for all s > so and A > Ao,
any smooth function z : [0,T] x [—4uT, L] — R satisfying z(¢t, L) = 0 and z(t, —4uT) = 0 satisfies

83)\4 // 536—28Lp|2|2+8)\2 // £6—23<p|812|2
(0,T)x (—4uT,L) (0,T)x (—4uT,L)
1 1
+ - // —em 25 (|8mz|2 + |8tz\2)
5 J J(0,T)x(—4uT,L) 3

< C// e 22| Pr 2 |* + OB A // e %22 (3.11)
(0,T) x (—4aT,L) ' (0,T) x (—4uT,—uT)

The proof of Theorem 3.1 is given in Subsection 3.2. It is mainly classical (see Fursikov and Imanuvilov
[8]), except for what concerns the Carleman weight. Indeed, the classical Carleman weight usually takes
the form 1

~ _ A x_  a(a)

plt,z) = HT —t) (e € ) '
The differences between the weight (2.21) and the classical one are then the following: the weight function
0 (see (2.20)) is constant during a certain interval of time and the variable in the function v is x — ut
instead of x. This latest point somehow reflects the hyperbolic nature of the equation of p and the fact
that it is important to take into account the transport at velocity @. See also [1] for a similar Carleman
weight function.

As we shall see later, this particular form of the weight function will allow us to estimate the controlled
density in weighted functional spaces, which is a crucial step to develop the fixed point argument.

Relying on this Carleman estimate, we develop a duality argument using Theorem 3.1 and the method
developed by Fursikov and Imanuvilov [8]. Let us assume that g : (0,7) x (—4uT, L) — R satisfies

1
// 7)623‘*’|g|2 < o0. (3.12)
(0,7)x (—4uT,L) &



We then introduce the functional J defined by

1 _ % _
10=5 [ e P+ - [ £Pe=25%
2 ) Jo, )% (~aur,1) ’ 2 (0,T) x (—4uT,—uT)

—// gz, (3.13)
(0,T)x (—4T, L)

among all z belonging to the space ) defined as the completion with respect to the norm

<. = /[ e\l s goe200]sf
(0,T) x (—4uT,L) ’ (0,T) x (—4uT,—uT)

of the space of functions in C*°([0,T] x [—4uT, L]) vanishing at x = L and © = —4uT. Note that the
fact that || - ||ops is @ norm is a consequence of the Carleman estimate (3.11).
Observe that thanks to (3.11) and (3.12), the linear map

Z > // gz,
(0,T)x (—4uT,L)

is well-defined and continuous on Y. Moreover, one easily checks that .J is strictly convex and coercive
on the space J endowed with the norm || - ||ops.
Therefore, it has a unique minimizer Z, for which, due to the coercivity of J, we have

1 1
12]2,, < C U L seigp. (3.14)
’ s3I (0,T)x (—4uT,L) &3

Besides, as a minimizer of J, Z satisfies, for all z € ),

/ / e 2P 2PF Z 4 s34 / / e 227
(0,T)x (—4uT,L) ' ' (0,T) x (—4uT,—uT)

:// gz. (3.15)
(0,T) % (—4uT,L)

u=e P, 7, vi= —s N30 7 (3.16)

Consequently, if we set

it is not difficult to see that u satisfies, in the transposition sense,
a0y + b0yu — vOyeu = g + 1 (_sgr,—wr) in (0,T) x (=4uT, L), wu(-,—4ul)=0=u(,L), (3.17)

Besides, due to (3.14), we get:

1 1
23<p| |2 // 2s<p| |2
e w|” + —€ v
//(O,T) X (—47T,L) s3X* JJ 0,1y x (—amr,—7r) §°

1 1
<C // —=e?gl*. (318
s3A ) Jo,1)x (~aur,1) € lgl”. (3.18)

Of course, thanks to the exponential blow up of the weight function ¢ as t — 0 and as t — T, (see
(2.21)), this implies that «(0,-) = u(T,-) =0 in (—4%T, L).

Moreover, by uniqueness of the solution in the transposition sense, since the source term belongs to
L2((0,T) x (—4uT, L)), u is a strong solution of (3.17).

With all these ingredients, we can obtain the following (the detailed proof is available in Section 3.3):

Theorem 3.2. Given g € L*((0,T) x (—4uT, L)) satisfying (3.12) and a,b satisfying (3.5)-(3.6), there
exists a constant C' depending only on B and «, such that for all s > so and A > Ao, there exists a

solution w of (3.7)-(3.8) and such that



3/\4// 23ap|u|2+s/\2 // = 25ap|8 u‘Q
0,7)x(—4wT,L) 0,7)x(—4wT,L) 5

1
+ - // 7629@ (la u|2 + |81$’U/| < C// 3 2€¢|g|2 (3 19)
0,7)x (—4uT,L) & (0,T)x (—4wT, L) f

Remark 3.3. In this theorem and in the sequel, so and \g stand for two sufficiently large constants
which may change from line to line.

The wu-part of F(p,u) is given by this u for a,b, g as indicated above:
a(t,x) :=p+ Apin(t,x) in (0,T) x (—4uT, L), b(t,x):= (p+ Apin(t,z))u in (0,T) x (—4uT, L) (3.20)

with source term ( ) x ( )
f ¢in (0,T) x (0,L),
9= { 0in (0,T) x (—4uT,0). (3.21)

Of course, it is easy to check that a and b satisfy (3.5)—(3.6) with 8 = 3pu and o = p/2 by taking
R;n, < /2. However, the fact that this g satisfies assumption (3.12) is not obvious. We will see later in
Section 5 Lemma 5.1 that this can be proved using the fact that (p,4) € Xy x g, X Ys xR,

Remark 3.4. Note that the u-part of the control constructed above is known at x = L and corresponds
to the following boundary conditions for us:

This could very likely be reduced to us(t,L) = u provided there is a regular solution (pin,uin) of (2.2)
with wi, (t,L) = 0 for t € [0,T], which would of course entail strong compatibility conditions on (po,ug)
atx=1L.

In Section 3.2 we prove Theorem 3.1 and we establish Theorem 3.2 in Section 3.3. For later use, in
Section 3.4, we also prove interpolation estimates to get estimates on the boundary, i.e. at x = 0 and
x =L, and in L>=((0,T) x (0, L)) and L*((0,T); W°°(0, L)) norms.

To simplify notations, in the following, we set

Qr = (OvT) X (_4ET7 L)

3.2 Proof of Theorem 3.1

Let us begin this section by giving some properties of the Carleman weights. Thanks to the structure of
¢ (see (2.21)—(2.23)) simple computations give

Dop(t, ) = =X (x = T)E(t,7),  Dnaplt, o) = =N (¥ (w = ut))*6 — X" (x — WE(t, @).

Thus, due to (2.19) for some Ao > 0, there exists a constant ¢, > 0 such that for A > A, ,

— (L, x) e NZE(t, ), _
{ —0u((0y0)) (b 2) > e NIE¥ (8, ), Y(t,z) € [0,T) x [-2uT, L], (3.22)

whereas we obviously have for some constant C' independent of A

{ {: afgzp(t fﬂ); %/I\QE%QS?’@ ), V@) €T x [~4aT, L]. (3.23)

One also easily checks that

{ Ouplt, ~duT) <0,y o 19 ), (3.24)

dxp(t, L) = 0,



Besides

/

0

But ¢ < 6¢2 and A < O¢ for some C independent of A > 0 (recall that 1) > 3). We thus obtain the
bound
|| < CE2 (3.25)
and, similarly,
|Oratpl < OXE%, || < CE°. (3:26)
for some constant C independent of A. In the following, we shall always assume that A > Ay so that
formulas (3.22)—(3.26) hold.
Proof of Theorem 8.1. Let z be a smooth function on [0, T] x [—4uT, L] satisfying z(¢, —4uT) = z(t,L) =
0 and set h = a 0z + VD 2.
We then introduce the function w = e~*¥z. Due to the blow up of the function ¢ as t — 0 and
t — T, w satisfies
(%w)(0,z) = (2w)(T,2) =0, =€ (—4uT,L),
still with the boundary conditions w(t, —4uT) = w(t, L) = 0.
Then, setting
Pyw = e *%(a 0 + v0yy) (ePw),
we have that Pyw = he™*?. We then compute the operator Pyw:
Pyw = Pyw + Pow + Rw,

where
Piw = a0;w + 2v s 0, 0w,

Pow = v 0ppw + sadypw + v 8% (0,0)*w,
Rw = ygarrgow.

Let us now compute the mean value of Pyw Pow. Integrations by parts in space and time yield

1/// a 0w Oppw = }1// Oy |0, w|? — l// Oza 0w Opw
T 2 Qr Qr
and

2
// adyw(sadipw + vs? (0z<p)2 w) = 73/ 5‘,5((12 Orp) |w|2 — l/% // Or(a (8z<p)2)|w|2.
T QT QT

Then, we integrate by parts in space and we obtain

T
212 5// Dy Opw Oppw = —1/° 5// Duap |Opw|? + 12 s/ Dpip(t, x) |0pw(t, z)|?
T T 0

=L

)

r=—4uT

and

21/8// Dup Opw (s adppw + v 52 (0pp)? w) = —v 32/ 02(a Dpp Oy p) |w]?
T Qr

2P / 0a((0s0)?) 2.
Qr

Combining all these computations, we get

// PiwPw = }1// 8ta|81w\271// Ora Opw Opw
T 2 Qr Qr

S

2
5 [ el v [[ o)
Qr Qr

—v? 3// 819190 |a:vw|2 - VSQ/ 8z(a’ 89:()0 8t(p)|w|2
T Qr
=L

T
25 [ a@e P+ s [ ot st o)
QT 0

rz=—4uT

10



Recalling the fact that a € W1°°((0,T) x (0, L)) and the formulas (3.22)—(3.26), we obtain, for A and s
large enough,

/ Piw Pyw

Qr

> e, 3\ // & w|* 4 c.s)\? // £|0pw)? — C’// |Opw||Opw]

-C 3>\4// E3|w|? + s\ // €|0,w|?

0,T)x (—4uT,—2uT) 0,T) x (—4uT,—2uT)

> 0*53)\4/ & w|* + Sesa2 // £|opw]? — // —|0sw|

Qr 2 Qr €
—C 3\ // E3|w|* + sA\? // ¢losw? |, (3.27)

(0,T)x (—4uT,—2uT) (0,T) X (—4uT,—2aT)

for some ¢, > 0 and C' > 0, both independent of s > s; and A > ;.
Now, we estimate the L?(L?)-norm of d,w. In order to do that, we observe that

|Oyw| < C|Pyw| + CsAE|O w].

