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CHAPTER I

INTRODUCTION

1. Some Background

T h is  i n v e s t i g a t i o n  o r i g i n a t e d  w i th  a q u e s t io n  abou t i n v e r s i v e  

p l a n e s ,  w hich was answ ered  in  [2cj>] and [2 6 ]- The p r e s e n t  work in c lu d e s  

th o s e  r e s u l t s ,  a s  w e l l  as  t h e i r  an a lo g u es  f o r  L aguerre  and Minkowski 

p l a n e s ,  b u t  d e a l s  w i th  a more g e n e r a l  c l a s s  o f  o b j e c t s  -  h e re  c a l l e d  

" l o c a l l y  p r o j e c t i v e - p l a n a r  l a t t i c e s "  -  in  w hich some p r o p e r t i e s  p a r t i c 

u l a r  to  one o r  more o f  th e  above m en tioned  p la n e s  a re  d is p e n s e d  w i th .  

Our main theo rem  w i l l  be i n t r o d u c e d  in  s e c t i o n  2 ; we b eg in  h e re  w i th  

some d i s c u s s io n  o f  th e  c l a s s i c a l  exam ples.

An i n v e r s i v e  p la n e  i s  an in c id e n c e  s t r u c t u r e  ( se e  c h a p te r  I I )

J  = (0,(3-) (e le m e n ts  o f  C- a re  c a l l e d  c i r c l e s )  w hich s a t i s f i e s :

(0 )  C i r c l e s  a r e  nonempty.

(1 )  For each  P € 0 , i s  an a f f i n e  p la n e  (where i s

th e  " i n t e r n a l "  s t r u c t u r e  whose p o i n t s  a r e  th e  p o i n t s  o f  0 

o t h e r  th a n  P , whose b lo c k s  a re  th e  c i r c l e s  o f  C- which c o n ta in  

P , and whose in c id e n c e  i s  t h a t  i n h e r i t e d  from J  ).

The o r d e r  o f  J? i s  th e  (common) o r d e r  o f  th e  a f f i n e  p la n e s  . 

I n v e r s iv e  p l a n e s  a r i s e  q u i t e  n a t u r a l l y  i n  geom etry  i n  th e  fo l lo w 

in g  way. L et K be a s k e w f ie ld  and 0 an o v o id  in  FG(3,K) . ( i . e . ,

0  i s  a s e t  o f  p o i n t s  s a t i s f y i n g :  ( l )  no t h r e e  p o i n t s  o f  © a re

1
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c o l l i n e a r ,  and (2 ) i f  P C © ,  th e n  th e  un ion  o f  a l l  l i n e s  m ee ting  

© o n ly  in  P i s  a p la n e .  PG(3,K) d e n o te s  th r e e - d im e n s io n a l  p r o 

j e c t i v e  space over  K . )  Then th e  f o l lo w in g  in c id e n c e  s t r u c t u r e ,  

oP(©) , i s  an i n v e r s i v e  p l a n e :

The p o i n t s  o f  J?(©) a re  th e  p o i n t s  o f  © .

The c i r c l e s  o f  d?(&) a re  th o s e  p la n e s  which meet © in  more 

th a n  one p o i n t .

In c id e n c e  i s  i n c l u s i o n .

An in v e r s i v e  p la n e  i s  s a i d  t o  be e g g l i k e ^ i f  i t  i s  isom orph ic  to  some

4 © )  •

L aguerre  and Minkowski p la n e s  s a t i s f y  s l i g h t l y  more co m p lica ted ,  

b u t  s i m i l a r ,  s e t s  o f  axiom s; t h e i r  o r d e r s  a re  d e f in e d  as f o r  i n v e r s i v e  

p l a n e s ;  and we may d e f in e  i n  each  i n s t a n c e  th e  e g g l ik e  p l a n e s  to  be 

th o se  a r i s i n g  from a  c o n s t r u c t i o n  ana logous  to  t h a t  g iv e n  above f o r  

j(© ) . For s i m p l i c i t y  o f  e x p o s i t i o n ,  a l l  o f  t h i s  d i s c u s s io n  i s  p o s t 

poned u n t i l  c h a p te r  I I I .  ( A c tu a l ly ,  i n  c h a p te r  I I I  we ad o p t th e  te rm in o lo g y  

o f  Benz [3 ] ,  a c c o rd in g  to  w hich th e  i n v e r s i v e  p la n e s  d e f in e d  above a re  i n 

v e r s iv e  p la n e s  " in  th e  narrow  s e n s e " .  For p u rp o s e s  of th e  p r e s e n t  d i s 

c u s s io n ,  however, we w i l l  u se  th e  more t r a d i t i o n a l  d e f i n i t i o n s :  in v e r s iv e

p la n e s  w i l l  be as d e f in e d  above, and L ague rre  p la n e s  w i l l  be th o se  o b je c t s  

which i n  c h a p te r  I I I  a r e  c a l l e d  L ague rre  p la n e s  " in  the  narrow  s e n s e " . )

We w i l l  speak o f  i n v e r s i v e ,  L ague rre  and Minkowski p la n e s  c o l l e c 

t i v e l y  as  c i r c l e - .p la n e s  ( a l th o u g h  t h i s  te rm  i s  u s e d  e lsew h ere  i n  a much

T his  te rm  i s  due t o  Dembowski and Hughes [5] .



b r o a d e r  s e n s e ,  e . g . ,  i n  [ 3 ] * page 2 ).

The r o l e  w hich th e  e g g l ik e  p la n e s  p l a y  in  th e  s tu d y  o f  c i r c l e -  

p l a n e s  i s  s i m i l a r ,  e s p e c i a l l y  in  th e  in v e r s i v e  and L aguerre  c a s e s ,  

t o  th e  r o l e  o f  th e  D esa rg u es ian  p la n e s  i n  th e  th e o ry  o f  p r o j e c t i v e  

p l a n e s .  In  f a c t ,  t h i s  ana logy  -  p o in t e d  ou t by b o th  H esse lbach  [22] and 

van d e r  Waerden and Smid [3 3 ] -  goes much f u r t h e r ,  and s in c e  i t  p r o 

v id e d  much o f  th e  i n i t i a l  m o t iv a t io n  f o r  th e  p r e s e n t  work, I  w i l l  

d w e l l  on i t  a l i t t l e  h e r e .

F or  i n v e r s i v e  and L aguerre  p la n e s  th e  co rresp o n d en ce  ru n s  as  

f o l l o w s .  The r o l e  o f  th e  Pappian  p la n e s  i s  ta k e n  by th e  s u b c la s s  o f  

e g g l ik e  p la n e s  f o r  w hich K (a s  above) i s  com m utative, and (9 a  non

r u l e d  q u a d r ic  ( i n v e r s i v e  c a s e ) ,  o r  a cone w i th  v e r t e x  d e l e t e d  (L ague rre  

c a s e ) .  Van d e r  Waerden and Smid [3 3 ] gave su b s ta n c e  to  t h i s  an a lo g y  

by  p ro v in g  t h a t  th e  i n v e r s i v e  and L aguerre  p la n e s  b e lo n g in g  to  th e s e  

s u b c l a s s e s  a re  p r e c i s e l y  th o se  w hich s a t i s f y  th e  " theorem  o f  M iquel" 

( a g a in  see [3 3 ]> o r  in  th e  case  o f  i n v e r s i v e  p la n e s  see [ i t ] , p . 2b b ) .

T h is  c o n f i g u r a t i o n a l  p r o p o s i t i o n ,  th e n ,  co r re sp o n d s  to  th e  theorem  o f  Pappus.

In  th e  same p a p e r ,  th e  a u th o r s  d i s c u s s  a second  axiom -  the  

" B t ts c h e ls a tz " ,  o r  bund le  theorem  (see  s e c t i o n  I I I )  - which h o ld s  in  

a l l  e g g l ik e  p l a n e s ,  and which i s  a c c o rd in g ly  a c a n d id a te  f o r  th e  r o l e  

o f  D esa rg u es ' theorem .

The bund le  theorem  does n o t  h o ld  in  a l l  i n v e r s i v e  p la n e s  ( s e e  

[2 0 ] ,  f o r  exam ple) ,  b u t  i t  does h o ld  i n  a l l  i n v e r s i v e  g e o m e tr ie s  o f  

d im ension  g r e a t e r  th a n  two ( [ 2 3 ] ,  [ 2 8 ] ) .  M a u re r 's  theorem  [2 8 ] ,  which



2
im p l ie s  t h a t  a l l  such  g e o m e tr ie s  a re  e g g l ik e  , r e l i e s  h e a v i l y  on t h i s  

f a c t .  A l l  o f  t h i s  i s ,  o f  c o u rs e ,  p r e c i s e l y  ana logous  t o  th e  s i t u a t i o n  

f o r  p r o j e c t i v e  p l a n e s  and h ig h e r  d im e n s io n a l  p r o j e c t i v e  sp a c e s .  ( I  

do n o t  know to  what e x t e n t  a n a lo g u es  o f  th e s e  s ta t e m e n ts  have been 

i n v e s t i g a t e d  f o r  L ag u e rre  p l a n e s .

The p r i n c i p a l  m is s in g  l i n k  i n  th e  above an a lo g y  i s  s u p p l i e d  by 

th e  fo l lo w in g  two theo rem s, which we o b ta in  in  c h a p te r  I I I  a s  c o r o l 

l a r i e s  o f  ou r  main r e s u l t .

THEOREM 1. A l l  i n v e r s i v e  p la n e s  w hich s a t i s f y  th e  bund le  theorem  

a re  e g g l i k e .

THEOREM 2. A l l  L ag u e rre  p la n e s  which s a t i s f y  th e  bund le  theorem  

a re  e g g l i k e .

In  an e a r l y  a t t a c k  on t h i s  p rob lem , H esse lb ach  [2 2 ] was a b le  to  

p ro v e  theorem  1, and a l s o  van d e r  Waerden -  S m id 's  r e s u l t ,  f o r  th e  

s p e c i a l  case  o f  " t o p o l o g i c a l "  i n / e r s i v e  p la n e s .  (H is  p a p e r ,  w hich 

p r e d a t e s  [3 1 ] ,  c o n t a in s  th e  e a r l i e s t  m ention  t h a t  I  have seen  o f  the  

bundJe theorem , a l th o u g h  f o r  some re a so n  van d e r  Waerden and Smid 

seem g e n e r a l l y  t o  be g iv e n  c r e d i t  f o r  f i r s t  f o rm u la t in g  th e  a x io m .) 

H esse lb ach  a l s o  showed ( f o r  i n v e r s i v e  p l a n e s )  t h a t  th e  bund le  theorem

I . e . ,  th e  s p h e re s  o f  th e  i n v e r s i o n  geom etry  a re  th e  i n t e r s e c t i o n s  o f  

an ov o id  w i th  f l a t s  i n  PG(d,K) .



can be d e r iv e d  d i r e c t l y  from M iq u e l 's  theorem , which c o r re sp o n d s  to  the  

f a c t  t h a t  D e s a rg u e s 1 theo rem  can be d e r iv e d  d i r e c t l y  from P ap p u s '.

One o th e r  f e a t u r e  o f  th e  an a lo g y  d e s e rv e s  m en tion . A famous r e 

s u l t  o f  Segre [3 0 ] s t a t e s  t h a t  any o v a l  in  PG (2,q) , q odd, i s  a 

c o n ic ;  and B a r l o t t i  [ l j  u s e d  S e g r e ' s theorem  to  show t h a t  any ov o id  

i n  FG(3, q ) ,  q odd, i s  a q u a d r ic .  These r e s u l t s  im ply r e s p e c t i v e l y  

t h a t  a L aguerre  o r  i n v e r s i v e  p la n e  o f  f i n i t e  odd o r d e r  w hich  s a t i s f i e s  

th e  bund le  theorem  must a l s o  s a t i s f y  M iq u e l 's  theorem , a f a c t  which 

may be seen  as  a p a r t i a l  a n a lo g u e  o f  W edderburn 's  theorem  ( a  f i n i t e  

D esa rg u es ian  p r o j e c t i v e  p la n e  i s  P ap p ia n ) .  (The f u l l  analogue i s  

f a l s e :  examples a r e  known o f  e g g l ik e  i n v e r s i v e  and L ague rre  p la n e s

o f  f i n i t e  even o r d e r  w hich  do n o t  s a t i s f y  M iq u e l 's  theorem . They 

c o rre sp o n d  r e s p e c t i v e l y  t o  th e  ov o id s  d is c o v e re d  by T i t s  [3 2 ] i n
pk_L.l p

FG(3,2 ) , k > 1 , and  t o  any o f  th e  o v a l  cones ( s e c t i o n  I I I )

b a se d  on o v a ls  w hich a r e  n o t  c o n ic s  ( s e e  [lid, page 51, and accompanying 

r e f e r e n c e s ). )

The s i t u a t i o n  f o r  Minkowski p la n e s  i s  a s o r t  o f  homomorphic (as  

opposed to  iso m o rp h ic )  image o f  th e  p r o j e c t i v e - i n v e r s i v e - L a g u e r r e  

s i t u a t i o n .  K a e r le in  [2k] d e f i n e s  M iq u e l 's  theorem in  Minkowski p la n e s  

and p ro v e s  an an a lo g u e  o f  van d e r  Waerden -  Sm id 's  r e s u l t s  (w ith  a 

h y p e r b o l i c  q u a d r ic  t a k i n g  th e  p l a c e  o f  th e  n o n - r u le d  q u a d r ic  o r  cone).  

A lso ,  as  in  th e  p r e v io u s  c a s e s ,  e g g l ik e  p la n e s  a re  c h a r a c t e r i z e d  by 

th e  bund le  theorem :

J The s m a l l e s t  o f  th e s e  had  been  c o n s t r u c t e d  e a r l i e r  by S egre  [ 3 1 ].
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THEOREM 3. A l l  Minkowski p la n e s  w hich s a t i f y  th e  bund le  theorem

a re  e g g l i k e .

The d i f f e r e n c e  i n  th e  Minkowski case  i s  t h a t  th e  c l a s s e s  o f  e g g l ik e  

and M iq u e l ian  p l a n e s  tu r n  o u t  t o  c o in c id e ,  a consequence o f  th e  f a c t  

t h a t  h y p e r b o l i c  q u a d r ic s  a re  a c t u a l l y  c h a r a c t e r i z e d  by th o s e  o f  t h e i r  

p r o p e r t i e s  w hich a re  u sed  i n  th e  c o n s t r u c t io n  o f  Minkowski p l a n e s .

2 .  The Main Theorem

As w i l l  be shown in  c h a p te r  I I I ,  each  c i r c l e - p l a n e  TT d e te rm in e s

a l a t t i c e  L -  L(TT) w i th  th e  fo l lo w in g  p r o p e r t i e s :

(L) L i s  asem im o d u la r  ran k  k l a t t i c e .  (Semimodular means t h a t  i f

x , y £ L  co v er  x Ay , th e n  th ey  a re  covered  by x v y .  For l a t t i c e  d e f i n 

i t i o n s  see [7 ] .  The rank  0 , 1 ,2 , 3  and k e lem en ts  o f  L a re  c a l l e d  "0", 

" p o in t s " ,  " l i n e s " ,  " p la n e s "  and "1" r e s p e c t i v e l y . )

(LPP) For each  p o i n t  P o f  L , th e  i n t e r v a l  [P, l j  i s  a

p r o j e c t i v e  p la n e .

L a t t i c e s  w hich s a t i s f y  (L) and (LPP) a re  c a l l e d  l o c a l l y  p r o j e c t i v e -  

p l a n a r  o r  L P P - l a t t i c e s .

I f  L i s  an L P P - l a t t i c e ,  and i f  P and Q a re  d i s t i n c t  p o i n t s  

o f  L , th e n  P V Q i s  a l i n e  (by (L) ), hence a p o i n t  o f  b o th  [ P , 1] 

and [Q,,l] . The o r d e r  o f  [ P , l ]  ( [ Q , l ] )  b e in g  one l e s s  th a n  (so

e q u a l  t o  i f  i n f i n i t e )  th e  number o f  p la n e s  on P V Q , i t  fo l lo w s  t h a t  

a l l  o f  th e  p r o j e c t i v e  p la n e s  [P, l ]  have th e  same o rd e r .  T h is  common



o r d e r  i s  a l s o  d e f in e d  to  be th e  o r d e r  o f  L .

I f  IT i s  an e g g l ik e  c i r c l e - p l a n e ,  th e n  L = L(TT) a l s o  s a t i s f i e s  

th e  "bundle  th e o re m " :

(BT) I f  } a re  l i n e s ,  no t h r e e  on a common p la n e ,

and no two on a common p o i n t ,  and i f  f i v e  o f  th e  s ix  p a i r s

l < i ^ j < t ,  a r e  c o p la n a r ,  th e n  th e  s i x t h  p a i r  i s
J

a l s o .

More g e n e r a l l y ,  l e t  K be a s k e w f ie ld ,  and S = PG(3,K) , th o u g h t 

o f  as  th e  subspace  l a t t i c e  o f  a fo u r -d im e n s io n a l  v e c t o r  space o v e r  K . 

For any nonempty s u b s e t  © o f  th e  p o i n t  s e t  o f  S , l e t  L = L(©) be 

th e  l a t t i c e  whose e le m e n ts  a r e  {0} and th o se  e lem en ts  o f  S 

w hich c o n ta in  p o i n t s  o f  © , o r d e r e d  as i n  S . Then L i s  an LPP- 

l a t t i c e  w hich s a t i s f i e s  th e  b u n d le  theorem.

I t  i s  n o t  t r u e  i n  g e n e r a l  t h a t  an L P P - l a t t i c e  s a t i s f y i n g  (EG?) 

must be iso m o rp h ic  t o  an L(©) (see  s e c t i o n  10) ,  b u t  we a re  a b l e t o e s -  

t a b l i s h  such an isom orphism  i f  we assume t h a t  © i s  ( i n  some s e n s e ) f a i r l y  • 

l a r g e .  For n € [2 ,3 ,  . • • } , l e t

f  (n )  = max(1, p ^ " 1] ) .

Our main r e s u l t  i s  th e  fo l lo w in g .

THEOREM L et L be an L P P - l a t t i c e  w hich s a t i s f i e s  (BT) and 

(BE) For each  p o i n t  P o f  L th e r e  i s  a s u b s e t  T(P) o f  th e  p la n e s  

on P w i th
|T (P ) | < co i f  p i s  i n f i n i t e

< f ( n )  i f  L has  f i n i t e  o r d e r  n ,



and such th a t any l in e  whose on ly  p o in t  i s  P l i e s  on some p lane

o f  T(P) .

Then L i s  iso m o rp h ic  t o  some L (6) (w i th  & a s u b s e t  o f  th e  p o in t  

s e t  o f  some FG(3,K) ).

Remark. As m en tioned  e a r l i e r ,  I  o b ta in e d  th e  p r o o f  o f  theorem  1 

some tim e ago. My p r i n c i p a l  aim in  f o rm u la t in g  theorem  h was t o  see  

w h e th e r  th e  same r e s u l t  c o u ld  be p ro v e d  w i th o u t  r e l y i n g  upon th e  s p e 

c i f i c  s t r u c t u r e s  o f  t h e  c i r c l e  p l a n e s .  In  th e  f i n i t e  c a s e ,  th e  fu n c 

t i o n  f  h as  been chosen t o  be a t  l e a s t  one i n  a l l  c a s e s ,  so t h a t  

theorem  k w i l l  in c lu d e  theo rem s 1 - 3 ;  a c t u a l l y ,  I  t h i n k  t h a t  i t  shou ld  

be p o s s i b l e  i n  g e n e r a l  to  p ro v e  th e  theorem  w i th  a much l a r g e r  f  , 

b u t  I  have n o t  a t te m p te d  to  do so.

The p r o o f  o f  theo rem  b i s  a c h ie v e d  by c o n s t r u c t i n g  a th re e -d im e n 

s i o n a l  p r o j e c t i v e  space  i n  w hich th e  l a t t i c e  1 i s  s u i t a b l y  embedded. 

The p o i n t s  o f  th e  space  (w hich we c a l l  S ) a re  d e f in e d  by means o f  

t h e  bundle  theorem  i n  s e c t i o n  3 . (T h is  i s  th e  o n ly  r o l e  which the  

bund le  theorem  p la y s  i n  th e  p r o o f .  ) In  s e c t i o n  k ,  we d e r iv e  some o f  

th e  e a s i e r  p r o p e r t i e s  o f  S .

