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ABSTRACT

Supergravity, a locally supersymmetric gauge theory, may provide to describe new physics
beyond the Standard Model (BSM), such as slow-roll inflation, the cosmological constant, and
dark sectors. In this sense, cosmological applications of supergravity can be the arena for prob-
ing outcomes of supergravity. It is also attractive that supergravity can appear as a low-energy
effective theory of superstrings, a possible candidate of quantum gravity. Nevertheless, it is not
trivial to build inflationary models in supergravity due to difficulties arising mainly from the ex-
tremely constrained form of supergravity scalar potentials, complicated structure of interaction
terms, and excessive scalar degrees of freedom. These obstructions generally make it challeng-
ing to contrive a desirable inflationary trajectory, perform the moduli stabilization to obtain the
stable de-Sitter phase, and make extra scalars to be much heavier than the Hubble scale to get
single field inflation. Besides, supergravity predicts many non-renormalizable interactions. It
thus arises as effective field theory (EFT) which can be valid only up to typical energies E below
its ultraviolet cutoff scale Ay, and up to some accuracy of (E/A.,;)" that we desire. We note that
these non-renormalizable terms may affect physics during and/or after inflation.

From such points of view, it is very important in supergravity to find the method for relax-
ing the scalar potentials, and flexible scalar field dynamics (particularly for inflaton), and examine
self-consistency at the quantum level. In this thesis, therefore, we construct locally supersymmet-
ric effective field theories of inflation by taking into account recently-proposed reformulations of

N = 1 supergravity that can enlarge the space of scalar potentials. The reformulations involve
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liberated N = 1 supergravity and new Kdhler-invariant Fayet-Iliopoulos terms which do not require
gauging R-symmetry. Then, we build minimal supergravity models of single-field slow-roll infla-
tion and de Sitter vacua in the KKLT string background in the reformulated supergravities. At
the same time, we identify possible constraints on the cutoff for their self-consistency as EFT by
inspecting the suppression of non-renormalizable terms within the superconformal formalism,

which is very convenient to systematically manage the non-renormalizable terms.
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1 INTRODUCTION

Cosmological inflation and its standard ACDM cosmology of the Early Universe are backed
by the latest experimental data on the Cosmic Microwave Background (CMB) given in the Planck
2018 results [1-3]. This data strongly supports the existence of the so-called cold dark matter
(CDM) and cosmological constant (A), and a primordial accelerated expansion of the universe,
considered to be led by a hypothetical particle called inflaton particularly in form of single-field
slow-roll inflation'. In particular, inflation is considered as a very essential epoch of the early
universe since it is a key for resolving several cosmological issues like “the Horizon problem” [4].
It also has long been mysterious where theoretical origin of inflation comes from. Unfortunately,
cosmological observations cannot theoretically be predicted solely by the Standard Model (SM)
that led to the successful discovery of Higgs scalar boson in 2012 [5]. Therefore, it is crucial to
have new theories for physics beyond the Standard Mdoel (BSM) in order to tackle such problems
of cosmological phenomena.

Supersymmetry (SUSY) may be a good candidate of the BSM physics [6]. SUSY proposes a
pairing of bosons and fermions in which fields of different spins but with the same mass belong to
an irreducible representation called “a superfield” of the supersymmetry algebras (See Ref. [7] for
an introduction to SUSY). This means that SUSY can provide extra degrees of freedom for BSM
physics in a consistent way with a theoretical robustness, so that there may exist other elementary

particles for explaining the BSM sectors as superpartners of the SM bosons and fermions.

I'This will be reviewed in Ch. 2 in this thesis.



In principle, SUSY may be realized either globally or locally. Another attracting feature of
SUSY is a locally supersymmetric field theory called Supergravity (SUGRA) that can even carry
the SM fundamental forces, and even gravitational interaction, thanks to its local symmetry
called super-Poincaré group. It predicts a spin-3/2 fermionic superpartner of the spin-2 bosonic
field graviton, which is called gravitino (See a self-contained supergravity textbook in Ref. [8] (or
Refs. [9, 10]) for a detailed review of superconformal (or superspace) formalism of supergravity).

Regretfully, experimental evidence of SUSY has never been seen until now [11]. Nevertheless,
this may not be the end of the SUSY story. This is because supersymmetry may be spontaneously
broken at some scale of energy, as in the case of the spontaneously symmetry breaking of the
electroweak interaction by the stabilization of Higgs scalar field around the true vacuum. We call
such a scale as supersymmetry breaking scale Ms. This implies that particles that belong to the
same superfield may have different masses, implying that superpartners of the SM particles may
be to be detectable. Hence, supergravity can still be a viable option for BSM physics as long as
supersymmetry breaking is considered, and it can be employed at the quantum level as a so-called
Effective Field Theory (EFT), which will be explained more in the following.

In quantum field theory (QFT), one conventionally investigates dynamical phenomena of el-
ementary particles by computing “convergent” scattering (S-matrix) amplitudes (and even quan-
tum loop integrals) of various interactions among their quanta. When a amplitude can be made
with only the finite number of counter-terms, we call such theory as renormalizable. Such renor-
malizable interactions are also called “relevant or marginally relevant.” On the other hand, “irrele-
vant” couplings in a quantum field theory may push the theory to be ill-behaved at high energies
due to divergences from quantum loop corrections to the amplitude constructed by such cou-
plings. This type of QFT is called non-renormalizable.

Notwithstanding this problematic feature, there is still a chance for non-renormalizable the-
ory to be effective for our practical use in real world. Non-renormalizable theory can typically be

considered as a theory that can be valid only up to energies below some scale A, called “cutoff”



One then treats the divergences from the quantum loop corrections by allowing ignorance be-
yond this scale and dealing with the cutoff A.,; as the actual ultraviolet cutoff on any momentum
integrals in the theory. In this way, one can obtain convergent results which are valid to some
accuracy of (E/A.y:)" with some order n. This type of non-renormalizable theory is called as
Effective Field Theory mentioned above. This will be one of the core notions in this thesis.

Normally, a quantized theory of gravity suffers from the UV divergences of quantum loop in-
tegrals. In pure gravity, the one-loop S-matrix is finite, but the divergences first appear generically
at the two-loop level. In gravity coupled to matter, the situation gets worse. The first divergences
appear at the one-loop level of two graviton exchanges. For these reasons, quantization of gravity
is a most difficult and ongoing issue.

On the contrary, in supergravity, remarkable cancellation of divergences in loop integrals
may take place thanks to the supertrace structure [12]. If supersymmetry is perfectly preserved,
then the supertrace will wash out the divergences because of the same mass eigenvalues in a
supermultiplet. However, in broken supersymmetry, the problem is not trivial because the mass
gap of the superfields in the supermultiplet will diverge. Hence, in this sense, I comment that
future investigations of supergravity divergences of quantum loop effects in broken supersym-
metry (for this research as well) should be performed, but I will not deal with this issue in this
thesis since it is out of its scope.

Including these issues, a quantum theory of supergravity remains one of the big puzzling
questions in theoretical high energy physics. Superstring theory? improved this point of view,
which is a self-consistent realization of quantum gravity. This is because supergravity emerges as
its low-energy effective field theory. Specifically, at energies below Planck scale M, = \/%, the

five ten-dimensional superstring theories® (‘Type I, SO(32), Eg X Eg’ and ‘Type II-A & B’) can be

?In superstring theory, every elementary particle can be described by a vibrating mode of a fundamental super-
symmetric string.

3Moreover, the eleven-dimensional M-theory that incorporates the five superstring models through T and S
dualities can produce a 11D N = 1 supergravity.



approximated into 10D ‘N = 1"and ‘N = 2’ supergravities® respectively (see Ref. [13] for a review
of supergravity and string vacua). Much below M,,, it is demanded for a supergravity theory to
reduce to the four-dimensional (4D) N' = 1 minimal supersymmetric standard model (MSSM)
[14] for phenomenological reasons’. In this sense, N' = 1 supergravity is the intermediate link
between the low energy MSSM and its ultraviolet (UV) completion done by superstring theory,
thus pushing 4D N = 1 supergravity to be a strong candidate for a realistic low-energy effective
description of superstring theory.

Supergravity has recently been of great interests as a natural arena to explore inflationary cos-
mology [15]. This is because supergravity can offer us theoretical clues not only about inflation
but also about the subsequent epochs of the primitive soup of elementary particles in the expand-
ing universe. In fact, realization of an inflationary plateau by single-field inflaton and de Sitter
(dS) vacua in supergravity or string theory is rather challenging [16]. This is basically due to two
main problems: one is the existence of extra scalar modes, and the other is the highly-constrained
form of the so-called D and F-term scalar potentials (together with possibly quantum one-loop
effective potentials) predicted by the theories. The so-called 1 problem® [18] is a consequence of
such difficulty in building inflatioanry models in the context of supergravity.

In general, it is inevitably required for one to uplift a supersymmetric Anti de Sitter (AdS)
vacuum in standard 4D N = 1 supergravity to some de Sitter (dS) one (taking cancellation be-
tween terms of the potential to obtain a positive-definite but very small cosmological constant)
by utilizing mechanisms that go beyond the standard supergravity. To reach single-field slow-roll
inflation, it is also required for a theory to keep all extra scalars but inflaton much heavier than
the Hubble scale during inflation, which is typically demanding to realize as well.

The Kachru-Kallosh-Linde-Trivedi (KKLT) mechanism [19] is a prototype model to resolve the

“Supergravity can also be obtained by locally supersymmetric theory independently.

>The N > 1 supergravities are less viable phenomenologically because Yukawa couplings are proportional to a
gauge coupling and because matter fermions belong to either real or pseudo-real representations of gauge groups.

The n problem can be avoided by no-scale F-term scalar potential [17].



dS issue. The underlying background of KKLT model, say KKLT string background, is a no-scale
4D N = 1 supergravity with a Kahler potential for its volume modulus and with a superpotential
that is induced by some possible string-theoretical nonperturbative corrections’. The superpo-
tential does not allow the volume modulus to transform under a R-symmetry. Specifically, KKLT
proposed a mechanism for uplifting the supersymmetric Anti-de Sitter (AdS) vacuuum to a dS
vacuum by adding anti-D3 brane contribution to the superpotential in the supergravity back-
ground, making a “bump” which eliminates an inflationary plateau along the volume modulus in
the scalar potential. As an improved modification of KKLT, Kachru, Kallosh, Linde, Maldacena,
McAllister and Trivedi (KKLMMT) [20] suggested another mechanism by taking into account a
contribution arising from the anti-D3 tension in a highly warped compactifications. Nevertheless,
appropriate realization of inflation and moduli stabilizations has been left as an ongoing issue.

In this thesis, I will search how supergravity scalar potentials can be relaxed in a manner that
allows flexible scalar field dynamics. This will be done by introducing new models of the four-
dimensional N' = 1 supergravity like liberated supergravity and new Kéahler-invariant Fayet-
Iliopoulos terms without gauging R-symmetry. Then, I will focus on how to build minimal
supergravity models of the single-field slow-roll inflation and de Sitter vacua at once together
with appropriate scalar stabilization around the minimum of the potential. Here, because string-
theoretical motivation appears, I will consider KKLT Kahler potential and superpotentials. More-
over, I determine maximum energy scale for which such models can be valid as effective field
theory. To do this, I inspect non-renormalizable interactions involved in the proposed models
using the superconformal tensor calculus in order to systematically identify possible constraints
on the cutoff in the efficient manner. Further investigations of quantum loop effects will be left
for the future.

This thesis consists of twelve chapters including the introduction. In Ch. 2, I review the

"The correactions are obtained from either Euclidean D3 branes in type IIB compactifications or gaugino con-
densation due to D7 branes.



basics of inflationary cosmology that I desire to study in the supergravity language in a self-
contained manner. This is to figure out an overall cosmological picture of various epochs of the
early universe before, during, and after inflation. In Ch. 3, I explain a conceptual overview of
effective field theory, which is one of the core notions carried in this research. In Ch. 4, I give
a brief introduction to supersymmetry, which is an underlying idea of supergravity. In Ch. 5,
together with appendixes A (which is about spinor algebras in general dimensions) and B (which
is about superconformal tensor calculus), I elucidate the supergravity language used in this work
by reviewing in some detail the fundamental techniques of the superconformal formalism of
N =1 supergravity. In Ch. 6, I review the recent developments on reformed supergravities, and
their inflationary models.

