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Abstract Using purely variational methods, we prove in metric measure spaces local
higher integrability for minimal p-weak upper gradients of parabolic quasiminimizers
related to the heat equation. We assume the measure to be doubling and the underlying
space to be such that a weak Poincaré inequality is supported. We define parabolic
quasiminimizers in the general metric measure space context, and prove an energy type
estimate. Using the energy estimate and properties of the underlying metric measure
space, we prove a reverse Holder inequality type estimate for minimal p-weak upper
gradients of parabolic quasiminimizers. Local higher integrability is then established
based on the reverse Holder inequality, by using a modification of Gehring’s lemma.
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1 Introduction

In the Euclidean setting, finding a solution to the p-parabolic partial differential equa-
tionin £2 x (0, T),

9
- a—b: + div([Vu|P2Vu) = 0, (1.1)

can be formulated into an equivalent variational problem, which is to find a function
u, such that with K = 1 we have

d
p / ua—(fdxdt+ / |Vul? dx dt
{p#0} {70}

<K / |Vu + Vo|? dx dt, (1.2)
{¢0)

for every compactly supported ¢ € C3°(£2 x (0, T')). Here 2 C R¢ denotes a domain.
A generalization of this variational problem is to consider (1.2) with the weakened
assumption K > 1. The function « is then called a parabolic K -quasiminimizer related
to (1.1). When p = 2, Eq. (1.1) is the classical heat equation.

Our main result is to show that a parabolic quasiminimizer u in a doubling metric
measure space has the following higher integrability property: The upper gradient
[18] of u is locally integrable to a slightly higher power than is initially assumed
(Theorem 2). Although being local, the estimate we obtain is scale and location
invariant.

As a first step for examining higher regularity of quasiminimizers in metric measure
spaces, we only treat the simplest case p = 2, and so the quasiminimizers in this
paper are related to the heat equation. Assuming a weak Poincaré inequality and
a doubling measure, starting from the definition of quasiminimizers we prove an
energy type estimate and a Caccioppoli type inequality for u. Then using these and a
Sobolev—Poincaré inequality we show a reverse Holder inequality, from which higher
integrability follows.

The novelty of this paper is that we prove our results in the general metric measure
space setting, using a purely variational approach. No reference is made to the explicit
scaling properties of the measure, or on assumptions that the measure is translation
invariant. Instead we rely on taking integral averages and on the assumption that the
measure is doubling. Also, no reference is made to the equation, as the local notion
of a weak solution is replaced by quasiminimizers, which are in general known to not
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be uniquely determined by the quasiminimizing property. The variational nature of
quasiminimizers opens up the possibility to substitute gradients by upper gradients,
which do not require the existence of partial derivatives on the underlying space. This
way, the theory of parabolic PDEs is extended to metric measure spaces.

Methods established in the general metric space setting can be expected to be
robust and of fundamental nature, in the sense that they are largely independent of the
geometry of the underlying measure space. In connection with this, it is worth noting
that already in the Euclidean case, an open question is to show that a weak solution
to the doubly non-linear partial differential equation is locally higher integrable. For
p = 2, the K-quasiminimizer related to the doubly non-linear partial differential
equation coincides with the one used in this paper.

In the elliptic case quasiminimizers have been extensively investigated. Origi-
nally, quasiminimizers were introduced in the elliptic setting by Giaquinta and Giusti
[11,12] as a tool for a unified treatment of variational integrals, elliptic equations
and systems, and quasiregular mappings in R?. Giaquinta and Giusti realized that
De Giorgi’s method [8] could be extended to quasiminimizers, and they showed, in
particular, that elliptic quasiminimizers are locally Holder continuous. DiBenedetto
and Trudinger [9] proved the Harnack inequality for quasiminimizers. As mentioned,
unlike partial differential equations, quasiminimizers are a purely variational notion,
and so Kinnunen and Shanmugalingam [22] were able to extend these regularity
results for elliptic quasiminimizers into the general metric setting by using upper
gradients.

In comparison to the elliptic case, already in the Euclidean case the literature avail-
able for parabolic quasiminimizers is relatively limited. Following Giaquinta and
Giusti, Wieser [34] generalized the notion of quasiminimizers to the parabolic set-
ting in Euclidean spaces. Parabolic quasiminimizers have also been studied by Zhou
[35,36], Gianazza and Vespri [14], Marchi [24] and Wang [32]. Recently, also the
notions of parabolic quasiminimizers has been extended and studied in metric spaces
[21,25].

Higher integrability results were introduced in the parabolic setting by Giaquinta
and Struwe [13], when they proved reverse Holder inequalities and local higher inte-
grability in the case p = 2, for weak solutions of parabolic second order p-growth
systems. Kinnunen and Lewis [19] extended this local result to the general degenerate
and singular case p # 2. Recently, several authors have worked in the parabolic set-
ting on questions concerning local and global higher integrability and reverse Holder
inequalities, see [1,3-6,10,26,28,29], and in particular for quasiminimizers see [27].

2 Preliminaries
2.1 Doubling measure

Let X = (X, d, u) be a complete metric space endowed with a metric d and a positive
complete doubling Borel measure p which supports a weak (1, 2)-Poincaré inequality.
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The measure u is called doubling if there exists a constant ¢, > 1, such that for all
balls B = B(xg,r) :={x € X :d(x,x9) <r}in X,

1(2B) < cyu(B), where AB = B(xq, Ar).
By iterating the doubling condition, it follows with s = log, ¢/, and C = cljz that

nB(zr) C(r)s, @0

w(B(y, R) ~ \R

for all balls B(y, R) C X,z € B(y, R) and 0 < r < R < oco. However, here ¢, does
not have to be optimal. From now on we fix ¢, > 1 andso s > 0.