The two lemmas o f  s e c t i o n  3>, e s p e c i a l l y  5 . ‘p ,  e x h i b i t  w hat i s  p e r 

h ap s  th e  u n d e r ly in g  i d e a  o f  t h e  p r o o f .  T h is  in v o lv e s  e x p l o i t i n g  con

n e c t io n s  i n  th e  " l o c a l "  s t r u c t u r e  o f  l i n e s  and p la n e s  c o n ta in in g  some 

g iv e n  p o i n t ,  and c o r re s p o n d in g  c o n f i g u r a t i o n s  in  th e  s t r u c t u r e  o f  S 

i t s e l f .



The e x i s t e n c e  o f  l i n e s  ( c a l l e d  " n e a r - l i n e s " )  i s  p ro v e d  f o r  t h e  

i n f i n i t e  case  i n  s e c t i o n  6, and in  s e c t i o n  7 we su p p ly  th o s e  a d d i t i o n 

a l  d e t a i l s  needed  t o  o b t a i n  n e a r - l i n e s  i n  th e  f i n i t e  c a s e .  T h is  o r 

g a n i z a t i o n  i s  in t e n d e d  t o  a l lo w  th e  r e a d e r  t o  see  th e  main l i n e  o f  

argument u n c l u t t e r e d  by  th e  more p r e c i s e  argum ents which th e  f i n i t e  

case  o c c a s i o n a l l y  r e q u i r e s .

F i n a l l y ,  i n  s e c t i o n  8, we p ro v e  t h a t  the  system  o f  p o i n t s  and 

n e a r - l i n e s  s a t i s f i e s  " P a s c h 's  axiom", and th e  theorem  f o l lo w s .

The new ideas in th is  proof are to be found mostly in sec t io n s  

6,7 and 8. The m ater ia l o f  sec t io n  3 i s  e s s e n t ia l l y  the same as that  

in  sec t io n  2 o f  [2 5 J, though given here in  a more general context,  

and much o f  sec t io n s  k and 5 (and some o f  8) i s  taken with only  

s l i g h t  m odification  from [26].



CHAPTER I I

PROOF OF THE MAIN THEOREM

An in c id e n c e  s t r u c t u r e  ( se e  [ I t ] ,  p . l )  i s  u s u a l l y  d e f in e d  as a 

t r i p l e  (P , B, I )  , w i th  P  a s e t  o f  " p o in t s " ,  B a s e t  o f  " b lo c k s " ,  

and I  e  p  x B (o r  I  a sym m etric s u b s e t  o f  (P xB)  U (B x P ) ) .  In  

what fo l lo w s ,  we w i l l  f r e q u e n t l y  t h i n k  o f  a b lo c k  as a s u b s e t  o f  th e  

p o i n t  s e t ,  and when (P ,b )  € I  , we w i l l  say  "P € b " ,  "b c o n ta in s  

P" ,  e t c .  In c id e n c e  s t r u c t u r e s  w i l l  be d en o te d  s im ply  (P,  B) .

In  a p o s e t ,  "<" w i l l  always d en o te  th e  o r d e r  r e l a t i o n .  I f  x < y

th e n  we w i l l  say  "x i s  on y" ,  "y i s  on x " ,  e t c .  In  a l a t t i c e ,  we

use  "V" and "A" f o r  j o i n  and  meet r e s p e c t i v e l y  ( s e e  [7 ] ,  p . 6 ) .

Two s e t s  a re  c a l l e d  ta n g e n t  i f  th e y  have i n t e r s e c t i o n  s iz e  one.

For s e t s  A and B , A \  B i s  th e  s e t  o f  e lem en ts  o f  A which a re  n o t  in

Throughout c h a p t e r  I I ,  L i s  an L P P - l a t t i c e  s a t i s f y i n g  (BT) and

(BE). The s e t s  o f  p o i n t s ,  l i n e s  and p la n e s  o f  L a re  d en o ted  © , £ 

and $ r e s p e c t i v e l y .  The minimum e lem en t o f  L i s  0 , and th e  m axi

mum elem ent i s  1 .

3 . P o in ts

DEFINITION. A b u n d le  complex (BC) i s  a s u b s e t  E o f  £ U $ s a t 

i s f y i n g

(BCl) Each P S ©  i s  on e x a c t l y  one l i n e  o f  E . (T h is

l i n e  i s  d en o te d  E(P) . )
10
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(BC2) Any two l i n e s  o f  E a re  on a p la n e .

(BC3) A p la n e  i s  i n  E i f f  i t  c o n ta in s  a l i n e  o f  E .

(N o tic e  t h a t  by (BC3) th e  p la n e  o f  (BC2) b e lo n g s  t o  E. )

The id e a  h e re  i s  t h a t  a BC sh o u ld  c o n s i s t  o f  a l l  th o se  l i n e s  and 

p la n e s  o f  L w hich c o n ta in  some f i x e d  p o i n t  o u t s id e  & i n  th e  re c o n 

s t r u c t e d  p r o j e c t i v e  space .

We p o i n t  o u t  one consequence o f  th e  above d e f i n i t i o n :

I f  P € & , x  £ <S , P < x , and i f  E i s  a BC con-
( 3 .1 )

t a i n i n g  x , th e n  E(P) < x .

(F or  t h e r e  i s ,  by (BC3), some I  £ E D £ w i th  I  < x . I f  P < I  ,

th e n  by (BCl) E(P) = I  < x . O th e rw ise ,  x '  = E(P) V I  i s  a p la n e  by

(BC2), and we have x = P V I  < E(P) V I  -  x ' . Thus x '  = x . )

Remark 3*2 . A s e t  o f  l i n e s  E' w i l l  be E fl £ f o r  some BC E

i f f  i t  s a t i s f i e s  (BCl) and (BC2). When t h i s  happens , th e  BC E i s  

un ique  and i s  g iv e n  by

E = E' U [x £ 3 £ €  E' w i th  I  < x) .

( i n  [2 5 ] and [2 6 ] ,  a bund le  complex was d e f in e d  as a s e t  o f  l i n e s  

s a t i s f y i n g  (BCl) and  (BC2). As i n d i c a t e d  by 3*2, t h e r e  i s  n o t  much 

d i f f e r e n c e  between th e  two d e f i n i t i o n s ,  and th e  p r e s e n t  one i s  adop ted  

s o l e l y  f o r  e x p o s i t o r y  p u r p o s e s . )

The bund le  theorem  (BT) i s  u se d  to  g u a ra n te e  th e  e x i s t e n c e  o f

B C 's:
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LEMMA 3 -3 .  Let X.^ X € £ , V ^  € S , and. I  A 1 = 0 .

Then t h e r e  i s  a un ique  BC c o n ta in in g  L, and X0 .
*'  .......  ' ' -   ^  1 ' c .

P r o o f . By 3- 2 ,  i t  i s  s u f f i c i e n t  t o  show t h a t  t h e r e  i s  a un ique  

s e t  o f  l i n e s  E' c o n t a in in g  X  ̂ and Xp and s a t i s f y i n g  (BCl) and 

(BC2). N o tic e  t h a t  f o r  X and m d i s t i n c t  l i n e s ,  and A a p o i n t  

-f X V m , th e  p la n e s  1 V A and m V A a re  d i s t i n c t ,  and so meet in

a l i n e  by (LPP). I f  i n  a d d i t i o n ,  X, m 6 Z' , and 1' s a t i s f i e s  (BCl)

and (BC2), th e n  A < E ' ( a ) and E' (A)  V X,  E' (A)  Vm 6 £ f o r c e

E’ (A) = (X V A) A (m V A) . (*)

T his  remark ( e v e n t u a l l y )  r ro v e s  u n iq u e n e ss ,  s in c e ,  as we w i l l  see ,  each  o f

th e  l i n e s  E' (A)  in  th e  s e t  E'  c o n s t r u c t e d  below i s  d e f in e d  a c c o rd in g  to  (*) 

(u s in g  l i n e s  X and m a l r e a d y  known to  be in  E ' ) .

Let  f  V f  jt . i f  j t / p f S ,  l e t  E ' ( P )  : ( V p) A(X? v p ) .

We rem ark t h a t  i f  Q < E ' ( p )  , th en  Q <f jt and E' (Q)  = E ' ( P )  • (For

E1 (P) A jt = ( V p) A (X0 V P) A n

= [ ( ^  V p) A Jt] A [(Xp V p) A Jt] •

= \  A 

= 0 .

Thus, Q < ( X̂  V p) im p l ie s  I . V Q = 1 . V p , i  = 1 ,2  , so t h a t  

E' (Q)  = E ' ( P)  . )  Moreover, i f  « /  P , R 6 © and E ' ( P )  {- E ' (R)  , 

th e n  (BT) a p p l i e d  to  i  , Lp , E ' ( p )  and E' ( R)  shows t h a t  E ' ( P )

and E' (R)  a r e  c o p la n a r .

Now f i x  P ^  jt . (Such a P e x i s t s :  Suppose P < it f o r  ev e ry

P € © . F ix  P 6 © . I f  X i s  any l i n e  w i th  P < X -f jt , th e n  P i s

t h e  o n ly  p o i n t  on X , and th e r e  i s  some j t ' € T(p)  w i th  X < j t ' .
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Thus, T(P)  U (m} i s  a  s e t  o f  l i n e s  o f  th e  p r o j e c t i v e  p la n e  [P, 1]

whose u n io n  c o n ta in s  a l l  p o i n t s  o f  [ P , 1] . I t  fo l lo w s  t h a t  T(P) U M

i s  i n f i n i t e  i f  [ P , l ]  (and  hence L) i s  i n f i n i t e ,  and | t (P)  U {jt}| > 

n + 1 i f  [ P , 1] (and  hence L) has  f i n i t e  o r d e r  n . But a c c o rd in g  

to  (BE), we have

|T(A) U («} | < 00 i f  L i s  i n f i n i t e

< f ( n )  + 1 < n + 1 i f  L has f i n i t e  o rd e r  n .

T h is  i s  a c o n t r a d i c t i o n  i n  e i t h e r  c a se ,  and p ro v e s  th e  e x i s t e n c e  o f

P ■f- it . )  F o r  X < j t  , d e f in e  X' (X) = ( X' ( p )  V x)  A . (S ince

A = 0 , we m ust have X /  11 o r  X ^  . Say X /  £ . Then

(1 )  ( X ' ( p )  V A im p l ie s  X /  X ' ( p )  V g , and

(2)  V X = it , so t h a t  ou r  d e f i n i t i o n  o f  X' (X) i s  j u s t  a s p e c i a l  

case  o f  ( * ) .  I t  w i l l  t u r n  o u t ,  i n c i d e n t a l l y ,  t h a t  t h i s  d e f i n i t i o n  does 

n o t  depend on th e  c h o ic e  o f  P . )

Suppose X < jt and Y < X' (X) . Then, Y < jt im p l ie s  Y ^  X' ( p )  

( a s  n o te d  e a r l i e r ) ,  so t h a t  Y < X' ( x )  < X’ (P) V x  => X' (P)  V Y =

X' ( P)  V X => X' (Y)  = X' (X) . M oreover, i f  X < SL̂  , th e n

X' (P)  , X < i ± V p =* X’ (P)  V X = V p => g± < ( X' ( P)  V x)  A rt =

X' (X) =* = X' (X) ( i  = 1 , 2 ) .

L et X1 c o n s i s t  o f  a l l  th e  l i n e s  X' (A) d e f in e d  above. Then, 

j?l, g € X' , and X1 s a t i s f i e s  (BCl) ( s in c e  we have shown A < X' (B) 

im p l ie s  X' ( a )  = X ' ( B) ).  We have a l s o  seen  t h a t  X' (A) and X' (B)



lH-

a re  ( e q u a l  o r )  c o p la n a r  when A,B ^  jt . To p ro v e  t h a t  £ ' s a t i s f i e s

(BC2), i t  th u s  rem ains  to  show t h a t  £ ' (A) and E ' ( b ) a re  c o p la n a r

when A < it , B ^  it ( th e  case  A, B < jt b e in g  t r i v i a l ) .  We may a s 

sume t h a t  E' ( B)  £ E’ (P)  . I f  A < , th e n  £ ' (A) = i  and

E' (A)  V E ' ( b )  = ^  V b . I f  A ^  i  , th e n  we may a p p ly  (BT) to  the

l i n e s  I  ̂ , E' (A)  , E ' (B)  , E ' ( P )  to  show t h a t  E ' ( a )  and E' (B)

a re  c o p la n a r  ( s in c e  ^  V E' (A)  = :t , 1, V E' ( B)  = ^  V b , V E’ (p)

= ^  V f  , E' (A)  V E ' ( P )  = E ' ( p )  V A , and we have a l r e a d y  shown t h a t

E ' ( b ) and E ' ( p )  a re  c o p la n a r ) .

Th is  com ple tes  th e  p r o o f  o f  3-3  • □

COROLLARY 3-^-  T f  £ € <£ , n: € c? , arid I  A = 0 , th e n  t h e r e  

i s  a un ique  BC c o n ta in in g  I  and it .

P r o o f . Let X < jt and l e t  E be a BC w i th  € E . Then ( l )

X i  i  and I  V X < i  V E(X) € <$ im ply  I  V X = A V £ (x ) > E(x) and (2) 

E(X) < it (by ( 3 . 1 ) ) ,  so t h a t  E(x) = ( i V X )  A *  . £ must th e r e f o r e  

be th e  un ique  BC c o n ta in in g  I  and (£  V x) A jt (which i s  a BC con

t a i n i n g  I  and jt ). □

We now e x te n d  th e  l a t t i c e  L to  a p o s e t  S by add ing  th e  s e t  o f

e lem en ts  {£: E i s  a BC} and th e  r e l a t i o n s  0 < £ < 1 and E < x

whenever E i s  a BC and x i s  ( a  l i n e  o r  p la n e )  i n  E . (T h is  g iv e s  

a p a r t i a l  o rd e r in g  by ( BC3). ) We s e t  P = S U (E: E i s  a BC] . A l l

e lem en ts  o f  P a re  now c a l l e d  p o i n t s  and d en o ted  by c a p i t a l  l e t t e r s .
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The o r d e r  o f  L i s  a l s o  ta k e n  to  be t h e  o r d e r  o f  S . Whenever t h i s

o r d e r  i s  f i n i t e ,  i t  w i l l  be d eno ted  by n .

B as ic  P r o p e r t i e s  o f  S .

From now on, we w i l l  u s u a l l y  t h i n k  o f  l i n e s  and p la n e s  as  s u b s e ts  

o f  IT- , a l th o u g h  we w i l l  s t i l l  have some o c c a s io n  to  use  th e  o rd e r  r e 

l a t i o n ,  < , o f  S , and th e  l a t t i c e  o p e r a t io n s ,  V and A } o f  L .

( i t  i s  n o t  h a rd  to  see  t h a t  d i s t i n c t  e lem en ts  o f  £ U & a re  d i s t i n c t

as  s u b s e t s  o f  P . They a re  n o t ,  in  g e n e r a l ,  d i s t i n c t  as  s u b s e t s  o f

© . ) A l i n e  i  € £ i s  c a l l e d  a ta n g e n t  i f  | 9, fl © | = 1 , and a

s e c a n t  i f  \ i  fl ©| > 2 .

DEFINITION. A A-system  i s  a fa m i ly  o f  s e t s  h a v in g  p a i r w i s e  th e  

same i n t e r s e c t i o n .  T h is  common i n t e r s e c t i o n  i s  c a l l e d  th e  k e r n e l  o f  

th e  A-system.

As m igh t be e x p e c te d ,  ou r main t a s k  i s  t o  show t h a t  i f  P ^  Q a re  

i n  P , th e n  th e  s e t  o f  p la n e s  c o n ta in in g  P and Q i s  a  A-system.

Remark 1 . ( a )  I f  P 6 © and P /  Q f  P , th e n  th e r e  i s  a 

u n iq u e  l i n e  (d e n o te d  PQ) w hich c o n ta in s  P and Q .

(b )  I f  P, Q € P , P ^ Q ,  th e n  t h e r e  i s  a t  most one l i n e  

c o n ta in in g  P and Q .



( ( a )  f o l lo w s  from  th e  s e m im o d u la r i ty  o f  L i f  Q € (9 , and from

(BCl) i f  Q € P\& . When P, Q € |p \(9  , (h )  fo l lo w s  from th e  u n iq u e 

n e s s  i n  lemma 3*3 • )

PROPOSITION U. 2.  L et SL € £  and jt £ 8 .

( a )  U |  >  2 .

(b)  f  < jt «  A c  rt «  I £ n Jt I > 2  .

( c )  I f  & jt , th e n  I £ n Jt I = 1 .

P r o o f . We p ro v e  (c )  f i r s t .  I f  £ fl jt fl (9 = 0 , th e n  ( c )  fo l lo w s

from 3*^ ■ I t  i s  t h e r e f o r e  s u f f i c i e n t  t o  show t h a t  i f  t h e r e  a re  d i s 

t i n c t  P,Q f  £ D jt ,  w i th  P € (9 , th e n  I  < jt . But i f  Q 6 p \ (9  

( i . e . ,  Q, i s  a  BC), t h i s  f o l lo w s  from ( 3 . 1 ) ;  w h i le  i f  Q € © , th e n  

P, Q, Z,n a r e  e le m e n ts  o f  L , and we have a -  P V Q < ,( . T h is  p ro v e s

( c ) .

Let  PC®,  P < J 0 .  S ince  t h e r e  i s  a p la n e  it 0  P ( t h e r e  e x i s t  Q £(9\{P) 

hy (BE), and it GS w i th  Q < j t / Q V P  b y ( L P P ) ) ,  ( c)  im p l ie s  ( a ) .  F i n a l l y ,  t 

to  p ro v e  ( h ) ,  we n o te  t h a t  l <  jt => f  £ jt i s  o b v ious ,  t h a t  f £ j t  => | ^ f l j t | > ?  

fo l lo w s  from ( a ) , and t h a t  | jOHTt | >£? jJ<jc fo l lo w s  from ( c ) .  □

PROPOSITION ^-.3. I f  Pj Qj R a r e  d i s t i n c t  p o i n t s  w i th  P € © and 

PQ 0 PR , th e n  t h e r e  i s  a  un ique  p la n e  (d e n o te d  PQR ) w hich c o n ta in s  

P, Q and R .

P r o o f . By U. 2 ( b ) ,  a  p la n e  jt c o n ta in s  P, Q, R i f f  PQ, PR < jt . 

S ince  P < PQ, PR , and  PQ /  PR , t h e r e  i s  e x a c t l y  one such p la n e  (by
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COROLLARY U. 4̂-. (a) I f  Z i s  a l in e  and Q € P \  4 , then there

i s  a unique plane (denoted Qj> ) which contains (Q) U Z •

(b ) I f  Z,m are d i s t in c t ,  in te r s e c t in g  l i n e s ,  then there i s  

a unique plane (denoted An ) which contains Z and m .

Proof. (a) Let P £ Z D © . A plane n contains {Q} U  ̂ i f f  

jt > A, PQ, (by 4 .2 ( b ) ) ,  and there i s  e x a c t ly  one such plane (by (L)).

(b) Let I  fl m = ( P} and Q 6 m \  (P) . (Q, e x i s t s  by 4 .2 (a ) .  )

Then, a plane contains Z and m i f f  i t  contains [Q} U t  (by 4 .2 ( b ) ) ,  

and there i s  ex a c t ly  one such plane by (a ) .  □

DEFINITION. The in te r se c t io n  o f  two d i s t in c t  p lanes i s  ca lled  a 

2 - l i n e .

PROPOSITION 4.5• The l in e s  are p r e c i s e ly  the 2 - l i n e s  which meet  0 .

Proof. I f  jt and jt  ̂ are d i s t in c t  p lan es, and there e x is t s  

P £ jt1 0 jt2 H O ,  then A :t i s  a l in e  Z by (LPP). I f  there

e x i s t s  Q € (jt1 n jt2 ) \ Z  , then {Q} U Z s  (by

4 .4 ( a ) ) ,  a contradiction . Thus, Z = Jt̂  0 jt0 .

