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LOCALIZATION OF ELLIPTIC MULTISCALE PROBLEMS

AXEL MALQVIST AND DANIEL PETERSEIM

ABSTRACT. This paper constructs a local generalized finite element basis for
elliptic problems with heterogeneous and highly varying coefficients. The basis
functions are solutions of local problems on vertex patches. The error of the
corresponding generalized finite element method decays exponentially with
respect to the number of layers of elements in the patches. Hence, on a uniform
mesh of size H, patches of diameter H log(1/H) are sufficient to preserve a
linear rate of convergence in H without pre-asymptotic or resonance effects.
The analysis does not rely on regularity of the solution or scale separation in
the coefficient. This result motivates new and justifies old classes of variational
multiscale methods.

1. INTRODUCTION

This paper considers the numerical solution of second order elliptic problems with
strongly heterogeneous and highly varying (non-periodic) coefficients. The hetero-
geneities and oscillations of the coefficient may appear on several non-separated
scales. It is well known that classical polynomial based finite element methods
perform arbitrarily badly for such problems; see e.g. [4]. To overcome this lack
of performance, many methods that are based on general (non-polynomial) ansatz
functions have been developed. Early works [11[2], that essentially apply to one-
dimensional problems, have been generalized to the multi-dimensional case in sev-
eral ways during the last fifteen years; see e.g. [7}[I3/14]. In these methods the
problem is split into coarse and (possibly several) fine scales. The fine scale ef-
fect on the coarse scale is either computed numerically or modeled analytically.
The resulting modified coarse problem can then be solved numerically and its so-
lution contains crucial information from the fine scales. Although many of these
approaches show promising results in practice, their convergence analysis usually
assumes certain periodicity and scale separation.

For problems with general L* coefficient, the paper [3] gives error bounds for
a generalized finite element method that involves the solutions of local eigenvalue
problems. The construction in [6L[19] depends only on the solution of the original
problem on certain subdomains. However, the size of these subdomains strongly
depends on the mesh size. This dependence is suboptimal with respect to the
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theoretical statement given in [12], that is, for any shape regular mesh of size H
there exist O ((log(l /H ))d+1> local (non-polynomial) basis functions per nodal

point such that the error of the corresponding Galerkin solution uy satisfies the
estimate [|u — ug|| 1 (o) < CgH with a constant Cy that depends on the right-hand
side g and the global bounds of the diffusion coefficient but not on its variations.
The derivation in [I2] is not constructive in the sense that it involves the solution
of the (global) original problem with specific right-hand sides.

In this paper, we show that such a (quasi-)optimal basis can indeed be con-
structed by solving only local problems on element patches. We use a modified
nodal basis similar to the one presented in [16] and prove that these basis functions
decay exponentially away from the node they are associated with. This exponential
decay justifies an approximation using localized patches.

The precise setting of the paper is as follows. Let  C R? be a bounded Lipschitz
domain with polygonal boundary and let the diffusion matrix A € L*> (Q,ngxn‘f)
be uniformly elliptic:

A .
0<a(A4,Q):=essinf inf M,
z€Q veRI\{0} V-V

(1.1)

0o > B(A,Q) :=esssup sup
z€Q veRd\{0} UV

Given g € L*(Q), we seek u € V := H} () such that
(1.2) a(u,v) = / (AVu) - Vo = / gv=:G(v) forallveV.
Q Q

The bilinear form a is symmetric, coercive, bounded, and hence, (I.2)) has a unique
solution.

The main result of this paper (cf. Theorem [3.6]) shows that the error u — up®,
of the generalized finite element method, which is based on our new (local) basis
functions mentioned above, is bounded as follows

1AY29 (u = uji)l 12(0) < CgH;

H being the mesh size of the underlying coarse finite element mesh and k =~
log(1/H) referring to the number of layers of coarse elements that form the support
of the localized basis functions. This estimate shows that our new numerical up-
scaling procedure is reliable beyond strong assumptions like periodicity and scale
separation. Moreover, the error bound is stable with respect to perturbations aris-
ing from the discretization of the local problems. These results give a theoretical
foundation for numerous previous experiments where exponential decay of a similar
modified basis have been noticed; see e.g. [I§].

The outline of the paper is as follows. In Section [2] we derive a set of local basis
functions and define the corresponding multiscale finite element method. The error
analysis is done in Section Bl Section Hlis devoted to the discretization of the local
problems. Section [Al presents numerical experiments, and Section [6] discusses the
application of this theory to state-of-the-art multiscale methods.
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2. LOCAL BASIS

In this section, we design a set of local basis functions for the multiscale problem
under consideration. The construction is based on a regular (in the sense of [10])
finite element mesh 7y of Q into closed triangles (d = 2) or tetrahedra (d = 3).
Subsection 2l recalls the classical nodal basis with respect to Ty and demonstrates
its lack of approximation properties. Subsection[2.2lintroduces a quasi-interpolation
operator used in the construction of the new basis. Subsection[2.3]defines a modified
(coefficient dependent) nodal basis and analyzes its approximation properties. This
basis is then localized in Subsection 2.4

2.1. Classical nodal basis. Let H : Q — R+ denote the Tx-piecewise constant
mesh size function with H|y = diam(7T) =: Hr for all T € Tp. The mesh size may
vary in space. In practical applications, the mesh Tp (resp., its size H) shall be
determined by the accuracy which is desired or the computational capacity that is
available but not by the scales of the coefficient.

The classical (conforming) P; finite element space is given by

(2.1) Sy :={v e C%Q) | VT € Ty,v|r is a polynomial of total degree < 1}.

Let Vg := Sy NV denote the space of finite element functions that match the ho-
mogeneous Dirichlet boundary conditions. Let A denote the set of interior vertices
of Tg. For every vertex x € N, let A, € Sy denote the corresponding nodal basis
function (tent function), i.e.,

Ae(z) =1 and A\ (y) =0 forally#zeN.