1// P gc// |P1w\2—|—C's>\2/ €02, (3.28)
s Jqr € Qr Qr

Similarly, from the definition of P we get

1 1
7// —|0ppw|? < C// |P2w|2+Cs3>\4/ & w)?, (3.29)
8 T § Qr Qr

for s large enough.

But, using the fact that Pyw + Pow = he™®*? — Rw,

// \P1w|2+// |P2w\2+/ lePngZ// |h\26_25‘/’+2// |Rw|?,
T T Qr T T

and therefore estimates (3.27)—(3.28)—(3.29) yield, for s > s2 and A > Ay and for some constant C' > 0
independent of s and A

1 1
sw/ s3|w|2+sA2// flawaQJr;// g(lamw\2+|atw|2)+// ([Prwf® + | Pyw]?)
Qr Qr T Qr
gc// |h|2672w+c// R + = // L1002
T Qr

+C 53)\4// §3|w|2+s)\2// ¢losw)? ] .
(0,T)x (—4uT,—2uT) (0,7)x (—4uT,—2uT)

Of course, |Rw| < CsA2¢|w| and thus this term can be easily absorbed by the left hand side: for
some constant C' independent of s and A, for s > s3 and A > A3,

1 1
X[ Sup s [[ ol 4L [ F (0l + 0wl
QT QT 8 T§
[ ik s ipwly <c [ e
c 53/\4// §3|w|2+5)\2// ¢lo,w? ). (3.30)
(0,T) x (—4aT,—2aT) (0,T) x (—4aT,—2aT)

11
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Now, we introduce a nonnegative smooth function x that vanishes identically on (—@T, L) and that
takes value one on (—4uT, —2uT) and we compute Pyw & x? w:

// Pgwﬁxzwzl/// amw§><2w+// sa8t<p§X2|w|2+1/52// (8zg0)2§X2\w|2.
T Qr QT QT
t

1/// OewéX*w = —v // |0 w[*¢ X + Z// |w[* 02z (£X7),
Qr Qr 2 Qr
and therefore,

V// |8zw\2§x2:—/ P2w§><2w+%// |w|26m(§x2)+// sadyp & X2 |w]?
T Qr Qr QT

+ vs? // (0z<p)2£x2\w|2. (3.31)

C
Pzngzw‘ < (// P+ s [ £2x4wl2> ,
“//T 53/2)\2 QT QT
we thus obtain
v / / Oa0[26 X
(—4aT,—2aT)

C
= m// |Pawl® + (083/2)\2+C)\2+Cs+052)\2) // £ wl?
s Jar (0,T) x (—4aT,~aT)

C // 2 2412 3 2
—_— |Pyw|® + C's* X\ // & wl?,
$3202 ) Jor (0,T)x (—4T,~aT)
for s,A > 1.

From (3.30), we then obtain

. . 1 1
83>\4/ §d|W|2 + S>\2 // §|axw|2 + - // - (|8xrw‘2 + |8tU)|2) + // (|P1’LU|2 + |P2’LU‘2)
Qr Qr s T £ Qr
< C// |h[?e=2¢ 4+ Cs° A1 // Ewl®. (3.32)
Qr (0,T) x (—4wT,—uT)

We now recall that z = we®?, and thus

Bu

Using

|zle™*¢ < |w|, |0:2]e™%¢ < C(|0,w| + sAE|w]),
|Orzle ™% < C(|Oyw]| + s§2|w|), |0z zle™ %% < C(|0gzw| + sAE|Opw]| + s2>\2§2|w\).

Of course, this immediately yields

1 1
33)\4/ E3e72%) 22 + sA? // £e 2|0,z + ~ // 272 (|0p02]” + 10:2[%)
Qr Qr $JJQr £

< C// ‘aatZ-i-VawaPe_st—‘,—CsB/\zl // €3|Z‘2e—25¢.
T (0,T)x (—4uT,—uT)

Taking s large enough, the lower order terms (9;a)z + 9, (bz) can be absorbed by the left hand side due
to conditions (3.5) on a, b, thus yielding (3.11). O

12



3.3 Proof of Theorem 3.2.
Proof of Theorem 3.2. Let us multiply the equation (3.17) by u &2 e25¢:

// (aOsu + bOpu — VO 1) ue2s“”£i2 = // (9 +v1(_sar, 1)) ueQS“"é. (3.33)

Note that this computation and the ones afterwards are mainly formal since the weight function 6(t)
vanishes at time ¢ = 0 and ¢t = T". To make these computations rigorous, one could introduce, for ¢ > 0,

0(t+¢) for t € (0,3Tp), 1
0.(t) = 1 for t € (3T, T — 3Tp) and @ (t,r) = )
O(t —¢) for t € (T — 3T, T), (0

(65,\ _ exzp(rfﬂt)) . (3.34)

Then, all the computations below can be done with ¢, instead of ¢ and passing to the limit ¢ — 0, we
recover the desired estimates. We will not detail this passage to the limit below, which is left to the
readers.

Let us now come back to identity (3.34) and estimate each term in it:

\//Qfatwe =[5 ], o (e >y<os//%w
gl = e g o [, e

1
‘// (g + Ul(—4ﬂT,—ﬁT))ue2w?

T
¢ // 2 2 25 1 3/2 2[/ L o122
< — gl° + vl _smr, = e — 4+ 0532\ —|u|*e*%%,
$3/2)2 QT(‘| | (—4aT, T)|) 53 T£| |

for s, A > 1. Therefore we focus on the term

—V// Opruues? — = 1/// |0, ul?e 29“’ // |20 ( ) ,
// |0, ul?e 23“" // Oppuue?s® 52 + Cs?\? // lu|?e?5#,

for s, A > 1. Combining the above estimates and the identity (3.33), we obtain

1 C 1
[/ |axu|2625¢72 < 082)\2 // |u|262sso + W [/ (|g|2 + |'U]-(—4HT,—HT)|2)€2S(P*37 (3.35)
T £ T S Qr §

and, according to (3.18),
1 1
sA? // \8Iu|262w—2 < C// |g\2628‘p—3, (3.36)
T E T 5

Now, multiply (3.17) by dyu e?5¢ /¢4

// a|6tu|2 2” // b dpu dpu e®® ——V// Opptt Opu €2%¢ g—

1
= // (g + Ul(_4ﬂT7_§T))atu 625“’—4.
Qr 3

1nf{a} // |0yul?e 2S‘P // aldyul?e 200 L g’

13
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which yields

(3.37)

We then have



whereas the second and the last terms in (3.37) can be handled as follows:

‘/ b Opu Oy €25 < C( // £3|6 u|2 259 4 - // |8tu|2 2s<p>7
Qr .

1

‘// (9 +v1(_sgr,—ur)) Ou 625“’?4
T

< (Cs // |g| + |’U1( AuT. *uT)l 28@53 // |8 u|2 2&80

We then focus on the cross term:

V//Tamuatue //T|(9 ul ('9,5( & )Jrl//QTE) w0 ud, ( ZTO>,

which implies that
62550 e?stp
<Cs // |0, u? =+ C’s)\// |0z u||Opu| ——
£ &
T T

‘—l/// Oyt Oy €259 —
2s¢p inf - 2s¢p
§0(5+52)\2)// |5xu|2e€2 o (“2){“} // \5’tu|2e§4. (3.38)

Putting the above estimates in (3.37) and choosing s large enough, we obtain

6 @
inf (o) // o // (9 + 0 rar, )62+ 0522 [ o

which, due to (3.36), implies
1 // 2 255 1 // 2 250 L
- Owul?e*®? — < C gl7e**? —. 3.39
s T| gl &4 QT| | £ ( )

Finally, to obtain an estimate on 9,,u, we use the equation (3.17):

1 1 L1 C 1
= |0pzul’e®? — <—|6 |22¢£4 ;(\g|2+|Ul(74aT,faT)|2)€2‘¢g4~

Integrating this estimate and using (3.18) and (3.39), we easily obtain

1// 2 2sp 1 // 2 2sp L
- Ogaut|“ e — < C e*%¥ —. 3.40
L e g <o [ e (3.40)

This concludes the proof of Theorem 3.2. O

3.4 Interpolation estimates

In the sequel, it will be important to have estimates on the value of v and J,u at x =0 and z = L. In
order to do this, we will use the following result:

Proposition 3.5. There exists a constant C independent of s, > 1 and R,, such that for all w €
YS,/\,Ru)

T
1
52)\3/ w(t,0)[2e?*¢ 0 __—_qr < CR2. 3.41
[ fwir,0) ) (3.41)
and
g 2 2sp(t,0) L g 2 2sp(t,L) L 2
A / Oz w(t,0)]*e**¥\" dt+/ O, w(t, L)|*e**?""") ————dt | < CR;,. 3.42
0 | ( )| fg(t,O) 0 ‘ ( )l fg(tvL) ( )
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Proof of Proposition 3.5. We focus on the estimate of w at x = 0, the other ones being completely
similar.

Let n = n(z) be a smooth positive function on (0, L) that takes value 1 close to x = 0 and vanishing
at x = 1. Then

T
1 1
213 2 2sp(t,0) _ 243 2 2sp 1
SA/wt,O e“’¥ —s)\// (%(we )
0 (. 0) £(t,0) (0,T)x(0,L) el g
1 1
= —s2\3 // lw|?0,, (77625“’) —252\3 // w Opw ne**?
(0,7)x (0,L) § (0,7)x (0,L) §
1
< Cs3A? // |w|?e?5? 4 C's2\3 // lw||0pw|e?s? -
(0,T)x(0,L) (0.T)%(0,L) 3

. 1
< O3\ // |w|?e?*¢ + Cs\? // |8xw|2625“’—2,
(0,7)x(0,L) (0,7)x(0,L) §
for s, A > 1.

The proof of (3.42) follows the same lines and is left to the reader. O
We will also need estimates on some norms of the elements of Y; \ g, .

