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SUMMARY

The maximum of a Gaussian random field was used by Worsley et al. (1992) to test
for activation at an unknown point in positron emission tomography images of blood flow
in the human brain. The Euler characteristic of excursion sets was used as an estimator of
the number of regions of activation. The expected Euler characteristic of excursion sets of
stationary Gaussian random fields has been derived by Adler and Hasofer (1976) and Adler
(1981). In this paper we extend the results of Adler (1981) to x?, F' and ¢ fields. The theory
is applied to some three dimensional images of cerebral blood flow from a study on pain

perception.
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1 Introduction

Many studies of brain function with positron emission tomography (PET) involve the inter-
pretation of subtracted PET images, usually the difference between two three-dimensional
images of cerebral blood flow under baseline and stimulation conditions. The purpose of
these studies is to see which areas of the brain show an increase in blood flow, or ‘activa-
tion’, due to the stimulation condition. The experiment is repeated on several subjects, and
the subtracted images are averaged to improve the signal to noise ratio. The averaged im-
age is standardized to have unit variance and then searched for local maxima, which might
indicate points in the brain that are activated by the stimulus. The main statistical problem
has been to assess the significance of these local maxima.

Worsley et al. (1992) have shown that the averaged image can be modelled as a Gaussian
random field with a covariance function depending on the known resolution of the PET
camera. They have used the Euler characteristic of excursion sets of this Gaussian random
field as an estimator of the number of regions of activation. The excursion set inside a fixed
set C' is just the set of points where the field exceeds a fixed threshold value. Adler (1981)
defines the DT (differential topology) characteristic of the excursion set in such a way that
it equals the Euler characteristic when the excursion set does not touch the boundary of
C'. For excursion sets above high threshold values the DT characteristic approximates the
number of local maxima above the threshold. The importance of the DT characteristic, as
opposed to the number of local maxima, is that it is more amenable to statistical analysis.
There is no known result for the expected number of local maxima above a threshold, but
Adler and Hasofer (1976) and Adler (1981) derived a simple expression for the expected DT
characteristic of excursion sets of stationary Gaussian random fields. When no activation is
present in the PET image, Worsley et al. (1992) show that the observed DT characteristic
is close to the expected DT characteristic.

Similar problems arise in astrophysics. Hamilton, Gott and Weinberg (1986) and more
recently Beaky, Scherrer, and Villumsen (1992) have applied methods similar to those dis-
cussed in this paper to study the density of matter in the universe. Gott, Park, Juskiewicz,
Bies, Bennett, Bouchet and Stebbins (1986) have used similar tools to study the fluctuations
in the cosmic microwave background which were recently discovered by Smoot et al. (1992).

Throughout their analyses, Worsley et al. (1992) have assumed that the variance of the
image is stationary, thus enabling them to pool the sample variance over all values in the
image. There has been some doubt about this assumption, and some workers have suggested
using a local standard deviation rather than a pooled standard deviation to normalise the
image, thus producing an image of t-statistics.

The purpose of this paper is to extend the work of Adler (1981) to derive the expected
Euler characteristic of excursion sets of such non-Gaussian random fields. In section two we
shall review the work of Adler and Hasofer (1976) and Adler (1981). In section three we

shall extend a result of Adler (1981) for a x? field in two dimensions to higher dimensions.



In section four we shall consider the F' field and we shall use this to derive results for a ¢
field in section 5. Finally in section six we shall apply this work to some PET images from

a study in pain perception.

2 Local maxima and the DT characteristic

2.1 The DT Characteristic

Let Z = Z(t), t = (t1,...,tx) € RY, be a homogeneous real-valued random field and let C
be a compact subset of IR”Y. The excursion set of Z(t) inside C' above the level z is defined
as A,(Z,C)={t € C: Z(t) > z}. Throughout this paper we shall denote derivatives with
respect to t, by a superscript ¥} and second order derivatives with respect to t, and t; by
superscript *. Thus we denote Z*) = Z(®)(t) = 0Z/0t), and Z*D) = Z)(t) = 92Z /ot 0,
k,l=1,...,N. Let Dy_; = Dxn_1(t) be the (N — 1) x (N — 1) matrix of second order
partial derivatives of Z(t), with (k,l) element Z*) k1 = 1,...,N — 1. Under suitable
regularity conditions on Z(t), Adler (1981), page 90, defines the DT (differential topology)
characteristic of A = A,(Z,C) as

nm:«4w*§;4wmmx

where x;(A) is the number of points t € C satisfying the conditions: (a) Z(t) = z, (b)
ZW#) =0,...,Z0=D(t) = 0, (¢) ZM(t) > 0, and (d) the number of negative eigenvalues
of Dy_4(t) is exactly j.

It can be shown that provided the excursion set does not touch the boundary of the
region C' then yx(A) is the Euler, or Euler-Poincaré characteristic of the excursion set, and
X(A) is thus invariant under rotations of the coordinate system. Roughly speaking, it counts
the number of connected components of the excursion set, minus the number of ‘holes’. An
illustration of the DT characteristic of the excursion set of an artificial two-dimensional image
is shown in Figure 1(a,b). As the threshold level z increases Adler (1981) shows that the
holes tend to disappear and that we are left with isolated regions each of which contains just
one local maximum (Figure 1(c)). Thus for large z the presence of holes is a rare occurrence
and the DT characteristic approximates the number of local maxima of Z(t) above z inside
C, denoted by M (Z,C). For even larger z near the global maximum of Z(t) inside C,
denoted by Z.x, the DT characteristic takes the value 0 if Z,.x < z and 1 if Z.x > 2
(Figure 1(d)). Hasofer (1978) uses this approach to show that

P(Zyaw > 2) = P(MZ(Z,C) > 1) < B(M?(Z,C)) ~ E(x(A))

as P(MF(Z,C) > 1) — 0 for + — oo, and so the expected DT characteristic approximates
the exceedence probability of Z,,.«.



2.2 Expectations

The importance of x(A), as opposed to M} (Z, (), is that despite its complex definition it is
more amenable to statistical analysis. Only asymptotic results are known for the expectation
of M} (Z,C), but for the DT characteristic x(A) Adler and Hasofer (1976) and Adler (1981)
obtained an expression for the expectation of x(A) in terms of the second-order derivatives
of Z.