These nodal basis functions form a basis of V. The availability of such a local
basis is a key property of any finite element method and ensures that the resulting
system of linear algebraic equations is sparse.

The (unique) Galerkin approximation ugy € Vy satisfies

(2.2) a(ug,v) =Gw) forall v e Vy.

The above method (Z2) is optimal with respect to the energy norm |||-||| :=
[l == [|AY?V - ||p2(q) on V which is induced by a,

2. —_ = 1 —_— .
(23) llw =l = min{[ju = on]]|

Assuming that the solution w is smooth, the combination of (23] and standard
interpolation error estimates yields the standard a priori error estimate

llw = ugll] < ClIH | L= ()| V*ull 120

This estimate states linear convergence of the classical finite element method (2:2))
as the maximal mesh width tends to zero. However, the regularity assumption is not
realistic for the problem class under consideration. Moreover, even if the coefficient
is smooth, it may oscillate rapidly, say at frequency e ! for some small parameter .
In this case, the asymptotic result is useless because V2u may oscillate at the same
scale, a fact that is hidden in the constant |[V?ul|p2(q) ~ e™'. Unless H < &, the
above finite element space is unable to capture the behavior of the solution neither
on the microscopic nor on the macroscopic level. In what follows, we present a new
method that resolves this issue.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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2.2. Quasi-interpolation. The key tool in our construction will be some bounded
linear surjective (quasi-) interpolation operator Jg : V' — V. The choice of this
operator is not unique and a different choice might lead to a different multiscale
method. We have in mind the following modification of Clément’s interpolation
[I1] which is presented and analyzed in [ Section 6]. Given v € V, Jyv =
> zen(TEV)(2) A, defines a (weighted) Clément interpolant with nodal values

(2.4) (Frv)(2) = (Jovra) /(Jo As)

for x € N. The nodal values are weighted averages of the function over nodal
patches w,, := supp A\;. Since the summation is taken only with respect to interior
vertices N, this operator matches homogeneous Dirichlet boundary conditions.
Recall the (local) approximation and stability properties of the interpolation
operator Jp [9 Section 6]: There exists a generic constant Cy,, such that for all
v €V and for all T € T it holds that
Z3a) Hy o = 3ol 2y + IV (0 = Ta0)llz20r) < Coy V0l L2 (0,
where wr := U{K € Ty | TN K # (0}. The constant C5,, depends on the shape
regularity parameter p of the finite element mesh Ty (see ([BI) below) but not on
Hrp.
Note that the above interpolation operator is not a projection, i.e., vy € Vg
does not equal its interpolation Jyvgy in general. However, the particular choice
gives rise to the following lemma.

Lemma 2.1. There exists a generic constant C%_ which only depends on p but not
on the local mesh size H, such that for all vg € Vi there exists v € V' with the
properties

Z3b) Ju(v) = vn, [Vol| < C5,, [[Vvgl|l, and suppv C suppvg.

Proof. For every nodal basis function A, z € N, there is some b, € Hg(w,) such
that T (b;) = Ay and [|[Vb,| < CF_ ||V, || with some constant C¥, that does not
depend on = and H. For example, b, may be chosen as a standard cubic element
bubble on an arbitrary element 7' C w, or a quadratic edge/face bubble related
to an arbitrary edge/face of Ty interior to w,. One might as well choose b, to be
nodal interpolation of those bubbles in a finite element space that correponds to
some uniform refinement of 7.

Givenvy = ) cn va ()N € Vi, v = v +) o p (Vu(2) — (Tgvn)(x)) by €V
has the desired properties (for suitably chosen b,). The interpolation and support
properties are obvious. The stability follows from

[Vol? < C (IIVUHII2 + > e (z) = (Tmom) (@) Ime|2>
zEN
< C (HVUHH2 +CP2 N on (@) — (Tuow) ()] |V)\x||2>
zeN
< C(||VUH||2—1—C"C"2 Z lve — Jrve|? H2>
= Ju H HVHI| L2(T)!T
TET
< C<||VUH||2+C/C:23HC:/]/IQ{ Z |V’UH|%2(wT)>
TET
< OF |IVoml?,
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where we use ||V, ||? ~ | supp A\z|(?~2), the inverse inequality ”UH—jHUHH%oc(T) <
Hy Yoy — 3HUH||2Lz(T), and (ZHa). -

In the forthcoming derivation of our method, the interpolation operator (Z.4)
may be replaced by any linear bounded surjective operator that satisfies (2.5al)—
(ZH1). Hereby, [2EH) may be relaxed in the sense that supp v is not necessarily a
subset of supp vy but that supp v \ supp vy covers at most a fixed (small) number
of element layers about supp vy .

2.3. Multiscale splitting and modified nodal basis. Let Jyg : V — Vg be a
quasi-interpolation operator according to the previous subsection. Then the kernel
of jH,

Vii={veV|igv=0}

represents the microscopic features of V, i.e., all features that are not captured by
Vi. Given v € Vg, define v € VI by

a(Fv,w) = a(v,w) for all w € V.

The finescale projection operator § : Viy — V' leads to an orthogonal splitting with
respect to the scalar product a:

V=VaoV' where VZ*:=(Vyg—3FVy).

Hence, any function u € V can be decomposed into u* € Vi and uf € VI,
u = ups + uf, with a(uB,uf) = 0. Since dim Vi = dim Vy, the space V1S
can be regarded as a modified coarse space. The superscript “ms” abbreviates
“multiscale” and indicates that Vj*®, in addition, contains fine scale information.
The corresponding Galerkin approximation ul® € Vi satisfies

(2.6) a(ug®,v) = G(v) forall v e Vg*.

