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The Lamb wave-based localization of damage is presented here separately for the plain and riveted aluminium (Al)

specimens. The first part of this paper deals with the experimental damage localization of the plain Al specimen

using Lamb waves and four piezoelectric wafer (PW) transducers. The PW transducers mounted onto the specimen

in a collocated way are used to actuate and sense Lamb waves. The responses are obtained for both the pristine

and damaged states of the Al specimen. The signal processing is carried out on the residual response using the

continuous wavelet transform (CWT), and time of arrival (TOA) data is obtained for each collocated actuator-

sensor pair. The TOA data of the wave reflected from the damage is used in the two arrival time difference and

astroid algorithms to locate the damage in an enclosed area. The genetic optimization (GO) method is used to

further refine the location of damage within the enclosed area obtained using astroid algorithm. The second part of

the paper deals with the localization of a faulty rivet in a riveted specimen. The responses are obtained in the cases

of both healthy and faulty riveted specimens. The presence of a faulty rivet is indicated by the inflation in amplitude

of the second harmonic. A new algorithm is therefore proposed by the authors to localize the faulty rivet, using

the spectral content information. The results obtained through both the studies manifest the ability of the proposed

methods for locating different types of defects and faulty rivets using an array of PW transducers.

1. INTRODUCTION

Structural health monitoring (SHM) refers to a system hav-

ing the ability to anticipate and interpret the changes in a struc-

ture in order to improve the reliability of the system and thereby

reducing the overall life-cycle costs. SHM of aircraft structures

is a flourishing field and of paramount importance, as their fail-

ure may lead to loss in the economy, and most importantly, the

loss of life. An aircraft usually operates in very savage con-

ditions and because of this, there is a need to implement dif-

ferent types of non-destructive tests and evaluations. There

are several inspection methods currently being applied to ap-

praise the health of structures in service namely visual inspec-

tions, penetrant liquids, magnetic particle-based inspections,

Eddy currents, radiography, and ultrasonic testing.1–3 Most

of these techniques are time consuming, costly, and need the

structures under inspection to be in downtime. Among these,

ultrasonic testing using Lamb waves has been studied for sev-

eral years by many researchers. The Lamb wave-based test-

ing offers many advantages, such as large inspection areas be-

cause of long distance propagation with lesser attenuation, no

need of dismantling and direct access to the structures, and ad-

justable frequency range for investigation of different sizes of

damages.2, 3 A damage detection system based on ultrasonic

Lamb waves requires transducers for the actuating and sensing

of elastic waves to interrogate the structures. The vital issues

of concern for this system are the multimodal and dispersive

nature of Lamb waves and the behaviour of the transducers in

action. Due to this, various types of transducers have been

invented, out of which piezoelectric wafer (PW) transducers

have mustered much attention as they are cost-effective, small,

and can be easily bonded onto the structure.4 Lemistre et al.

successfully detected the structural damage using Lamb waves

generated by piezoelectric transducers.5

A lot of research is going on around the world for damage

detection in metallic and composite plates using Lamb waves

for past few decades. Raghavan and Cesnik presented the ex-

perimental and analytical survey of candidate methods used

for damage detection in thin plate structures.1 Giurgiutiu et

al. gave a brief review of the Lamb wave principles with em-

phasis on understanding of the particle motion and group ve-

locity dispersion.2 Su et al. gave a comprehensive review on

the state of the art of Lamb wave-based damage identification

approaches for composite structures, addressing the advances

and achievements in these techniques in the past decades, the

unique characteristics and mechanisms of Lamb waves in lam-

inated composites, approaches in wave mode selection, gener-

ation and collection, modelling and numerical simulation tech-

niques, signal processing and identification algorithms, and

sensor network technology for practical utility.3

Masurkar et al. presented an experimental and numerical
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study using the finite element method for single and multi-site

damage localization in a thin Al and a woven fabric compos-

ite laminate.6 A similar study is also carried out by the same

authors, wherein, the Lagrange optimization method is used to

refine the location of damage within an enclosed area as de-

fined by the algorithm.7 Gangadharan et al. carried out the

experiments on both healthy and damaged Al and composite

plates.8 Continuous wavelet transform (CWT) is used to ex-

tract the time of arrival (TOA) data from the residual response.

This TOA data is used in the geodesic algorithm to get the dam-

age location. Hamstad et al. examined the application of CWT

to improve the accuracy of acoustic emission (AE) source lo-

cation.9 They examined the cases of both large plate without

edge reflections and small plate with multiple edge reflection.

Ambrozinski et al. developed LISA and EFIT algorithms to

model guided wave propagation problems in metallic and com-

posite structures.10 The developed procedure helps to simulate

wave propagation for the undamaged and damaged structures

for different configurations of actuator-sensor locations, shapes

of sensor, and frequency range. They implemented the time

and frequency domain methods for damage detection. Ying-

tao et al. presented a damage assessment methodology using

a time-frequency signal processing technique for detecting de-

lamination in composite structures with multiple stiffeners.11

The delaminations are detected by identifying the converted

Lamb wave modes introduced by the structural imperfection

and quantified using a signal energy based damage index. The

matching pursuit decomposition algorithm is further used to

localize the delamination position by solving a set of nonlinear

equations. The results show an overall error of around 8%.