Lemma 3.6. There exists a constant C independent of s,A > 1 and R,, such that for any w € Y5\ r,,

s
lwllze(o.x0.L) < CRyexp <—§(65/\ - 64/\)> < CRy, (3.43)
s
||w||L1((07T);W1,oo(07L)) < CR,exp (—5(65)\ — €4>‘)) < CR,, (3.44)
Proof of Lemma 8.6. Estimate (3.43) follows from the fact that w € Y » g, implies s™1/26=2e5%qp lies in

the ball of H'(0,T; L?(0, L))NL?(0,T; H?(0, L)) of radius R,,. Hence it belongs to the ball of L°((0,T") x
(0, L)) with radius CR,,, where the constant comes from the injection

H'(0,T;L*(0, L)) N L*(0,T; H*(0, L)) = L>((0,T) x (0, L)).
We then remark that there exists a constant C' such that for all s, A > 1,
sT1/2¢72e%¢ > Cexp (g(es)‘ - e4>‘)) .

This concludes the proof of (3.43).
The proof of (3.44) follows the same line, by using the continuous injection of L?(0,T; H?(0, L)) into
LY 0, T; W12 (0, L)). O

4 Controlling p

In this section, we construct a solution of the controllability problem attached to the p-part of the map
F defined in (2.16). We assume that v has been constructed as in Section 3 and belongs to some Y » g, -

4.1 Constructing p

As we will see below, the construction of the controlled density p is very natural. Indeed, the main
remark consists in the fact that the density is transported among the flow of velocity @ + u + Aun,
which is close to u. Hence, we will construct a forward solution py of (2.16), a backward solution p of
(2.16) and glue these two solutions according to the characteristics of the flow. To be more precise, we
introduce p¢ defined by

Opy + (W+ u+ Auin)0pps + pOyu + gp’(ﬁ)pf = fin [0, 7] x (0, L),

p¢(0,2) =01in (0, L), (4.1)
pf(t,O) =0in (OvT)a
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and p, defined by

Bepy + (T + u + A ) D pp + pOyu + 2p'(P)py = f in [0,T] x (0, L),
po(T,2) =0 1in (0, L), (4.2)
pp(t,L) =0in (0,7T).

For equations (4.1) and (4.2) to be well-posed, first remark that @ + u + Auy, is in L*(0,T; W°°(0, L))
so the transport equation is easily solvable by characteristics. But one should also guarantee that
U+ u + Auy, is positive on the space boundaries (0,7) x {0, L}. Actually, we will need an even more
restrictive condition on that quantity.

In this section, we will assume that u belongs to Y5 g, for some parameter s, A, R,, to be determined.
And we will also assume that R, and R;, are small enough so that the L*((0,T) x (0, L))-bound of u
given by Lemma 3.6 and the smallness of u;, (coming from (2.5)—(2.6)) imply

L

where Tp is defined in (2.7). Note that this choice can be done independently of s and A thanks to
Lemma 3.6.
Then we introduce the flow associated to the transport equation of p, given by

X (t,7a) =u+ult, X(t,7,0) + Auin(t, X (¢, 7,a)), X(7,7,0) = a. (4.4)

For later use, it is convenient to introduce extensions of u and Aug, to (¢,z) € [0, T] xR (with comparable
norms), so that we can consider the flow X (¢, 7, a) to be defined on [0,T] x [0,T] x R.

Due to (4.3), it is easy to check that there exists
[ao, bo} C (—OO, O),

such that
X(T,O,ao) > Lv X(‘707a0)71(L) < T— 3T0 and X('aovbO)il(O) > 3T07

see Figure 1.

T
—————————————————————————————————————————————————— T — 3T9
Pb
Pf
ffffffffffffffffffffffffffffffffffffffffffffffffff 3Ty
ag bo 0 L | t=0

Figure 1: Geometric setting on ag,by. The straight lines represent the lines ¢ — (¢,a0 + wt) and
t — (t,by + ut), which approximate the flow X.

We take n € C°(R;R) such that
n(a) =1 for a < ag and n(a) =0 for a > by. (4.5)
Remark that for R, small enough, ag, bg and 7 can be taken to be independent of u. We set

p(t,r) = pf(t’ z)(1 —n(X(0,t,2))) + pp(t, )n(X(0,¢,z)). (4.6)
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Easy computations then show that p solves the equation of conservation of mass (2.16), and that
p(0,2) = p(T,z) =01in [0, L],

due to the time boundary conditions on py and p, and (4.5).
Since this p is admissible for the control problem corresponding to the p-part of F', we choose this p.

4.2 A new unknown g

An important argument concerning the control of p consists in introducing a new quantity which we will
denote by u. This quantity will be easier to handle in the estimates.

To explain why this new unknown is relevant, let us consider for a few lines the following simplified
form of (2.10)—(2.11):

Op 4+ W0yp+ 0 =0 in [0,T] x (0, L), (4.7)

Oplt 4+ WO U — Opptt + Ozp = ¢g in [0,T] x (0, L), (4.8)

where g belongs to C°((0,T") x (0, L)), our goal being to find a trajectory (p, ) such that (5(0),a(0)) =
(p(T),u(T)) = 0.

Of course, a natural strategy would be to use a Carleman estimate directly on the parabolic part

to estimate 4 in terms of p and a corresponding weighted estimate for p in terms of @, but we did not

manage to find a suitable set for a fixed point argument. However, if one introduces @i = @ + 9,0, one
easily checks that (4.7)—(4.8) could be reduced to

Otfi + WOy o = 01in [0,7T] x (0, L), (4.9)

Ot 4+ U0, 0 — Ozt + (1 —w) = ¢ in [0,T] x (0, L). (4.10)

Here, the coupling between the two equations is somewhat weaker and the freedom on the choices of the
parameters s and A in the Carleman estimates of Section 3 will hence allow us to set up a fixed point

strategy.

Differentiating (2.16) with respect to x and multiplying it by the constant v/p, we have

v A
==0,f. (411
50:f (4.11)

Of course, since both py and py satisty (2.16), they also satisfy equation (4.11).
Besides, adding it to the equation of u (see (2.17)), one easily obtains that

v v
py(t @) =u+ ﬁﬁazpfv p(t,x) = u+ pﬁazpb- (4.12)

both solve the equation

@i+ (T + u+ Auin)Dopt) + 7 (p’(p)fj + Oa(u+ Aum)> "

—2
= %avf + 9 — Apin(Opu + TOu) + POy [u(u + Augy)] + p'(ﬁ)%u. (4.13)

or, equivalently
Oepe + (T+ u+ Auip )Oppp + kpp = by (4.14)

where the source term h is defined by

—2
ph = %amf + G — Apin(Oru + W) + POy [u(u + Augy)] + p/(ﬁ)%w
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and the potential term k is B
ko= p'(ﬁ)g + 0 (u+ Augy). (4.15)

Note that, to complete the equations (4.14), one should further introduce boundary conditions in space
and time. From the definition of py and pp in (4.12), one easily checks that the boundary conditions in
time simply are

pr(0,2) =0 for x € (0,L), up(Tyxz) =0 for z € (0, L), (4.16)

whereas the boundary conditions in space are given by the equations (4.1)—(4.2) satisfied by py and py
respectively:

v 1 A _
ur(t.0) = mp(t) = ule0)+ 5 (o) (F0) - PO ) ()
1% 1 A .
me(t, L) = mp(t) == 7z <u—|—Aum(t,L)> (f(t,L) - p@mu(t,L)) ) (4.18)

where we have used in (4.18) that the function u constructed in Section 3 vanishes at x = L.
Note that, due to the fact that ps(¢,0) = py(t, L) = 0, we have the following identities

=2 =2 L

pilt.a) =2 / Wty dy, poltr) = = = w)t.y) dy, (4.19)

x

which will be used in the sequel.

Remark 4.1. Note that py and py correspond to primitives of py and py, respectively according to
the formula (4.12). However, u = u + v0,p/p* is a priori different from ug(t,z)(1 — n(X(0,t,2))) +
/J/b(t7$)7’](X(0,t7$))

Our goal in the next subsections is to obtain suitable estimates on the functions py, ps, py, p» that
we constructed.

4.3 Preliminaries: estimates on the flow

In order to estimate p, we will first need estimates on the flow X. In particular, the estimates measure how
close X is to (¢,x) — x + tu when R;, and R,, are small, and give consequences on the weight functions
of Section 2.3 (since the Carleman weight is calibrated with respect to the straight flow (¢,z) — x +tu).

Lemma 4.2. For all (t,x) € (0,T) x (0,L) and 7 € (0,T) such that X (7,t,x) € (0, L),
[(X(7,8,2) = 70) — (z — tw)| < C|r — tf[|u+ Atinl| Lo ((0,1)x (0,1))- (4.20)
Proof of Lemma 4.2. Let us define
I(r,t,z) = (X(7,t,z) —m0) — (v — tu).

As one immediately checks, I'(¢, ¢, z) = 0. Besides, I'(7,t, z) satisfies the equation

dr(r,t
(;7’737) = (@+ulr,X(1,t,x)) + Au (1, X (7,¢,,2))) — T
-
u(r, X(1,t,2)) + Auin (1, X (1, ¢, , z))
I't,t,xz) = 0.
Therefore,
dl'(r,t,x
‘(dr ) < w4 Atinll Lo (0,1) % (0,1)) 5
and estimate (4.20) immediately follows. O
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In the following, we shall use the following simple identity on the Carleman weight, which comes from
the design of the weight function in (2.21):

> p(t,x) for all (¢, 7) satisfying 0 < 7 <t <T — 3Ty,

p(r2 = (t = 7)) { = p(t,z) for all (t,7) satisfying 3Ty < 7 <t < T — 3Tp. (4.21)

Of course, when following the characteristic flow associated to uw + u + Au;,, these formula are not true
anymore but we still obtain the following approximation lemma:

Lemma 4.3. There exist constants Cop > 0, Ag > 0, so > 0 such that for all p € [—4,-2], for all
(t,z) € (0,T — 3Tp) x (0, L), for all T <t such that X (7,t,z) € (0,L), for all A\ > Ao and s > so,
plog (&§(m, X (7,t,2))) — 2s5¢(7, X (7, t,z)) < plog (£(t,x)) — 259(t, x)
+ CosAe™||u + Auinl| oo ((0,7)x (0,0))-  (4.22)

Proof of Lemma 4.3. This follows from an explicit computation of the difference and we shall prove the
following equivalent form of (4.22):

§(t, )

S ) > _COshe?? Atinl oo . (4.2
£(T,X(T,t,x))> e ut Atin =0 yx(o.y)- - (4.23)

25(p(r, X (r.1,2)) — (1, 7)) + plog (

First, for all 7 € (0,¢) and ¢ <T — 3Ty,
1

5 (85,\ _ eAw(mfﬂt))

(L N s (X (rta)—ur)
- (0(7) 9(t)> (6 € )

(e)\l/)(w—ﬂt) _ e/\w(X(T,t,w)—ﬂT))

(,0(7', X(T7 L, ‘T)) - QO(L l‘) = <65)\ - 6>\¢(X(Tyt’z)7ﬂ‘r)) -

_ (Z((i)) _ 1) % (€5>\ _ eAw(X(T,t,r)—ﬁT)>

& (X (rotx)—aT) ( A (e —ut) —p(X (T, t,x)—uT)) 1
+9(t) e (e ).

