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Abstract

WE present a systematic treatment of alignment distance
and local similarity algorithms on trees and forests. We
build upon the tree alignment algorithm for ordered trees
given by Jiang et. al (1995) and extend it to calculate lo-
cal forest alignments, which is essential for finding local
similar regions in RNA secondary structures. The time
complexity of our algorithm is O(|Fy| - |Fa| - deg(F}) -
deg(Fs) - (deg(F1) + deg(F3)) where |F;| is the number
of nodes in forest F; and deg(F;) is the degree of F;. We
provide carefully engineered dynamic programming imple-
mentations using dense, two-dimensional tables which con-
siderably reduces the space requirement. We suggest a
new representation of RNA secondary structures as forests
that allow reasonable scoring of edit operations on RNA
secondary structures. The comparison of RNA secondary
structures is facilitated by a new visualization technique for
RNA secondary structure alignments. Finally, we show how
potential regulatory motifs can be discovered solely by their
structural preservation, and independent of their sequence
conservation and position.
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on special structural properties. Evolutionary conserved tR-
NAs [22] and rRNAs [7] carry out protein synthesis. Small
nuclear RNAs are important for the splicing of pre-mRNAs
[24] and small nucleolar RNAs act as guide RNAs for the
modification of other RNA molecules [13]. The untrans-
lated terminal regions (UTRs) of mMRNAS can contain regu-
latory motifs which play a role for posttranscriptional gene
regulation. Such motifs canfatt the mRNA localization
[9], mRNA degradation [6] and translational regulation [5].
Therefore, discovering such similar motifs inside otherwise
unrelated structures is important for the investigation of
posttranscriptional gene regulation events. To use an anal-
ogy from sequence search: We need an equivalent to the
Smith-Waterman algorithm[21], applicable to structures.
String edit distance [25] clearly is the most successful
model in sequence comparison. Itis used in document pro-
cessing, file comparison, molecular sequence analysis, and
numerous other applications of approximate string match-
ing. The basic model is that one string is “edited” into an-
other string by a sequence of edit operations, such as sin-
gle character replacement (R), deletion (D) or insertion (I).
The weights associated with the edit operations sum up to
an overall score, and the edit sequence giving the minimal
score defines the edit distance of the two strings. Equiva-
lently, the editing process, ignoring the order of edit opera-
tions, can be represented as an alignment. This equivalence
does not generalize to trees, as already mentioned in [1].
For each tree alignment one can construct a corresponding
sequence of edit operations, but not vice versa. One can un-

RNA is a chain molecule, mathematically a string over derstand editing as finding a largest common sub-structure,
a four letter alphabet. It is built from nucleotides contain- While aligning means finding the smallest common super-
ing the baseA(denine) C(ytosine),G(uanine), and(racil). structure (In fact, this depends on the scoring scheme.).
By folding back onto itself, an RNA molecule forms struc- Which model is favourable depends on the problem.
ture, stabilized by the forces of hydrogen bonds between
certain pairs of base#\-U, C-G, G-U), and dense stacking 1.2. Previouswork
of neighbouring base pairs.

The investigation of RNA secondary structuresis achal-  The first generalization of the edit model from strings
lenging task in molecular biology. RNA molecules have to rooted ordered trees is due to [23], algorithmically im-
a large variety of functions in the cell which often depend proved in [31] and implemented and applied to computa-
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tional biology in [20]. Edit distance models on unordered
trees are considered in [32, 29]. Problem variations on
rooted and/or unrooted trees are considered in [15, 31, 26].
Algorithms that calculate local similarity of trees in the tree
editing model are presented in [26, 28].

An alignment model for trees was first proposed in [12]
and a faster algorithm for similar trees is provided in [10].
A problem similar to ours is studied by Wang and Zhang.
In [27] they study thesimilar consensus problem for trees:
“For fixed k, find two tree patterns (i.e. connected sub-
graphs)F’ and G’ of treesF' and G within a distancek
such that the sum of nodes 6f andG’ is maximal”. The
unit distance function is hard-wired into the algorithm, and
the authors conclude that it remains a challenging problem
to incorporate more sophisticated cost functions. In anal-
ogy to Smith-Waterman [21], we use similarity rather than
distance and solve the problem of finding the most similar Figure 1. Secondary structure of the E.coli

subforests allowing arbitrary scoring schemes. tRNA for leucine. taken from the Genomic
tRNA Database [17].