From Ch. 7 through Ch. 12, I present original studies I carried out during my doctorate. In
particular, over the chapters from 7 to 9, I focus on the supergravity framework for investigating
inflationary cosmology. Then, from Ch. 10 through Ch. 12, I explain some proposals of minimal
supergravity models of cosmological inflation. Specifically, in Ch. 7, I reconstruct the equivalent
action of liberated N = 1 supergravity in the “superconformal” formalism, which was originally
constructed by Farakos et al. in the “superspace” formalism. In Ch. 8, I revisit the superconformal
actions of new Fayet-Iliopoulos (FI) terms and find some core constraints on the new FI terms.
In Ch. 9, I propose a new class of N' = 1 supergravity called “relaxed supergravity” which can
enlarge the space of scalar potentials. In Ch. 10, I show how to build a toy model of inflation in
the liberated supergravity by suggesting a special phase transition of the supersymmetry break-
ing scale from Planck to the electroweak scale (i.e. TeV). In Ch. 11, I offer a supergravity model
of inflation based on the KKLT-type supergravity with Kahler-invariant FI terms. In this model,
I show that inflation may take place in a hidden sector and supersymmetry may be broken at
high scale via gravity mediation, leading to soft supersymmetry breaking terms in an observable
sector. In Ch. 12, I study an improved supergravity model of inflation and minimal supersymmet-

ric standard model (MSSM). In this model, single-field slow-roll inflation can be clearly realized



thanks to production of extra scalars but inflaton that can be sufficiently heavier than the Hubble
scale during inflation. I will also analyze the mass spectra of the visible particles in such models.
Lastly, in Ch. 13, I conclude this thesis and discuss some possible future developments that may

arise from this research.



2 REVIEW 1: INFLATIONARY COSMOLOGY

In this chapter, we review inflationary cosmology in a concise but self-contained manner.

This chapter is based on Ch. 1 and Ch. 2 of the lecture in Ref. [21].

2.1 GEOMETRY OF MAXIMALLY-SYMMETRIC SPATIAL SLICE OF
SPACETIME

Following the “mostly-minus” sign convention of metric (1, = (+1, -1, -1, —1)), the geome-

try of spacetime manifold of universe is represented by its line element
ds? = dt* — dI? where dI° = yijdxidxj, (2.1)

where we define “physical coordinates” x’, “physical distance” dI?, and “physical metric”
Yij-

The three-dimensional spatial line element dI* with the metric y;; is homogeneous if it is
invariant under the spatial translation x’ I = x! + @' for some constant shift a’, i.e. dx” = dx'. The
dI? is isotropic if it is invariant under the spatial rotations x”* = Rjx/ for some rotation group
{Rj.}, ie dx' = Rj.dxj . If these two symmetries (i.e. homogeneity and isotropy) are imposed on
a metric, we call this metric as “maximally symmetric.” In particular, the manifolds with the

maximally symmetric spatial metric dI? are given by three types of space, such as 3D-Euclidean



(0,0) (1,0) 0,0)  (1,0) (0,0) (1,0)

» time

Figure 2.1: Evolution of comoving and physical coordinates in the expanding universe. The grid is a chart
of comoving coordinates. As the universe expands, the comoving distance between the two points (0, 0)
and (1,0) remains the same, but the corresponding physical distance increases. Figure taken from [4].

E®, 3D-Sphere S%, and 3D-Hyperboloid H>. By embedding a 3 dimensional manifold (X) into 4

dimensional Euclidean space (¥, u), we find the induced metrics of the spaces like S*> and H>. Let

dlI? = dx? + du? be the 4D metric (where + for S, — for H?). Then, from slice constraints

x? + u®> = +a? for some constant “a” as a scale factor, by solving d(X*> + u?) = 0, we find
- - %-dx)? 2.dx)2 . .
du = F1%-dX, so that du® = (xu# = (Zzié)z . Notice that the fourth component u is now fixed and

(7-d%)?

a?Fx?

expressed in terms of the coordinates (X). Hence, we have dI? = dx*+

. - x-dx)?
x — ax, it reduces to dI* = a* (dx2 + ();:;2) )

. Taking a redefinition

a’ (d)?z + k(f_'i?;) where k = 0 for E3, k = +1
for S3, and k = —1 for H>. In spherical coordinates, dx? = dr® + r2dQ?, dQ? = d6? + sin? ng{)z,
and X - dX = rdr + r?# - d# = rdr. Therefore, putting these into the line element, we obtain the

maximally symmetric spatial metric represented by

dr 2 dr
2_ 2 2102) = 2(7,2 4 2 2\ = 2472 =
dl*=a (( 1—kr2) +r°dQ ) a (d)( +re(x)dQ ) a“dl; where dy = (2.2)

where we defined “comoving coordinates” (y, (0, ¢)), “comoving distance'.” dI?, and “co-

moving metric” diag(1,72(y)), and r = r(y) is called “comoving metric distance”. This

IRefer to Fig. 2.1



line element means the metric of the spatial slice with a fixed scale factor a and spatial curva-
ture sign k as being embedded in the 4D Euclidean space. Moreover, we can see this comoving line

element dI? as the line element of a cylindrical coordinate system whose chart is identified with

(p=r(x).0=Qz=y) (Withdl|fxed , = dp® +p?dp?® + dz?) when p = r(y) is fixed.
~——

Metric distance d,,, = r(y) is calculated as follows: from the definition

E*(k=0):y

dy=s—— = dp=r(y) =453 (k>0):ﬁsin(\/@() (2.3)

H? (k<0): ﬁsinh(ﬂ){)

2.2 FRIEDMANN-LEMAITRE-ROBERTSON—-WALKER (FLRW)
GEOMETRY OF EXPANDING UNIVERSE

The so-called “Friedmann-Lemaitre-Robertson-Walker (FLRW) metric” is defined by
the maximally-symmetric spacetime geometry consisting of time line element dt? and maximally-
symmetric spatial line element dI? where the scale factor a now depends on time variable ¢. Thus,

the FLRW metric is given by
ds? = di® — d(1) (d;(z +r( )()sz). (2.4)

Note that the physical distance dI* must be different according to the value of the scale factor
a(t), while the comoving distance dI?> must be the same for any a(t).

Let us consider one “physical observer Op (who uses the chart of physical coordinates)” and one
“comoving observer Oc (who uses the chart of comoving coordinates)’, and some dynamical object

in space. For comoving distance 7. and scale factor a(t), physical velocity v, that the physical

10



observer Op measures is given by the time derivative of physical distance rp, (t) = a(t)rc(t)

dryp da dr,
_ pny ¢
Uphy = TS = Erc + aE = Uf + Upec- (2.5)
~—— =
= vy = Upec

Notice that physical velocity —¢ < v, < o of the object that Op measures is equal to the sum of
Hubble flow or recession velocity 0 < vy < oo (= velocity of a comoving virtual circle of radius
rc that the comoving observer O¢c measures), and peculiar velocity —c < v, < ¢ (= velocity of
the dynamical object in comoving coordinates that the comoving observer Oc measures). Also,
we note that while v, obeys the principle of constant speed of light by relativity, the physical
velocity does not follow it anymore. This is basically due to the fact that the recession velocity is
the velocity of not an object but expanding space itself. Plus, remark that v > 0 is away from the
observer, while v < 0 is approaching to the observer.

In particular, the Hubble flow velocity is observed by the physical observer Op as follows:
defining H(t) = % which is called “Hubble parameter,” the physical observer measures the

following in physical coordinates

da

g = —-rc=arc = Harc =  Hrppy (2.6)
dt

measured by Op

measured by O¢

Especially, if a dynamical object is fixed at the comoving grids (i.e. % = 0) but apart from the

observer by r,p,, then its physical velocity is given solely by the Hubble flow velocity vy = Hrppy.

Also, the peculiar velocity can be measured by the physical observer in the way that

dr.
Upec = aE = Uphy —UH - (2.7)
——
measured by Op

——
measured by Oc¢

Next, there is an useful concept called “comoving Hubble horizon (or Hubble radius)”

11



defined as the radius of a comoving virtual circle whose recession velocity is luminal ¢ = 1, so that
! -1
vy=Har.=c=1 = r.=(aH)"". (2.8)

For example, if some object exists inside of the Hubble radius, then its recession velocity is sub-
luminal. On the contrary, if some object exists outside of the Hubble radius, then its recession
velocity is super-luminal.

Here is an important remark. If the comoving distance between two objects is either equal
to or greater than the Hubble radius, then they can never communicate with each other by ex-
changing photons since the physical velocity of the photons they emit is measured as v, > 0
by the two objects. This means that the photons are always propagating “away” from the other
object in practice. Hence, the comoving Hubble horizon or Hubble radius can also be defined as
a maximal comoving distance only inside of which particles are able to do “physical interaction”
between them in the causally-connected way. For instance, thermal equilibrium of particles can
take place only if all of them are inside of the same comoving Hubble horizon. This property will
be related to the so-called “Horizon problem” about the uniform Cosmic Microwave Background
(CMB) radiations.

Meanwhile, we can reexpress the spacetime metric by introducing a conformal or comoving

time “7” given by 7 = t/a(t). By inserting this into the metric, we find

ds? = a*(1) [dr® = (dy* + r*(y)dQ%)] (2.9)

static/comoving FLRW metric

where a(7) is now a time-dependent scale factor. This metric form is convenient for studying the
propagation of light.
Next, let us consider propagation of light in the expanding universe. In this case, it is conve-

nient to use the conformal coordinates. Assume that we look at a fixed solid angle Q. Then, the

12



light travels in the radial direction d y. The corresponding metric is given by ds? = a?(z)[d7? —
d x?]. Since photons travel along the null geodesic (i.e. ds* = 0), we have the relation dr* = dy?,
so that dy = +dr. Then, we have lightcone now. For the observer at a conformal time 7 at the
center of the lightcone, the + corresponds to null-geodesic outgoing from the observer, while
— corresponds to null-geodesic incoming to the observer. Then, we can compute the comoving

distance Ay between two times 74, 75 (or t4, tg):

B tB dt ag d Inag dl Inag 1
Ay = x(tg) — x(za) = / dr = / ? / na / —dIna. (2.10)
TA ta a(t) aa Inay Inay aH

where t;(7;) is some past (conformal) time, and t7(zf) is some future (conformal) time. Notice

that comoving distance depends on the evolution of Hubble radius (aH)™.

« Causal influence: Only comoving particles whose worldlines intersect the past lighcone
of an observer at p can send a signal to the observer at p. Only comoving particles whose
worldlines intersect the future lighcone of an observer at p can receive a signal from the

observer at p.

+ (comoving) particle horizon “y,,(7)” is defined by the maximal comoving distance where

the observer at 7 can receive the null-geodesic signals from the past events at 7;.

Xph(T) —/ / o) Lja ainlna (2.11)

In particular, this particle horizon is related to the horizon problem of standard Big Bang
cosmology. The case of a; = 0 is called “Big Bang singularity.” Plus, we also call particle

horizon as “causal contact or patch” of the observer.

+ (comoving) event horizon “y,.,(7)” is defined by the maximal comoving distance where

13



the observer at 7 can send the null-geodesic signals to the future events at zy.

_ (7 v dt "L 912
w0 = [ae= [C= [ e 212)

« Every observer has his own particle and event horizons.

2.3 GEODESIC MoTIiON AND REDSHIFT IN FLRW SPACETIME

In general, Tthe geodesic equation is given by

d2xct , dx“ dxP u*Vyout =0 where V,u* =out+ F:ﬂuﬁ

=0 & 2.13
dr * af dr dr ( )

piVapt =0 where Vyp# = o,p* + Fﬁﬁpﬂ

where u# = dx*/dr is the 4-velocity; p* = mu* is the 4-momentum, and F{f 5 = %g"fl@agm +
9892« — 929gap) is Christoffel symbol.
The FLRW metric is g, = diag(1, —a?y;;) and its inverse is g*” = diag(1, —a~%y"/). The only

non-vanishing Christoffel symbol components are
0 . i _ G i _ 1o
I;; = aayij, Iy; = 55]., Ty = 5V (9jY1k + OkYij — Aryjk)- (2.14)

In fact, due to homogeneity (p*(x’) = p*(x + a) ~ p*(x) + a'd;p* L pH(x), so that 9;,p* = 0), the

geodesic equation of any massless/massive particle in the FLRW spacetime reduces to

0@——(2# O+ TEph)p/ (2.15)
P = @ + Tiphp’. :
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For y = 0 component, we have
dE . o ) 1 Q o4
EE = —aayl.jplpl = —aa( - Egij) = ;gijplpj — ;|p|2. (2.16)

From the Einstein relation E* = |p|? + m?,

dE . d|p|
E— =|p|— 2.1
— = Ipl=F (217)

By combining (2.16) and (2.17), we obtain “3-momentum decay in FLRW spacetime” given

by

d|p L1 pl = E o ;
ﬁ = _@ — |p| x - = ¢ (2.18)
Pl a

Pl = ymld] e g,

where 7 is 3-velocity as “peculiar velocity,” and y is the Lorentz factor. The result means that
the physical 3-momentum |p| of any massless/massive particle decays with the expansion of the
universe, so that the peculiar velocity becomes small as well. Due to this, the physical velocity
will be close to the Hubble flow speed (i.e. recession velocity vg).
Remarkably, combining the result of “3-momentum decay” (2.18) and de Broglie wave (1 =
h/|p|) deduces “red-shifting of wave”
A a
Aoa = ZL=- (2.19)
Ai ai
In particular, let us consider that light with wavelength A, is emitted from a distant source at

t = t;. If an observer detects the “redshifted” wavelength A, of the light at time ¢y, then a redshifted

15



parameter z is defined by

Ao—-A A
= 0/1 L /1—0 -1>20 = z= B _1 for red-shifting in FLRW metric,  (2.20)
1 1 ai

z

where we usually set a(ty) = 1. Notice that any scale factor a(t;) at a given time t; can be

represented in terms of the redshift parameter z, i.e.

a(ty) = (1+2)7", (2.21)

which means that as z gets large, a(#;) gets small and we get close to the past. Moreover, by

Taylor-expanding a(t;), we get

da(to)
dt

a(t) ~ a(ty) + (t1 — to) = ao + H(to)a(to)(—d,) = a(ty)[1 — Hod,]. (2.22)
Combining (2.20) and (2.22), up to the first order in ¢, we obtain

z ~ Hyd), (2.23)

where Hy = H(t) is Hubble parameter at “today” and d,, = c(ty—t;) for ¢ = 1 is physical distance.