Using (2.19), Lemma 4.2, 7 < ¢t and exp(y) — 1 > y, we thus obtain

(Z((i)) -~ 1) % <e5’\ _ e)ﬂ/)(X(T,t,z)fﬂT))

C
— e Mt|Ju + Atin || Lo ((0,7)% (0,1)) -

—_

90(7-7 X(Tv t, x)) - (p(t, .73)

o(t)
Since t < T — 3Ty, t/0(t) is bounded:
o(t) L/ sn  ae(X(rtaz)—ar)
_ > AN I _ it )
o(r, X(m,t,2)) — p(t,z) > ( o0 1) o (e e ) (4.24)

—CeM|u+ Ain Lo ((0,7)x (0,L))-

Let us emphasize that the first term in the right-hand side is positive for 7 < t.
We now focus on the estimate of log(&(¢, ) /&(m, X (7,t,2))). According to the definition of £ in (2.23),

—«E(t,x) =1lo @ T —ut) — T,t, ) —ur
log(f(T,X(T,t,x))>_lg<9(t))+)\(w( Vo vn e ).

Of course, from (4.20), we immediately deduce that, for p € [—4,—2] and 7 < ¢,

£(t,x) 0(t)
log [ —S2% V<o 2 4 At || oo : 42
‘p og <§(T,X(T,t,x)) <C 80r) + OAtflu+ Auinll o ((0,1)x (0,1)) (4.25)
where we used o(r) 6(t) 6(t)
T t t
log| —=)|=log| %)< % -1
" (9@))‘ (5) < i)
We then deduce (4.23) from (4.24) and (4.25) for s and A large enough. O
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Lemma 4.4. There exist constants Cop > 0, \g > 1, s9 > 1 such that for all p € [—4,-2], for all
(t,x) € (0,T — 3Tp) x (0, L), for all A > Ao and s > sp,

t
/ fp(T, X(T, t, $))672S¢(T7X(T’t’x))d7' < tfp(t, m)672s¢(t,m)ecos)\e4/\HquAumHLoo7 (426)
t* (t,x)

where t*(t, x) is defined as follows:
t*(t,x) :=inf {7 € (0,t) such that V7 € (19,t), X(7,t,x) € (0,L)}. (4.27)
We also have
Pt (8, 2), X (t° (8, 2), £, ) Je 200 (1) X (0) 02)) < ¢p(y g)e290(10) Cosre P lutAuinllzes (498)

The time t*(¢,x) corresponds to the entrance time in (0,7") x (0, L) of the line of the characteristic
through (¢, ). Accordingly,

(6, 2) = 0 if z > X(t,0,0),
T X t2)7H0)  ifa < X(£,0,0).

Proof of Lemma 4.4. Taking the exponential of (4.22), we obtain, for all 7 < ¢,
(1, X (1, t,2))e 25 (m X (Th2) < P (1 2)e™25¢(02) oxp(Coshe™ ||u + A || Lo ).
This immediately yields (4.28) by taking 7 = ¢t*(¢, «) and (4.26) by integration between t*(¢,z) and t. O
We now prove that, for ¢ fixed, the map z € [0, min{X (¢, 0,0), L}] + t*(¢, ) is a C'-diffeomorphism:
Lemma 4.5. Fort € (0,T), the map
t; cx € [0,min{X(¢,0,0), L} — t*(t, x)

is a C diffeormorphism of bounded jacobian for

[l + A | pe < and Oy (Aui, +u) € L*((0,T); L%°(0, L)).

| gl

We then have the estimate:
o exp(— 0 (Auin + ) 210y 0.09)) < 10085 (2)] < 2 exp (00 (Atin + 1) L23 0. y20.)- (4:29)
Proof. We rather study the inverse of ¢}, which is deduced easily by the formula
X(t,t*(t,x),0) = x.

Hence we define
Ty T €[0,t] — X(t,7,0).

One easily checks that X satisfies

@ 0:X(0,7,0)) = 0u (At + )t X(0,7,0))0, X (1,7,0). (430)
whereas d
0 X (t,7,0) 4= = d—(X(T, 7,0)) = 0 X (t,7,0) 1= = — (U + Auip + u)(7,0).
T
Hence

¢
0,74(1) = —(U + Augp + u) (7, 7) exp (/ Oy (Mg, +u) (7, X (7, 7,0))0,. X (7', 7,0) dT’) ,

from which we easily deduce Lemma 4.5. O
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4.4 Estimates on

In this section, we focus on getting estimates for 1y and .
In order to do that, we will assume that h writes

h = hy + ha, (4.31)

with . )
// — €|y |* + // €7 |ha|* < oo. (4.32)

0,1)x0,L) & 0,1)x0,L) §

In other words, h; has a bit less “integrability” near ¢ = 0 and ¢ =T' than hs.
To be more precise on the decomposition (4.31), we will introduce f and § defined by:

I o= F=C0 @0+ Apinds, (4.33)
g = §+0 P+ Apin)0sp, (4.34)
(recall that f and § were introduced in (2.16)-(2.17)) and h; and hy as follows:
Bhy = f%Apmamﬁ — Apindsu, (4.35)
Ao Vo y LV N
pha = (W(0) =P (P + Apin)) Oup + S0uf + G — ZADupinOr (4.36)
—2
+90, [u(u + Augp,)] + p’(ﬁ)%u — Apin0yu.
In particular, we have (see (2.8))

hi(t,z) =0 V(t,z) € (3Tp,T) x (0, L). (4.37)

Of course, we shall check later, see Section 5, that these choices for h; and hy indeed satisfy condition
(4.32).
We shall also assume that Aug, +u € L>((0,T) x (0, L)) N L((0,T); W1°(0, L)) with
| Atin + |l Loo ((0,7) % (0,L))nL2 ((0,17); W15 (0,)) < 1. (4.38)

Let us emphasize that this can be done for R;, < 1/2 and u € Y; \ g, with R, small enough independent
of s, A\ according to Lemma 3.6.
Note that this also imposes k € L'(0,T; L>(0, L)) and

P
1kl 0,7);00,0)) T (p’(p)y + 1) (4.39)

(see (4.15)).
Finally, we will also assume that the boundary conditions py and py satisfy;

[€732e2)(t,0)my(t) € L*(0,T = 3Ty),  [€7*2e](t, Lymy(t) € L*(3Ty, T). (4.40)

We now explain how to estimate py and pip.
We first focus on 15, solution of (4.14), (4.16), (4.17) and in that section only, we remove the subscript
f (we will explain in Lemma 4.7 that our estimates also apply to pup):

{ Oipe + (T + v+ Ain ) Oppp + k= h in (0,T) x (0, L),
u(t,0) =m(t), p(0,-)=0.

Using the characteristics X (¢,7,a) defined in (4.4), one easily checks that, for (¢,7,a) € [0,7] X
[0,T] x [0, L], such that X (¢,7,a) € [0, L],

(4.41)

t 7 ’ ’ ’
w(t, X (¢, 7,a)) = p(r,a)e” 7 H X @ ma)dr’ 4 / h(7, X (7,7,a))e 7 KO X ma)dr gz
Of course, due to the fact that the characteristics go from left to right, see (4.3), for = € [0, L] and
t € [0,T], we have two cases, depending on the position of x with respect to the characteristic X (¢,0,0):
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e x> X(¢,0,0): in this case, we use the above formula to get:
t N
wu(t, ) z/ h(7, X (7, t,x))e” Jo HmX (T to)dr gz (4.42)
0

o z < X(¢,0,0): in this case, the characteristic through (¢, ) lies outside (0, L) at time ¢t = 0. We
shall therefore take 7 = t*(¢,z) and a = 0 in the above formula:

t t T
ua,x>::vn@*@,x»e—léua>Mﬂ*xﬂ“z”df-+u/ W7, X (7,1, 2))e” I HOX ) dr gz

t*(t,x)
(4.43)
Recall that k is supposed to be in L(0,T; L>°(0, L)) (see (4.39)), so that in particular
‘e_ [P k(e X (7 b)) dr’ <, V(t,7) € [0, T2, (4.44)

Let us begin with the estimates in the zone “below the diagonal”, that is for (¢,z) satisfying z >
X(¢,0,0). Using (4.26) for p = —3 and p = —4, for (¢,z) € (0,T — 3Tp) x (0, L) with x > X (¢,0,0),

|u(t, )|* <C (/Ot |h(T,X(T,t,$))|dT>2

t ) e2stp(T,X(T,t,$)) t A 2sp(r X (t.2))
<C h X(7,t — X(7,t 28R ATLT)) g
<0 () It XtntanP e par) [ €t Xt ")
t ) eQSLp(T,X(T,t,%)) t 3 2s(r X (t.2))
+C (/ |ha (T, X (7,t, )| dT> (/ &(r, X (7, t,x))e” 2P\ mATLE dT)
& (r, X (7, t,x)) 0

2 7, X (7,t,
<c(/ |h1TX(Tt30))|2 - x))) )t§4(t,a:)e—m(tvw)ecosAeMI“+Aumlm°

e X(rta)
C h X 2 23¢(T7X(T7t7w)) d 3 25 (t,x) ,Coshe*™ [[utAuiy, |
t t —2s¢(t, 0 in|lLoo
0 (] e Xt D i gy ) € e 0 |

In particular, this implies that, for all ¢ < T — 3T, such that X (¢,0,0) < L

L 2590(15 x) 254’0(7_ ¥)
/ |,u(t,:v)|2 53( ) dx < Ce ax CUSA€4A”u+Aum|\Lm/ / |h1 T, y drdy

X(£,0,0) &y
2sp(T,y)
+ CCCOSAEAL)\H/U/JFAui?L“LOQ / / |h2 (7" y)|267 dey. (4.45)
o Jo &3(,y)