On the other hand, i f  i  i s  a l in e ,  then by (LPP), there e x i s t  

d i s t in c t  p lanes jt^,jtp with Z = jt  ̂ A n , from which i t  fo llow s (as 

above) that Z = jt n jtp • □

PROPOSITION 4 .6 .  The number o f  p o i n t s  on any 2 - l i n e  i s  one more 

th a n  ( so  e q u a l  to  i f  i n f i n i t e )  th e  o r d e r  o f  S .
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Proof. Let m be a 2 - l in e .  I f  jt, jtf are d i s t in c t  p lanes with

m = jt 0 Jt' , and i f  there e x i s t s  P € (jt \m ) fl <3 , then by 1 .1 (a )  and

1 .2 ( b ) , ( c )  , the map Q -> PQ defines  a b is e c t io n  o f  the p o in ts  o f  m

and the l in e s  on P in jt . The number o f  p o in ts  on m i s  thus equal 

to  the number o f  p o in ts  on the l in e  jt o f  [P, 1] (which i s  the number 

we want). But there always e x i s t  such jt ,jt',P  . For, i f  m = jt  ̂ D :t2 > 

and jt  ̂ fl (9 c  m , then m i s  a l in e .  In th is  case, we may choose any

P 6 (9 \m  , and take it -  Pin (see 1 .1 ( a ) ) ,  and jt1 any other plane on

m ( and then m = jt fl jt' by 1.5 ) • □

PROPOSITION 1.7* I f  it^,it2,'jr3 are d i s t in c t  p lan es , then

| (x1 D jt2 ) \  it | = | (jt1 n it3 ) \ i t 2 | .

Proof. I f  j j t D  jt0 D jt | < 1 , t h i s  fo llow s  from 1 .6 ,  so assume

|jt-̂  n jtg n jt  ̂| > 2  .

I f  there e x i s t s  P 6 jt1 0 0 D jt  ̂ (or jt^) , then & := fl jt2

i s  a l in e  (1 .5 ) ,  so \ i  n jt̂  | > 2 => I  £ jt̂  ( 1 . 2 ( b ) ) => jt1 fl jt = i  .

( 1 .5 ) .  Thus, |(jt1 n jt2 ) \ j t 3 | = U ĵ  n n3 ) \ i t 2 | = 0 .

We may therefore assume the ex is ten ce  o f  P € jt  ̂ D © with  

P otpjjir̂  . Then for  i  = 2 ,3  , the map s_̂ : jt  ̂ H jt  ̂ -> (m: m i s  a

l in e  through P in  Jt )̂ , defined by s^(Q) = PQ , i s  a b is e c t io n  (by

1 .1 (a )  and 1 .2 (b ) ,  ( c ) ) .  In p a r t icu la r ,  s ^ s 2 induces a b is e c t io n  o f  

( * i  H Jt2 ) \ : t 3 and (jt1 0 jt^) \ j t 2 • □

COROLLARY 1 .8 .  I f  a r e  d i s t i n c t  p l a n e s  w i th

j tp  f l  jt2 s  jt3 , th e n  (jt^,jt2 ,j t3 ) i s  a A -system .
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COROLLARY k . 9 .  I f  I  and m a re  r e s p e c t i v e l y  a l i n e  and a 

2 - l i n e  c o n ta in e d  i n  a p la n e  ;t , th e n  I  fl m ^ f  .

P r o o f . L e t m = H jt0 c  n , and assume % 0 n . Then

0 f  & fl (by  k . 2 ( c ) )  = 1 0 n H ^ fl D rt0 (by U.8 i f

j r 0 j T2 ) = ! n m .  □

DEFINITION. A n e a r - l i n e  i s  a 2 - l i n e  (m) which s a t i s f i e s  th e  

f o l lo w in g  two e q u i v a l e n t  c o n d i t i o n s :

(N l)  Any p la n e  c o n ta in in g  a t  l e a s t  two p o i n t s  o f  m

c o n t a in s  m .

(N2) For  a l l  P € ( s \ m  , t h e r e  i s  a ( n e c e s s a r i l y

u n iq u e )  p la n e ,  Pm , which c o n ta in s  (P] U m .

(T hat (N l)  =» (N2) i s  im m ediate from ^4.3- C onverse ly ,  suppose m 

s a t i s f i e s  (N2), and l e t  n be a p la n e  c o n ta in in g  p o i n t s  Q, R o f  m .

L e t P € r t f 1 ( 9 .  I f  P € m , th e n  m i s  a l i n e  by and s a t i s f i e s

( N l ) b y ^ . 2 ( b ) .  I f  P £  m , th e n  b o th  jr and  th e  p la n e  o f  (N2) con- .

t a i n  P,Q,R , and  th e y  must t h e r e f o r e  be e q u a l  ( k . 3 ) . )

Remark ^4.10. E very  l i n e  i s  .a n e a r - l i n e  (by k .9 and ^ . 2 ( b ) ) .

Remark k . l l . I f  I  i s  a n e a r - l i n e ,  th e n  th e  s e t  o f  p l a n e s  m ee t

in g  I  a t  l e a s t  tw ic e  ( i . e . ,  c o n ta in in g  I  ) i s  a A-system w i th  k e r n e l

jI . (F o r  l e t  I  = fl jtQ , and suppose and a re  d i s t i n c t

p l a n e s  c o n t a in in g  I  . Then, i f  we assume n 0  n , we may app ly  k .8

( tw ic e )  t o  show 1 fl = rt, fl v = jr f| it, . )
v 1 2  1 3  3 1
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I n  p a r t i c u l a r ,

t h e r e  i s  a t  most one n e a r - l i n e  c o n ta in in g  a p a i r
(4 .1 2 )

o f  d i s t i n c t  p o i n t s  X and Y .

I f  t h i s  n e a r - l i n e  e x i s t s ,  we den o te  i t  XY .

PROPOSITION 4 .1 3 .  I f  m i s  a n e a r - l i n e  and n a p la n e ,  th en

e i t h e r  |m fl jt | = 1 o r  m S j t .

P ro o f . We j u s t  have t o  show m (1 jt 4 0 • Suppose P € n fl &

(and  P f. m ). Then by 4 .9 ,  0 ^ ( P m r i j r ) n m £ j t n m .  □

COROLLARY 4 .1 4 .  I f  m and  t  a re  r e s p e c t i v e l y  a n e a r - l i n e  and a

2 - l i n e  c o n ta in e d  i n  a p la n e  x , th e n  m fl t  0 0 .

P r o o f . Same a s  p r o o f  o f  4.9* □

PROPOSITION 4 .1 9 .  Let be d i s t i n c t  p la n e s  w i th

|x 1 fl ir2 fl 1 > 2 . Let X € (rt^ fl jt? ) \ i r ^  . Then

(a )  Each n e a r - l i n e  th ro u g h  X i n  m eets  ( ^  H it ) \ « 2 .

(b )  The number o f  n e a r - l i n e s  th ro u g h  X in  jt i s  a t  most 

I («2 n jt2 ) \ * 3 1 .

P r o o f . ( a )  L e t  m be a n e a r - l i n e  on X in  jt . By 4 .1 3 ,  m

c o n ta in s  a p o i n t  Y o f  jr, D it . I f  Y € n , th e n  m = it fl -a by
-*- 2) -4- (—

4 .1 1 .  But th e n ,  s in c e  c o n ta in s  a t  l e a s t  two p o i n t s  o f  m , (N l)

im p l ie s  it, D jtp = m £ n , c o n t r a r y  t o  assum ption .  Thus,
-L c . 3

y  € (Jt;L n j t ^ )  \ r t 2 .
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(b )  By ( a )  and t . 1 2 ,  d i s t i n c t  l i n e s  th ro u g h  X in  jt meet 

(jt^ fl :t ) \ r tg  in  d i s t i n c t  p o i n t s .  The number o f  such n e a r - l i n e s  i s  

th u s  a t  most ((jt^ fl « ) \ i t p |  > by ^ .7  i s  e q u a l  to

| (it1 n jr2 ) \ j r 3 | • □

PROPOSITION ^ .1 6 .  Let be d i s t i n c t  p l a n e s ,  and suppose

t h a t  f o r  some i  6 [ 1 ,2 ,3 ]  > t h e r e  e x i s t s  P € fl © w i th  ju ^ T(P)  . 

Assume

| ( it2_ ^ rt2  ̂ ^ Jt^ I < 05 —  ® i s  i n f i n i t e

< J n  + 2 -  f ( n )  i f  S h a s  f i n i t e  o r d e r  n .

Then, ( i t^ i tp ,  ir^} i s  a A -system .

P ro o f .  S ince  | (jr.. fl j t . ) \ j t ,  | : -  c i s  c o n s ta n t  f o r  [ i , j , k ]  =
1 3 k

[ 1 ,2 , 3 ]  (by 4 . 7 ) ,  we may assume t h a t  t h e r e  e x i s t s  P 6 jt^ fl© w ith  

«-!_ £ T(P)  .

Suppose f i r s t  t h a t  c > 2 . Let X, Y € (jt^ 0 it ) \ j t p  . I f  X,Y

a re  on a n e a r - l i n e  m , th e n  m = Pi (by 4 .1 1 ) .  But th e n  

|jtp fl m| > 2  im p l ie s  jt^ D jt = m c  (by  ( Nl ) ) ,  a c o n t r a d i c t i o n .

The n e a r - l i n e s  c o n ta in in g  X a re  th u s  d i s t i n c t  from th o s e  c o n ta in in g  

Y . Each Q 6 rt^ fl S i s  on l i n e s  ( n e a r - l i n e s )  QX and QY in  jt^ , 

and s in c e  th e s e  l i n e s  a re  n o t  e q u a l ,  th e y  m eet o n ly  i n  Q (by 4 . 1 ( a ) ) .

I t  fo l lo w s  t h a t  )tĉ  n ©| < xy < c2 , where x ( r e s p .  y )  i s  th e  number

o f  n e a r - l i n e s  on X ( r e s p .  Y) i n  jt^ . (Note x , y  < c by  4 .1 5 ( b ) .  )

On th e  o th e r  hand, a l l  b u t  a t  most | t ( p ) |  o f  th e  l i n e s  th ro u g h  P in

jt-ĵ  a r e  s e c a n t s  (by (BE)) .  So i n  th e  i n f i n i t e  c a s e ,  fl © must be

i n f i n i t e ,  w hich c o n t r a d i c t s  |jt PI ©| < c ; and  in  th e  f i n i t e  c a se ,  we
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p
have (n  + 1 -  f ( n ) )  + 1  < | jt-  ̂ fl © |  < c < n  + 2 -  f ( n )  , w hich i s  

a g a in  a c o n t r a d i c t i o n .

We a re  red u c e d  to  th e  case  c = 1 . L et X € D n ) • By

1 5 (h ) ,  t h e r e  can he  no n e a r - l i n e  o t h e r  th a n  PX on X in  . But

th e n  11 S e  HC , w hich s u r e l y  c o n t r a d i c t s  jt T(P) . □

5 .  Two Lemmas

DEFINITION. W € (P i s  c a l l e d  a n e a r - p o i n t  i f  f o r  each  Y € P \{ w }  , 

W and Y l i e  on a n e a r - l i n e .

N o t ic e  t h a t ,  by  !+ . l (a )  and ^ .1 0 ,

p o i n t s  o f  © a re  n e a r - p o i n t s .

(N e a r - p o in t s  a re  w eaker th a n  p o i n t s  o f  © 

i f  P i s  o n ly  assumed to  be a n e a r - p o i n t ,  

t y  i n  s e c t i o n  8 . )

DEFINITION. In  a p r o j e c t i v e  p la n e ,  jt , l e t  th e  6 - t u p l e  

(C,U, V,W,Z,Z1 ) s a t i s f y

C, U, V, W, Z, Z^ a re  d i s t i n c t  p o i n t s ,

C, Z, Z^ a re  on a l i n e  k ,

U, V, W a re  on a l i n e  I  , (5 -2 )

z, z 1 £ i  ,

V, W f. k  .

(6 . 1 )

i n  t h a t  ^ . 3  does n o t  h o ld  

We r e t u r n  to  t h i s  d i f f i c u l -
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F ig u re  1. D e sa rg u e s '  C o n f ig u ra t io n



2k

We say  t h a t  jt i s  D esa rg u es ian  w i th  r e s p e c t  to  ( C, U, V, W, Z, Z^) i f  

f o r  each  Y € WZ \  (W, Z} , Y /  CU , we have Ŷ  ̂ € WZ , w here Y± 

i s  d e f in e d  by :

X := UY D VZ ,

XI  := CX 0 VZX , ( 5 .3 )

Y± := UX1 D CY .

(See F ig u re  1. N o t ic e  t h a t  X, X^ and Y^ r e p r e s e n t  p o i n t s ,  n o t  s e t s .  

T h is  p a r t i c u l a r  n o t a t i o n a l  abuse w i l l  be common from now o n . )

DEFINITION. For P € 0 , we d en o te  by S /P  th e  in c id e n c e  s t r u c 

t u r e  whose p o i n t s  and l i n e s  a re  r e s p e c t i v e l y  th e  l i n e s  and p la n e s  o f  

S which c o n ta in  P , in c id e n c e  b e in g  in c l u s i o n .  s / P  i s  e a s i l y  seen  

to  be a p r o j e c t i v e  p la n e  w ith  o r d e r  e q u a l  to  th e  o rd e r  o f  S . ( In

f a c t  i t  i s  e s s e n t i a l l y  th e  same as th e  p r o j e c t i v e  p la n e  [P, 1 ] . )  E le 

ments o f  S /P  a re  d en o ted  by low er b a r s ,  u s in g  c a p i t a l  l e t t e r s  f o r  

p o i n t s  and low er case  l e t t e r s  f o r  l i n e s .  (We a l lo w  some a m b ig u ity :

X i s  u sed  b o th  f o r  a p o i n t  o f  s / P  and f o r  a l i n e  th ro u g h  P ( i n  S),

and s i m i l a r l y  f o r  _£ . The in t e n d e d  meaning sh o u ld  u s u a l l y  be c l e a r

from th e  c o n t e x t . )

L et th e  7 - t u p l e  (P, C,U, V,W, Z, Z-^ s a t i s f y  ( s e e  f i g u r e  2 ) :

( i )  P, C, U, V, W, Z, Z^ a r e  d i s t i n c t  p o i n t s  o f  S .

( i i )  P, C, U € © .

( i i i )  V i s  a n e a r - p o i n t .  (5-*+)

( i v )  C, Z ,  Z ^ l i e  on a l i n e  k  .
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F ig u re  2. C o n s t ru c t io n  f o r  Lemma 5 . 5
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(v )  U, V, W l i e  on a l i n e  g, .

( v i )  k  fl i  = 0 .
c o n t . )

( v i i )  P does n o t  l i e  on any o f  th e  p la n e s

UWZ , uwz1 , CZV , CZW .

( v i i i )  P, C, U a re  n o t  c o l l i n e a r .

( i x )  (CWZ,UWZ, IWZ) i s  a A-system.

(N o te : Both o f  th e  d e s ig n a t io n s  CZW and CWZ have been u sed  above,

a l th o u g h  th e y  r e p r e s e n t  th e  same p la n e .  S im i la r  abuses  w i l l ,  u n f o r 

tu n a t e l y ,  be common from now o n . ) D efine  p o i n t s  C = PC , U = FU,. . .

= and l i n e s  k = Pk , J, = Pg o f  s / P  . I t  i s  s t r a i g h t 

fo rw ard  t o  check t h a t  (C,U, V, W, Z, Z^) s a t i s f i e s  c o n d i t io n s  ( ' j . 2 ) .

(C ^ U by ( v i i i ) .  The second and t h i r d  c o n d i t io n s  o f  (5 -2 )  come from

( i v )  and (v )  r e s p e c t i v e l y .  The l a s t  two c o n d i t io n s  and th e  rem a in in g

i n e q u a l i t i e s  betw een th e  p o i n t s  a re  consequences  o f  ( v i i ) . )

LEMMA 5 -5 .  (W ith n o t a t i o n  as  above) S /P  i s  D esa rg u es ian  w i th  

r e s p e c t  t o  (C,U, V,W, Z, Z^) i f f  {CWZ^ UWZ. ,̂ PWZ^ i s  a A-system.

P ro o f . Let m = CWZ 0 UWZ ( e  WZ by ( i x ) ) .  I f  we a s s o c i a t e  w ith

each  Y € m th e  p o i n t  Y := PY o f  s/P , th e n  by U.9 we have a b i 

s e c t i o n  o f  m and (the l i n e )  WZ . Denote by Yq th e  p o i n t  o f  m

a s s o c i a t e d  w i th  th e  i n t e r s e c t i o n  p o i n t ,  Yq , o f  WZ and CU .

I f  f o r  each  Y € m we l e t  Y-̂  be th e  un ique  p o i n t  o f  CY f| UWẐ  ,

th e n  Y Y1  i s ,  a c c o rd in g  to  U .9, a b i s e c t i o n  o f  m and CWZ1 fl UWẐ  .

N o tic e  t h a t  W W and Z Z^ .
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We can o b ta in  th e  r e s t r i c t i o n  o f  t h i s  b i s e c t i o n  to  m \  {W, Z} in  

an o th e r  way: For Y € m \  {W, Z] , l e t  X be th e  i n t e r s e c t i o n  p o i n t

o f  th e  n e a r - l i n e s  UY and VZ (which meet by 7 .1 7 ,  s in c e  b o th  l i e

in  th e  p la n e  UWZ ). L e t X^ be th e  i n t e r s e c t i o n  o f  th e  n e a r - l i n e s  

CX and VZ^ (which l i e  in  th e  p la n e  CZV ). F i n a l l y ,  th e  l i n e s

UX^ and CY l i e  i n  th e  p la n e  CUY , so th e y  meet in  a p o i n t  which,

s in c e  i t  l i e s  on UX^ s  UWZ-̂  , can o n ly  be Y^ .

Now, s t a r t i n g  w i th  (C, U, V, W, Z, Z^) and Y := PY , Y f  Y^ , 

d e f in e  th e  p o i n t s  X , X^ and Y^ o f  s / P  a c c o rd in g  to  (5 . 3 ). Then 

we have

X = UY n VZ C u  Y n VZ : = X ;

X± = CX n YL C C X n VZX := Xp 5

Y± = UX1  n CY £ UXX n CY := Y± .

In  p a r t i c u l a r ,  Y-̂  f  , so t h a t  Y^ 6 W Z-̂  i s  e q u i v a l e n t  to

Y± € PWZ (by 7 . 2 ( b ) ) .  Thus

S/P  i s  D e sa rg u e s ia n  w i th  r e s p e c t  t o  (C,U, V , W , Z , )

«  V Y 6 WZ \  {W,Z,Y^ , Y € W Z±

«  V Y € m \  (W,Z,Yq } , Y± € PWZ_L

«  FWZ1 a (cwz1 n uwzx ) \  ((Y •

To com plete th e  p r o o f ,  i t  i s  now s u f f i c i e n t  t o  show

FWZj  ̂ 2  (CWZj  ̂ fl UWZ1 ) \  {(Y )p} «  {CWZ1 ,UWZ1 ,PWZ1 J i s  a A-system.

The l a t t e r  s ta te m e n t  t r i v i a l l y  im p l ie s  th e  fo rm er.  To p ro v e  th e  r e 

v e rs e  im p l i c a t i o n ,  n o t i c e  t h a t  U(Yq )^ and V(Yq )^ a re  d i s t i n c t  n e a r 

l i n e s  on (Y ),  i n  UWZ, ( s in c e  i f  U(Y ), = V(Y ), , th e n  (Y ) =' o 1  1  o 1  o 1  o 1

UV n CWZ-ĵ  = W , w hich i s  f a l s e ) .  Thus by 7 .1 5 ( b ) ,
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(Yq ) 1 £ (CWZ1 n UWZ1 ) \  PWZ-ĵ  i s  in c o m p a t ib le  w i th

((CWZ-j  ̂ (1 UWZ. )̂ \  PWZ | < 1 . In  p a r t i c u l a r ,  BWẐ  3

(CWZ1 fl UWZ1 ) \  f ( Y0 ) p )  im p l ie s  PWZ1 3  CWZ1 fl UWZ1 , w hich by ^ . 8

im p l ie s  t h a t  {CWZ^ UWZ ,̂ FWZ^} i s  a A-system. □

LEMMA 5 .6 .  L e t  (B.^ B2 , B)+, B , Bg, B̂  ;h )  s a t i s f y  ( se e  f i g u r e  3)

( a )  B^, . . .  , Bj a re  d i s t i n c t  p o i n t s  and h i s  a

s e c a n t ;

( b )  Br B2 € © ;

( c )  Each o f  th e  t r i p l e s  {B ,B^,Bg} , (B ^  E^,B^}

(B2 ,Bj^E^} , i s  c o l l i n e a r ;

(d )  B0 /: ( i . e . ,  th e  o n ly  c o l l i n e a r  t r i p l e s  c o n ta in e d

i n  (B1, B2 ,B ^,E \ - ,B^ ,B j ] a re  th o se  in  ( c ) ) ;

( e )  B3 f: B - jB ^  ;

( f )  B^ 6 h  , h  m eets  none o f  the  l i n e s  B^B^ , BpBf >

B2Bi(- ’  B2 ^ J  ’

(g )  At l e a s t  two p o i n t s  o f  h 0 6  do n o t  l i e  on th e

l i n e  B1B? ;

(h )  (B2B3Blj2 B1B3BI) ,B1)h} and ( b ^ B ^ B - j B  Bg, Bgh] a re

A -system s.

