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LOCAL UNIFORM CONVERGENCE AND EVENTUAL
POSITIVITY OF SOLUTIONS TO BIHARMONIC HEAT
EQUATIONS

DANIEL DANERS, JOCHEN GLUCK, AND JONATHAN MUI

ABSTRACT. We study the evolution equation associated with the biharmonic
operator on infinite cylinders with bounded smooth cross-section subject to
Dirichlet boundary conditions. The focus is on the asymptotic behaviour and
positivity properties of the solutions for large times. In particular, we de-
rive the local eventual positivity of solutions. We furthermore prove the local
eventual positivity of solutions to the biharmonic heat equation and its gener-
alisations on Euclidean space. The main tools in our analysis are the Fourier
transform and spectral methods.

1. INTRODUCTION

In this paper, we study solutions to the biharmonic heat equation on Euclidean
space R and on infinite cylinders. We are interested in the asymptotic behaviour
and positivity properties of solutions, a subtle matter which has only been brought
to light relatively recently. In contrast to the well-known positivity-preserving
property of the second-order heat equation, the biharmonic heat equation is not
positivity preserving. However, not all is lost and some weaker positivity property
persists. Gazzola and Grunau showed in [22] that solutions to the biharmonic heat
equation on RY display local eventual positivity. More precisely, they showed that
for every continuous, non-trivial, compactly supported initial function ug satisfying
ug(x) > 0 and every compact subset K of R, the corresponding solution u(t, x)
is positive on K after finite time. This property was analysed in greater detail
by the same authors together with Ferrero in [21] and generalised to fourth-order
semilinear equations. Quite recently, L. Ferreira and V. Ferreira showed in [20]
that local eventual positivity is a feature of solutions to polyharmonic evolution
equations. It therefore appears that local eventual positivity is a natural property
to study in connection with higher-order evolution equations.

We begin by stating the two main results, first for the whole space RY (Theo-
rem 1.1) and then for infinite cylinders (Theorem 1.3). This will be followed by a
brief overview of eventual positivity.

1.1. Main results. Let o > 0 and consider the evolution equation
0
8—? +(-A)*u=0 on (0,00) x RY
u(0,z) = ug(z) on RY

on RY with initial data satisfying

ug € L*(RY) N L*(RY). (1.2)
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The case of & = 1 corresponds to the classical heat equation and @ = 2 to the
biharmonic equation. For a € (0, 1), the operator (—A)® is the non-local fractional
Laplacian. In our main theorem, we derive the asymptotic behaviour of localised,
rescaled solutions.

Theorem 1.1. Suppose that a > 0 and let u be the solution to the evolution
equation (1.1) with initial datum (1.2). For every t > 0 define
(2m)™

e = L N/2ex where M, ::/ e 151" ds. (1.3)
M, RN

Then for any compact set K C RN we have

lim cpu(t, ) :/ uo(y) dy (1.4)
t—o0 RN
uniformly with respect to x € K.

Intuitively, the numbers ¢; are rescaling factors which counteract the decay of the
solution. Observe that the spectral bound of (—A)® is zero. It is part of the contin-
uous spectrum and the constant function is intuitively an eigenfunction, but it does
not lie in the space L?(R”). The theorem tells us that the limit (1.4) is essentially
a projection of the initial condition ug onto the corresponding ‘eigenspace’.

In the special case of the biharmonic equation (o = 2), our result is of the same
flavour as [21, Theorem 1.1]. In particular, we show that the asymptotic profile
of this blown-up solution is locally that of a constant function. In Section 3, we
prove Theorem 1.1 and also note that the method allows to cover slightly more gen-
eral evolution equations associated with linear differential operators with constant
coefficients.

In Section 4, we consider a result similar to that in Theorem 1.1 for the bihar-
monic equation on infinite cylinders of the form R x €, where 2 C RY is a bounded
smooth domain satisfying a spectral condition. We derive the asymptotic behaviour
of solutions u = u(t, z,y) to the problem

ou

E+(—A)2u20 on (0,00) x R x Q
u(0,+,) =ug onR x (1.5)
u(t,x,):%(t,x,-):() on N forallz e R,t >0
where v(y) is the outer unit normal to 99, and the initial datum satisfies
up € L*(R, L*(Q)) N L*(R, L*(Q)). (1.6)

This means that ug(z,-) € L*(Q) for every x € R, and that

/ |uo(, -)||L2(0) dr < co  and / [luo(z, -)||2L2(Q) dz < 0.
R R

The boundary conditions in (1.5) are fourth-order homogeneous Dirichlet boundary
conditions and, due to their physical interpretation as models of clamped plates,
are often called clamped boundary conditions, see for instance [23, Section 1.1.2].
We adopt this terminology as well.

We will make use of properties of the eigenvalue problem

A%p =\ in Q
1.7
gf):@:() on Of) (1)
ov

Since the above problem is self-adjoint and has compact resolvent, the spectrum
consists of a sequence of eigenvalues of finite algebraic multiplicity bounded from
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below and going to infinity. We call the lowest eigenvalue the principal eigenvalue,
and the corresponding eigenfunction a principal eigenfunction if the principal eigen-
value is geometrically simple. This is the case in second order problems. However,
we note that the principal eigenvalue of the Dirichlet biharmonic operator need not
be geometrically simple. Some explicit examples are given in [35, Section 3].

For our result on infinite cylinders requires the following spectral condition.

Assumption 1.2. Let © C RN be a bounded domain with C'™ boundary. We assume
that the biharmonic eigenvalue problem (1.7) has an algebraically simple principal
eigenvalue.

Assumption 1.2 is not too restrictive, as it has been shown by Ortega and
Zuazua [33] that the spectrum is generically simple. Briefly stated, for any smooth
domain €2, there exists an arbitrarily small domain perturbation such that all eigen-
values of the operator on the perturbed domain are simple. Here is our main
convergence result on cylinders.

Theorem 1.3. Let Q be a domain satisfying Assumption 1.2, and consider the
solution u to the biharmonic equation (1.5) with initial datum (1.6). Let ei(-) be
an eigenfunction, normalised in L?(Q), corresponding to the principal eigenvalue
of (1.7). Then there exist numbers ¢, > 0 such that

Jim oty = [ [ wemendda) atoc 19
> RJQ
uniformly with respect to (z,y) € I x Q, for any compact interval I in R.

Theorem 1.3 shows that the asymptotic profile of the rescaled solution is constant
in the ‘infinite direction’ (i.e. for € R) while it resembles the eigenfunction e;(+)
along the cross-sections €2 of the cylinder. The intuition here is similar as in the
full space case previously discussed. The numbers ¢; counteract the decay of the
solution. The function v(z,y) = e1(y), which is constant in the z-direction, takes
the role of an ‘eigenfuction’ associated with the spectral bound of (—A)? on R x €.
The limit (1.8) is the projection of the initial condition into the direction of that
‘eigenfunction’.