Here, we have used Lemma 4.5. Of course, similar estimates can be done in the zone “above the diagonal”,
that is for (¢,2) € (0,7 — 3Tp) x (0, L) with z < X (¢,0,0), except for what concerns the boundary term.
This term can be handled using (4.28) with p = —3 as follows:

, 2
m(t*(t,x))e” i 4,0y R X (7 t2)) dr

) eZstp(t*(t,:v),O)
< t*(t —_——
T e
In particular, this implies that, for all t < T — 3Ty,

min{X (¢,0,0),L} e2s0(t,) i i e25¢(7,0)
£ )2 dx < CeCosre Hu+A“m“L°°/ I d
A It D gz gy 4 < e ImO et

> (53(t7x)6725¢(t’z)> ngsAe4)‘\|u+Aum|\Lw )

2s0(7,y)
1 Cetre Cos)\e“\lquAumHL"o/ / |ha (T y)|26(7)d7'dy (4.46)
T’
25:,0(7',3;)
+Cecos)\e4k|‘u+AumHLOO// |h2(7-,y)| 3 dey7
o Jo &(7,y)
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where we have used that the map = — t*(¢,z) defines a change of variable of bounded jacobian, see
Lemma 4.5.
Therefore, combining (4.45)—-(4.46), for all ¢t € [0, T — 3Tp], we have

L 2sp(t,x) T-3To ( 0)
e 4 6 T,
ult, 2) S da <CeCoe ||u+AUin||L°°/ G
/0 lts 2) &3(t, x) v Im(r) (7, 0) "

T—-3To e25¢(7y)
+Ce4>\ecos>\e“”“+[\“m”m°/ / |h1 (T, )] Sy ———drdy (4.47)

T-3To e2se(T,y)
el [ / ha(r, ) Sy drdy.
0 0 & (ry)

We can now estimate .

Lemma 4.6 (Estimates on s). Assume that
e hy and hg given by (4.35)—(4.36) satisfy (4.32);
o Augy, +u belongs to L>=((0,T) x (0, L)) N LY((0,T); W1°(0, L)) and satisfies (4.38);
o [€73/2e5¢14](L,0) belongs to L*(0,T).

Then there exist constants C, sg and \g such that for s > sq and A > Ag,

L e2sp(t,x) T-3To e2se(t,x)
sup ]/ |.Uf(ta$)| dz+/ / s (t, ) Bn) dtdx
0

[0,7—3Ty )

T—3To
A 0)
< 06C05A64k|\u+/\um”L°® / m 2 i dr 4.48

T—3T, e2 \Y)
N 064)\6008/\€4>\Hu+/\um|\mo ’ |h1 T, y e ———drdy
£4(r,y)

T— 3Tg 2s(7,y)
4 €
+ CeCosre Hu+A“in“L°°/ / |ha(7, y)|* 5 —— drdy.
o 0 &3(7,y)

Proof of Lemma 4.6. The proof follows directly from (4.47) and the fact that

T—3To 25@(t z) L 25@(15 z)
/ / |y (t, ) dtde < C  sup / |uf(t,x)| dx

&(tx) [0,7-3To] Jo &(t,x)
O
Similarly, one can derive estimates on py:
Lemma 4.7 (Estimates on up). Assume that
o hy and hg given by (4.35)—(4.36) satisfy (4.32) and (4.37);
o Au;, +u belongs to L>=((0,T) x (0, L)) N LY((0,T); WH>(0, L)) and satisfies (4.38);
o [673/2e321)(t, L) belongs to L?(0,T).
Then there exist constants C, sg and \g such that for s > sq and A > A,
L 2s¢ 25(,0 (t,z)
sup / | (t, ) |2 dtder/ / |y (8, ) dtdx
3T0,T] Jo &(t,x) 3T, &(t,x)
< CeCosre™ lutAuin|poo /T [ (7) |2 er(r.L) dr (4.49)
3T, &(r, L)

e2s¢(Ty)

- drdy.
Sy

T L
+ CeC’os/\e“Hu+Aum||Loo /3T /O |h2(7’, y)|2
0
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Proof of Lemma 4.7. Set u(t,x) = up(T —t, L —z). Then p solves an equation of the form (4.14) (k(t, x)
replaced by —k(T —t,L — x)), where hy can be taken to be 0 since it vanishes outside (0,3Tp) x (0, L),
and thus estimate (4.47) applies since we never use the sign of the derivative of ¢ (which has changed
doing this transform), but only the direction of monotonicity of §. Undoing the change of variables, we
obtain (4.49). O

In the following, we explain how to deduce estimates on 9,p and p from (4.48)—(4.49) for 1y and .

4.5 Estimates on 0,p

Having obtained estimates on py and up, we can deduce estimates on dypf and 0, ps.

By construction, we have
—2

D
Oupy = —-(uy —u).

Thus estimates on 0,ps can be immediately deduced from the ones on py and w:

1€73/2*0apy || L2((0,7-3m0) x (0.2)) < €72 %€ sl (0, 7—3m) % 0,0)) + 1€ 2™ ull L2 ((0,7)x (0,1))-
(4.50)
Similarly, estimates on 0, pp follows from the ones on p; and w:

—3/2

1673/ 2*20upy | L2 (a1, % 0,0)) < NET 2™ ]| 2w 1y % 0,1) + 162 2 ull 201y 0 0,0))- (4:51)

Remark that, since we assume that u € Y, \ g, for some R, £ 2e*u € H(0,T;L*(0, L)), hence it is
L>(0,T; L*(0, L)). Therefore, using the L>(0,T — 3Tp; L?(0, L)) estimates on £~3/2¢5 1, in (4.48), we
deduce that £2e?9,p; € L>(0,T — 3Ty; L?(0, L)). Similarly, £~2e5¢0,p, € L>(3Tp,T; L*(0,L)) and
we have the estimates:

_3/2es¢ﬂf||L°°(O,T73TO;L2(O,L)) + 1€7%e*ul| g1 0,73020,1)),  (452)
73/265@

||5_2€‘w5mpf||L°°(0,T73T0;L2(0,L)) <€
16728, pol| L= (s, 7:22(0,)) < 1€ fol| L= amy 122 0.0)) + 1€ %€ ull o rir2 0,0y, (453)

In the following, we assume that we have estimates on the L?((0,T —3Tp) x (0, L)) and L?((3Ty, T) x
(0, L)) norms of 5*3/265‘9&6% and £3/2e599, py, respectively, and also on the L>(0,T — 3Ty; L?(0, L))
and L>(3Ty, T; L?(0, L)) norms of £ 2e%?0,p; and £ 2520, py,.

4.6 Estimates on p

We can now deduce estimates on p.
e Step 1. Estimates on ps(t, L).

Note that py solves equation (2.16) with p(0,2) = 0 and py(¢,0) = 0 by construction. Therefore,
for ¢ such that X (¢,0,0) < L, ps(¢,L) is given by

pr0) = [ (7= pa)(r Xt D) exp (=2 @) - 7)),

whereas, for ¢ such that X (¢,0,0) > L, py(¢, L) is given by
t _
. D,
ps(t, L) = / ( )(f — pOgu)(r, X(7,t, L)) exp (—Vp’(p)(t - T)) dr.
t*(t,L
Therefore, following the proof of Lemma 4.6, we get

Lemma 4.8. There exist constants C, s and Ao such that for s > sg and X > Ay,

T—3Tp 2s¢(t,L) T—-3To 2s¢(T,y)
(& EDY (&
pr(t, L)|?———dt < CeCore lutAtinlre / / (T,y 27d7'dy

T—3T, e2se(Ty)
+ C CS)‘eéulluJ"AuleLoo / / ‘8 u T, y ( y) dey (454)
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Proof of Lemma 4.8. The proof follows line to line the one of Lemma 4.6 and is left to the reader. [

e Step 2. Global estimates on p.
Here is a key lemma that will allow us to obtain global estimates on p directly from the ones on J,p;,
Ozpp and the one of ps(t, L) above:

Lemma 4.9. There exists a constant C > 0 independent of s and \ such that for all a € H*(0, L), for
allt € (0,T), for all s, A\ > 1,

ergo(t,O) L erap(t,m) C L erap(t,m) engp(t,L)
a(0)[? + / a(x)|? de < — a'(x)|? dx + |a(L)|? . 4.55
O gy Ny O gy = x ), O ey e ey 49
Proof of Lemma 4.9. The proof is based on the following identity:
e2s¢(t,L) e2s¢(t,0) L e2s¢(t,2)
DPEED g, ()
“ean ey = ) " e
> [ et @ o200 [ late) et
= ar)a (x) 77— dr — 2s alx T —Ut)———— dx.
0 52(t,{L‘) 0 f(t“%‘)

Since ¢’ (x — wt) is negative on (0, L) for ¢ € (0,T) by construction (see (2.19)), there exists ¢, > 0 such
that
7//(17 _ﬂt) <~ (tvx) € (OvL) X (OaT)

But we also have

2/L ( ) I( )62‘990(75):’7) d )\/L | ( )|2 625¢’(t7w) d 1 L | /( )|2 625¢(t’$) i
a(z)a' (2)——— dz| < cys a(x x + / a(2)]? ————dx,
0 §2(t, ) 0 &(t, o) cxSA Jo £3(t, x)

which yields the result. O

Using Lemma 4.9, we immediately obtain:

Lemma 4.10. For s > sg and A > Ag,

T—-3To 25¢(t x) T-3Ty 254,0(t z)
s)\/ / lof(t, z) fiw dtdz < —/ / |0zp¢(t, x) &t.2) dtdx

2s¢(t,L)

T—3Toy e
+C/ lps(t, D)) 30 1) dt  (4.56)

and

T e290(10) 250 (62)
/ lpu(t,0)]? dt + s)\/ / lpw(t, )2 dtdx
3 3To

T &(t,0) §(t, )
2sg0(t x)
/To/ |0z pp(t, ) &0 2) dtdz. (4.57)

Using Lemma 4.10 and the definition of p, we obtain the following estimates on p:

T rL 2s¢p C T L 2s¢p
2¢ 2€
/0 /0 ! § s2A2 3T J0 | | &3
C T—-3To L eQSLp C T—-3Toy ertp(t L)
— Dppr|? —— dtd — 2 dt. (4.58
o R R e e o R

Using (4.57) and since p¢(¢,0) = 0 by construction, we deduce

Aprm|f” /R/‘a
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Similarly, py(t, L) = 0, and then
T ) eZscp(t,L) T ) erzp(t,L)
o(t, L 7dt:/ ot D2 —— at, 4.60
| et gy = [ e 0P G (460)

which is estimated by Lemma 4.8.