We shall need the following notation. For any scalar d, let dt = d if d > 0 and zero
otherwise. For any symmetric matrix D, let D™ =D if D is negative definite and zero
otherwise. Let Dy = Dy(t) be the N x N matrix of all second order partial derivatives
of Z(t), with (k,I) element Z*) k[ =1,...,N. Let A\(C) be the Lebesgue measure of C.
Finally, we define the moduli of continuity of Z®*) and Z*" inside C to be:

Y

() = sup [Z0(t) - 20(s)

[t—s||<h

, wi(h) = sup ‘Z(kl)(t)_Z(kl)<S)

[[t—s||<h

where the supremum is taken over all t,s € C', k,l = 1,..., N. Then Theorem 5.2.1, page
105, and Theorem 6.1.1, page 123, of Adler(1981) give the following results, which we shall

state here, under slightly different conditions, for future reference:
Theorem 2.1 Assume (i) that for any € > 0
P (ni%x{wk(h),wmh)} > e) — oY) ash |0,

If (ii) all the second order partial derivatives Z*) have finite variances conditional on
Z,ZW ... ZWN) | and the density On (2, 21, . .., z2n) of Z, ZW ..., ZWN) is bounded above, then
the expectation of M (Z,C) is

E(MF(Z,C)) = \O) /E{—det(D;V)\Z =y, ZW =0,...,Z™ = 0}05(y,0,...,0) dy.

If (iii) the second order partial derivatives {Z*) 1 <k < N,1 <1< N —1}, and ZW™)
have finite variances conditional on Z,ZM ..., ZWN=Y and the density Ox_1(2, 21, ..., 2n-1)
of Z,ZW ... ZW=1 s bounded above, and provided C is a convexr subset of RY, then the
expectation of x(A,(Z,C)) is

E(x(A.(Z,0))) = MC)(=D)NE{ZM*det(Dy_1)|Z = 2, ZY =0,..., 2"V =0}
9]\[,1(2, 0, Ce ,O)

Proof.  The conditions (ii) and (iii) given here replace those given by Lemma 5.2.1 of
Adler(1981), page 98, which require finite variances of Z*) conditional on Z and Z*"  and
bounds on the density of Z*) conditional on Z. It is straightforward to re-work the proof
of Lemma 5.2.1 by taking expectations over Z*) conditional on Z and Z® before applying

the dominated convergence theorem and Fatou’s Lemma to bound the integral. a
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2.3 Comments

There is no simple relationship between the DT characteristic of an excursion set A,(Z, C)
and the DT characteristic of its ‘complement” A_,(—Z, C'), even though their union is C' and
their intersection is the contour Z(t) = z. However if the field is homogeneous then there
is a simple relationship between the expectations of the DT characteristics. We shall need

this result in section five:
Corollary 2.2 If Z(t) satisfies the conditions of Theorem 2.1 then
E((A_.(~Z.0))) = (~)""E(x(4.(Z.C)))
Proof. Using the same notation as in Theorem 2.1 we have
E(x(A_.(=Z,C))) = MO)(=D)"'E{(=Z2™)*det(-Dy_1)|Z = 2,2 = 0,...,ZV"V = 0}

9]\[,1(2,0, Ce ,O)

Since Z(t) is homogeneous then —Z™) = 9Z/d(—ty) has the same distribution as ZW).
Since det(—Dy_1) = (—1)V"'det(Dy_1), the result follows. O

The main importance of Theorem 2.1 is that it allows us to calculate the mean number of
local maxima and the mean DT characteristic of excursion sets from the joint density of the
field Z(t) and its partial derivatives up to second order. Adler and Hasofer (1976) applied
this result to a homogeneous Gaussian random field. Worsley et al. (1993) have extended
this to a non-homogeneous Gaussian random field in three dimensions. Unfortunately the
awkwardness of Dy, prevents us from obtaining an exact expression for the mean number
of local maxima above z, except in some special cases, but Adler(1981), Theorem 6.3.1,
page 133, gives an asymptotic result for large values of z. On the other hand, Adler (1981),
Theorem 5.3.1, page 111, derived an exact expression for the mean DT characteristic for a
Gaussian random field with zero mean and unit variance.

Before embarking on the extension of these results to x?, F' and t fields, it may be worth
mentioning the main steps. Results are first obtained for the F field, and results for the y?
and t fields are derived as special cases. The method of proof hinges on a representation of
the I field and its derivatives up to second order in terms of independent random variables.
We first derive such a representation for the Gaussian field (Lemma 3.1), then the x? field
(Lemma 3.2), and finally the F' field (Lemma 4.1); a similar result is given for the ¢ field
without proof (Lemma 5.1). The sufficient regularity of the F field then follows (Lemma 4.2).
We are then ready to apply Theorem 2.1 to find the mean number of local maxima greater
than a high threshold level for the F' field (Theorem 4.1); similar results for the x* and ¢ fields
then follow (Theorems 3.3 and 5.2). An asymptotic expression for the distribution of the
global maximum is a simple corollary to these results. Before tackling the DT characteristic,

we must establish some lemmata on the expected determinants of linear combinations of



Wishart matrices and a normally distributed matrix with the same invariance properties as
a Wishart matrix (Lemmata 7.1 to 7.5 in the Appendix). After this we are ready for our final
results on the DT characteristic of the F' field (Theorem 4.6) which is immediately applied
to the x? and ¢ fields (Theorems 3.5 and 5.4).

3 The \? field

3.1 Definition

Let Xi(t),..., X,(t), t € R", be independent, identically distributed, homogeneous, real-
valued Gaussian random fields with zero mean and unit variance. Then Adler (1981), page
169, defines the x? field U(t) as

Ut) =Y X;(t)%, t e RV.
i=1
Clearly the marginal distribution of U(t) at each t is x* with n degrees of freedom. Adler
(1981), page 169, notes that a chi-squared field is twice as ‘rough’ as its component Gaussian
fields, in the sense that the variance of its partial derivatives relative to its variance is twice

as great as that of its component fields.

3.2 Representations of derivatives

We shall need the following two lemmata, the first proved by Adler (1981), page 114, which
give a representation of the first and second derivatives of a Gaussian and a y? field in terms
of independent random variables. We shall use the notation Normaly(u, ¥) to represent
the multivariate normal distribution on IR? with mean p and variance 3, y2 to represent
the x? distribution with v degrees of freedom, and Wisharty(X, v) to represent the Wishart
distribution of a d x d matrix with expectation v3 and degrees of freedom v.

Let A = Var(0X;(t)/0t) be the N x N variance-covariance matrix of the partial deriva-
tives of X;(t) with (k,1) element Ay = Cov(X™, X)), k,i=1,...,N,i=1,...,n.

Lemma 3.1 Let X(t) = X;(t) for anyi=1,...,n, then
0X *X
(a) a5t~ Normaly (0, A) independent of X and prynt

(b)  Conditional on X,
02X
otot’
where the elements of M(A) are such that
c 0*X 9?X
ov
ot;0t;  Otxot

X ~ Normalyyny(—XA, M(A))

X) = €(i,j, kv l) - /\ij)\kl



where €(i, j, k, 1) is symmetric in its arguments.

Lemma 3.2 We can write the first two derivatives of U = U(t) in terms of independent
random variables as follows, where the equalities are equalities in law:

2
oU 1 b 0“U

(a) §:2U2z, ( )3t8t’:2(P+zz —UA +U2H),

where U ~ X2, z ~ Normaly (0, A), P ~ Wisharty(A,n—1) and H ~ Normalyx(0, M(A)),
all independently.

