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Abstract

We study the well-posedness of a multi-scale model of polymeric fluids. The
microscopic model is the kinetic theory of the finitely extensible nonlinear elastic
(FENE) dumbbell model. The macroscopic model is the incompressible
non-Newton fluids with polymer stress computed via the Kramers expression.
The boundary condition of the FENE-type Fokker-Planck equation is proved to
be unnecessary by the singularity on the boundary. Other main results are the lo-
cal existence, uniqueness and regularity theorems for the FENE model in certain
parameter range.

1. Introduction

This paper is concerned with the local well-posedness of the coupled hydrody-
namic and kinetic model for the dynamics of a mixture of dilute polymer molecules
in a solvent. By denoting u and p as the velocity and pressure fields of the fluid
respectively, the hydrodynamic systems take the form:

1_
u,+(u~V)u+Vp=%Au+vDer~r, forx € Q, (1)

V.u=0, forxeQ, 2)

where the parameters Re and De are the Reynolds and Deborah numbers respec-
tively, and y is the viscosity ratio between the polymer and the solvent. The first
term on the right-hand side of (1) is the contribution to stress from the solvent, and
the second term is the contribution from the polymer. To compute the polymer stress
7, we model the individual polymer by a dumbbell with two beads connected by a
spring. In the dilute regime, the interaction between the dumbbells are neglected.
The configuration of the dumbbell is completely determined by the configuration
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of the spring which is described by a configuration field variable Q governed by
the following equations:

dQ - 1 1.
E+H.VQ_K.Q__2Deg(Q)+—\/mW’ 3)
ax _ 4)
ar W (

where x = (Vu)?, Wis temporal white noises, and g(Q) is the spring force. In this
paper, we will focus on a more commonly used model for the spring force, namely
the finitely extensible nonlinear elastic (FENE) model:

2(Q) = /(1Q)Qand f,(I1Q») = Q| < Vb, 5)

1—1QI/b
where the parameter b is a measure of the maximum extensibility of the dumbbell.

It is noted that (3) is a stochastic partial differential equation for the configura-
tion field Q, which has an equivalent Fokker-Planck form:

Vi + - V)y = 2—11)6onf —Vo- [(K Q- 2—11)eg(Q))w} . (6)
In(6),Q € R? becomes an independent variable of the distribution function
¥ (x, Q, t), where d is the dimension of the configuration space. From a numerical
calculation, (6) is more complicated than (3) as more dimensions of the variables
are involved. However, from a theoretical point of view, (6) seems to allow us
to use traditional analytical methods for partial differential equations with high
dimensions to deal with theoretical issues such as local well-posedness.

Equations (1), (2) and (6) are finally closed by an expression for the polymer
stress T from the principle of virtual work:

T=-I+(g(Q ®Q), (7N
where (-) denotes ensemble average with respect to Q:
(f) = / F Qv (Q)4dQ. (3)

More details about these models can be found in [2, 4, 11]. In this paper, we will
work with the following non-dimensionalized system, e.g. [15]:

u,—i—(u-V)u—i—Vp:RLeAu—i—;e_DyebV-t, forx € Q, ©)]

V.-u=0, forx € Q, (10)

f=—%1+<g(Q)®Q>, for Q € R, (11)
1 1

Vit @- V)Y = Ay — Vo [(x Q- Z—Deg(Qw} . (12

g(Q = f(IQHQ and f(Q% = Q| < 1. (13)

1-1Q*
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Next we will consider (9)—(13) with the boundary condition for the hydrodynamic
equation

u=0, for xe0Q, (14)

and note that the boundary condition of FENE-type Fokker-Planck equation is
unnecessary by the singularity on the boundary, and the initial condition

ux,0)=up, ¥x,Q0) =v0(x,Q), x€Q,Qe€B. 15)

Hereinafter, B, denotes the ball with center O and radius r, Bf = {x € RY x ¢ B,}.
This system satisfies the following energy identity:

d [ (1 , 1 1
L0 (2 ]y 1 U)dQ) d
di Q<2|“| + /31 Y pe "V T ape )Q) X

Y 2 1 1 2
= — —|V A V | U)|“d dax,
fQ(Re| u? + /Blwl oz 5 Y +5-U)] Q) x

where A = VR;] 2band U = —% In(1 — |Q|?)?, therefore g in (13) can be rewritten
as VoU.
Define a scale of spaces for the distribution function :

i n+5—k

o =toim > B Y [ [ | hv@ae] <cement. o)
=0

k=0| /B
forn +5 2 i(i € N) with the norm

i n+5—k

Wlx, =Y / > ] IVevQldQ |

k=0 | /B \ j=o

where f = 1/(1 — |Q|2) is given by (13). Later we will use n = 7 for the solution
in this paper. Our main assumptions are:

(A1) The domain Q € R? is bounded and 92 is of class C*.

(A2) uy € H*(Q).

(A3) Forgivenn € N,y € H*(Q, X,.3). Moreover, ¥y = 0and fBl Yo(x, Q)dQ
= 1 for every x € Q.

In addition, we need compatibility conditions between the initial data and the incom-
pressibility and boundary conditions. So we assume the following compatibility
conditions:

(C) divuyg = 0and uy = 0 on 9L2.

Below we state the main result of this work.
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Theorem 1. Assume that (A1)—(A3) and (C) hold. Then there exists a T* > 0 such
that the problem (9)—(15) has a unique solution satisfying

2
ue () H (10, T*]; H**(Q)); (17)
k=0
1
v e () H 0, 7% H#(Q)); (18)
k=0
1
v e [\ H O, T*1; H72X(Q, X,.0)) (19)
k=0
Y(x, Q1) =0, ae Qe B (20)
provided that
, dnlatl) @1
2n—d —5

In particular, b > 32,n > Tasd =2 and b > 36,n > 8 asd = 3.

From the regularities of (17)—(19), it is known thatu € C'(Qx[0, T*]), 7 €
C@x[0,T1) and [ [ X155 (—qm) [ ¥(x.Q.0dQ € C@x[0.7*]). In
particular, we point out that from (20) the distribution function v is almost every-
where zero on the domain of Bl“ foranyx € Qandt € [0, T*), which is consistent
with the result of JOURDAIN et al. [9].