2. Resaults

2.1. Outline _ ) )
this pool of methods for drawing alignments of RNA sec-

The contributions of this article are four-fold: ondary structures. Since bases paired in a strudyrean
] ) o ) be aligned to bases unpaired in a structtiyethe presenta-
* We give a systematic generalization of the alignment {jo, of 2 common secondary structure leaves some choice.
distance model from strings to trees and forests. For an alignment! of structuresS;, S, we draw an RNA

e We introduce several variants of similarity problem on Secondary structureSs-at-S;” that highlights the differ-

forests and provide efficient algorithms that solve these €nces as deviations 5% from 5y, or vice versa, 5, -at-5y".
problems. Both are alternative visualizations of the same alignment

The drawings can be annotated using all the information of
* We provide carefully engineered dynamic program- the alignment, e.g. show alternative base pairings.
ming implementations using dense, two-dimensional  Figyre 2 shows an alignment of the structures of the
tables which considerabiyeduces the space require- g ¢ tRNA for alanine (Anticodon GGC) and for leucine
ment. (Anticodon CAA) as found in the Genomic tRNA database

e We introduce a new representation for RNA secondary [17], in the form Sy,-at-Sz... The unaligned structures
structures as forests which allows reasonable scoring@re shown in Figure 1 and 6.
when comparing structures.
2.3. Experiments

Regulatory elements, once known, can be searched for

by a variety of approaches. Our local alignment algorithm,  We applied our local structure alignment algorithm to
by contrast, can discover new conserved structural motifssearch for regulatory structural motifs in untranslated ter-
without prior knowledge laout their shape and position. minal regions TRs) of MRNAs. One of the best investi-

While we exemplify this by a study of iron responsive ele- gated regulatory motifs in UTRs is the iron responsive ele-
ments [14], the reader must keep in mind that our approachment (RE). It is a specific stem-loop structure that can be
locates these elements soleBdause of their structural con-  found in many mRNAs where it regulates for example the
servation. As a consequence, it can discover previoulsy un-ranslational efficiency of these mRNAs depending on the

known, potentially regulatory elements. amount of iron in the cell [8]. UTRs which are known to
contain IREs were taken from the UTR data base [18]. Then
2.2. Visualization of structurealignments their structures were predicted withfold 3.1 [33]. We al-

ways investigated suboptimal structures, because one can-
RNA secondary structures are represented graphically asot be sure that the energetically best structure is the biolog-
circle plots, dot plat, mountain plots or 2D plots. We utilize ically correct one. We calculated structure alignments for
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Figure 3. (a) Local structure alignment of
the human and mouse ferritin heavy chain
5’'UTRs. (b) Local structure alignment of the
human ferritin heavy chain 5’'UTR and the hu-
man transferrin receptor 3'UTR.

tected the IRE again (Figure 3(b)).

This shows that our approach can discover arbitrary con-
served structural motifs in a larger structure, independent of
their position and primary sequence.

Figure 2. 2D-plot of the structure alignment of
the tRNAs for alanine (Figure 6) and leucine
(Figure 1). Bases printed in black show struc-
ture elements that occur in both structures
with the same sequence. Sequence vari-

3. A Uniform Notion of Alignment and Simi-
larity of Strings, Treesand Forests

antions are displayed by using red letters. 3.1 Preliminaries

Bases or base pairs that can only be found in

alanine are printed in blue, while bases that Let > be a set of symbols, treéphabet. Thegap symbol

only occur in leucine are printed in green. ‘- ¢, notinX, will play the special role to indicate deletions.
We defineX” = X U {- } and thepair alphabet X2 =
S xS\ {(-.- )}

We considerooted, ordered, node-labelled trees, called

the predicted structures with our tool using the local align- treesfor short. An (orderedforest is a sequence of trees. A
ment option. The reader is encouraged to make his ownfunctionlabel assigns a label to each node in a tree or forest.
experiments with the online version of our structure align- We useF (%) for the set of-labelled forests. Where con-
ment tool, RNA-forester at the urlhttp:// bi bi serv. venient, we identify a tree with the forest containing only
techfak. uni - bi el efel d. de/rna-forester. this tree. Astring overX is a tree inF(X) where each node

