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According to the topological band theory of a Hermitian system, the different electronic phases are
classified in terms of topological invariants, wherein the transition between the two phases charac-
terized by a different topological invariant is the primary signature of a topological phase transition.
Recently, it has been argued that the delocalization-localization transition in a quasicrystal, de-
scribed by the non-Hermitian PT -symmetric extension of the Aubry-André-Harper (AAH) Hamil-
tonian can also be identified as a topological phase transition. Interestingly, the PT -symmetry
also breaks down at the same critical point. However, in this article, we have shown that the
delocalization-localization transition and the PT -symmetry breaking are not connected to a topo-
logical phase transition. To demonstrate this, we have studied the non-Hermitian PT -symmetric
AAH Hamiltonian in the presence of Rashba Spin-Orbit (RSO) coupling. We have obtained an
analytical expression of the topological transition point and compared it with the numerically ob-
tained critical points. We have found that, except in some special cases, the critical point and the
topological transition point are not the same. In fact, the delocalization-localization transition takes
place earlier than the topological transition whenever they do not coincide.

Introduction- The discovery of the connection between
the electronic phases of a Hermitian system and the
topology of its band structure has had far reaching con-
sequences in a wide range of electronic phenomena, such
as topological insulators [1–3], semimetals [4, 5] and su-
perconductors [6]. In this approach, an electronic phase
is characterized by a topological quantity which remains
invariant under the continuous deformation of some con-
trol parameter in the Hamiltonian. A topological transi-
tion takes place whenever there is a change in the elec-
tronic phases, characterized by a different topologically
invariant quantity, as the control parameter changes [7–
10]. Naturally, the question arises regarding the existence
of such topological transitions in a PT -symmetric non-
Hermitian system. In the last decade, several investiga-
tions on the topological phenomena in the non-Hermitian
PT -symmetric systems have been realized [11–14].

Recently, it has been pointed out that the
delocalization-localization transition in a non-Hermitian
PT -symmetric extension of the Aubry-André-Harper
(AAH) Hamiltonian can also be classified as a topolog-
ical transition between the two topologically non-trivial
phases characterized by a different topological invariant
[15]. Moreover, the PT -symmetry also breaks down at
this critical point. Several instances of the topologi-
cal transitions being accompanied with the localization-
delocalization transition [16] and the existence of mobil-
ity edge [17] have been investigated for years. In a recent
work [18], by introducing an additional non-hermiticity
in the hopping parameters, it has been reported that
the delocalization-localization is not necessarily in accor-
dance with the topological phase transitions.

The objective of this Letter is to demonstrate that
the localization-delocalization transition and the PT -
symmetry breaking are not related to a topological tran-
sition in the PT -symmetric non-Hermitian quasicrystals
which does not require any additional breaking of the
hermiticity. To demonstrate this concretely, we have con-
sidered the non-Hermitian AAH Hamiltonian in the pres-
ence of the Rashba Spin-Orbit (RSO) coupling, conserv-
ing the PT -symmetry of the system. As a first step, we
obtain an analytical expression of the topological transi-
tion point. The critical point, which is also identical with
the PT -symmetry breaking point, is determined numer-
ically. We have found that the critical point does not
coincide with the analytically obtained topological tran-
sition point, except in some special cases.

Model- The Hamiltonian considered in this Let-
ter originates from the model proposed by Longhi
[15], comprising non-interacting electrons in an one-
dimensional quasiperiodic lattice with a PT symmet-
ric non-Hermiticity introduced in the cosine-modulated
phase of the conventional AAH model [19, 20] and is given
by,

HA = −t
L−1∑
n=1,σ

(c†n+1,σcn,σ + h.c) +

L∑
n=1,σ

Vnc
†
n,σcnσ, (1)

where t is the amplitude of hopping integral in the tight-
binding Hamiltonian, and n is the lattice site index in
the real space and L denotes the size of the lattice. c†n,σ
and cn,σ represent the electronic creation and annihila-
tion operators respectively at site n with spin state σ
(σ =↑,↓). The non-Hermiticity is introduced in the form
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FIG. 1. The variation of the critical value hc with the strength of RSO coupling. The numerically calculated values of hc

have been shown by diamond shaped markers (in blue), and the analytical result of ht from Eq. (23) has been represented
by solid lines (in green). The results are for a lattice with 610 sites, and obeying the periodic boundary conditions. (a) and
(b): Phase diagram of the critical points when one of the RSO hopping amplitude (αy or αz) is set to zero, while the other
component varies with a non-zero amplitude. (d) and (e): Phase diagram of the critical points when αy/t is set to 0.40 while
the component αz varies, and vice-versa. (c) and (f): Phase diagram of the critical points with t set to zero, and when αy

varies as a function of αz and vice-versa.