The difficulty of the problem lies in the nonlinearity and the singularity of the
FENE force g(Q) in (12). Equations (9) and (12) are linearized to alternatively
solve the decoupled equations. For the linearized macro equations (22) and (23),
the well-posedness of the solution can be obtained by the Galerkin method. For
the decoupled micro equation (25), the key idea is to extend the FENE-type Fok-
ker-Planck equation as a Cauchy problem with the regularized extensible nonlinear
elastic force (52) concerned with a parameter ¢. Thus the uniform estimates can be
obtained in the weighted space (60) of the solution ¢¢ to the approximation Cauchy
problem (54) and (55). With these estimates of ¢° being independent of ¢, there
exists a limit function ¥ in the weighted space (16) which satisfies (12) by Lemma
3.1. Thus, it is shown that the distribution function 1 is almost everywhere zero on
the domain of Bf and fBl Y(x,Q,1)dQ = 1foreveryx € 2,1 > 0.

We now review some existing results on similar problems. For general spring
force g(Q) = f (|Q|2)Q in (13), where f satisfies certain conditions, RENARDY
[17] proved a local existence and uniqueness theorem in weighted spaces for solu-
tions of Euler equation coupled with kinetic theory of polymeric fluid. Here, some
technical estimates in weighted spaces were not presented, which turned out to
be crucial not only for proving well-posedness but also for analyzing numerical
methods. Therefore, in [13] a detailed proof is given of these technical estimates
along with an extension of some of Renardy’s results. It is noted that the results in
[13, 17] all excluded the FENE case (5) which corresponds to the most popularly
used model of FENE dumbbells [2].
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BARRETT et al. [1] established the existence of global-in-time weak solutions
to the coupled microscopic-macroscopic model (9)—(16) with Dirichlet boundary
condition of FENE-type Fokker-Planck equation. In order to complete their exis-
tence proofs, the velocity field appearing in the drift term of the Fokker-Planck
equation (12) had to be suitably mollified in the case of corotational microscopic-
macroscopic models. In the case of general, noncorotational models, the extra-stress
tensor 7, on the right side of (11) had to be mollified also. DU et al. [5] showed
the finite-time existence of the solution to the Fokker-Planck equation (12) with a
Neumann boundary condition for general given velocity gradients, and also long-
time existence of the solution in case that the velocity gradients are close to being
purely symmetric or anti-symmetric. The stability of the steady-state solution for
general velocity gradient was also highlighted in the analysis of the FENE-P closure
approximation.

The FENE dumbbells in the stochastic model (3) are of particular interest since
numerical methods based on the stochastic models are becoming more popular. In
the analytical aspects, E ef al. [7] proved the local well-posedness for the sto-
chastic model for general nonlinear spring models with smooth potential. The
one-dimensional problems were investigated in [6, 8—10]. The authors gave a com-
plete numerical analysis of a finite element method coupled with a Monte Carlo
method for the Hookean dumbbell case in [8]. In [9] JOURDAIN et al. studied the
FENE model for the one-dimensional shear flows. In this case, the local well-
posedness of the weak solution to the stochastic model was proved for b > 6. We
would like to point out the lower bounds on the parameter b in Theorem 1.1 of
this paper are obtained from the energy estimates for the Fokker-Planck equation
(1.6). In [9], they stated that the local-in-time existence and uniqueness holds under
the““optimal” assumption b > 2 for certain initial random variables (see also [10]
for more details). They note that none of the assumptions on b are restrictive in
practice given that b is physically of the order of 100.

This paper is organized as follows. In section 2, we define an iterative scheme
to obtain the existence of the solution. The scheme alternates between solving an
equation of the same type encountered in incompressible elasticity, and solving a
linear diffusion equation. Section 3 gives the detailed proofs the main lemmas. We
first give the estimates for i with respect to the Lagrangian variable and then obtain
the corresponding estimates with respect to the Eulerian variable. The conclusions
are drawn in the final section.

2. Construction of the iterative solution

In this section, we construct an iterative scheme for the system (9)—(15) to
obtain the existence of the solution. Given an u” we determine u”*! by solving
the equations

v -y
um—H u” v um-i—l \v4 m+1 _ —Allm+l
AR ) +Vp Re * ReDe

V.ou"tl =0 (23)

bV -T™,  (22)
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with the initial condition u”*!(x, 0) = uy(x) and boundary condition "t lag =
0, where

1
™= ——I+/ 2(Q) ® Qy"*'4Q. (24)
b R
Meanwhile, for given u”, we determine "' from the initial- value problem
1
M@ vyt = v [(xm Q- Eg(Q))x/f’”“}

1
+@AQW’“, (25)

v (x,Q,0) = Yo(x, Q), (26)

where k" = (Vu™)T. Our goal is to show that the mapping M : u” > u”*!isa

contraction in an appropriate function space, so that the solution is the fixed point
of the mapping.

We will consider the mapping M in the function space S(M, T') with a metric
d(-,-), where S(M, T) is the set of all functionsu : Q x [0, T] — R3 with the
following properties:

2
ue () H (0. T1; HY (@), 27
k=0
lullo,a + llull12 + lall20 = M, (28)
V.-u=0, (29)
u=0o0nag2, 30)
u(x, 0) =ug, w;(x,0) = u; (x). 31

Here || - ||x,; denotes the norm in HX([0, T1: H'(RQ)). The function ug and u; lie
in H 4(Q) and H%(Q), respectively. On S(M, T'), we define the metric

d(up,u) = [lu; —uzllo4 + [ug —wzll2 + [Jup —uzfl2,0. (32)

It is easy to verify that S(M, T) is complete with the associated metric, and it
is non-empty for large M, as observed in [16]. The contraction of the mapping M
is established by using the following five lemmas.

Lemma 1. Assume the bounds of following kind hold:

lu™llo,.4 + lu™[l12 + lu™]l20 £ M, (33)
7" llo3 + Iz" 1,1 = K, (34)

where T is defined by (24). Then the system (22)—(24) has a solution

2
u" e (Y (0. T1: B2 (@) (35)
k=0
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which satisfies that
™ o4 + a2 + ™o < ¢1(M, T, K), (36)

where ¢1 (M, T, K) may depend on the initial values uy and a1, and is bounded if
the parameters M, T and K are bounded.

The above lemma can be established using the same method as that used in the
proof for Lemma 2 of [13] when V-7 € L2([0, T1; H*(Q)NH' ([0, T1; L>(Q))
andug € HY(Q).