Su and Ye detected delamination in CF/EP composite lami-

nates using fundamental Lamb modes generated and received

by distributed piezoelectric transducers.4 Wang and Chang re-

ported a practical damage identification approach using dis-

tributed piezoelectric transducers.12 Ostachowicz et al. used

an array of piezoelectric transducers in order to locate dam-

age in thin metallic plates.13 They carried out both simulations

and experiments in order to verify the effectiveness of the de-

veloped algorithms for localizing the damages. Xinglong et al.

presented a damage localization algorithm based on the con-

figuration of the PW sensor network.14 Time-frequency anal-

ysis is used to process the raw signal and extract damage fea-

tures. Experimental results obtained for the Al plate with the

proposed algorithm gave an error of around 2.41%. Yan et al.

proposed a wavelet-based, built-in damage detection and iden-

tification algorithm for carbon fibre reinforced polymer (CFRP)

laminate.15 Combined with the theoretically computed wave

velocity, a genetic algorithm (GA) technique is employed to

identify the location and size of the damage. The results show

an error of around 4.5%.

Khodaei et al. proposed a numerical model for ultrasonic

wave propagation in the composite laminates and compared the

results with those recorded from the experiments.16 A modi-

fied delay-and-sum algorithm is then presented for detecting

impact damage in the composite plates with and without a stiff-

ener, which is shown to capture and localize damage with only

four transducers. However, the error is reported to be around

8.2%. Ostachowicz et al. presented numerical and experimen-

tal approaches for damage detection in structures based on the

phenomenon of elastic wave propagation.17 The results are pre-

sented for isotropic and anisotropic plates with damages in the

form of fixed mass and notch cuts. Wang et al. presented a

technique for detecting fatigue cracks based on a hybrid sen-

sor monitoring system consisting of a combination of intel-

ligent coating monitoring (ICM) and piezoelectric sensors.18

A probability of detection (POD) model that quantifies the re-

liability of damage detection for a sensor is used to evaluate

the weight factor for the ICM and piezoelectric sensors. Ma-

surkar et al. presented a damage localization approach using

a two stage method.19 In the first stage, the astroid algorithm

is employed to localize the damage as an enclosed area, which

is formed as a result of intersection of several curves. These

curves generated by the algorithm are then used as a constraint

function in the Euclidean and Lagrange optimization methods

to further refine the damage location in the enclosed area. How-

ever, in the present study, a genetic optimization method is used

to optimize the damage location. The optimization problem is

formulated in a different manner (see section 6), as compared

to Masurkar and Yelve.19 Furthermore, the weighted values

defined by the correlation coefficient analysis, influences the

accuracy in locating the damage.

The damage localization carried out by several authors show

that there is a need for the development of a robust method

which can predict almost the exact location of damage. This

is, indeed, very essential, if the specimen to be investigated has

a large surface area. Also, work done related to the localization

of faulty rivets in a riveted specimen, is scarce in the literature.

This defines the objective of the current research. The present

work uses an array of PW transducers bonded onto the surface

of an Al plate. The healthy responses are obtained on a pris-

tine Al specimen for each actuator-sensor pair configuration.

Damage is created in the same Al plate and the damage state

responses are obtained for the same actuator-sensor pair config-

urations. The developed algorithms are applied to the recorded

data and the step-by-step explanation and results are presented

in this paper. The results show that the method has promising

capabilities to locate the different types of defects with fair ac-

curacy. In the second part of this paper, a new algorithm is de-

veloped by the authors to identify and localize the faulty rivet

in a riveted specimen. Section 2 of the paper deals with the

theory of Lamb waves and in Section 3, the experimental setup

used for localizing damage in plain Al specimens is explained.

The implementation of CWT for signal processing is explained

in Section 4. The conclusions drawn from the present study are

given in Section 10.

2. THEORY OF LAMB WAVES

Lamb wave is a type of elastic perturbation propagating in

a solid plate with traction-free boundaries on both of its sur-

faces.1–3, 6, 7 This type of wave phenomenon was first described

in theory by Horace Lamb in 1917. Lamb waves propagate

in two modes, namely symmetric (S) and anti-symmetric (A).

The Rayleigh-Lamb wave equation for the symmetric and anti-

symmetric modes in an isotropic plate is given by:2, 3, 6, 7, 20

tan(qℎ)

tan(pℎ)
+

{

4k2qp

(k2 − q2)2

}±1

= 0; (1)

where p2 = (
!2

CL
2
) − k2 and q2 = (

!2

CT
2
) − k2. In Eq. (1), + is

for symmetric modes, − is for anti-symmetric modes, ℎ is the
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Figure 1. Group velocity dispersion curve (A-Antisymmetric, S-Symmetric

modes).

half-plate thickness, k is the wave number, CL is the longitu-

dinal velocity of modes given by CL
2 =

�+2�

�
and CT is the

transverse velocity of the modes given by CT
2 =

�

�
, k =

!

Cp
,

� =
E�

(1−2�)(1+�)
and � =

E

2(1+�)
, � is the density, E is the

Young’s modulus, � is Poisson’s ratio, Cp is the phase velocity,

and ! is the wave circular frequency. In the present study, the

group velocity is calculated using the relation:6, 7, 19, 20

Cg = Cp

[

1 −
!

Cp

)Cp

)!