In Figure 3(a) the local alignment of the 5’'UTRs of the has at most one descendant. This latter definition implies
human ferritin heavy chain mRNA (5HSA015337) and the that and how the string case is embedded into our general-
mouse ferritin heavy chain mRNA (5MMU002159) is dis- ization to trees.
played. Here the IRE is not only conserved in structure but
also in sequence. In contrast, the local structure alignment3.2. Alignments of structures
of the 5’'UTR of the human ferritin heavy chain mRNA
and the 3'UTR of the human transferrin receptor mMRNA  |n the tree edit model [23], deleting a tree nadmeans
(3HSA008842) (see Figure 3(b)) shows numerous compen-hat the children of node become the children of the par-
satory mutations in the IRE. ent node ofv. Moreover, ifv has any siblings, the deletion

This example also demonstrates that we are not restrictegpreserves the preorder relation of these nodesidfa root
to small structures (the ferritin 5’UTRs are in a size range node, then its children have no common ancestor any more,
of 200 nucleotides), because here we calculated the locaknd they split up into a forest. Figure 4 gives an example
structure alignment of a 5’UTR (208 nucleotides) and a of the deletion operation. We speak of deletions and in-
much larger 3'UTR (2464 nucleotides). Although it occurs sertions when editing’ into 7", but an insertion intd’ is
at completely different positions in the two UTRs, we de- nothing but a deletion frorid”, and hence requires no extra
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Figure 4. (a) a tree with nodes a,..., f; (b) the
tree after node c has been deleted.

that satisfy an optimality criterion. For distance problems,
optimality means minimality, while for similarity problems
optimality means maximality. Distances are not negative,
and the distance between two forests is 0 iff the forests are
equal. A localized variant of distance makes no sense, as
empty forests always have the minimal distance of 0. Sim-
ilarity is slightly more flexible, allowing for positive and
negative score contributions. The similarity of two equal
trees is a positive number in most scoring schemes, and we
can (and will) ask for the most similar subtrees or subforests
of the given forests. Note that a tree contains many sub-

o (b_)/\(_e) 777777 /\e forests. Hence it makes sense to look not only for the best
e A A\ NN match to a tree in a forest, but also vice versa.
¢ 96 @ e dAl ; 9 Given ascoring function o : X2 — R, the similarity
v oi. score of an alignmentd € F(X2) is defined by
A\g d/\e o(A) = Z o(label(v))
/\"T f/\g » node ina
X Ty

The global similarity of forests F' and G, written as
95, (F,G), is the maximal score that can be obtained by an
alignment ofF" andG. An alignment off” andG is optimal

. . . . if it achieves this score.
definition. In contrast to the operational view of editing one

structure into another, an alignment is a declarative model,Problem gs, (F, &): Computegs, (F,G) and an optimal
a data structure rather than a process. alignment ofF' andG.

Our central notion is the following generic view of
an alignment: Analignment of two structures, with la-  3.3. Forest representation of RNA secondary struc-
bels from some alphabet, is the same type of structure, tures
with labels from the pair alphabet. Labels of the form
(a,b),(a,-),(-,b) with a,b € ¥ denote the edit opera- An RNA structure is denoted by an RNA sequence and
tions R, D, andl, respectively. Here this notion applies to the set of bases that form bonds. Representing the bonds
(pairs of) strings, trees, and forests. Clearly, it generalizesas arcs over the sequence, an RNA structure is an RNA
to graphs, as well as to alignments of more than two items, secondary structure iff the arcs are not crossing. A coarse
but this is beyond our present scope. We now formalize thisgrained representation of RNA secondary structures which
view. uses the structural elements hairpin loop (H), bulge (B), in-

Let A € F(%?). Its component wise projectiony; and terior loop (l) and multi-loop (M) as its basic elements is
A|y are elements of (X7). proposed in [19]. This encoding produces small forests, but
developing a scoring scheme on this level of abstraction is
a difficult problem. Following [16] we can represent RNA
secondary structures as forests on the level of paired and
unpaired bases. The parent and sibling relationship of the
forest nodes is determined by the nesting of base pair bonds.
The¥’ to 3’ nature of the RNA molecule imposes the order
among sibling nodes. Figure 6 shows a 2D plot of a RNA
molecule and Figure 7 depicts the corresponding forest rep-
resentation.