Proof. Let X; = X;(t) and X' = (Xl7 ..., X,) so that U = X'X. Let 0X'/0t denote
the N x n matrix with (k,7) element X , and 0X/0t’ its transpose. Then conditioning on
X and applying Lemma 3.1(a) to each X; we have

ou
ot

0X; _an'
Yot T ot

X ~ Normaly(0,4UA).
i=1
Since this depends on X only through U, then it is the distribution of U /0t conditional on
U alone. Letting z = U~2(8X'/0t)X gives the first result (a).

For the second result (b) we have

82 n n

otot Z Z 8t8t’

=1 =1

Conditional on X and 0X’/0t we have, from Lemma 3.1(b) applied to each X,

o*U |, OX’ oX’ 9X
X, 2~ Normalyyy (25552 — 2UA AUM(A) | |
ator | T TN ( ot ot ( )>
so that we can write 217 e
owor ( ot ov ~UAT U2H>

Let I,, be the n x n identity matrix, A = I, — XX'/U and

0X A@X

b= ot ot

Since z = U~2(9X’/0t)X then we can write
0*U
otot’

Assume for the moment that X is fixed. Then A is fixed and P ~ Wisharty (A, n — 1) since
A is idempotent of rank n — 1. Since AX = 0 and z is a linear combination of 0X'/0t then

= 2(P +zz — UA + U=H).

z is independent of P conditional on X. Since the distributions of P and z do not depend

on X, then P and z are independent unconditionally. O



3.3 Expectations

We shall assume that each of the component fields X;(t) satisfies the same regularity con-
ditions inside a compact set C' C IRY as are required for Theorem 2.1 to hold. Then Adler
(1981), Lemma 7.1.1., page 171, shows that U(t) is also suitably regular for Theorem 2.1 to
hold, and Theorem 2.1 is used to derive the expected DT characteristic in two dimensions.
In this section we shall extend this to higher dimensions.

First we shall give an asymptotic expression for the expectation of M (U, C), the mean
number of local maxima greater than u, and M, (U, ('), the mean number of local minima
less than u. We shall postpone the proofs of the results in this subsection until the end of

section four where we shall derive them as special cases of the F' field (Corollaries 4.5 and
4.8).

Theorem 3.3 Under the same reqularity conditions as are required for Theorem 2.1 to hold
for each of the component fields X;(t),

N 1
B, 0)) = NOUMMIEL T o1y o),

u

and provided n > N then
AC)det(A)zuzNe=z% (n — 1)
(2r):N2: (=20 () (n = N)

NI

E(M, (U,C)) = !{1+O(u )}

We can immediately find an asymptotic expression for the global maximum and global

minimum of U(t) using the same argument as Hasofer (1978):

Corollary 3.4 Let Uyax = sup{U(t) : t € C'} and Uyyy = inf{U(t) : t € C'}. Then

1

A(C)det(A)zuz(Ne—2 N

P(Umax = T as ;
and provided n > N then
MO)det(A)zuz(Ne=3% (n — 1)
P(Upin < u) — (C)det(A)zu < (n—1) as u — 0.

= (2m)EV250-2p (2] (n—N)!

Theorem 3.5 For N > 2, and under the same regularity conditions as are required for
Theorem 2.1 to hold for each of the component fields X;(t),

E(x(Au(U,C))) = : : ) ® Pun(u),

where Py ,(u) is a polynomial of degree N — 1 in w with integer coefficients, given by

[(N=-1)/2] N—1-25 o
J (N n—1 >(—1)N PN DL

Py n(u) = | ,
N (1) -2 —k 27 j1k!

=0 k=0

where diwvision by the factorial of a negative integer is treated as multiplication by zero.
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Corollary 3.6 If N =2

A(C)det(A)zuz(=2e2v

E((Au(U,€)) = ==~ )

and if N =3

E(x(4.(U, 0))) = {* = (2n—Du+ (n—1)(n-2)}.

3.4 Comments

The two dimensional result (N = 2) for C' a unit square was obtained by Adler(1981),
Theorem 7.1.2, page 172. Hamilton (1988) has derived the expected DT characteristic of
excursion sets of a random field generated by the Rayleigh-Lévy random-walk fractal of
Mandelbrot (1982). This turns out to be identical to that of a x? field in three dimensions
with two degrees of freedom (N = 3, n = 2).

As Adler(1981), page 176, points out, Theorem 3.3 and 3.5 tell us a lot about the zeros
of x? fields and Gaussian fields. For small, but non-zero, u it is clear that the excursion
set A, (U, C) consists essentially of the whole of C' except for a few ‘holes” where the field
drops below the level u, of which there are approximately (—1)¥"!y(A,(U,C)) in num-
ber. Note that E(x(A,(U,C))) is proportional to e~2%uz("=N Py (). Taking the limit of
E(x(A.(U,C))) as u — 0 tells us that if n > N then there are with probability one, no zeros,
confirming the result of Theorem 3.3. If n = N there are an almost surely finite number of

zeros, and on average
A(C)det(A)2T{(N + 1)/2 2 (N+D),

since Py y(0) = (N — 1)l = 2N-ID{(N + 1)/2}T{N/2} /2. Thus Theorem 3.3 can be ex-
tended to the case n = N. If n = N —1 then there are an infinite number of zeros which form
‘strings’ with an expected DT characteristic of zero, since Py nx_1(0) = 0 and the coefficient
of uwin Py y_1(u) is non-zero. In particular, the zeros of a x? field in three dimensions with
two degrees of freedom, or the Rayleigh-Lévy random-walk fractal, form closed ‘loops’ with
an expected DT characteristic of zero. These observations will be important for defining F'

and t fields in the following sections.

4 The F field

4.1 Definition

Let Xi(t),..., X,(t),Yi(t),...,Y(t), t € RY, be independent, identically distributed,

homogeneous, real-valued Gaussian random fields with zero mean, unit variance, and let A



= Var(0.X,(t)/0t) = Var(9Y;(t)/ot), i =1,...,n, j =1,...,m. Then define the F field as

- {Soxwrng / {Sonwrm.

The marginal distribution of F'(t) for fixed t is an F-distribution with n and m degrees of
freedom. However there is a serious difficulty with the above definition which does not arise
in the univariate case. If the degrees of freedom are small there may be many values of
t inside a compact set C' where the numerator and denominator in the definition of F(t)
both take the value zero, with non-zero probability, and so F'(t) is not defined. This will
happen when each of the component Gaussian fields takes the value zero, that is when
W(t)=X1(t)2+...+ X, ()2 +Yi(t)2 + ... + Y, (t)> = 0. However W(t) is a x? field with
m + n degrees of freedom and we have seen from the previous section that W (t) has almost
surely no zeros provided that m+mn > N. Thus the definition of the F-field will be restricted
tom+mn > N.