Remark 1.4. Tt is well-known that a maximum principle cannot be expected in
general to hold for higher-order elliptic operators, so the eigenfunction e; is not
necessarily of one sign. We discuss this further in Section 2.2. We note that the
limit (1.8) is independent of whether we choose to work with e; or —e;.

Notation. Throughout this paper, if F and F' are function spaces over the same
domain Q C RY, we write E N F(Q2) as an abbreviation for E(Q) N F(Q2). For a
measurable function f: Q C RY — R, we write f = 0 to mean that f(z) > 0 for
a.e. ¢ € (2 and f is not almost everywhere equal to 0.

1.2. Background on eventual positivity. This paper was originally inspired
by results from the theory of positive operator semigroups, which is by now a
classic topic in operator theory—see for example the monograph [2]. Key features
of this theory include the issues of asymptotic behaviour and stability, which are
intimately linked to the spectral theory of linear operators. While these topics
are interesting in abstract settings, they often have concrete manifestations in the
study of partial differential equations, where the theory is applied to the semigroups
generated by differential operators. We refer the reader to [10] for an accessible,
modern survey of the theory of positive operator semigroups with an emphasis on
concrete applications. Generally speaking, the study of positive linear operators is
a natural extension of the classical Perron-Frobenius theory of positive matrices to
infinite dimensional Banach spaces.
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It seems that the phenomenon of eventual positivity for operator semigroups in
finite dimensions has been known for more than a decade, see for instance [32]
and the references therein. In infinite dimensions, motivated by [13], a systematic
theory of eventually positive semigroups and resolvents was developed recently by
Kennedy and two of the present authors. The papers [17, 18] contain the foundation
of the theory, and there have since been various refinements and extensions [14, 15,
16, 9]. In [6, Sections 7, 8] the reader will find a snapshot of some applications
of the theory of eventual positivity. Further applications to the analysis of partial
differential equations can, for instance, be found in [19, Section 7], while the reader
may consult [25, Section 6] and [11, Section 5] for recent applications to the study
of differential operators on graphs.

Very recently, a systematic operator-theoretic treatment of locally eventually
positive semigroups was initiated by Arora in [8], with applications to the study of
various differential equations on bounded domains. In [1], this theory was applied
to study a fourth-order differential equation on R but equipped with a probability
measure. In the present paper, on the other hand, we study a particular equation
on unbounded domains with infinite measure. A key difference is that in our case
the spectral bound is not a simple eigenvalue, but part of the continuous spectrum.
This necessitates a completely different set of tools in the analysis: we can no longer
use properties of the spectral projection associated with the spectral value 0, which
have been a key feature in many results about eventually positive semigroups so
far. Yet, while our techniques differ considerably from the tools applied in earlier
papers on eventual positivity, we still note that the limiting objects (1.4) and (1.8)
can be interpreted as ‘local’ versions of spectral projections.

2. LOCAL EVENTUAL POSITIVITY OF SOLUTIONS

2.1. Local eventual positivity on Euclidean space. As a straightforward con-
sequence of Theorem 1.1, we obtain a qualitative local eventual positivity result for
solutions to equation (1.1).

Theorem 2.1. Let o > 0 be fized, and consider the solution u = u(t,x) to the
evolution equation

Gu +(—A)%u =0 on (0,00) x RY

ot (2.1)

u(0,7) = ug(x) on RN

with initial datum ug € L* N L*(RY) such that

/ uo(x) dz > 0. (2.2)
RN

Then for every compact set K C RN, there exists T > 0 depending on ug and K
such that
u(t,z) >0 for all (t,z) € [T, 0) x K.

Proof. Let K C RY be an arbitrary compact set. If (2.2) holds, then by Theo-
rem 1.1 there exist numbers ¢; > 0 such that

cru(t,x) — uo(x)dr >0
RN
as t — oo uniformly with respect to z € K. In particular there exists T' > 0 such
that u(t,z) > 0 for all z € K and ¢t > T as claimed. O

Remark 2.2. The above theorem implies in particular that the solution of (2.1)
is locally eventually positive if ug = 0. We note that a = 1 corresponds to the
classical heat equation, in which case the solution is positive for all ¢ > 0 if ug > 0.
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For local operators, we recall from the general theory in [5, Theorem 2.1] that
the second-order operators are the only case where positivity is possible. For the
fractional Laplacian, that is for a € (0,1), the positivity is obtained directly from
the fractional heat kernels, as shown in [36, Section 2]. In all other cases we can
only expect (local) eventual positivity, unless we restrict to special classes of initial
conditions as shown in [26].

Our above result is a qualitative counterpart to the results in [22] and [20],
where the authors work explicitly with the polyharmonic heat kernels. We avoid
the explicit kernels and employ Fourier analysis instead. We also point out that
our results admit a larger class of initial data than was previously considered in
the literature. In particular, we do not require continuity nor compactly supported
functions. As a trade-off, our qualitative approach does not provide an estimate of
the time to positivity, that is, the quantity

T=T(K):= ir;%{u(t,x) >0forallz € K and t > 7}.

2.2. Local eventual positivity on infinite cylinders. We now investigate local
eventual positivity for solutions of the biharmonic heat equation on the infinite
cylinder R x €2, where € is a bounded domain in RY satisfying Assumption 1.2.
Theorem 1.3 shows that the asymptotic behaviour of the solution to the parabolic
problem on R x € is determined by the sign of a normalised principal eigenfunction
of the biharmonic operator with clamped (i.e. homogeneous Dirichlet) boundary
conditions on the cylinder cross-section. Thus we need to discuss briefly the cor-
responding elliptic problem. There is now an extensive body of research on the
positivity properties of solutions to the biharmonic Dirichlet problem

Ay =f in
(2.3)
u = @ =0 on dfN)
ov

and more general polyharmonic boundary value problems. We mention in particular
the monograph [23] and the many references therein. The question of positivity of
the first eigenfunction of the problem (2.3) with respect to the domain is a highly
delicate one. From the spectral theory of positive irreducible operators—see for
instance [38, Theorem 43.8] for a result suitable to our situation—one obtains a
strictly positive principal eigenfunction whenever the Green’s function of (2.3) is
strictly positive. In the case where 2 is a ball, strict positivity of the Green’s
function can be easily deduced using the explicit formula of Boggio [23, Section 4.1],
which of course implies that the solution to (2.3) satisfies u 2 0 whenever f = 0.
It is known that this property is preserved for “sufficiently small” perturbations of
the ball in dimenions N > 2. These results and various generalisations are collected
in [23, Chapter 6]—note in particular Theorem 6.3 for domains in R? and Theorem
6.29 for domains in RY with N > 3. Alternatively, the reader may consult [27,
Theorem 2] for the case N > 3.