2.4 EINSTEIN F1ELD EQUATIONS IN FLRW METRIC: 1ST AND 2ND
FRIDEMANNN, AND CONTINUITY EQUATIONS

The dynamics of the universe is determined by the Einstein field equation

Gy = 87GT,, (2.24)
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where G, = R, - %Rgﬂv is the Einstein tensor (where R, is Ricci tensor and R is Ricci scalar), T,
is the energy-momentum tensor, and G is the gravitational constant. For the FLRW spacetime,
we require homogeneity and isotropy. Thus, isotropy under x”' = Rj.xj requires the average of
3-vector in time to vanish: <0i> =0 = o' = 0. Particularly, for isotropy around x’ = 0, average
of a rank-2 3-tensor T can be proportional to identity tensor, i.e. (T") o 6 ~ g'/. Homogeneity
under x"' = x' +a’ requires a scalar to be only a function of time in order for its average to vanish:

(§) =0 = S = 5(t). Due to these, we must consider that

By isotropy: (Tip) =0 = Tj0 =0, (2.25)
By isotropy around x=0: <T,~j> = <Cg,~j> = <C(—a251j)> o« §jj
= (C) =0 = C=-P(t), (2.26)

By homogeneity: (Too) =0 = Too = p(2), (2.27)

where p is interpreted as energy density and P(t) is interpreted as pressure. Therefore, the energy-

momentum tensor is given by

t 0
Ty = p(t) = T = ¢" Ty, = diag(p(t), —P(t), —P(t), —P(t)) in comoving frame,

0 —P(t)gi
(2.28)

where g"* = diag(1, ¢™). In fact, this is the stress-tensor of a “perfect fluid” seen by a comoving
observer. p(t) and P(t) are measured for a fluid at rest in the comoving coordinates. The relative
4-velocity of the perfect fluid is u* = (1, 0)7, u, = (1,0), which gives a matrix utu, = diag(1, 03x3).

When rewriting the stress tensor as

T', = diag(p(t), =P(t), =P(t), =P(1)) = (p(t) + P(1)) - diag(1, 03x3) — P(t) - diag(L 13x3), (2.29)
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by plugging the 4-velocity back to the tensor, we can easily find the general form of the stress

tensor which is valid in any coordinate system
T!, = (p(t) + P(t))u'u, — P(t)8, in any reference frame, (2.30)

where u# = dx* /dr is defined by the relative 4-velocity between the fluid and observer.
The continuity equation is then given by

A A
v, T, =9,T, + F}’I'ATV - T, T =0. (2.31)

In comoving frame, by plugging Tj; = d§; and Eq. (2.28) into Eq. (2.31) for v = 0, we find a

T a

continuity equation of the stress tensor in FLRW metric

. ;. dp _a
VT =9 TH+TpTH — T T, =0 = S +3-(p+P) =0 (2.32)

Moreover, we may represent the pressure P(t) in terms of the energy density p(t) using the

equation of state

S
1l
|

, (2.33)

where o is a constant. Hence, we obtain “energy density evolution” given by

C;—/; +3(1+ a))gp =0 = p(t) = Ala(t)] > — p(t)a(t)***) = A = constant
a® for matter w = 0

p(t) < g%  for radiation w = 1/3 : (2.34)
a®  for vacuum/dark energy o = —1.
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Next, let us compute the components of Ricci tensor in the FLRW metric.

isotropy, the 3-vectors vanish, i.e.
Ri() = R()i = 0

Using the Christoffel symbol components (2.14) (here, i.e. T} i = 25;.), we get

_ I rrl L4
Roo = =0Ty = Tyl = =3°.

In addition, taking the limit of y;; around X=0as

XiXj

YijEéij"'k(l )zéij+k(xl-xj) - yjkz5jk—k(xjxk),

— kxxck

we find F}k ~ kx'! ik and thus
Rij(X) X (aa + 2a2 + 2k + kxz)(sij - kzxixj.
At x' = 0, it reduces to

1
Rij(x = 0) = (ad + 2d° + 2k)8;; = —— (ad + 2d% + 2k)gij(x = 0),
a

We find that by

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

where we used y;;(x = 0) ~ §;; and g;; = —a®};;. Since the spatial dependence of the Ricci tensor

comes from that of the metric tensor g;;, R;j(x = 0) holds for general x as well, so that

. .\ 2
Rl'j(X) = —(g +2 (g) + 2§)glj(x)

19
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Then, it is straightforward to compute the Ricci scalar R

o .\ 2
. k
R=dg"R,, = OOR + UR-*:—G(E-F E +_)‘ 2.41
g Kyy =g Koo TG Rj 4 a a2 ( )

Therefore, by inserting the values of Ricci tensor components and Ricci scalar into the Einstein

tensor (G, = R,y — %Rg,w), we find all of its components as follows:

G = 3( (9)2 + ﬁ), G = (2é + (9)2 + %)5; Gy=G"%=0. (2.42)

Finally, we are ready to derive the Einstein field equations in the FLRW metric. The so-called “1st

Fridemannn equation” is obtained from 00-component Einstein equation:
2
G% = 87GT = H*= (5) =—p-—. (2.43)
Plus, the so-called “2nd Fridemannn equation” is obtained from ij-component Einstein equa-
tion:

i i a 471G
szgﬂ'GTj == ZZ—T(ID+3P) (244)

2.5 DIMENSIONLESS DENSITY PARAMETER, COosMIC ENERGY

BuDpGET, AND ACDM

The so-called “critical density” p. is defined by the total energy density at today (t): p.(to) =
2.1 pi(ty) for some species I = r,m, A (i.e. radiation, matter, dark energy, respectively). In fact,

this critical density can be obtained by the 1st Fridemannn equation

871G k 8xG 3H(tp)?
H2 — Tp _ ; ~ Tp = p(t = tO) = Py = pc(to), (245)
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where p(t) is the total energy density at ¢, and we used |k| < 1. Then, we define “dimensionless
density parameter” Q; for a certain specie I as a ratio of the I’s density at today t, to the critical

density p. at today ty, i.e.

_ pr(to) _ p1(to)
"7 pelt) ~ Zipi(to)

(2.46)

Taking this definition, we can find alternative of the 1st Fridemannn equation in terms of the

dimensionless density parameters. Using Eq. (2.45), we reach

2_ p() 2 ko _ pi(t) 2 k
T R0 T a0 T 2 pea) 0 a0

(2.47)

Since we have seen that p(t) o« a(t)(*®) —  p(t)a(t)?*®) = constant, defining p; o

a(t)30%@D)  we have

3(1+w1)
a(to)
pi(1) = pi(to) [ = , (2.48)
a(t)
which gives rise to
3(1+wy) 2 3(1+wg)
a(to) a(t) a(t)
H?*(t) = H? Q +Q = H? Q , 2.49
* "[Z I(a(t)) "(a(t) ° L1\ a(r) (2.49)
I a=Lk
where we also introduced a new definition of the k, i.e. Q = _(aOkTO)Z‘ Then, defining a(t,) = 1
for today, it reduces to the final form of the alternative of the 1st Fridemannn equation
H%(t) . _ _ _
— = Z Qua(t) 300 = 0 a4 + Qa3 + Qra? + Q. (2.50)
0 a=Lk
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The cosmological observation predicts the following “cosmic energy budget” that
|Qk| < 0.01, Q, ~9.4%x107°, Q, ~ 0.32, Qa ~ 0.68, (2.51)

where the smallness of the first budget Qy is called “Flatness Problem.” In particular, it is re-
markable that the matter contribution to the parameter in fact does not come from solely the
ordinary matter (i.e. baryons mostly) since it was measured as Q; ~ 0.05. Hence, it is inevitable
to assume that there exists a novel type of matter called “Dark Matter® (DM)” for compensating
the difference in the density parameter of matter. We thus consider the sum Q,, = Qp, + Qcpu,
and obtain Qcpys ~ 0.27, which is the case of Cold® Dark Matter (CDM).

Next, by taking advantage of the alternative of the 1st Fridemannn equation, we are going to
investigate the behavior of scale factor a(t) in (conformal) time according to the species. In fact,
the different scalings of the energy densities of radiation (p o a™*), matter (p o« a~?), and dark
energy (p o a’) imply that the universe was dominated by a single component for most of the

history of our universe. Given a single species I only, the Fridemannn equation reduces to
H? = H2 Qa3 ) — a~raren gg - Hy\Qqdt. (2.52)

Then, the corresponding solutions to this are given as follows: when w; # —1,

2 2
3(1+w 3(1+wy) 3(1+w 3(1+wp) 2
a(t) = %11911_[00 _ tO) +1 — %’/QIHOLL oc t30ap) (2.53)
where we used a(t = 0) = 0 at which Big Bang occurs, and ¢, = m When w; = —1, we
T 110

?Dark matter does not do electromagnetic interaction since it has no its gauge charges. In this sense, it is called
“dark”
3This means that the velocity is “non-relativistic.”
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find a(t) = efoVRI(=t0) o« (HoVQIt o oH! Therefore, we have

t1/2 for radiation-dominated (RD), i.e. «, =1/3
a(t) o« § 213 for matter-dominated (MD), i.e. wm =0 : (2.54)

ef* for A-dominated (AD), i.e. wp=—1

After Big Bang at t = 0, expansion of the universe was first dominated by radiation, and then
matter, and has been being dominated by dark energy until now. It is also possible to re-express

the above equation in conformal time 7. Using dt = adr, we find
a 2 ien gg = g\ JQdr. (2.55)

The solutions to this are given by

2
1 + 36() (1+3w1) 2
a(T) — ( 2 I) H() ,QIT oc T(1+3(uI) . (256)

Thus,

72 for radiation-dominated (RD), i.e. w, =1/3

a(t) « 4 r for matter-dominated (MD), ie. wn=0 . (2.57)

—77! for A-dominated (AD), i.e. wp=-1

The evolution of the universe that is made by the cosmic energy budget we have seen is called

“ACDM standard cosmology”
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2.6 HoORI1ZON PROBLEM AND INFLATION AS ITS SOLUTION

In the previous section, we have seen that the alternative form of the 1st Fridemannn equation
is given by Eq. (2.50). Now, we are going to see how Hubble radius (aH) ! evolves as the universe
expands. Let us consider a single component species with w. Then, the corresponding dimen-
sionless density parameter can be set to unity (i.e. Q = 1), and thus the Fridemannn equation

gives the evolution of Hubble radius

? — a—3(1+m) — (aH)—l — H()_la(1+3w)/2. (2.58)
0

We observe that since all the matter sources satisfy the “strong energy condition (SEC), i.e.
1+3w > 0, the corresponding Hubble radius increases as the universe expands. Next, by inserting

the evolution of the scale factor in Eq. (2.56) for the single component species with Q = 1, i.e.