]−1

. (2)

The Rayleigh-Lamb equations are solved numerically using

the bisection algorithm to get the dispersion curves. At low-

frequency thickness products, only two fundamental modes, S0

and A0 can propagate, as shown in the Fig. 1. The responses

are more discernible in this case. However, as the frequency-

thickness product increases, more number of modes exist and

the interpretation of signals becomes more complex. There-

fore, one can prefer selective mode generation within a fre-

quency range wherein the effect of dispersion is less. In the

present study, the interaction of an A0 wave mode with damage

is considered. This is due to two reasons. First, the A0 wave

mode has out-of-plane displacement, which makes it sensitive

to surface damage. Secondly, it has a shorter wavelength as

compared toS0 wave for the same frequency-thickness product,

as seen in Fig. 2, and thus, more sensitive to smaller damages.

3. EXPERIMENTAL SETUP FOR LOCALIZ-
ING A DAMAGE IN A PLAIN AL PLATE

The experimental setup used for localizing a damage in

a plain Al plate is shown schematically in Fig. 3. It consists of

Tektronix AFG 3021B single channel arbitrary function gen-

erator, Tektronix TDS 1002B two channel digital storage os-

cilloscope, and a personal computer (PC) with LabView soft-

ware having an online connection with the oscilloscope. The

LabView software acts as an interface between the oscilloscope

Figure 2. Wavelength dispersion curves for Al plate.

Figure 3. Schematic of the experimental setup.

and PC, and it is used to get the Lamb wave response in a file,

which can be imported in MATLAB© for offline signal pro-

cessing. The sampling frequency of the oscilloscope is 5 MHz,

which is sufficient as per Nyquist criterion. The PW transduc-

ers (SP-5H) of 10 mm diameter and 0.1 mm thickness are used

for actuating and receiving Lamb waves. They are polarized

along the thickness direction and bonded onto the plates using

a commercially available epoxy based adhesive. The PW cir-

cular patches named T1, T2, T3, and T4 are bonded at locations

(400, 400) mm, (800, 400) mm, (800, 800) mm, and (400, 800)

mm respectively onto the plate with the planar form dimensions

1200 mm × 1200 mm as shown schematically in Fig. 3.

The specimen under study is a 1 mm thick sheet of Al-5052

alloy with modulus of Elasticity of 70.3 GPa, Poisson’s ratio of

0.33, and density of 2680
kg

m3
. The excitation tone burst used

to excite the Lamb waves is a 10 V peak-to-peak 8.5 cycle sine
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wave windowed by Gaussian function, and it is supplied with

the central frequency of 204 kHz. The excitation frequency

of 204 kHz is chosen, as per the guidelines given in Giurgiu-

tiu, et al.2 The tone burst signal and its frequency spectrum is

shown in Fig. 4. Increasing the driving voltage proportionately

increases the magnitude of the Lamb waves. Increase in the

amplitude also increases the signal to noise ratio, which yields

a clearer signal. Higher voltage, however, also tends to increase

the drift in the signal, which deteriorates the resolution capabil-

ities of the data acquisition system. The pure sinusoidal shapes

appear to excite the Lamb waves most efficiently, since they

are periodic, smooth, and have comparatively quick rise time

to their peak amplitude, as compared to a parabolic shape.1

Gaussian windowing function is used here because it pro-

duces a tone burst which has narrow frequency bandwidth with

less sidebands, as shown in Fig. 5. The number of cycles con-

sidered here for the tone burst is 8.5 because for these many

cycles, the Lamb wave modes are seen to be well separated,

the frequency bandwidth is less, and the half cycle in the tone

burst brings the peak amplitude at the centre, which helps in

calculating group velocity. The experiments are carried out at

different frequencies on a pristine Al plate and group veloci-

ties are calculated. The experimentally obtained group veloc-

ities are compared with those obtained numerically and found

to be in close agreement, as shown in Fig. 6. This confirms that

there is effective actuation and sensing of Lamb waves in the

Al plate. The present work uses the astroid algorithm for locat-

ing the damage as an enclosed area in the plate. The algorithm

uses the time of arrival (TOA) data as the input for forming

the enclosed area. The signal processing is carried out here us-

ing continuous wavelet transform (CWT) to get the TOA data,

which is discussed in the following section.

4. CONTINUOUS WAVELET TRANSFORM

According to Daubechies, CWT is defined as:6–9, 15, 21

Ψ(s, p) =
1
√

s ∫
∞

−∞

f (t)'∗

(

t − p

s

)

dt; (3)

where, f (t) is the input signal, s and p are real numbers called

scale (or dilation) and position, respectively. The set Ψ(s, p)
are the wavelet coefficients of the function f (t) at (s, p), and

'
( t−p

s

)

is the wavelet function while the symbol ∗ denotes the

complex conjugate. A CWT allows the division of a continu-

ous time function into wavelets and the construction of a time-

frequency representation of a given input signal and is used

here to get the TOA data. In the present study, CWT is car-

ried out in MATLAB©. To make the visualization of the signal

discontinuities clear, the Daubechies wavelet ‘db4’ is selected

for the CWT. This is attributed to the fact that the Daubechies

wavelet ‘db4’ is compactly supported, has sharp edges, and it

is highly unsymmetrical and due to this, the local disturbances

of the analysed signal can be identified. The quantity ‘dbN’ is

the short name for the Daubechies wavelet, in which N (here

N = 4) is the order of the wavelet.21 Figure 7 shows the scal-

ing function and wavelet function of the selected db4. CWT

has been used in the literature for processing Lamb wave sig-

nals in order to detect damage.5, 22 Lemistre et al. used CWT

to process Lamb wave signals to localize a damage in compos-

ite plates.5 Ip et al. extracted patch-induced Lamb waves using

CWT.22 The two arrival time difference algorithm developed

by the authors for damage localization is explained in the fol-

lowing section.