Bases that pair in one structure can be unpaired in a re-
lated structure because thempiainot stable in terms of en-
Since strings and trees are special cases of forests, Defiergies or a mutation of one base forbids a pairing. Accord-
nitions 1 and 2 apply to these as well. An example of a ingly, the bases that are involved in these events should be
pairwise tree alignment is given in Figure 5. replaced by each other. The RNA representation in Figure

We now turn to scoring alignments. We are notinterested 7 is not suitable for creating an adequate scoring scheme
in arbitrary alignments of certain forests, but just in those for these basic events. Clearly, each node of an RNA forest
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Figure 5. Ais an alignment of F and G.

Definition 1
Let F € F(X7). n(F) € F(X) isthe forest that results
from successive deletion of nodes v with label (v) = - .

It is easy to show that the order of node deletions is irrel-
evant and thus (F') is uniquely defined.

Definition 2
Let F,G € F(X). A € F(X?)isanalignment of F and G
iff = m(A]y) and G = 7(A]).
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Figure 6. Secondary structure of the  E.coli _ )
tRNA for alanine taken from the Genomic Figure 7. Forest representation of the RNA
tRNA Database [17] shown in Figure 6. Pairing bases correspond

to internal nodes which labels are the bases
that pair. Unpaired bases correspond to leaf
nodes and their label is a single base.

is involved in exactly one edit operation in a forest align-

ment (This holds for the tree editing approach as well).

Since a base pair is encoded as a single node, the score o _

for deleting the pairing between basesand v would be pf structures represented as shown in Figure 7 is suggested
o((a,u),- )+ o(-,a) + (- ,u). We extend the forest rep- 1N [30] anq corresp_onds toan edit .model that concerns the
resentation to allow explicit scoring of base pair deletions. four mentioned edit operats. Additionally, [11] extends

Pairing bases are represented by three connected nodes: THBeSe edit operations by new ones that consider a base-
P-node stands for the base pair bond and is labelled with P, Pair separately of the pairing bases. Thesetmsepair-
Its children nodes are ordered according toheo 3’ or-  breaking which is the deletion of the bond arizhsepair-

dering of the bases and the leftmost and rightmost child are@teringwhich is the breaking of a bond because a base that
the bases that pair. The children nodes of a P-node can be FRI'S in one sequence is deleted in the other. If both bases
nodes, if they are that are not leftmost or rightmost. Figure &€ deleted, the edit operation would be a basepair-indel.

8 gives an example of oextended RNA forest representa- ~ Our model of aligning extended RNA forests provides the
tion. tree counterparts for these edit operations, but the scoring is

The alphabet of labels of our extended forest represen-diﬁere”t from [11] for some cases. Figure 9 shows how our
tation is¥ = {P,a,c,g,u}. Since we are only inter- model is related to the described edit operations.
ested in comparing the structure of RNAs, we ignore the o
primary sequence. This is facilitated by a reduced al- 3.4. Local similarity of RNA forests
phabetsp p = {P, B} where B stands for base-node.(A

scoring schemer such thato(ai,b1) = o(ag,be) for Calculating global similarity of RNA secondary struc-
ai,az2,b1,b2 € {a,c, g,u} has the same effect.) We use the tures is not sufficient when the focus is to find similar re-
following scoring scheme for given constahisb,, p.-, p4: gions. This holds patrticularly if the regions are at positions
o(B,B) = b.o(B,-) = o(-,B) = bg,0(P,P) = that are far apart due to theit position.

pr,o(P,-) = o(-,P) = pa. A replacement of a P-node Local similarity means finding the maximal similarity
and a B-node is not meaningful in our model. Therefore, between two substructures. If these substructures are ex-
the scoring contribution for this case must beP, B) = tended, the score decreases. This requires a scoring scheme
o(B,P) = —oc. that balances positive and negative scoring contributions.