The error (u — u'}®) of the above method (Z:6)) is analyzed in Section Bl

Finally, we shall introduce a basis of V§**. The image of the nodal basis function
A\, under the fine scale projection § is denoted by ¢, = A\, € VI, ie., ¢, satisfies
the corrector problem

(2.7) (b, w) = a(Ay,w) for all w € VI

We emphasize that the corrector problem is posed in the fine scale space V¥, i.e.,
test and trial functions satisfy the constraint that their interpolation with respect
to the coarse mesh vanishes.

A basis of Vi*® is then given by the modified nodal basis

(2.8) {Ae —da |z € N

In general, the corrections ¢, of nodal basis functions A,, x € N, have global
support, a fact which limits the practical use of the modified basis ([2.8]) and the
corresponding method (2:4)).
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2.4. Localization. In Section B.2] we will show that the correction ¢, decays ex-
ponentially fast away from x. Hence, simple truncation of the corrector problems
to local patches of coarse elements yields localized basis functions with good ap-
proximation properties.

Let k € N. Define nodal patches of k-th order w, , about z € N by

Wy 1 1= SUPP Ay = int (U {T'eTu|xze T}) ,

(2.9)
Wa g 1= int (U{T €Tu | T NGypor ;A@}) k=234,

Define localized finescale spaces Vi(wy ) = {v € VI | vlg\,,, = 0}, z € N,
by intersecting V! with those functions that vanish outside the patch w, . The
solutions ¢, € Vi(wy ) of

(2.10) a(pp i, w) = a(Ag, w) for all w € Vi(w, 1),

are approximations of ¢, from (7)) with local support.
We define localized multiscale finite element spaces

ZI0a) Vi =span{l, — dop |z €N} C V.

The corresponding multiscale approximation of ([L2) reads: find upy, € Viry, such
that

@Idb) a(up’y,v) = G(v) forall v € Vi,

Note that dim V5 = |N| = dim Vy, i.e., the number of degrees of freedom of the
proposed method (Z.I1)) is the same as for the classical method (2.2)). The basis
functions of the multiscale method have local support. The overlap is proportional
to the parameter k. The error analysis of Section suggests to choose k ~ log %

Remark 2.2. The localized modified basis functions could be localized further to
vertex patches w,, * € N, by simply multiplying them with the classical nodal
basis functions; for any z € N and any y € N Nwy ., define ¢¥ := Ay, . The

generalized finite element space which is spanned by those O ((log(l /H ))d) local

basis functions per vertex has similar approximation properties as V'3 (see [A]).

3. ERROR ANALYSIS

This section analyzes the proposed multiscale method in two steps. First, Sub-
section Bl presents an error bound for the idealized method ([2:6]). Then, Subsection
bounds the error of truncation to local patches and proves the main result, that
is, an error bound for the multiscale method ZIT]).

As usual, the error analysis depends on the constant p > 0 which represents
shape regularity of the finite element mesh Ty;

diam Br

(3.1) p:= max pr with pp:=

— for T
TeTy diamT O € T,

where Br denotes the largest ball contained in T
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3.1. Discretization error.
Lemma 3.1. Let u € V solve (L2) and u%® € Vi3 solve 28). Then it holds that

1/2 _
[ =i [|] < Cof*Capya )| Hyll 20
with constants Co1 and Cy,, that only depend on p.

Proof. Recall the (local) approximation and stability properties (Z35lal) of the in-
terpolation operator Jg. Due to the splitting from Section 23] it holds that
u— ups = uf. Since Jgu' = 0, the application of ([ZHa) and Young’s inequal-

ity yield

1e!||]* = Gy < 3 Ngllzeenylluf = Taulllzzey
TETH
2

C
< S| Hylaoy +5 D 1477V
TETH
for any € > 0. Note that there exists a constant C, > 0 that only depends on p
such that the number of elements covered by wr is uniformly (w.r.t. 7') bounded
by C,1. The choice € = Co_ll concludes the proof. O

(wr)

Remark 3.2. Substituting Jg by the modified Clément interpolation operator pre-
sented in [8] allows one to improve the error estimate in Lemma (3I). The term
|l Hgl|12(q) can be replaced by data oscillations (3, .\ 1H (g — ggg)||2L2(%))1/2 with
some weighted averages g, of g on w,, x € N; we refer to [8, Section 2] for details.
Additional smoothness of the right-hand side g € H'(2) then leads to quadratic
convergence of the idealized method without localization.

3.2. Error of localized multiscale FEM. First, we estimate the error due to
truncation to local patches. We will frequently make use of cut-off functions on
element patches.

Definition 3.3. For x € N and m < M € N, let n”»™ : Q — [0,1] be a continuous
and weakly differentiable function such that

B2a) (™) = 0,
B.2b) (M) @\w, e = 1, and
B2c) VT € Tu, an;n7M||L°°(T) < Ceo(M — m)_lH:I_“l

with some constant C., that only depends on p. For example, one may choose
n?’M € Sy with nodal values

nmM(z) =0 forall x € N Nwpy,
(3.3) nmM(z)=1 forallz € NN (Q\ws ), and
nmM(z) = (M —m)~! forall z € NN Owgmsj, 3 =0,1,2,...,M —m.

We prove the essential decay property of the corrector functions by some iterative
Caccioppoli-type argument. Recall the notation |||-|||, := [|AY2V - || z2(0)-

Lemma 3.4. For allz € N, k, £ > 2 € N, the estimate

kE—2
C 2
lios = onalll < 2 () 7 il

holds with constants Cy,Cy that only depend on p and 8/a but not on x, k, £, or H.
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Proof. Let x € N and £,k > 2 € N. Observe that
(3.4) b = Gaenlll* < Mlldw = vll* = e = olllZ, . + 162l o

holds for all v € V(w, ¢x) using Galerkin orthogonality.