2.2 Notation

Next we introduce more notation used throughout this paper. Given any zg = (xo, #p) €
X xR and p >0, let

By(xo) ={x € X : d(x,x0) <p},

denote an open ball in X, and let

15 1,
Ap(ty) = fo—zp,fo-i-zp ,

denote an open interval in R. A space-time cylinder in X x R is denoted by
0, (z0) = Bp(x0) x Ap(10),

so that v(Q,(z0)) = M(Bp(xo))pz. When no confusion arises, we shall omit the
reference points and write briefly B,, A, and Q,. We denote the product measure by
dv = du dt. The integral average of u is denoted by

s, () = f uCe.0) dys = M(;p) [uenan 22)
B, B,
and
1
][udv = /udv.
V0,
o 9

Let 2 C X be adomain, andlet0 < T < oo. We denote 27 = 2 x (0, T).
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2.3 Upper gradients

Following [18], a non-negative Borel measurable function g : £2 — [0, oo] is said
to be an upper gradient of a function u : 2 — [—o00, 00] in £2, if for all compact
rectifiable paths y joining x and y in £2 we have

lu(x) —u(y)l = /gdS- (2.3)

14

In case u(x) = u(y) = oo or u(x) = u(y) = —o0o, the left side is defined to be oo.
Assume | < p < oco. The p-modulus of a family of paths " in §2 is defined to be

inf/,o”dpb,
0
2

where the infimum is taken over all non-negative Borel measurable functions p such
that for all rectifiable paths y which belong to I", we have

/,odszl.

14

A property is said to hold for p-almost all paths, if the set of non-constant paths for
which the property fails is of zero p-modulus. Following [20,30], if (2.3) holds for
p-almost all paths y in §2, then g is said to be a p-weak upper gradient of u.

When 1 < p < oo and u € LP(£2), it can be shown [15,31] that there exists
a minimal p-weak upper gradient of u, we denote it by g,, in the sense that g, is
a p-weak upper gradient of u and for every p-weak upper gradient g of u it holds
gu < gu-almost everywhere in £2. Moreover, if v = upu-almost everywhere in a Borel
set A C £2, then g, = g, u-almost everywhere in A. Also, if u, v € LP(§2), then
u-almost everywhere in §2, we have

Guiv = &u t+ &v,
8uv =< |ulgy + [v|gu-

Proofs for these properties and more on upper gradients in metric spaces can be found
for example in [2] and the references therein. See also [7] for a discussion on upper
gradients.

2.4 Newtonian spaces
Following [30], for 1 < p < oo, and u € L?(S2), we define
I} . = lull7p @) + I8ullLrq):
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and
NUP(2) = {u 2 ullip.e < oo).
An equivalence relation in N'-P(£2) is defined by saying that u ~ v if
lu = vll 1) = O-
The Newtonian space NP (£2) is defined to be the space NLP (82)/ ~, with the norm
||M||N1-p(_(z) = |lulli,p.2-

A function u belongs to the local Newtonian space NIL’CP (£2) if it belongs to
NLP (') for every £2' CC 2. The Newtonian space with zero boundary values
is defined as

NyP(2) ={ulg : ue N"P(X), u=0inX \ 2}.

In practice this means that a function belongs to NOl "P(£2) if and only its zero extension
to X \ §2 belongs to N':7 (X). For more properties of Newtonian spaces, see [2,16,30].

2.5 Poincaré’s and Sobolev’s inequality

Forl < g < 00,1 < p < o0, the measure u is said to support a weak (g, p)-Poincaré
inequality if there exist constants cp > 0 and A > 1 such that

1/q 1/p

f lv—vp,w!?dup <cpp 7/ gl dp , 2.4
B,(x) B (x)

for every v € NLP(X) and B,(x) C X.Incase A = 1, we say a (g, p)-Poincaré
inequality is in force. In a general metric measure space setting, it is of interest to
have assumptions which in the special case of Euclidean spaces are invariant under
bi-Lipschitz coordinate changing mappings. The weak (g, p)-Poincaré inequality has
this quality.

For a metric space X equipped with a doubling measure u, it is a result by Hajlasz
and Koskela [17] that the following Sobolev inequality holds: If X supports a weak
(1, p)-Poincaré inequality for some 1 < p < oo, then X also supports a weak («, p)-
Poincaré inequality, where

sp
P = for 1 < p <,
2p, otherwise,

possibly with different constants ¢}, > 0 and A" > 1.
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Remark 1 Tt is a recent result by Keith and Zhong [23], that when 1 < p < oo and
(X, d) is a complete metric space with doubling measure p, the weak (1, p)-Poincaré
inequality implies a weak (1, ¢)-Poincaré inequality for some 1 < g < p. Then by
the above discussion, X also supports a weak (k, g)-Poincaré inequality with k > g as
above. By Holder’s inequality, we can assume that g is close enough to p, sothatx > p.
By Holder’s inequality, the left hand side of the weak (k, ¢)-Poincaré inequality can
be estimated from below by replacing « with any positive ' < «. Hence we conclude,
that if X supports a weak (1, p)-Poincaré inequality with 1 < p < oo, then X also
supports a weak (p, g)-Poincaré and a weak (g, ¢g)-Poincaré inequality with some
1<g<p.