In [11] a set of edit operations is suggested that con- Otherwise, the similarity of the whole structures would al-
sider both primary sequence and structure of RNA. Theseways achieve the maximum score. It is generally assumed
are base-replacement, base-indel, basepair-replacement, that an alignment of two empty structures scores zero.
basepair-indel (indel stands foinsertion or deletion). The A substring of a string is a prefix of a suffix, and local
latter two operations treat a basepair and the pairing bases asimilarity on strings means the highest similarity over all
aunit. Calculating the edit distance (not alignment distance) pairs of substrings. The problem of finding most similar
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: subtiees |

(a) basepair replacement (b) basepair deletion The
The scoring contribution is  scoring contribution i, +
p7‘+2*br. 2*bd-

OO TETEOOO®O® 4
:subtrccsw\
Figure 8. Extended forest representation of (c) bond breaking The scor-  (d) basepair altering The
the RNA shown in Figure 6. A base pair is ing contribution ispg. scoring contribution is2 *
represented explicitly by a P-node. The left- Pa+2xbg+ by
most and rightmost child of a P-node are the
bases that pair. Figure 9. (a)-(d) show how the alignment

structure is related to edit operations, and
show their scoring contributions.

(complete) suffixes is not of great interest in the domain
of strings. Moving from strings to forests, local similarity

problems come in a greater variety. pattern similarity on trees and forests which is not consid-
The key notion for the local similarity problems on trees €red here.

is the closed subforest: We can now turn to solve thésfs (F,G) and the

silesfs . (F, G) problem.

Definition 3

Asequencevs, . .., v, of siblingtreesin F suchthatv,41 is 4. The Dynamic Programming Similarity Al-

theright brother of v; for i € [1,n — 1] isa closed subforest gorithm

(csf) of F.

Dynamic programming is &racterized by solving a
problem in a recursive fashion and tabulating intermedi-
ate results that are re-used. Following the advice of [3, 4],
we initially consider recursion and tabulation separately and
put them together afterwards. In this way, we reproduce the
recurrences of [12], adapted to similarity scoring, in a (as
we hope) more lucid fashion. Then we carefully treat tabu-

Note that the empty forest and fordstitself arecsfs of
F'. ltis quite obvious that"” is acsf of F, if F’ is acsf of
FandF” is acsf of F’ (closed subforest transitivity).

On trees, the counterpart of a suffix is a subtree. Finding
the most similar subtreds an interesting problem, and it
generalizes to the following problem.

Problem lesfs, (F,G,): The local closed subforest simi- lation. This is actually the more challenging issue here and
larity problem consists in finding the most similasfs /' interesting modifications and improvements over [12] are
and G’ of F'andG. That is, one seek&:sfs, (F,G) = achieved. Finally, the basic global similarity algorithm is
maxp o (9s,(F',G")) over allcsfs F” andG’ of F' andG, adapted to the problem variants.
respectively. _ Recall that a foresF is a sequence of trees. LEf|
qull-m-large is an intermediate between global and 10- pe the number of nodes iA and len(F) be the number
cal similarity: of trees inF, i.e. the length of sequendé. Leti:F be
Problem silesfs,, (F, G): Thesmall-in-large closed subfor- the forest consisting of the firsttrees of ' (prefix), while
est similarity problem means to match a “small” foregt F': j is the forest consisting of the lagtrees ofF (suffix).
completely against alisfs of the “larger”G. That is, one For each node in F, prep(v) is the index ofv in a pre-
wants to computesilcsfs, (F,G) = maxg (gs,(F,G")) order traversal of". We useF[i] to identify a node by its
over allcsfs G’ of G. index, i.e. Fprep(v)] = v. If F is not the empty forest,

Continuing the analogy, the prefix of a (sub)tfEés a F[1] is the root node of the first tree iA. Let F'! be the
treeT’ that is obtained by removing subtrees fr@mThis forest consisting of the children treesBfl] andF'— = F:
is called aree pattern, and gives rise to the problem of local  (len(F') — 1) be the forest of the right sibling trees Bf1].
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Note thatF'+ andF— can be the empty forest. N | N