We also mention that it is possible to obtain a strictly positive first eigenfunction
on domains where the biharmonic Dirichlet problem (2.3) is not positivity preserv-
ing (i.e. f 2 0 does not imply w > 0). This was shown by Grunau and Sweers
in [28] (see Theorem 2 in particular). In light of the present discussion, we make
the following general conclusions regarding local eventual (non-)positivity of the
parabolic problem on infinite cylinders.

Theorem 2.3. Let ug € L' N L*(R, L*(Q2)), where Q is a bounded domain in RN
satisfying Assumption 1.2. Let e; be a normalised principal eigenfunction of the
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boundary value problem ( . Assume that ugy satisfies

//uo x,y)e1(y)dzdy >0 (2.4)

and let w = u(t, z,y) be the solution to the biharmonic heat equation (1.5) on R x
with initial datum ug.
Let Ky be the zero set of the eigenfunction ey, i.e.

Ko={yeQ:ei(y) =0}

For every compact subset K C Q\ Ko and compact interval I C R, there exists
T > 0 depending only on I x K and the initial datum ug such that

sign(u(t, z,y)) = signe; (y) (2.5)
forallt >T and (z,y) € I x K.

Proof. By Theorem 1.3, there exist numbers ¢; > 0 such that

hmctutxy //uofnel ) d€ dn eq(y)

uniformly with respect to (x,y) € I x Q. At every y € K, e1(y) has a well-defined
sign, and by the continuity there exists 6 > 0 such that |e;(y)| > ¢ for all y € K.
Now it follows from the assumption (2.4) that there exists T' > 0 such that (2.5)
holds for all t > T and (x,y) € [ x K. O

Remark 2.4. If Q is a domain on which the principal eigenfunction of problem (1.7)
may be chosen strictly positive, then Ky = (), and we have local eventual positivity.
Stated more precisely, for every compact subset K C € and compact interval I C R
there exists a time T' > 0 depending on up and I x K such that

u(t,z,y) >0
for all t > T and for all (z,y) € [ X K.

3. THE BIHARMONIC HEAT EQUATION ON EUCLIDEAN SPACE

3.1. The initial value problem and its Fourier transform. We use the fol-
lowing convention for the Fourier transform g of wuq:

=~ 1 —iw-x
Uo(w) = e /]RN uo(x)e dx.

Defined this way, the Fourier transform is an isometric isomorphism of L?(R™)
(Plancherel’s theorem). Note that the assumption ug € L' N L?(RY) combined
with the Riemann-Lebesgue Lemma yields

o € L> N Co(RY). (3.1)

We begin by taking the spatial Fourier transform of the initial value problem (2.1),
thus obtaining

0 . ~
au(t,w) = —|w|?*a(t,w),
(0, w) = ug(w).
Solving this differential equation explicitly we see that
u(t,w) =e —tlwl® "o (w).

It is clear from (3.1) and the rapid decay of the kernel e~“I"* that @(t,-) € L' N
L?(RY) for each t > 0. Thus the solution to (2.1) can be obtained by the inverse
Fourier transform

u(t,z) = (27r)*N/2/ eftlw‘zaﬂo(w)ei“"m dw. (3.2)
RN
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3.2. Asymptotic behaviour of solutions. As shown already in Section 2, the
local eventual positivity of solutions to (1.1) for o > 0 is a straightforward conse-
quence of Theorem 1.1. The techniques we use in the proof of this theorem can
be extended to more general differential operators, as we will show in Section 3.3.
Moreover, the analysis on RY can be considered as setting the stage for the more
complicated analysis on cylinders in Section 4.

The key ingredient for the proof of Theorem 1.1 is the following observation. For
w € R and a >0 let

e—lwl* , 20
v1(w) = A with M, = /sze W™ de.
and define
or(w) == tN/zo‘gol(tl/Qaw) (3.3)

for all ¢ > 0. By the change of variables s = t'/2%w, we see that

|ran= [ pts)as=1

for all t > 0. Hence the family (¢;)¢~0 is an approzimate identity as t — oo in the
following sense.

Definition 3.1. An approximate identity as t — oo is a family of measurable
functions (p¢)¢>o from RY to R such that

(i) pi(w) > 0 for almost every w € RY;

(ii) e~ pt(w)dw =1 for all ¢ > 0; and

(iii) f\w\zé pi(w)dw — 0 as t — oo for each § > 0.

One has the following standard result on convolution with approximate identities.
We include a proof to accommodate an additional parameter.

Lemma 3.2. Let (p:)i>0 be an approzimate identity as t — 0o and let U be a non-
empty set. Suppose that f: RN x U — R is bounded and that f(-,x) is measurable
for allz € U. If f(-,x) is continuous at wo € RN uniformly with respect to x € U,
then

(pe* [ 2))(wo) = f(wo,z)

uniformly with respect to x € U.

lim
w—rwo

Proof. Since p; > 0 and ||pt||1 = 1 we see that for every 6 > 0

(o £ o) = )] = [ [ oo =) (1(012) = o) do

IN

/ prlwo — w)| Flw ) — [, 2)] dw
RN

IN

/ pi(wo — w)| f(w,x) — flwo,z)| dw
|w—wo|>8
—|—/ pt(wo—w)|f(w,x)—f(wo,x)|dw
|w—wo|<d
<2fl [ plw)do s swp [f(or5) - flen,a)]
|w|>6

|w—wo|<8

Let € > 0 be arbitrary. By the uniform continuity of f(w,x) at wg with respect to
x € U there exists § > 0 such that

sup |f(w,x)—f(w0,x)| <
|w—wo|<8

DN ™
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for all z € U. With this choice of § > 0, using the definition of an approximate
identity, there exists tg > 0 such that

&
0<2fle [ plwrdo <
|w|>6

for all ¢ > ty. Putting everything together we see that

e ¢
[(pe * f (-, @) (wo) — flwo, )| < 3t5=¢
for all t > tg. As € > 0 was arbitrary this proves the lemma. 0

We now present the proof of Theorem 1.1.

Proof of Theorem 1.1. Let ¢; be defined as in (1.3) and let (¢;)¢~o be the approx-
imate identity given by (3.3). Moreover, let ¢:(z) := ¢t(—z) be the reflection of
¢ (In this case ¢; = ¢, but for the benefit of possible generalisations we keep
the notation). For x,w € RY, we define

flw,z) = 2m)N 0y (w)e™=.