Lemma 2. Consider the equations

m+1 m m+1 m+1 4 m+1 1 - 14 m
Y \Y% =—A —bV - , 37
v T (v )V + Vg De v + ReDe b4 (37
v.vitl =0 (38)
with the initial and boundary conditions
VITI(x,0) = up(x); V"1 =0, ondQ. (39)

Assume V"' € S(M, T), v" =u™, 7™ = t™ fort = 0, and that the assumptions
of Lemma 1 also hold for (37) (with the same constants M, K ). Then the following
estimate holds:

1 1 1 1 1 1
I u™t =" g+ T = v e = v
S oM, T,K)-(Ju” —v"[loa + 0" —V"[[1 2+ [[0" —v"[20
+lt" — 7™ oz + I — 7" 1,1),

where "t s defined by (22)—(23), ¢po(M, T, K) is similar to o1 (M, T, K) in
Lemma 1. Moreover, limr_.qg ¢p2(M, T, K) = 0.

Lemma 3. Ifu™ € S(M, T) and (21) holds, then there exists a unique solution of
(25)—(26) which satisfies the regularity property:

1
e (Y HE (10,715 H74@, 2,0 ) (40)
k=0

Moreover, the solution satisfies the following estimate:

Iyt < Ki(n, M, T), 1)
where K is similar to ¢1 in Lemma 1, and || - ||,lll2 is the norm in
1
() H*(10. T1: H372X(Q, X,.2)). (42)

k=0
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In fact, it is observed that the regularity of ¥ *! is better than (40). However,
only the estimate of ¥ *! is needed in the norm || - || }lé, so it suffices to use (40).
Let us consider a related equation of the following form:

H Am 1 m
pmrl 4 (v V)lﬁm+l=_VQ'|:(K Q- 55,-8 Qv “}

1 m+1
+—2bD A w 43)
v (x, Q, 0) = Yo(x, Q), (44)

where " = (Vv"™)T, and we assume v"|,—¢ = ug. In addition to (25), the follow-
ing result holds.

Lemmad4. Ler u”,v" € S(M, T) be given and assume (21) holds. Then the fol-
lowing estimate holds:

Iy — g < Ka(M, Thd @™, v™), (45)
where K» is similar to ¢ in Lemma 2.
Lemma 5. Let t™ be defined by (22)—(23). We have
1
o e () B ([o, T1; HH"(Q)) (46)
k=0

and
2™ — 7™ los + IT™ — 7™ 1 £ Ka(n, M, T)d(@™ ", v 1,

provided that w’”,lﬁm c ﬂli:O Hk([0, T1; H3_2k(Q,Xn,2)), where 7" =
Jra 8(Q) ® QY"dQ.

By combining Lemmas 1-5, it follows easily that M is a contractionin S(M, T),
if M is chosen sufficiently large and T is chosen sufficiently small. Therefore, The-
orem 1 follows immediately. The following section will be concerned with the
proofs of Lemmas 3 and 4. The proofs of Lemmas 2 and 5 are similar to those for
Lemmas 3 and 6 of [13], respectively, and will be omitted.

Remark 1. Now we would like to point out that the iterative scheme (22)—(25) still

preserves the energy law when ! possesses the regularity of (40). Similar to
the arguments in [12], multiplying u”*! to (22) and integrating it in Q yields

/|um+1 de _L/ |Vum+l|2dx
2dt Re Jo

b// (Vu"™HT . Q- VU - " dQdx. (47)
Q J B

B ReDe



Local Existence for the FENE-Dumbbell Model of Polymeric Fluids 381

For equation (25) of "*+2, multiplying 5;5- In "+ + ~1-U and integrating it
in Q x Bj yields

d 1 1
— / ¢m+2(— Iny™t? + —U)dex
dt Jq Bl 2D

/ (Vum-‘rl)T Q V U. wm+1deX
2D€ B

- 2
Spo U dQdx.  (48)

m+2 m+2
— V, |
V/;Z B v | < ( 2bDe " "
A combination of (47) and (48) implies the following energy law:

d
dt

— _/ <L|Vum+1|2+A/ 1‘hl’n-ﬁ-2|v ( nwm+2+ U)|2dQ) dx
Q B e

1 1
( | m+1| +A wm+2( 1 Wm+2+EU)dQ> dx

Re 2bDe 2D

3. Proof of Lemmas 3 and 4

3.1. Estimates of  with respect to Lagrangian variables

We will first obtain the estimate for ¢ with respect to the Lagrangian variables,
and then translate them to the Eulerian variables. Consider the flow map

%x(a, ) =u"x(a,1),1), x(c,0) =a, 49)

where « denotes the Lagrangian coordinates, and define ¢ (o, Q, 1) = w’"“ x(a, 1),
Q, 7). Then (25) can be rewritten in the form

0 1
qu(a’ Q.1 =-Vo- [(K Q- —g(Q))¢i| + 2b—DAQ¢' (50)

In this section we still denote (Vu” (x(«, ), 1)) by «. Now we will construct an
approximate equation for (50). Firstly, let n be a C* function [0, 1] — [0, 1] such
that n(s) = 1 in a neighborhood of 0 and 7 (s) = 0 in a neighborhood of 1, and let
16(Q) = n(2[|1Q| — (1 — &)]) for 0 < & < 1/2. We then define

£(Q1%), if Q] < 1—e,
LU1QP) =1 f((1—¢/2)%), if QI = 1—¢/2, (51
1e(Q) FUIQPH)+(1—n(Q) f((1—-5)?), ifl1—e < |Q|<1—g/2.

Now we set

2:(Q) = £:(1QHQ, (52)
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and the extension of ¥ (x, Q) is given by

r _ ’ﬁO(X, Q)s lfQ' é 17
Yo(x,Q) = {07 i£1Q] > 1. (33)

Next we will solve the following Cauchy problem

a & _ 1 & l &
5(? (@, Q,1) = —Vq- [(K Q- Egs(Q)W ] + 2b—DAQ¢ (54)

¢°(@, Q,0) = Yo(, Q). (55)

Since the coefficients of the equation (54) are unbounded, standard existence argu-
ments for parabolic equations cannot be used. Motivated by the work of [17], we
will use a sequence of approximating problems with bounded coefficients to derive
uniform estimates.