5. TWO ARRIVAL TIME DIFFERENCE
ALGORITHMS

The collocated PW transducers namely T1, T2, T3, and T4 are

bonded onto the Al plate as shown in Fig. 3. Consider a case

wherein T1 acts as an actuator and T2, T3, and T4 act as sensors.

Let T2 and T3 be located at (T2x, T2y) and (T3x, T3y), respec-

tively, with V being the group velocity of the wave mode in

the plate, and t2 and t3 be the TOA taken by the wave gener-

ated from the actuator T1 to reach the damage d and further

to the sensors T2 and T3 respectively in the form of reflection

from the damage. The difference of TOA taken by the wave

to reach these two sensors from the damage is proportional to

the distance difference between the damage and sensors. The

governing equation can be given by:

[⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(T1 ∼ d) + ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T2)]−

−[⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(T1 ∼ d) + ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T3)] =

= VA0
× ((t2 − t) − (t3 − t)); (4)

where d refers to the damage and ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(T1 ∼ d) is the distance be-

tween the actuator T1 and damage d, t is the time corresponding

to the peak of the input pulse. The acronym VA0
refers to the

group velocity of the A0 Lamb wave mode. If damage d has

coordinates (dx, dy) in the planar surface, then the distance be-

tween the actuator T1 and damage d is given by:

⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(T1 ∼ d) =
√

(T1x − dx)
2 + (T1y − dy)

2; (5)

and the distance between the damage d and sensor T2 is given

by:

⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T2) =
√

(dx − T2x)
2 + (dy − T2y)

2. (6)

Equation (4) reduces to:

⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T2) −
⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T3) = VA0

× (t2 − t3). (7)

Thus, the distance difference between the transducers T2 and

T3 from the damage is proportional to the difference between

the TOAs. On the similar lines, different equations can be

formed for various combinations of actuators and sensors, i.e.

T1T2, T1T3, T1T4, T2T1, T2T3, T2T4, T3T1, T3T2, T3T4, T4T1,

T4T2, and T4T3. T1T2 combination gives the arrival time t2, as

the receiving sensor in this case is T2. Thus, three different val-

ues of t1, t2, t3, and t4 can be obtained for different collocated

actuator-sensor pair combinations.

The above combinations are implemented in the form of

equations in MATLAB©. The area bounded by the PW trans-

ducers (400 × 400 mm) is meshed using triangular elements in

the PDE toolbox of MATLAB©. This mesh information is then

imported as [p, e, t]. The array p contains information about the

coordinates of nodes, e about the edges, and t about the trian-

gles. The damage coordinates are varied using the p informa-

tion. The sensor coordinates are fixed as they are bonded onto

the plate. The algorithm assumes every node in the mesh as the
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Figure 4. Tone burst signal (left) and its frequency spectrum (right).

Figure 5. Selection of window.

possible damage location. The algorithm prompts the system to

save the information about those nodes where the equation (e.g.

Eq. (7)) gets satisfied. This calculation is done for each node

in the mesh. Finally, all these nodes are joined together which

gives a smooth curve corresponding to the combination of T1T2
and T1T3 or (t2 − t3), which means T1 is acting as an actuator

and, T2 and T3 are receiving the signal (t2 − t3 refers to differ-

ence in arrival times). The similar analyses carried out using

T1 as an actuator and T3 and T4 as sensors, and subsequently T4
and T2 as sensors, yield two more curves. The intersection of

three curves indicates the damage location which is essentially

a small enclosed area. The whole procedure is then repeated

with T2, T3, and T4 as actuators. Thus, in total 12 equations are

solved and a refined damage location is identified. The astroid

algorithm developed by the authors for damage localization is

explained in the following section.

Figure 6. Validation of dispersion curves (+: Experimental results).

Figure 7. Scaling (left) and wavelet (right) function of db4 wavelet.

6. ASTROID ALGORITHM

The astroid algorithm deals with subtracting three arrival

times for a particular actuator. The authors’ intention is to re-

duce the number of equations to be solved. In the previous

section, one has to solve 12 equations to get the location of

the damage, whereas, in this case, only 4 equations need to be

solved. Consider a case where T1 is acting as an actuator and

T2, T3 and T4 are acting as sensors. The governing equation

154 International Journal of Acoustics and Vibration, Vol. 24, No. 1, 2019
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Figure 8. Schematic representation of an astroid.

can be formulated as:

[⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(T1 ∼ d) + ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T2)]−

−[⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(T1 ∼ d) + ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T3)]−

−[⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(T1 ∼ d) + ⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T4)] =

= VA0
× ((t2 − t) − (t3 − t) − (t4 − t)); (8)

where, t is the input/reference time and d refers to damage. The

Eq. (8) can be further written as:

[⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T2) −
⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T3)−

−⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(d ∼ T4) −
⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗D(T1 ∼ d)] =

= VA0
× (t2 − t3 − t4 + t). (9)

Similarly, three more equations can be formed considering

T2, T3 and T4 as actuators, which give quarter circular arcs with

the concerned actuator as its centre. The points of intersection

of these quarter circular arcs are joined by an ellipse, as shown

schematically in Fig. 8. Figure 8 also gives an idea to the read-

ers about the shape of an astroid. If one draws the evolute of an

ellipse, it gives an astroid shape. The enclosed areas obtained

in the present study are not perfectly an astroid, but closely re-

sembles to the shape of an astroid. Therefore, this algorithm is

termed as the astroid algorithm.