2
(1+307)
a(r) = [@Hm’] ' , into Eq. (2.58), we obtain the evolution of Hubble radius in comoving

time
T for Radiation-dominated (w, = 1/3)
, (1+3w) _
(aH)™' = ———7 = (aH)™" 7/2 for Matter-dominated (w,, = 0) (2.59)
-7 for Dark energy-dominated (wp = —1)

which also implies that the particle horizon y,(7) is given by

Xph(T) =7T= m(aH)_l. (260)
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. | (430 (#3ep)
In the meantime, from a(r) = |~ Hor , we find

-1
T= ia(um)/z_ (2.61)
(1+3w)

Notice that when (1+3w) > 0 by the strong energy condition, the initial conformal time 7; at the Big
Bang singularity (i.e. a(z;) = 0) becomes zero, which also means that the size of the particle horizon at
the singularity in our past lightcone is zero. This vanishing particle horizon at the singularity means
that past events at the Big Bang singularity has never existed that were able to send signals to
us at present. However, this result seriously contradicts our observation of cosmic microwave
background (CMB) radiation!

Regarding CMB, about 380000 years ago after the standard “Hot” Big Bang, the universe had
cooled down sufficiently to allow “Recombination” process where hydrogen atoms were formed
and photons were decoupled from the primordial plasma of the hydrogen atoms. We call such pho-
tons created from the decoupling during the recombination process as “CMB radiation” since
we have observed them in form of CMB. In the meantime, according to the observation, the CMB
radiation is almost perfectly isotropic with anisotropies in the CMB temperature being much
smaller than the average of the CMB temperature Toyp ~ 107V ~ 2.725K, i.e. 6T < Tepp.

The uniform temperature of the CMB radiation implies that they must be in thermal equi-
librium in causal contact in the same particle horizon in the past. Therefore, the discovery of
the uniform CMB radiation supports that there did exist the past events that were able to send
the CMB photons to us at present, and thus particle horizon at the Big Bang singularity must be
“spacious” enough to include all the possible causal contacts/patches* of the CMB photons that
we have seen!

Now we face a critical problem due to the discordance between the vanishing particle horizon

(obtained from the ordinary sources satisfying the strong energy condition) and requirement of

“Here, the “causal contacts/patches” are defined by particle horizons of signals that an observer has received.
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Figure 2.2: (Horizon problem) At the last-scattering surface of recombination, any two points p and ¢
that are apart from each other by more than one degree seem to be not in causal contact and outside
of Hubble radius since their past lightcones do not overlap before the singularity and the Hubble radius
at singularity is zero, so that they seem causally-disconnected. However, uniform CMB temperature has
been measured with very small anisotropies over the sky, implying that CMB radiations should have had
thermal equilibrium in some causal contact in the past. The upper figure is taken from [22], and the lower
figure is taken from [4].

non-vanishing particle horizon (which is predicted by our observation of the uniform CMB radiation)
at the Big Bang singularity in the past. This discordance issue is called “Horizon Problem” in
Fig. 2.2 in cosmology.

Certainly, given the result of the vanishing particle horizon, the CMB photons may seem
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Figure 2.3: (Inflation as a key solution to the Horizon problem) An era of a so-called inflation is introduced
to push the singularity to the far past, so that the CMB radiations could be in causal contact inside of the
Hubble radius at some moment before singularity. Figure taken from [4].
to be sent from causally-disconnected patches of particle horizon. Hence, for our observation
of the uniform CMB temperature to be valid, there must be “long enough” conformal time for
the causally-disconnected patches to be causally-connected inside of the common single non-
vanishing particle horizon at the singularity in the past. This is a starting point to resolve the
Horizon problem.

In respect of this, we need to move the initial singularity 7; to the further far point in the past
to obtain a past lightcone where the common causal contact can be established. This is illustrated

in Fig. 2.3. To do this, we push the singularity to negative conformal time to have such an enough
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time

2H;!
0 W02 i 7; = —o00. (2.62)

T, = .
! (1 + 3&)) ! a;—0

This type of 7; can only exist when there is a SEC-violating fluid such that
1+3w < 0. (2.63)

Now we ask: how can we get such SEC-violation giving the proper singularity? In fact, the simple
answer to this is to conjecture that there was a phase of decreasing Hubble radius in the early

universe. Let us recall the evolution of Hubble radius (2.58), and take its time derivative:

d
(aH)™! = Hy'a130)/2 — E(aH)_l = Hy'— (2.64)

Then, since we are interested in the SEC-violation (2.63) (i.e. (1 + 3w) < 0), we conclude that we

need to conjecture that a shrinking Hubble sphere or radius existed in the past
d (aH)™' <0 (2.65)
—(a , .
dt

which exactly enables us to have much conformal time in the negative direction beyond 7 = 0.
This is because the initial singularity of a; = 0 is now placed at 7; = —oo! Moreover, the shrinking
Hubble sphere condition means “acceleration of the scale factor of space” or the so-called

“Inflation” because

2 (4
dt

d  a d
_(af)—l =" (@) =-a%i<0 = d>o0. (2.66)
a dt

H)™ ' =
) dt

That is, it is required that accelerated expansion of the universe occurred in the past. This is why

we call inflation as a period of acceleration.
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Here, we are finally able to define a sufficient time interval between 7 = 0 and a certain instant
71 < 0 (such that 0 > 7; > 7;) at which the common causal contact or particle horizon of the CMB
photons could exist in the past lightcone of an observer in the past thanks to the shrinking Hubble
sphere. This special time interval Az = 0 — 7; during which inflation has lasted is called “Era of
Inflation.” Hence, 7 = 0 is no longer the initial singularity but instead it becomes only “a critical
point of phase transition from inflation before 7 = 0 to the standard Hot Big Bang after 7 = 0,
which is called “Reheating”.

Equivalently, the shirinking Hubble sphere condition deduces that

%(aH)_1 = —(aH)_Z%(aH) = —(aH) %[aH + aH]
= _—(a;)z[H2+H] :—2(1+%) :—2(1—6) <0 = ¢e<1 (2.67)

where we define “1st slow-roll parameter”

B H_ dlnH<1 (2.68)
ST T THar S '

In fact, this additionally implies the “almost-constant Hubble parameter” during inflation
£ <1 = For perfect inflation, e =0 = H =0 < 1 = H = constant in time.  (2.69)

Meanwhile, recalling the definition of Hubble parameter, we find the solution for the scale

factor

g’_l@_dlna
- =

H -
adt dt

= a(ty) = a(t;) exp( / ! H(t)dt). (2.70)
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Now we assume that the Hubble parameter is almost constant during At = ¢y —t;. Then, we have
a(ty) = e = eNa(ty), N = HAt, (2.71)

where N is called “The number of e-folds of inflation” In particular, it takes ty = At = H -1
for the scale factor to get e ~ 2.72 times for N = 1 (one e-fold). We call such ty as “Hubble
expansion time”

The next question here is how much change of the comoving particle horizon Ay can be
large as the number of e-folds N increases. To do this, let us introduce a time-independent
characteristic scale “A” which is defined as the characteristic comoving distance and, at the same
time, the increasing unit of particle horizon as N increases such that:

Ay _Bx __a dx_ dx
N "~ HAt  dajdtdt  “da

Ay=NAe A= &= ady = Ada, (2.72)

where we see that the given comoving particle horizon is N-times of the characteristic scale A.

Moreover, from the definition of Hubble parameter, we can find the time element

H=-=-=" = dt = (aH) 'da. (2.73)
a adt

Note that we can consider the Hubble horizon (or radius) (aH) ' (t) as the comoving distance
over which particles can travel for one Hubble (expansion) time H™'(t) and interact with each other
at a given moment “t” within the next Hubble time.

By putting (2.72) and (2.73) into the FLRW metric (i.e. ds®* = dt? — a’dy?), we obtain its

equivalent form and can determine causality of the scale A with respect to the Hubble radius
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(aH)™%:

ds? = dt* — a®dy* = [(aH)™? — A*]da®
Subhorizon: (aH)™! > A = ds? > 0 ( timelike = causally-connected )
= 4 On-horizon: (aH)™! =1 = ds? = 0 ( null-like = causally-connected ) (2.74)

Superhorizon: (aH)™! < A = ds? < 0 ( spacelike = causally-disconnected )

That is, consider that two particles are separated by a comoving distance A at a given moment
“t;” Then, the Hubble radius “(aH)'(t;)” at the time can be used for judging whether they can
interact (i.e. start to send a signal at the given time #; and receive it at some later time t) with
each other at the given time t; within one Hubble time (ie. At =ty —t; < ty = H™!). That
is, if A > (aH)71(t), then they are causally-disconnected and thus cannot interact with each
other within one Hubble time. On the contrary, the particle horizon y,; can be used for judging
whether they were able to interact with each other at a given past moment ¢;;. That is, if A > y,p
at some past time, then they have never been able to interact with each other.

Now we are ready to investigate how inflation of the early universe in the past can wash out
the Horizon problem. Since for the observer at today t,, the Hubble horizon around the observer
is (agH,) ™!, the characteristic scale A must be less than the present Hubble horizon for the initial
particle horizon A to be causally-connected to the observer at t;: i.e. 0 < A < (agHy)™!. We
observe that (agH,) ! is the maximum of A. This means that the initial particle horizon A must be
either less than or equal to (agHy) ™!, which is the comoving size of the observable universe. Next,
let us imagine that we go to the starting point of inflation. Then, for the observer at the inflation-
starting time #;, the Hubble sphere is given by (a;Hy)~!. For any A of the regions A < (agHp) ™! to

be causally-connected to the observer at t;, it is needed to impose that A(< (agHp) ™) < (a;Hy)™L.
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Figure 2.4: Hubble horizon (or radius) hierarchy for inflation to be able to resolve the Horizon problem
in a consistent way. Figure taken from [4].

Therefore, we find the sufficient condition for inflation

(aoHo)™" < (aH)) ™. (2.75)

Here we comment that since normally particle horizon y, = A+ Ay = (1 + N)A (except for
the initial particle horizon A at t;) can be larger than the Hubble horizon (aH)™! all the times,
it is more conservative to use the inflation Hubble horizon (a;H;)™" as a means of judging the
horizon problem.

We claim that if the entire observable universe (i.e. 1 < (agHy)™!) was within the
comoving Hubble horizon at the beginning of inflation (i.e. 1 < (aoHy)™' < (a;Hy) ™! as

shown in Fig. 2.4), then there is no Horizon problem.
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2.7 CONDITIONS FOR INFLATION AND ITS DURATION

In this section, we investigate the conditions for inflation in detail. How long should inflation
have lasted? The answer to this question will give us how to satisfy the first inflation condition
given by Eq. (2.75). To estimate the duration of inflation, let us assume that at the end of inflation
att = tg, the universe was radiation-dominated. Hence, recalling Eq. (2.50) and putting Q = 1 and
wy = 1/3 into Eq. (2.50), we can consider the following single-component radiation-dominated

evolution of H:
ao 2
H=H, (—) : (2.76)
a

Setting t = tg, we find

2
Hy & _ aghly _a

=2 = . 2.77
H() ai_ aoHo ag ( )

From the energy density evolution in Eq. (2.34), we have seen that the radiation-dominated case
corresponds to p ~ a~*. In addition, we know that energy density of radiation is proportional
to the fourth power of temperature T according to Stefan-Boltzman Law (i.e. p(T) o T*. This

leads to the fact that a~! o« T. Hence, the above relation can reduce to

agHg  ay T

= = . 2.78
acHy ag Tg (278)
In particular, we have observation of Ty and T, which are Ty ~ 10™* eV (which is today’s CMB
temperature) and Tg ~ 10" GeV = 10%* eV at the end of inflation. Therefore, we find
aEHE _ agp TO

=—=—=10" = (aH)™" = 10*(agHp) ™", (2.79)
aoH() ag TE
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By inserting this result into the condition (2.75), we get
(aoHo) ™" = 10%(agHg) ™" < (a;Hp) ™" (2.80)

Since we have seen that H ~ constant in time from Eq. (2.69) during inflation, we have H; ~ Hg,

and thus the inequality leads to the condition on the number of e-folds for inflation

a a
Z>108 = In(—E) =N>28In10 ~ 64 = N > 64, (2.81)
ar ar

where we used ar = eNe;. Also, from the result of (agHy) ™' ~ 10?8 (agHg)™!, we get ap = e%ay.

This tells us that inflation must long last over the number of e-folds greater than 64!

In fact, there are other equivalent forms of the condition for inflation:

« 1. Shrinking Hubble Sphere: %(aH)‘l < 0.

« 2. Accelerated Expansion: d > 0.

H dhnH
3. Slowly-varying Hubble parameter: ¢ = et drll\f < 1. This condition means that

the fractional change of the Hubble parameter (i.e. dIn H = dH/H) is slowly-varying over

the period of one e-fold N = 1.