4.2 Representations of derivatives

To make the algebra simpler we shall work with the field G(t) = (n/m)F(t) = U(t)/V (t),
where U(t) = Z X;(t)? and V(t) = Z Y;(t)? are independent x? fields with n and m degrees

of freedom, respectlvely We shall need the following Lemmata, similar to Lemma 3.2.

Lemma 4.1 We can express the first and second derivatives of G = G(t) in terms of inde-

pendent random variables as follows, where the equalities are equalities in law:

(a) % =2G3(1+G)W 2z,
82(;' . / s / / L
() 5o0 =20+ G)WHP - GQ+ (1+3G)z7'y — G2 (mz + 2021)} + G2 W H]

where (m/n)G ~ F, , W ~ X2, 21,22 ~ Normaly(0,A), P ~ Wisharty(A,n—1), Q ~
Wisharty (A, m — 1) and H ~ Normalx« (0, M(A)), all independently.

Proof. Let U =U(t), V =V(t) and W = W(t) = U + V. It is easily verified that
W~ X2 +n and that G and W are independent. For the first derivative we have

oG _1ou v
ot Vot V2ot
From Lemma 3.2(a) we can make the substitutions

ou ov

e 2U2ZU and Tt =2V2 27y,
where zy, zy ~ Normaly (0, A), to give
oG

2 = 202V~ (Vigy — Usay) .
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Letting

]_ 1 1 1 1 1
z) = §U2V§W2aa—f =W (Vigy — Ulzy), U= ﬁ—WG and V = 1+£G
gives the first result (a). It is easily verified that z; ~ Normaly (0, A).

For the second derivative (b) we have

V3 ot ot

otot’  V otot!  V20tot V2

°C _1OU U PV 1 (QUIV  OVOUY 2 0VIV
ot ot " ot ot

From Lemma 3.2(b) we can make the substitutions

92U , , 92V
o Q(P + ZyzZy — UAN+U HU) and Ot

where P ~ Wisharty (A, n—1), Q ~ Wisharty (A, m—1) and Hyy, Hy ~ Normaly« (0, M(A)).
This gives

=2(Q + zy7), — VA + ViHy),

9*G
oot/

=2Vt (P — GQ+ zyzy, — 2G2(zp7, + zvz,) + 3GzyvZ, + G2(V2Hy — U%Hv)) :
We now find a linear combination of zy and zy that is independent of z;:
2y = SW i =W (Urzy + Vezy).

Then we can write
Zy = W2 (V%zl + U%z2> and zy = W2 (—U%zl + V%z2> )
If we let
H=W"3(V:Hy - UzHy),
and substitute these into the above then we obtain the result (b). It is easily verified that
H ~ Normaly« (0, M(A)), z2 ~ Normaly (0, A) and that z; and z, are independent. a

4.3 Expectations

Lemma 4.2 Provided that m +mn > N and the component fields Xy,...,X,, and Y1,..., Y,
satisfy the conditions of Theorem 2.1 then F' s suitably reqular for Theorem 2.1 to hold.

Proof.  For the regularity conditions (i) of Theorem 2.1 we follow the arguments of
Lemma 7.1.1 of Adler(1981), page 171. Let M be the supremum over all t € C of the
absolute value of X;(t) and all its derivatives up to second order, i = 1,...,n, Y;(t) and
all its derivatives up to second order, i = 1,...,m, and V(t)~!. The moduli of continuity
of G(t) will converge to zero at the right probabilistic rate if we condition on M < K
throughout the proof of Lemma 5.2.2 of Adler(1981), page 100, eventually letting K — oo.
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For conditions (iii) of Theorem 2.1 we shall use the representation of Lemma 4.1 for the
first and second derivatives of GG in terms of independent random variables. The conditions
(iii) are not directly satisfied by G, but we can nevertheless prove that Theorem 2.1 holds
by conditioning on W while working through the proof of Lemma 5.2.1 of Adler(1981), page
98. Now conditional on G, W,0G /0ty ..., 0G/0tN_1, we see from Lemma 4.1 that 0G /0ty
is O(W~2), the determinant of any (N — 1) x (N — 1) minor of 92G/8tdt’ is W2V~ times
a polynomial in W~ of degree N — 1, and the joint density of G,0G/dty,...,0G/0tn_1
conditional on W is O(W%(N ~1). The bound required by the proof is the product of these,
which is thus a polynomial of degree N in W2 with coefficients that have finite variance.
Taking expectations over W ~ x?2, +n» We see that this bound has finite variance provided

that m +n— N > 1, or m+n > N. Similar arguments apply to the conditions (ii). O

Theorem 4.3 For m > N, and under the same reqularity conditions as are required for
Theorem 2.1 to hold for each of the component fields X;(t) and Y;(t), then

E(Mj (F,C)) = AMC)det(A): T (™57Y) (m— 1)) (nf

(2#)%]\72%(]\’*2) T (%) I (g) (m — N)!

—1(m-N)
) 4oy,

m
Proof.  Since m > N implies m +n > N then by Lemma 4.2 we can apply Theorem
2.1 to F(t). Let G = G(t) = (n/m)F(t) = U/V and G = 0G/0t. We shall evaluate the

expectations in Theorem 2.1 by conditioning on both G and W and then taking expectations

over W. Now since W ~ x2, . independent of G, using Theorem 2.1 we can write
E(M, (G, C)) = A(C) [ Ew{B{~det(Dy)|G = h, W, G = 0} wx(0; b, W)} () dh
g

where Dy is the N x N matrix of all second order partial derivatives of G, ¥n(g;h, W) is
the density of G conditional on G = h and W, and 9y(h) is the density of G. By Lemma

4.1 we can see that if G = 0 then we can write
Dy =2(1+ G)[W (P - GQ)+ G:W zH],

where P ~ Wisharty(A,n — 1), Q ~ Wisharty (A, m — 1) and H ~ Normaly«x(0, M(A)),
independently of G and W. Thus det(D}) is a polynomial in Gz of degree 2N, multiplied
by (1+G)". Following the same arguments as in the proof of Theorem 6.3.1 of Adler(1981),

page 134, it can be shown that as G — oo then Dy approaches the negative definite matrix
—2(14+ G)GW'Q to give

E{—det(Dy)|G = h, W, G = 0} = E(det(Q))(2(1 + h)AW )N {1+ O(h~1)}.

From standard multivariate statistics we have E{det(Q)} = det(A)(m — 1)!/(m —1 — N)!
(see for example Anderson(1984), page 265), which is non-zero since m > N. From Lemma
4.1(a) the density of G at zero conditional on G = h and W is

Un(0; h, W) = (2m) "2V det(A) 227N (1 + h) " Np 2N e,
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Multiplying these together gives
E{—det(Dy)|G = h, W, G = 0} ¢n(0;h, W)

~ det(A)z(m —1)!
(2m) ¥ (m — 1 — N)!