4.1. The search space of forest alignments

To calculate similarity of forests, one must consider all Z£75 ignment of F and 6
their alignments, theearch space. We can enumerate all (a) Case 1
alignments of two forests in a structurally recursive fash- it
ion. Supposed is an alignment off" andG. Depending F e
on label(A[1]), the possible forestd! and A~ are deter- ‘N\ ‘\\ N
mined. Our case analysis is based on Definition 2. N
Lemmal Let A be an alignment of F,G € F(X). If F
or G are empty forests, A is either the empty forest, or its (b) Case 2

labels are solely deletions or solely insertions. If F" and G
are both non-empty forests, then label(A[1]) is of the form
(a,b),(-,b) or (a,-) for somea,b € X. Thisleadsto the
following case distinction:

Figure 10. Graphical illustration of Case 1 and
2 of Lemma 1. The shaded triangle stands for
F! and the shaded rectangle for F—. Each

1. If label(A[1]) = (a, b), then thefollowing is true: prefix/suffix pair of G is indicated by the ver-
’ tical line “splitting”  G.

o a = label(F[1]) and b = label(G[1]),

e Alisanalignment of F! and G! and A~ isan _
alignment of £~ and G—. 4.2. Tabulation

A dynamic programming tabulation method is based on
a mapping from subproblems to table indices. In our case,
subproblems are defined by subforests, and tabulation is
o a= label(F1]), more sophisticated than in the case of string comparison.
e for somer € [0,len(G)], Al is an alignment of The following insight considerably simplifies the tabulation

Fl and G and A~ isan alignment of F— and problem for forest alignments:

G: (len(G) —r).

2. If label(A[1]) = (a, - ), thenthefollowing is true:

Lemma 2 All subforestsconsideredin Lemma 1 are closed

3. If label(A[1]) = (-, b), then the following istrue: subforest_s of " or of G. By the close_d subfqrest transiti\{ity
(see Section 3.4), all subforests considered in the recursive
o b= label(G[1)), search space construction are closed subforests.
e for some r € [0,len(F)], Al is an alignment We need a mapping frowsfs to table indices, which al-
of »: F and G' and A~ is an alignment of lows for efficient transitions fronesf 7’ to F'* and £,
F:(len(F) —r)and G. see Lemma 1. For a transparent description of our algo-

rithms, we use a two stage mappifig - ar. The function

Figure 10 gives a graphical view of Lemma 1. The search ar provides a mapping frorosfs of F' to index pairs, and
space of all possible alignments BfandG is determined Gz maps these index pairs to linear table indices. In this
by cases 1, 2, and 3, and by all possible choices of the splitway, we reduce table dimension and space consumption in
positionr in cases 2 and 3. practice.

Scoring the alignments of the search space follows the For any non-emptgsf F’ of F, we defineap(F') =
same structurally recursive pattern. The similarityfof — (pregz(F’[1]),len(F")). The empty forest is represented
andG is the maximum of the scores(a, b), o(a,- ) and ambiguously by any index pafi, 0). Figure 11 illustrates
o(-,b), each added to the similarity scores of the appropri- this mapping. If(z, j) is an index pair representingcaf,
ate subforests. Clearly, Bellman’s principle of optimality theni is called thenode index and; thelength index.

[2] is satisfied. To turn our case analysis into a dynamic  Let nocp[i] be the number of children df[:] andrb r[i]
programming algorithm, we only need to add tabulation of be the pre-order index of the right brother noderdf]. If

intermediate results. there is no such right brother, thehr[i] = 0. If F' is
Proceedings of the Computational Systems Bioinformatics (CSB’03) CSFK/[PUQTER
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al) define the right inversg,.' of 3r by 8'(0) = (1,0) and
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, B (Br(i, 4)) = (i, 5) for Br(i, j) # 0.

b (5) e (10)

c@® d4)

f(®)

4 ) f ) 012! 4.3. Implementation based on matrix recurrences

\

S g(g)f(la) 77777 ¢ (14) We now combine our previous ideas to give a dense tab-
ulating algorithm calculating global forest similarity. We
Figure 11. The pre-order number of a node is compute a matrixs,, defined by
shown in parentheses behind its label. Index
pair (5,2) represents the boxed closed subfor- So(Br(ar(F), Balac(G")) = gs, (F',G") (%)

est.

for all csfs F/ and G’ of F' and GG, respectively. Since
ar(F) = (1,len(F)) andac(G) = (1,len(G)), the value

in Sy (Br(1,len(F)), Ba(1,len(G))) gives the global sim-
ilarity of ' andG. The recurrences fof, are given in

Figure 12.