+ 4. Quasi-de Sitter expansion: ¢ * 0 < 1 = H = constant in time. This means that

H=2 — a(t) < e, (2.82)
a

« 5. Negative pressure: v < —1/3. By differentiating the 1st Fridemann equation with k = 0
(spatially-flat) with respect to time and using the continuity equation p = —3H(p + P), we
get H = —47G(p + P). Then, by adding H? to this, we get

., H? 3P H 1 3P 1 3P
H+H:——(1+—)=>———1:—(1+—)=>s—1:—+——, (2.83)
2 p H? 2 p 2 2p
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which gives
P

e:§(1+—):§(1+w)<1 = w < -1/3. (2.84)
p 2

As we can see, inflation requires “negative pressure” (or equivalently a violation of the

strong energy condition).

Inp

Ina

= 2¢ < 1. From the continuity equation, we have

. |d
6. Constant density: 7

d d 7
d_[t) =-3Hp(1+0) = & _ —35(1 +w)dt = dlnp=-3(1+w)dlna. (2.85)
p a

Thus, we have

dl
g -3(1+w) =-2 =
dlna

d1
' BPl _9e <1, (2.86)

dlna

For small ¢, In p will be constant in In a. Thus, the energy density is thus nearly constant
during expansion. However, conventional matter sources all dilute with expansion; for
example, p, « a™* and p,, < a~>. This means that we need to explore a new matter source
that is beyond the conventional matter form, which will be identified with a real scalar

quantum field called “Inflaton”

We have seen that in a given FLRW spacetime with the Hubble parameter H, cosmological

inflation can take place if and only if ¢ < 1 holds. Thus, it is needed to have a sufficiently long

time for ¢ to be small enough during inflation. To acquire this, we have to consider ¢ to remain

small for a large number of e-folds of inflation, e.g. over 60 e-folds. In this respect, we introduce

a new parameter n where the information of slowly-varying ¢ over the e-folds is encoded. This

n parameter is defined as a ratio of fractional change of ¢ to change of the number of e-folds, so
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that

dlne dlne &
= = — = &; UAN_
AN _ Hdt He = ae

n (2.87)

Since we are interested in ¢;, e < 1,itis required to impose AN — 0. This means that for any

AN, n — 0, which is equivalent to
In| < 1. (2.88)

In summary, we call the two variables ¢ and 1 as “Hubble slow-roll parameters”:

H _dlnH

<1 dlng_ é
H?  dN ’ B

— ith 1. 2.89
= with |yl < (289)

I]E

2.8 ScALAR FIELD DYNAMICS OF “INFLATON”: SLOW-ROLL
INFLATION

In this section, we discuss a new matter form given by a real scalar field ¢ (¢, X) called “In-
flaton” and its scalar field dynamics. Let us assume that there exists a real scalar field ¢ and this

has kinetic and potential energies given by

1

L=39" 0406~ V($). (2:90)

If the energy-momentum tensor of the inflaton dominates the universe, it sources the evolution
of the FLRW backgroud. Hence, it is desirable to know under which conditions the inflaton can

lead to the accelerated expansion, i.e. inflation. The corresponding energy-momentum tensor is
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given by
1
T = 9Ty = #'$0.9 = 8( 59 0ud0p9 = V(9)), (291)

where we used T), = %av — gayL. In particular, due to the homogeneity and isometry of the
FLRW spacetime (2.27), we impose that the inflaton field is given by only a function of time:
$(t). Then, from Eq. (2.28) in the comoving frame, the components of the corresponding energy-

momentum tensor are given by
1. . . 1. .
= +V($)=pp  T)= 5;.( -S4+ V(¢)) S (2.92)
or equivalently

po= 5 V@), By= V(). (299

Then, the negative pressure condition is

Py it-v 1 1.
w<—1/3<=>w:—¢:i¢.—w)<—— = —$? < V(¢). (2.94)

pi 1 AV(p) 3 2
Next, let us study the evolution of the inflaton field ¢(t). Using the relation 827G = M,?
(where Mp = JT—CG = 1/V8xG is “reduced Planck constant” for /i = ¢ = 1), we can re-express

the 1st Fridemann equation with spatially-flat condition k = 0

2= P (2.95)
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and we get

2= Pt 1 (45

o " a7 V) (2.96)

From the continuity equation py = —3H(pg + Py), the left-hand side of this is given by b +
PV’ ($) where V'(¢) = dV(¢)/d¢, while the right-hand side of the equation is given by —3H¢?.
Therefore, we obtain the equation of motion for the inflaton from the continuity equation as

follows:

dv(¢9)

¢ +3H¢ + .

= 0. (2.97)

Notice that this is Klein-Gordon equation for the inflaton with a friction term 3H¢ caused by the
expansion of the universe.
Next, let us compute the slow-roll parameters ¢ and 7. By taking the time derivative of the

1st Fridemann equation and using the continuity equation, we obtain

P¢ P
H*=—- =— 2HH=-—— = 3H(py +Py)] = ——(ps + P
e 3M2 3M2[ (py + Py)] M (qu )
. 1 h2
= H=-——(py+Py) = ——, (2.98)
2M; 2M}
and thus the first slow-roll parameter is found to be
- 172
H gfﬁ
&= _ﬁ = MI%HZ (299)
To get the shrinking Hubble sphere, we need to impose ¢ < 1, which leads to
1. 1.
§¢2 < MjH® < 3M;H* = py = §¢2 < V(¢). (2.100)
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Figure 2.5: Example of a slow-roll inflationary potential V(¢) of inflaton field ¢. In the shaded regions,
inflation may take place. Figure taken from [4].

We note that the smallness of € requires kinetic energy of the inflaton to be very smaller than it total
or potential energy! That is to say, it is necessary for the inflaton to roll down very slowly along
the potential. In this sense, we call this situation for inflation as “Slow-Roll Inflation,” which
is illustrated in Fig. 2.5. Furthermore, we have talked about the persistence of small ¢ during
inflation. This is reflected in another slow-roll parameter 7. Let us calculate this in the following.

From Eq. (2.99), by taking its time derivative, we obtain

M2H2 (b — ¢*H). (2.101)

Thus, the eta parameter is found to be

1= i = -0 ) =2l R =2 @102)

where we define 6 = —¢/(¢H). For ¢ to remain small for a long time (i.e. to satisfy {¢, ||} < 1),

we must take the so-called “Slow-roll approximation condition” that
{&,10]} < 1, (2.103)
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where inflation can occurs and persists.
In fact, taking the slow-roll approximation condition, we are able to simplify the 1st Fride-
12
mann equation (2.96), and the equation of motion for the inflaton (2.97). First, from % < V(¢)

which is equivalent to ¢ < 1, the 1st Fridemann equation reduces to

At
3MZ°

(2.104)

Remark that the Hubble expansion is determined by the scalar potential V(¢) of the inflaton!
Plus, from the condition |8| = |¢/($H)| < 1, we can ignore the term of ¢ in the equation of

motion for the inflaton, so that

¢ +3H¢ + Vig) 3H¢ + V(g) _

d¢ d¢

0 = ¢~ —V;g). (2.105)

Finally, we are ready to compute the slow-roll parameters in terms of the potential V(¢).

Using the results of Eqgs. (2.104) and (2.105), we find

£ = = _— = — —_— = £ =
2MI§H2 2Mg 9H2 H? zMg 9 V2 2 \V

(2 ) 72 4 2 1\ 2

1 Ve 1 1 V“9M M (v
¢ P = —P(—) = ¢y, (2.106)
where we defined a new parameter denoted by ey since this is now determined by the potential
V(¢). Furthermore, taking the time derivative of the approximated equation of motion in Eq.

(2.105), we find

i . . H ¢ V” V// V//
3(Hp+Hp) ~ —pV" = 3|— +— |~ —— = 3(e+8) ~ — ~3Mp—, (2.107
(1§ + 1) ~ (ot ) =i = serd = fm o @

where § = —¢/(¢H) and which gives rise to
V// V//
e+~ i Mg(v) = ny. (2.108)
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Since n = 2(¢—9) and ny ~ €+, we find 5 = 2(2e —ny) =~ 2(2ey —ny). Hence, considering n < 1
for slow-roll inflation, we can find the following “Slow-roll inflation and inflation-end/no-

inflation conditions”

Slow-Roll Inflation: {¢, ||, ev, |pv|, 6} < 1
(2.109)

Inflation-End/No-Inflation:  {e, |5|, ey, |pv], 0} = 1

and we emphasize that a convenient way of judging whether a given scalar potential V(¢) of
an inflaton can lead to slow-roll inflation is to calculate the “potential slow-roll parameters”

ev, nv, which are given by

V@)
V()

V'(¢)
3H2

M (v
= P( ) ~|e+6] < 1, (2.110)

2
= — ek, Inv| = M?
V(¢>) r

2

which implies that the inflaton mass mg must be much lighter than the Hubble scale H during

inflation, i.e.
lInvl <1 &= my <H during inflation. (2.111)

Also, we note that as shown in (2.109), when ey ~ ny = 1, the inflation can end up. Thus, through

this condition, it is possible to compute the field value of ¢, say ¢, at which the inflation can stop.
The last step we have to do is to compute the number of e-folds N for the time interval from

tr (i.e. at the beginning of inflation) to ¢z (i.e. at the end of inflation) in terms of the potential

V(¢). The total e-folding number N for the whole duration of inflation is given by

tE ¢(te) fg Pte) 1 |4
/ H(t)dt:/ —.dgb:/ _L 149l
tr sty @ ot V2e Mp

/¢<'-‘E> 1 gl [P V()
¢

N(¢r1, ¢E)

— = —=|dg|, (2.112)
() V2ey Mp g MIV'(9) ¢
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where we note that |d¢| = —d¢ since d¢p < 0 when ¢; < ¢g, while |dp| = d¢ since d¢p > 0 when
¢r > ¢r. Here, we point out that while ¢ can be computed from the inflation-end condition
(i.e. &y = ny = 1), the initial field value of ¢; at which the inflation starts cannot be determined
exactly but estimated as a possible starting point of inflation by imposing the necessary number

of e-folds for inflation.

2.9 “REHEATING” AFTER INFLATION: SCALAR FIELD
OSCILLATIONS, INFLATON DECAY, AND THERMALIZATION

During inflation, most of the energy density in the universe is in the form of the inflaton
potential V(¢). Then, when the potential steepens, inflation ends and the inflaton begins to pick
up its kinetic energy, and subsequently oscillates around the minimum of the potential. This is
the first process after inflation called “Scalar Field Oscillation.” Then, via “Inflaton Decay,’
the energy of inflaton has to be transferred to those of standard model (SM) particles, so that
the SM particles can be produced in the universe. The last process is “Thermalization” of the
primordial plasma of produced particles. After the inflaton is completely frozen, the SM particles
produced by the inflaton decay can interact with each other, create other particles through their
interactions, and the primordial plasma of all the particles will eventually reach thermal equilib-
rium with some characteristic temperature T, called “Reheating Temperature”. In particular,

the process of the three steps are called “Reheating”

Scalar Field Oscillation: When the slow-roll parameters ey, 5y reach around 1, the inflation
ends. After inflation, then, the inflaton field ¢ begins to oscillate around the minimum of its po-
tential V(¢). About this minimum, it is possible to assume that the potential can be approximated
to a quadratic potential V(¢) ~ %m;gﬁz corresponding to the mass term of inflaton, where the am-

plitude of ¢ is small. The inflaton ¢(t) can still be considered as a homogeneous field depending
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only on the time ¢. Then, from the definition of 1y in Eq. (2.108), we have

2

V// VII V/I 1 m¢
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Since ny 2 1 after inflation, we get the following result
g
— 2 0(1). (2.114)

This means that the oscillation period Tos. = m(;l of the inflaton around the potential minimum
must be very shorter than the expansion time ty = H™'. Thus, the mass of inflaton when inflation
is not active must be heavier than the Hubble scale H: H! > m; & my > H. In this
mass limit mg > H, it is possible to neglect the friction term 3H ¢ in the equation of motion for
the inflaton, so that ¢ ~ —m;g{), whose solution is found to be the conventional oscillating one

¢ = Asin(mgyt). Next, let us consider the continuity equation (i.e. py = —3H(pg + Py)). Then, we

obtain
: : ¢ 1,5 3H 5.,
py +3Hpy = —3HPy = py+3Hpy = —3H(? - Em¢¢ ) = 7(m¢¢ —¢°). (2.115)

Taking the time average over one period of oscillation Ty, (i.e. (f(¢)) = % f H/2 f(t)dt), we find

~T/2

. 3H 5.2 (2 3H Zm; 02 2
(g +3Hpy)y = 7(m¢ (6°)r = (")) = T((sm (myt))y = (cos” (myt) ;) =0,

(2.116)

where we used the solution ¢ = Asin(mgyt) and the fact that <cos2 (myg t)>T = <sin2 (m¢t)>T =1/2.