Let {, :=1— 775<k_1)+1’6k_1 with a cutoff function nﬁ(k_l)H’Zk_l as in Defini-

tion B3l According to (2L, there exists b, € V such that Ty (b,) = Tu(Cutds),
o[l < C5,, [13a(Cebe)ll], and supp(bs) C wy . Hence, v := (u¢r — by €
Vf(wmﬁgk) and

N = vlllo, . < bz = Cballln, \we w1y
< 4,y (19lll v v syn H VBIT (G0 220 i\ ) ) -
Since Jg ¢, = 0, the upper bound of the interpolation error (Z5lal) and ([B2[d) yield
||V(Cz¢x)||2Lz(ww,lk\wm,ak,l))
<oy S (HIVG ) + 16l r)) 1960 e

TETH: TCWa 0k \Wa, e (k—1)+1

— 2
< Cya™ [l|¢q ]

Wa ok \Wa,0(k—1)+1

+ [[[bz]]

Wa 0k \We,0(k—1)

with Cf := 14 C,,C2,C5 . This leads to
35 162 = vl e < OBl v v

where C} depends only on p and /8/a. The combination of (B4, with v =
Codz — by, and B.H) yields

(36) H‘djl' - ¢$,£k”| S 02 |||¢$H‘Q\wx’g(k71) :

Further estimation of the right-hand side in (B.6]) is possible using cut-off func-
tions n; = nimfl)ﬂ’ej (cf. Definition B3), j = 2,3,...,k — 1. Observe that

HAI/QVQSI ”%lz(Q\ww,z(kfn) < ”Al/znl’cflv@C ||%2(Q)

3.7
BT 9 Vg 2 [ mea6a(4¥0) Tn

Let, according to Lemma[2Z.T] b, (1) be chosen such that Jgb, (x—1) =Tz (Nf_1Px)-
Then n,%_1¢x—bw7(k_1) € V. Since | supp(V A, )Nsupp(nr_1)| = 0 and supp(Vnr_1)
= Wy (k—1)¢ \ Wa,(k—2)¢+1, the first term on the right-hand side of ([B.7) can be
rewritten as

(3.8)

/Q (AVg) - V(ni_162)
- / (AVGy) - V(162 — boin) + / (AV6s) - Vbs o)
Q Q

= /Q(AV%) Vb (k1)

2
= Cf/IH \/B |||¢x‘H"Jz,(k—l)é\wz,(k—2)l+l VT b (M- 102) ‘|L2(“’z,(kfl)f\“’r,(k%)fﬂ)'
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With n2. .= |T|~" [, m?_, we have
V35 (=1 62)[20ry = V3 (07 =1 = 03) )| 2
< Coy V(11 = 13) )l L2
< Cyy (||771%71 — 12| () |V ll 2y + HV(WI%A)HL*(T)H%HL’A‘(T))
< 205, [V (1)l poery (a2 diam(T) |6l + 16 = T (@) |22y -

Thus, the property [B2Ld) of the cutoff function and the upper bound of the inter-
polation error ([ZHa) yield

(39)  |[3ami_192)][l,,, < CUHAY2V | 20\ oy

(k—1)¢\Wa, (k—2)0+1

where C] only depends on Cy,,, Ceo, Co1, and /B/a. The same arguments allow
one to bound the second term on the right-hand side in ([B.7),
(3.10)

2 / Mh160(AV ) - Vi
Q

<2 > VD=1l oo (1) | A2V b || L2 (1) | A 2 e || 12y

TeTh: TCWO,,(k—1)¢ \Wa,(k—2)£+1

< Cilg_l||A1/2V¢wH%?(Q\wm‘(k_g)e)’

where C7' only depends on Cy5,,, Ceo, and /f/a. The combination of B7)—BI0)
yields

2 — 2
(3.11) el B, s < CoH el B, o

where Cy := C]+CYy. For j =k—2,...,2, a similar argument (with 7;_; replaced
by n;) yields

2 - 2
(3.12) dalliZn, ., < O lbal o, -
Starting from (B.11I), the successive application of BI2) for j =k —2,k—3,...,2
proves
2 k- 2
(3.13) el uyy < €2 NS, -
Combining (3:6) and [BI3]), we finally obtain the assertion. O

Lemma 3.5. There is a constant Cs that depends only on p and B/a, but not on
N, k, or € such that

2

< C(tk)* Y~ (@) |llde — duanlll”

zEN

> (@) (be — Prir)

TEN

Proof. For z € N, let ¢, = 1 —n*+1.t%+2 (cf. Definition B3)). By Lemma 2] there
exists a function b, € V such that for any w € V¥ it holds that

Jpbe = Tu((1 = ()w),supp(bz) C supp(Ig((1 — G)w)) C wa pk43 \ W ek,
and

11211 <, 13 ((1 = Gw)

Wa, ok+3\Wa, 0k — H‘wm‘ék#—i}\wm‘ék :
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2592 AXEL MALQVIST AND DANIEL PETERSEIM
We note that w — (,w — b, € VI with support outside Wy ok 5 1€y 0Py, w —