2.6 Parabolic Newtonian spaces

For 1 < p < oo, we say that
uelLlO,T;N"P(R2)),

if the function x — u(x, t) belongs to NP (£2) for almost every 0 <t < T, and
u(x, t) is measurable as a mapping from (0, T') to N7 (£2), that is, the preimage on
(0, T) for any given open set in N L.r(£2) is measurable. Furthermore, we require that
the norm

T 1/p

lull 0.7 N1 0 (2)) = /”””Zwm) dt
0

is finite. Analogously, we define L” (0, T'; Né’p(.Q)) and L{ (0, T; Nﬁ)’cp(Q)). The
space of compactly supported Lipschitz-continuous functions Lip,.(§27) consists of
functions u, suppu C $£2r, for which there exists a positive constant Cpip(u) such

that
lu(x, 1) —u(y,s)| < Crip(u)(d(x, y) + |t — s]),

whenever (x, t), (y,s) € £27. The parabolic minimal p-weak upper gradient of a

function u € L{ (11, t2; NIL’C” (£2)) is defined in a natural way by setting

gulx,t) = gu(~,t)(x),

at v-almost every (x,t) € £2 x (0, T). When u depends on time, we refer to g, as
the upper gradient of u#. The next Lemma on taking limits of upper gradients will
be used later in this paper. Here and throughout this paper we denote the time wise
mollification of a function by

fe(x, 1) Z/ES(S)f(x,l—S)ds,

where ¢, is the standard mollifier with support in (—¢, ¢).
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Lemmal Letu € LY (0,T: Nli)’cp (82)). Then the following statements hold:

loc

(a) As s — 0, we have gy (x,i—s)—u(x,ry = 01in Lf;c(.QT).
(b) As ¢ — 0, we have g,,—, — 0 pointwise v-almost everywhere in Q27 and in
L{;C(.QT).

Proof See Lemma 6.8 in [25]. O

The following technical density result will be needed for establishing that the space
of compactly supported test functions in Lip(§27) is large enough for establishing
energy estimates for parabolic quasiminimizers. Since in the following we also want
to be able to approximate the sets {¢ # 0} from outside in the sense of measure, it
seems that we cannot avoid a hands on proof.

Lemma 2 Assume (X, d, u) is a complete doubling space which supports a weak
(1, p)-Poincaré inequality, where 1 < p < oo. Let¢ € L (0, T} N(;’p(.Q)). Then for
every ¢ > O there exists a function ¢ € Lip(§21) such that {¢ # 0} CC 271 and

o — ‘P”Lp(o,T;NLp(Q)) <e, and v({p #0}\{p #0}) <e.

Proof Assume ¢ is as in the claim, and let ¢ > 0. The measure v is regular in £27, and
so there exists an open set F C §2 such that {¢ # 0} C F and v(F \ {¢ # 0}) < e.
Foreacht € (0, T), denote the open set F; = {x : (x, t) € F}. Then for almost every
t € (0, T) we have ¢ (-, t) € N(}’p(Ft). Since by assumption (X, d, i) is a complete
doubling metric space which supports a (1, p)-Poincaré inquality, it is a result of
Shanmugalingam [31] that the space of compactly supported Lipschitz continuous

fllnctions is dense in N& P Hence for almost every t € (0, T) there exists a function
¥ (-, t) € Lip,(F;) such that

e ) = U DlIyrogo) <& 2.5)
Denote for each § > 0,

Es={1€@T~8 :d({y(.0#0}, 2\ F) =3
CLp@W () =87 ¥ (Dl <871,
Since each ¥/ (-, 1) has compact support, is bounded and Lipschitz-continuous, we can

see that |(0, T) \ Es] — 0as§ — 0.Since ¢ € LP(0, T; Né’p(.Q)), this implies that
we can fix § to be such that

1Pl Lr 0,7 )0\Es; NP (02)) < &- (2.6)
For each t € E§, define the compact set

KtZ{XeFt : d(X,Q\Ft)Z(S}
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The fact that K; is a compact subset of F; implies that for each ¢ € E; the set K; x {¢}
is a compact subset of F. This implies that for each r € Ej there exists a positive
constant 0 < §; < & such that B(x, 8;) x [t —8;,t+6;] C F forevery x € K;. Denote
then for every 0 < p < &,

Ep ={teEs: B(x,p)x[t—p,t+p]CF for everyx € K;}.
Then |Ej5 \ E,| — 0as p — 0, and so we can fix p < & to be such that
||¢”LP(E5\EP;NI*I’(Q)) < €. (27)

Set

bt [w(x,t), tek,,

0, otherwise.

By (2.5), (2.6) and (2.7), we have

¢ — w”LP(O’T;NlJ’(Q) <ll¢— W”LP(ES;NLP(Q)) + ”¢”LI’(((),T)\E(S;NLP(Q))

IA

o — W”LMEP;NLP(Q)) + ||¢||LP(E8\Ep;N1~I’(,Q)) + ||¢||LP(E5;NLP(Q))
1

P

IA

1
/||¢ TNy dt | +26 <Tre+2e.

Now, from the way we constructed v, it follows that for every (x,?) € {¢ # 0}
we have B(x, p) x [t — p,t 4+ p] C F, and so {y # 0} is compactly contained in
F. Hence there exists a compact set K such that for any 0 < o < p, we also have
{Yvs # 0} C K CC F. Since for each r € (0, T') the function ¥ (-, t) is Lipschitz-
continuous with Lipschitz constant § —1 we have for everyx,y € 2andt € (0,7)

Vo (x,1) = Yo (v, D] = / Lo (Y (x, 1 =) = Y(y, 1 —s)lds <87 d(x, ).