Using the fact that E(W?) = 29T{(m + n)/2 + d}/T{(m + n)/2} and multiplying by the
density of G:

haN{1+O(h 2 )}w3V,

(ern) h%n 1 1_’_h>—%(m+n)

’1
~
N
N—
/\
|3
N—

gives:
Ew {E{—det(Dy)|G = h,W,G = 0} ¢y (0; h, W)}1o(h)
A 1 r m+n—N Y
_ MOt D) (= 1) gy oty
(2m)2V22N T ()1 (3) (m— 1= N)!
Integrating over h and converting back from G to F gives the result. a

Corollary 4.4 Let Fyox = sup{F(t) : t € C}. Form > N and as f — o0

P(Fuax > f) — A( 1) et(A)} T ("™52) (1)) (nf>—% -

(2m)2 N2 VAT ()T (3) (m = N)!

Proof. Following Hasofer (1978) we have
P(Fuax > f) = P(M(F,C) = 1) < E(Mj (F,C))
with convergence as f — oc. a

Corollary 4.5 Theorem 3.3 holds.

Proof. Since U(t) = nF'(t) in the limit as m — oo then the first result of Theorem 3.3 for
E(M;(U,C)) can be obtained by letting m — oo in the result of Theorem 4.3. The second
result of Theorem 3.3 can be obtained by noting that E(M, (V,C)) = E(Mf/v(l/v, C')) and
1/V(t) = F(t)/m as n — oco. Provided m > N, Theorem 4.3 gives the desired result, after
a change of parameters from m to n. O

Theorem 4.6 For N > 2, m+n > N, and under the same reqularity conditions as are
required for Theorem 2.1 to hold for each of the component fields X;(t) and Y;(t), then

. min=N) e Bee) o\~ m+n=2)
B(x(4/(F.C)) = (2;)§d2é(w)2)r((m)r(,)) () (i) Kl ),

2 2
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where Ky mn(f) is a polynomial of degree N — 1 in nf/m with integer coefficients given by
(N2l p (e )

KN,m,n(f) = <_1)N71(N - 1)' Z_% T (eran) ]|

N-1-2j /. n— A nf\IHF
5 (e G

Proof. Let G = G(t) = (n/m)F(t) = U/V and G® = 0G/0t,. We shall evaluate the

expectations in Theorem 2.1 by conditioning on both G and W and then taking expectations

over W. Now since W ~ x2 .. independent of G, we can write
E(x(4,(G,0))) = (~1)VNC)Ew{E(GM*det(Dy 1) |G = g, W, GV =0,...,GND =)

2/}N*l(O? cee 70;97 W)}d}O(g)a

where Dy _ is the (N — 1) x (N — 1) matrix of second order partial derivatives of G with
respect to ty, ..., tx_1, Un_1(g1,...,9n—1; G, W) is the density of G, ..., GV~ condi-
tional on G and W, and y(g) is the density of G. By Lemma 4.1 we can see that if

GM =0,...,GN=D =0 then we can write
Dy =c¢(P* 4+ aQ" + bH"),

where ¢ = 2(1+G)W™, a = —G, b= G2Wz, A*is the (N — 1) x (N — 1) matrix of the first
N —1 rows and columns of A, and P* ~ Wisharty_1(A*,n—1), Q* ~ Wisharty_1(A*,m—1)
and H* ~ Normal(n_1)x(nv-1)(0, M(A*)), independently. Thus GW) is independent of Dy_;
and

E(GM*tdet(Dy_1)|G, W, GV =0,...,GVN~Y =)

=E(GMHG, W, GV =0,...,GY Y = 0)E(det(Dy_1)|G, W,GY =0,...,GgHVY = ).

We shall start with the first term. Let z; = (z1, ..., 2x)" ~ Normaly (0, A) independent
of P*, Q" and H*, and let \y = Var(zy|z1,...,2n-1). Then from Lemma 4.1(a) and Adler
(1981), Lemma 5.3.3, page 111, we have

E(GMHG,W,GD =0,... . GND = 0) = beE(2h ]z = 0, 2y = 0) = be(2m) AL,

For the second term, let B be an orthogonal (N — 1) x (N — 1) matrix such that
B'A*B =1Iy_;. Then

E(det(Dy_)|G,W,GY =0,...,GVD =0) = N LE(det(P* + aP* + bH))
= det(A*)N 'E(det(B'(P* + aQ* + bH*)B)

= det(A*)cV T E(det(P + aQ + bH))

13



where P = B'P*B ~ Wisharty(In_1,n — 1), Q = B'Q*B ~ Wisharty(Iy_1,m — 1) and
H = B'H*'B ~ Normal(y_1)x(n-1)(0, M(In_1)) independently, by Lemma 7.1(a). We can

now apply Lemma 7.5 to obtain

E(det(Dy_1)|G,W,GY =0,...,GV Y = 0) = det(A*)2V (1 + G)N !

N— —1-2j '
[ zl‘j/Q]Nzl:y (m — 1) ( n— 1. ) (_1>J+k.@[ — 1)!Gj+kw,(N,1,j)_
§=0 k=0 k N—-1-2j—k 27!

From Lemma 4.1(a) the density of G(1),..., G =Y at zero conditional on G' = g and W is

Un-a(0,.., 059, W) = (2mdg(1 + g)'W 1) 72 Ddet(A") 2.
Multiplying these together gives
E(G(N)+det(DN—l)|G =9, VVv G(l) = Oa s 7G(N_1) = O)¢N—1(07 s 70a 9, W)

= (2m) "2V det(A)22(1 + g)g 2N

N-1)/2 j
I« Z/ ]Ni% m—1 n—1 (DN = D! kg dv2)
2 o )J\N—1-2j—k 27 j1k! ’

since Aydet(A*) = det(A). Using the fact that E(W?) = 290{(m +n)/2+d}/T{(m+n)/2}
and multiplying by the density of G:

(1 4 g)amin)

gives:

A(C)det(A)2 g%mfN)(l 4 g)amin=2)
Cr# T (3)1(3)

_ m+n—N+27
[(Ni/Q}NiZJ m—1 n—1 (=1)N (N = 1)ID (%) s
= k N—-1-2j—k 25 (N=2) 51

Convertmg back from G to F gives the result. O

E(x(44(G, 0))) =

Corollary 4.7 If N =2 and m +n > 3 then

{(m— 1)% —(n— 1)},




Corollary 4.8 Theorem 3.5 holds.

Proof. Since U(t) = nF(t) in the limit as m — oo then the result of Theorem 3.5 can
be obtained by letting m — oo in the result of Theorem 4.6. a

4.4 Comments

It is worth noting three things about these results. First, they only depend on the distribution
of the component fields through the variance of their first order derivatives, even though the
definition of M and yx(A) depend on second order derivatives. Second, E(x(A)) is invariant
under rotations of the coordinate system, even though x(A) is not invariant under rotations if
A touches the boundary of the region C. Third, E(M} (F,C)) and E(x(As(F,C))) converge
to the same limit as f — oo, but the former at the rate O(f_%) and the latter at the faster
rate O(f~1). These comments also apply to Gaussian, x?, and, as we shall see in the next
section, t fields.