Let x(Q) be a C* function such that x (Q) = 1 in B, where x is a mono-
tone decreasing function of |Q| satisfying x (Q)|Q| = 1 in Bf = R?\ B; and
x(Q) = |Q|! for large |Q|. Obviously, such an x (Q) exists. For N € N, let
xv(Q) = x(Q/N). We now consider (54)—(55) by the following approximate
problem

d 1
5¢N,e(0h Q.1 =-Vq- |:XN(Q)(K Q- ZDegs(Q))¢N,s:|
1
+MAQ¢N,5, (56)
o (e, Q,0) = Yo(a, Q). (57)

The proof of solutions to the Cauchy problem (56)—(57) is straightforward since
the coefficients of (56) are bounded. It follows from the maximum principle that
positivity is preserved, and by integrating both sides of (56) we find that
A{d one(a, Q,1)dQ = fRidnv,g(a, Q,0dQ = [ ¥(x,Q,0dQ=1, forallz.
a B
(58)

We will consider the next regularity estimates of ¢y and its derivatives with
respect to & and Q. For ease of notation, we denote

¢(ll 2see sy J15J25- = 88[1 le Qmagjpa_/z"“'ajn ¢N,87 (59)

and in particular,

(ll 12 Sim30) _ am (05 11 J2ieesdn) _ an
¢ - 8Qi1in2s--~aQim¢N’8’ ¢ - 80{_1'1 ,ajz,.._,ajn¢N,S' (60)
Define a group of spaces similar to the one in (16):

i n+5—k
. d j k
Xii=1¢e RS> Rl Y /Rd Z wl | IVG9:(QI1dQ | < 0o.n €N
k=0 j=0
(61)
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with the norm

i n+5—k

ety =30 | [ 2 i) 1vbs@uae .

=0 | YR\ o

where
2y 1 ; _
we (Q) = F4QI%) = =2 if1Ql =1-e¢, (62)
A+ AQ -0 —-¢], if|Q >1-e¢
In (62), A1 = ﬁ and A, = ;8:32 The function w, and its gradient are

continuous at |Q| = 1 — ¢, and w, has linear growth at infinity. By the definition
of w¢(Q), we can obtain the following result.

Lemma 6. Suppose that ¢° satisfies (54) for every ¢ € (0, 1/2) and ||¢*° ”erm is

bounded being independent of ¢, then there exists a function ¢ € X, ; which sat-
isfies (50) for Q € By, and ¢ is almost everywhere zero on the domain of B} and

Ipllx,, = limeolloflae,, -

Proof. For &1 € (0, 1/2) fixed, by the properties of ¢°, we know that ¢¢ satisfies
(54) for Q € Bj_s and every € € (0, ¢1] and

i+1 n+5—k

> / > wl | IVeet (Q)1dQ

k=0 | /Bi-e1 \ j=0

i+1 n+5—k '

=) f > | 1vget (@1dQ
k=0 | Y Bi-er | j=0

< g llxe

ni+1’

here we have used the definition (62) of w,(Q). The uniform bound of ||¢*|| X
implies that '

i+1 n+5—k

S X ) v @id ©3)

k=0 | Y Bi-e1 \ j=0

is uniformly bounded with respect to ¢. Therefore, there is a convergent subse-
quence in Bj_;, still denoted by {¢®} with the loss of confusion. We now denote
its limit by ¢ for Q € B1_¢, ase — 0.

Here we should note that (63) is based in L type norms and the limit of a con-
vergent bounded sequence in L' may not be a L' function but a singular measure.
To overcome the difficulty, we can utilize the technique in [17] to obtain the weak
regular limit function by using high-order regular sequence (63). That is, ¢ has the
bound of

i n+5—k

S| X ) ivbs@id (64)

k=0 | /Bi—e1 \ j=0
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being independent of ¢; € (0, 1/2). Now we see that the regularity index in (64) is
i instead of i + 1 in (63). Moreover, ¢ also satisfies (54) for Q € By—, because of
2:(Q) = f(Q»)QforQ Bj_¢, being no singularity. By the property of (64),
we know that when ¢; — 0,

i n+5—k

> / > ] IVge(Q)1dQ

k=0 | Y Bi—e1 \ j=o
converge to a singular integral

i n+5—k

> /B > ] 1VGe(Q1dQ

k=0 1\ j=0

Hence, ¢ satisfies (50) in the sense of the weighted integral with respect to the var-
iable Q € By and ¢ € &), ; as €1 — 0. Using the same argument and the definition
of we(Q), we have

i

Z[f |V6¢(Q)|dQ}=O, VR > 1,
BRQBIC

k=0

then ¢ is almost everywhere zero on the domain of B{. O
Next we state and prove a crucial lemma which will be used frequently in the paper.

Lemma 7. For 1 — ¢ < 8§ < 1, there exists a positive constant &g such that

1 n+1 5 1 n+2
/ 8 (W) oncdQ < [ 1o (W) bn.cdQ

1 n
C —_— £dQ, 65
+ /3,3<1—|Q|2> Pn.£dQ (65)

for small e, where u > &y and C only depends on &.

Proof. Choosing ¢ < a < 1/4 gives

1 n+1
/BS (1_—|()|2) ¢N,ng
1 n+1
B /lnga—a (1——|Q|2) PN.dQ

s 1 n+2
1— _— od
+/sa<|Q|<6( Q1) (1 - |Q|2) én.dQ

<;/ (;)"qb 40
“1-0-a? Jigsa \1—1Q2) “N°

1

n+2
D —— dQ.
s—a<|QI<s (1 - |Q|2> Pr.e4Q

+(1— (8 —a)?)
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Sincea < 1/4and§ > 1—¢ > 1/2by e € (0, 1/2) and the fact

1—(8—a)2§[1+a—(1—5)][1+6—a] (sinced > 1 —¢)
S2[14+a—(1—29)] (since § < 1)
=2[a+¢)]
< 4a (since a > &).

Using § —a < 1/4, then 4a/(6—a)2 < 64a < |, where we choose i > g9 = 64a.
Thus 1 — (8 — a)? < 4a < (8 — a)?. Therefore,

1
S—a<|QI<s (1 —-1QI?

) 1 n+2
- od
M/S—a<|Q§8 < (1 - |Q|2) P.cdQ

) 1 n+2
< -
:M/Ba Q (1 - |Q|2) bn.cdQ.