Then (B2 B3 B„, B-^B^B^, B^h) i s  a A-system i f f  { B ^ E ^ , ,  B -^ B ^  B^h) i s  

a  A-system.

P r o o f . I f  B3 6 (9 , th e  r e s u l t  fo l lo w s  from ^t-.ll. ( i n  t h i s  c a se ,  

b o th  t r i p l e s  a re  A -sy s te m s .) Suppose, th e n ,  t h a t  U, V f  B3 a re
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F ig u re  3- H ypotheses  f o r  Lemma 5 . 6
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d i s t i n c t  p o i n t s  o f  h  fl C9 n o t  l y i n g  on . S ince  |h 0 B  ̂| = 1

(by ( e ) , ( f ) ) ,  we may assume V B^B^B^ . Then, i t  i s  s t r a i g h t f o r w a r d

to  v e r i f y  t h a t  each  o f  th e  7 - t u p l e s  (B^, B^,!!, V, B^, B^, I}-) and

( B1 , B2 y V, y  ̂ s a t i s f i e s  tho  h y p o th e se s  (5 • ^ o b s e r v e  t h a t

i f  we d e f in e  b  = \ \ ,  %  = ,  Eg = B lB6  and ^  = B ^  ,  th e n

B  ̂ = Bg and jg_ = B_, . Thus, a double  a p p l i c a t i o n  o f  5 . 5  y i e l d s :

(B0B B , UB B = B h, B B Br } i s  a A-system
2  3 7 3 7 7 J- 3 7

»  S/B^ i s  D e sa rg u e s ia n  w i th  r e s p e c t  to

( b2 ^U, 1 , 63 , 4 , % )  = ( b2 ,U ,V, % ; % , % )

»  (B^^B-^UB^B-,, = % h ,  B.j%B ] i s  a A-system. □

6 . L ines  in  th e  I n f i n i t e  Case

Suppose and re a re  a f f i n e  p la n e s  on th e  same p o i n t  s e t ,  X .

We c a l l  a s u b s e t  o f  X a c o n s ta n t  l i n e  i f  i t  i s  a l i n e  o f  b o th  n

and jt_ , and a j r . - l i n e  i f  i t  i s  a l i n e  o f  i t . , b u t  n o t  o f  jr .2 _ i_____  1 3 -1

( i  = 1 , 2 ) .  S i m i l a r l y ,  f o r  i  = 1 ,2  , a p a r a l l e l  c l a s s  o f  jt^ i s  c a l l e d

a j t ^ - c l a s s  i f  i t  c o n ta in s  i t ^ - l i n e s ,  and a c o n s ta n t  c l a s s  o th e rw is e .

LEMMA 6 .1 .  Let n and be a f f i n e  p la n e s  on th e  same p o i n t

s e t ,  X . Let b be th e  number o f  jt-̂ - c l a s s e s  ( i n  jt ) ,  and suppose 

t h a t



31

b < 00 i f  i s  i n f i n i t e

< J n  + 1 j l f  n i s  o f  f i n i t e  o r d e r  n .

th e n  b = 0 ( i . e . ,  ^  = jt2 ).

P r o o f . For P, Q £ X , P /  Q, , l e t  (PQ,)^ d en o te  th e  l i n e  j o i n 

in g  P and Q, i n  ju ( i  = 1 ,2 ) .  Let bp be th e  number oif j t ^ - c l a s s e s  

( i n  j t ?  ) .

I f  P, Q, a re  d i s t i n c t  p o i n t s ,  th e n  (PQ)-^ i s  i n  a j t ^ - c l a s s  i f f  

(PQ)p i s  i n  a i t p - c l a s s .  (N o tice  t h i s  does n o t  p r e c lu d e  (PQ)^ = (PQ)0 . ) 

So i f  1 i s  a ( c o n s t a n t )  l i n e  o f  a c o n s ta n t  c l a s s ,  and P £ , th e n

b = |{Q £ I:  (PQ) 1 i s  i n  a jt - c l a s s )  |

= |{Q € I ;  (PQ)2 i s  i n  a jt? - c l a s s )  |

L e t and p,n be a j t ^ - l i n e  and a j t p - l in e  r e s p e c t i v e l y .  We

may suppose w i th o u t  l o s s  o f  g e n e r a l i t y  (because  b = b2 ) t h a t  t h e r e  i s

some P € j?2 \  . Then, th e  l i n e s  (PA)^ w i th  A £ fl l 0 a re

a l l  jr-^ -lines  ( s in c e  P, A a re  on th e  jt0 - l i n e  jI ) ,  and  a r e  a l l  d i s 

t i n c t  ( s in c e  any two such A a re  on th e  j t ^ - l i n e  I  , w hich does n o t  

c o n ta in  P ). M oreover, th e s e  l i n e s  a re  i n  d i s t i n c t  j t  ^ - c l a s s e s  (any  

two i n t e r s e c t ) ,  and n o t  i n  th e  j t ^ - c l a s s  c o n ta in in g  g . I t  fo l lo w s

t h a t  | fl  g | < b -  1 .

A gain , l e t  g^ be any j t ^ - l i n e ,  and l e t  Y € g . Any p o i n t  o f  

g-̂  \  {Y} i s  j o i n e d  t o  Y by a j t p - l in e ,  which m eets g i n  a t  most 

b -  2 p o i n t s  o t h e r  th a n  Y . S ince  th e  number o f  j t p - l i n e s  on Y i s  

a t  most b , we have

J .  Yaqub has  p o i n t e d  ou t  t h a t  in  th e  f i n i t e  case  t h i s  i s  due to  Bruck [8 ].
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M]_l £  -*- + -  2 ) < »  i f  jt i s  i n f i n i t e

< n i f  jt h as  f i n i t e  o r d e r  n .

In  e i t h e r  c a se ,  t h i s  i s  a c o n t r a d i c t i o n ,  and we conclude  t h a t  j t ^ - l i n e s  

(and  i t ^ - l i n e s )  do n o t  e x i s t .  □

Lemma 6 .1  can sometimes he u se d  t o  p ro v e  th e  e q u a l i t y  o f  p r o j e c 

t i v e  p la n e s  o f  a ty p e  w hich  we now d e s c r ib e .

Let jt € <5 , and  P 6 <9 \  jt . I f  f o r  each  l i n e  I  and p la n e  i t ' 

on P , we map

th e n  by U .2 ( b ) , ( c )  , a  i s  an isom orphism  o f  s/P  and th e  p r o j e c t i v e
p

p la n e  - c a l l e d  jt -  whose p o i n t s  a re  the  p o i n t s  o f  jt , and whose 

l i n e s  a re  th e  2 - l i n e s  j t ' fl jt w i th  P 6 i t 1 € S .
0

I f  I  i s  a l i n e  o f  a p r o j e c t i v e  p la n e  it , th e n  3t d en o te s  th e  

a f f i n e  p la n e  o b ta in e d  from jt by d e l e t i n g  I  and a l l  o f  i t s  p o i n t s .  .

LEMMA 6 .2 .  Suppose f  € £ , 1 c fl ^  , and E,H £ © \  jt .

Suppose, m oreover, t h a t  f o r  a l l  b u t  a t  most b p o i n t s  W o f  I  we 

have

ewz n it = hwz n jt v  z € « \  Cw) , ( 6 . 3 )

where
b  < »  i f  S i s  i n f i n i t e

< *fn  + 1  i f  S has  f i n i t e  o rd e r  n

-  E HThen, jt = jt
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E Z h  IP r o o f . By lemma 6 . 1 ,  t h e  a f f i n e  p l a n e s  (jt ) a n d  (jt ) a r e  

e q u a l ,  s i n c e  e a c h  W 6 Z  w h ic h  s a t i s f i e s  ( 6 . 3 ) c o r r e s p o n d s  t o  a  c o n 

s t a n t  c l a s s  o f  . C hoose  Y 6 jt \  I  s u c h  t h a t  Y jc jt 1

V  jt ' € T (E )  . (S u c h  a  Y s u r e l y  e x i s t s  b y  (B E ).  ) F o r  a n y

Z 6 jc \  Z  \  CY) , we h a v e  EYZ fl (n \  Z )  = HYZ fl (jt \  z )  =»

| (EYZ n jt) \  HYZ| <  1 . So EYZ f .  T ( e )  i m p l i e s ,  b y  k . l 6 ,  t h a t  

EYZ H it = HYZ fl jt . I t  f o l l o w s  t h a t  EYW fl jt = HYW fl jt a l s o  h o l d s

f o r  a l l  W € I  . F i n a l l y ,  f o r  W € i  a n d  X € it \  I  , l e t  m be th e
i  h  a

( a f f i n e )  l i n e  o f  (jt ) = (jt ) w hich c o n ta in s  X and i s  p a r a l l e l

o r  e q u a l  t o  th e  l i n e  (EWY fl j t ) \  CW] = (HWY 0 jt) \  {¥} . Then,

EWXnjT = ml l {W}  = H WX n j r .  □

COROLLAPY 6 .h .  L e t Z be a l i n e  and suppose t h a t  a t  most b 

p o i n t s  o f  Z a re  n o t  n e a r - p o i n t s ,  where

b  <  00 i f  S i s  i n f i n i t e

< */n + 1  i f  S h as  f i n i t e  o rd e r  n . .

T h en ,  a l l  p o i n t s  o f  Z a r e  n e a r - p o i n t s .

P r o o f . Let W 6 1 , Y 6 P \  Z , and jt = Y£ . I f  E € & \  jt ,

t h e n  EWY 0 jt s a t i s f i e s  (N2). So g iv e n  W € Z , t h e r e  i s ,  f o r  each

Y 6 P \  Z , a n e a r - l i n e  c o n ta in in g  W and Y . S ince  Z, i s  a n e a r 

l i n e  ( t . 5 ) c o n ta in in g  W and any Y S Z \  (W) , W i s  a n e a r - p o i n t .

□



For th e  rem a in d er  o f  s e c t i o n  6,  S i s  assumed to  be i n f i n i t e .

Let a be a l i n e  ( o f  S ) and W a p o i n t  o f  I  , W fc. © . I . - t  

E,H € © , E, H jz i  , H E J l  , and suppose EW and HW a re  s e c a n t s .

S e t

M = {it € E,H f. n 2 1} •

For jt € M , a  p o i n t  X o f  jt \  {W] i s  c a l l e d  good i f  EWX fl jt =

HWX n Jt , and bad  o th e rw is e .

F ix  Q € I  fl © , and f o r  each  jt € M , l e t  m(jt) be th e  l i n e

jt fl QEH . (N o tic e  Q, € m(it) ^  i  . )  D efine

*
M = (jt € M: m(jt) c o n ta in s  i n f i n i t e l y  many good p o i n t s )  ,
**

M = (it £ M: m(jt) c o n ta in s  o n ly  f i n i t e l y  many bad  p o i n t s ) .
.)(-%■ .)f

C le a r ly ,  M s  M (see  b . 6 ) .

LEMMA 6 . 5 . With n o t a t i o n  as above, assume 
. . .  *
( 1 ) M i s  i n f i n i t e ,

. . . .  * *  . ,
( i x )  M i  f  .

■X*
Then i f  jt € M , jt c o n t a in s  no bad  p o i n t s .

P r o o f . Observe f i r s t  t h a t  i f  jt £ M , X,Y £ it \  (W) , and

Y € EWX , th e n  X i s  good i f f  Y i s  good. I t  fo l lo w s  (from  I*-.9 )

t h a t  t o  p ro v e  6 . 5  we need  o n ly  p rove

i f  jt € M , th e n  m(jt) c o n ta in s  no bad  p o i n t s .  (*)

We f i r s t  show t h a t

** * i f  it c M , jt £ M , and X i s  a good p o i n t  o f

m(ji), th e n  b o th  EX fl m (jr ')  and HX fl m (jr ')  a r e  good (**) 

p o i n t s .
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We may assume X ^  Q, , X ^  EH , and j t  f  j t  1 , s in c e  o th e rw is e  (**) i s  

t r i v i a l .  For each  Y € m(jt) , l e t  Y' = EY fl m (j t ')  . Then Y ♦♦ Y' 

i s  a b i s e c t i o n  o f  m(jt) and m (j t ')  (by 1+.9, b . l ,  14 .2(b)).  Choose

Y £ m(jt) s a t i s f y i n g

Y i  Q,X ,

Y EH ,

Y i s  good,

Y' i s  good.

(Such a Y e x i s t s :  o f  th e  i n f i n i t e l y  many Y € m(jt) f o r  w hich Y'

i s  good, t h r e e  a r e  r u l e d  o u t  by th e  f i r s t  two c o n d i t io n s ,  and s in c e  

it € M , o n ly  f i n i t e l y  many a re  r u l e d  ou t  by th e  t h i r d .  ) I t  i s  th e n  

s t r a i g h t f o r w a r d  to  v e r i f y  t h a t  (Q ,E,W ,X,X', Y, Y';HW) s a t i s f i e s  th e  

h y p o th e se s  o f  lemma 5 . 6 , and t h a t  (EWY',QWY' = jt',HWY'} i s  a A-system. 

( E . g . ,  ( a )  HW s e c a n t  was assumed; (g) HW fl QE = jZS because  E EH ;

(h )  X,Y a r e  assumed t o  be g o o d .)  Thus, lemma lj . 6  im p l ie s  t h a t  

{EWX', j t  ' ,HWX') i s  a A-system, i . e , ,  X' = EX fl m (j t ')  i s  good. That 

HX fl m (jr ')  i s  good i s ,  o f  c o u rse ,  shown in  th e  same way. So we have 

( * * ) .

Wow, f i x  tc € M and l e t  j t ' be any p la n e  o f  M . By (**)

(and a g a in  k . 9 ,  U . l ,  14. 2 ( b ) ) ,  th e  bad  p o i n t s  o f  m(jt1 ) a re  c o n ta in e d

i n  th e  s e t  (EX D m ( j t ' ) :  X i s  a bad p o i n t  o f  m(jt)} . I t  fo l lo w s
* ** 

t h a t  M i s  c o n ta in e d  in ,  hence  e q u a l  t o ,  M . Thus (a g a in  u s in g

( * * ) ) :
■¥: -X-X-

I f  j t , j t '  € M (= M ) , and i f  X i s  a bad  p o i n t  o f
(#-**)

m(jr) , th e n  EX fl m(jt1) and HX fl m(jt' ) a r e  a l s o  bad.



Suppose t h a t  f o r  some jt € M , t h e r e  i s  a had  p o i n t ,  X , on

m(jt) , and l e t  k  (< <») he th e  number o f  had  p o i n t s  on m(n) . Let
& .

jt = . • • , 11:^ he d i s t i n c t  p l a n e s  o f  M . (T h is  i s  p o s s i b l e  by

( i ). ) For i  = 0 ,1 ,  . . . ,  k , d e f in e  X^ = EX fl m(jt^) , and

X.' = HX. D m(jt) . By (***) ,  we have X had  => X. had => X! had,1 1 J  \ 1 x

i  = 0 , 1 , . . . , k  . S ince  X had  im p l ie s  X ^  Q , we have X = XQ,X ^ , . . .

a re  d i s t i n c t  p o i n t s  o f  EX . Suppose t h a t  f o r  some i  ^ j  ,

X! = X'. . Then HX. = HX! = HX'. = HX. i s  a l i n e  c o n ta in in g  X. and 1 J  x x j j

X. , and  must t h e r e f o r e  be e q u a l  t o  EX (by U . l ( b ) ) .  But t h i s  im p l ie s  
J

X € EH , w hich i s  im p o ss ib le  i f  X i s  bad. Thus, Xq, Xl^, . . . , mus t

he k+1  d i s t i n c t  had  p o i n t s  o f  m(jt) , a c o n t r a d i c t i o n  w hich com plete

th e  p r o o f  o f  (*) and o f  th e  lemma. □

L et I  he a l i n e ,  P € f  fl 0 , and E, H d i s t i n c t  p o i n t s  o f  © 

s a t i s f y i n g

EH n I  = 0 , ( 6 . 6 )

I  tt V jt 6 T(P) (J T(E) U T(H) . ( 6 .7 )

L e t P f  Q € I  D © . A l l  o f  th e s e  o b je c t s  w i l l  he f i x e d  u n t i l  th e  end

o f  lemma 6 . 1 7 .

Suppose W € I  \  © s a t i s f i e s

W ^  jt V jt e T(E) U T(H) . ( 6 . 8 )

We rem ark t h a t  beca u se  o f  ( 6 . 7 ) and (EE)

o n ly  f i n i t e l y  many W € a f a i l  t o  s a t i s f y  ( 6 . 8 ). ( 6 .9 )

L et E /  F C EW fl © , H ^ G € H W n © , a n d  A = EH fl FG . (N o tice  

t h a t  W © im p l ie s  W ^ P, Q, F, G . )
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LEMMA 6 .1 0 .  (With n o t a t i o n  as  above ;)  For a l l  b u t  f i n i t e l y  many 

Z € QA , (EWZ, HWZ,PAW} i s  a A-system.

P ro o f . L et Z 6 QA s a t i s f y

2  /  A, Q ,

Z PEG , ( 6 .1 1 )

PZ i s  a s e c a n t .

Then, (G,E,Z,A,H,F,W jPZ) i s  e a s i l y  ( t e d i o u s l y )  seen  t o  s a t i s f y  con

d i t i o n s  ( a ) - ( g )  o f  lemma 5 -6 .  (E .G .,  ( e )  Z )£ GEA , s in c e  o th e rw is e  

Z,A € GEA =» Q € GEA , and th e n  W € GEA =» i  c  GEA => EH fl I  1 J  ;

(g )  PZ fl GE = 0 fo l lo w s  from Z . ) In  f a c t ,  (h )  a l s o  h o ld s :

ZA (= QA) and ZF b e in g  l i n e s  ( s in c e  Q,F € © ), i t  fo l lo w s  from

t - . l l  t h a t  {EZA,GZA, PZA) and {EZF,GZF, PZF] a r e  A-systems. M oreover,

{EZH, GZH, PZH) i s  a A-system (ZH i s  a l i n e ) .  Thus 5- 6 im p l ie s  t h a t

{EWZ,GWZ = HWZ,FWZ = PAW} i s  a A-system w henever Z s a t i s f i e s  ( 6 .1 1 ) .  

But s in c e  |PEG 0 QA| = 1 , and PAW /: T(P) , t h e r e  a r e  a t  most f i n i t e l y  

many Z € QA f o r  w hich (6 .1 1 )  does n o t  h o ld .  □

COROLLARY 6 .1 2 .  I f  W 6 I  s a t i s f i e s  (6 . 8 ) and

th e  number o f  p la n e s  on a w hich c o n ta in  i n f i n i t e l y
(6 .1 3 )

many l i n e s  th ro u g h  W i s  i n f i n i t e ,  

th e n ,  f o r  any p la n e  it such t h a t  

E,H fc it 3  A ,
(6 . lA)

it c o n ta in s  i n f i n i t e l y  many l i n e s  th ro u g h  W ,

(EWZ,HWZ,jr] i s  a A-system V Z £ n \  {W} .



P r o o f . For W € (9 , t h i s  f o l lo w s  from k . l ( a ) ,  U.10 and t . l l .

For W & , we o b ta in  th e  p r e s e n t  r e s u l t  as  a s p e c i a l  case  o f
-X-

lemma 6 . 5 : Any p la n e  w hich s a t i s f i e s  c o n d i t io n s  ( 6 . i t )  i s  i n  M , 

so t h a t  ( 6 . 1 3 ) g iv e s  c o n d i t io n  ( i )  o f  6 .5 -  And s in c e  W s a t i s f i e s
•X-X-

( 6 . 8 ),  lemma ( 6 .1 0 )  im p l ie s  M f  0 , w hich i s  c o n d i t io n  6.'J>(i i ) .
•X-X-

(N o t ic e  t h a t ,  w i th  A as in  6 .1 0 ,  QA = m(PAW) and PAW € M . )  So
•X-

i f  n s a t i s f i e s  ( 6 . i t )  ( i . e . ,  n £ M ), th e n  a l l  p o i n t s  o f  jt \  (W) 

a r e  good, w hich i s  th e  d e s i r e d  r e s u l t .  □

R em ark  6 .1 3 ) . I f  j t  i s  a  p l a n e  c o n t a i n i n g  I  , t h e n  t h e r e  i s  a t

m o s t  one  p o i n t  o f  I  w h ic h  d o e s  n o t  l i e  on  i n f i n i t e l y  many l i n e s  

i n  j t  .