Recall that the solution u(t, z) is given by (3.2). Multiplying it by ¢; we see that
cou(t, ) = (2m)N/? /N 01 (W)t (w)e™™ dw = (% f(-, x))(O) (3.4)
R
for all z € RN, As uy € L' N L2(RY) we have 1y € L? N Co(RY) and thus
f € CRY xRN). If K C RY is compact and § > 0, then f: [~8p, 5] x K — C
is uniformly continuous and hence w — f(w,z) is continuous at w = 0 uniformly

with respect to x € K. As (¢¢)>0 is an approximate identity, it follows from (3.4)
and Lemma 3.2 that

lim crult. ) = £(0.0) = (20)"80(0) = [ ualy)dy
t—o0 RN
uniformly with respect to x € K, completing the proof of Theorem 1.1. O

3.3. Possible generalisations. Let us make some remarks about the validity of
Theorem 1.1 for general linear differential operators with constant coefficients. Us-
ing the standard multi-index notation

— aal aa2 . aaN
T 9zy 0ze OxN

such an operator takes the form

P(D):= > caliD)*  (ca €R)

@ a=(ai,...,ay) € NV,

0<o|<d
where d is order of the operator and |a| = Zfil a;. Upon taking the Fourier
transform, we obtain

(iD*)u = wu
where w® is a standard abbreviation for wi'wg? - - - w{N. Hence
P(iD)u = P(w)i
and P(w) is called the symbol of the operator. The associated evolution equation
is given by
ou

— + P(iD)u=0 on (0,00) x RN

ot (3.5)

u(0,z) = ug(z) on RV,
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(i) In the simplest case, suppose that P(-) is a homogeneous polynomial of even
order, say d = 2m for some m > 1, with the following structure:

Pw)=(-1)™ Z cqw® ¢q > 0 and not all 0.

|a|=2m

After taking Fourier transforms, the evolution equation becomes

du
M p(w)i.
o (w)u

With initial datum wug, we obtain
U(t,w) = e @5y (w) t>0,weRY,

and thus, at least formally, the solution to the evolution equation is given
by the Fourier inverse of the above. By virtue of the homogeneity of the
polynomial P, we can set s = t!/2"w to obtain

/ eftP(w) dw = th/Zm/ efP(s) ds.
RN RN

Provided that fRN e PG ds < oo, the blow-up factors ¢; can therefore be

defined by
-1
cp = tN/2m (/ e P ds) .
RN

If it can be shown that ¢;(w) = ¢;e @) defines an approximate identity in

the sense of Definition 3.1, then the techniques used in the proof of Theo-
rem 1.1 can be extended to this situation.

(ii) If we include lower-order terms in the operator P(iD), then obviously the
change of variables introduced above does not work. However, provided that
we have good estimates on the symbol P(w), it may be possible to show that
or(w) = cre P defines an approximate identity nonetheless. In fact, we
will encounter a similar situation in the proof of Theorem 1.3.

4. BIHARMONIC HEAT EQUATION ON INFINITE CYLINDERS

In this section we prove Theorem 1.3. The analysis is more technical than the
problem on RY, and we will need a handful of preparatory results before proceeding
with the main proof.

4.1. A parametrised family of elliptic operators. A common approach to
solve the heat equation on R x €2 is to use separation of variables. If we take an
initial function with the special form ug(z,y) = f(x)g(y), we can build a solution to
the evolution problem by solving v; = v, with v(0,2) = f(z) on R, and w; = Ayw
with w(0,y) = g(y) on ©Q and w(¢,-) = 0 on N for all ¢ > 0. Here, as in the sequel,
A, denotes the Laplacian in only the y variable. Then it is easy to see that

u(t,z,y) = v(t,x)w(t,y)

solves uy = Au on R x Q with initial condition ug(z,y) and Dirichlet boundary
condition u(t,x,-) = 0 on 9. In contrast to the second order equation, a similar
separation of variables is not possible for the biharmonic operator.

Nevertheless, we proceed by taking the partial Fourier transform of problem (1.5)
with respect to the x variable. We obtain a family of functions 7(t, w, y) := (¢, w, y)
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such that for each w € R, the function 7 solves the equation

0

a—Tt] = —Azn +2w? A, —w'n on (0,00) x Q,
1(0,w,y) = o (w, y) for y € Q, (4.1)
n(t,w,-) = %(t,w, =0 on 02 for each t > 0,

where

= 1 —iwx
UO(W7y) = E/]RUIO((EMU)(? dx

is the partial Fourier transform of the initial datum in the x variable. By the
vector-valued versions of the Riemann-Lebesgue Lemma and Plancherel’s theorem
from [4, Theorems 1.8.1, and 1.8.2] and the assumption (1.6), we conclude that

g € Co N LA(R, L3()). (4.2)
In particular we deduce that
M i= sup [to(w, )l L2(0) < o0 (4.3)
and that
[ o My oo = 2 [ luta, )y do < . (1.4
For each w € R, let (—fn(w))n>1 be the family of eigenvalues of the operator
Ly, = _Az2; + 202 A, — w? (4.5)
with domain
H*N H3(Q).

We take these eigenvalues in increasing order counting multiplicities. We also choose
a family of corresponding eigenfunctions (¢, (w, -))nen forming an orthonormal basis
of L?(). At the moment we do this for fixed w, but we will later need some
regularity of u, and ¢, in w. This will be established in Proposition 4.11. Hence,
the solution of (4.1) can be represented by the Fourier series

oo

n(t,w,y) = e @A (W)gn(w,y), (4.6)

n=1

where the coefficients are given by

MM=A%W@%M@@ (4.7)

In the sequel, it will be useful to consider the operator —L,, instead. Then for each
fixed w € R, the eigenvalues of —L,, satisfy p,(w) > 0 for all n > 1. In fact, as
we will show in Lemma 4.3(iii), it holds that 0 < A\? < p,(w) for all n > 1 and all
w € R, where )\ is the principal eigenvalue of the Dirichlet Laplacian. The bilinear
form associated with —L,, is given by

ag(u, v) ::/AuAvdy+2w2/ Vu-Vvdy+w4/uvdy (4.8)
Q Q Q

defined for all u,v € H3(Q). Note that —Lg = Ai is the biharmonic operator. We
will drop the subscript y for notational convenience.
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4.2. Analysis of the parametrised elliptic equations. We begin with a simple,
general result for the Sobolev space HZ(£2). The notation D?u denotes the Hessian
matrix of u.