The astroid algorithm generates perfect circles, unlike the

curves generated by the two arrival time difference algorithm.

The four quarter circles give an enclosed area (abcd), wherein,

the probability of the presence of damage is very high as shown

in Fig. 9. The damage location is further refined within this en-

closed area using the genetic optimization, which is discussed

in following section 7. However, in order to use genetic opti-

mization technique, an objective function needs to be defined.

The change in the Lamb wave response for individual sens-

ing paths, in the cases of both healthy and damaged states of

plates, are quantitatively measured by the correlation coeffi-

cient (CC). The CC of two signals, x = [x1, x2, ..., xn] and

y = [y1, y2, ..., yn] is defined as:

� =

n
∑

i=0

n
∑

j=0

(xij − x̄)(yij − ȳ)

√

( n
∑

i=0

n
∑

j=0

(xij − x̄)2
)( n

∑

i=0

n
∑

j=0

(yij − ȳ)2
)

; (10)

where x̄ =
1

n

∑n
i=1 xi, ȳ =

1

n

∑n
i=1 yi, x refers to the healthy

state response and y refers to the damaged state response. The

value of � gives the degree of relationship between the two sig-

nals, x and y. It varies between 0 (when the signals have no

linear relationship) and 1 (when each signal is perfectly ap-

proximated by the other). Considering a certain actuator-sensor

path, the degree of correlation in the responses are calculated.

The smaller the value of �, the more closely the damage is lo-

cated to the considered actuator-sensor path. Conversely, it will

approach nearer to unity, if the sensing path is far from the dam-

age. The output of the astroid algorithm is an enclosed area,

with four different intersections, as shown by the points a, b,

c, and d in Fig. 9. The authors have formulated an equation

which minimizes the sum of squares for a, b, c, and d from

the damage location. Therefore, the objective function can be

formulated as:

Minimize

{ d
∑

i=a

(

⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗x − x({)
)2

+

d
∑

j=a

(

⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗y − y(|)
)2

}

; (11)

where, i and j refer to the intersection points of the enclosed

area and x and y refer to the optimal solution. However, from

Fig. 9, it is quite evident that the damage location is not sym-

metrical with respect to the enclosed area. In most of the prac-

tical applications, there is a high possibility that the damage

is located offset or anywhere within the enclosed area. Thus,

in order to generalize the procedure, a weighted function is

proposed, which can take into account this shortcoming of

Eq. (11). The weights are defined as:

⃖⃖⃖⃖⃖⃖⃖⃗Wk,l =
1

�TkTl
; (12)

where, k and l refer to the actuator and sensor numbers. There-

fore, the revised objective function becomes:

F = Minimize

{ d
∑

i=a

⃖⃖⃖⃖⃖⃖⃖⃗Wk,l

(

⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗x − x({)
)2
+

+

d
∑

j=a

⃖⃖⃖⃖⃖⃖⃖⃗Wk,l

(

⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃖⃗y − y(|)
)2

}

. (13)

In the objective function, the weights Wk,l for each intersec-

tion are calculated as the inverse of the CC, which is surely

greater than unity. The weights make the solver realize the po-

sition of damage within the enclosed area.

7. GENETIC ALGORITHM

The astroid algorithm as explained in the previous section,

gives the location of the damage in a plate as an enclosed area.

However, the size of the enclosed area may vary from case

to case. Thus, a robust technique should be applied, which

can further refine the location of the damage in the enclosed

area. The genetic algorithm (GA) is best suited for this pur-

pose because of its great flexibility for optimizing nonlinear

multi-dimensional problems, its capability to converge to the

near optimum of the problem, regardless of the initial guess,

and the fact that a GA can be easily parallelized reducing the
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Figure 9. Enclosed area.

Figure 10. Flowchart of a GA optimization method.

computational effort. Another advantage of the GA is its capa-

bility to not to remain trapped in a suboptimal solution.

The GA uses the biological evolution principles, which in-

clude the natural selection and survival of the fittest. The pa-

rameters, the rules, and switching of the considered problem

are represented by a binary combination called the chromo-

some. The estimated parameters could be integers or floating

points, according to the problem. The user selects the number

of assigned bits to the parameters by considering the compro-

mise between accuracy and computational time. The goal of

the GA is to obtain the optimal 0s and 1s for the chromosome

to minimize or maximize the objective function. The user se-

lects the population size, number of children for each set of par-

ents, and probability of mutation, according to the problem, to

complete the optimization process quickly and accurately. The

flowchart of the GA optimization method is shown in Fig. 10.

The genetic program generally starts by randomly assigning 0s

and 1s to the chromosome. The values of the chromosome are

updated by a process consisting of five steps, viz. selection

of the mating parents, selection of the hereditary chromosome

from parents, gene crossover, gene mutation, and creation of

the next generation.