P r o o f . Suppose X, Y a re  d i s t i n c t  p o i n t s  o f  9. , each  l y i n g  on

o n ly  f i n i t e l y  many l i n e s  in  j t  . I f  x and y a re  th e  numbers o f

l i n e s  o f  jt o t h e r  th a n  I  on X and Y r e s p e c t i v e l y ,  th e n

|  ( j t  \  S,) fl © | < xy  < co . Thus t h e r e  a re  i n f i n i t e l y  many ta n g e n ts  on

P i n  j t  , a c o n t r a d i c t i o n  s in c e  by ( 6 . 7 ) ,  i t  f c  T(P) .  □

We n o te  t h a t ,  i n  view o f  6 .1 5 ,

th e r e  i s  a t  most one W € A w hich f a i l s  to  s a t i s f y
( 6 . 16)

(6 .1 3 ) .

LEMMA 6 . 1 7 . I f  n i s  any p la n e  w i th  E, H it 2 1 , th en
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P r o o f . By 6 .1 2 ,  i f  W € I  s a t i s f i e s  ( 6 . 8 ) and ( 6 . 1 3 ) ,  and i f  W 

i s  on i n f i n i t e l y  many l i n e s  i n  « , th e n  EWZ 0 k = HWZ H jt

V Z £ jt \  (W) . But a c c o rd in g  to  ( 6 . 9 ) ,  ( 6 .1 6 ) ,  and 6 .1 9 ,  t h i s  i s

t r u e  o f  a l l  b u t  f i n i t e l y  many W € H . 6 .17 now fo l lo w s  from lemma 6 .2 .

□

We now a l lo w  P, Q, E, H and I  t o  vary .

COROLLARY 6 .1 8 .  Lf jt i s  a p l a n e ,  P 6 jt D (9 , jt ft T(P) , and 

i f  E,H € © , ft n , th e n  jtE = jtH .

P r o o f . F i r s t  suppose P ft EH . S in ce  o n ly  f i n i t e l y  many o f  th e  

l i n e s  on P i n  jt a r e  on p la n e s  o f  T(P) U T(E) U T(h) , t h e r e  i s

some l i n e  jI s a t i s f y i n g  P £ t  e  it , t  fl EH = 0 , and I  ft jt '

V jt ' 6 T(P) U T(E) U T(h) . The r e s u l t  th e n  fo l lo w s  from 6 . 1 7 .

Wow, suppose P € EH . By (BE) ( a p p l i e d  to  P ) ,  we may choose 

F £ © , F ^ j t U E H .  Then, th e  p r e c e d in g  argument g iv e s  nE = nE = jtE .

□

COROLLARY 6 .1 9 .  L et P,W, Y be d i s t i n c t  p o i n t s  w i th  P € © ,

V ft FW , and PWY ft T(P) . Then W and Y a re  on a n e a r - l i n e .

P r o o f . L e t  E € © , ^  PWY . Then by 6 .1 8 ,  EWY D PWY s a t i s f i e s  

(N2 ).  □

COROLLARY 6 .2 0 .  I f  W £ P , and th e r e  i s  some P € © such t h a t  

VI ft n V rt £ T(P) , th e n  W i s  a n e a r - p o i n t .
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Proof. I f  Y FW , then W, Y are on a n e a r -lin e  by 6 .19 . I f  

Y € PW \  {W} , then W, Y are on the n e a r -lin e  PW . □

COROLLARY 6 .2 1 .  A l l  p o i n t s  a re  n e a r - p o i n t s .  (Any two p o i n t s  l i e  

on a n e a r - l i n e . )

P ro o f . Given W € ip , choose P, Q € © w i th  W ^  PQ and Q fc. jt

V  n 6 T(P) . (Choose P f i r s t  and use  (B E ) .)  Then, any it € T(P)

c o n ta in s  j u s t  one p o i n t  o f  QW . Thus, a l l  b u t  f i n i t e l y  many p o i n t s  

o f  QW a re  n e a r - p o i n t s  (by 6 .2 0 ) .  So a l l  p o i n t s  o f  QW (and  W in  

p a r t i c u l a r )  a re  n e a r - p o i n t s  (by S . h ) .  □

7 . L ines in  th e  F i n i t e  Case

In  t h i s  s e c t i o n ,  we assume t h a t  S has  f i n i t e  o r d e r  n . U n t i l

we re a c h  c o r o l l a r y  7 - 16 , we w i l l  assume t h a t  n i s  a t  l e a s t  A , in

o r d e r  to  have enough e lem en ts  to  work w i th .  As w i l l  be shown, 7*16 

i s  o b ta in e d  q u i t e  e a s i l y  when n = 2 , 3  , w i th o u t  th e  a i d  o f  any o f  th e  

e a r l i e r  r e s u l t s  o f  t h i s  s e c t i o n .

As i n  th e  d i s c u s s i o n  p r e c e d in g  lemma 6 . 5 , l e t  I  be a  l i n e  ,

W € I  , W ^ © . Assume t h a t  E, H € © , E , H ^ £ ,  H E£ , and t h a t

EW and HW a re  s e c a n t s .  Assume f u r t h e r  t h a t  t h e r e  e x i s t s  P 6 I  fl © 

w i th  A ^  jt V rt € T(P) . Set

M = (jt € S:  E,H fc it 3 A) ,

and f o r  jt € M , l e t  a  p o i n t  X o f  n \  (Wj be c a l l e d  good i f



EWX 0 jt = HWX n j t  ,  and bad  o th e rw is e .  Let Q € Z fl & ,  and f o r  each  

jr £ M , l e t  m(jt) = jt fl QEH .

LEMMA 7 . 1 .  (W ith n o t a t i o n  as  above) L e t t  be a n o n n e g a t iv e  

i n t e g e r ,  and suppose

th e r e  i s  some it € M f o r  which th e  number o f  bad
°  ( 7 .2 )

p o i n t s  on m(jtQ) i s  a t  most t  .

( a )  Suppose M c o n ta in s  a t  l e a s t  t  + 1 p la n e s  it ( one o f  w hich  

may be jt ) f o r  w hich

th e  number o f  good p o i n t s  on m(jt) \  ( Q] i s  a t
(7- 3)

l e a s t  t  + 2 .

Then i f  it € M s a t i s f i e s  ( j  . 3 ), j t  c o n ta in s  no bad  p o i n t s .

(b )  I f  t  = 0 , th e n  no j t  € M c o n ta in s  any bad p o i n t s .

P r o o f . The p r o o f  o f  ( a )  i s  th e  same as th e  p r o o f  o f  lemma 6 . 5  .

P ro o f  o f  ( b ) :  We may assume t h a t  W i s  n o t  a n e a r - p o i n t ,  s in c e

o th e rw is e  th e  r e s u l t  fo l lo w s  from ^ .1 1 .  We f i r s t  remark t h a t  i f  « 

i s  any p la n e  c o n ta in in g  I  , th e n  j t  c o n ta in s  a t  l e a s t  two l i n e s  on

W o t h e r  th a n  I  . F o r  i f  ( j t \ i . ) r i & c k  f o r  some l i n e  k on W ,

th e n  j t  T(P) im p l ie s  t h a t  t h e r e  a re  a t  l e a s t  n -  f ( n )  p o i n t s  o f  

© on k  , so t h a t  (by (5 - 1 ) )  a t  most f ( n )  + 1 < *Jn + 1 p o i n t s  o f

k a r e  n o t  n e a r - p o i n t s .  But th e n  by 6 . A, a l l  p o i n t s  o f  k ( i n c l u d in g

W ) a re  n e a r - p o i n t s ,  c o n t r a r y  to  assum ption . S ince  f o r  any jc € M , 

each  l i n e  o f  jt on W m eets  m(jt) in  a good p o i n t ,  (b) now fo l lo w s  

from ( a ) .  □
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COROLLARY 7 -7 .  Under th e  h y p o th e se s  o f  7 . 1 ( a ) ,  no ^ € M c o n ta in s  

any bad  p o i n t s .

P ro o f . 7*1 ( a )  g u a ra n te e s  th e  e x i s t e n c e  o f  a x which s a t i s f i e s

(7 . 2 ) w i th  t  = 0 , so th e  r e s u l t  fo l lo w s  from 7 - 1 (b)* D

As in  th e  d i s c u s s io n  p r e c e d in g  lemma 6 .1 0 ,  l e t  I  be a l i n e ,

P H  fl S , and E,H d i s t i n c t  p o i n t s  o f  © s a t i s f y i n g  ( 6 . 6 ) and (6 . 7 ). 

Let P /  Q € I  fl © . A l l  o f  th e s e  e lem en ts  w i l l  be f i x e d  u n t i l  th e  end 

o f  lemma 7 • 13 •

Suppose W € I  \  <9 s a t i s f i e s  (6 . 8 ). (N o tic e  t h a t  ( 6 . 7 ) and (BE) 

im ply  t h a t

a t  most 2 f ( n )  W 6 .? f a i l  t o  s a t i s f y  ( 6 . 8 ) . )  (7 *5 )

L et E /  F € ffl O S  , H -/ G € HW 0 S , and d e f in e  A = EH fl FG ,

A' = EG fl PH .

LEMMA 7*6. W ith n o t a t i o n  as  above, f o r  a l l  b u t  a t  most f ( n )

Z € QA , (EWZ,HWZ,PAW] i s  a A -system .

P ro o f . Let Zq = QA fl PEG , and suppose t h a t  PZq i s  a s e c a n t .  

(N o tice  t h a t  Z 4  Q,A . )  Each o f  th e  system s (G ,E,Zo ,A,H,F,W;PZq ) 

and (H ,F ,Zo ,A,G,E,W;PZo ) i s  e a s i l y  seen  t o  s a t i s f y  a l l  o f  th e  hypo

th e s e s  o f  5*6, w i th  th e  p o s s i b l e  e x c e p t io n  o f  ( g ) .  (T h is  i s  as  in

lemma 6 .1 0 .  Z s a t i s f i e s  ( 6 .1 1 )  e x c e p t  f o r  th e  c o n d i t io n  Z £ PEG , o o

w hich in  6 . 1 0  was u sed  t o  o b ta in  5 . 6 ( g ) . )



Suppose f i r s t  t h a t  5 . 6 (g )  i s  s a t i s f i e d  by ( a t  l e a s t )  one o f  th e se

system s. Then (EWZo,GWZo ,PAW} i s  shown t o  be a A-system as  in  th e

p r o o f  o f  6 .1 0 .  (N o tic e  t h a t  EWZ = FWZ and GWZ = HWZ . )  7*6 now v 0 0  0 0

f o l lo w s :  The p r o o f  o f  lemma 6 .1 0  shows t h a t  (EWZ,HWZ,PAW] i s  a

A-system whenever Z € QA s a t i s f i e s  c o n d i t io n s  ( 6 . 1 1 ) .  But th e  same 

r e s u l t  h o ld s  t r i v i a l l y  when Z = A , and by h . l l  when Z = Q ; and as 

i n d i c a t e d  above, i t  a l s o  h o ld s  when Z € PEG , p ro v id e d  PZ i s  a s e 

c a n t .  Thus, th e  o n ly  p o i n t s  Z o f  QA f o r  w hich (EWZ,HWZ,PAW) may 

f a i l  t o  be a A-system a re  th o s e  f o r  w hich PZ i s  a  t a n g e n t .  T h is  

g iv e s  7 . 6 .

Now suppose t h a t  n e i t h e r  system  s a t i s f i e s  5 . 6 (g ) .  T hat (g) f a i l s  

f o r  th e  system  (G ,E,Z , A,H,F,W;PZq ) im p l ie s  t h a t  th e  o n ly  two p o i n t s

o f  PZQ D © a re  P and PZQ fl GE . S i m i l a r l y ,  s in c e  (g )  f a i l s  f o r

th e  second  system , PZq and HE must i n t e r s e c t  in  th e  o n ly  p o i n t  o f  

PZq fl © o t h e r  th a n  P . S ince  t h i s  p o i n t  l i e s  on GE and HF , i t

must be A' , and i n  p a r t i c u l a r  we have A' € © and PA'W = PAW (see

f i g u r e  U).

S ince  n > ^ , we may choose in  PA'W a s e c a n t  m on P w ith  

m ^ £,PA,PA' (u s in g  (BE)). Then, whenever Z € m \ { p ]  and 

Z 7/  m f| EHW , th e  system  (G ,F ,Z ,A ',H ,E ,W ;PZ ) s a t i s f i e s  th e  h y p o th e se s  

o f  lemma 5*6. (The advan tage  o f  h av in g  A' € © i s  t h a t  ZA' i s  a u to 

m a t i c a l l y  a l i n e ,  w hereas  p r e v io u s l y  we needed  Z 6 QA t o  f o r c e  ZA 

t o  be a  l i n e . ) A gain , as  i n  th e  p r o o f  o f  6 .1 0 ,

(FWZ = EWZ,HWZ,PA'W = PAW) i s  a A-system. Of c o u rs e ,  t h i s  i s  a l s o  t r u e  

i f  Z = p o r  Z = m fl EHW ( t r i v i a l l y  i n  th e  l a t t e r  c a s e ) .  But as



F ig u re  k .  Case I n v o lv in g  A' i n  th e  P ro o f  o f  Lemma 7 . 6
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o b se rv e d  e a r l i e r  ( s e e  th e  f i r s t  p a r a g ra p h  o f  th e  p r o o f  o f  6 . 5 ) ,  

(EWZ,HWZ,PAW) i s  a A-system f o r  each  Z € m  i f f  {EWZ,HWZ,PAW} i s  

a A-system f o r  each  Z € PAW \  [W] .

T h is  com ple tes  t h e  p r o o f  o f  7 - 6  . □

COROLLARY 7-7* With n o t a t i o n  as  i n  lemma 7 - 6 ,  i f  f ( n )  = 1 th e n  

(EWZ,HWZ,PAW] i s  a A-system V Z € PAW \  fw} .

P r o o f . By 7 - 6 ,  th e r e  i s  a t  most one (= f ( n )  ) Z € QA f o r  which

(EWZ, HWZ,PAW] i s  n o t  a A-system. I f  such  a Z ( s a y  Z ) e x i s t s ,

th e n  by k . 9 ,  we have f o r  X € PAW \  {W} :

X € EWZq o  X £  EWZ V Z 6 QA \  (z )

«  X £ HWZ V Z € QA \  (Zq )

«  X € HWZ .o

T h a t  i s ,  EWZq fl PAW = HWZq 0 PAW . T h is  com ple tes  th e  p r o o f .  □

The n e x t  two c o r o l l a r i e s  a r e  d e r iv e d  from 7 - ^ ,  7*6 and 7 - 1 ( b ) ,  7 . 7

r e s p e c t i v e l y  i n  th e  same way as 6 .1 2  was d e r iv e d  from 6 . 5 , 6 .1 0 .

COROLLARY 7 -8 .  L et f ( n )  > 2 . I f  W 6 I  s a t i s f i e s  ( 6 .8 )  and

th e  number o f  p la n e s  on I  w hich c o n ta in  a t  l e a s t

f ( n )  + 2 l i n e s  ^ I  th ro u g h  W i s  a t  l e a s t  (7 -9 )

f ( n )  + 1 ,

th e n  f o r  any p la n e  n w i th  E,H j£ jr a  I  , (EWZ,HWZ,it} i s  a A-system 

V Z € jt \  (W) .
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COROLLARY 7 -1 0 .  L e t f ( n )  r, 1 . i f  w G I  s a t i s f i e s  ( 6 . 8 ), 

th e n  f o r  any p la n e  n w i th  E, H jt 2  I  , {EWZ, HWZ, it] i s  a A-system

V Z b \ t W }  .

Remark 7 • H * Let f ( n )  > 2 . I f  « i s  a p la n e  c o n ta in in g  p, ,

th e n  th e r e  i s  a t  most one p o i n t  o f  P which l i e s  on l e s s  th a n  f ( n )  + 2

l i n e s  o th e r  th a n  J, i n  k .

P ro o f . S ince  P l i e s  on a t  l e a s t  n -  f ( n )  s e c a n t s  o th e r  th a n  

9, in  jt , t h e r e  i s  a t  most one W P, f o r  which th e  number o f  l i n e s  

^  ^ on W in  jt i s  < ^ n  - f ( n )  (see  p r o o f  o f  6 . l b )  . But

J n  -  f ( n )  > f ( n )  + 1 «  n -  f ( n )  > ( f ( n ) ) ^  + 2 f ( n )  + 1

«  ( f ( n ) ) ' “ + 3 f ( n )  + 1 < n .

S ince  the  l a s t  i n e q u a l i t y  i s  always t r u e  i f  f ( n )  > 2 , t h i s  p ro v e s

7 -1 1  . n

From 7 .1 1 ,  i t  fo l lo w s  t h a t

th e r e  i s  a t  most one W € I  which f a i l s  to  s a t i s f y  7 .  9. (7 .1 2 )

(h e re  we a re  u s in g  ( l )  th e  number o f  p la n e s  on i  i s  n-t-1 , and 

( 2 )  f ( n )  < | ( n  + 1 )  . )

LEMMA 7 • 13 • I f  « i s  any p la n e  w i th  E ,  H «  2  I , th en  ;tE -  jtH .

P r o o f . F i r s t  l e t  f ( n )  > 2 .  By 7 - 8 , we have EWZ fl jt = HWZ fin V Z 6 jt \(W }, 

p r o v id e d  W € p s a t i s f i e s  ( 6 . 8 ) and ( 7 - 9 ) .  By (7-5  ) and (7 . 1 2 ) ,  t h i s  h o ld s  f o r  

a l l  b u t  a t  most 2 f ( n )  + 1 <^/x1 + 1 W f  Jt, and th e  r e s u l t  fo l lo w s  from 6 .2 .



^7

I f  f ( n )  -- 1 , th en  by (.1.0,  W 6 I  need on ly  s a t i s f y  ( 6 .8 )  to  

in s u r e  t h a t  EWZ f] n = HWZ D it V Z € * \  (W) . By 7 . 5 , t h e r e  a re  a t  

m ost 2 < , /n  + 1 W € f  w hich f a i l  (6.8), and a g a in  we may a p p ly  6 .2 .  Q

We now a l lo w  P, Q, E, H and I  to  vary .

COROLLARY 7 . 1 ,+ . I f  * i s  a p l a n e , P f i t  0 6  , it f  T(p) , and 

i f  E,H € & , f  n , th e n  jtE = nH .

P r o o f . Same as 6 .1 8 .  We make use o f  th e  f a c t  t h a t  3 f ( n )  + 1 < 

n + 1 , and i n  p a r t i c u l a r  the  assum ption  n > T . □

COROLLARY 7 • 17 • Let P, W, Y be d i s t i n c t  p o i n t s  w ith  P £ (9,

Y fi PW, and FWY f  T (P ) .  Then W, Y a re  on a n e a r - l i n e .

P ro o f .  Same as  6 .19-

We now drop th e  assum ption  n > 9 .

COROLLARY 7 • 16. I f  W € P and th e r e  i s  some P 6 0 such  t h a t

VI f  it V tc € T(P) , th e n  W i s  a n e a r - p o i n t .

P r o o f . Same as 6 .2 0  i f  n > 9 . I f  n = 2 o r  3 , th en  PW a 

s e c a n t  im p l ie s  t h a t  t h e r e  a re  a t  most two p o i n t s  on PW w hich a re  n o t  

n e a r - p o i n t s .  The r e s u l t  th e n  fo l lo w s  from 6 .9 .  □

COROLLARY 7•17• All points are near-points. (Any two points lie 
on a near-line.)
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P ro o f . Same as  6 .2 1 ,  u s in g  th e  f a c t  t h a t  f ( n )  < ^/n  + 1 . □

8 . P lanes

In  t h i s  s e c t i o n ,  we p l a c e  no r e s t r i c t i o n  on th e  o rd e r  o f  S .

For any two p o i n t s  X, Y , we may now w r i t e  XY f o r  th e  n e a r - l i n e  

c o n ta in in g  X and Y

Remark 8 . 1 . I f  u i s  a p la n e  and P, Q 6 (9 , jt , th e n  

P Q ,jt = it . (The l i n e s  o f  t h i s  p r o j e c t i v e  p la n e  a re  the  n e a r - l i n e s  

c o n ta in e d  in  Jt . )

LEMMA 8 .2 .  Let P £ (9 , and suppose t h a t  i n  S /P  th e  6 - t u p l e  

s a t i s f i e s  ( 7 . 2 ) .  I f  each  o f  ( th e  l i n e s )  C, U i s  a 

s e c a n t ,  th e n  S/P i s  D e sa rg u e s ia n  w i th  r e s p e c t  t o  (C,U,V,W, Z, Z^) .