The result “(p, + 3H p¢>T = 0” means that the energy density decays as

(o (1)) = (py(t))7 e (o)) e = (py (1)) @ Cwalt) @)
a(t;)
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where we used a(t) = eNa(t;). We observe that as the universe expands, decaying behavior of the
energy density of the inflaton after inflation is the same as that of the conventional “pressureless
(w = P/p = 0)” matter! Also, the result (2.117) means that the amplitude of oscillation of the

inflaton decreases as the universe expands since

<p¢>>T = < $° + m¢q5 >T = quﬁAz ((cos*(mgt) + s1n2(m¢t))>T —m¢A2 — A’ x a3,

(2.118)

Inflaton Decay: There must be interaction terms of the inflaton field coupling to the standard
model fields in their Lagrangians because the universe must be filled with matter. The energy
stored in the inflaton field must then be transferred to the ordinary particles of matter. If the
infaton can decay into bosons via a mechanism of “parametric resonance” sourced by bose con-
densation effects, then the decay may be very rapid, which is called “Preheating” If the inflaton
can only decay into fermions, then the decay is slow. In this case, the energy density follows:

pg +3Hpy = =Ty pg where Iy parameterizes the inflaton decay rate.

Thermalization: After the inflaton decay, particles of matter have to be produced, and then
they will form a primordial plasma. Then, in this plasma, the particles reach thermal equilibrium
with some temperature T, called “Reheating Temperature” via their possible interactions with
creating and annihilating other particles. The reheating temperature is determined by the energy
density p,j, at the end of the reheating epoch. Because the universe is cooled down as it expands,
prh is less than the energy density of the inflaton pgr at the end of inflation. IF the reheating
takes long, then it may be possible that p,;, < py . Some particles (e.g. gravitino) never reach
thermal equilibrium when their interactions are very weak. Moreover, as long as momentum of
a particle is much higher than its mass, the energy density of the particle behaves like radiation.

After thermalization of the plasma, the era of the standard Hot Big Bang begins.
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3 REVIEW 2: EFFECTIVE FIELD THEORY

In this chapter, we briefly review conceptual aspects of effective field theory (EFT). This chap-

ter is based on the lecture of EFT in Ref. [23].

3.1 WHAT 1s EFFECTIVE FIELD THEORY (EFT)? WnY EFT?

In high energy physics, we pursue quantum field theory that is valid at all energies from in-
frared (IR) to ultraviolet (UV) scales, and contains full physical information (such as dynamical
field degrees of freedom, Lagrangians, symmetries, partition function, etc). In this sense, we call
such a theory as “UV theory,” while we call the theory that is valid only at low energies and lost
the information of the UV physics as “IR theory,” so that this includes partial physical informa-
tion. In fact, in real world, we face particular physical systems that are in the region of particular
energies (i.e. not all energies). In this situation, it is sufficient to have the practical theory that
can be valid only at certain energies of our interest and contains partial physical information of our
interest. We call this practical theory as “Effective Field Theory (EFT)”. Usually, EFT is obtained
by a low-energy approximation (also called “IR limit”) of a UV theory, so that EFT is considered
as IR theory.

Why do we use the effective Lagrangian? There are some motivations to work with Lgpr
rather than the fundamental one Lyy. The first is simplicity; that is, we can handle finitely-

many terms. The second is calculability; that is, we can resum the large logarithms arising from
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loop-integral calculations into a renormalization gorup flow of the EFT parameters. The last is

agnosticity; that is, it is hard to know the fundamental UV theory.

3.2 LOCALITY AND PERTURBATIVITY IN FIELD THEORY

In the following, I describe the conceptual aspects of EFT that are necessary to understand
the research of this dissertation. Let us consider a physical system whose dynamics is governed
by a UV Lagrangian Lyy (¢, H) for some light fields {¢} that we wish to treat, and heavy fields
{H} that we cannot access or wish to ignore. Then, the UV theory is fully characterized by the

following partition function

ZuvlpJial = [ IDGIDH exp (i [ dix(Lov(@.10) + 1y + kD) ). (1)

=Syv|[4.H]

where Jy i are the external currents as source corresponding to some fields ¢, H respectively. Ev-
ery n-point correlator (i.e. S-matrix scattering amplitude), the main field-theoretical observable,
of the relevant fields can be obtained by differentiating the partition function Z with respect to
the current J. In EFT, however, we are interested in the correlators of ¢’s only through the EFT

partition function Zgrr[Jg] represented by

Zerrlgl = [ 1Dg1exp (i [ dix(Lorr(@) + o) ) 62)

=Sgrr (4]
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which can be obtained by integrating out! the “heavy” field degrees of freedom H in the path

integral. Here, from the UV partition function, we can define the EFT one as follows:

Zerr[Jg] = Zuv[Jg, Ju = 0]. (33)

Now it is essential to understand what locality and perturbaility are in field theory:

Locality (of Lagrangian in field theory) — Analytic mathematical object like function or
functional F(x) is called “local at a fixed local point of evaluation” if it is finitely Taylor-expandable*
in polynomials® at the fixed local point x where we want to evaluate the function F(x) in an open
covering of some local coordinate chart X (x € {X}). If something is not in the case, it is called
“non-local’ because it will be infinitely Taylor-expandable in polynomials when the non-local ob-
ject is evaluated at a single local point of interest in the end.

For example, let us assume a “non-contact” interaction term of two fields, L (x, y) = ¢1(x)¢2(y),
depending on two local points x,y. We express y = x + Ax for some interval Ax. Then, at some

single point x, we have

L (X, y) |evaluated atx — {¢1 (X) ¢2 (x + Ax) } |evaluated at x

oo 4(n)
= 510 Y I (g = gy )2 B ) (34)
n=0 ’

evaluated at x

where we Taylor-expanded ¢,(x + Ax) at the single local point x of our interest. We observe

ISee Ref. [23] for a review of how to integrate out the heavy field modes, or Ref. [24] for one recent work about
a simplified method of how to integrate out heavy modes in the functional formalism, or see Ref. [25] for another
work on the integrating-out method.

’Taylor expansion is a mathematical way of representing any “analytic” function as a local expansion in form of
an infinite sum of polynomials. In principle, non-local function can be written only by an infinite sum of polynomials
if Taylor-expanded. We call a function as finitely Taylor-expandable when its Taylor expansion can be approximated
by a finite sum of polynomials up to some order of interest if the expansion parameter can be very small. In this case,
we are blind to the information of the higher-order terms beyond the order of interest since a perturbative expansion
lost them.

3Polynomial means that the exponent of a term is given only by non-negative integer. Non-polynomial is not

polynomial, i.e. fractional/negative exponent like f(x) = vx or x™.
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that £(x,x + Ax) is non-local. This is because while ¢;(x) remains the same after evaluation
at x, ¢2(x + Ax) becomes an “infinitely Taylor-expandable” function at the evaluation point x.
Especially, we can see that after the last equality, the function £ can also be represented by the
product of “nonlinear differential operator” (i.e. eAx'a_‘zc) and ¢, (x)! Also, we see that when Ax — 0,
the function £(x) becomes local in fields as expected. Conclusively, if a function depends on
multiple points of evaluation (i.e. literally, non-local) or includes nonlinear differential operator
(with respect to the evaluation variable) at a single evaluation point, then the function is non-
local.

The effective Lagrangian Lgpr is a non-local* object. As above, after Taylor expanding at a
single local point in the space of fields and their derivatives, the effective Lagrangian Lgrr can
also be represented by a local Lagrangian, but with infinitely-many interaction terms in principle.
Fortunately, however, there is a particular situation where the non-local effective Lagrangian
Lgrr can be properly approximated to a “local” effective Lagrangian with finitely-many terms’
only if the non-local Lagrangian can be perturbative:

Perturbativity — An analytic (local or non-local) object is called “perturbative” if it can be
local (i.e. finitely Taylor-expandable in polynomials at a single local point) up to certain order of
accuracy we wish when a very small expansion (also called “perturbation”) parameter € < 1 is
given.

For example, Lrrr O ¢*(x)0¢*(x) is local in fields and their derivatives, while Lgrr D
$?(x) (O + M?)~1$?(x) is non-local because at the evaluation point x, we face the situation that
(O + M%) = M2 — MO+ ---. But if we are able to take a low-energy (or long-distance)
limit of |[p| < M (or L = |p|™! > M™!) when its 4-momentum is much smaller than the mass
scale M, then we can express the non-local Lagrangian as a local Lagrangian with finitely-many

terms up to some order using the local expansion (0 + M?)™! ~ M~ — M™*O + -- -, so that

*Here, in EFT, Non-local means non-polynomial in the fields and their derivatives.
>This is because it is impossible to us to treat infinitely-many terms in real world.
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Lrrr D ¢2M72¢? — $2M~*0¢? + - - -. In this case of the low-energy limit, we say that the non-
local Lagrangian is perturbative. However, remember that we are blind to physics at high energy
(or short-distance) scale |p| > M (or L = |p|™} < M™1).

We can only treat and analyze finitely-many terms in practice, so that we necessi-
tate local Lagrangians by taking advantage of perturbativity. That is, perturbativity is a

strategy of approximating non-local object to be local up to some accuracy.

3.3 SCALING

We have seen that the effective Lagrangian is non-local, and thus this has infinitely-many
interaction terms in general “before imposing the low-energy limit” Certainly, this is not favored
in physics because the infinitely-many terms are beyond our control and knowledge! Hence, it
is inevitable for one to be able to treat the non-local effective Lagrangian Lgrr as a perturba-
tive expansion. Once such perturbativity is given to Lgpr, it is then needed to have a special
way of organizing the calculations in a consistent expansion and single out the most relevant
contributions, which is called “Power counting rule.

To achieve this, let us talk about “scaling property” of Lagrangian and action. Let us consider
a 4-dimensional local relativistic EFT Lagrangian Lgrr of mass dimension 4 (or action Sgrr of

mass dimension zero):

Finite N

Serr = / d*x Lerr(¢) = / d‘*x[(amz—m2¢2—w¢3—x¢4— > %gﬁ"*aﬁ], (3.5)

n+d>4

where 09 = ¢"—1aff¢ are dimension-(n + d) operators; c, 4 are dimensionaless Wilson coef-
ficients; A is a (dimension-1) cutoff scale of the EFT; 9 is the (dimension-1) derivative operator
with respect to the spacetime coordinate x¥, and n, d are positive and non-negative integers, re-

spectively. Again, this Lagrangian is perturbative. Next, we consider re-scaling by going from
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old x to new coordinates x’, which is given by
Xy — &x,  de. xy =X, & x, = x,/E (3.6)

where ¢ is a re-scaling dimensionless parameter. The point is that £ — 0 means “zooming
in®” on short-distance scales or high energies in the new reference frame, while { — oo means
“zooming out” on long-distance scales or low energies in the new reference frame. In particular,
we will be interested in the low-energy limit since we wish to ignore or are not able to know
something.

By investigating how the effective Lagrangian Lgrr changes as the re-scaling parameter in-
creases (i.e. when taking the low-energy limit { — oo or sizing down x” equivalently), we can
figure out the importance of various relevant terms as we go to lower energies away from the
UV theory underlying EFT. When taking the rescaling x = £x’, the first kinetic action changes to
f d*x(9¢)? = f d*x'EEH P)E = / d*x’'E2(9'$)?. However, this is not canonically normalized.

Hence, we need to take additional rescaling for the field ¢ in the way

p=E1¢, (3.7)

so that the kinetic action can become canonical as [ d*x(9¢)* = [ d*x’(9'¢’)*. Then, considering

both re-scalings, we find

Finite N

’ ’ ’ / ’ Cn, m—1 ~d 17
sorr = [ | 0 - e - x(Eme - 14 - DI I

We observe that as ¢ — oo (low-energy limit), the #? and ¢ terms grows. We call these “growing”

terms as “relevant” interaction term. We see that the ¢* term remains constant. The “constant”

SFor instance, we can see microorganisms (of “micro meter scales” in reality) as that of “centimeter scales” on our
eyes by zooming in (i.e. taking £ — 0 or sizing up x’ equivalently) through microscope.

50



terms are called “marginally relevant” interaction term. On the contrary, inside the finite sum,
we note that the terms are suppressed with the power of £ where we callD =n+d — 4 > 0 as
“scaling dimension of &” that uniquely determines the scaling behavior of the interaction term.
We call such “suppressed” terms as “irrelevant” interaction term. The interaction term becomes

more irrelevant since more suppressed as the scaling dimension of ¢ (i.e. D) gets larger.