We end this section with some comments on infinite values of F(t). For large f it
is clear that the excursion set Af(F,C) consists essentially of the whole of C' except for
a few ‘peaks’ where the field F'(t) exceeds the level f, of which there are approximately
X(A¢(F,C)) in number. Note that E(x(A;(F,C))) is proportional to f~2(m=N) Taking the
limit of E(x(A(F,C))) as f — oo tells us that if m > N then there are with probability
one, no points where the field is infinite. If m = N there are an almost surely finite number

of infinities, and on average
A(C)det(A)2T{(N + 1)/2}x 2 (N+D

Thus Theorem 4.3 can be extended to the case m = N. It is not surprising that this result
is the same as the expected number of zeros of a x? field with N degrees of freedom, from
Theorem 3.3; in fact we can see that the behaviour of an F’ field near infinity depends largely
on the behaviour of its denominator x? field near zero. Similar results apply to the zeros of
I fields, as can be seen by taking the reciprocal of the F' field.

5 The t field

5.1 Definition

Let X(t),Yi(t),...,Y(t), t € RY, be independent, identically distributed, homogeneous,
real-valued Gaussian random fields with zero mean, unit variance, and A = Var(9X (t)/0t)
= Var(9Y;(t)/0t), i = 1,...,m. Define the t field as

7(t) = X(t) / {§n<t>2/m}%
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The marginal distribution of 7'(t) for fixed t is a ¢ distribution with m degrees of freedom,
written t,,. Note that T'(t)? is an F field with 1 and m degrees of freedom. Once again
we must avoid the possibility that the numerator and denominator both take the value zero
inside a compact set C'. This will happen when each of the component Gaussian fields takes
the value zero, or when S(t) = X (t)2 +Y(t)? +...+ Y, (t)> = 0. However S(t) is a x? field
with m + 1 degrees of freedom and we have seen from the section three that S(t) has almost
surely no zeros provided that m +1 > N. Thus the definition of the ¢-field will be restricted
tom > N.

5.2 Representations of derivatives

We can find a representation for the derivatives of a t field, similar to that of Lemma 3.2.

The proof is similar and is omitted.

Lemma 5.1 We can express the first and second derivatives of T = T(t) in terms of inde-
pendent random variables as follows, where equalities are equlities in law:

ar
(a) g =m*(1+T2/m)S 4z

2
T
=m(l+ Tz/m)S_l{—m_%T(Q —22.7'\) — 212/ — 7071 + S%H}

where T ~ t,, S ~ X2, %1,22 ~ Normaly(0,A), Q ~ Wisharty(A,m — 1) and H ~
Normaly« (0, M(A)), all independently.

5.3 Expectations

Theorem 5.2 For N > 2 and m > N, and under the same regularity conditions as are
required for Theorem 2.1 to hold for each of the component fields X (t) and Y;(t),

A(C)det(A)=D (52 ) mztm=N)
2(m) s NI (m2=)

E(M(T,C)) = =N Lo}

Proof.  This result follows from Theorem 4.3 and the fact that T'(t)? is an F field
with 1 and m degrees of freedom. Since T'(t) has the same distribution as —7'(t) then
for t > 0 E(MH(T,C)) = E(M%,(-T,C)) = E(Mi(T?,C))/2. For m > N the result
is obtained using Theorem 4.3 with n = 1 and f = ¢, and the relation (m — N)! =
2N {(m + 2 — N)/2}T{(m + 1 — N)/2}/T(1/2). We can extend the result to the case
m = N following the comments at the end of Theorem 4.6. a

Corollary 5.3 Let Tyax = sup{T'(t) : t € C'}. Form > N and as t — o0

MC)det(A)2T (L) ma(m=)

: g (m=N),
()2 (N+L) (m+§—N)

P (T > 1) —
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Theorem 5.4 For N > 2 and m > N , and under the same reqularity conditions as are
required for Theorem 2.1 to hold for each of the component fields X (t) and Y;(t),

o l 2\ —3(m—1)
B 0)) = SEREEE (14 2) T )

where QN (t) is a polynomial of degree N — 1 in t given by

(V=12 1y [ (mtt
Qumlt) = 2 2j("(113f (—N1 —12) !')' ( ) et
=0 7 7): T (m+2;N+2]) (%) 2

Proof. Suppose first that ¢ > 0, so that the two excursion sets A;(7,C) and A_,(—T,C)
are disjoint and their union is Ae (T2, C). Since the DT characteristic of the union of two
disjoint sets is the sum of the DT characteristics of the two sets, and T'(t) has the same
distribution as —T'(t), then E(x(A{(T,C))) = E(x(A42(T?% C)))/2. Since T? is an F field
with n = 1 then the result is obtained using Theorem 4.6, and the relation (m — N + 2j)! =
2m=NT2TL(m +2 — N)/2+ j3T{(m +1— N)/2+ j}/I'(1/2). Suppose now that ¢ < 0. It
is straightforward to show by a proof similar to that of Lemma 4.2 that the conditions of

Theorem 2.1 are satisfied by T'(t) so by Corollary 2.2 we have
E(x(A(T.C))) = (=) EX(A= (=T, C)) = (=) 'E(x(A(T, 0)))

since T'(t) has the same distribution as —7'(t). Since Qn.m(—t) = (—=1)V ' Qn.n(t) then
the result of the Theorem can be extended to ¢t # 0. For t = 0, T = 0 implies X = 0
almost surely. It can be checked that the expected DT characteristic of a Gaussian field at
zero, from Adler (1981), Theorem 5.3.1, page 111, agrees with the result of the Theorem for
t=0. O

Corollary 5.5 If N =2 and m > 2 then

o 1 2\ —3(m-1) 7 (m+tl
B (AT, ) = MO (14 ) ;——Q—

and if N =3 and m > 3 then

E(x(A,(T, C))) = A(C)det(A)} (1 + ﬁ>%(ml) {L—1t2 - 1} .

5.4 Comments

Note that the coefficients of Qn ., (t) are equal to those of the Hermite polynomial of degree
N — 1, Hey_1(t), mutiplied by a term that is less than one but which converges to one as
m — 00. Thus as the degrees of freedom approaches infinity, the expected DT characteristic
of the ¢ field converges to that of the Gaussian field, as given by Adler (1981), Theorem
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5.3.1, page 111. At extreme thresholds, the behaviour of the t field is largely dominated by
the behaviour near zero of the denominator x? field V(t). If m = N then we saw in section
three that V(t) takes the value zero at a finite number of points, so that the ¢ field can be
infinite at a finite number of points. Since the numerator X (t) takes positive values with a
probability of one half, then we expect that the number of positive infinite values of T'(t)
to be one half the expected number of zeros of V (t). It is reassuring to note that letting

t — oo in the result of Theorem 5.4 confirms this.