On the other hand, it is straightforward to show using the theory of mollifiers, that
since || < 8~ ! uniformly in £27, for a fixed 0 < o < p the time derivative of ¥/, is
uniformly bounded in £27. Hence we have for every x € 2 and t1, 1, € (0, T),

Yo

Vo (x, 1) — Yo (x, )] < >

[ty — 12].
o0
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This means that for every 0 < o < p we have ¥, € Lip(£27) and {¢, # 0} C K.
Now,
¢ — Vo ”LP(O,T;NLP(,Q))
<l —=Vllrro,rntry + 1Y = YollLro, 800 @)

1
<Tre+2e+ 1Y —YollLrk) + 18y -y, lLr(k)- (2.8)

Treating {,(s) ds as a unit measure, we have by Jensen’s inequality, and Fubini’s
theorem

/llﬁ —YolP dv S/Ea(s)/W(X,l)—lﬁ(x,l—s)lpd\fds-
K - K

Therefore, by continuity of translation for functions in L? (§27), we see that the third
term on the right hand side of (2.8) tends to zero as ¢ — 0. Since forevery z € (0, T)
we have ¥ (-, ) € Lip,.(§2) uniformly with the same Lipschitz constant s—1, by the
proof of Lemma 6.8 in [25] (note that in that proof, for Lipshitz-functions no density
results are used), also the last term on the right hand side of (2.8) tends to zero as
o — 0. Moreover, for every 0 < 0 < p we have

v({o # 0} \ {9 #0D) = v(F\{p #0}) <e.

Setting ¢ = ¥, with a small enough o completes the proof. O

For the case | < p < 2, it is not obvious that convergence of the dense Lipshitz
functions in the parabolic Newtonian space implies convergence also in L2(£27). In
the following corollary we check that if the limit function is in L?(§27), then this is
the case.

Corollary 1 Assume (X, d, i) is a complete doubling space supporting aweak (1, p)-
Poincaré inequality, where 1 < p < oo. Let ¢ € LP(0, T; Né’p(.Q)) N L*(27). For
every ¢ > ( there exists a function ¢ € Lip(§21) such that {¢ # 0} CC 21 and

¢ — (/)”LP(O,T;NLP(Q)) <é, ¢ — §0||L2(_QT) <é,

and v({g #0}\{p #0}) <e.

Proof If p > 2, the claim is clearly true by Lemma 2 and Holder’s inequality. So let

1< p<2andLletg € LP(0,T; N(}’p(.Q)) OLZ(.QT). Let e > 0. For each k, denote
the cutoff function

k, when ¢(x,t) >k
Gr(x,t) = 1¢(x,t), when —k < ¢p(x,1) <k
—k, when¢ (x, 1) < —k.
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Then there exists a positive constant k such that

€ €
¢ — ¢k||Ln(0,T;NLp(Q)) < 5 and [¢ — ¢k||L2(QT) < 3

By Lemma 2, there exists a sequence of compactly supported functions (¢;); C
Lip(£27) such that

ok — @illLro, 78127y = 0 and v({gi # 0} \ {¢r #0}) — 0

as i — o00. Moreover, since ¢y is bounded, we may assume the sequence ¢; to be
uniformly bounded by a positive constant m. We can now write

6k = @ill72q,)
= / |6k — @il* X(igu—gi1>1y AV + / |6k — @il X{1gu—gi1<1) AV
r 2r
< (k+mP( 2 ¢ Ik — il > 1}>+/|¢k—<pi|"dv.

7

Since ¢; converges to ¢ in L?(§27), the above tends to zero as i — oo. We have

&
¢ —@illLro,r:n0r(2)) < 3 + lék — @illLr.7:n0r(2))s

and on the other hand
&

>+ ok — @il L2(2p)-

¢ —ill22p =
Moreover, we have

v({gi # 03\ {¢ # 0} =v({g; # 0} \ {¢x # 0},

and so taking ¢; with a large enough i completes the proof. O

Remark 2 Notice that if ¢ is compactly supported in £27, then Lemma 2 and Corol-
lary 1 are also true with supp¢ in place of {¢ # 0}, and respectively for the
approximating functions. The proofs just have to be repeated after having replaced
{¢ # 0} with supp ¢, respectively for each function. Hence we also have that for

¢ € LP(0, T, Né’p(.Q)) N L%($27) such that supp ¢ CC 27 and ¢ > 0, there exists
a function ¢ € Lip(§2r) such that supp ¢ CC $2r,

¢ —@lirornir@) <& 10—l <&
and v(suppe \ supp¢) < €.

Next we define parabolic quasiminimizers in metric spaces.
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290 M. Masson et al.

2.7 Parabolic quasiminimizers

Definition 1 Let £2 be an open subset of X, u : 2 x (0,T) — R and K’ > 1.
Let 1 < p < oo. A function u belonging to the parabolic Newtonian space

Lf;c o, T, Nllo’cp(.Q)) is a parabolic quasiminimizer if
00 ,
ugdv +E(u,{¢p #0}) <K' E(u+¢,{¢ #0}),
{p7#0}

for every ¢ € Lip(§27) such that {¢p # 0} CC £27, where we denote

E(M,A) :/F(xstvgu)dvv
A

and F : 2 x (0, T) x R — R satisfies the following assumptions:

1. (x,t) — F(x,t,&) is measurable for every &,

2. £+ F(x,t,£) is continuous for almost every (x, 7),

3. there exist 0 < ¢; < ¢2 < oo such that for every £ and almost every (x, 1), we
have

1P < F(x,1,8) < |E]".
As a consequence of the above, a parabolic quasiminimizer u satisfies