Proposition 4.1. Let Q C RY be a bounded open set. Then the quantity

|u 2,2 = HAUHL?(Q)

defines a norm on H3(Y) that is equivalent to the usual H?> norm:

1/2
lullzzqen = (lullfeq@) + IVulae) + 1D%ulEe))
where || D?ul| 2 (q) is the Hilbert-Schmidt or Frobenius norm of the Hessian matriz.

Proof. Firstly, we show that || D?ul|r2(q) = [|Aul|r2(q) for all u € C§°(Q). Let 9;u
(j =1,...,N) denote any of the partial derivatives of u. Then, using integration
by parts twice, we obtain

N N
102Uy = / @00 dy =3 / (Bri1)(D35) dy

i,j=1 i,j=1
- /Q<Au>2dy — | AulZa .

Now the above identity extends by density to all u € H3(€).
If u € HZ(R), then d;u € HJ(Q) for each j = 1,...,N. Using the Poincaré
inequality on d;u, we find that there exists a constant C; = C;(§2) such that
IVullr2(0) < CillD*ul 2 (0) = Cil|Aullp2(0).-
Applying the Poincaré inequality to u, we obtain |juf2q) < Co||Vul|r2(q) for

another constant Co = C3(Q). In conclusion we obtain C' = C(Q) such that
[ull 2 () < ClID?ul|r2(0) = Cl|Aul|r2(0) = Clulzz2.

Finally, the fact that |u|2,2 is a norm follows from well-posedness of the second-order
Dirichlet problem. U

Remark 4.2. Proposition 4.1 shows the coercivity of the bilinear form ag(u,v) =
Jo AuAvdy defined for all u,v € HF(Q). Since ag(u,u) < a,(u,u) from the
definition (4.8) for all w € R, it follows that each of the bilinear forms a,(-,-) are
coercive. Furthermore, we have the estimate

||A¢n(wa ')||L2(Q) = a0(¢n(wv '); ¢n(w7 '))1/2
< aw((bn(wa ')7 ¢n(w7 '))1/2 = :U’n(w)l/z (49)
if we choose the eigenfunctions ¢, (w,-) to be normalised in L?(£2).

The eigenvalues of the biharmonic operator play a distinguished role in the se-
quel. Consequently we define

ap = pn(0) for each integer n > 1.

Now we present a comparison result between the eigenvalues of —Ly, —L,, and
those of the Dirichlet Laplacian. They will be used frequently in the main proof of
this section.

Lemma 4.3. Let the differential operators —L,, be defined as in (4.5) with cor-
responding eigenvalues (pn(w))n>1 in ascending order counting multiplicity. Set
oy, = un(0). For each integer n > 1, the following assertions hold:

(i) pn € C(R) is positive, even and strictly increasing as a function of |w|.
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(ii) For every w € R and n > 1, we have

0<a,+w!< pn (W) < ay, + 20[&/2w2 + Wt

(iii) If (An)n>1 are the eigenvalues of the Dirichlet Laplacian on ), then
N <a, foralln > 1. (4.10)

Proof. The proof relies on variational characterisations for eigenvalues of self-adjoint
elliptic operators. Let q(-) be the quadratic form associated with the Dirichlet
Laplacian, given by

a(u) = [[Vullj2 ()

for all uw € H}(Q). Furthermore, let ag(-) and a,(-) denote the quadratic forms
associated with —Ly and — L, respectively. They are given by

ag(u) := HAUH%Z(Q)
ag (1) := ag(u) + 2wq(u) + w?|ul|72(q)
for all u € H3(Q).
(i) For v € R consider the quadratic form
by (u) == ao(u) + 27q(u)

on HZ(Q). It is the quadratic form associated with the operator (—A)%u + 2yAu
with clamped boundary conditions. According to the min-max and max-min prin-
ciples for the the n-th eigenvalue v, (), we have

Un(’y) - dimr(nl\}ll;:n[ Lré%\i[( b(u):| B codimr(nJ\?§(=n—l|: 1Itr6111\r/ll b(u):|7 (411)
lull L2=1 lull2=1

where M are subspaces of HZ((2), see for instance [37, Chapters 2 and 3]. In
particular, v, is increasing as a function of v € R. Next note that the infimum and
supremum of affine functions on R are concave and convex, respectively. As convex
and concave functions are continuous,
= max b, (u and = min b, (u
fu(y) = max by(u) gu(y) = min b, (u)
lull L2=1 llull p2=1
are both continuous functions of v € R for every relevant subspace M C HZ().
We conclude from (4.11) that v, is the supremum and an infimum of continuous
functions. It is well-known that a supremum of continuous functions is lower semi-
continuous. Likewise, an infimum is upper semi-continuous. Hence v,, € C(R).
Finally observe that a,(u) = b,2(u) + w4||u||%2(m and thus 1, (w) = v, (wW?) + w?.
Hence u,, € C(R) is symmetric, strictly increasing and unbounded as a function of
|w].
(ii) Using integration by parts and the Cauchy-Schwarz inequality, note that

1/2
o) = [ (~Awudy < ( [ 18uP dy) el = o) ulae, (@12

for all u € H3(2). Hence, if u € HZ(Q) with llullz2() = 1, then

2
ao(u) + w? < a,(u) < ag(u) 4+ 2w?ag(u)/? + w* = {ao(u)lﬂ + w2

Given a subspace M C HZ(Q2) with codim(M) = n — 1 we have

i 4 < i 4.1
min - ap(u) +w' < min dy(u) (4.13)

lloll L 2=1 llull p2=1
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and
2 2
min a,(u) < min [ao(u)1/2+w2} :[ min ao(u)1/2+w2} ,  (4.14)

ueM v v
lvll2=1 llull2=1 flullL2=1

where the last equality holds since the function s ~ (s'/2 + w?)? is continuous
and increasing for s € [0,00). Taking the supremum in (4.13) and (4.14) over all
subspaces M C HZ(Q) with codim(M) = n — 1, the maximum-minimum charac-
terisation of eigenvalues gives
2
on 6t < jin(@) < [0/ +07] = 0+ 20}/

n

where for the last inequality we used again that s — (s'/2 +w?)? is continuous and
increasing.

(iii) Let A,, and %,, denote the set of all n-dimensional subspaces of H}(2) and
HZ(Q) respectively. Observe that ¥, C A,. Hence, by (4.12) and the minimum-
maximum principle,

o, = min | max ao(u)] > min [ max q(u)ﬂ > min [ max q(u)2 :)\i
Mes, L ueM Mes, L ueM MEA, L ueM
lull2=1 lull L2=1 lull L2=1
for all n > 1. O

Remark 4.4. A different proof of (4.10) for n = 1 may be found in [35, Remark 4].