Meanwhile, we choose C =

n+2
(1—(8—a)?) ) on.-dQ

A

1
o then we have

1 oy
1— (8 —a)? ./|Q§5—a (1 - |Q|2> Pr.edQ

1 n
C o y
/|Q<8—a (1 - |Q2|> PN ,:dQ

1 n
_— «dQ.
C/35<1—|Q|2> on.edQ

Combining the above inequalities yields the result (65). O

A

[IA

3.1.1. The estimate of ¢ .. Letd = 1 — ¢ and denote D; = 1/(2De), D, =
1/(2bDe). Multiplying (56) with (w.(Q))" (also denote by wy) and integrating by
parts yields

9 . d
— dQ = — n d
97 - wgd)N,s Q 91 (/1;5 +/§) wg(bN,e Q

=D, (/ +/ >¢N,8AQw2dQ
Bs g

+ </ +/ ) (XN (Q)¢n.c i - Q — D1g:(Q)} - Vou]dQ
Bs Bg
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- D, /Bs O - [4n(n + DIQf"2 + 2nd f”“] dQ
+f @b € Q = D1 £Q) - 20/"71QiQ
4D [ nAsul g 1@~ 1/1QI4Q
;
+DZ/( n(n = D AW Py ..dQ
+ /B : nAw! ' xn(Q)dn e k- Q — Dig:(Q)} - [Q/1QI14Q,

where we have used the continuity of w, and its gradient at |Q| = 1 — ¢. Since
xn(Q) = 1in Bj for all N € N, we obtain by virtue of Lemma 7 that

2
2 [ uton.caq+ 2, (1 M) f ox. Q12 7 2dQ
t JRd
+ [ naaDn @pwut™ F0QPIQIIQ
8
Su| ¢nelQPfdQ
Bs
+CDy [ gw.e2nd dQ + Clc / v Qb 2nf"dQ
Bs Bs
42 [ nayul g 1@ = 1/1Q114Q
—|—D2/ n(n — A" ¢y .dQ
+lel [ mtan @0 1QIdQ, (66)
)

By the definitions of A3, By, f. (|Q|2) and xn (Q), we claim that when we choose a
suitably small ¢, the last three terms on the right-hand side of (66) will be bounded
by the term fBg nAryDixn(Q)dn w1 £:(1QI?)|Q|dQ, i.e. the last term on the

left-hand side of (66). Now we will show this one by one.

(i) Firstly, choose a constant 0 < ¢ < %,Qfg(|Q|2)|Q| > Qs(lz__gs) as|Q| > 1—e.

So for every b > 0, we can choose ¢ > 0 such that of:(1QIQ| = 2d%.
Thus,

0 /B nADixw Q0w cwi ™! £:(1Q1)1QIAQ
§

> D / Azl g (@ = 1/1QI14Q. (67)
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(i) Similarly, for the unlforrn upﬁ)er bound of |« |, we can also choose ¢ > 0 such
that o/ (1QI*) Z 055 for |Q| > 1 — &. Thus

0 /B A Dixn Q0w wi ™! £:(1Q1)1QIdQ
8

> el [ ndan(@nulQIQ. (68)
B
(iii)) Below we will prove the following inequality:

(1=20) | nA2Dixn(Qén.wf™" f:(Q1)IQI4Q
8

> D, / n(n — 1) A2y .dQ. 69)
B(S

It will be established by considering the following three possible cases.

(1) Forl—¢ < |Q|<1,weknow xy(Q) =1and

(1 - 20)QI£(1QP)we = (1 —20) (2 E)wg
== Q)ﬁe(zl—w‘
Therefore,
(1 = 20xn @IQI £ (1QPywe = L4, (70)
provided that
=D oy 20. (71)

This implies that when b, n satisfy (71), we have (69) for 1 — e < |Q| £ 1.

(i) When |Q| = N, by virtue of xy(Q) = x(Q/N) and X(Q) |Q|~! for large
|Q|, we have xn(Q)|Q| = N. Moreover, f:(|Q|*) = 5(4 R So for any fixed
b and n, it is easy to see that

4
(1 =20 xn(QIQI £:(1QPwe = (1 —20)N———[A] + (N — 1)As]
e(d—e¢)

n—1

b

1\

A

is true for large N. This shows that (69) is true when |Q| > 1.
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(iii) When 1 < |Q| < N, xn(Q)|Q| = 1 (since x (Q)|Q| = 1in B{ = RY\By),

(1 = 20)xn(QIQI £ (1Q)w: = (1 —20)

[A] +€Ar]

4 1 2(1—e)
(1=203 =5 [s(z—s) 5(2—8)2:|
_n—12(1—¢)

= b 22 -—¢)?

ed—e)

for b 2 2(n — 1) fixed and for suitable 0 < ¢ < 1/2 and small ¢. Thus (69) is
true. This completes the proof for (69).

The results (67)—(69) confirm our earlier claim by choosing ¢ suitably and by
assuming (71). Now we will weaken the condition (71) by replacing it with

b>2n-1). (72)

By choosing suitably a 0 < o « 1 we can prove (71) for b > 2(n — 1). This is
also why we introduce a parameter o. By the above analysis, we have shown that
the inequality (66) can be rewritten as

0
— | widnedQ=Cn.d, Dz,K)f wyPN,:dQ (73)
dat JRrd R4

provided that

b>2m+1), (74)

where (74) implies (72) and 2n D (1 — W) > 1, here we choose u = %80,
g0 = nDi1(1 — 2(n + 1)/b). The positive constant C (n, d, D7, k) in (73) is inde-
pendent of &. The Gronwall inequality yields

/Rd wydn,edQ € L=([0, TT, L™ () (75)
under the assumptions of (74) and
/{Rd wy YodQ € L*(Q)). (76)
By the definition (53) of 1/;0 and the definition (62) of w, we know that

/ Wi0dQ = [ wedQ < [ yodQ. a7
R4 By

By

This shows that fRd w"0dQ is bounded by being independent of ¢ if the condition
(A3) is satisfied. In the following the other uniform bounds of the derivatives to o
follow a similar argument.
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3.1.2. The estimate of V"’¢ N> € (m=1,2,3). Differentiating (56) with respect
to Q; gives the following equation for qb( 0).