Finally, let us explain how to obtain L>((0,7) x (0, L)) bounds on p. We do it independently for ps
and pp. Using that ps(¢,0) = 0 and (4.52), we immediately get by Sobolev embedding that pses?/? €
L>®((0, T —3Tp) x (0, L)). Similarly, ppes?/2 € L=((3Tp, T) x (0, L)). Thus, pe*?/? € L>((0,T) x (0, L)).

To get an estimate on 9;p in L2((0,T) x (0, L)), we then use the equation of p (see (2.16)).

5 The fixed point argument

In this section we prove that the operator described in Section 2 admits a fixed point provided that
the initial data is chosen suitably small and that the parameters s, A\, R, and R, are suitably chosen.
This fixed point is obtained via Schauder’s fixed point theorem. Hence we are going to focus on the two
following issues:

e the operator F : (p,4) — (p,u) maps the set Xs AR, X Ys xR, into itself for conveniently chosen
parameters s, A, R, and R,;

e Fis continuous on X\ r, X Ysx g, equipped with the L*((0,T) x (0, L))*- topology.
We first focus on the first item in Sections 5.1-5.2 and then develop the fixed point argument in Section
5.3.
5.1 Estimates on u

To get estimates on the function u constructed in Section 3, we shall use Theorem 3.2 and Proposition
3.5. Therefore, we shall first derive an estimate on the L2((0,T) x (0, L))-norm of ¢ §£=3/2:

Lemma 5.1. There exists a constant C independent of s,\ > 1 and R,, R, Rin, <1 such that for all
(p,0) € Xs AR, X Ys \R.»

15 €% €72 20,1y x 0.2)) < C (Rp + Os a(Rin) + R, ) - (5.1)
15€% €220,y x 0.1)) < C (Osa(Rin) + R + R, (5.2)
where § = g(p,4) is defined in (2.13) and § is defined in (4.34).

Proof of Lemma 5.1. 1t is a matter of estimating the different terms in ¢ and g by using the estimates on
pand 4 in X R, and Y; \ r,. We regroup the terms that are treated likewise. The various constants
C below are independent of s, A and R,, R, and Rj,.

e First using the uniform bound on p;;, and the definition of X \ g, one has immediately

1P (P + Apin)0up 65@573/2||L2((0,T)><(O,L)) < CR,.

It is the only term estimated by R,; it appears in g but not in g.

e Now, using that the following terms are compactly supported in time in (Tp,27p), we also have

H ( — (P + Apin )N i — (0" (P + Apin) — D' (P + pin)) Ao pin
+ pmatum (A — A2) + pmﬂaﬁum(/\ — AZ) + ﬁumﬁxum (A - AQ)

< Os,)\(Rin)

+ pznuznaaﬂhn (A - Ad)) 65¢673/2
L2((0,7)%x(0,L))

(see (2.5)).
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e Next, by using the definition of Y; g, and (2.24),

(AP + Apin)aw(ﬁ“in))eswg_3/2HL?((O,T)x(o,L)) < Osa(Fin) Ru.

e We obtain the following estimate by using the definition of Y x g, , (2.24) and (3.43) in Lemma 3.6:

H (B + Apin )i 6ﬂvﬁ)ewf_g/zHL%(O,T)x(o,L)) < OR,.

e Next, again using Lemma 3.6, one obtains

e Using that for some constant ¢ independent of s, A > 1 one has sup(m){sl/z{lﬂe*s@m} < ¢, one
obtains:

ﬁ(axAuM) (@ + Auin + a>az<Aum>) esoe 302

< CR,Rin.
L2((0,1)%(0,L))

H;s(ata + (@ + Augy + a)axa> eSPe3/2

< CR,R,.
L2((0,T)x(0,L))

e Using the regularity of p and the boundedness of p and p, we get that pointwise
P/ (P + Apin + ) — P (P + Apin)| < Clpl,

and similarly as above,

H ([p’<p - Apin +5) — 75 + Apin)] O (Apim + ﬁ))es“’f‘?’/z
L2((0,T)x(0,L))

Gathering all the estimates above, we reach the conclusion. O

Using the estimates of Lemma 5.1, according to Theorem 3.2, we obtain

A2 | e L2 0.1y 0,0) + 82 M0z e €7 20,1y % (0,1)
+ 52| 0pau e €72 | 20,1y x (0,0)) + 5210w €% €72 20,1y % (0,1))
< C1 (Ry + Osp(Rin) + RY) . (5.3)
Hence we get to the following statement.

Corollary 5.2. There exist ¢y > 0, Ry > 0 independent of s, A such that, if

R, < Ry, (5.4)
and
R, < 1R, (5.5)
then for any s > s1, A > A1, there exists Ki1(s, A\, R,) > 0 such that if
Rin < K1(s,\, Ry), (5.6)

then the u-part of F(p,0) belongs to Ys x g, for any (p,0) in Xsr, X Yz r, and conditions (4.3) and
(4.38) are satisfied.

Proof. The fact that one can choose ¢; and R; such that the u-part of F'(p, @) belongs to Y; a g, follows
from (5.3). Indeed, take R; small enough such that C;R? < Ry /3. Then, set ¢; = 1/(3C}) and take R;,
small enough so that O, x\(Ripn) < Ru/(?)Cl).

Conditions (4.3) and (4.38) need to be proved. Applying Lemma 3.6, there exists a constant R
independent of s, A > 1 such that, taking R, and R;, smaller than Rl, we can furthermore guarantee
that conditions (4.3) and (4.38) hold.

We thus set Ry = min{Rl, Rl} O

In the sequel, we choose R,, R, and R;, so that (5.4), (5.5), (5.6) are satisfied. In particular,
u € Y, x r, and conditions (4.3) and (4.38) are satisfied.
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5.2 Estimates on p

To get estimates on p, we shall use the estimates given in Section 4. They will be based on estimates on
oy, ty. Of course, these first require to get estimates on the source terms hq, ho given in (4.35)-(4.36),
and the boundary terms my, my, given by (4.17)—(4.18).

Lemma 5.3. There exists a constant C independent of s, A and R,, Ry, Rin such that for all p € X \ R,
and 4,u € Y R,

exp(C'Os)\e4)‘|\u + AuinHLN((O,T)X(O,L))) S C(l + O&)\(Rin)), (57)
I1f € L2 (0,m)x(0,0)) < C (Osa(Rin) + R, + R2) (5.8)
1 €€ 2(0,m)x (0,0)) < C (OsA(Rin) + Ry + R2) (5.9)
71 e‘wﬁ_2||L2((0,T)X(O7L)) < 064/\8an + 6_4)\R12“ (5.10)
_ 1
b2 €*2€732|| L2 0,1y x (0,1)) < C (OS,)\(R n) + e e T R)+ RQ) (5.11)
_ 1
||mf(')63<pf B/QHLQ(O’T) < C (\/X<Ru + Rp) + Os,)\(Rin)) ) (5'12)
o 1
[ms(-)e*€ 3/2||L2(07T) <C (ﬁ(Ru +R,) + OS,A(Rm)> ) (5.13)

where f = f(p,a) and f are given by (2.12) and (4.33).

Proof of Lemma 5.3. All these estimates are obtained independently and we prove them one by one.

e Proof of (5.7). Using Lemma 3.6,

A

exp(C’os)\e4’\Hu||Loo((07T)X(O’L))) < eXp(Cos)\e‘D‘eXp( s@(t)/2)Ry,)
( 5\ _

exp(CosAe* exp(— e™)/2)R,) < C,

since A > 1. On the other hand,

exp(CosAe™ [ win|| Lo (0.7 x (0,1))) = (1 + Os A(Rin)).-

These estimates yield (5.7).

e Proof of (5.8). The function f is defined by (4.33): using the definition of f= f(p,a) in (2.12), we
get:
f=—=Npin+ (A= A2, (pintiin) — MOppin)tt — A pytisn — p Oy, (5.14)

The first two terms —A’p;y, + (A — A%)0,(pinuin) are compactly supported in time away from ¢ = 0 and
t =T (in (To,2Tp)) and depend only on p;,u;,, So

| (=Apin + (A = A*) 0 (pintiin)) €2 | 20,1 % (0,2)) < Osa(Rin).-
Next, using the L>°((0,7T) x (0, L)) norm of 9,p;y,, we infer
| = AOwpin)ue*?E | L2(o.1)x(0.0)) < CRinRy < CRZ, + CRL.

Similarly,
|| - Aﬁ&Eumes“’f’l||Lz((07T)X(07L)) < CRpR”L < CRIZ) + CR?H

Finally, the term p d,u is quadratic:
17 02 e*?€ M 201y x (0,0)) < CR,Ru < CR; + CR;,.

This concludes the estimate (5.8) on f.
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e Proof of (5.9). Of course, we already have the estimate (5.8), so we only need to estimate

F=F=L0@6 - Apindsi.

By definition,
1pe*2€ 20,y % (0,L)) < Rp-

The last term satisfies
[Apindzit €€ | 20,1y % (0.0)) < CRinRy < CR}, + CR2.

This concludes the proof of (5.9) since, due to (2.26), R2 < R,.
e Proof of (5.10). Using the definition of Y; x gr,,,

[Apin Ozati €€ 2| 20,1y x (0,1)) < CV3Rin Ry < Cse**RE + e R2.
and using Corollary 5.2, that

[ ApinOiue*?E 2| 1201y x (0,1)) < CV8RinRy < Cse® R2 + e *R2. (5.15)
According to the definition of hy in (4.35), we thus obtain (5.10).

e Proof of (5.11). Recall the definition of hy in (4.36):

o v T~ v N
pha = (p,(ﬁ) - p,(ﬁ+ Apm)) Oep + %@cf +9— %Aaxpinaxu
Yo

+ 00y [u(u + Augy)] + p/(ﬁ)ju — Apinudyu.  (5.16)

We shall estimate each term separately.