P r o o f . T h is  w i l l  fo l lo w  from lemma 5*5 i f  we can f i n d  C, U, V, 

W, Z, Z^ 6 IP such t h a t  C = PC, . . . ,  Z^ = PZ.  ̂ , and 

(P,C, U, V, W,Z, Z^) s a t i s f i e s  c o n d i t i o n s  ( i ) , ( i i )  and ( i v ) - ( v i i i )  o f  

( 5 . 4 ) .  (C o n d it io n s  ( i i i )  and ( i x )  and th e  f a c t  t h a t  {CWZ^,UWZ^,PWZ^} 

i s  a A-system a re  g u a ra n te e d  by 6 .2 1 ,  7 * 1 7 - )  To do t h i s ,  choose

C e (C n ©) \  (P) , and U 6 (U n &) \  {P} . L et A be a l i n e  on U

i n  U V w i th  P,C fc I  , and l e t  V = V n A , W = W f l l .  L et k be

a  l i n e  on C i n  CZ w i th  P ^ k ,  k  0 1 = f) , and l e t  Z = Z fl k , 

Zx = Zx fl k  . Then c o n d i t io n s  ( 5 . k ) ( i ) ,  ( i i ) ,  ( i v ) - ( v i )  and ( v i i i )  a re



o b v io u s ,  and c o n d i t io n  ( v i i )  fo l lo w s  from th e  l a s t  two c o n d i t io n s  o f  

5 .2  ( a p p l i e d  to  (C, U, V,W, Z, 2^) ).  □

LEMMA 8.3* S /P  i s  D esa rg u es ian  f o r  a l l  P £ © .

P r o o f . I f  th e  o rd e r  o f  S i s  2 ( a c t u a l l y  i f  i t ' s  < 8 ), 

t h e r e  i s  n o th in g  to  p ro v e ,  so assume t h a t  th e  o rd e r  o f  S i s  a t  l e a s t  

3 . By 8 . 1 ,  i t  i s  s u f f i c i e n t  t o  p ro v e  t h a t  s / P  i s  D esa rgues ian  f o r  

some P € © . (For i f  s / P  i s  D esarguesian,,  and Q € © \  (P) , th en  

we can choose a p la n e  n n o t  c o n ta in in g  P,Q , and we have 

S /P  as jrF = -  S/Q . )

F ix  P, Q £ © w i th  P /  it V ir € T(q ) . We show t h a t  s / P  i s

D e sa rg u e s ia n  by showing t h a t  i t  i s  D esa rg u es ian  w i th  r e s p e c t  to

( C,U, V,W, Z, Z^) whenever t h i s  6 - t u p l e  s a t i s f i e s  c o n d i t io n s  ( b .2 ) .

Given such a 6 - t u p l e ,  we f i r s t  show t h a t  we can choose p o i n t s  

C € C \  {P} , U 6 U \ ( P )  and a p la n e  jc such t h a t  C,U /  i t '

V i t ' 6 T (q) , U /  QC , C,U G it , and P, Q /  x . N o tic e  t h a t  by ou r  .

c h o ice  o f  P and Q, , any ix' € T(q) m eets  each l i n e  th ro u g h  P in

j u s t  one p o i n t  ( t h i s  p o i n t  b e in g  Q i f  th e  l i n e  i n  q u e s t io n  i s  

PQ ). I t  fo l lo w s  t h a t  t h e r e  e x i s t  p o i n t s  C ^ , € C \  {P} and 

Up,Up € U \  {P] w hich  do n o t  l i e  on any p la n e  o f  T(Q) . ( i n  th e  

f i n i t e  c a se ,  t h e  assum ption  n > 3 im p l ie s  n - f ( n )  > 2 . ) At l e a s t

two o f  th e  n e a r - l i n e s  C,U, , C,U0 , C0U , C0U0 ( say  C.U. and C.U. )
- I X  - L- c .  c~ X d  d  I l i

do n o t  c o n ta in  Q . I t  i s  p o s s i b l e  t o  f i n d  some R 6 © \  PCU which 

does n o t  l i e  on a t  l e a s t  one o f  ( s in c e  o th e rw ise
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(9 £ PCU U (Q cy p  D Qc j uk ) v i o l a t e s  (BE) a p p l i e d  to  P ). Say R /  Q0iUi  • 

Then C = , U = IL and n = RCU have th e  d e s i r e d  p r o p e r t i e s .

W ith C, U, i t  as  above, s e t  V = V H j t  , W = W H jt , Z = Z fl i t

and Z1 = fl n . Then

S /P  i s  D e sa rg u e s ia n  w i th  r e s p e c t  to  (C,U, V,W, Z, Z )

P Q»  Jt = j t  i s  D e sa rg u e s ia n  w i th  r e s p e c t  t o  (C, IT, V, W, Z, Z^)

»  S/Q i s  D e sa rg u e s ia n  w i th  r e s p e c t  t o  (QC,QU, QV,QW,QZ,QZ^) .

But th e  l a s t  s ta t e m e n t  i s ,  b ecau se  o f  ou r  ch o ice  o f  C and U , a 

consequence o f  8 .2  . T h is  com ple tes  th e  p r o o f  o f  th e  lemma. □

DEFINITION. A p o i n t  A w i l l  be c a l l e d  p l a n a r  i f  whenever the  

5 - t u p l e  (A, B, C,D,E) s a t i s f i e s

A, B, C, D, E a re  d i s t i n c t  p o i n t s ,

C € AB ,
( 8 .M

E € AD ,

AB /  AD ,

t h e  l i n e s  BD and CE i n t e r s e c t .

Remark 8 . 5 . A l l  p o i n t s  o f  (9 a r e  p l a n a r .

I f  A, B, C € P do n o t  l i e  on a n e a r - l i n e ,  th e n  th e y  a re  c o n ta in e d  

in  a t  most one p l a n e ,  s in c e  th e  i n t e r s e c t i o n  o f  two d i s t i n c t  p l a n e s



c o n ta in in g  A and B i s  AB . I t  w i l l  be c o n v e n ie n t  to  l e t  ABC 

d en o te  t h i s  common p la n e  when i t  e x i s t s ,  and th e  empty s e t  when th e re  

i s  no p la n e  c o n ta in in g  A, B and C .

LEMMA 8 . 6 . I f  U f  P , and i f  f o r  some X € (9 (X f  U) , the

l i n e  XU c o n ta in s  some p l a n a r  p o i n t  Y f  X , th e n  U i s  p l a n a r .

P ro o f . Of c o u rse ,  we may assume Y 0 U . Suppose (U, V,W,X^,Y^) 

s a t i s f i e s  ( 8 .7 ) .  We must show t h a t  VX  ̂ D WŶ  /  0 . We may assume 

t h a t

th e  o n ly  c o p la n a r  t r i p l e s  from {U, V,W,X,, Y ,)
1 1 ( 8 . 7)

a re  {U,V,W} and (U,X1 ,Y1 ) , 

s in c e  o th e rw is e ,  th e  whole c o n f i g u r a t i o n  i s  e a s i l y  seen  t o  l i e  in  a 

p la n e ,  and the  r e s u l t  fo l lo w s  from 7 .1 7 .  At t h i s  p o i n t ,  th e  r e a d e r  

may f i n d  i t  h e l p f u l  to  r e f e r  t o  f i g u r e

Let Z = XV fl YW and C -  XX-̂  D YY-̂  . (XV,YW £ XUV , and

XX^,YY-^ £ XUX-ĵ  , so Z and C e x i s t .  ) By th e  p l a n a r i t y  o f  X and 

Y r e s p e c t i v e l y ,  t h e r e  e x i s t  p o i n t s  Z^ = ZC fl VX  ̂ and Zg = ZC fl WŶ  . 

N o tic e  a t  t h i s  p o i n t  t h a t  i f  S h as  o r d e r  2 , th e n  Z^,Zg € ZC \  (Z,C} 

i n p l i e s  Z^ = Zg € VX  ̂ fl WY-̂  (by 7 . 6 ) ,  w hich i s  th e  d e s i r e d  c o n c lu s io n .  

For th e  rem a inder  o f  th e  p r o o f ,  we assume t h a t  th e  o r d e r  o f  S i s  a t  

l e a s t  3 •

Suppose t h e r e  e x i s t s  P € © such  t h a t  P f. XUV U XIU^ U XVX1 U YWY1 

( R e c a l l  t h a t  YWY-̂  := 0 i f  y , W, Y^ do n o t  l i e  on a  p la n e .  ) N o tice  

t h a t  a c c o rd in g  t o  ( 8 . 7 ),  th e  p la n e s  FUV, FUXgg PVX̂  ̂ and PWY-̂  a re
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F ig u re  5 . C o n s t ru c t io n  f o r  Lemma 8 .6
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d i s t i n c t .  Now i f  i n  s / P  we s e t  U = FU , V = PV , e t c . , th e n  in  

view o f  lemma 8 . 3 , th e  l i n e s  ZC , mus't be co n cu r

r e n t .  But t h i s  im p l ie s

pz1 = zc n vx^ = z c n w y = pz2 .

I f  Z± 0 Z2 , th e n  P 6 Z-jZ = ZC £ X W ± , c o n t r a r y  t o  assum ption .

We conclude  t h a t  Z^ = Zg i s  th e  d e s i r e d  i n t e r s e c t i o n  p o i n t  o f  VX 

and WŶ  .

Thus VX-̂  H WŶ  = 0 f o r c e s

& c  XUV U XUXX U XVX1  U YWYX ; ( 8 . 8 )

and by in t e r c h a n g i n g  V and  X^ w i th  W and Y^ r e s p e c t i v e l y  and

r e p e a t in g  th e  above argum ent, we see  t h a t  th e  n o n i n t e r s e c t i o n  o f  VX̂  

and WŶ  im p l ie s

© c  XUV U XUX1  U XWYX U YVXX . ( 8 . 9 )

Assume VX1 fl WY-̂  = 0 . Then th e  com bination  o f  ( 8 . 8 ) and ( 8 . 9 )

y i e l d s

© <= xuv u xux1 u (xvx^^ n xwy1 ) u (yvx1 n ywy )

u (xvxx n yvxl = vxL) u (xwy1 n ywy1 = wy1) .

O bserv ing  t h a t  © f l  VX1 = © P WY1 = 0 (by 8 . 7 ), t h a t  XVX± (1 XW^ = XZg ,

and t h a t  YVX  ̂P YWY-̂  = YZ-̂  o r  0  (depend ing  on w hether  a t  l e a s t  one

o f  YVX^, YWŶ  i s  em pty), we f i n d  t h a t

© <= XUV u xuxx U xz2 U YZ . ( 8 . 1 0 )

In  p a r t i c u l a r ,  J  = T(X) U [XUV,XUX-^,XYZ^) i s  a s e t  o f  p la n e s  whose



union  c o n ta in s  a l l  l i n e s  th ro u g h  X e x c e p t  p o s s i b l y  XZ^ , and f u r t h e r 

more,

| j |  < op i f  S i s  i n f i n i t e

< f ( n )  + 3  i f  S has  f i n i t e  o r d e r  n .

In  th e  i n f i n i t e  c a s e ,  t h i s  i s  c l e a r l y  im p o s s ib le .  For t h e  f i n i t e  case ,  

l e t  N = | ( ( t , x ) :  X 6 i  e  ji f  J ] |  . N o ting  t h a t  some l i n e  on X

must l i e  i n  more th a n  one it 6 J  , we have ( f ( n )  + 3 ) ( n  + l )  > N >

n + n =* f ( n ) > n - 3 ^ a  c o n t r a d i c t i o n  i f  n i s  a t  l e a s t  t  .

When n = 3 , g e t  a s i m i l a r  c o n t r a d i c t i o n  w ith  a l i t t l e  more work: 

F i r s t ,  o b se rv e  t h a t  XZ^ i s  a t a n g e n t  ( s in c e  XZ^ fl 0 e  (XZ^ fl XUV) U 

(XZ1 n XUX1 ) u (XZX n XZ2 ) U (XZX n YZ.^ = {X,Z1 ) , and Z f. (9 by 

( 8 . 7 ) ) .  Let UZ^ \  (U, Zg) = {A,B} . The l i n e s  XA , XB a re  t a n g e n ts  

by (8 .1 0 )  ( s in c e  XUZ„ D XUV == XUZn D XUX, -  XUZn fl XYZ, -  XU ).
c l  _L  r _  - L

But th en  each o f  th e  t h r e e  n o n c o p la n a r  l i n e s  XZ^, XA, XB l i e s  on a

p la n e  o f  T(x) , w hich i s  im p o s s ib le  s in c e  |T(X ) | < f (3 )  = 1 •

We conc lude  t h a t  VX  ̂ fl WŶ  f  ft , which p ro v e s  th e  lemma. □

COROLLARY 8 .1 1 .  A l l  p o i n t s  a re  p l a n a r .

P ro o f . Give W € P , choose P, Q € (9 w i th  WT PQ and Q fi n

V jt € T(P) . Then QW c o n ta in s  some p o i n t  Z f  Q w hich does n o t  

l i e  on any jt 6 T (p) . S ince  PZ c o n ta in s  a  p o i n t  o f  (9 o th e r  than  

P , Z i s  p l a n a r  by 8 .6  . But th e n  a  second  a p p l i c a t i o n  o f  8 .6  shows 

t h a t ,  s in c e  QW c o n ta in s  th e  p l a n a r  p o i n t  Z ^ Q , W m ust be  p l a n a r .
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I t  i s  w e l l  known ( s e e  p A ] ,  pp. 27 -28 )  t h a t  an in c id e n c e  s t r u c t u r e  

(%,R) w i th  |&| >  2 e i t h e r  i s  a p r o j e c t i v e  p la n e  o r  i s  iso m o rp h ic  

t o  th e  p o i n t - l i n e  in c id e n c e  s t r u c t u r e  o f  a  p r o j e c t i v e  geom etry  o v er  

some s k e w f ie ld  K , p ro v id e d  i t  s a t i s f i e s  th e  fo l lo w in g  t h r e e  ax iom s:

Any two d i s t i n c t  X,Y € % a re  on e x a c t ly
( 8 . 1 2 )

one I  € R. .

| ^ |  > 3  f o r  each I  € £ . ( 8 . 1 3 )

I f  a , b , c, d, e a re  d i s t i n c t  e lem en ts  

o f  R , no t h r e e  c o n ta in in g  a common X € X  ,
(8.D0

i f  a  m eets  b , and i f  each  o f  a ,b  meets 

each  o f  c , d  , th e n  c m eets d .

L et 7K be th e  s e t  o f  n e a r - l i n e s  o f  S . We have a l r e a d y  seen

t h a t  (P,5?|) s a t i s f i e s  ( 8 .1 2  ) - ( 8 . 14) ( see  6 .2 1  and 7 . 17 , 4 .6 ,  and 8 . 1 1 ).

We may t h e r e f o r e  t a k e  P  and 7I\ t o  be th e  p o in t  and l i n e  s e t s  o f  a

p r o j e c t i v e  geom etry  S o f  d im ension  a t  l e a s t  two. I f  j t  €  S ,

th e n  jt c o n t a in s  any n e a r - l i n e  which i t  meets i n  a t  l e a s t  two p o i n t s ,

and any two n e a r - l i n e s  in  jt i n t e r s e c t  ()+.  lA ) ,  so j r  i s  a p la n e  o f  
* /

S .  Then P jt and th e  f a c t  t h a t  jt m eets ev e ry  n e a r - l i n e  ( s e e

i \  *4 .1 3 )  im p l ie s  t h a t  t h e  d im ension  o f  S i s  3 .

S ince  th e  n e a r - l i n e s  and p la n e s  o f  S which meet (9 a re  p r e c i s e l y

th e  l i n e s  o f  X and th e  p la n e s  o f  $ (by 4 .5  and 4 .3  r e s p e c t i v e l y ) ,  

i t  fo l lo w s  t h a t  ou r  o r i g i n a l  l a t t i c e  L i s  th e  l a t t i c e  L((9) d e f in e d

by th e  s u b s e t  (9 o f  th e  p o i n t  s e t  o f  S

T h is  com ple te s  th e  p r o o f  o f  Theorem 4.
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COROLLARIES AND EXAMPLES

9. C o r o l l a r i e s  f o r  C i r c l e - p l a n e s

In  t h i s  s e c t i o n ,  we d e f in e  t h r e e  ty p e s  o f  " c i r c l e - p l a n e s "  -  i n -  

v e r s i v e ,  L aguerre  and Minkowski p la n e s  - and g iv e  c a n o n ic a l  c o n s t r u c 

t i o n s .  We th e n  show how each  c i r c l e  p la n e  d may be embedded in  an 

L P P - l a t t i c e  L(TT) . Any c i r c l e  p la n e  h a s  an a f f i n e  p la n e  n a t u r a l l y  

a s s o c i a t e d  w i th  each  o f  i t s  p o i n t s .  These a f f i n e  p l a n e s ,  w hich may 

be seen  a s  th e  e s s e n t i a l  l i n k  betw een th e  d i f f e r e n t  ty p e s  o f  c i r c l e -  

p l a n e s ,  a r e  p o in t e d  o u t  i n  c o n n e c t io n  w i th  th e  l a t t i c e s  L(Tf) . S ince 

th e  l a t t i c e s  L(TT) a l l  s a t i s f y  (BE) , i t  i s  a s im ple  m a t t e r  to  o b ta in  

theorem  3 and g e n e r a l i z a t i o n s  o f  theorem s 1 and 2 a s  c o r o l l a r i e s  o f  

theorem  t  . A l l  o f  t h i s  i s  q u i t e  s t r a i g h t f o r w a r d ,  and i s  in c lu d e d  

h e r e  m a in ly  b e c a u se ,  as  m en tio n ed  i n  th e  i n t r o d u c t i o n ,  th e  c i r c l e  

p l a n e s  p ro v id e d  th e  i n i t i a l  m o t iv a t io n  f o r  th e  p r e s e n t  s tu d y .

Throughout t h i s  s e c t i o n ,  IT w i l l  den o te  an in c id e n c e  s t r u c t u r e  

(&,C) , and th e  b lo c k s  o f  TI w i l l  be c a l l e d  c i r c l e s . The l e t t e r s  

x  and y a re  r e s e r v e d  f o r  c i r c l e s .  C i r c l e s  x and y a re  ta n g e n t  

a t  th e  p o i n t  P i f  x D y = (P) . I f  x ,  y a re  d i s t i n c t  c i r c l e s  

w i th  |x D y |  > 2 , th e n  x fl y i s  c a l l e d  a t r a i l . The l e t t e r s  s 

and t  a r e  r e s e r v e d  f o r  t r a i l s .  I f  P,Q € (9 , and e i t h e r  P = Q , 

o r  no c i r c l e  c o n ta in s  b o th  P and Q, , th e n  P i s  p a r a l l e l  t o  Q

56
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( w r i t t e n  P || Q, ). T r a i l s  s and t  a r e  p a r a l l e l  ( w r i t t e n  s || t  )

i f  each S € s i s  p a r a l l e l  to  some T E t  and v ic e  v e r s a .  (The

n o t i o n  o f  a t r a i l  i s  u s e f u l  in  th e  d i s c u s s io n  o f  in v e r s i v e  and L aguerre  

p l a n e s ,  w h i le  p a r a l l e l i s m  o f  p o i n t s  o c c u rs  i n  L aguerre  and Minkowski 

p l a n e s . )

IT (a s  above) i s  c a l l e d  an i n v e r s i v e  p la n e  i f  i t  s a t i s f i e s :

(1 1 )  Any t h r e e  p o i n t s  a re  on a t  l e a s t  one c i r c l e .  I f  x , y , z  € Gl

and | x n y f l z | > 2 ,  th e n  x n y ^ y f l z  = z f T x .

(1 2 )  I f  P and Q a r e  p o i n t s ,  and x a c i r c l e  c o n ta in in g

P b u t  n o t  Q, , th e n  th e r e  i s  a un ique  c i r c l e  w hich c o n ta in s

Q and i s  ta n g e n t  to  x a t  P .

(13) C i r c l e s  a r e  nonempty. There e x i s t  f o u r  p o i n t s  which do 

n o t  l i e  on a common c i r c l e .