Gw = by) = a(Ag,w = Gu — by) = 0 and @b, w — Gew = by) = 0. With
w= ZwENv(‘T)(d)x - d)ac,ik) S V! we have

lwll]* = v(@) alée = do,or: Gow + b)

zeEN
< VB Y 0@ e — duerlll - IV (Caw) 220y
TEN
+V/B D o@)] 162 = Gaerlll - Co IV @ ((1 = CG)w)) | 22w, ra)
zeEN
< 2y/BC%,Ca Y 0(@)] llde — Garlll - [V (Cow) 2o
EGN
+ 2\/—031{0311 Z |U ‘ |||¢I ¢:L’,Zk?|” : vaHLQ(W:ﬂ,lk+4)
zeN
< 2fC3HCJH Z |’U | |||¢r - ¢z,£k|” : ||(VC1)(1 - jH)w)”Lz(wx,szrﬂ
zEN
+2\/2¢5, ¢ 3 @) Hlge = dnanlll - Il o,
IEN
<4y/2¢4,C2,C0 3 10o(@)] 160 = duilll- Nl .,
zeEN
1/2
=< 4\/§C§HC§HCCOCW<&>W2 (Z v (2) ||| pe — ¢z,gk||2> i,
zEN

where C’ov(ék)d represents an upper bound on the number of patches wy ¢ that
overlap a single element in the mesh. The result follows by dividing by |||w||| on
both sides. 0

Theorem 3.6. Let u € V solve ([L2) and, given £,k > 2 € N, let uj,, € Ve
solve 2I0)). Then

ms — da/2 k=2
[ = wiieell] CallHz L) (6)2 (C1/0)F llglli-1(0)
+C1/2C3Ha_1/2||HgHL2(Q)

holds with Cy from Lemma B4l and a constant Cy that depends on «, 8 and p but
not on H, k, £, g, or u.

Proof. Let @y, = > ,cn Wi (2) (Az — duex), where uj(z), € N, are the coef-
ficients in the basis representation of u;®. Due to Galerkin orthogonality, Lemma
B, Lemma 35 and the triangle 1nequahty7

o = wigiee| || < |[[w = @5l || = |[|w = i +ui® — @5l

(3.14)
< 031/203110471/2”]{9”[/2(9) + |HU¥IJS - uH,ék| || .
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The application of Lemma [3.4] yields

s — @ ||” < Ca(ek)® 3" i ()2 [|[¢ — eI
rzeN

< Ca(tk)'C3(Ch/0F 2 ul (@) [[|ealll2,, -
zGN

Furthermore, we have

Z u 2 |||¢rmw“ < chv Z H 2 Z u§5($)2”>\r||%2(71)

zeN TeT xeTNN

1nv Z H Z ugs('r))‘ﬂf

TeT ze€TNN

E quS

zeN

< act,, (||H—2ung5|%2(g> n HH S (@) (6 — Tno)

zeN
— ms|||2
< 20 (CrlHF? | L=(0) + Ca,) il

2

L2(1)
2

an

N2

2
L?(Q))

where Ciyy and CY depend on p and Cr = Cr(f2) is the constant from Friedrichs’

mnv

inequality. This yields
[ = e | < CUlHE oo oy (1) (C1 /0572 |

< CullHp || oo (0 (CR) 2 (CL/ O gl -1 (@)
where Cy only depends on Cs, C3, C

! v CF, C3,, and v/B/a. The assertion follows
readily by combining [BI4]) and BI5). O

(3.15)

Remark 3.7. The error estimate in Theorem contains a factor ||H 1| 1 (q).
However, its influence on the total error can be controlled by choosing the localiza-
tion parameter k proportional to log(1/||H | 1~ (q)). For non-uniform meshes, it
is recommended to vary the choice of the localization parameter in space according
to k =~ log % We neglect this opportunity to avoid overloading the paper.

4. DISCRETIZATION OF THE FINE SCALE COMPUTATIONS

In this section, we focus on how to compute numerical approximations to the
local basis functions A\, — ¢, ¢, and thereby to the multiscale solution u% Hok- In
order to do this, we need to extend the error analysis of Section 3 to a fully discrete
setting. There is a lot of freedom in choosing different finite elements and different
refinement strategies; see e.g. [I6LI7]. We will focus on a very simple and natural
approach. We assume that the local basis functions are computed using subgrids of
a fine scale reference mesh, which is a (possibly space adaptive) refinement of the
coarse grid Tg.

More precisely, let 73 be the result of one uniform refinement and several con-
forming but possibly non-uniform refinements of the coarse mesh Ty. We in-
troduce h : Q — Rsg as the 7j,-piecewise constant mesh width function with
hi = h|y = diam(¢) for all ¢ € T;,. We construct the finite element space

Sy, :={v € C°(Q) | Vt € Tn(Q),v|; is a polynomial of total degree < 1}.
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We let up, € Vi, := S, N HE(Q) be the reference solution that satisfies
(4.1) a(up,v) = G(v) forall v € V.
Locally on each patch we let
(4.2) Vi (wer) =V (wex) N Vi = {v €V, | Tgv =0 and Vlo\w, » = 0}

The numerical approximation ¢;L7k € V,f (wg k) of the corrector ¢Z) i 1s determined
by
a(¢2’k,w) =a(A\y,w) for all w € Vi (wap).

We denote the discrete multiscale finite element space
V;Z’h = span{\,; — d)’;k |z € N}
The corresponding discrete multiscale approximation u?,’f eVy Z’h fulfills
(4.3) a(uﬁf,’ch,v) =G) forallve V;Zh.
Theorem 4.1. Let u € V solve (L) and let ulk € V5" solve @3). Then

ms, A — d A k-2
[ = i ||| < Caltz ey @0 (C1/0)F g0

+ 01/203Ha_1/2|IH9||L2(Q) + [[lu = unlll

ol
where Cy only depends on p, a and (.

Remark 4.2 (Multiscale splitting by nodal interpolation). Having discretized the
fine scale computation, i.e., having replaced the infinite dimensional space V by
some finite element space V;, C C°(Q) we are allowed to replace the Clément-type
interpolation by classical nodal interpolation. This leads to the variational multi-
scale method in [I8], which is a modification of the method first presented in [I7].
Because nodal interpolation satisfies the conditions (Z.5lal)—(Z3h]), Theorem [A.T]
establishes an a priori error bound for the multiscale method [I8]. However, the
constant Cy,, in (Z3al) depends on the ratio H/h of the discretization scales if
d>1(Cy, ~log(H/h) in 2d and Cy,, ~ (H/h)~! in 3d, cf. [21]). Hence, for nodal
interpolation, the constants Cy,Cy in Theorem Bl depend on H/h in a similar
fashion. In 2d this can still be acceptable because the dependence on H/h is only
logarithmic.