of a complex phase in the on-site potential and is ex-
pressed as,

Vn = V cos(2παn + φ), (2)

where φ = θ+ ih. V is the amplitude of the modulation,
and α is an irrational number from the Diophantine ap-
proximation (α = (

√
5+1)/2). When h = 0, we get back

the original Hermitian version of the AAH Hamiltonian.
It is easy to see that HA retains the PT -symmetry after
the introduction of this complex phase. In the presence
of the RSO coupling, our Hamiltonian H consists of two
parts, and is given by,

H = HA +HR, (3)

where HA is the non-Hermitian counterpart of the stan-
dard AAH Hamiltonian given by Eq. (1), and HR in-
cludes the spin conserving hopping amplitude(αy) and
the spin-flip hopping amplitude(αz) induced by RSO cou-
pling and can be written as [21, 22],

HR = −αz
L−1∑

n=1,σ,σ′

(c†n+1,σ(iσy)σ,σ′cn,σ′ + h.c.)

−αy
L−1∑

n=1,σ,σ′

(c†n+1,σ(iσz)σ,σ′cn,σ′ + h.c.). (4)

To find the analytical expression of the topological
transition point in the presence of RSO coupling, at first,
we start with the eigenvalue equation H |Ψ〉 = E |Ψ〉,
where Ψ is a linear superposition of the spin states given
by, |Ψ〉 =

∑
n,σ ψ

σ
nc
†
n,σ |0〉. Taking into account the two

spin orientations, the set of coupled eigenvalue equations
read as,

−t
(
ψ↑n+1 + ψ↑n−1

)
+ αy

(
e−iπ/2ψ↑n+1 + eiπ/2ψ↑n−1

)
+αz

(
ψ↓n+1 − ψ

↓
n−1

)
+ V cos(2παn + φ)ψ↑n = Eψ↑n, (5)

−t
(
ψ↓n+1 + ψ↓n−1

)
+ αy

(
e−iπ/2ψ↓n+1 + eiπ/2ψ↓n−1

)
−αz

(
ψ↑n+1 − ψ

↑
n−1

)
+ V cos(2παn + φ)ψ↓n = Eψ↓n. (6)

Multiplying i to Eq. (6) and adding it to Eq. (5), we
obtain a single eigenvalue equation given by,

t′
[
e−iηψ̃n+1 + ψ̃n−1e

iη
]

+ V cos(2παn + φ)ψ̃n = Eψ̃n,

(7)

where ψ̃n = ψ↑n + iψ↓n, t′ =
√
t2 + (αy + αz)2 and

η = tan−1 [−(αy + αz)/t].
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FIG. 2. Phase transition in non-Hermitian quasicrystals described by Eq. (10), where t has been set equal to V (t=V=1), and
with θ = 0. The upper panel is for the RSO coupling strength set at αy = 0 and αz = 0.3, while in the lower panel αy = 0.4 and
αz = 0.5. (a) and (e): The energy spectrum spanned in the complex plane, with an increasing value of the control parameter
h. (b) and (f): The nature of the largest value of |Im(E)| vs. h across the PT symmetry breaking point. The horizontal black
dotted line depicts the critical value hc, whereas the green dotted line shows the transition point ht determined analytically
in Eq. (23). (c) and (g): Behavior of the largest(in blue) and smallest(in red) values of the Inverse Participation Ratio with
an increasing value of h, before and after the metal-insulator transition. (d) and (h): The variation of numerically determined
values of winding number w(h) with h(in blue) and the analytical result from Eq. (25) shown as solid red line.

In the next step, we are going to show that the above
eigenvalue equation is identical with the non-Hermitian
PT -symmetric AAH Hamiltonian expressed in Eq. (1).
To do this, we obtain the eigenvalue equation in momen-
tum space with the help of the Fourier transformation
ψ̃n =

∑
k ψ̃ke

i(2παn)k to get:

Wkψ̃k +
V

2
(eiφψ̃k+1 + ψ̃k−1e

−iφ) = Eψ̃k, (8)

where,

Wk = 2t′cos(2παk− η), (9)

and ψ̃k = ψ↑k + iψ↓k. In the final step, we apply an in-

verse Fourier transformation ψ̃k =
∑
n ψ̃ne

−i(2παk−η)n

on Eq. (8) to get:

t′
[
ψ̃n+1 + ψ̃n−1

]
+ V cos(2παn + φ)ψ̃n = Eψ̃n. (10)

It is quite evident that the eigenvalue equation in Eq. (10)
is identical with that of Eq. (1), with the rescaled hop-
ping amplitude t′ in lieu of the tight binding hopping
amplitude t.