3.4 EFT EXPANSION

In d-dimensional spacetime, the effetive Lagrangian Lgpr that includes all the effective op-
erators can be represented by an infinite sum of local, gauge-invariant, Lorentz-invariant, mass

dimension-§ operators Ol.(a) (x) with their mass dimension-(d — §) expansion coefficients Ci(d_é)

Lepr(x) = ) > G700 (x), (3.9)
620 i
where the Lagrangian’s mass dimension is given by [£] = d since the action S = / dix L is
dimensionless and [d?x] = —d. In particular, we derive the mass dimensions of fields through
those of their canonical kinetic Lagrangians’.
Furthermore, we can extract the mass dimension from the dimensionful coefficients. By in-

troducing the so-called “cutoff scale” A with mass dimension-1, i.e. [A] = 1, we re-define the

coeflicients as follows:

o _ G
- _ 1
G = o (3.10)
"For example, scalar ¢, spinor ¢, and vector A, fields have the corresponding mass dimensions [¢] = #,

[v] = %, and [A,] = %, respectively, because [%|ay¢>|2] = [Yidy] = [—%|F#V|2] = d. Plus, when the vector is

gauged, we have [D,] = [d,] = [gA.] = [g] + [A,] = 1, so that the gauge coupling parameter may be dimensionful
because [g] =1-[A,] = %. Moreover, in d = 4 — 2¢ of dimensional regularization (DR), [g] = €. Thus, making the
gauge coupling to be dimensionless, we take redefinition g = §u¢ for some DR mass scale ¢ with mass dimension-1,

ie. [u] = 1, and dimensionless coupling 4, i.e. [§] = 0.
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where c? is defined as the “dimensionless” parameter® that couples to an effective operator Oi((s) (x)
and called as “Wilson (dimensionless) coefficient” With this redefinition, we define “EFT

expansion” given by

[} cé 0 1
Lerr(x) = Z Z Aa—l_dOf‘” (x) = Z —Ls  where L= Z 0 (x), (3.11)
620 i 6=0 i

where L is called “dimension-§ effective interaction” It is worth noting that the cutoff scale A
means the short-distance/high-energy scale at which new physics occurs. Moreover, for later use,

we shall call “§ — d” as “cutoff scaling dimension®”

3.5 PoweR COUNTING RULE AND RENORMALIZABILITY

In quantum field theory (QFT), Lagrangian is classified into two types as follows. The “rele-
vant” Lagrangian with “negative cutoff scaling” (i.e. § —d < 0) is called “super-renormalizable”;
the “marginally-relevant” Lagrangian with “zero cutoff scaling” is called “marginally renormal-
izable,” and the “irrelevant” Lagrangian with “positive cutoff scaling” (ie. § —d > 0) is called

“non-renormalizable” In short, ‘renormalizability'®”

in QFT is applicable to the (marginally)
relevant Lagrangians with “non-positive cutoff scaling.”

In particular, we call the quantum field theory that only includes renormalizable Lagrangians
as “renormalizable theory,” while the theory that also includes non-renormalizable Lagrangians
as “non-renormalizable theory.” In fact, effective field theory is non-renormalizable theory.

In this section, I will explain how power counting rule is associated with renormalizability;
how different renormalizable and effective field (or non-renormalizable) theories are, and why

effective field theory is physically useful in spite of its non-renormalizability.

Let us consider a dimensionless scattering amplitude A in d-dimensional spacetime. If one

8Usually, this dimensionless coefficient will be of order of O(1).
9That is, it is equal to “Effective-Operator Minus Spacetime (EOMS) dimensions.”
10See Ref. [26] for a brief review on renormalization in QFT, which gives an insightful overview of renormalization.
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works at some typical momentum scale p, then a single insertion of a dimension-§ effective op-
erator in the Feynman’s scattering graph gives the following scaling behavior of the scattering

amplitude
B 6—d
A (A) . (3.12)

We note that the “amplitude scaling” in (p/A) is equal to the cutoff scaling. Furthermore, when
inserting a set of higher dimensional operators in any Feynman’s scattering graph, the ampliture

scales as

A ~ (K)n where n = Z(Si —d), (3.13)

where i runs over all the inserted operators, and the amplitude scaling n is given by the sum of
cutoff scalings of all the inserted operators. We call the equation of amplitude scaling n as “Power

counting formula” and n means “the order of correction to amplitude” as well

n= Z<5i —d). (3.14)

The power counting formula let us know how to organize the amplitude calculations. For exam-
ple, in (d = 4)-dimensional spacetime, if one want to compute a scattering amplitude A to the
leading order n = 0, i.e. (p/A)°, then one can only use the interactions with non-positive cutoff
scaling, i.e. L5_g<o, such as L, L3, and L. For the correction (p/A)!, one has 1 = Y;(§; — 4)
and thus need to consider a single insertion of dimension-5 interaction Ls. For the correction
(p/A)?, one has 2 = };(8; — 4) and thus need to consider single insertion of L or two insertions
of L5, and so on.

The Power counting rule is to use the power counting formula for a fixed amplitude scaling

n of our interest in order to know which interactions Ls’s should be inserted into the scattering
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graph of a correction in (p/A)" to the final amplitude.

Now we are ready to compare the renormalizable and non-renormalizable (or effective field)
theories. First, as an example, let us say that we consider some “divergent” amplitude with loops
for a fixed n made by inserting m-multiples of a single operator Ls into the graph. Then, we
have n = m(d — d). Since the graph is divergent, it is required to add a counterterm (CT) to make
the Lagrangian renormalizable. Hence, if we assume that a new single operator L4 is enough to
create the counterterm, then we must have it such that n = §’ — d. Therefore, by considering two

power counting formulae, we can solve for §" as follows:
mb-dy=§-d = §=m(6-d)+d. (3.15)

The response to this result will be different as follows:

« Non-Renormalizable Theory (e.g. Effective Field Theory): Since we now consider Ls
as “non-renormalizable” operator, L5 has “positive cutoff scaling,” i.e. § —d > 0. This leads
to the condition that &' > d or equivalently &' — d > 0. Notice that this condition is not
upperbound on the dimension of the new operator L. For example, for a single dimension-
5 operator L, in general, the loop graphs with ‘two insertions’ of L5 (so, we consider
n = 2(5—4) = 2 order correction to amplitude) are divergent. Thus, one need a counterterm
to cancel out the divergence from the loops. That is, the counterterm should be given by
the dimension-6 operator L because we have 8’ = 2(5-4)+4 = 6 wherem = 2,6 =5,d = 4

are input. Then, the renormalized Lagrangian must be written as
1 1 1
L = -£4 + j_\£5 — £ren = -£4 + X£5 + FLG . (316)

Notice that this is merely “renormalizable to the correction (p/A)%” Continuing this way, one

can generate operators of arbitrarily higher dimensions §" > § > d by inserting multiples
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of operators with § —d > 0. The renormalization process of cancelling out the divergences
continues infinitely. This means that we generate an infinite sum of non-renormalizable

terms in the effective Lagrangian Lrrr = 2550 % in the end game.

+ Renormalizable Theory: In renormalizable theory, since we have operators with non-
positive cutoff scaling, i.e. Ls<4, the possible new operators can be considered such that
6" =m(é —d) +d < d. This is exactly the upperbound on the dimension of new operators
Ls! For example, for the square-shape one-loop graph made by four insertions of the
dimension-4 vertex operator of e~e*A, coupling, the corresponding counterterm can be
made by the new operator Ls—4 since 8’ =4(4—-4)+4=4 <d=4wherem=4,d=4,6=4
are input. We note that the new operators contributing to the counterterms'' have already
been included in the original renormalizable Lagrangian Ls<4. In conclusion, renormalizable
terms are those with non-positive cutoff scailing n < 0. Divergences in such a QFT can be

absorbed by local operators with 0 < § < d.

Concluding remarks:

« Renormalizable theory is a special case of EFT where we take A — oo. Thus, scattering
amplitudes can be computed to arbitrary accuracy because of no corrections in (p/A)" to

the amplitude.

« A theory with operators of dimension § > d (i.e. “over-spacetime-dimension”) is referred
to as non-renormalizable theory because the infinitely-many higher dimensional operators

are needed to renormalize the theory.

« However, as long as one is interested in corrections of the maximal value of the ampli-

tude scaling n up to some accuracy, it is sufficient to consider finitely-many operators

1We do not need to add counterterms for the negative dimension operators like ¢(x) 2 since there are no diver-
gences of this type.
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that can contribute to the amplitude of interest. This is the situation that non-local La-
grangian is approximated into the local one up to the desirable accuracy. This implies that
non-renormalizable theory can be as good as renormalizable theory from the viewpoint of

practical use of a theory!

Again, EFT (= non-renormalizable theory) can have only finite number of effective opera-

tors if one wish to keep the corrections in (p/A)" only up to some maximal value of n.

The (p/A) suppression of a given graph at low energy p < A implies that non-local ef-

fective Lagrangian can be well-approximated into a local Lagrangian as a finite sum of the

operators:
00 1 Finite N 1
LEFT(X) = Z WL(S =~ Z W.Lé‘ when P < A. (317)
6>0 620

According to this result, it is worth noticing that if we have some “effective” Lagrangian
with a characteristic mass scale M and dimensionless “remnant” Wilson coefficient C?

generically assumed to be apart from O(1), i.e. in the following form

Finite N C5
Lerr(x) 2 ) ~5Ls (3.18)
6>0

then for this effective Lagrangian to be “local,” it must be required that

ol o1
M5_d ~ Aé—d

6—d
— < (—) . (3.19)

We observe that the remnant Wilson coefficient C% must be constrained. If M ~ A, then
the coefficient C? becomes of order of O(1) as the usual one. This argument will be used

throughout this dissertation.
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4 REVIEW 3: SUPERSYMMETRY

This chapter is based on Refs. [7, 27, 28].

For several decades, supersymmetry has been developed as a main framework that could
explain new physics beyond the Standard Model (SM). Particularly, it is motivated by the fact that
it can give us the answers to some problems about the gauge coupling unification, dark matter
candidate (Lightest Supersymmetric Particle: LSP), and Higgs mass hierarchy. Unfortunately,
however, we have never seen yet any experimental evidence of supersymmetry even though
many experiments have been done. For this reason, it is considered that supersymmetry may
be broken spontaneously at some point in the past as so does the electroweak interaction in the
SM. Neverthless, supersymmetry has been deeply studied much due to its mathematically cogent
structure, which may be expected to be realized in nature in a certain way. For example, taking
advantage of the superalgebra, gravitation and other fundamental forces can be unified within
supergravity formulation which is a locally supersymmetric field theory and even this can be used
as a model of the inflationary cosmology. In addition to this, supersymmetry is a fundamental
ingredient of string theory.

In that sense, this review is devoted to its mathematical features and techniques in order for
one to understand how supersymmetry is formed and what physical applications can be obtained
in a somewhat rigorous way. From the viewpoint of this, we need to first look at the Coleman-

Mandula theorem given by

Theorem 4.1 (Coleman-Mandula Theorem). The most general Lie algebra of symmetries of the
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S-matrix contains the energy momentum generator P, and the Lorentz rotation generator My, and

a finite number of Lorentz invariant bosonic generators B of some internal compact Lie group.

However, we can make this restrictions to be relaxed by taking the supersymmetry, which
were proposed by Haag, Lopuszanski, and Sohnius. Supersymmetry is defined as a graded Lie
algebra that has additional algebraic system using anti-commutator in addition to the usual Lie

algebra.

4.1 SUPERSYMMETRY ALGEBRAS

In this section, we wish to talk about how mathematics of supersymmetry is defined, and it

can overcome the limitation given by the Coleman-Mandula theorem.

Definition 4.2 (Graded Algebra). Let L be the direct sum of N+1 (N > 1) vector subspaces Ly as

follows:

L= EB L. (4.1)

Then, the space L satisfies a multiplication rule o that is defined by a map o : L X L — L such
that ux € Ly = uj o ug € Ljsk mod(N+1)- This is called Z(n41)-graded algebra because the group
whose elements are the numbers of indices for the vector subspaces L is isomorphic to a finite
cyclic group Z /(N +1)Z 'with the addition operation modulo (N + 1). Such a property with the

multiplication o is called “grading”.

Now we utilize this property to define the so-called “super-Poincaré algebra” that is Poincare
algebra equipped with the superalgebra that has structure of a Z;-graded Lie algebra which can
avoid the restrictions offered by the Coleman-Mandula theorem. First of all, we are going to see

the defintion of the Z,-graded Lie algebra as follows:

leg. Zy=7/2Z ={0,1} = {x € Z|]x =nmod(2) An € Z}
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Definition 4.3 (Superalgebra). A superalgebra is a Z,-graded Lie algebra defined by a Z,-graded
algebra whose multiplication is given by a Lie bracket such that: (1) Supersymmetrization: For

all x; € Li,x; € Lj (i,j =0,1), x; 0 xj = (—1)(i><j)+1xj o x;j. (2) Generalized Jacobi identity:
(-1)*(x; o Xj) o X + (—l)ji(xj ox) oxi+ (=1 (x 0 x;) o xj=0. (4.2)

Then, we are finally ready to introduce the Super-Poincaré.