The following result is a consequence of a well-known theorem of Weyl and the
above lemma. Note that for sequences of real numbers (a,),>1 and (b,)p>1, We

a
write a,, ~ b, to mean that lim,,_, b—n =1.
n

Corollary 4.5. Let (o, )n>1 be the eigenvalues of the biharmonic operator —Lg =
A2 with clamped boundary conditions on @ C RN . Then for every k > N/4

=1
— < oo. 4.15
; oF <o (4.15)

Proof. The Weyl asymptotic law for the Dirichlet Laplacian states that

. An 472

im =

n— oo nz/N (BN|Q|)2/N

where By is the volume of the unit N-ball and || is the volume of Q, see for
instance [7, p. 55]. Since 307 | n~*/N < oo whenever k > N/4, the Weyl law and

thus Y7 | A, ¥ also converges for k > N/4. Hence, by Lemma 4.3(iii)

1 =1
n=1 " n=1""
as claimed. O

Remark 4.6. In the case N = 1, a much more computational proof is possible. For
simplicity, we take = (0,1). It is known (for example, see [12, p.296]) that the
eigenvalues of —L for the clamped boundary conditions on [0, 1] are given by

a, =k} where cos(ky)cosh(k,) =1 neN. (4.17)
The equation cos(k,,)cosh(k,) = 1 is equivalent to cosh(k,) = sec(k,). On the
positive half-line, the secant function has vertical asymptotes at w,m =

0,1,2,..., and it is positive on the intervals
(2m+1)7 (2m+3)7 o
(f, - ) m=1,3,5,...
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We can rewrite the above expression in the form
Jp o= (Ungtm U)o =123,

It follows that each k,, lies in the corresponding Jn, and therefore
Z Z : 3 :
4 = RN
n=1 An n=1 k = ( n 1)

The latter series is evidently convergent.

Remark 4.7. Consider the solution operator for the equation A?u = f with bound-
ary conditions u = % = 0 on 99, defined by mapping f € L?(f2) to the solution
u. It can be realised as an integral operator, and the associated kernel is known as

the Green’s function G(x,y), which satisfies
Tf = () = [ Gla) () dy

The eigenvalues of T are precisely the reciprocals of the eigenvalues of A2. The
convergence of the series Y | o, ? shows that T is a Hilbert-Schmidt operator for
dimensions N = 1,...,7 (one can apply [29, Theorem 4.5] to the orthonormal basis
of eigenfunctions of A?). We also note that Weyl-type asymptotics hold for the
biharmonic operator on very general domains. For example, the result
Cn.a 1
o ~ AN

was shown by Levine and Protter in [31] with the explicit constant

as n — 0o (4.18)

N
—1 Q)N
O = 5167 (ByI9)

We could have used this directly in the proof of Corollary 4.5, but we think it is
also interesting to deduce the result using only the well-known classical Weyl law
for the Dirichlet Laplacian.

As an application of the results thus far, we show that the function defined by
the Fourier series (4.6) belongs to L'(R, L*(Q)) for each ¢ > 0. This will allow
us to represent the solution wu(t,z,y) to the problem (1.5) as the inverse Fourier
transform of (4.6).

Proposition 4.8. Let n(t,w,y) be defined by (4.6). Then

[tz o < 2 [ oo e s (4.19)
and -

Z “2n( | A, (W) < sup [[to(w, M L2(0) < o0 (4.20)
for allt > 0. "~

Proof. Fix w € R. By Lemma 4.3(i), we have for each n € N and w € R
tn(w) > ay, +wt>a, >0.

Since the eigenfunctions (¢, (w, -)),>1 Were chosen to form an orthonormal basis of
L?(2), by Parseval’s identity for Fourier series we obtain

9]
In(t,w, )20y = Ze‘%“”(“ [An@)? <Y [An(@)? = [l (w, )3
n=1

Integrating this 1nequa11ty and taking into account (4.4) yields (4.19). Inequal-
ity (4.20) follows from (4.3). O
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As another application of Lemma 4.3, we prove the following essential L°°-
estimate on the eigenfunctions ¢, (w,-).

Lemma 4.9. Let ¢, (w,-) be an eigenfunction of the operator —L,, corresponding
to the eigenvalue p,(w). Then for every integer k > N/4, there exists a constant
C =C(N,k,Q) >0 such that

k
n(w, Mz < C [1+ (@} + 2] dnllze) (4.21)
for allw € R and all n > 1.

Proof. We apply a bootstrap argument using standard regularity theory. Consider
the Dirichlet boundary value problem

Ay =f in Q
4.22
u:@:() on 0f) ( )
ov

with f € L?(Q). The regularity theory for (4.22) yields that if f € H?>(m=D(Q) for
some integer m > 0, then the solution v € H2(™+1)(Q), and there exists a constant
Cq depending on ) and m such that

1wl grzemsn @) < Call fll g2om-1 () (4.23)

see [23, Corollary 2.21]. Turning to the equation —L,[¢,] = pn(w)dy, suppressing
the dependence of ¢,, on w for convenience, we can rewrite it in the form

A2¢,, = [pn(w) — Wt + 2w Ad,. (4.24)
Assuming that ¢,, € H*™(Q) for some integer m > 1, an application of (4.23) yields
||¢n||H2(m+1>(Q) <Cq ||(:u’n(w) - W4)¢n + 2w2A¢n||H2(7n—l)(Q) . (425)

Now Lemma 4.3(i) gives 0 < a,, < pin(w) — w?* < + 204}/2w2 for all w € R. We

also note that ||¢n||H2(m71)(Q) < [l¢n |H2m(Q) and ||A¢n||H2(m71)(Q) < H(anHQ'nL(Q),
Combining these estimates with (4.25) we obtain

||¢n||H2(m,+l)(Q) S CQ |:Oén + 20[717,/2012 —+ 2w2 ||¢)n||H2m(Q). (426)

Since 2w? < 1+ w* and o, > 0 we can write
an + 20207 4+ 207 <14 ap, + 2020 + Wt =14 (o + w2

Recall that a priori ¢, € H*(Q2) and thus the right hand side of (4.24) is in L?(Q).
Hence, starting with m = 1, we can inductively apply (4.26) to obtain

160l 2 () < O L+ (a0 + )] |9l 20 (4.27)

for every m > 1. By Proposition 4.1 and Remark 4.2 there exists C depending only
on Q such that ||¢y || g2(0) < Cpin(w)'/?||¢nll12(). Moreover, by Lemma 4.3
,un(w)l/2 < [am + 2a1/20w% + w4}1/2 = %11/2 +wr <1+ (0471/2 +w?)%

n

Let now k > N/4 and set m := k — 1. Then 2(m + 1) > N/2, and the Sobolev
embedding theorem implies the existence of a constant C,, such that |[¢y, | ) <
Conl|onll r2m+n () and ¢, € C(Q), see for instance [24, Theorem 7.26]. By com-
bining the above estimates with (4.27), we deduce (4.21) for all w € R with
C:= Cnglé depending only on N and €. O
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Remark 4.10. In preparation for the proof of Proposition 4.11(ii) below, we show
that an L* bound similar to (4.21) holds for ¢ (w) where w now varies in a complex
neighbourhood of 0. However, it will not be necessary to give the precise dependence
on w, since the objective is simply to show local boundedness. Equation (4.24) can
be recast in the form