Remark 4.3 (Estimates for the fine scale error). The finite element space Vj, may be
replaced by any finite element space that contains V},, e.g., by piecewise polynomials
of higher order. The third part in the error bound in Theorem [ can be bounded
in terms of data, mesh parameter h, and polynomial degree using standard a pri-
ori error estimates. For example, if A € W1*°(Q) (bounded with bounded weak
derivative) and ¢ is the smallest present scale, i.e., [|[VA| =) < e~!, the third
term in the error bound in Theorem 1] may be replaced by the worst case bound
Che™! for a first-order ansatz space Vj, (see [20]). It is shown in [20] that for highly
varying but smooth coefficient A, higher order ansatz spaces are superior.

Remark 4.4 (Periodic coefficient). Let Q be some square or cube, g € L2(), let A
be smooth and periodic, A(z) = A(x/¢e), with some small scale parameter € > 0,
and let u. denote the corresponding solution of ([[L2). Choose uniform meshes Tx
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and Tj, with H > ¢ > h and k ~ log(H ~!). With regard to the previous comment,
Theorem (1] yields the error bound

e =] < ot +-.

With h ~ e€H the error in the approximation becomes independent of the fine
scale oscillations without any so-called resonance effects as they are observed, e.g.,
in [13]. We emphasize that periodicity can be exploited to reduce the number
corrector problems to be solved significantly.

Remark 4.5 (Solution of the local problems). The local problems need to be solved
in the spaces V,f (wg,k)- This is a standard finite element space with the additional
constraint that the trial and test functions should have no component in Vy. In
practice this constraint is realized using Lagrange multipliers.

The resulting coarse scale system of equations is of the same size as the original
problem, dim(Vgl’ Zh) = dimVy and it is still sparse. The number of non-zero entries
will be larger and depend on k. Note, however, that the non-zero entries in the
stiffness matrix decay exponentially away from the diagonal.

Proof of Theorem 1]l We use the triangle inequality
e s o - o]

and follow the arguments from the proof of Theorem simply replacing V' by V},
and using Lemmas [0 1.8, and below (discrete versions of Lemmas 311 341
and BE) to bound the last two terms. O

Lemma 4.6 (Discrete version of Lemma B)). Let up, € V}, solve @) and ugs’h €
V;}ls’h solve [@3) with k large enough so that wy , = Q for all x € N'. Then

m“h - “?hm < 20,07V Hy| 20
holds with constants Co and C5,, that only depend on p.

Proof. Note that ufl = Up — uzs’h is the unique element of Vhf = VNV, such that

a(ul,v) = G(v) for all v € Vif. The lemma follows from the same arguments in the
proof of Lemma [3.11 U

In the remaining part of this Section, A < B abbreviates an inequality A < C B
with some generic constant 0 < C' < oo that does not depend on the mesh sizes H,
h and the localization parameters. The constant may depend on the contrast 8/«
but not on the geometrical or topological structure of the coefficient A.

To establish discrete versions of Lemmas [3.4] and we are facing the technical
difficulty that the product of v € V}, and some cut-off function 7 from Definition [3.3]
is not necessarily an element of V},. However, the subsequent lemma shows that the
product nv can be approximated sufficiently well by elements from V},.

Lemma 4.7. For allx € N, M > m € N, and corresponding cut-off function
™M defined in [B3) there exists some v € Vi (wy ar41) such that

m,M h 1 h
= of | € —— [l

m,M
T

wz,]&{#»l\wmmnfl '

Furthermore, the statement also holds if n is replaced by 1 — ™M and v €

VHOQ\ wem—1)-
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Proof. Let x € N, M > m € N be fixed and define 5 := nm M Let 3, 0 VN
C(Q) — V" be the nodal interpolant with respect to the mesh 7;,. Recall its (local)
approximation and stability properties

IV(0 = Tn0) 2@y S el V0l 2@y and (| Tnvllpzey S llvllpzce

for all polynomials v. According to Lemma 21l there exists some b, € V" such
that Jp (bs) = T (In(nh)), [ball| S |||Tm (Tn(neh))]|], and supp(bz) C we ars1 \
Wz m—1. Hence, v := Tp(ndh) — by € Vi (we ar41). Since IyTnird! = frIpoh =0
for jp = [T~ [ n, we get

||[n = o||[* = ||| — Tn(ngl) + ba||”
S Y V@ = Tum) Zag + |38 (On( — i)l

tETHtCoz, M \Wa,m

< D BRIV + D H2||30((n = 7)) 1201

tETH:tCoz, M \Wa,m TeTy:TChw,M+1\Wa,m—1

S DI A (e TR TN 2

tETHtCoz, M \Wa,m

+ > Hy 2|l = el oo (1951 22y
TETH:TChz,M+1\Wa,m—1
-1 h
(M m H‘Qﬁ H Wy, M+1\W,L-m 1

using the property ([B2Id) of n and Poincaré’s inequality. This proves the first part
of the lemma.

The second part concerning 1 — n follows using the same argument but with
v € VEHOQ\ wem—1)- O

Lemma 4.8 (Discrete version of Lemma [34). For all x € N, k,{ > 2 € N the

estimate
k—2

C 2
ot = ekl < () I,

holds with constants Cy,Cs that only depend on p and /o but not on x, k, ¢, h,
or H.