SoN = Vo [n@x - Q- D1 @3]

+D20q0YY + ©; (78)
e (@, Q. 0) = dg, Yo (e. Q). (79)
where
©; = — {0, xn [Kjk - Ok — D1ge;(Q)]
+xv(Q) [ji — D1dg,g:;(Q)]} Y
—Vq {00 [xn Q) (k- Q — D1g.(Q)]} dn.e
=0 +0;. (80)
Here ®+ ©; v0and ©; = —(0; A 0). Now we decompose d)(’ 0 ¢1(\j£’)€ —

(1;0)

N0 where qb(l )

N and q)(l ) are the solutions of the following problems,

d (- ;.
0. = Vo v @k - Q- Dig(Qsf Y |
+Dy 0oy, + OF (81)

max{do, o(e, Q), 0}, (82)

oy (@, Q.0)

and

3 i
0% = Vo v @k - Q- Dig( s} |

+Dy0gey", + OF (83)

oy, (@, Q. 0) = max{—dg, Yo(c, Q), 0}, (84)

respectively. Since ¢](6;£)€ and q’)(l 0) are both positive, we can now proceed with

the estimate of ¢ .. We obtain

3 y
D[ wig0.aQ-+ 200, <1
R

2(n+1)
. )

/ B0 Q1 f7+24Q
4 / 1Dy Ay (QB52, wi ™! £.(1QP)IQIAQ

<u / 600 QP 12dQ
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+CDs f B8 2nd £1dQ + Clel [ xn (@i, 2nf"dQ
Bs Bs
1D, / nAw g0 [(d - 1)/1QI14Q
B

+D, / n(n — D AZw! ¢4 dQ
B¢

)

il fB A xn Q0D w! ' 1QIQ + / WOrdQ.  (85)
8

By using (80), we have

/Rd w! Xi:(®i+ +0;)dQ

< A 2 (ulén.c [Vo- (3o, [xv(Q)(c - @~ Dig@)])]) dQ
+/Rd Z (w:@x";‘ﬁ + 3% {190, x| (1K jil1 Qx| + Dilge ;(Q))

+xnv Q) (Ikjil + Dy |8Q,'g£j(Q)|)}) dQ. (86)

—————
Hereinafter the term underlined “——"" will affect the condition imposed on b (later

it will be seen from the condition on »). Now we start to estimate the right-hand
side of (86) in domains Bs and Bj, respectively:

/ e dQ < Cli| / y.ef"dQ + C / e f71dQ
Bs Bs Bs

c [ one[r2s ]

/ (Z 94e ) (ie1s" +d r1) aQ

/ (Z ohe | ) (iklf" +d £+ D@ + D 1QIE ") dQ.

87)

The last term in the fifth integral is from the term underlined ““~—"" in (86). The
first three terms on the right-hand side of (87) can be estimated by a constant inde-
pendent of ¢ times fRd (27;3 w!)¢n dQ, by using the same arguments as that in
Section 3.1.1. The terms with the factor £+ in the last two integrals of (87) can be
estimated by utilizing Lemma 7 with ¢  replaced by ) _; |¢(l 0 |. The last term in
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the fifth integral can be controlled by putting some conditions on b (the restriction
(91) below). For the estimate of f B ® dQ, observe

| ed@ i+ 011007 [ wloy.de
8 8

+ (el + D1 £:(1Q1%)) /}; ) (Z [3%n )
)

as N is sufficiently large. The first integral can be controlled by fRd (Z”H wN e
dQ from Section 3.1.1. Note when ¢ is sufficiently small, the second integral may

be controlled by [ nD1 A2 xn (Q)(; 168 Dw! ! £:(1Q?)|QIdQ related to the
third integral on the left-hand side of (85) since n = 7. Similar estimates can be

done for all ¢(l 0) . Summing over all the indices i and the +, — equations, we

obtain an 1nequahty for fIRd wly s |¢(l 0) |dQ. More precisely, we obtain

/ Z 6N 1dQ € L¥(0, T]: L™(K) (88)
provided that
fR L0l Y o, oldQ € L¥(®) (89)
n+3 .
f (Z wé) Y0dQ € L¥(@) (90)
R? i=n
when
2n (1—2("+1)>>d+11.e.b>w. 1)
2De b 2De 2n—d —1

The requirement (91) is similar to (74) and in fact, (9 1) includes (74). The regularity
requirement (90) is required to estimate fRd (Z"+ wh)on dQ in Section 3.1.1. It
can be shown that (89) and (90) are satisfied if

Yo € L™(RQ, X,,1). (92)

Similarly, we can differentiate (78) with respect to Q,, to obtain the following
equation for ¢>(’ mi0),

2o = Vo [xn @ - Q ~ Dige@)ai ]
+D2800% " + Eim (93)
o' (o, Q, 0) = g, Yo, Q), (94)



392 HUI ZHANG & PINGWEN ZHANG

where

Eim = —{Vo L xn (Q)(k - Q — Dige(Q)] }oyy "
N’

~30, (VL xn(Q)(k - Q — Dig:(Q)1}py2 + dg,, ©;
~ (VoL xv(Q(x - Q — Dige Q)11
— —

~30, (VoL xn Q) - Q — Dig-(Q)]}pY
an{aQiXN K]k Qk _Dlg{:‘/(Q)]

+xn (Qlkji — D1dg, ge ; Q1)
—{30, xNlKjk - Ok — D1g¢;(Q)]

+xn Q)L ji — D1dg, ge ; Q11"
—_— —

—039,,VQ {90, [ xn(Q)(k - Q — D1g:(Q)]}¢n e
—Vq - {09, [ xn(Q)(k - Q — D1g:(Q)]1}30,, &N,

=gt+E2". 95)
Using the same techniques used above, we can obtain
f wl Y oy 1dQ € L®([0, T]: L™(%2) (96)
R4 ; ’
,m
provided that
f 3" 100,00, 0ldQ € L¥(@) ©7)
l m
n+3 ' _
/ > wi)19g,v0ldQ € L¥(RQ) (98)
R? i=n
n+4 ' ~
/ > wk ) ¥odQ € L¥(@) (99)
R? i=n
when
2n 2+ 1)\ d+3. dn(n+1)
1— eb>— "~ 100
2De< b >>2Dele " m—d—3 (100)

The regularity requirements (98)—(99) are used to estimate fRd (Z"+3 f;) 100, 0N ¢l

dQ as earlier in this section, and to estimate fRd (Z”+4 w )¢N dQ as in Section
3.1.1, respectively. The conditions (97)—(99) are satisfied if

Yo € L™(R, A, 2). (101)

Similarly, we can obtain

/ 1Y oyt 1dQ e L¥(10, T1: L¥(9) (102)

i,j,m
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provided that
Yo € LR, X,.3) (103)
when
2 2 1 d+5 4 1
no(p o2t a0t D gy
2De b 2De 2n—d —5

3.1.3. The estimate of (¢ .);- We take the absolute value of the two sides of
(56) and multiply it by w?, and integrate the resulting equation in Q space. It can
be shown that

/Rd we |(@n.e)e|dQ € L=([0, T]; L™ () (105)
provided that (100) and (101) are satisfied.