¢ p p
o / uadlwl— / gudv <K / gu+¢dv, 2.9)
{p#0} {70} {970}

with K = czcl_lK/ > land o = cl_l, for every ¢ € Lip(£27) such that {¢ #*
0} CC £2. There is a subtle difficulty in proving an energy estimate for parabolic
quasiminimizers: The proof is based on using a test function which depends on u
itself, but u is a priori not necessarily in Lip(£27) nor has compact support. We treat
this difficulty in the following manner. Consider a test function ¢ € Lip(§£27) with
compact support. Plugging in the test function ¢ (x, r + s) and conducting a change
of variable in (2.9), we see that there exists a constant ¢ > 0 such that for every
—£<s <g,

d¢ p P
o / u(x,t — S)E dv + / Su(x.i—s) dv <K / 8u(x.t—s)+o dv.
{70} {¢#0} {70}
Let now ¢.(s) be a standard mollifier whose support is contained in (—e, ). We
multiply the above inequality with . (s) and integrate on both sides with respect

to s, use Fubini’s theorem to change the order of integration, and lastly use partial
integration for the first term on the left hand side, to obtain

dug » »
— / a7 ¢dv + / (gu)g dv <K / (gu(x‘z—s)ﬂb)s dv, (2.10)
{970} {970} {970}
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Parabolic quasiminimizers in metric spaces 291

for every compactly supported ¢ € Lip(£27). Now we use the density results we
proved earlier to establish that indeed the space of compactly supported functions in
Lip(£27) is large enough, so that below when proving the energy estimate we may
use u in the test function.

Lemma 3 Assume (X, d, i) is a complete doubling space supporting a weak (1, p)-
Poincaré inequality, where 1 < p < oo. Assume u € Lf;c(O, T; Nll)’cp(.Q)) is a
parabolic quasiminimizer. Then inequality (2.10) holds for every ¢ € Lip(§27), such
that {p # 0} CC 827, if and only if it holds for every ¢ € LP(0,T; N-P(£2)) N
L%(227) such that {¢ # 0} CC Q7.

Proof Only the other direction needs a proof. Assume (2.10) holds for every compactly
supported ¢ € Lip(£27). Let ¢ € L?(0, T; N7 (£2)) N L?(£27) be such that {y #
0} CcC 27.Lete > 0. Let ¢ be a function in Lip(£27). By adding and substracting,

and using Holder’s inequality, we can write the left hand side of (2.10) as
1
2

dug » dug 2
[ e [ s [ [
{y#0} {y#0} {p7#0}U{y #0}
2
R I R
{¢7#0}U{y #0} {0\ {0} e
ou
—a / a:qbdv + / (s), dv.
{¢#0} {¢#0}
On the other hand, using Minkowski’s inequality we can write
I\ P
»
/ (gtf(x,t—S)+¢)€ dv = / (8ux,t—s)+y + gy—¢)’ dv
{¢#0} {¢#0}

Sl

L
P

IA

14 pr
gu(x,t—s)+1/f + / gu(x,t—s)+1//
{p#0N (v #0} {v#0}

1\ P
P

+ / g{;_¢ dv
{¢#0}

&

Since the above two expressions and inequality (2.10) hold for every compactly sup-
ported ¢ € Lip(£27), by Corollary 1 we can take a sequence (¢;); C Lip(£27) such
that

1Y — illLro,7:n10(2)) = 0, lly— il — 0
and v({g; # 0} \ {¢ #0}) — 0,
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as i — o0o. Hence we see that inequality (2.10) holds for i, with the same
constant K . o

3 Estimates for parabolic quasiminimizers

From now on we assume that p = 2, and thatu € LlOC O, T; Nlt’cz (£2)) is a parabolic
K -quasiminimizer.

In this section we deduce from the definition of parabolic quasiminimizers a fun-
damental energy estimate for u. From this energy estimate we obtain a Caccioppoli
inequality by the so called hole filling iteration. By combining the Caccioppoli inequal-
ity, a parabolic version of Poincaré’s inequality derived from the fundamental energy
estimate, and Sobolev’s inequality, we obtain a reverse Holder inequality for g,,. Since
p = 2, no difficulties arise when combining the estimates together in proving the
reverse Holder inequality. Higher integrability then follows from the reverse Holder
inequality by a modification of Gehring’s famous lemma.

We begin by establishing a fundamental energy estimate by testing the parabolic
quasiminimizer with a suitable function.

Lemma 4 (Fundamental energy estimate) There exists a positive constant ¢ = c(K),
such that for every Q, = B,(x0) x Ay(ty), p < o suchthat Q, C 27, we have

esssup/|u—ug(t)| du+/gudv

teA,

2 c u(Bs )/ B
<c / g dv+ —— (=) 1(B,) lu — ug ())* dv.
(Q5\0Q)p)

Proof Assume Q, = B,(xp) x A,(fy), and p < o are such that B, (xp) C £2 and
A, C(0,T).Lett € Ay(tp). Define

0, t>t

s

o —h<t<t,
1, t<t —h.

Let ¢ € NY2(B,),0 < @1 < 1, be such that ¢1 = 1 in B, (xp), spt ¢ is a compact
subset of B, (xg), and

c

= G

Define then ¢, € Lip(0, T) such that 0 < ¢ < 1 and |d¢y/0¢| < c(o — ,0)_2, by
setting
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2

1, t>10 -7,
21-219402 2 2
P2(t) = TO;}J, to—% <t<t)— 5,
2
0, t<ty— 5.