The common approach to identify the critical point
in this type of quasicrystals is to find the Lyapunov
exponent characterizing the inverse of the localization
length [20, 23]. In Ref. [15] it has been established

that this approach is equally applicable for the original
PT -symmetric non-Hermitian AAH Hamiltonian with-
out the RSO coupling. In this case, the Lyapunov ex-
ponent is given by γ = log(2t/V ) and there is a phase
transition from an extended/metallic (V < 2t) to a lo-
calized/insulating regime (V > 2t). Such a transition
also coincides with the PT symmetry breaking point, at
which the energy spectrum changes from real(and posi-
tive) to entirely complex [24, 25]. Since, in the presence
of the RSO coupling, our Hamiltonian is equivalent to
the original PT -symmetric AAH Hamiltonian, it is an-
ticipated that in the presence of the RSO coupling the
PT -symmetric non-Hermitian AAH Hamiltonian would
undergo a similar delocalization-localization transition at
V = 2t′. In this case, the Lyapunov exponent is given
by, γ = log(2t′/V ). However, we are going to show that
this is not true in general. We have found that when
either all the hopping amplitudes are non-zero or the
tight-binding hopping amplitude is zero, the localization-
delocalization transition and the PT -symmetry breaking
still coincide with each other, but takes place earlier than
the anticipated value from the analysis of the Lyapunov
exponent. Interestingly, however, we have found that
the anticipated value of the transition point is associ-
ated with a topological transition. This clearly indicates
that the delocalization-localization transition in the non-
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Hermitian PT -symmetric AAH Hamiltonian is not con-
nected to a topological transition.

Behavior of the topological phases, symmetry breaking,
metal-insulator transition and phase diagram in the pres-
ence of RSO- The method to classify the phases based
on topology of the band structure is quite well established
by now for the Hermitian systems [1, 10]. Recently, Gong
et al. [26] have laid down a method for the topological
classification of the electronic phases in non-Hermitian
systems. Similar to the spirit for classifying phases in
an Hermitian system, the above-mentioned method has
been used in Ref. [15] to define a winding number, sep-
arating the two topological phases. Here, following the
same approach laid down by Gong et al. [26] and Longhi
[15], we assume the complex phase h as a control param-
eter of the Hamiltonian, where H(φ) = H(θ, h) is given
by,

H =


V1 t′ 0 0 0 ... 0 0 t′

t′ V2 t′ 0 0 ... 0 0 0
0 t′ V3 t′ 0 ... 0 0 0
... ... ... ... ... ... ... ... ...
0 0 0 0 0 ... t′ VL−1 t′

t′ 0 0 0 0 ... 0 t′ VL

 (11)

We begin with the definition of winding number w(h)
(for h > 0), given by,

w(h) = lim
L→∞

1

2πif

∫ 2π

0

∂θ log{det[H(θ/L, h)− Eb]}dθ

= lim
L→∞

∫ 2π

0

1

2πif
(∂θf)dθ, (12)

where

f(θ, h) ≡ log{det[H(θ/L, h)− Eb]}. (13)

In the above equation, Eb is a base energy, which lies
inside the gaps of the energy spectrum of the Hermitian
AAH Hamiltonian (h = 0). From the following discus-
sion, it will be clear that the winding number is indepen-
dent of the choice of Eb.

To calculate the winding number, however, it is con-
venient to use the momentum space form of f(θ, h) =
log{det[H2 − Eb]}. Here, H2 is connected to H(θ/L, h)
through the similarity transformation H = R−1H2R,
where Rn,l = (1/

√
L) exp(2πiαnl) exp(−nh + inθ/L).