An in v e r s i v e  p la n e  TT i s  an i n v e r s i v e  p la n e  i n  th e  narrow  sense  

i f  each  t r a i l  c o n t a in s  e x a c t l y  two p o i n t s .  ( E q u iv a le n t ly ,  TT s a t i s -  

‘f i e s  ( 1 2 ) ,  ( 1 3 ) and

( i l ' )  Any t h r e e  d i s t i n c t  p o i n t s  a re  on e x a c t l y  one c i r c l e .

These d e f i n i t i o n s  a r e  e a s i l y  seen  to  be e q u i v a l e n t  t o  th e  d e f i n i t i o n  

o f  i n v e r s i v e  p la n e  g iv e n  in  s e c t i o n  1. For e x a n p le ,  i f  we assume 

( I I '  ) ,  (1 2 ) ,  ( 1 3 ) , l e t  P € and d e f in e  Tip as  i n  s e c t i o n  1,

th e n  ( a )  I f  Q ^  R a re  p o i n t s  d i s t i n c t  from P , and x th e  un ique



c i r c l e  c o n t a in in g  P, Q, R , th en  in  Tf , x i s  th e  un ique  l i n e  

c o n ta in in g  Q and R ; (h )  i f  x i s a  c i r c l e  th ro u g h  P , and Q

a p o i n t  n o t  on x , th e n  i n  Tf } th e  c i r c l e  g iv e n  by ( 1 2 ) i s  th e

un ique  l i n e  th ro u g h  Q p a r a l l e l  t o  x ; ( c )  th e  e x i s t e n c e  o f  a

t r i a n g l e  in  Tf i s  g u a ra n te e d  by (1 3 ) .  )

For Tf an in v e r s i v e  p la n e ,  we mahe a few e le m e n ta ry  o b s e r v a t io n s  

I f  P and Q a re  d i s t i n c t  p o i n t s ,  t h e r e  i s  a un ique  t r a i l ,  d en o ted

(PQ) , which c o n ta in s  P and Q; any c i r c l e  c o n ta in in g  P and Q 

c o n ta in s  (PQ) • I f  t  i s  a t r a i l  and P € © \  t  , th e n  t h e r e  i s  a 

u n ique  c i r c l e  c o n t a in in g  P and t  ; o r  p u t  a n o t h e r  way, i f  s and 

t  a re  d i s t i n c t ,  i n t e r s e c t i n g  t r a i l s ,  th e n  t h e r e  i s  a un ique  c i r c l e  

c o n ta in in g  s and t  . For each P € (9 , tangency  ( a t  P ) d e f in e s

an. e q u iv a le n c e  r e l a t i o n  on th e  c i r c l e s  th ro u g h  P . (For i f  x ,  y, z 

a re  d i s t i n c t  c i r c l e s  w i th  x fl y  = x fl z = (p} , and i f  p / Q R y f l z

th e n  y  and z a re  d i s t i n c t  c i r c l e s  c o n ta in in g  Q and t a n g e n t  to

x a t  P , w hich v i o l a t e s  ( 1 2 ) . )  The e q u iv a le n c e  c l a s s e s  un d er  t h i s  

r e l a t i o n  a re  c a l l e d  p e n c i l s  ( a t  P ). I f  t  i s  a t r a i l ,  P € t  ,

and p a p e n c i l  a t  P , th en  th e r e  i s  a un ique  x G (3 w i th  t  e  x .

Much o f  th e  above d i s c u s s io n  o f  i n v e r s i v e  p la n e s  i s  drawn from 

[ 3 ] ,  to  w hich th e  r e a d e r  i s  r e f e r r e d  f o r  f u r t h e r  d e t a i l s .

Tf i s  c a l l e d  a L aguerre  p la n e  i f  i t  s a t i s f i e s :

(L l)  a )  Any two d i s t i n c t ,  n o n - p a r a l l e l  p o i n t s  P, Q a re

on a u n iq u e  t ’ a i l  (d e n o te d  (PQ) ).



b) I f  P , Q, R a r e  d i s t i n c t  p o i n t s  w i th  Q jj P ]j R ,

and i f  t h e r e  i s  no c i r c l e  c o n t a in in g  P, Q and  R , th e n

(PQ) II (PR) •

(L2) I f  P and  Q a re  n o n - p a r a l l e l  p o i n t s ,  and x a c i r c l e  

c o n ta in in g  P b u t  n o t  Q , th e n  t h e r e  i s  a  un ique  c i r c l e  which 

c o n ta in s  Q, and i s  t a n g e n t  t o  x a t  P .

(L3) I f  P € (9 , x € C  , and  P ^ x , th e n  th e r e  i s  a un ique

Q € x w i th  P || Q, .

(L^) There e x i s t s  a c i r c l e  x and a p o i n t  P w i th  |x | > 3 

and P fc x .

A L aguerre  p la n e  IT i s  c a l l e d  a L aguerre  p la n e  i n  th e  narrow  

sense  i f  each t r a i l  c o n t a in s  e x a c t ly  two p o i n t s .  ( E q u iv a le n t ly ,  IT 

s a t i s f i e s  (L2), (L 3),  (L t )  and

(L l)  Any t h r e e  p a i r w i s e  n o n - p a r a l l e l  p o i n t s  a re  on a 

un ique  c i r c l e . )

Let If be a L ag u e rre  p la n e .  We n o te  some e le m e n ta ry  p r o p e r t i e s  

P a r a l l e l i s m  o f  p o i n t s  i s  an e q u iv a le n c e  r e l a t i o n  whose e q u iv a le n c e  

c l a s s e s  a r e  c a l l e d  g e n e r a t o r s . For P € (9 , i s  th e  g e n e r a to r

c o n ta in in g  P . E very  c i r c l e  m eets  e v e ry  g e n e r a to r  i n  a  un ique  p o in t  

S im i l a r l y ,  p a r a l l e l i s m  o f  t r a i l s  i s  an e q u iv a le n c e  r e l a t i o n .  The 

e q u iv a le n c e  c l a s s  c o n t a in in g  th e  t r a i l  t  i s  d en o ted  g .



60

A lso :  I f  P and Q a re  d i s t i n c t  p o i n t s ,  and x a c i r c l e  con

t a i n i n g  P and Q (=* P Jj Q ), th e n  (PQ) q x  . I f  P, Q, R a re

p a i r w i s e  n o n - p a r a l l e l  p o i n t s  w i th  (PQ) jj (PR) , th e n  th e r e  i s  a 

un ique  c i r c l e  c o n ta in in g  P, Q and R ( i . e . ,  c o n ta in in g  (PQ) (J (PR) )•

I f  s and t  a re  n o n - p a r a l l e l  t r a i l s ,  th e n  th e r e  i s  a t  most one

g e n e r a to r  w hich m eets  b o th  s and t  . (P ro o f :  l e t  s = (PQ,) ,

t  = (PqQq) w i th  P || P1 J| Q || • Then (L l )b )  im p l ie s

(PQ) || (P-^Q) || (PpQp) • ) For each  P 6 © , ta n g en cy  ( a t  p) d e f in e s  

an e q u iv a le n c e  r e l a t i o n  on th e  c i r c l e s  th ro u g h  P . The e q u iv a le n c e  

c l a s s e s  a re  c a l l e d  p e n c i l s  ( a t  P ). I f  t  i s  a  t r a i l ,  P € t  , and

(3 a p e n c i l  a t  P , th e n  th e r e  i s  a un ique  x t  p w i th  t  e  x .

Much o f  th e  above d i s c u s s io n  and a  g r e a t  d e a l  o f  a d d i t i o n a l  

in fo rm a t io n  on L ague rre  p la n e s ,  may be found in  [6 J.

F i n a l l y ,  Tf i s  c a l l e d  a Minkowski p la n e  i f  t h e r e  e x i s t  two 

e q u iv a le n c e  r e l a t i o n s ,  || and || , on © such t h a t

(Ml) I f  P || Q th e n  e i t h e r  P || Q o r  P || Q, .

(M2) I f  P, Q € (9 , th e n  t h e r e  i s  a un ique p o i n t  R f o r  w hich

P ||+ R ||_ Q, -

(M3) I f  P € © , x € <3 , th en  t h e r e  e x i s t  un ique  p o i n t s

Q,R 6 x  w i th  Q ||+ P ||_ R .

(M^) Any th r e e  p a i r w is e  n o n - p a r a l l e l  p o i n t s  a r e  on a un ique

c i r c l e .
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(M?) I f  P and Q a re  n o n - p a r a l l e l  p o i n t s ,  and x a c i r c l e  

c o n ta in in g  P b u t  n o t  Q , th e n  th e r e  i s  a un ique  c i r c l e  w hich 

c o n ta in s  Q and i s  t a n g e n t  t o  x a t  p .

(M6 ) There e x i s t  f o u r  p a i rw is e  n o n - p a r a l l e l  p o i n t s  w hich  do 

n o t  l i e  on a common c i r c l e .

E q u iv a le n c e  c l a s s e s  under || and || a re  c a l l e d  ( + ) - g e n e r a t o r s  

and ( - ) - g e n e r a t o r s  r e s p e c t i v e l y  (and  a g e n e r a to r  i s  an e q u iv a le n c e  

c l a s s  o f  e i t h e r  ty p e ) .  The (+ ) -  and ( - ) - g e n e r a to r s  c o n ta in in g  P £ S 

a re  d en o te d  g^  and r e s p e c t i v e l y .  Any two p o i n t s  o f  a g e n e r a to r

a r e  p a r a l l e l ,  and e v e ry  c i r c l e  m eets  ev e ry  g e n e r a to r  (b o th  by (M3)).

I f  P, Q € (9 s a t i s f y  P || Q and P || Q , th e n  P = Q . As i n  the  

i n v e r s i v e  and L ague rre  c a s e s ,  f o r  each  P € (9 , ta n g en cy  ( a t  P) d e 

f i n e s  an e q u iv a le n c e  r e l a t i o n  on th e  c i r c l e s  th ro u g h  P . The e q u iv a 

le n c e  c l a s s e s  a re  a g a in  c a l l e d  p e n c i l s  ( a t  P).

C a n o n ic a l  exam ples o f  c i r c l e - p l a n e s  a re  o b ta in e d  by t a k in g  p la n e  

s e c t i o n s  o f  v a r io u s  o b j e c t s  i n  p r o j e c t i v e  3 -sp a c e .  We f i r s t  need  to  

d e f in e  th e s e  o b je c t s .

L e t K be a s k e w f ie ld  and S = PG(d,K) f o r  some d > 2 . A 

s u b s e t  (9 o f  th e  p o i n t  s e t  o f  S i s  c a l l e d  a s e m i-o v o id  ( s e e  [ 9 ] ) 

i f  f o r  each  P € <9 th e  un io n  o f  a l l  l i n e s  m ee ting  (9 o n ly  i n  P i s  

a h y p e rp la n e .  I f  d = 2 , a sem i-o v o id  i s  a l s o  c a l l e d  a s e m i - o v a l .

A sem i-o v o id  ( s e m i-o v a l )  i s  c a l l e d  an ov o id  ( o v a l )  i f  no t h r e e  o f  i t s
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p o i n t s  a re  c o l l i n e a r .  (Ovoids i n  PG(3^K) were d e f in e d  in  s e c t i o n  1 . )

Let d = 3 • I f  it i s  a p la n e  o f  S , u a s em i-o v a l  i n  n ,

and V a p o i n t  o f  S n o t  l y i n g  on jt , th en  th e  un ion  o f  a l l  l i n e s

w hich c o n ta in  V and meet u i s  c a l l e d  a s e m i-o v a l  cone (o r  an 

o v a l  cone i f  u i s  an o v a l ) .  V i s  c a l l e d  th e  v e r t e x  o f  th e  cone.

Suppose t h a t  d = 3 and K i s  com m utative. © i s  a h y p e r b o l i c

q u a d r ic  i f  i t  i s ,  w i th  r e s p e c t  t o  some c h o ice  o f  c o o r d in a te s ,  th e  s e t  

o f  p o i n t s  s a t i s f y i n g  th e  e q u a t io n  x qx ^ ~ x qx o • I f  6 i s  a h y p e r 

b o l i c  q u a d r ic ,  th e n  th e  s e t  o f  l i n e s  c o n ta in e d  i n  © c o n s i s t s  o f  two

d i s j o i n t  s e t s  o f  p a i r w i s e  skew l i n e s ,  say  R and R ' ,  such t h a t

© = (J I  = U m . I f  £ € R and m € R' , th e n  I  and m meet
£<ER m €R'

in  a un ique p o i n t .  R and R' a re  c a l l e d  th e  r u l i n g s  o f  © . The

converse  o f  th e s e  o b s e r v a t i o n s  i s  g iv e n  by th e  fo l lo w in g  p r o p o s i t i o n .

( I  assume t h a t  t h i s  f a c t  i s  i n  th e  l i t e r a t u r e ,  b u t  have been u n ab le  

t o  l o c a t e  i t .  )

PROPOSITION 9-1- Let © be a s u b s e t  o f  th e  p o i n t  s e t  o f  PG(3,K),

K a s k e w f ie ld ,  and suppose t h a t  © = (J & = U m > where R and
I  € R m € R f

R' a re  d i s t i n c t  s e t s  o f  p a i r w i s e  skew l i n e s ,  and ev e ry  l i n e  o f  R 

m eets  ev e ry  l i n e  o f  R' ( i n  a n e c e s s a r i l y  un ique  p o i n t ). Then K i s  

commutative and © i s  a h y p e r b o l i c  q u a d r i c .

P ro o f .  L et i  , iL, j<L be d i s t i n c t  l i n e s  o f  R , and m , m_ .  o o ' C r l  ’ ccr 0 ’

m^ d i s t i n c t  l i n e "  o f  R' . We may a s s ig n  homogeneous c o o r d in a te s  as

f o l l o w s :  i B n m B = ( 0 , 0 , 0 , 1 ) , i Q 0  m^ = ( 0 , 0 , 1 , 0 ) , ^  n mQ = ( 0 , 1 , 0 , 0 ),
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f  Q fl mQ = ( 1 , 0 , 0 , 0 )  , and 0 = ( 1 , 1 , 1 , 1 )  . Then ( i t  i s  e a s i l y

checked  t h a t )

R = U J  U U a := < ( 1 , a, 0 , 0 ), ( 0 ,0 , 1 ,  a )  >: a € K) ,

R' = ( ff l j  U := <(l> 0,t>, 0 ) ,  ( 0 , 1 , 0 ,b )  ) : h  € K) .

L et a .b  € K \  [0] , and l e t  X he th e  i n t e r s e c t i o n  p o i n t  o f  &a

and . M u l t ip ly in g  by s c a l a r s  on th e  r i g h t ,  we have

(1, a , c, a c )  = X = (1, d, b ,b d )  

f o r  some c ,d  € K . But t h i s  im p l ie s  c = b , d = a , and ab = ba .

S ince  a and b w ere a r b i t r a r y  i n  K \  {0} , K i s  com mutative.

And w i th  r e s p e c t  t o  th e  above c h o ice  o f  c o o r d in a te s ,  (9 i s  th e  s e t  o f  

p o i n t s  s a t i s f y i n g  x^x^ ~ X1X2 " ^

We may now c o n s t r u c t  ou r  c a n o n ic a l  exam ples. A gain , l e t  S = PG(3^K) ,

K a s k e w f ie ld .  Let 6 be a  s u b s e t  o f  th e  p o i n t  s e t  o f  S .

I f  © i s  a sem i-o v o id ,  th e n  th e  fo l lo w in g  in c id e n c e  s t r u c t u r e ,

TT(©) , i s  an in v e r s i v e  p l a n e :

The p o i n t s  o f  R(©) a re  th e  p o i n t s  o f  (9 .

The c i r c l e s  o f  TT(©) a re  the  p la n e s  w hich c o n ta in  a t  l e a s t  

two p o i n t s  o f  © .

In c id e n c e  i s  con ta inm en t.

Tf(©) i s  an i n v e r s i v e  p la n e  in  th e  narrow  sense  i f f  © i s  an ovoid .

I f  © i s  a s im i - o v a l  cone w i th  v e r t e x  V , th en  th e  fo l lo w in g  

in c id e n c e  s t r u c t u r e ,  d(©) , i s  a L aguerre  p la n e :

The p o i n t s  o f  JT(©) a re  th e  p o i n t s  o f  © o th e r  th a n  V .
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The c i r c l e s  o f  Tf((9) a re  th e  p la n e s  w hich do n o t  c o n ta in  V .

In c id e n c e  i s  co n ta in m e n t.

(The l i n e s  th ro u g h  V w hich l i e  i n  (9 t u r n  o u t  t o  be th e  g e n e r a to r s

o f  Tf(©) . ) TT(S) i s  a L aguerre  p la n e  i n  th e  narrow  sense  i f f  (9 i s

an o v a l  cone.

I f  (9 i s  a  h y p e r b o l i c  q u a d r ic ,  th e n  th e  fo l lo w in g  in c id e n c e  

s t r u c t u r e ,  TT((9), i s  a Minkowski p l a n e :

The p o i n t s  o f  Tt((9) a re  th e  p o i n t s  o f  © .

The c i r c l e s  o f  Tf((9) a re  th e  p la n e s  which do n o t  c o n ta in

r u l i n g s  o f  © .

In c id e n c e  i s  co n ta in m e n t.

(The r u l i n g s  o f  © t u r n  o u t  t o  be th e  g e n e r a to r s  o f  TT(&) . )

A c i r c l e  p la n e  w i l l  be c a l l e d  e g g l ik e  i f  i t  i s  isom orph ic  t o  a 

c i r c l e  p la n e  a r i s i n g  from one o f  th e  above c o n s t r u c t i o n s .  The r e a d e r  

sh o u ld  f i n d  i t  h e l p f u l  t o  keep  th e s e  models i n  mind d u r in g  th e  d i s 

c u s s io n  o f  th e  l a t t i c e s  a s s o c i a t e d  w i th  th e  c i r c l e - p l a n e s .

Remark. At t h i s  p o i n t ,  we can see  t h a t  p r o p o s i t i o n  9 .1  j u s t i f i e s  

th e  s ta t e m e n t ,  made a t  th e  end o f  s e c t i o n  1, t h a t  th e  e g g l ik e  Minkowski 

p la n e s  a r e  no more g e n e r a l  th a n  th e  M ique l ian  ones.



B efore  d e f in i n g  th e  l a t t i c e s  L(TT) , we m en tion  one r a t h e r  ob

v io u s  lemma, which i s  sometimes u s e f u l  i n  check ing  t h a t  a g iv e n  p o s e t  

i s  a semimodular l a t t i c e .

LEMMA 9-2 .  Let L he a p o s e t  h av in g  a low er hound , 0 . ( E le 

ments o f  L w hich cover  0 a re  c a l l e d  p o i n t s . ) Suppose

( i )  I f  P and Q a r e  d i s t i n c t  p o i n t s ,  th e n  t h e i r  l e a s t  upper

hound e x i s t s  and co v ers  P , Q, .

( i i )  For each p o i n t  P , th e  s e t  o f  e lem en ts  > P , o r d e r e d  as
P

i n  L , forms a semimodular l a t t i c e  (d e n o te d  L ).
p

( i i i )  Any e lem en t o f  L \  {0} i s  in  L f o r  some p o i n t  P .

Then L i s  a semimodular l a t t i c e . (A l l  d e f i n i t i o n s  may be found in

[7 J .  )

P r o o f . We f i r s t  show th e  e x i s t e n c e  o f  l e a s t  up p er  bounds ( l . u . b . '

L et x , y  € L \  (0] . I f  t h e r e  i s  a p o i n t  P w i th  x, y > P , th e n  x
p

and y have a l . u . b .  m  L , and t h i s  i s  c l e a r l y  a l . u . b .  i n  L as

w e l l .  I f  no such P e x i s t s ,  l e t  X, Y be p o i n t s  w i th  x > X , y > Y

Then z > x , y  »  z > x ,y ,X V y  «  z > x V (x  V Y ) ,y  (n o t in g  t h a t

x V (X V y )  e x i s t s  s in c e  x ,X  V Y £ L^ ) 0  z > (x V (x  V y ) )  V y  .

The l a t t e r  i s  th u s  a l . u . b .  f o r  x and y  .

We n e x t  show t h a t  t h e r e  e x i s t  g r e a t e s t  low er bounds ( g . l . b . ' s ) .

L e t x , y  € L . I f  t h e r e  i s  a p o i n t  P w i th  x , y  > P , th e n  x and

Py have a  g . l . b . ,  w , i n  L , and w i s  a l s o  a g . l . b .  f o r  x and

y in  L . (For z < x , y  im p l ie s  P V z < x , y  , w hich g iv e s
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z < ?  V z  < ¥  , )  Of co u rse  i f  t h e r e  i s  no such p o i n t  P , th en  0 i s

th e  o n ly  low er bound f o r  x and y (so  i t  i s  a g . l . b . ) .  We have

shown t h a t  L i s  a  l a t t i c e .