Set now ¢(x, t) = ¢1(x)@p2(t). For a function f(x, t), define for every t € (0, T)

Jp, F. Do d [ [, De1(x)dp
Js, 0, 00dp [y e1(0)du

AAOES ; (3.1

where when t ¢ A, (fp) we use the right hand side expression as the definition.
Choose ¢ = —@(ue — (ue)y) xn. Since u is a parabolic quasiminimizer and ¢ €
L%(0, T; N2(£2)) is compactly supported, by Lemma 3 we can insert ¢ as a test
function into inequality (2.10) and examine the resulting terms. In the first term on the
left hand side, after performing partial integration, we add and subtract (u)% (d¢/dt)
to obtain

Juspar= [w-wpoLavs [wroito. 62
Q2r r

ot
2r

Integrating by parts and using the definition of (u )2 (1), we see that the last term on
the right hand side vanishes

/(Ms)ﬁ(t)% dv
Qr

¢

9 Jp, 0du [ uspdu
=— / 5(%,80)) /uswdu— B T ;Ud/j xn(@)dt = 0.
Bo

2
o— % B“

Then we integrate the first term on the right side of (3.2) by parts, and so we obtain
for every h small enough

3¢ 1 2 0
/ LI / (e = ) 1) - (@xp) dv

27 fr

t/
1
E//Iug(x,t)—(ue)ﬁ(t)|2<pdudt
t'—h B

1 0
- / (e — (uaz(t))tha—‘f dv.
7
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Now, letting first ¢ — 0 and then 4 — 0, we obtain

9

lim inf/ug—(p dv

&,h—0 Jt
fr

> %/|u(x,t’) —uﬁ(r’)!zgo(x,t’)du—%/(u —uf )
B, Qr

8_g0' dv

ot

> l/|u(x t’)—u‘/’(t’)|2(p(x t’)du—;/(u—u‘p(t))zdv

ey 2 9 o b (G _p)2 o .
By Qo

On the right hand side of inequality (2.10), we note that for every h, ¢ > 0 small
enough, in the set {¢) # 0} we have

2 2 2
(8ot —ptue—we e = C@ut, e &ty
+ 8 oy (L= ) + cgg () —ut)’x

+clu — ue) g Xy + o8, Xir-

By Lemma 1, we know that g2_, — 0 and gﬁ(_’_s)_ — 0inLL (27)ase — 0.

u loc
Also, by (3.1) we have for every small enough ¢

t/
/ W — (ue)$)* dv < p(£2) / Wl (1) — W)e (1)) dt
{90} 2

to—%

e t
SM(Q)/ / [l (1) — ul(t — ) dt £:(s) ds,

—& 2
to—%

and therefore the fact that uf € L?(0, T) implies by the continuity of translation, that
the above expression tends to zero as ¢ — 0. We obtain

. 2 2
hsr‘rilli%p / (gu(_’__s)_d))g dv Sc/guiw(uiuz)dudt.

{970} Qo

Next we note that since u§ does not depend on x, and hence its upper gradient vanishes,
we can write, after noting that ¢ = 1in Q,,
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/85 ou—u dv<C/H_¢|28L2¢dv+c/|“_Mz(l‘)lzgidv

Qs Qs Qs

2 ¢ 2
<c / gudv+m/|u—uﬁ(t)| dv.
05\0)p Qo

Since ¢’ was assumed to be arbitrary in A, (#p) and the constants in the estimates are
independent of ¢/, combining the above expressions through (2.10), and remembering
the definition of ¢, leads us to the estimate

ess sup/|u u“’(l)| du+/gudv

teA
P o,
<c / gbztdv+—2/|u—ug(t)|2dv,
(o —p)
(Qs\Q)p) Qo

where ¢ = ¢(K). We complete the proof by noting that for any ¢ € (0, T'), we have

JECR Y
By
2/|u—u£<z>|2du+2/(/ Iuﬁ(t)—ulzdu) du
Bo

B, By

54/|u—u£(t)|2du-

B,

On the other hand, by the triangle inequality and by Jensen’s inequality, and since
p1 =1in B,

/|u —uf ()P dp < 2/|u —u(1)*dp

-1

+2/ /wldu /Iua(t)—UIfmdu du

By

M(B )/
— Uy d
< M(Bp) lu —ug (1) dp.

O

Having obtained the energy estimate, we use the so called hole filling iteration [33]
to extract a Caccioppoli inequality from it.
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Lemma 5 (Caccioppoli inequality) A positive constant ¢ = c(c,, K) exists, so that
forany Q, = B,(x0) x Ap(to) such that Q», C 21, we have

c
/g,%dv < ? / |u—u2p(t)|2dv.

Qp 02

Proof By Lemma 4, for any cylinder Q, = B,(xg) x A,(fo) such that 0, C 27,
we have for any p < o < 2p,

€SS sup/lu—ua(l)| dﬂ+/gudv

teA,

.y / v — & 1B )/| —up P dv
- “ (o —p)? w(Bp)
(Qs\0)p)

where ¢ = ¢(K). We add ¢ |, 0, gf, dv to both sides of the expression, and divide by
1 + ¢, to obtain

2 c 2 c P«(Ba)/ 2

dv < —— dv + —ug ()| dv.
/g" ”—1+c/g“ TR T T A
Qp Qo Qo

Then we choose

—p p—p= P ik = (g
PO =P, Pi —Pi-1 = B P, t=1,2,...,K, AV ,

replace p by p;—1 and o by p;, and iterate, to have

k
2 ¢ 2
/gudvi (m) /8udV

P Qp;

k i
c u(Bp;) 1 / 5
+ : u—up (1) dv.
§(1+C) w(Bp,_,) (pi _pi—1)2Q | ol
Pi

Here among other things p; < 2p;_ for every i, and so by the doubling property of
M, the ratio (B, )/ (By,;_,) is uniformly bounded. Also, for each i we can estimate
after using Fubini’s theorem,
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/|u—up 3] dv<2/ [ — uzp (1) dv+2// |u2p(t)—u| dv

Q/J, QZp Q2/)

< 2¢ / lu — w2, (1)) dv,
Q2p

where ¢ = ¢(c,,). Hence, taking the limit k — oo yields the estimate

/g2dv<i/|u—u2 02 dv
u =02 p )

Qp Q2p

where ¢ = c(cy, K). O

Now we combine the Caccioppoli inequality, the fundamental energy estimate,
Poincaré’s inequality and Sobolev’s inequality together to prove a reverse Holder
inequality type estimate for the upper gradient of u.