8. DAMAGE SCENARIOS

The proposed algorithms are tested over three different dam-

age scenarios, viz., a small triangular notch, an extra material

added onto the plate (protrusion), and through thickness hole in

the plate. The two arrival time difference algorithm explained

in Section 5 is implemented in the case of a small triangular

notch and the astroid algorithm explained in Section 6 is im-

plemented in the cases of all damage scenarios.

8.1. Case 1

A small triangular notch is created in the plate at (182, 180)

mm with T1 at origin, T1–T2 as x-axis, and T1–T4 as y-axis as

shown in Fig. 11. The depth of the damage along the thickness

direction of plate is kept as 0.5 mm.

8.1.1. Localization of Damage Using the Two Arrival

Time Difference Algorithm

Experiments are carried out at the central frequency of

204 kHz for various combinations of actuator and sensors. The

responses obtained for the pristine and damaged plates for T1T2
combination are shown in the Figs. 12 and 13, respectively.

Damage is created in the same healthy plate after obtaining the

pristine state response. This is because the proposed method

subtracts the responses obtained at the damaged and pristine

states. If one uses another plate, a slight mismatch in the bond-

ing of the PW transducers onto the plates will lead to erroneous

residual response. The residual response obtained clearly re-

veal the presence of additional wave packets due to reflection

of S0 and A0 wave modes from the damage as shown in Fig. 14.

The CWT is carried out on the pristine, damaged, and residual

responses obtained in the case of T1T2 combination as shown

in Figs. 15, 16, and 17, respectively. The CWT plot clearly

gives the information about the reflection of wave modes com-

ing from the damage.

It is very important to identify the proper peak of the re-

flected wave packet from the damage. Knowing the exact dis-

tance between the actuator and sensor, which is 400 mm, one

can easily understand that the peak of the reflected wave packet

from the damage cannot give a distance that is less than 400

mm. It should be at least equal to 400 mm. With this logic,

the peaks of the wave packets reflected from the damage can be

identified and are shown in Fig. 18. Obviously, the second peak

corresponds to A0, as it propagates with less velocity, as com-

pared to S0 mode. The acronym S0/TOA and A0/TOA shown

in Fig. 18 refer to the TOA of the S0 and A0 wave modes re-

flected from the damage, respectively. However, some addi-

tional peaks can also be seen in Fig. 18. These peaks corre-

spond to minor reflections (from other collocated actuators) and

noise.

Figure 18 shows that Lamb waves are highly sensitive to the

presence of any damage and their propagation is affected by

the presence of such discontinuities. These irregularities are

revealed by the peaks, as those that can be seen in Fig. 18. The

TOA data is obtained from the locations of the peaks. This

TOA data is required for both the two arrival time difference

and astroid algorithms to locate the damage as an enclosed area.

Figs. 19–22 are generated by implementing the two arrival time

difference algorithm discussed in Section 5.
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Figure 11. (a) Al plate with the notch (b) Exaggerated view of notch (All dimensions are in mm).

Figure 12. Healthy signal for T1T2 combination.

The “x" mark on each figure shows the actual location of

damage and the intersection of curves gives the predicted lo-

cation of damage. As the damage has some finite area, the

locations of the damage obtained in each set of experiments

differs from the actual one. The results show the location of

the damage fairly well in all the cases and the coordinates of the

damage obtained in Figs. 19–22 are (142.9, 189.6) mm, (181.3,

134.5) mm, (228.3, 187.3) mm, and (209.3, 168.5) mm, respec-

tively. Due to the significant deviation between the predicted

and actual location of defects, an astroid algorithm in combi-

nation with GO is developed in the present study to estimate

the damage locations precisely and the results are discussed in

following subsection.

Figure 13. Damaged signal for T1T2 combination.

8.1.2. Localization of Damage Using the Astroid Al-
gorithm

The two-dimensional CC’s calculated using Eq. (10) show

that T2T4 and T3T1 are the most affected as can be seen from

Fig. 23. It can be justified in two ways: firstly, the damage

is located along the diagonals of the plate (which is evident

from all actuator-sensor pairs giving less value of � for diagonal

configuration) and secondly, the damage is located closer to the

transducer T1 and T4. The value � for T3T1 is 0.769, whereas,

for T2T4, it is 0.777, as shown in Fig. 23. The result of � show

that the damage is closely located to the transducer T1 than T4
with respect to enclosed area which agrees quite well with the

physical dimensions.

With these settings, the GA runs for 143 generations where

convergence takes place. Fig. 24 shows a graphical represen-

tation of the evolution of the fitness for the mean and for the
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Figure 14. Residual signal for T1T2 combination.

Figure 15. CWT of healthy signal for T1T2 combination.

best individual of a population during the inversion procedure.

Thus, it can be readily seen that the fitness value is higher at the

start of the inversion procedure (Generation 0), and converges

to a steady state at the end of the inversion procedure (Genera-

tion 143). The change in average distance between the individ-

uals over different generations can be seen from Fig. 25. In the

present case, it is tried to optimize the location of the defect,

wherein, the set of different vectors X (coordinates of damage)

corresponds to a complete population in GA, while a single X
corresponds to an individual in the population.

The above procedure is executed for each X in the current

population. The obtained fitness values for that population are

then sorted in a descending order. After this, the current popu-

lation generates the next population by producing descendants.

First, those individuals having superior fitness values are di-

rectly recruited in the next generation, according to the princi-

Figure 16. CWT of damaged signal for T1T2 combination.