F i n a l l y ,  l e t  x , y  € L co v er  x A y .  I f  t h e r e  i s  a p o i n t  P

w i th  x , y > P , th e n  x V y co v e rs  x , y by th e  sem im o d u la r i ty  o f
p

L . But i f  x A y  = 0 , th e n  x and y must be p o i n t s ,  so t h a t  

x V y covers  x and  y  by ( i i ) .  Thus L i s  semimodular. □

I f  TT = (&, <3) i s  a c i r c l e - p l a n e ,  and p a p e n c i l  o f  TT , th en  

£3 d e n o te s  th e  p o i n t  which th e  c i r c l e s  o f  p have i n  common. I f  

P € (9 , x e (3 , and P 6 x  , th e n  [P ,x ]  d en o te s  th e  p e n c i l  a t  P

which c o n ta in s  x  . I n  what f o l lo w s ,  an a f f i n e  o r  p r o j e c t i v e  p la n e

may be th o u g h t  o f  as  an in c id e n c e  s t r u c t u r e ,  a l a t t i c e ,  o r  a p o s e t

(w ith  P < I  i f  P i s  a  p o i n t  l y i n g  on th e  l i n e  I  ) .  There i s ,  o f

c o u rse ,  no e s s e n t i a l  d i f f e r e n c e  betw een th e s e  p o i n t s  o f  view, and we 

w i l l  u se  them in te r c h a n g e a b ly .

We n e x t  d e f in e  L P P - l a t t i c e s  a s s o c i a t e d  w i th  th e  v a r io u s  c i r c l e  

p la n e s .

F i r s t ,  l e t  TT be an in v e r s i v e  p la n e .  We may re g a rd  TT as a 

p o s e t  c o n s i s t i n g  o f  th e  p o i n t s ,  t r a i l s  and c i r c l e s  o f  TT , o rd e re d  

by co n ta in m e n t,  i . e . ,  w i th

p  < t i f P 6 t  ,

p < X i f P € x  ,

t  < X i f t c x  ,



w henever P i s  a p o i n t ,  t  a t r a i l ,  and x a c i r c l e .  For each 

P 6 © , th e  s e t  o f  e lem en ts  > P , eq u ip p ed  w i th  t h i s  o r d e r in g ,  i s  

an a f f i n e  p la n e ,  which we deno te  TTp- (See [3 ] .  For a f f i n e  p la n e  

axioms, see [1^-J, p . l l 6 . That th e  Tip a re  a f f i n e  p la n e s  i s  immediate 

from o u r  rem arks fo l lo w in g  th e  d e f i n i t i o n  o f  i n v e r s i v e  p la n e .  For 

i n v e r s i v e  p l a n e s  i n  th e  narrow  s e n se ,  th e s e  a f f i n e  p la n e s  a r e  e s s e n 

t i a l l y  th e  same as th e  a f f i n e  p l a n e s  w hich appear  i n  th e  d e f i n i t i o n  o f  

in v e r s i v e  p la n e  g iv e n  i n  s e c t i o n  1 . )

S ince  th e  p a r a l l e l  c l a s s e s  o f  TT a r e  th e  p e n c i l s  a t  P , TT 

may be e x ten d ed  to  an L P P - l a t t i c e  L(TI') a s  f o l l o w s :  The e lem en ts

o f  L(TT) \  Tf a re  th e  p e n c i l s  o f  Tf , a " ta n g e n t  p la n e "  , (p )  ,

f o r  each P € © , a minimum e le m e n t ,  0 , and a maximum e lem en t ,  1 . 

The a d d i t i o n a l  r e l a t i o n s  a r e :

P < [P ,x ]  < x i f  P € x ,

P < <P> ,

[P ,x ]  < <P> i f  P € x ,

0 < a  < 1 ,

whenever P € © , x 6 <3 , and a  € L(Tl) . That L(TT) i s  an LPP- 

l a t t i c e  i s  e a s i l y  checked  u s in g  9*2. (N o tice  t h a t  d i s t i n c t  p o i n t s  

P, Q a re  covered  by t h e i r  l . u . b . ,  (PQ) , and t h a t  f o r  each p o i n t  P, 

[ P , l j  i s  th e  p r o j e c t i v e  p la n e  o b ta in e d  by a d j o in in g  i d e a l  e lem en ts  

t o  Tip . ) L(TT) a l s o  s a t i s f i e s  (BE) w i th  T(P) = { (P ))  , s in c e  th e  

o n ly  l i n e s  ta n g e n t  t o  © a t  P a re  th e  p e n c i l s  a t  P .



Next l e t  TT be a L aguerre  p la n e .  We r e g a r d  TT as a p o s e t  

whose e lem en ts  a re  th e  p o i n t s ,  t r a i l s ,  | |-ecpuivalence c l a s s e s  o f  

t r a i l s ,  and c i r c l e s  o f  TT , w i th

P < t  , gt i f  P €  t  ,

P < x i f  P €  x  ,

t  <  x i f t  c  X

w henever P i s  a p o i n t ,  t  a  t r a i l ,  and x a c i r c l e .  For each  

P £ (9 , th e  s e t  o f  e le m e n ts  >  P , w i th  th e  above o r d e r in g ,  i s  an 

a f f i n e  p la n e  (see  [6 ] ) ,  which we denote  Tip .

One o f  th e  p a r a l l e l  c l a s s e s  o f  IT i s  th e  s e t  [g : t  a t r a i l ,
ir  o

P € t} , and th e  re m a in in g  c l a s s e s  a re  th e  p e n c i l s  a t  p . T h is  l e a d s  

t o  a n a t u r a l  e x te n s io n  o f  Tf to  an L P P - l a t t i c e ,  L(TT) , as  f o l l o w s :  

The e lem en ts  o f  L(TT) \  TT a r e  th e  p e n c i l s  and g e n e r a to r s  o f  TT , 

a " ta n g e n t  p la n e " ,  (g )  , f o r  each g e n e r a to r  g , a minimum e lem en t ,

0 , and a maximum e lem en t ,  1 . The a d d i t i o n a l  r e l a t i o n s  a r e :

w henever P  6  S , x € (3 , t  i s  a t r a i l ,  and a  e L(tT) . Again

i s  e a s i l y  s e e n  (u s in g  9 .2 )  t o  he an L P P - l a t t i c e .  L(TT) a l s o  s a t i s f i e s

P < [P ,x ]

P <  gp  , <gp > ,

[P ,x ]  < x  , (gp > i f  P E x  ,

i f  P € x

gp < <gp > , 

g P < g t if p e t ,
o < a < l  ,

[P, 1] i s  a  p r o j e c t i v e  com p le tio n  o f  th e  a f f i n e  p la n e  TT , and L(TT)
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(BE) w i th  T(P) = ( ( g p ) ]  , s in c e  th e  o n ly  l i n e s  t a n g e n t  t o  & a t

P a re  th e  p e n c i l s  a t  P .

F i n a l l y ,  i f  TT i s  a  Minkowski p l a n e ,  th e n  we d e f in e  th e  f u l l  

l a t t i c e  L(IT) as  f o l l o w s :  E lem ents  o f  L(Tf) a re  & U Z U S U {0,1} , 

w i th

£ = {{P, Q ] : P, Q € & , P Jj Q] U {f3: p i s  a p e n c i l  o f  TT }

U {g: g i s  a g e n e r a to r  o f  If } ,

S = <3 U {<P>: P € 6  } .

R e la t i o n s  i n  L(1T) a r e :

P < {P,Q} i f  P H Q ,

P < P i f  g. = {P} ,

P < gp , g"  ,

P < x i f  P f  x  ,

P < <P> ,

CP, Q) < X i f  P,Q € x (P 4 Q) ,

CP, 0,3 < <R> i f  P ||+ R ||_ Q , P K Q ,

P < x i f  x £ (3 ,

p < <P> i f  (3 = {P} ,

g < <P) i f  P € g ,

0 < a  < 1 ,
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whenever p,Q and R a re  p o i n t s ,  x a c i r c l e ,  [3 a p e n c i l ,  g a 

g e n e r a t o r ,  and a  € L(TT) . Again i t  i s  s t r a i g h t f o r w a r d  t o  check  t h a t  

L(TT) i s  an L P P - l a t t i c e  ( see  fo l lo w in g  rem ark ) .  As b e f o r e ,  L(Tf) 

s a t i s f i e s  (BE), i n  t h i s  case  w i th  T(P) = <P) .

Remark. For each  P £ & , [P, l j  i s  a p r o j e c t i v e  p la n e ,  th e

p r o j e c t i v e  com ple tion  o f  an a f f i n e  p la n e ,  Tip , c o n s i s t i n g  o f  P ,

1 , th e  p a i r s  {P, Q) , th e  c i r c l e s  c o n ta in in g  P , and th e  p la n e s  

(q )  w i th  P ^ Q || P , o rd e r e d  as in  L(lT) . I n  o th e r  w ords, TTp 

c o n s i s t s  o f  P and a l l  a  C_ L(TT) w i th  P < a  £  (P) . IT may a l s o  

be (and  u s u a l l y  i s )  th o u g h t  o f  as the  in c id e n c e  s t r u c t u r e  whose p o i n t s  

a re  th e  p o i n t s  o f  TT n o t  p a r a l l e l  to  P , and whose l i n e s  a re  th e  

c i r c l e s  c o n ta in in g  P and th e  g e n e r a to r s  n o t  c o n ta in in g  P , w i th  

th e  n a t u r a l  in c id e n c e .

DEFINITION. A c i r c l e  p la n e ,  Tf , i s  s a i d  t o  s a t i s f y  th e  bund le  

theorem  i f  th e  c o r re sp o n d in g  l a t t i c e ,  L(TT) , s a t i s f i e s  (BT).

Remark. E q u iv a le n t  fo rm u la t io n s  can , o f  c o u rs e ,  be made w ith o u t  

r e f e r e n c e  t o  th e  l a t t i c e s .  T h is  becomes r a t h e r  cumbersome f o r  L aguerre  

and Minkowski p l a n e s ;  f o r  in v e r s i v e  p la n e s  in  th e  narrow  s e n se ,  one 

c a s e  o f  th e  bund le  theorem  i s  e x h i b i t e d  i n  f i g u r e  6 . The h y p o th e se s  

o f  th e  bundle  theorem  may a l s o  be weakened in  v a r io u s  ways. For 

exam ple, Benz [2 ] ,  d e a l in g  w i th  i n v e r s i v e  and L ague rre  p la n e s  i n  th e  

narrow  se n se ,  c o n f in e s  h i s  s ta te m e n t  o f  th e  bund le  theorem  to  th e
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F ig u re  6 . The Bundle Theorem
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case  when a l l  o f  t h e  i t  ( s e e  (BT)) a re  t r a i l s  ( i . e . ,  p o i n t  p a i r s ) .  

T h is  can  he shown (h u t  n o t  w i th o u t  a f a i r  amount o f  t e d io u s  work) 

t o  im ply  th e  bundle  theorem  as we have s t a t e d  i t .

We can now o b ta in  theorem  3 and th e  f o l lo w in g  two r e s u l t s  as  

c o r o l l a r i e s  o f  theorem  k .

COROLLARY 9*3* A l l  i n v e r s i v e  p l a n e s  w hich s a t i s f y  th e  bund le  

theorem  a re  e g g l i k e .

COROLLARY A l l  Laguerre  p la n e s  w hich s a t i s f y  th e  bund le

theorem  a re  e g g l i k e .

Of co u rse  theorem  1 i s  a s p e c i a l  c ase  o f  9 .3  (b u t  n o t  th e  same as  9 -3 ,  

s in c e  theorem  1  r e f e r r e d  to  what we a r e  now c a l l i n g  i n v e r s i v e  p la n e s  

i n  th e  narrow  s e n s e ) .  S im i la r ly ,  theorem  2 i s  a  s p e c i a l  case  o f

As a consequence o f  theorem  h , we f i n d  t h a t  i f  TT = (®,C-) i s  

a c i r c l e - p l a n e  s a t i s f y i n g  th e  bund le  theorem , th e n  we may i d e n t i f y  

0  w i th  a s u b s e t  o f  th e  p o i n t  s e t  o f  some th r e e - d im e n s io n a l  p r o j e c -
¥r

t i v e  space ,  S , and L(TT) w i th  the  l a t t i c e  L(fi) . I n  t h i s  con

t e x t ,  when we speak o f  a l i n e  o r  p la n e ,  ot, o f  L(Tf) as a s e t  o f  p o i n t s ,
■X" .

we mean th e  s e t  o f  a l l  p o i n t s  o f  S on a  ( i . e . ,  n o t  j u s t  th e  p o i n t s  

o f  & on cc ).

To p ro v e  th e  above r e s u l t s ,  i t  o n ly  rem ains  t o  show t h a t  (9 i s  
/ 'X- *
( i n  S ) a  p o i n t  s e t  o f  th e  d e s i r e d  ty p e  ( i . e . ,  & i s  a sem i-o v o id ,
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a  s e m i-o v a l  cone, o r  a doubly  r u l e d  q u a d r ic  i f  TT i s  an i n v e r s i v e ,

L ag u e rre ,  o r  Minkowski p la n e  r e s p e c t i v e l y ) .  N o t ic e  t h a t  hy th e  d e f i -

/ \ ^n i t i o n  o f  L(G) , th e  l i n e s  and  p la n e s  o f  S which meet (9 a re

p r e c i s e l y  th e  l i n e s  and p la n e s  o f  L(G) = L(TT) .

F i r s t ,  l e t  TT be an in v e r s i v e  p la n e ,  and P 6 (9 . By th e  d e f i 

n i t i o n  o f  L(TT) , we see  t h a t  th e  t a n g e n ts  t o  G th ro u g h  P a re  th e  

p e n c i l s  a t  P , and  t h a t  th e s e  a r e  a l s o  p r e c i s e l y  th e  l i n e s  th ro u g h  

P w hich l i e  i n  ( p )  . Thus G i s  a sem i-o v o id ,  which p ro v e s  9*3-

Next l e t  TT be a  L ague rre  p la n e .  F i r s t  n o t i c e  t h a t  any two

g e n e r a to r s  a r e  c o p la n a r  ( s in c e  i f  g f  g a re  g e n e r a to r s ,  th e y  l i e
P Q,

on th e  p la n e  § ( p q ) )• fo l lo w s  t h a t  t h e r e  i s  a p o i n t  V ©
X

o f  S w hich l i e s  on a l l  o f  th e  g e n e r a to r s .  We a s s e r t  t h a t  
X

G := G U IV} i s  a s e m i-o v a l  cone.

The l i n e s  o f  L(TT) a re  th e  g e n e r a to r s ,  t r a i l s  and p e n c i l s  o f  

TT . From th e  d e f i n i t i o n  o f  L(FT), we see t h a t  i f  g i s  a g e n e r a to r ,  

th e n  any t r a i l  o r  p e n c i l  c o p la n a r  w i th  g h as  a p o i n t  o f  G in  

common w i th  g . Thus any BC c o n ta in in g  g c o n s i s t s  e n t i r e l y  o f
X

g e n e r a t o r s ,  i . e . ,  i s  e q u a l  to  th e  p o i n t  V . But the p o i n t s  o f  S

a re  th e  p o i n t s  o f  (9 and th e  BC's o f  L(TT) , so t h a t  g \  {V} £ (9 .

I t  fo l lo w s  t h a t  i f  x i s  any p la n e  n o t  c o n ta in in g  V ( i . e . ,
-x-

x i s  a c i r c l e  o f  TT ) ,  th e n  (9 i s  th e  un io n  o f  th e  l i n e s  which 

c o n ta in .  V and meet x  fl 6  . Thus t o  p ro v e  t h a t  (9 i s  a s e m i-o v a l  

cone, we have o n ly  to  show t h a t  x  f) G i s  a s em i-o v a l .  Let P € x fl G . 

Then ( a g a in  ch ec k in g  th e  d e f i n i t i o n  o f  L(TT) ) th e  l i n e s  on P i n  x



a re  the  t r a i l s  t  w i th  P € t  e  x , and th e  p e n c i l  [P ,x ]  . The 

l a t t e r  i s  th u s  th e  u n iq u e  ta n g e n t  t o  x fl © th rough  P in  x .

T h is  p ro v es  9*^*

F i n a l l y ,  l e t  TT he a Minkowski p la n e .  We f i r s t  o b se rv e  t h a t  

i f  g i s  a g e n e r a t o r ,  th e n  (c h e c k in g  th e  d e f i n i t i o n  o f  L(TT) ) 

any l i n e  o f  L(TT) c o p la n a r  w i th  g a l s o  h as  a p o in t  i n  common 

w i th  g . I t  fo l lo w s  (by an argument s i m i l a r  t o  one g iv e n  in  th e  

L aguerre  c a s e )  t h a t  g £ © . But th e n  by 9*1> © i s  c l e a r l y  a

h y p e rb o l i c  q u a d r ic  w i t h  r u l i n g s  th e  s e t  o f  ( + ) - g e n e r a t o r s  and th e  

s e t  o f  ( - ) - g e n e r a t o r s .  T h is  p ro v e s  theorem  3 •

10. A C la ss  o f  Examples

Suppose L i s  an L P P - l a t t i c e  s a t i s f y i n g  (BT). (As u s u a l  © , £

and S a r e  th e  p o i n t ,  l i n e  and p la n e  s e t s  o f  L . )  L et P € © , and

l e t  J (P )  be th e  s e t  o f  p la n e s  whose o n ly  p o i n t  i s  P .

Let L' be a p o s e t  o b ta in e d  from L by d e l e t i n g  th e  e lem en ts

o f  J (P )  , and add ing  a new s e t  o f  e le m e n ts ,  J ' ( P )  , i n  such a way 

t h a t

(1 )  I f  a  € J ' ( P )  , th e n  th e  r e l a t i o n s  in v o lv in g  a  a r e

a  < 1 , 0 < a  , P < a  , and I  < a  f o r  each  A in  some £ £a

{A € £: P < A , Q ^ A V Q < = © \ ( P } } .

(2 )  The i n t e r v a l  from P to  1 , say  [ P , l ] '  , i n  L' i s  a 

p r o j e c t i v e  p la n e .
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Then L ' i s  a g a in  an L P P - l a t t i c e  s a t i s f y i n g  (BT). (T ha t L ' i s  an 

L P P - l a t t i c e  i s  e a s i l y  seen  u s in g  9 . 2 .  That i t  s a t i s f i e s  (BT) i s  a 

t r i v i a l i t y ,  s in c e  i f  j0̂  , ip , & , s a t i s f y  th e  h y p o th e se s  o f

(BT), th e n  any two o f  them c o n ta in  a t  l e a s t  two d i s t i n c t  p o i n t s ,  and 

so a re  c o p la n a r  i n  L' i f f  th e y  a re  c o p la n a r  in  L .

I f  © i s  a s u f f i c i e n t l y  sm a ll  s e t  o f  p o i n t s  i n  FG(3,K) , then  

th e  above c o n s t r u c t i o n  may he a p p l i e d  to  L(©) to  o b ta in  exam ples o f  

L P P - l a t t i c e s  s a t i s f y i n g  (BT) which a re  n o t  iso m o rp h ic  to  any L(©) .

In  p a r t i c u l a r ,  we can do t h i s  whenever t h e r e  i s  some P £ © f o r  which 

th e  " p a r t i a l  p l a n e "  [P, 1] \  J (P )  can be c o n p le te d  t o  a n o n -D esa rg u es ian  

p l a n e .

O bviously ,  one can weaken (BE) c o n s id e r a b ly  w i th o u t  a d m i t t in g  

any o f  th e  examples d e s c r ib e d  i n  th e  p r e c e d in g  p a ra g ra p h .  For 

example, I  would n o t  be s u r p r i s e d  i f  theorem  h s t i l l  h o ld s  when 

(BE) i s  r e p l a c e d  by th e  fo l lo w in g  c o n d i t io n .

(BE ') For each P € © , [P, 1] \  J (P )  can be ex te n d e d  t o  a

p r o j e c t i v e  p la n e  by a d d i t i o n  o f  l i n e s  in  o n ly  one way (up t o

isom orph ism ).

Here J (P )  i s ,  as above, th e  s e t  o f  p la n e s  o f  L whose o n ly  p o in t

i s  P . I have  n o t  i n v e s t i g a t e d  th e  p o s s i b i l i t y  o f  p r o v in g  theorem

k u n d e r  t h i s  w eaker assum ption .
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