Lemma 6 (Reverse Holder inequality) There exists a positive constant ¢ =
clcu,cp, A, K), andal < q < 2, so that for any Q, = B,(xg) X Ay(ly), such
that Q2;, C Q21 , we have

][gﬁdvgsc][ g,%dv+2£_1c ][ggdv

Oy 0O2p O2p

Proof By the Caccioppoli Lemma 5, by the doubling property of y and since v(Q,) =

pZM(Bp), we obtain
][gudv < —/7/ |u—u2p| dudt,

Ap Bap

where ¢ = c¢(c, cp, K). On the other hand we can write

c
—4/f |u—u2p|2d,udt < —esssup][|u—u2p| du)
P teA,

Ap Bop

—
|
ke

bN I
\
bN| a
\4\
=
|
<
)
A
S
QU
=
N~—————
[0S

dt
P B2y
-4
< ][gzdv—i—c][ g2 dv ][g,'fdv,
Q2p QZA/) QZ)Lp
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were we used the fundamental energy estimate Lemma 4 and the (2, 2)-Poincaré
inequality (see Remark 1) for the former term and the Sobolev type (2, g)-Poincaré
inequality for the latter term. By the e-Young inequality we now obtain for every
positive &

q

][ggdvssc/ grdv+elc ][ gidv| |
Q23p

Qp QZA/)

where ¢ = c(cy, cp, A, K). |

4 Establishing higher integrability

Having established a reverse Holder inequality for u, the remaining part of proving
local higher integrability for the upper gradient of u is abstract in nature. It relies only
on the reverse Holder inequality and on properties of the underlying doubling metric
measure space. We use the following modification of Gehring’s lemma.

Theorem 1 Let g € leoc(QT) be a non negative measurable functions defined in $27.
Let s be the constant from (2.1) and let q be such that 2s /(2 4+ 5) < q < 2. Consider
a parabolic cylinder Qog(z0) C S27. Suppose that there exists a positive constant
A > 1, for which with any z' = (x', t") and p such that Q 4,(z') C Q2r(20), we have

2/q

g2dv§£][ g dv+y ][ g%dv , “.1)
0,() 0ap(@) 0ap(@)

for any ¢ > 0, where y may depend on €. Then there exists positive constants gy =
golcy, A, v,q) and c = c(cy, A, y) such that

1
2+e 2

]1 g e dv <c { gdv|

Or(z0) 02r(20)
forevery 0 < ¢ < go.
Proof Assume a parabolic cylinder Qo with center point zo = (xg, fp) such that
0or(z0) C 27. Define for every z; = (x1, X2), 22 = (x2, 12) € X X R the parabolic

distance

dist,(z1, 22) = d(x1, x2) + |11 — 12| "/%.
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Using this, set for every z € Qar the functions

r(z) = dist,(z, (X x R) \ Q2r),
w(2) = v(Q2Rr)
' V(Qr5<f‘) ()

From the definition of r(z) it can readily be checked that Q,;)(z) C Q2 for every
7z € Qag. For z € Osg, define

h(z) = a 2(2)g(2),

and for every > 0, set

GB)={z€ QwrNLr : h(z) > B}.

Denote

1/2

Bo = ][ g2 dv

O2r

Assume B > fy. For v-almost every 7/ € G(B), we have for every r € [r(z)/
(54), r(@)],

][ g2 dv < a(?) ][ ¢2dv < a(z)p% (4.2)

0, (N7 O2r

and by the definition of G(f), since p is a positive Borel measure,

lim 4 g%dv =g*() > a(z)p>. (4.3)

r—0

0, ()

Now (4.2) and (4.3) imply that for v-almost every z” € G(B), there exists a corre-
sponding radius p(z’) € (0, r(z')/(5A)), for which it holds

g2dv <a()p? < ][ g*dv. (4.4)
QA/)(Z/)(Z/) Qp(z/)(Z/)

@ Springer



300 M. Masson et al.

Thus by choosing ¢ = 1/2 in (4.1), we can absorb the first term on the right hand side
of (4.1) into the left hand side and obtain

2/q
—/ gzdvf c—/ gldv ,

0y @) Qup)@)

for v-almost every z' € G(B), where ¢ = c¢(y). This together with (4.4) yields

2/q
—/ grdv < c—/ g7 dv , 4.5)
QsA,,(z/)(Z/) QAp(Z/)(Z’)

where ¢ = ¢(A, ¢;,, y). From the definitions of a parabolic cylinder and the parabolic
distance, it follows that

2712y <r(@) £2r () foreveryz € Q) (), 2 € Qar.
From this it is straightforward to check that

Qr(z)(z) C Q3F(Z,)(Z/)7
Qr(z’)(z/) C Q4r(z)(Z)

foreveryz € Q,)(2), 7' € Qax,

and so by the doubling property of the measure there exists positive constants ¢ =
c(cp), ¢’ = c(cy) such that

ca(7) <a(z) <ca(z) foreveryz € Q,)(2), 7 € Qar. (4.6)

Because of this, we see from (4.5) that there exists a positive constant ¢ = c(A, ¢y, ¥),
such that for v-almost every 7’ € G (), after also using the fact that a(z) > 1,

2/q
h?dv < ][ hidv| . 4.7
Osap (@) Qap) @)

On the other hand, by Holder’s inequality since | < g < 2, and then by (4.6), we
obtain from (4.4),

2-9)/q 2-9)/2
h dv

QAp(Z’)(Z/) QAp(z’)(Z/)