Figure 17. CWT of residual signal for T1T2 combination.

ple of elitism. Secondly, crossover children are formed by arbi-

trarily mixing the characteristics of any two individuals. Lastly,

the next population is formed by random mutations of an indi-

vidual by arbitrarily flipping bit values from 0 to 1 and vice

versa, thus resulting in a set of mutated individuals. Once the

next generation is created, the procedure is repeated in order

to obtain a fitness value of the updated generation. This loop

is repeated for many updated populations, until convergence is

reached.

The stopping procedure is activated when the variation of

the fitness value of both the best individual and the mean of the

current population is sufficiently smaller over subsequent gen-

erations. Once these conditions are fulfilled, the procedure is

stopped and the optimized X is obtained. The GA optimiza-

tion method gives the coordinates (182.196, 179.135) mm as

the damage location which is very close to the actual damage
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Figure 18. CWT of residual signal (Line plot).

Figure 19. T1 acting as an actuator.

location (182, 180) mm.

8.2. Case 2

In this case, an extra material is added onto the plate at the

location (100, 100) mm. The material has a rectangular pla-

nar shape and it is bonded onto the plate using an epoxy-based

adhesive, so that it behaves as a protrusion to the plate, as

shown in Fig. 26. The experiments are carried out on the plates

with and without a protrusion at 204 kHz. The responses are

recorded for both state and are shown in Figs. 27 and 28, re-

spectively. The response in Fig. 28 shows the reflected wave

packet coming from the protusion and captured by transducer

T2. The GO method predicted the location of protrusion as

(99.056, 100.719) mm, which is very close to the actual dam-

age location of (100, 100) mm. For brevity, the optimization

results are not shown here.

Figure 20. T2 acting as an actuator.

Figure 21. T3 acting as an actuator.

8.3. Case 3

In this case, a through thickness hole is investigated as shown

in the Fig. 29. The hole of 0.5 mm diameter is created at (300,

100) mm. The responses are obtained at 204 kHz. The damage

state response clearly indicates the reflected wave packet due

to the hole, as shown in Fig. 30. The signal processing is car-

ried out using CWT for each of the residual response obtained

in the Cases 2 and 3. The TOA data is extracted in each case

and is used independently in the astroid algorithm. The algo-

rithm generates astroidal shapes in both the cases, which show

the damage location as an enclosed area. For brevity, the al-

gorithm outputs are not shown for the Cases 2 and 3. The GO

method predicts the location of the hole as (300.948, 101.851)

mm, which is very close to the actual damage location of (300,

100) mm. For brevity, the optimization results are not shown

here. The second part of the study deals with the localization
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Figure 22. T4 acting as an actuator.

Figure 23. 2-D correlation coefficient.

of a faulty rivet in a riveted structure. The specimen and exper-

imental setup used for this study are described in the following

section.

9. LOCALIZATION OF A DAMAGED RIVET IN
A RIVETED STRUCTURE

The specimen required for the study is fabricated by riveting

a 40 × 30 sq. cm rectangular plate with a 30 × 5 sq. cm piece

of a plate with Al flat-head rivets, as shown in Fig. 31. Four

such specimens, with two of them riveted with intact rivets and

two having one faulty rivet, as highlighted by the black colour

in Fig. 32 (c) and (d), respectively, are fabricated. The rivet is

damaged by cutting about 50% of its shank along the diameter

direction, as shown schematically in Fig. 31. Figures 31 and

32 (a)–(d) show the front and rear views of the specimen, re-

Figure 24. Convergence of fitness function.

Figure 25. Distance between individuals.

spectively. Eight PW transducers are bonded onto the rear side

of the specimens, as shown in Fig. 32. The PW transducers

are used to actuate and sense the guided waves. The centre-to-

centre distance between the PW transducers along the length of

the larger side of the plate is 7.5 cm.

The experimental setup used is similar to that shown in

Fig. 3. An amplifier is used additionally in this case to amplify

the signal strength by a factor of 50. A tone burst of 300 Vpp

sine wave modulated by Gaussian function is generated, using

the function generator and amplifier, and it is given to the PW

transducers for exciting the guided waves. These guided waves,

after interrogating the specimen, are received by the oscillo-

scope and are further sent to the computer for offline signal

processing. The experiments are carried out at a central fre-

quency of 204 kHz. The wave responses are recorded for all

possible actuator-sensor pairs across the rivets.
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Figure 26. An extra material added onto the plate.

Figure 27. Healthy response for T1T2 configuration.

9.1. Methodology for Locating the Damaged
Rivet

It is known that a closed crack in the path of guided waves

produces higher harmonics in the waves. This phenomenon is

attributed to the contact nonlinearity. To ensure the presence of

higher harmonics in the wave response because of a crack in the

rivet, the time domain data obtained in the experiments are con-

verted into the frequency domain. The amplitudes of the sec-

ond harmonics obtained in the cases of undamaged and dam-

aged specimens are shown in Figs. 33–36 for all the actuator-

sensor pairs. The undamaged specimens also show the pres-

ence of the second harmonics. These higher harmonics are be-

cause of the contact between two riveted plates, which also con-

tribute to the higher harmonics observed in the damaged spec-

imens. However, the presence of a crack in the rivet increases

amplitudes of the second harmonics in the damaged specimens,

Figure 28. Damaged response for T1T2 configuration.