The transformed Hamiltonian H2 is given by,

H2 =


W1

V
2 0 0 ... 0 0 V

2 e
hLe−iθ

V
2 W2

V
2 0 ... 0 0 0

0 V
2 W3

V
2 ... 0 0 0

... ... ... ... ... ... ... ...
0 0 0 0 ... V

2 WL−1
V
2

V
2 e
−hLeiθ 0 0 0 ... 0 V

2 WL


where Wk = 2t′cos(2παk − η). It is easy to see that in
the limit of large L (L → ∞), (H2)L,1 → 0 and f(θ, h)

can be written as,

f(θ, h) = log
{

(−1)L+1
(
V/2

)L
ehLe−iθ + det(Θ− Eb)

}
,

(14)

where Θ is an Hermitian matrix given by,

Θ =


W1

V
2 0 0 0 ... 0 0 0

V
2 W2

V
2 0 0 ... 0 0 0

0 V
2 W3

V
2 0 ... 0 0 0

... ... ... ... ... ... ... ... ...
0 0 0 0 0 ... V

2 WL−1
V
2

0 0 0 0 0 ... 0 V
2 WL

 (15)

Since Eq. (15) is independent of θ, f(θ, h) can be written
as,

1

2πif
(∂θf) =

1

2π

(−1)
L
(
V
2

)L
ehLe−iθ

(−1)
L+1

(
V
2

)L
ehLe−iθ + det(Θ− Eb)

(16)

The value of det(Θ−Eb) can be estimated by identifying
that

det(Θ− Eb) = exp(g), (17)

where

g =

l=1∑
L

log|λl − Eb|. (18)

Here, λ1, λ2, · · · , λL are the eigenvalues of the Hermitian
matrix Θ for a one-dimensional lattice with L sites. As
mentioned earlier, since the base energy is chosen inside
the small gaps of the energy spectrum of Θ, the value
of g never diverges. For a continuous energy spectrum,
Eq. (18) can be expressed as,

g = L

∫
dερ(ε)log|ε− Eb|, (19)

where ρ(ε) is the density of states. It is now possible to
estimate the Lyapunov exponent γ of an eigenstate of Θ
around the neighbourhood of the base energy Eb, which
is given by [27],

γ =

∫
dερ(ε)log|ε− Eb| − log

(V
2

)
. (20)

Hence, det(Θ− Eb) can be written as,

det(Θ− EB) =
(V

2

)L
exp(γL). (21)

It is well established that for the Hermitian AAH Hamil-
tonian without the RSO, γ is independent of the base
energy and given by [20, 23],

γ = log

(
2t

V

)
. (22)
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This follows from the self-duality property of the Her-
mitian AAH Hamiltonian without the RSO interaction.
Recently, we have shown that the Hermitian AAH Hamil-
tonian is self-dual in the presence of the RSO [28], which
can also be deduced from Eq. (7). Hence, in the pres-
ence of the RSO coupling, the Lyapunov exponent γ is
anticipated to be,

γ = log

(
2t′

V

)
= log

(
2t

√
1 +

(
αy+αz

t

)2
V

)
(23)

It is now straightforward to see from Eqs. (16) and (21)
that,

lim
L→∞

1

2πif
(∂θf) =

{
0 if h < γ

−(1/2π) if h > γ
(24)

From the definition of the winding number w(h) in
Eq. (12), we can expect a topological transition at a
critical value of h = ht ,

w(h) =

{
0 if h < ht

−1 if h > ht.
(25)

From the analytical result, it is evident that there ex-
ists a topological transition in quasicrystals described
by the PT -symmetric non-Hermitian AAH Hamiltonian
with RSO coupling. We have also verified the topological
transition point numerically, and found that indeed there
is a topological transition at the crtical value given by ht.
However, we are going demonstrate that the critical point
hc, where the delocalization-localization transition takes
place, does not coincide with the topological transition
point in general, except in some special limiting cases.
Moreover, hc < ht, whenever they do not conincide. We
have also found that the PT -symmetry always breaks
down at hc.

We now discuss our main results. Numerical methods
to determine the critical point and the winding number
have been discussed in the subsequent sections. The nu-
merical results are for a lattice with L=610 sites, and
obeying the periodic boundary conditions. In Fig. 1, we
have presented the phase diagram in the space spanned
by the parameters of the Hamiltonian in Eq. (3). In
Figs. 2(a) and (b), we have presented the results of the
numerically obtained critical points and compared it with
the analytically obtained topological transition point for
the two limiting cases: αy = 0 and αz = 0. From the
analytical expression obtained in Eq. (23), it is obvious
that in the presence of a single RSO coupling term, the
critical value ht can be expressed for the two different
cases as, ht = log(2αz/V ), and ht = log(2αy/V ). The
topological critical points ht as a variation of αz in the
former, and with αy in the latter is shown in Figs. 1(a)
and (b), in which the analytical result matches exactly