To complete the dynamic programming algorithm, we
must consider the order of evaluating the entrieS,inEach
element must be evaluatedfbee it is used. Evaluating.,,
row by row or column by column, as done in the dynamic
programming algorithm for string similarity [21], does not

N deri : it th work here. Let us consider the data dependencies in the re-
ow one can derive matrix recurrences to specify the o . ronceg of Figure 12. Obviously, (0,0) can be initial-

dynamic programming algorithm calculating forest similar- ized to zero. 13- (i. 1) > 0. thens. " ).0) depends
ity. We just have to substitute the subforests of Lemma 1 . o +icco '( Bf@(—t{) nOCF'[Z.] ),0) ;gﬁg@(’ é;’(r)bF[i? i

by the ?or:respondri]ng index pairs, and switchffromlenumer— 1),0).
ation of the search space to maximization of similarity. A " a9 . a .
four-dimensional matri? such thatS? (ar (F’), ag(G')) ?)r I1::H())l.p[ll]f 5G?;f tlr;er;] 0 t;einglgig??ggég?gg%jh0|d$

is the similarity ofcsfs F” andG’ of I andG, respectively, 0. (0, Bo(k l))’. If 5F,(Z' j) > 0andBa(k,i) > 0,
would allow straightforward tabulation. }f andq are the t7he deiete cas&,(ﬁ}(z’ 7). Ba(k, 1)) dépends on
maximum numbers of sibling nodes # and G, respec- So(Br(i + 1, nocrli]), Aok T)’) and SUEBF(TbF[i] -
tively, this tabulation technique requir€s|F| - p - |G| - q) 1%56(7"58[@:1 — ) for somer ¢ 0,1 Thus either
space. ltwastes space for two reasons: the node index strictly increases, or the length index de-
creases. The corresponding holds for the insert case. Thus
we can evaluaté,, in decreasing order of the node index
and increasing order of the length index. This is done in the
DP Algorithm shown in Figure 12. The iteration over the

including F[i]. Let%’ be the number of siblings to the ©n9th index makes use of a tablenzcsfien p, defined by
right of G[k] includingG[k]. For alli’ < j < p and maxcsﬂe_nF[Z] = max{j | (i) Is acsf OfF}_'
K <1< q,(i,j) and(k,1) do not represertsfs, and Algorithm 1 tabulategs, (F, G) _of all pairs _ofcsfs F’
henceS((4, ), (k, 1)) is not used. andG"of'F gndG, s_ee(*). (All pairs are required fqr the
local similarity algorithm. Global similarity only requires a
The concrete shape of the forests to be aligned deter-subset thereof [12].) Thus, scanning the masijfor max-
mines the number of unused entries§fi. Even in the ~ imum elements solves theesfs, (¥, ) problem. Matrix
best case, when all internal nodes in the trees have the saméo also contains the answer to thicsfs, (F, G) problem,
out-degree, nearly half of the table is not used. This be- Sincesilcsfs, (F, G) = max, (S, (Br(1,len(F)),y)) is the
comes worse if the node degree varies. Our second stag&ought similarity.
mapping Gr, from index pairs to indexes eliminates all un- If one is not only interested in the similarity value, but
used entries. It is defined B3 (¢,0) = 0 andBr(i,j) = also in optimal alignmentshéese can be computed by back-
offset pi] + j for j # 0, whereoffset [i] is the number  tracking. To facilitate this, the split position should be
of non-emptycsfs having a node index less than Table stored with each optimal value resulting from a deletion or
offset » can be precomputed i0(|F'|) time and space. We  an insertion.

a non-emptycsf and o (F') = (i,5), thenap(F'') =

(i + 1, nocpli]) andap(F') = (rbpli],j — 1). Thatis,
ap(F'') anday(F'~) can be computed in constant time,
givenag(F'). Splitting F into r:F’ andF”: (len(F') —r)
yields the subforests represented hy) and(rb[i], j—7)
whererb}. is ther-fold application ofrb r. Since the splits
will be determined in order of increasing the amortized
cost of each split i®(1).