A’y = f(w)gr + g(w)A¢s
where f,g: C — C are continuous functions. By (4.23), we estimate
o1l z2emtn @) < Cllf(W)AGL + g(w)Adr | g2em-1 (0
< C(If el + 1g@)[A¢1 | z2em-—1) ()
< C(If )+ lg@)) o1l mrzm (-
Similarly to (4.26), we thus obtain

911l 2em+1) () < CLE(W)[||61 ]| 52m () (4.28)

for some continuous function F': C — C and a constant C' depending only on €.
The L estimate now follows by inductively applying (4.28) and using the Sobolev
embedding theorem as before.

For later purposes we need to show that it is possible to choose an orthonormal
system associated with pu,(w) that depends regularly on w. We also show that
w +— fp(w) is not only continuous but piecewise real analytic, meaning that it is
analytic on R except possibly at a set of isolated points.

Proposition 4.11. Let (i)nen be the family of eigenvalues as in Lemma 4.3.
Then the following assertions are true:

(i) The function p, is continuous and piecewise real analytic on R, and we can
choose an orthonormal system (¢n)nen of corresponding eigenfunctions such
that ¢, € L>®°(R, L?(2)) is piecewise real analytic.

(i) If p1(0) is algebraically simple, then there exists there exists § > 0 and choice
of mnormalised eigenfunction ¢1(w,-) corresponding to pi(w) such that

¢1 € C([-5,6] x Q).

Proof. (i) The continuity of w + iy, (w) is proved in Lemma 4.3(i), so we only need
to prove the piecewise analyticity of the family of eigenvalues and eigenfunctions.

The family (4.8) is clearly a holomorphic function defined on the constant do-
main HZ(Q) for all w € C. It is symmetric, bounded below and the domain is
compactly embedded in L?(€2). Hence Rellich’s perturbation theorem [34, Theo-
rem I1.10.1] and analytic continuation allows to represent the eigenvalues as real
analytic functions f£,: R — R with 3,(0) = u,(0) = oy,. Similarly, there exists
an orthogonal system of corresponding eigenfunctions given by analytic functions
tp: R — L*(Q), n € N.

The curves 3, in general cross and hence do not coincide with the family u,
ordered by size. We show that these crossing points form a discrete set. First note
that by the uniqueness theorem for analytic functions, two such curves have either
at most finitely many points of intersections, or they coincide for all w € R. Also,
at any crossing point at 3,,(wg), at most finitely many curves can meet. Indeed, we
know that /3, (wo) has finite algebraic multiplicity, say ¢. The lower semi-continuity
of the spectrum from [30, Theorem IV.3.16] shows that for w in a neighbourhood
of wp, the eigenvalue f§,,(wp) splits into at most ¢ eigenvalues. Hence at most ¢
curves can intersect (3, at wg. The argument also shows that such crossing points
cannot accumulate at any point of 3,, and thus form a discrete set. Hence, for w
between any two crossing points, p,, follows some ,,, with associated eigenfunctions
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Yn. Then ¢, = Yn/|[¥n|l12(q) is the required family of eigenfunctions satisfying
b € L(R, L7(92)).

(ii) If we assume that ay := p;(0) is algebraically simple, then according to (i)
there exists ¢ > 0 such that we can choose w — ¢1(w) analytic as a function from
[—d,0] into L?(2). In fact, Rellich’s theorem even shows that ¢; is analytic in a
complex neighbourhood D of w = 0. Moreover, from the proof of Lemma 4.9 and
Remark 4.10, one sees that ¢1(w) € C(Q), and that ||¢1(w)|| () can be uniformly
bounded in D. We will show that ¢; is even analytic from D into C(£2), and to do
so, we verify the conditions of Theorem 3.1 in [3].

We take the Banach space X = C(Q), and we identify the space W = L?(Q)
with its own dual. It follows that X — W < X', and moreover W is a separating
subset of X’ (see [3, p. 787]). Indeed, every f € X can be considered as an element
of W, hence (f, f) = ||fH%2(Q) # 0 if f # 0. From the previous paragraph we have
that ¢1: D — X is locally bounded, and analytic from D into W. It follows that
D> wr— (W,é1(w)) € Cis analytic for all ¢p € W. Since W separates X, [3,
Theorem 3.1] is applicable and yields that ¢1: D — X is analytic. In particular,
w + ¢1(w) can be chosen to be a continuous function from [—4,d] to C(€2). O

Remark 4.12. We note that the proof of Proposition 4.11 did not use the specific
structure of the operators —L,,, and thus the results may be adapted to more
general analytic families of operators.

4.3. Asymptotic behaviour on infinite cylinders. All the ingredients needed
for the main result are now in place.

Proof of Theorem 1.3. Taking the inverse Fourier transform of the Fourier series
representation (4.6) of u(t,w,y), the solution to (1.5) can be represented in the
form

u(t, x :L 3 e~ thn (@) w w ™% duw
(t,2,9) @/lz An(@) ,yﬂ d

n=1

which is well-defined due to Proposition 4.8. Splitting off the first term, we obtain
1 .
u(t,x,y) = = 67”01(“))/11 (w)¢l (w,y)ezwm dw
27 Jr
n 1
V2T

—1
cr =27 (/ e (@) dw) 7 (4.30)
R

which is well-defined by Lemma 4.3. We prove that (1.8) holds with this choice of
blow-up factors.
Step 1. Let us deal with the first term on the right hand side of (4.29). Define

f(xa W, y) = \/ﬂAl (w)¢n(0~), y)eiw-x’
and let ¢, be the approximate identity defined in Corollary 4.14 below. Then

/ 1) A, (W) (w, )™ duw
R

/]R lz e_t“"(‘“)An(w)an(w,y)] e dw.  (4.29)

We define

Ct

Ver

VI [ ()i n)e = do = (g fae0)(0)

where, as in the proof of Theorem 1.1, @(w) := ¢¢(—w) for all w € R. Propo-
sition 4.11 asserts that p; € C(R), and that for any compact interval [ zi—r, 7]
there exists an interval J = [—§, 0] such that ¢ € C(Jx Q). Hence f: IxJxQ — C
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is continuous and thus uniformly continuous. This means that w — fz,w,y) is
continuous at w = 0 uniformly with respect to (z,y) € I x Q. It follows from
Lemma 3.2 and Corollary 4.14 that