* Using the fact that p’ is Lipschitz (in a neighborhood of p), we deduce

(' (B) — ' (B + Apin)) 0up €263 2| 1207y x (0,0)) < CRinR, < CR, + R}

* Estimates on 0, f . To estimate the second term v0, f /P, we develop it. Differentiating f , we have
8mf = _Alaxpin + (A - AQ)awz(pmum) - Aaw((azpzn)u) - Aﬁz(ﬁ aﬂcum) - a$ﬁ 8z'& - ﬁawmﬁ (517)

The first two terms are compactly supported in time away from ¢ = 0 and ¢ = T and depend only on
(pin; uzn) 9 3/2
H (_A/Bl'pin + (A —A )au(f)mum)) esgpg— / ||L2((0,T)><(0,L)) < OS,A(Rin)'

The third one is estimated as follows
||A8x((8zpm)u)€w§_3/2||L2((0,T)x(o,L)) <CRinR, < CR} +CR2.

Similarly,
||Aaz(ﬁ a:vuin)6&106_3/2HLQ((O,T)X(O,L)) < CRian < CR?n + CRI%

Finally, the last terms are quadratic:

102 Datt €32 || 20,1y x (0,L)) < 1872200 pll e (0,122 (0,1 I8~/ 20t €6 2| L2 (0,151 (0,1)
< CR,R, < CR.+CR.,

where we used the Sobolev embedding L?(0,T; H'(0,L)) — L?(0,T; L>°(0, L)) on s~/20,ue*?¢~2 and
the fact that s'/2¢1/2e=¢/2 is uniformly bounded on (0,T) x (0, L).

29



Similarly

19 Ozatt e*PE 32| 20,1y x (0,0)) < 118" 2P % || L (0,7 x (0,0 15T ? Dua €™ € 2| L2 (0,7 x (0,1
< CR,R, < CR.+ CR.

To sum up, we have obtained the following estimate on 9, f

102.f €2€ 32| 12¢0,1)x (0,1)) < C (Osr(Rin) + B2+ R2) .

* Let us now come back to the estimates of the terms of hy. We already have an estimate on g, which
is the one given by Lemma 5.1. Going on,

A8y pin Ozt €*PE /|| 12 0.7y x (0.1)) < CRinRu < CRZ, + R2.

Similarly,
||Apmamu 68805_3/2||L2((O,T)><(O)L)) < CR;,R, < CR?,L + Rz

Then we have again a quadratic term
100 [u(u + Auin)] €232 20,1y x (0,1)) < 105t €26 | L2((0,7) % (0,L)) 12l Lo (0,7 % (0, )
+ CRin ([105ue*?E | 2g0.m) % (0,0)) + 0| L20,7)x (0.1))) < CR2 + CR3,.
Finally, there is a linear term in u:

S ¢—: ¢
|ues¢ 3/2||L2((07T)><(07L)) < WRH'

These estimates all together yield (5.11).

e Proof of (5.12). Thanks to (4.3), we have

1

<
T+ u(t,0) + Augn(t,0)

L>(0,T)

SERN

It follows that

Imy(t)] < |u(t,0)] + C|f(t,0)] + C|dul(t,0)].

,0)
The difficult part consists in the estimate of f(t,0): for all ¢ € (0,T),
F(£,0) = =Npin(t,0) + (A = A*)Dn (pinttin) (£, 0) = ADw(pin ) (£, 0) — Ap(t, 0)Dtin (£, 0)
— plt000:0(1,0) + Lo/ ()i, 0).
Hence
my ()] < [u(t,0)] + Clozu(t,0)] + C| = N pin(t,0) + (A = A%)u(pintiin) (£, 0)| + Cli(t, 0)].

Using the interpolation results of Proposition 3.5, we have that

C C c

||(65W§—3/2u)(t, O)”LZ(O,T) + ‘|(65¢§—3/28ru)(t,0)||L2(07T) S S)\T/QRU’ + WRU' S ﬁRu

Then, since p € X, A R,

_3/2 4 C
1(e*2€73/2p) (£, 0) L2(0,7) < ﬁRp-
Finally, since pin(t,0), 0xpin(t,0), Dpuin(t,0) all are in L>°(0,T'), we have

| (A pin(t,0) + (A = A*)0y(pintin) 63@5_3/2)(t70)||L2(0,T) < Os A (Rin),
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which proves (5.12).

e Proof of (5.13). This is the same proof as the one of (5.12). Actually, it is even easier to get (5.13)
since u(t, L) = 0.

The proof of Lemma 5.3 is complete. O

We can now turn to the proof that the p-part of F' is sent into X; \ g, for a proper choice of the
parameters.

e All the assumptions of Lemmas 4.6 and 4.7 are satisfied due to Corollary 5.2 and Lemma 5.3. We
therefore obtain, for s > so and A > Ag,

||.Uf6w§73/2||L°°((0,T—3T0);L2(0,L)) =+ ”ﬂfeswfigﬂ||L2((0,T—3T0);L2(0,L))

< OO+ Oun(an) | ( 5B+ R) + 0o (i)

1
+ (e*'sR?, + R2) + (Os,/\(Rm) + mRu + RS+ Ri)]

1 2 2

provided that R;, is sufficiently small depending on s and A. Here, we have used (5.10)-(5.12). Similarly,

116€*€ 32| Loo (310, T52200,L)) + 116€° 7€ || L2310, 79:22 (0,1)

1 2 2
<C (ﬁ(Ru +R,) + Os 2 (Rin) + R, + Ru) :

From estimates (4.50)-(4.51), we deduce

1
spe—3/2 - ) 2 2 R,
0zpre*¢E |2 ((0,7=310):22(0,L)) < C (ﬁ(Ru + Ry) + Os A (Rin) + R, + Ru) + $3/2)2 R,
1 2 2
<C (ﬁ(RUJFRP) + O 2 (Rin) +RP+RU), (5.18)
and, similarly,
_ 1
||31,0besso£ 3/2||L2((3T07T);L2(0,L)) S C <\/X(Ru + Rp) + Osﬁ)\(Rin) + Ri + Ri) . (519)

Then, using estimates (4.52),

102pe* €2 || oo ((0,7—870); 22 (0,1)) + 10w poe™ €2 || Lo (3701 L2(0,1))

1

Hence we have

10205/ 2|| Loe ((0.7—3T0):22(0,1)) + 1102066 ? 2| Loe (370, 7):22 (0,1))

1
< Cemse(T/2,0)/4 (ﬁ(Ru + R,) + VsRy + Os A\ (Rin) + R + Rﬁ)

1 1
—(R,+R — Ry + Osx(Rin) + R2+ R%, (5.20
\/X( + P)+ \/g + J\( )+ p+ u ( )
since p(T'/2,0) is the minimum of ¢ on (0,7) x (0, L) and sexp(—s@(T/2,0)/4) is bounded uniformly
ins>1.



According to Corollary 5.2 and to estimate (5.9), Lemma 4.8 then yields, for all s > sy and A > A,

_ R,
1>~ pp)(t, L)l| 2 (0.0-315) < C(1+ Os A (Rin)) (Osa(Rin) + R, + RE) + C(1 + OsalBin)) 172y
R
2 u
<C (OS,A(RM) + R, + R; + M) : (5.21)

Note that this last estimate and the fact that p,(¢, L) = 0 by construction imply in particular that
VA2 p)(t, D)l 20y < VA2 pp) (8, L)l 12(0.7-310)

C 2 Ru
< X (OS,A(RW) +R,+ R, + 5,1/2A) , (5.22)

where we used that A\3/2¢~1/2 is uniformly bounded in s, A\ > 1, (t,2) € [0,T] x [0, L]. According to
Lemma 4.10, using (5.18) and (5.21), we thus have

o C 1
||Pf€w§ 1/2||L2((o,T—aTo)x(o.,L)) Sa (\f)\(Ru + Rp) + Os 2 (Rin) + Ri + RZ)

+

C 2 Ru
T (OS,A(RW) +R,+ R, + 51/2/\>

1
<C | —=(Ru + R,) + Os \(Rin +R2+Ri>. 5.23
<O (5 (Rt By) 4 OB + 2 (5.23)

Using Lemma 4.10 estimate (4.57), the fact that ps(¢,0) = 0 by construction and A*2¢~1/2 bounded
uniformly in s, A and (¢, ), we also have

VAlp(t,0)e* €72 20,1 <\f||pb( t,0)e*76 || 231, 1) < *leb(t 0)e* € | 2 (3m, 1)

( (Ru+ Ry) + Os \(Rin) + B2 + Ri) : (5.24)

and
C
||pb€SLP£ 1/ ||L2((3T0,T)><(O L)) S 7/\ < R + R + Os,A(Rin) + R% + Rz) . (525)

Combining (5.23) and (5.25), we obtain

_ _ 1
lpe* € 2oy x0.0)) < P e |2 0myx(0.0)) < C <m(Ru +R,) + Os 1 (Rin) + R + Ri)

(5.26)
Similarly, combining (5.23), (5.25) and estimates (5.18), (5.19), we obtain
_ 1
|0zpe®? & B/QHLQ((O,T)X(O,L)) <C (\/X(Ru + R,) + O\ (Rin) + Ri + Rq%) . (5.27)

Finally, to get an L>°((0,T) x (0, L))-bound on p, we first obtain L>((0,T) x (0, L))-bounds on py, pp,
using the fact that ps(¢,0) = 0 and py(t, L) = 0. Therefore, since 9,pre*?/? € L>°((0,T — 3Ty); L*(0, L))
and 9, ppe®?/? € L>((3Ty, T); L*(0, L)), we can use Poincaré estimate:

||pfes¢/2||L°°((O,T73Tg)><(O,L)) + Hpbes¢/2||L°°((O,T73TO)><(O,L))

1
(Ru+R)) +

1 2 2
< 7 Ry + Osx(Rin) + Ry + Ry, (5.28)

7
according to the estimates (5.20).
Thus, gluing these estimates, we obtain

1
ll0€%"?|| oo (0.1 % (0.1)) < ﬁ(R +R,) + \/gRu + Os\(Rin) + R. + R.. (5.29)
We have obtained the following.
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Proposition 5.4. There exist Ry > 0, so > 51 and Aa > A\ (s1 and Ay are the ones given by Corollary
5.2) such that the following holds. If

R, < Ry and R, = c1R,, (5.30)

where ¢y is given by Corollary 5.2, there exists Ka(s2, A2, Ry) < Ki(s2, A2, Ry,) (K1 is the one given by
Corollary 5.2) such that if
Rin S K2(827 )\27 Ru)7 (531)

then the p-part of F(p,0) belongs to X, x,.r, for any (p,0) in Xe, x,.R, X Yey ro,Ru
Moreover, using Corollary 5.2, the map F' maps X, x, r, X Ys, x5,R, into itself.