Proof. Let (, := 1 — 0z Ch—DFL—L Gith nﬁ(kfl)ﬂ’ﬂg*l as in equation (B3) in
Definition Then there exists a v € Vjf(w, ¢x) such that

6% =l .. <llex =il . + Ik =2l
SR 1| RO 1 (<] | RV
Furthermore, using the same argument as in Lemma [3.4]
H ‘Cw¢2‘ ‘ Wa 0k—1 \Wa, 0(k—1)+1 ’S ‘ ‘ ’¢Z | | W 0k \Wa, e(k—1)+1

which yields

16 = obanlll < 1162 = 2lII5, o + 1165 aren e < Moy, -
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Now let n; := niUfl)Hlj (cf. Definition B3), j = 2,3,...,k — 1 and note that

HA1/2V¢Z||%2(Q\w$ve(k_1)) < a(¢27"7]371¢2) - 2/977k71¢g(14v¢2) : Vﬂkq-

The second term can be treated exactly as in Lemma [3.4] and, hence, bounded by
2|k ’;\m . We make use of Lemma 7] to bound the first term. There

exists v € VH(Q\ Wy t(k—1)+1) such that

a(@,mi—10%) < []|6% ] 11 =l S €105 fene o

Wek—1) \We(k—2)+1
The final assertion follows by similar arguments as in the proof of Lemma (3.4 O
Lemma 4.9 (Discrete version of Lemma [BH). There is a constant Cs depending
only on p and B/a, but not on |N|, k, or £ such that

2

< Ca(tk) " (@) || |6l — ol ||

zeEN

Z U(£)(¢Z - ¢Z,ék)

zeN

Proof. For = € N, let ¢, = 1 — nf+1L%+2 (cf. Definition B3) and let z =
Y owen V() (@2 — Puer). We have,

2

= Z () a(¢) — ¢Z,2ka Coz+ (1 =(p)z) =T+1L

TEN

Z 0(z) (¢z — Do)

zeEN

The first term I:= 3"\ v(z) a(¢h — Z,Zk, (zz) can be treated in exactly the same
way as in the proof of Lemma 3.5 We focus on the second term. Due to Lemma[4.7]
there exists a w € V,{(Q\ wyy,) such that

M=) v(@)a(@h — ¢l 4, (1 G)z — w)

zeN
1/2 1/2
S (Z o()* |[|6h - Z,ek\||2> (Z ||(1—<m)z—w||2>
zEN zeN
1/2 1/2
2
S (Z lo(@)[* [||6h — ok || ) <Z IIZIIix,MwH)
zeEN zeN

1/2
< (k)2 <Zlv(:v)2 [ 6% — Z,ek!H2> 2111

zeN

The result follows immediately. O
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FIGURE 1. Scalar coefficient used in the numerical experiment: A;
(left), Ao (middle), As (right).

FIGURE 2. Uniform triangulations of the unit square.

5. NUMERICAL EXPERIMENTS

Numerical experiments shall validate our theoretical results from the previous
sections.

5.1. Experimental setup. Let 2 be the unit square and the outer force g = 1
in Q. Consider three different choices for the scalar coefficient Aq, A, A3 with
increasing difficulty as depicted in Figure [l The coefficient A; = 1 is constant.
The coefficient A, is piecewise constant with respect to a uniform Cartesian grid
of width 276, The values in each grid cell are chosen in the range [1/20,2]; the
contrast 8(As)/a(Az2) < 40 is moderate. The coefficient Aj is piecewise constant
with respect to the same uniform Cartesian grid of width 276, Its values are taken
from the data of the SPE10 benchmark; see http://www.spe.org/web/csp/. The
contrast for As is large, 3(A3)/a(As) ~ 4-105. Consider uniform coarse meshes of
size H=271,272,...,275 of Q as depicted in Figure @I Note that none of these
meshes resolves the rough coefficients A, and Az appropriately.

The reference mesh 7;, has width h = 279, Since no analytical solutions are
available, the standard finite element approximation uy € Vj, on the reference mesh
Trn serves as the reference solution. All fine scale computations are performed on
subsets of 7p,.

The approximations are compared with this reference solution only. Doing this,
we assume that wuy, is sufficiently accurate. True errors would behave similar in the
beginning but level off at some point when the reference error |||u — up||| dominates
the upscaling error.

5.2. Results for the energy error. Figure [ depicts the energy errors of the
new multiscale method and the classical PIFEM (see (22)) with respect to the
same coarse mesh. Depending on the coarse discretization scale H, the localization
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FIGURE 3. Relative energy errors H\uh—u?,’gh/\ [lun||| (O solid) with
localization parameter k = [2log(1/H)] and |||up, — ug||| /|||uxll]
(O dotted) vs. number of degrees of freedom Nyof ~ H 2 for
different coefficients: Ay (top left), Az (top right), As (bottom).
The dashed black line is N, d_olf/ .

parameter k is chosen to be [2log(1/H)]. The logarithmic dependence on 1/H
is motivated by our a priori analysis. The choice of the constant 2 is based on
numerical tests. It turns out that, in all experiments, this choice leads to the
desired linear textbook convergence (rate —1/2) of the energy error (w.r.t. to the
number of degrees of freedom Ngof = |N| ~ H~?) related to the sequence of
multiscale approximations. Pre-asymptotic effects are not observed. In particular,
the performance of our method does not seem to be affected by the high contrast
present in Az. Whether our estimates on the decay of the corrector functions are
sub-optimal or have worst-case character with respect to contrast is an issue of
present research.

Observe that the classical PIFEM suffers from the lacks of approximability and
regularity and converges only poorly for the rough coefficients A, and As.