6 Applications to positron emission tomography im-
ages

The PET technique uses positron-emitting isotope labelled carriers, created in an on-site
cyclotron, to produce an image of brain activity such as glucose utilization, oxygen con-
sumption or blood flow. In the last three years, researchers have succeeded in carrying out
a new type of experiment in which a group of subjects in a randomised block design are
given a set of stimuli such as word-recognition or a painfull heat stimulus. The number of
subjects and stimuli is small, typically 10 and 6 respectively. The unusual statistical feature
is that each observation is a three-dimensional image of blood flow in the brain. By careful
alignment it is possible to subtract the blood flow image under one stimulus condition from
that under another to look for changes in blood flow, or activation between the two stimuli.
Such an experiment is fully described in Worsley et al. (1992) and the relevant details of
the analysis will now be given.

Suppose that there are p subjects and that for the ith subject, A;(t) is the value of
this differenced image at a point t € C, where C C IR?® is the brain, i = 1,...,p. Let
wu(t) = E(A;(t)) be the mean change in blood flow, or mean activation, between the two
stimuli, and let o(t)? = Var(A;(t)), e = 1,...,p. Then it was assumed that for each subject,
{A;(t) — p(t)}/o(t) was an independent homogeneous Gaussian field with zero mean and
unit variance, ¢ = 1,...,p. We are interested in testing the null hypothesis of no activation,
u(t) = 0. The sample mean A(t) and sample variance S(t) of the differenced images over

all subjects were then calculated:

p P

AfE) = Y At)/p, and S%(t) = Y- (A(6) = A®)” /(1.

i=1 =1

Worsley et al. (1992) made the assumption that the standard deviation was stationary, that

2

is o(t) = o, say. The variance o was then estimated by pooling the sample variance S?(t)

over all t € C to give

5% = / S2(t)dt /A (C).

teC
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The sample mean image was then standardised to give
X(t) = pzA(t) /6.

Since the brain volume was large relative to the resolution of the image, then & is approxi-
mately constant, so that under the null hypothesis p(t) = 0, X (t) can be well approximated
by a homogeneous Gaussian field with zero mean and unit variance. Since activation was
expected to produce a few isolated regions of high mean, then the null hypothesis was tested
by calculating the probability that the global maximum X, exceeded its observed value,
using Adler (1981), Theorem 6.9.1, page 160. The number of isolated regions of activation
was investigated by comparing the observed DT characteristic of excursion sets of X (t) with
its expected value as given by Adler (1981), Theorem 5.3.1, page 111.

It has been claimed by some workers that the standard deviation o(t) of the individual
images is not stationary. This claim can be investigated using the standardised sums of
squares image

U(t) = (p— 1)5%(t)/5

If o(t) is stationary then U(t) is a x? field with n = p — 1 degrees of freedom, independent
of X(t). The global maximum U, and the global minimum U,,;, can be used as a test
statistic for a few regions of high or low standard deviation, respectively; their approximate
null distributions are given by Corollary 3.4. The number of isolated regions of high or
low standard deviation can be investigated by comparing the observed DT characteristic of
excursion sets of U(t) with its expected value as given by Theorem 3.5.

If the standard deviation o(t) is not stationary then we can use the image
T(t) =p2A(t)/S(t)

which is a t field with m = p —1 degrees of freedom under the null hypothesis p(t) = 0. The
global maximum 7},,, can be used as a test statistic for regions of high mean; its approximate
null distribution is given by Corollary 5.3. The number of isolated regions of high mean can
be investigated by comparing the observed DT characteristic of excursion sets of T'(t) with
its expected value as given by Theorem 5.4.

Talbot et al. (1990) investigated the regions of the brain showing an increased blood flow
in response to a painfull heat stimulus. There were p = 8 subjects and the baseline condition
of no heat stimulus was repeated twice on each subject. Worsley et al. (1992) used these
images as a convenient control experiment to validate the models, since the null hypothesis
of zero mean difference between the same two stimuli, p(t) = 0, should be satisfied in this
case, although the standard deviation o(t) may still be non-stationary. Horizontal slices of
the images X (t), U(t) and T(t) = X (t)/{U(t)/n}2 are shown in Figure 2. Note that U(t)
is twice as ‘rough’ as X (t), and that 7'(t) has much sharper peaks than X(t).

The 3 x 3 variance-covariance matrix A of the partial derivatives of X (t) was estimated

numerically and found to be in good agreement with a theoretical estimate based on the
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known resolution of the PET camera. The unitless parameter A(C)det(A)2 was estimated
to be 1564. The observed global maxima and minima of these fields, together with their
exceedence probabilities, are given in Table 1. There is no evidence against the null hy-
potheses, apart from some evidence of regions of high standard deviation (Upax = 52.4).
The observed DT characteristic of the excursion sets for several values of the threshold level,
together with their expected values, are given in Figure 3. In all cases they seem to be in
reasonable agreement.

The analyses were repeated on data from the same study, but for the difference between a
painful heat stimulus minus a control stimulus. Horizontal slices of the images X (t), U(t) and
T(t) = X (t)/{U(t)/n}2 are shown in Figure 4; one subject had missing values and so p = 7.
The test statistics are given in Table 1, and they indicate that there has been an increase in
mean activation (Xyax = 4.99) and some regions of high standard deviation (Upax = 38.9).
The test based on T}, failed to detect an increase in mean activation. This can be explained
by some simulation results of Worsley et al. (1992) which showed that a test based on Tyax
was not as powerful as that based on X, if indeed the standard deviation was stationary.
Plots of the DT characteristics, shown in Figure 5, show considerable discrepancies between
the observed values of X (t) and T'(t) and their expectations under the null hypothesis
wu(t) = 0. Worsley et al. (1992) concluded on the basis of Figure 5(a) that there were three
isolated regions of activation caused by the heat stimulus. The horizontal slices in Figures
2 and 4 were in fact chosen to pass through one of these regions, the left cingulate, which is

approximately 3 centimetres left frontal of the centre of the slice.

TABLE 1. Global mazima and minima, z, of the fields Z(t) from the pain study, together
with the expected DT characteristic of excursion sets above z.

Global minimum Global maximum

Z(t) stimuli z E(x(A4,(Z,C))) =z Ex(A,(Z,C)))
X(t) no activation -3.47 1.14 4.16 0.121
X(t) heat stimulus -4.32 0.066 4.99 0.0039
U(t) no activation 0.0814 0.973 52.4 0.00013
U(t) heat stimulus 0.0375 1.703 38.9 0.012
T(t) no activation -17.9 0.105 7.4 2.65

T(t) heat stimulus -42.6 0.037 15.6 0.72

7 Appendix

For the expected DT characteristic, we shall need the following lemmata in order to find the

expected determinant of the matrix of second order derivatives, Dy_;. Let A be an N x N

20



matrix, and define detr;(A) to be the sum of the determinant of all the j x j principal minors
of A, so that detry(A) = det(A), detr;(A) = tr(A) and detrg(A) is defined to be one. Note
that (—1)’detry_;(A) is the coefficient of 27 in the characteristic polynomial det(A — zIy),
and detr;(A) equals the product of j eigen values of A, summed over all possible subsets of

j eigen values of A.