3.1.4. Theestimate of Vo ¢y .. Inthefollowing we will show that fRd W Vo dn el
dQ is bounded. Differentiating (56) with respect to «; yields the equation

So = Vo [xn@x - Q- Dig @5 |
+D20QeY Y + ¥ (106)
oy (@, Q. 0) = 8y, Yo (e, Q), (107)
where

Vi = —Vo - [xn(Q)dy« - Qo ]
=—VQ - [xn(Q)dy« - Q] ¢n.c — [xv(Q)du;k - Q] - Voo
=vr 4w, (108)

Here \IJ+ and W, have a similar definition as before. Let ¢>(O ) qS](\(,)_i)g -
(0;0)

¢(0 ’) , Where ¢ e and ¢(0 ') are the solutions of the following problems
3 (0 o
O\, = Vo @k - Q- Dig ()Y, |
+DrAQpNY, + Wi (109)
Py (@ Q.0) = (3, Vo)™ (110)

Since ¢1(8;+i)€ and ¢(0 )6 are positive, we can proceed as before. By observing
(J 0)

that there are only ¢y . and ¢y
L2([0, T], L%®()), we can obtain

terms involved in W¥;, and by using Vyk €

[ Zlqb(o”ldQ € L®([0. T]: L™(%) (111)

under the assumptions (91) and

Yo € H (R, Xy0). (112)
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3.1.5. The estimate of VoVy¢y . and VéVaq)N’s. Next we will estimate the

mixed derivatives of ¢ .. Differentiating (106) with respect to Q ; yields the equa-
()

tion ofcj)N’g ,
2o = Vo [ @ Q- i@ ]
+D20Qd5 Y + Aji (113)
¢y (@, Q. 0) = dg, 8, Yo (e, Q). (114)
where

Aji = —{0g; xnlkik - Qk — D18e)(Q)]+xn(Q)[k1j — D19g; 8¢1(Q)] }¢(l )
—————

~Vao - {30, xv(Q(x - Q — D1g-(Q)] )y
=VQ[09; XNk - QN 1 =00, [ XN (Q) e, k1PN ¢]

~Vo L xn Q) - Qo]

_A++A_

Jji’ (115)

(J l) ¢1(\{J) _¢1(v/al)
+.¢ -8’

and ¢"* (D) . are the solutions of the following problems

Here A+ and A7, i have similar meanings as before. Let ¢

Jl)

where PNl

3 i y
WFJ;L = Vo [w@ - Q- Dig.@)o§, |

+Dy0qeg ), + A, (116)

P (0. Q.0) = (3g,8u, Vo). (117)

Since qb](V’Jr' )E and ¢>1(\;f)8 are positive, we can proceed as before. The terms involv-

ing ¢>(I D in A ji can be controlled by the condition (100); the other terms have
been estlmated in previous sections. Thus, using the fact that V,« and « belong to
L2([0, T, L*(2)), we find

n (js1) o) . 700
/Rd wy X]: I¢y21dQ € L™([0, T1; L™(Q)) (118)

under the assumptions (100) and (112).
Similarly, differentiating (113) with respect to Q,, yields the equation for

¢(Jm z)’

o = —Vo - v Q- Q- Dig- (1|
+1)2AQ¢<J 0 3 (119)

o (@, Q. 0) = dg,, 80, 8, Vo (e, Q). (120)
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where
Jji = —{90, xn [kik - Ok — D1ge1(Q)] + xn(Q) [k1j — D19, 8¢/(Q)] }¢(j Lo
—Vao - {80, [xn(Q)(k - Q — D1g.(Q)] }o5) + 39, A;
= —{9g, xn [kik - Ok — D18¢/(Q)] + xn (Q)[K1j — D13Q,gaz(Q)]}¢(1 50
—

~Va - {30, [xn(Q)(k - Q — D1g.(Q)] }oy
—{00,xn [k - Ok — D1ge Q)] + xn ([t — Didg, ge(Q) ]l
—

~80, {90, xw [Kik - Ok — D18 (Q)]+xn(Q) [k — D13, 8e1(Q)] Joy'Y

+30,{ — Vo - {0, (@ (e - Q — Dige@)] Jo

—VqQ - [00; xv 3k - Qpn.e| — 00, [ XN (Q)a;k1jpn ¢ |

—Vo - v @k - Qo] | (a21)
Similarly, we can obtain the following estimate

/R JuE D0 I8y 1dQ € L0, 71 L) (122)
i,jom

provided that (100) and (112) are satisfied.

3.1.6. The estimate of (Vy¢y .):. We take the absolute value of both sides of
(106) and multiply it by w] and then integrate the resulting equation in Q. More-
over, we integrate it with respect to « given the factor dy;«k of W; in (106) only
belongs to L2([O, T], L*°(R2)). By using (118) and (122), it can be shown that

/R ull(Vay,01dQ € L¥(0, TT; L¥() (123)
provided (100) and (112) are satisfied.

3.1.7. The estimate of Vidb N.e+ Next we estimate the high-order derivatives of
¢n . withrespect to «. Differentiating (106) with respect to «; yields the equations

SO0 = Vo [xn @ Q - Dige@)a ]
+Dr0gpy " + Ty (124)
e (@, Q0 =2, Vi@ Q), (125)
where |
M = Vo [xv (@82« Qdw.e| - Vo [1n (@ - QoY |

—Va - [xw @i,k - Qo]
= n;; + 1. (126)



396 HUI ZHANG & PINGWEN ZHANG

Here H+ and H have similar definitions as before. Again we decompose ¢(0 o

¢(0 i,J) ¢(0 i j) 04, )) ¢(0 J)

N+.e N+.e and

, where ¢ satisfy

9 G G
o\l = Vo v @ - Q- Dig- Qo)L ]

o
+DyAgpyL L + I (127)

oi ‘
ool (@, Q,0) = (B2, V0% (128)

It follows from (126) that

f w:H;ngwém(f wigy:dQ + / Qlur §:|¢(k°)|dQ)
R4 R4
Vo] f §:|¢;3Q|dQ+/ Qlu” §:|¢<"”|dQ

(129)