IA

h? dv <cpl,  (48)
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where ¢ = c(c;,). Assume now any § > 0. By (4.7) and by the definition of G(38),
we have for v-almost every 7’ € G(B),

W dv = 82+ (5 . h dv)Z/q
- v(Q4p)(@D) SO upy@ING(EP) ’
05451 (@)

By (4.6) and (4.4), we can now choose a small enough positive number d(c,, A, y) < 1
to absorb the first term on the right hand side into the left hand side. We obtain a positive
¢ =c(A, ¢y, y), such that for v-almost every z’ € G(8) and any B > By, after using
(4.8),

f Wdv<pri—" / e dv. (4.9)
V(@ ap) (@)
QSA/)(Z/)(Z/) QAp(Z/)(Z’)ﬂG(!Sﬁ)

The collection {Q 4,(y(z') : z' € G(B)} is now an open cover of G(B). By the
Vitali covering lemma, there exists a countable and pairwise disjoint subcollection

{Qapn(@) © 2 € G(B) 12, such that

GB) | Qsapep (@) C Qo

i=1

The last inclusion follows from the fact that 5Ap(z) < r(z). This property is the
reason why we introduced the number 5 into the proof earlier. Now we can write
for any B > By, after multiplying inequality (4.9) with v(Q 4,(;y(z")) and using the
doubling property of u,

o0
/hzdvgz / h%dv

G(B) = 0sppi) @)

o0
<> pr / hdv < cp> / hedv. (4.10)
i=1

Q40 GDNG(5B) G(p)

From now on the higher integrability result is a consequence of (4.10) and Fubini’s
theorem. To see this, we integrate over G (fp) and use Fubini’s theorem to obtain

h
/h2+8dv=/ /aﬂg_ldﬂ + (Bo) | K2 dv
G(Bo) G(Bo) \po
o
=/5ﬂ8—1 / h*dvdB + (Bo) / h*dv,
Bo G(B) G(Bo)
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and now by (4.10)

o o
/8/35_] / h* dv dp gc/gﬁ€+‘—‘1 / he dv dp.
Bo G(B) Bo G(p)
By Fubini’s theorem again, we see that
o
/8'38+1—q / hdvdp + B; / h* dv
Bo G(B) G(Bo)
h/s
—¢ / /;38_1+2_qd;3 hedv + B / h* dv
G(3Bo) \Po G(Bo)
£ e+2 £ 2
552“7‘1(84_2_(]) / h*=dv + B / h*dv,
G(Bo) G(8Bo)

where ¢ = ¢(A, ¢y, y). Observe that in the last step we also used the fact that het? <
,BSh2 in G(6Bp) \ G(Bo). We can now choose a positive ¢ = &(cy, A, y, q) small
enough to absorb the term containing 2>+ into the left hand side of (4.10), and
conclude that

e dv < ¢(Bo)® / h*dv, 4.11)
G(Bo) G(3B0)

where ¢ = (cy, A, y). In case the term containing h2te is infinite, we replace h by
hr = min{h, k} where k > . Starting from (4.10) we estimate that

/ hlde < e / de. (4.12)
{hi>B) {hi>3p}

where d¢ = h? dv. Performing now as above the calculations involving Fubini’s
theorem yields

/ htTdr < e / n A + B / h?de.

{hx>po} {hx>po} {hx>5po}

Now we can absorb the term containing hiﬂ_q into the left hand side side, and finally
let k — oo to obtain (4.11).

Finally, from the definitions of the parabolic distance and the parabolic cylinder, it
is again straighforward to check that Qr C Qu,(;)(2) for every z € Qg. Hence, by
the doubling property of the measure,
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- V(Q2r) v(Qu4r(z)(2)) -
~ v(Qr) U(Q%(Z)) -

a(2)

cl, forevery z € Qg,

where ¢; = c¢1(cu, A) > 0. On the other hand, clearly a(z) > 1 for every z € Qag.
Now (4.11) and the definition of By imply that

2+e dv < 2% e 2 2+e
8 v <¢ (Bo) h*dv + h*Te dv
Or Or\G(Bo) G(Bo)

2+e
2

1 2
- d i
= C0(0m) 2 / g av

2R

where ¢ = c(cy, A, y) > 0. From this expression the proof can readily be completed.
O

We conclude this article by stating and proving the main result and a corollary.

Theorem 2 (Local higher integrability) Let u € leoc O, T; Nllo’c2 (82)) be a parabolic
K -quasiminimizer. Then there exists positive constants € = &(cy,cp, L) and ¢ =

c(cu, cp, A, K), so that for every zo and R such that Q2r(zo) C §21, we have

1
2+e 2

][ g2 dy <c ][ g2 dv

Or(2) 02r(2)

Proof Let z and R be such that Q2r(z) C £27. By Lemma 6 there exists a constant
¢c=c(cy,cp, A, K),andal < g < 2, such that

][g,fdvfec][ gidv—}—Zs*]c ][ gl dv

Q P QZMJ Q 2%p

q

Theorem 1 with A = 2A now completes the proof. O

Corollary 2 Let u € LIZOC(O, T; Nlt’cz(.Q)) be a parabolic K -quasiminimizer. Then

there exists a positive constant € = €(cy,, cp, A), such that for any compact F C $27,
we have

R
2+e

/g,f+£ dv < 00.
F
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Proof Since F is compact, there exists a finite collection of points z; € F and parabolic
cylinders Qg, (z;) such that Qo (z;) C £27 and

Fc|or@.

i=1

By Theorem 2, we have

n
2+4¢ < . 24e
/gu dv_]rga;v(QR,«zl))Z]/ gu v
F i, @)

n
< ¢ max v(Qr, (@) X f gudv | <oo.
== i=1 Qog; (zi)
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