Figure 29. A through thickness hole in the plate.

which is evident form Figs. 33–36.

It is expected that the second harmonics will be of higher am-

plitudes in the cases of actuator-sensor paths across the cracked

rivet. With this presumption, an algorithm is devised to locate

the cracked rivet and it is explained here. The wave responses in

the cases of healthy and damaged specimens are obtained first

for all possible actuator-sensor paths across the rivets. Then,

the two-dimensional CCs are computed using Eq. (10) for the

data obtained from the healthy and damaged specimens for each

actuator-sensor path respectively. The value of the CC indi-

cates the degree of similarity between the two responses. The

damage index (DI) is defined as DI = 1 − CC. In this case,

higher the DI, the higher is the possibility of closeness of dam-

age to the actuator-sensor path. This is confined by using nor-

mal distribution function (Gaussian) as:
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Figure 30. Damage response for T1T2 configuration.

Figure 31. Schematic representation of the front view of the specimen (All

dimensions are in cm).

f̌ (d̃) =
1

�
√

2�
e
−(d̃−�)2

2�2 for −∞ < d̃ < +∞. (14)

This means that the effect of the DI is maximum if the dam-

age lies on the sensor-actuator path and it decreases gradually

as the distance of the damage from the actuator-sensor path in-

creases. Here, the value of d̃ is determined in an elliptical zone

for each actuator-sensor path as:

d̃ =
Da +Ds

Dk

− 1; (15)

where Dk is the distance between the actuator and the sensor

for the kth sensing path and Da and Ds are the distances from

a pixel point to the actuator and sensor, respectively. In the

present study, the values of the mean � and the standard devi-

ation � are set to be 0 and 40. The final result is found to be

invariant with the change in these values. However, they are

the measure of control of the size of ellipse. Assuming that

there are k actuator-sensor paths for damage identification in

Figure 32. Rear view of the specimen (a) Undamaged specimen 1 (b) Undam-

aged specimen 2 (c) Damaged specimen 3 (d) Damaged specimen 4.
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Figure 33. Amplitudes of the second harmonics in case of undamaged specimen 1 (FFT amplitude on ordinate and all actuator-sensor configurations on abscissa).

Figure 34. Amplitudes of the second harmonics in case of undamaged specimen 2 (FFT amplitude on ordinate and all actuator-sensor configurations on abscissa).

the transducer network, the probability of the presence of dam-

age at a pixel position (x, y) can be written as:

P (x, y) =

k
∑

i=1

DIkf̌ (d̃)kA(2 ⨙ )k; (16)

where P is the pixel value, DIk is the damage index for the kth

path, f̌ (d̃)k is the normal distribution function, and A(2 ⨙ )k is

the amplitude of the second harmonic. An increase in the mag-

nitude of A(2 ⨙ )k is seen in the actuator-sensor path close to

the damage. Thus, A(2 ⨙ )k in Eq. (16) influences the proba-

bility of presence of damage in a given actuator-sensor path to

a greater extent. The results obtained are shown in Figs. 37

and 38, which show the location of damaged rivet in the spec-

imens. Two cases are considered in the present study in order

to test the genericness of the devised algorithm. The output is

not showing the exact location of the damaged rivet in both the

cases. This can be attributed to the fact that the contact area of

the crack in a rivet is too small, as compared to the contact area

of the riveted plates in the specimens.

10. CONCLUSIONS

In the present work, new algorithms are proposed to local-

ize different types of damages in the plain and riveted Al spec-

imens. The results obtained in the case of a plain Al spec-

imen show that the proposed method can locate the damage

within an overall error of less than 2%. The error is mea-

sured with respect to the maximum of deviation of either co-

ordinates from the respective actual damage coordinates. The

error is reasonably small because the damage localization is

done in two steps. However, the accuracy of the localization

can be further increased by increasing the number of transduc-

ers and intersection points. The objective function can then

be formulated accordingly with appropriate weighted values.

The two-dimensional correlation coefficient analysis, in this

case, may give more detailed information about the location of

the damage, with respect to the transducer positions. The re-

sults obtained in the case of riveted specimens confirm that the

method and algorithm seem to have great potential for locating

the faulty rivets, as it combines the linear as well as nonlin-

ear approaches. Exact faulty rivet has not been localized in the

present study, but the location predicted is close to the actual

location of the faulty rivet. The error can be attributed to the

inconsistent manufacturing qualities of the in-house fabricated

damaged and undamaged specimens and contact nonlinearity

between the plates itself. Still, the method could broadly give

the location of the faulty rivet. The proposed algorithm may be

beneficial to identify a small area out of the bigger surface area

of an aircraft with a huge number of rivets, wherein the faulty

rivet lies. In this small area, some other techniques can be used

further to identify the exact location of the faulty rivet or all

the rivets in the identified area can be replaced as neighbouring
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Figure 35. Amplitudes of the second harmonics in case of damaged specimen 3 (FFT amplitude on ordinate and all actuator-sensor configurations on abscissa).

Figure 36. Amplitudes of the second harmonics in case of damaged specimen 4 (FFT amplitude on ordinate and all actuator-sensor configurations on abscissa).

Figure 37. Damaged rivet location in specimen 3.

rivets may also be following the failure mechanism of the failed

rivet.

Figure 38. Damaged rivet location in specimen 4.
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