5.3. Results for the L? error. Figure @ shows L? errors of the new multiscale
method and the classical PIFEM. Again, the choice of the localization parameter
k = [2log(1/H)] yields the optimal convergence rate —1 for our method in all
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FIGURE 4. Relative L? errors |u; — urlrfkh||/||uh|| (O solid),
ms,h

lun — Irawg . [|/|lun|l (+ solid) with localization parameter k =
[2log(1/H)] and ||up, — ugll/||un] (O dotted) vs. number of de-
grees of freedom Ngot ~ H~2 for different coefficients: A; (top
left), As (top right), As (bottom). The dashed black line is N ;.

experiments (w.r.t. to the number of degrees of freedom Ngor = |N| ~ H~?)
without any pre-asymptotic behavior. This observation is justified by a standard
Aubin-Nitsche duality argument. Define e := uj, — ugskh € L?(Q) and let 2z, € Vj,
solve

a(zp,vp) = / evy, for all vy, € V.
Q

Galerkin orthogonality leads to

o = w5 ey = e = 25750 €) < [[fon [ = wi|

)

where z"%" € V" is the Galerkin projection of 2, onto the discrete multiscale

finite element space V' Zh The estimates for the energy error (see Section []) and
the present choice of k yield the L? estimate

ms,h

lun — upry 2y S H?llgllL2@)-
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More importantly, we observe that the L? error between wuj, and ﬁHu?}f con-
verges nicely at a rate close to —3/4 without pre-asymptotic effects. This is re-
markable because J Hu?,’gh is a truly coarse approximation. J Hu?,’gh is an element
of the coarse P1 finite element space. Hence, it cannot capture microscopic features
of the solution. The rate of convergence (with respect to the number of degrees
of freedom) is limited by % for some s € [0, 1] which is related to the regularity
of the solution (u € H'** for some s € [0,1]). However, JHU}I}?,’JL approximates
the macroscopic behavior of the solution accurately with only very few degrees
of freedom. Note that the storage complexity of the modified basis is of order
O(h~2log 1/H) whereas its interpolation can be stored in O(H2?log1/H). Once
the coarse system matrix of the multiscale method is assembled, J Huﬁ?,’ch can be
computed without using any fine scale information from the modified basis whereas

. . . . . ms,h
this would be required to represent the full multiscale approximation ug ;.

6. APPLICATION TO MULTISCALE METHODS

In this section we discuss three multiscale methods and how the presented anal-
ysis relates to each of them.

6.1. The variational multiscale method. The variational multiscale method
was first introduced in [I4]. The function space V is here split into a coarse part
(standard finite element space on a coarse mesh), in our case Vg, and a fine part,
in our case VI, The weak form is also decoupled into a coarse and a fine part. The
method reads: find 4 € Vi and v/ € VT such that

a(u,v) +a(u',v) = G(v) for all v € Vg,
a(u',v') = G(') — a(i,v') for all v’ € Vi,

The fine scale solution is further decoupled over the coarse elements T € Ty and
approximated using analytical techniques. Note that the fine scale solution u’ is an
affine map of the coarse scale solution u. If we let v’ ~ M4 + m and plug this in
to the first equation we get a coarse stiffness matrix of the form a(v + Mv,w), i.e.,
a non-symmetric bilinear form for a symmetric problem.

6.2. The multiscale finite element method. In [I3] the multiscale finite ele-
ment method was first introduced. Here modified multiscale basis functions are
computed numerically on sub-grids on each coarse element individually. The cor-
rector functions fulfill: find ¢, r € H}(T),

a(Ay — ¢z 1,v) =0 for all v € HY(T) and for all T € Tg.

Here homogeneous Dirichlet boundary conditions are used on the boundary of each
element T, i.e., the local problems are totally decoupled. To get a more accurate
method one can improve the boundary conditions using information from the data
A. A larger domain can also be considered (this procedure is referred to as over-
sampling); see [I3]. Note that since the coarse scale basis functions are modified
(both trial and test space) the resulting method is symmetric.
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6.3. The adaptive variational multiscale method. The modified basis func-
tion construction given by equation ([27)) and (2.8)) was first introduced in a vari-
ational multiscale framework in [I5,[16]. In these papers the Scott-Zhang inter-
polation was used in the analysis and nodal interpolation in the discrete setting
for the numerical examples. The modified basis functions where only used for the
trial functions but not for the test functions. A fine scale correction based on the
right-hand side data was also included. In [I8] the modified basis functions were
used for both trial and test functions. The exponential decay of the modified basis
functions, with respect to the number of coarse layers of elements in the vertex
patches, has been demonstrated numerically in all these works; see [I7[I8].

The adaptive variational multiscale method has been extended to convection
dominated problems and problems in mixed form [I§]. A posteriori error bounds
have been derived and adaptive algorithms designed where the local mesh and patch
size are chosen automatically in order to reduce the error.

6.4. Application of the presented analysis. The convergence proof in this pa-
per gives a valid bound also as h — 0 independent of the patch size and coarse
mesh size. The proof does not rely on regularity of the solution and gives a very
explicit expression for the rate of convergence. The present analysis confirms the
numerical results in [I7[I8] and gives the symmetric version of the method, where
both trial and test space are modified, the solid theoretical foundation it has previ-
ously been missing. The analysis also justifies the use of a posteriori error bounds
for adaptivity [I6L18] because we can now prove that the quantities measured on
the patch boundary decays exponentially in the number of coarse layers.

For the variational multiscale method this result says that it is important to al-
low larger subgrid patches than just one coarse element. This will result in overlap
but the local problems are totally decoupled and we have in previous works demon-
strated how adaptivity can be used to only solve local problems where it is needed,
see for instance [16,[I§]. For the multiscale finite element method the analysis is
not directly applicable since the fine scale space VI is not used. It is the decay
in this space which we have proven to be exponential (in number of coarse layers
of elements in the subgrid). If this decay is not present, inhomogeneous boundary
conditions are instead needed for the subgrid problems. To the best of our knowl-
edge, such constructions have only been proved to be accurate in special settings,
e.g., periodic coefficients.
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