with the critical points hc computed numerically. How-
ever, when the contribution of both the spin-orbit cou-
pling hopping amplitudes are non-zero, the topological
critical point ht and the delocalization-localization tran-
sition point hc gets separated as can be seen from Figs.
1(d) and (e). Furthermore, it is also quite obvious that
on interchanging the non-zero strengths of αy and αz, the
existing conditions for the two types of transition remain
unaffected. To understand the origin of this difference
between hc and ht, we have shown the phase diagram in
Figs. 1(c) and (f), when the tight binding hopping am-
plitude t is set to zero. It is clear that the critical points
hc follow exactly the same pattern as Figs. 1(a-b). How-
ever, the topological critical points are remarkably differ-
ent, suggesting that the difference between hc and ht is
due to the combined effect of the two hopping processes
of the RSO Hamiltonian.

To identify the localization of the eigenstates, we
use the familiar approach of the Inverse Particpation
Ratio(IPR) [29, 30] given by,

IPR =

∑
n |ψn|4

(
∑
n |ψn|2)2

(26)

It is well established that for extended states, the IPR
varies with the system size as N−1 ' 0 (in the ther-
modynamic limit), whereas for localized states, the IPR
is system size independent and approaches 1 when they
are completely localized. For RSO, where the size of the
Hamiltonian matrix N = 2L, these characteristics re-
main unaffected, with an enhancement in the delocalized
regime upto the critical point hc. Additionally, in the
PT -symmetric non-Hermitian quasicrystals, we expect
the PT -symmetry to be broken at some critical value of
h, when the energy spectrum becomes complex. In Fig.
2(a), the energy spectrum in the complex plane, when a
single RSO hopping amplitude (αz) is non-zero, has been
shown. It is clear that as h crosses beyond the value
0.73 ± 0.01, the entire energy spectrum becomes com-
plex. For αy = 0, αz = 0.3 we estimate this transition
point to be ht = 0.73 ± 0.01. We have further corrob-
orated our observation by plotting the the largest value
of |Im(E)| vs. the complex phase h, as shown in in Fig.
2(b). The rapid increase in its value from zero suggests
the transition from the unbroken PT symmetry regime
to the broken PT symmetry regime at hc = 0.73± 0.01.

To detect the delocalization-localization transition
point, the largest and the smallest values of the IPR have
been plotted with h in Fig. 2(c). These results clearly
indicate the existence of the localization transition ex-
actly at the same critical point hc ' 0.74 where the PT -
symmetry breaks down. On substituting αy = 0 and
αz = 0.3 in the analytical expression of the topological
critical point (Eq. 23), we obtain ht = 0.736 (evaluated
upto the third decimal place).Interchanging the values of
αy and αz does not alter the critical point and the topo-



6

logical transition point, which are identical. Hence, in
this case the critical point, the PT -symmetry breaking
point and the topological transition point are identical.
However, this behaviour changes dramatically when both
the hopping amplitudes of the RSO Hamiltonian are non-
zero.

In the lower panel of Fig.(2), we have presented the
results when both the RSO coupling strengths are con-
sidered to be non-zero. Figs. 2(e-g) show the same result
corresponding to the Figs. 2(a-c), except that the local-
ization transition point shifts, outstretching the metallic
and PT-symmetry unbroken regimes to a higher value
of hc. In Fig. 2(f) and (g), we have also indicated the
topological transition point ht anticipated from our an-
alytical result. It is evident that hc < ht when both
the RSO coupling have non-zero amplitudes. In Figs.
2(d) and (h), we have presented the results of the wind-
ing number that have been computed numerically. The
evidence of the topological transition at the anticipated
value of h from our analytical result obtained in Eq. (23)
is obvious.

Conclusions- In summary, we have demonstrated that
the delocalization-localization and the PT symmetric
breaking transitions are not connected to a topologi-
cal transition in the PT -symmetric non-Hermitian qua-
sicrystals. The topological transition point ht has been
obtained analytically by mapping the Hamiltonian in
the presence of RSO to the original PT -symmetric non-
Hermitian AAH Hamiltonian and have been verified nu-
merically. The critical point hc has been determined
numerically, and we have found that in general the
delocalization-localization transition and the PT sym-
metric breaking takes place earlier than the topological
phase transition, except in some special cases, although
the delocalization-localization transition and the PT
symmetric breaks simultaneously. Acknowledgement-
This work is supported by SERB (DST), India (Grant
No. EMR/2015/001227). A. C would like to thank
CSIR(HRDG) for providing financial assistance (File
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