Lemma 7.1 (a) If H ~ Normalyy (0, M(X)) and B is a fited N x k matriz then
B’HB ~ Normaly,;(0, M(B'YXB)).

(b) If H ~ Normaln. (0, M(Iy)) then

(—1)7(25)!
F(det(H)) = 2]](')
if N =27 is even, and zero if N is odd.

Proof. The result (a) is proved by expanding and using Lemma 3.1(b), and result (b) is
given by Adler (1981), Lemma 5.3.2, page 110. O

The following result is a generalisation of the Corollary to Lemma 5.3.2 of Adler (1981),
page 110:

Lemma 7.2 Let H ~ Normaly«n(0, M(Iy)) and let A be a fized symmetric N x N matriz.

Then

IN/2) [ 1\ifons
E(det(A +H)) = > %‘;?ﬂdetrNgj(A»

j=0

Proof. Let B be an orthonormal matrix such that BPAB = L = diag(ly,...,ly) is a

diagonal matrix of eigen values of A. Then
det(A + H) = det(B'(A + H)B) = det(D + H")

where H* = B'HB ~ Normaly«x(0, M(Iy)) by Lemma 7.1(a). Now since L is diagonal
then det(L + H*) can be expanded in terms of products of the determinant of each k x k
principal minor of H* with the N —k members of {ly, ..., Iy} corresponding to the remaining
rows and columns not included in the principal minor. By Lemma 7.1(a) the distribution
of any k x k principal minor of H* is Normalyyx(0, M(I;)). Since the expected value of
its determinant depends only on k, then using Lemma 7.1(b) with & = 25 we obtain the

result. O

Lemma 7.3 Let P ~ Wisharty(In,v) and let a be a fized scalar. Then

E(detr;(P)) = (J,V ) v

i) w—=3)V

where diwvision by the factorial of a negative integer is treated as multiplication by zero.

21



Proof. Each j x j principal minor of P has a Wishart;(I,,v) distribution. From
standard multivariate statistics, the expected determinant of such a matrix is v!/(v — j)!
(see for example Anderson(1984), page 265). O

Lemma 7.4 Let P ~ Wisharty(Iy,v) and Q ~ Wisharty(Iy,n) independently, and let a

be a fixed scalar. Then

s —— T

where division by the factorial of a negative integer is treated as multiplication by zero.

Proof. Let B be an orthonormal matrix such that B'QB = L = diag(ly,...,ly) is a

diagonal matrix of eigen values of Q. Then
detr;(P + aQ) = detr;(B'(P 4+ aQ)B) = detr;(P* + aL),

where P* = B'PB. If Q is fixed then B is fixed and so P* ~ Wisharty(Iy, 7). From Lemma
7.3 the expected determinant of each (j —k) x (j — k) principal minor of P*is v!/(v — j + k).
Thus we can expand E(detr;(P + aQ)) in powers of a as follows:

. B I (N -k V! &
E(detr;(P* + aL)|Q) = kz:% (j B /{:)7(1/ i k)!detrk(L)a :

Using the fact that detry(L) = detry(Q) and taking expectations over Q using Lemma 7.3,
gives the result. a

Lemma 7.5 Let P ~ Wisharty(Iy,v), Q ~ Wisharty(Iy,n) and H ~ Normaly«x (0, M(Iy))
independently, and let a and b be fized scalars. Then

E(det(P+aQ+bH)):U§:2}( LN 2]%?( )(N 9 )ak.

s 274! —27—k

Proof. Holding P and Q fixed and applying Lemma 7.2 with A =P + aQ we get

[N/2]
E(det(P +aQ + bH)) = 3 %szE(detrN (P +aQ)).
=0 :

Applying Lemma 7.4 gives the result. O
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Figure 1. The DT characteristic of an artificial image in IR?. (a) The image, with colour
bar in (e); darker shading denotes higher values. Local maxima are indicated by L and the
global maximum is indicated by G. (b) Excursion set A (shaded areas) above a threshold
z = 3.2. Points which are counted in yo(A), and contribute -1 to x(A), are indicated by
O. Points which are counted in x;(A), and contribute +1 to x(A), are indicated by X.
Since the excursion set does not touch the boundary the DT characteristic equals the Euler
characteristic, which counts the number of isolated regions minus the number of ‘holes’,
giving x(A) = 2. The number of local maxima greater then 3.2 is M* = 4. (b) As the
threshold is increased to z = 4.0 the holes disappear and the DT characteristic counts the
number of local maxima, giving y(A) = M* = 4. (c¢) At even higher levels z = 5.6, the
DT characteristic takes the value one if the global maximum exceeds z and zero otherwise,
giving x(A) = M*™ = 1. (e) A plot of the DT characteristic x(A) against z. For z > 2.7
the excursion set does not touch the boundary and the DT characteristic equals the Euler
characteristic.

Figure 2 Horizontal slices of the three dimensional Gaussian field X (t) (a), the x? field
U(t) (b), and the ¢ field T(t) = X (t)/{U(t)/n}2 (c), as defined in section 6. The slice is
taken roughly mid way through the brain, 3.2 cms above the anterior commissure-posterior
commissural line. Darker shading denotes higher values. Note that the scale on the y?
field with n degrees of freedom (d.f.) has been transformed to {U(t)/n}z to give a better
rendering of the image. The data shown is from a study with p = 8 subjects in which the
two stimuli were identical, so that we expect to see no increase or decrease in the means of
X(t) and T'(t).

Figure 3 The DT characteristics of excursion sets of the three dimensional fields in
Figure 2, as a function of the level of the excursion set, together with the expected DT
characteristic under the null hypothesis of no mean activation. The maxima and minima
are marked with arrows. Note that the scale on the x? field with n degrees of freedom (d.f.)
has been transformed to {U(t)/n}2. The observed and expected values appear to be in
reasonable agreement.

Figure 4 Horizontal slices of the three dimensional fields, as in Figure 2, but for the
difference between a painfull heat stimulus and a control stimulus. Worsley et al. (1992)
found evidence of significant activation in the Gaussian field X (t) (a) in the left cingulate
region, 3 centimetres left frontal of the centre of the slice.

Figure 5 The DT characteristics of excursion sets of the three dimensional fields in
Figure 4, for the difference between a painfull heat stimulus and a control stimulus. There
are some discrepancies between between the observed and expected DT characteristics of
X(t) (a) and T'(t) (c). On the basis of (a), Worsley et al. (1992) estimated that there were

three regions of activation caused by the heat stimulus.
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