By multiplying both sides of (127) by w, and integrating in Q and summing them
altogether, we obtain

w160 1dQ < C(n.d, s k) / w16%1aQ
+Vax| ( / wlpy -dQ + / 1QIw} Z|¢“‘ O)IdQ>
Rd

k] / Z|¢§$Q|do+/ Q! Z|¢<"”|dQ - (130)

a1 Jr

By multiplying (130) by f R We [y (O i) |dQ, and integrating the resulting inequality
in the o space gives

9 2
9 ( f "% ’)IdQ> da (131)
at Jo
o 2
gcf (/ WPy ’”|dQ> da—l—Cl/ V2« |2 da 4 Co|| Vi 2.
Q Q
Here we have used the fact that

fa N £dQ, Jra w1080 1dQ
Jra W 10N D1dQ, fpa wi Y |¢<k D14Q

belong to L*°([0, T'] x ©2) and the boundedness of Q2. By using |V« | € L%([0,T],
L*°(€2)) and the Gronwall’s inequality, we obtain

(132)

¢n.e € L0, T1: HX(Q, X)), if  yoe H (R, Xp).  (133)
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3.1.8. The estimate of ngi N.e- Differentiating (124) with respect to «, yields
the equations

Do = g [xw(@(e - Q - Dig @)y ]
+D2800y " + Tijk (134)
oM@ Q.0) = 3, 0 V0@, Q), (135)
where
Tijk = Vo [ 10 Q80,06 - Qe | = Vo [xn Q22 ¢ ¢ - Qe |
—Vo - XN(Q)aawK Q¢>(°”] I:XN(Q)aa ke Q¢(O’)]
~Vo - v @ - QoI | = Vo - [xv (s - Qo]
~Va  [xv @ Q]
= lek + (136)

Here T.Jfk and Tl.;k have similar definitions as before. Again we decompose
(0 i,j.k) (0:1,.k) (034, 7.k (0s1,.k) (0:1,],k)

N =¢nis — ¢y, where gy’ )" and g )T satisfy
0 0;i,j,k 0:4, ],k
oY = =g v Q- Q- Dige @)yt 1" ]
+D2 0oyt Y + T (137)
0;i,7,k
Sre M (@, Q. 0) = (02 4,0, ¥0) . (138)

It follows from (136) that

fR L PY5dQ

< |Vik| ( fR [ WibN.dQ + / Z|¢<’ O)IdQ>
+1V3el | [ o OICHILE |, i Z|¢““|dQ

9l [ [ v Z|¢‘°’”|do+/ QI S el aQ | (139)

Li,j
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By multiplying both sides of (137) by w/, and integrating in Q and summing them
altogether, yields

itiby
— d
o7 |, weloy " 1dQ

<cmd, Dz,K)/ w0 1aQ

3 n n ;0)
+IVax| (fR wipN,edQ+ /Rd Qlwf ; Lo IdQ>
N / Z|¢§??|do+/ IQIw”Zlcb(”)IdQ

V] / Z|¢(°”’|d0+f QI Y 161aQ | (140)

1,i,j

Now we multiply [pa w” |¢(O 1701 2Q to (140) and integrate it with respect to «.
It can be shown that

A (/ |¢(°’”"|dQ)2da
ot Q
2
e[ ([, wrovii iae) da
Q

+C / (V3k)? + |V2k|P)da + Co|| Vak || . (141)
Q

Here we have also used the fact that functions in (132) belong to L*°([0, T']; L™
(£2)) and the boundedness of 2. An application of Gronwall’s inequality, together
with the fact Vi € L2([0, T1; L°°(S2)), implies that

¢N.e € L0, T H (R, X5 ), if Yo € H (R, X,2).  (142)

3.2. Estimate of { with respect to the Eulerian variable

It is known that we need the estimates for the derivatives of ¢ with respect to
X, but we now only have estimates for i with respect to «. Equation (49) implies
that the desired estimates can be obtained if we can estimate x(«, ¢) in (49). Since
u” € S(M, T), we can obtain the following estimate of flow map from (49) (see

e.g. [13])
Va € L®([0,T] x Q), VZa, Va e L0, T]; L*(Q)). (143)
Using (143) and the fact

Vone(x,Q, 1) = Vodn s - Va, (144)
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we have

on.e(x, Q. 1) € N_oH ([0, T1; H2(Q, X£ ) (145)
when u™ € S(M, T) and

ON (e, Q. 1) € Ni_oH ([0, T1: H72X(Q, X5 ). (146)

3.3. The limit of ¢n ¢ when N — oo and ¢ — 0

All of the estimates above are uniform in N and the restriction to the initial
datais Y9 € H 3@, X,.2). However, when N goes to oo, the limit of the sequence
¢n . may not be in ﬂ,lconk([O, T1; H372K(Q, Xriz)) since X;f,z are based in L'
type norms, and it is known that the limit of a distributionally convergent bounded
sequence in L' may not be a L' function but a singular measure. To overcome
this difficulty, we can use the technique in [17] to improve the regularity of .
This is the reason for assuming ¥y € H Y@, A, 3) in the condition (A3) of The-
orem 1. The details are omitted since they are similar to that in [17]. Moreover,
since all of the estimates above are uniform in &, when ¢ — 0, we know that
¢ € ﬁ}(:OHk([O, T1; H3_2k(§2, A&}, 2)) by using Lemma 6, which is the solution
of (50) with the initial data Yy € H*(2, AX,..3). In addition, when ¢ — 0, we have
¢ (x,Q, 1) = 0 and (58) becomes

Lemma 4 can be established by applying the same type of estimates to the function
Y — . The details will be omitted here.

4. Conclusion

A detailed well-posedness analysis for the FENE dumbbell model of polymeric
fluids is carried out in this paper. The model under consideration is a coupled system
for the fluid velocity u and the distribution density i for polymeric fluids. A rigor-
ous analysis is focused on the uniform estimate 1 and its derivative with respect to
space variable o in L' weighted norm. It is demonstrated that the uniform estimates
to the L™ norm of [pg w!¢n dQ, [ga w!IVQdn ¢1dQ, [pa w1 Vxy |dQand
fRd w’g“ |VxVQon ¢ |dQ are essential in establishing the main results. Importantly,
the boundary condition of the FENE-type Fokker-Planck equation is proved to be
unnecessary by the singularity on the boundary. We point out that this work is cru-
cial for the numerical analysis of the recently proposed multiscale methods [3, 14]
for solving (9)-(15).
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