Proof of Proposition 5.4. Estimates (5.20), (5.22), (5.24), (5.26), (5.27), (5.28) and (5.29) show that p
satisfies

16 e pll 20,y x 0,0) + 1€/ 2 Dupll 20,1y x (0,29) + 1%/ pll e (0,7 x 0,1
+ (€720, pl| Lo (0.1):22(0.2)) + NP2 ] (-, 0) | 20,1y + N2 €724 0] (- D)l 20,1y < R

where, for some C5 independent of s, A and R,, Ry, Rin,

R:CQ((\f \F)(R +R)+R§+R3+OS,A(RW)>.

Using Corollary 5.2, with the choices proposed in the Proposition 5.4, we already know that the
u-part of F'(p,4) belongs to Yy, x, r, for any (p,4) in X, x,.r, X Ys, n0,R,

Furthermore, using the constants ¢; > 0 and R; > 0 of Corollary 5.2, taking R, = ¢ R,, we can
choose Ry < R; such that for R, < Rs, and R, = c1 R,

CoR2 < R,/4 and CyR. < R,/4.
We then can choose §5 > s1 and Ay > Ay so that for s > 35,

(\1[ W>(R —i—R)S%.

We then finally choose R;, < Ki(s, A2, Ry,) small enough so that CoOj x, (Rin) < R,/4. We thus obtain
R < R, provided R, < Ry, R, = ciRy, A = A2, s > 53 and R;;,, < Ka(s, A2, Ry,).
Of course, we shall furthermore estimate d;p in L?((0,7) x (0, L)): Using equation (2.16), we have

19epll L2 (0,1 % (0.1)) < CIFIlL2((0.1)% 0,0y + CllOzull L2((0,)x (0, 1.))
+ Cll0zpllL2(0.1)x (0,1)) + Cllpll L2 (0,1 % (0,L))-
But all the terms in the right hand side can be bounded by
exp(—sp(1/2,0)/4)(R, + Ru),
hence we can choose sy > 55 large enough such that
9ol 20,7y x (0,L)) < Rp-
This completes the proof of Proposition 5.4. O

Remark 5.5. We emphasize that the possibility of choosing the second parameter A (besides s) is required
in our proof in order to suitably estimate mye*?€=3/2 and myes9€=3/2 in L2(0,T), see estimates (5.12)
and (5.13) respectively. More precisely, this comes from the fact that my and my involve the terms
Oru(t,0) and Oyu(t, L) respectively.
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5.3 Conclusion

Proof of Theorem 1.1. We begin with the topological aspects. We equip X5 r, X Ysa g, with the
L2((0,T) x (0,L))?* topology.

Let us first check that X x r, X Ys a,r, is compact. It is closed under the L2((0,T) x (0, L))? conver-
gence, because clearly the uniform inequalities defining it are stable under a passage to the limit in the
sense of distributions. Now that it is relatively compact is a consequence of the uniform estimate defining
Xs R, X Y5\ R, Let (pn,un) asequence in X, \ r, XYs x g, Then (u,) is bounded in L?(0,T; H?(0,L))
and in H'(0,T; L*(0, L)), hence is it relatively compact in L?((0,7) x (0, L)) by interpolation and Rel-
lich’s theorem. All the same, (p,) is bounded in L?(0,T; H'(0,L)) and in H'(0,T;L?(0, L)), so the
compactness follows easily.

Now, we choose the parameters R,, Ry, Rin, s = s2 and A = Ay as to satisfy the assumptions of
Proposition 5.4. Hence the map F' maps X\ r, X Y\ g, into itself.

Let us now turn to the continuity of the operator F' described above under the L? topology. Consider
(pn,un) a sequence in Xy \ g, X YsaRr,, converging to (p,u) in L2((0,T) x (0,L))?, and consequently
in any topology stronger than L?((0,T) x (0,L))? for which X,z r, X Y g, is still relatively com-
pact: (uy) also converges in the sense of the weak L2(0,7T; H?(0,L)) and H'(0,T; L*(0, L)) topologies
and the strong L>((0,T) x (0,L)) and L2((0,T); W1°°(0, L)) ones; (p,) also converges in the sense of
the weak L2(0,7; H'(0,L)) and H'(0,T;L?(0, L)) topologies and the strong L°>°((0,T); L*(0, L)) and
L2((0,7); L>=(0, L)) ones.

Let us prove that the images under F' converge correspondingly. By the compactness of Xy g, x
Ys xR, we only have to prove that F(p,u) is the unique limit point of the sequence (F(py,,u,)). Hence
we suppose (relabeling the subsequence) that F(p,,u,) converges to (pso, Uoo) and have to prove that
(Poos Uoo) = F(p,u). Then it is clear using the convergences above that each term in g(p, u, ) converges in
the sense of distributions to its counterpart in g(poo, Uoo). Due to the uniform estimates of (g(pn, un))n) in
L2((0,T)x (0, L); e52£=3/2 dx dt) (see Subsection 5.1), one has the weak L?((0,T) x (0, L)) convergence of
e*PE=3/2g(pn, Uy ) towards e3P€~3/2g(p, u). Hence one sees that we can pass to the limit in the variational
formulation (3.15), so by uniqueness in Lax-Milgram’s theorem, the u-part of F(p, ) coincides with us,.
Reasoning in the same way, using the uniqueness of the solution of the transport equations (4.1)-(4.2),
we obtain F(p,u) = (poo, Uso)-

In that case, all the assumptions of Schauder’s fixed point theorem are fulfilled. Consequently, F
admits a fixed point (p, u) in X R, XYs xR, That it satisfies the equation comes from the construction.
That (p,u)(T) = 0 comes from the definition of the space X,z r, x Ysa r, and of the weight function
. The regularity of the controlled trajectory also follows easily.

This concludes the proof of Theorem 1.1. O

6 Appendix

6.1 Computation of f
To compute f in (2.12), we use that

Otps + 0z (psus) =0 in (0,T) x (0, L).
Thus, setting p = ps —p — Ap;, and u = ug — @ — Augy,, we have

0 =0:(p + Apin) + 0z (P + p + Apin) (W4 u + Augy,))
=0up + N pin + AOypin + 0z (B + Apin) (W + Auin)) + Ou (p(T + u + Auin)) + 0x (5 + Apin)u)
=00+ (T + U+ Auip)) Oup + POgu
+ N pin — N0y (P + pin) (@ + win)) + 0z (B + Apin) (T + Auin)) + pOs(u + Auin) + Ay (pinu),

where we used (2.2) in the last identity.
This yields to f as in (2.12) once we have remarked that:
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6.2 Computation of ¢
We start by using the equation of us (see the second equation in (1.1)) as well as the expressions of ug
and ps (see (2.9)) :

0=(p+0+ Apin)[Oru + O (Atin) + (v + T + Auipn) (Oxu + ADptin)]

Since we look for the equation of u written in (2.11), we regroup the previous expression in the following
way:
0 =(p 4+ Apin)(Oru + Tu) + AP + Apin) (Orttin + (T + Awin)Optiin)
+ (0 + Apin) (N wipn + A0y (utin) + udpu)
+ p[0iu + O (Auip) + (u+ T + Aun ) (Ozu + Az uin)]
+ @' (p+ 7+ Apin) — 0" (B+ Apin)) (0p 4 MOz pin)-
Next, we replace (p + Apin)(Opu + ©Oyu) — vOzpu by g. This yields
— (P + Apin) (N wi, + Ay (uttin,) + udpu) (6.1)
— plOru 4+ Or(Auipn) + (v + T + Atn ) (Ozu + AOzuin)]
— (P (p+ D+ Mpin) = D' (P4 Apin)) (0p + Ay pin) — D' (B + Apin)Orp.

The last two lines in this expression are exactly the two last lines in (2.13). In the second line of
(6.1), the first term is the first one in the first line of (2.13) while the second and third terms correspond
to the third line of (2.13).

We still have to work with the first line of (6.1). For this, we make the difference between the first
line of (6.1) and the equation of u;, (see (2.2)) :

(P + pin) (Owin + (@ + Uin)Oxtin) — VOuztiin + P/ (P + pin)Ozpin = 0.
We obtain
—A[(P + Apin) (Ortin + (T + Attin,)Oxthin) — VOgatin + D' (P + Apin) Oz pin)
+A[(P + pin) (Orttin + (T + Uin)Oztin) — VOzztiin + P (P + pin)Oxpin]
= —A[(p + Apin) (Optin, + (T + Ain)Oxtin) — (P + pin) (Opttin, + (T + win)Optiin)]
—A0zpin (' (P + Apin) — ' (P + pin))-

In this last identity, the last term is the second term in the first line of (2.13) while, by a simple
computation, the first term equals

which constitutes exactly the second line of (2.13).

6.3 Remarks of Proposition 2.1

Actually, Matsumura and Nishida [18, Theorem 7.1] prove a much stronger result than the one stated in
Proposition 2.1 (see also [6]):

Theorem 6.1. Let p be such that p’(p) > 0. Then there exists a constant ¢ > 0 such that, if (po — p) €
H3(R3), ug € H*(R?) and
oo = Pl 2wy + lluoll r2r) < ¢,
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then the three-dimensional isentropic compressible Navier-Stokes equation:

has

Op + div(pu) = 0,
O(pu) + div(pu @ u) — pAu — (A + p)Vdivu + VP(p) =0,
(p,w)jt=0 = (po, o),

a unique global solution (p,u) such that the density p—p € C(RT; H3(R)) N CH(R*; H*(R)) and the

velocity u € C(RT; H3(R3)) N CY(RT; HY(R?)). Moreover for some C > 0:

(0 = P, u)l| Lo (r+; 13 (R)2) Wt oo (r+ 2 (R) 1 (R3)) < Cll(P0 — P, w) || 13 (w) -
Let us add several comments on this result.
e Mastumura and Nishida’s result give global in time solutions. We merely need the local result.

e In fact Mastumura and Nishida consider even the more general system, non isentropic, with the
equation of temperature. The isentropic case is actually simpler and still contained in their analysis
(see the end of [18, Section 1]).

e Mastumura and Nishida’s result is three-dimensional, but their analysis (relying only on energy
estimates and characteristics for the density equation) applies in the one dimensional setting.
Actually, the one dimensional case would be much simpler, since the Morrey-Sobolev injections are
better, and the energy estimates way simplify.

e In the above result, the reference velocity @ is not taken into account as in Proposition 2.1. But
it is just a matter of taking the Galilean invariance of the equation into account to deduce this
statement.
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