That is, either the node index strictly increases,

e The empty forest is represented ambiguously by all in-
dex pairg(, 0).

e Let i’ be the number of siblings to the right &f[i]

YF]',F.
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o(label (Fil,-))
+SU(ﬁF (Z + 17 nOCF[i])a
+Sa(ﬁF(er[i]ﬂj - 1)7 0

(label( LGIH])
S5 (0, ﬁc(k + 1, nocg[k]))
S5(0, Ba(rbalk ] [-1))

m{ }

where(i, j)

0))
)

replace(z,y)
delete(x,y)
insert(x,y)

replace(zx,y) (label(F[']) label (G[K]))

= B () and(k,1)

if t=0andy =0

if z > 0andy =0 (2)

if x =0andy >0 (3)

otherwise (4)
=05 (y)

So(Br(i + 1, nocpli]), Ba(k + 1, nocgk]))
So(Br(rbplil,j — 1), Ba(rba(k], 1 — 1))

delete(z,y) U(label(F[i]) )

0<r<i {

ol (GI))

insert(z,y)

+ max {
0<r<j
Algorithm 1.
S+(0,0):=0
for i := |F| downto 1 do

for j := 1to maxcsflen p[i] do
CalculateS, (Br(i,7),0)
for k := |G| downto 1 do
for I := 1 to mazcsflen[k] do
CalculateS, (0, Ba(k,1))
for i := |F| downto 1 do
for k := |G| downto 1 do
for j := 1to mazcsflen p[i] do
for [ := 1to maxzcsflen[k] do

Se(Br(i+ 1, nocpli]), B (k, 7))
(5F(er[i]aj - 1)7 ﬁG(rer[k]vl - T))

Se(Br(i,1), Ba(k + 1, nocglk]))
+S0(Br(rbEi], j — 1), Ba(rba[k], 1 — 1))

|
|

Calculate S, (Br (i, 7), Ba(k,1))

Figure 12. The recurrences for

S, and the corresponding DP Algorithm computing the entries of o
in an appropriate order. Cases (1)—(3) of the recurrences involving empty forests are obvious. The
A that have

similarity of two non-empty forests is determined by the maximum score for alignments
areplacement, or a deletion, or an insertion at the root. The functions

the case distinction in Lemma 1.

4.4, Efficiency analysis

mazcsflen can be precomputed i®(|F|) time and
space, sincemazcsflen p[i] 1, if 4 |F| and
mazcsflenp[i] = offsetpli + 1] — offset p[i], otherwise.
Let deg(F) = max{mazcsflenp[i] | i € [1,|F|]}. Let
p = deg(F) andgq = deg(G). According to the recurrences
of Figure 12, eacly,, (z, y) is calculated irO(p + ¢) time.

Proceedings of the Computational Systems Bioinformatics (CSB’03)
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replace, delete, and insert reflect

Since each entry i, is calculated exactly once, the overall
time complexity of Algorithm 1 depends on the sizeSf.

This in turn depends on the numberosfsin F'andG. Con-
sequently, Algorithm 1 runsi®(|F|-p- |G| - ¢) space and
O(|F|-p-|G|-q-(p+q)) time. Note that the asymptotic space
complexity is not reduced by using dense two-dimensional
tables, as proposed above. However, the space reduction
can be huge in practice. For example, when comparing the

TEEE .2
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small and the large RNA secondary structure (see last ex-[18] G. Pesole, S. Liuni, G. @lo, F. Licciulli, F. Mignone,
ample of Section 2.3), we have handled pairs of trees, for C. Gissi, and C. Saccone. Utrdb and utrsite: specialized
which the four-dimensional table requires 1071 megabytes, database of sequences and functional elements of 5’ and 3’
while the corresponding dense two-dimensional table re- untranslated regions of eukaryotic mRNABlucleic Acids
quires 39 megabytes of space. This is a 27-fold improve- Research, 30:335-340, 2002.
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