1m1JifA&rWMmAawwuwwkwmmF:ggx@*f@uny»m>:f@zmw

t—00 \/97

uniformly with respect to (z,y) € I x Q. By definition of A;(0), we finally see that
2.0.) = VERA0)01(0.9) = V2T | d0(0.n)ex(n) dns (1)
Q
— [ [ wie.mermdndeens).
RJQ

Step 2. We claim that the product of the second term on the right hand side of (4.29)
with ¢; converges to zero as ¢ — oo uniformly with respect to (z,y) € R x Q. To
do so, observe firstly that

[An(@)¢n(w; y)| < [An(@)[[[én(w;)lloo-

By (4.20) in Proposition 4.8, there exists M > 0 such that |A4,(w)] < M for all
w € R and n € N. Furthermore, by Lemma 4.9 and an elementary inequality, we
find

k
(s ) Lo () < C [1 + (al/? 4 wQ)Z] <3FC 1+ ak + w] (4.31)

with £ > N/4 and C depending on N, k and 2. We therefore have

| /R[ie_t“”(“)An@)%(w,y)}e"‘“ dw| <3 CM /R S(tw) doo,

where
S0.0) = 37 [1 0 ] e
n=2
We show that
Ct/ S(tyw)dw — 0 (4.32)
R

as t — 0o. Since S(t,w) is a series with non-negative terms, we may interchange
the summation and the integral to write

/ S(t,w) dw = Z/ [1+af +w!] e~ thn (@) gy, (4.33)
R /R

We now multiply each term in (4.33) by ¢;/27. Using that all integrands are even
functions, we have a sum of expressions of the form
Iz w2me=tin (@) d, _ I w2me=tin (@) dy,

J et (@) duw fooo et (@) duw

with m = 0,2. Applying Lemma 4.3 and Lemma 4.13 below, there exist C,tg > 1
such that

2m —tun 00 2m  —tw?
wa me tpn (w) dw < e—t(an—al) fO wMe tw dw
Jpe @ dw Jo7 emtBw ) gy

1

< Ctimmetlon—an) < gl/detlan—a1)  (4.34)
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for all ¢ > tg and n > 2, where 8 := 2a1/2

application of the exponential series yields
1l 1 « 1 el el
—tlan—01) < al ( n ) o« (72> il
¢ T (ap—a)ftt T \ay—ar/ it T Nag—ay/ ab tf
for every £ € N, n > 2 and ¢ > 0. Combining this with (4.33) we see that
Ct o) ¢ 2 —i— a
—t <
a /R S(tw)do < O ) . Z (4.35)

—

. Asa, > ay > a; forall n € N, an

for all ¢t > t9. We choose ¢ > 1 such that £ — k > N/4. Then by Corollary 4.5 the
series on the right hand side of (4.35) converges, and hence (4.32) is valid as t — oc.
As S(t,w) is independent of y € €, this yields the convergence of the second term
in (4.29) to zero uniformly with respect to y € Q as t — oo. This completes the
proof of the theorem. O

We conclude by proving a technical result used in the above proof.

Lemma 4.13. Suppose n > 1 is an integer and o > 0. Furthermore let p(z) be a
polynomial of the form
m
=>_al
j=k

with m >k > 1 and ¢, ¢ > 0. Define

(o) n o
fal(t) := / %" dr and  g(t) ::/ e @) dy, (4.36)
0 0

Then there exist constants C,ty > 0 depending only on «, n, k and the coefficients
of p such that

fol) _ yp-=t (4.37)

g(t) —

for all t > tg.

Proof. Applying the substitution s = ¢t2™ in the definition of f,(¢) we have

) o 1 1 o
fult) = fr%/ sTle sr<o‘+ >t ol (4.38)
n 0 n

n

To deal with g(t) we note that by assumption
p(z) = 2% (cp + cpprz + -+ cpa™F)

with £ > 1 and ¢;, > 0. Hence there exists xg > 0 such that cx + cpp12+ -+ +
cmax™* > 3= ¢}, /2 for all x € [0, x0). It follows that

o o
g(t) > / e~ () gy > / e 87" .
0 0

With the substitution s = tBz§ we see that

Now note that

t—o0 0

and thus there exists t; > 0 such that

oz GL/k—1,-s 1 LY 1k
g(t) 2/0 ds > 2k51/kr (k) t
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for all t > ty. Combining this with (4.38) we see that there exist constants C,tg > 0
depending only on «, n, k and the coefficients of p such that (4.37) holds for all
t > to. 0

Corollary 4.14. Let py(w) be as defined in Lemma 4.3. Then

-1
o (w) = (/ et (m) dﬂ) et (w)
R

defines an approzimate identity for t — oo in the sense of Definition 3.1 (where we
take N =1 in this definition).

Proof. By definition of ¢;(w), it is obvious that ¢ (w) > 0 for all ¢ > 0 and w € R,
and that [ ¢4 dw = 1. It remains to show that for every § > 0

Js(t) ::/ or(@)dw — 0 as t— 0o, (4.39)
jw|>6

From Lemma 4.3(i) we obtain

e—t(a1+Bw2+w4) < e—t,ul(w) < e—t((x1+w4)

for all w € R, where 3 := 204/2. Since the function p; is even, it suffices to consider
w > 0. The above inequalities imply
I et (@) oy I5s e—tlarte’) gy I5° et duw

Is(t) = & o0 = oo .
5() fO e~ tm(w) dow — fO e—tlar+Bw+w?) 4., fO o— (B2 toh) o

As e < 57242 =1" holds for all w € [§,00) and all £ > 0 we deduce that

Js(t) < 1 f5oow2€_tw4 dw <1 fooow2e_tW4 duw
5(t) < 5 o et eh) g = 2 [ e t(B ) gy

3

By Lemma 4.13, there exists C,to > 0 such that Js(t) < Ct2—% = Ct—1/4 for all
t > to. Hence Js5(t) — 0 as t — oo as required. O

Remark 4.15. Observe that the decay rate t—1/4 obtained in the above corollary is
consistent with the L> decay of the solution on the full space—use (1.3) with o = 2
and N = 1. In addition, the spectral gap as — a3 > 0 of the biharmonic operator
with clamped boundary conditions on the cross-section domain 2 appears explicitly
in the uniform bound (4.35). These features clearly show how the behaviour of
the solution on the infinite cylinder is influenced by properties of the biharmonic
operators respectively on the real line and on the bounded domain.
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