Definition 4.4 (Super-Poincaré algebra). Super-Poincaré algebra is defined by a Z,-graded Lie
algebra L = Ly @ L; where Ly is an union of the Poincare algebra of SO(3,1) and a finite set of
Lorentz scalar (internal) Lie algebras of compact Lie groups G; (I = 1, 2,3, - - , M, M is the number
of the internal Lie groups), and L; = @Zl Lii) whose Lii) is Span{sz}, a =1,2,3,4 where Qfl 3
are Majorana spinors and i = 1, 2, 3,---, N (this NV is called ‘dimension of supersymmetry’)

such that

P,quZz = [P,u’sz] =0
o My 0 Qh = [My, Qi] = (M) 5Q}

QL0 Q) ={QLQ}} = —2(y*C) P,

Q0 Q] = {01, 0}} = —2(Cy" P,

Q(iz °© Q_lj, = {Q(il’ Q_ljy} = z(yll)abp,u

- [B,QLl =£Y0;

The elements of Ly and L, are considered as ‘bosonic’ and ‘fermionic’ variables, respectively.

3The reason why we consider different Q's with the index ‘i’ is that for all a of the Majorana spinor Q! the
multiplication o between the elements of the internal Lie algebras in the Ly and the L; must be closed back into the
L;, while the product between the elements of the internal Lie algebras and the Poincaré algebra is closed into the
Ly naturally. Therefore, in general, the indices of the elements in the two subspaces Ly, and L; have to be allowed
to mix via structure constants of their commutation relation. That is why we can consdier a general N-extended
supersymmetry algebra.
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° [Bh P/l] = [Bl; Myv] =0

where Py, M,,, B € Ly and Qé € Lgi); y* are the gamma matrices; C is the charge conjugation
matrix?, and Q, = (Q7C)4 Q. = (CQOT), (Majorana conjugate). Note that [-, -] is anti-symmetric

but {-, -} is symmetric. However, we call them as commutator and anti-commutator respectively.

Here, the commutation relations can be obtained by using the generalized Jacobi identity of
three variables and their given algebras. For instance, the commutation relations [P, Q], [M, Q],
and {Q, Q} (we dropped the relevant indices for simplicity) can be found by evaluating the Jacobi
identities of the three elements (P, P, Q), (M, M, Q), and (Q, Q, P) respectively.

The detailed derivations of the commutators are as follows. At first, consider the P, P, Q set,
and suppose that the supercharge has a commutation relation defined by [P¥, Q'] = c()/”C)a;,Q;7 €

Lgi), where c(y#C)g4p are its structure constants and c is a constant. Then, their Jacobi identity is

[[P*.P"],Q,] + [[P". Q1. P*] + [[Q;, P*].P"] = 0
- cz[yVCy”C — y”CyVC]aCQé =0
= Al (") =" (") 1aQl =0

= ¢=0 (4.4)

Thus, it turns out that [QZ, P"] = 0. This is as expected because the supercharge does not depend
on spacetime coordinate, which means it has spacetime translation invariance so that we consider
global supersymmetry.

Next, consider the M, M, Q set, and define [M*",Q!] = (b”v)abQé, where (b*"),, are its struc-

ture constants. Applying the Jacobi identity to the set and after some tedious calculations, we

*“In any representation (Dirac, Weyl, Majorana), the following relations have to hold:

C=iyy’ C*=-1, c'=c"=Cc"=-¢c, (T =cy'c, (y*)T = -Cy°C. (4.3)
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find

[[M*, MP7), Qg + [[MP7, Qg1 M*"] + [[ Qg M), MP7] = 0

— (D5 Ly = —i(07B — B — OB 4 g b, (45)

which is exactly same as the commutation relation of M*'s as representation of the Lorentz al-
gebra for a spinor. Thus, we can conclude that [M*",Q!] = (M”V)abQZ.

Plus, let us consider a Jacobi identity of the Q, Q, P set. Then, the identity is given by

[{QL QJ}, P*] — {[QJ, P'], QL} + {[P*, QL. 0]} = 0. (4.6)

Since a supercharge and the spacetime translation operator already commute, the Jacobi identity

implies that

[{QL. Q}}. P =0. (4.7)

This tells us that {Q, Qi} must have no a Lorentz generator M*" because this does not commute
with the momentum. That is, the anti-commutator can be proportional to any operator that
commutes with the spacetime translation generator P*.

Now, let us find the most general admissible form of the anti-commutator. Since the super-
charges are anticommuting elements of a Clifford algebra, their commutation relations must be
closed in the algebra as well. Thus, a result of a commutation relation can be represented by
a linear combination of the basis elements of the Clifford algebra, i.e. the y-matrices and their
products.

Since (y*)T = Cy*C in any representation and {Q!, Qi} is symmetric under the interchange
a,i < b, j, we have to consider the charge conjugation matrix C and the definite symmetries.

Hence, from the possible basis matrices of a general commutator of two anti-commuting vari-
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ables, given by
C, ysC, Y'C.y*ysC, y*y'C, yHy'ysC, - -+, (4.8)

we can only choose C, y*C, y*y°C. This is because there is no generators but Py, My, allowed by the
Coleman-Mandula theorem; that is, there are no the corresponding tensorial generators for the
y#y°C etc and [{Q!, QZ}, M,,] # 0. However, there can be bosonic generators that can be allowed

to exist in the Coleman-Mandula theorem. Therefore, the commutator can be represented by
{QL Q1Y = (Y C)apm" Py + Cyp VY +i(y°C)ap 27, (4.9)

where m¥V = m/i, Vi/ = —VJi 7l = —7ZJ! that are required to meet the interchange symmetries
a,i < b, j and they are real matrices.

Moreover, since {Q!, Qi} = 0 when i # j, we have to impose m”/ = a8/ where a is a constant,
which will be determined by imposing that (when N = 1) [d;, §;] using the above expression
with the a must be equal to [81, 8] = 2 ((62)a(y")ar(61)) P, in the Majorana representation °.

Then, it turns out that a = —2, which give us the following:
{Qi Q) = —2(Y"C)as8" Py + CapVY +i(y* O 2", (4.10)

where we call the bosonic generators V¥ and ZV as “Central charges” because they commute with

each other and even all the Poincaré and supercharge generators. Hence, the relation reduces to

{Q4, Op} = —Z(y”C)apr, (4.11)

SIf we represent the supercharges Q, O and 6, § in the Weyl representation, we need to evaluate the commutation
relation [J1, §2] in the same representation.
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Also, by multiplying the charge conjugation matrix to this, we can get the following:

{Qa O} Che Qa0pChe + QpCpcQq
Q.(Q70). + (Q70).Q,

Qan + QcQa = {Qa’ Qb}s (4~12)

and —2(y#C%)acPy = 2(y*)acPy, together with C* = —1 and Q = Q' C. This gives us

{Qaa Qb} = Z(Yp)abp,u‘ (4.13)

Similarly, we can get

{Q-a: Qb} = _Z(C}/y)abpy' (4.14)

So far, we have derived all the commutation relations that define the super-Poincaré algebras.
In the meantime, we are going to only consider N' = 1 supersymmetry (also called ‘pure

supersymmetry’) so that we can drop the indices i, j from now on.

4.2 SOME REMARKS OF SUPERSYMMETRY ALGEBRAS

In this section, we now look into the representations of supersymmetry. First of all, we are

going to see the three special properties of supermultiplets.

« All component fields belonging to an irreducible representation of supersymmetry (a su-

permultiplet) have the identical mass.
« The energy P° in supersymmtric theory is always positive.
+ A supermultiplet always has an equal number of boson and fermion degrees of freedom.

63



Let us now check these properties. The first statement comes from the following:
[P%, P*] = [P%, M"] = [P%, QL] = 0. (4.15)

For the second statement, we can easily see this by evaluating

N
D UTrHQL Q] = 2NTe[(r"y")]P, = 8NPy > 0,

i=1
(4.16)

where we used Tr[y#y"] = 4n*”, and the trace is done over the spinor indices. Thus, it implies
that Py > 0. To get the third one, let us introduce a fermionic operator defined by (—1)"f in which
(—=1)Nr = +1 for bosonic states and (—1)Nf = —1 for fermionic states. This now anti-commute
with the supercharge: {(-1)™,Ql} = 0.

Then, for any supermultiplet, by taking the trace over the supermultiplet indices, we have

Te[(-)NQLO! + (-1)N Q) O]
Tr[-QL(-1)M Q) + QL (-1)N O]

= 0, (4.17)

Tr[(-)™ {QL, O/}

where the first term is obtained by using the commutator {(-1)™, 0’} = 0, while the second
term is obtained by taking a permutation for the three operators inside the trace.

By the way, since {Qq, Qp} = 2(y*)ap Py, for i = j, we have

Te[(-DY2("aP] = 2(0MaPTr[(-1)V] =0 = Tr[(-D)™] = 0. (4.18)

This tells us that there must be the same number of the bosonic and fermionic degrees of freedom

on a supermultiplet.
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In fact, by the theorem of Haag, Lopuszanski, and Sohnius, it is known that the supersymme-
try algebra is the most general superalgebra admissible as a symmetry of quantum field theory.
Therefore, this can be considered as an extension to superalgebra of the Coleman-Mandula the-
orem.

We omit putting the representations of supersymmetry algebras, which are explianed in detail
in Ref. [1, 2, 3]. The point is that for N' = 1 global supersymmetry, there is a massless super-
multiplet [p#, A >, |p¥, A + 1/2) >, while a massive supermultiplet is given by 2|m, j = y; p*, j3 >
Jm, j=y+1/2;p* j3 >, |m, j =y —1/2;p¥, js >, where y is superspin number that is a label of a

clifford vacuum |Q >= |m, j = y; p#, js >.

4.3 SUPERSPACE FORMALISM AND SUPERSYMETRY

TRANSFORMATIONS

4.3.1 SUPERSPACE

In this section, we introduce a new concept called “superspace”. The coordinate z on this
space is called “super-coordinates” and defined by z = (x*, 6%, 9_(5,).
Here, we use the Weyl representation, instead of the Majorana for convenience.

From the anti-commutator {Q,, Oy} = 2(y*) Py, we can find
{00, Qa} = 2(6")aaPy (4.19)
Then, it gives us
(60,601 = [6"Qc, 0:0] = 26°(0),40"P,, (4.20)

where 0Q = 0°Q, (00)" = (0°Q0)" = (Q)T(6%)" = Q%05 = ~Qu0% = 090y = 00, 05™0 =
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0% (O' m) ad éd.
Then now we are ready to introduce a general group element that generates a Super-Poincaré

group defined by

9(x,0,0, »)

9(z, w)

1 - .
exp[i(—x"P, — Ew“VM,,V +0%Qq + 0,071,

(4.21)

where z is the super-coordinate and w*" is the corresponding parameter to the Lorentz generator.
For simplicity, we set @ = 0, which is not of interest. Then, the group element is g(z) =
exp[i(x"P, + 0°Qy + 0:0%)] = exp(iz?Ga).

Now, let us consider a product of two group elements to see what happens:

g(z1)g(z) = exp(=iz{Ga) exp(=izyGy) = g(0,€, €)g(x, 6, 0)

= exp[—i(e"Qq + €:0%)] exp[—i(—x"P, + 0% Qq + 0,0%)]

= expli(€Qu + €0 — xBy + 00 + 00 + 5 (€70, + €0%, 0°Q + 0,0)]

= expl-i(—xP + (0 + €0 + (G + 60" + 5 (€900 0071 + [0% 0°Q1))]

= expli(—xBy + (0% + €)Qu + (O + )0 + 5 (26%(0),507B, — 20%(0") 4 )]
= exp[—i(=(x* = €%(6") 30" +6“(0") .y Py + (6" + ") Q0 + (0 + €:) Q)]

g(x,0",0") = exp(iz"4Gy,) = exp(iAngGA), (4.22)

where we used [€Q, 0] = [€0,00] = 0 and 2’4 = A‘ng. Hence, the group operation generates

the following transformations

xH — xH - e“(a“)aﬁéﬁ + Ga(cy)aﬁaéﬂ, 0% — 0% + €% 04— 04 +¢,. (4.23)
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4.3.2 GENERAL SUPERSYMMETRY TRANSFORMATIONS OF A LORENTZ INVARIANT

SUPERFIELD

Meanwhile, let us consider a general function on the superspace ®(z), which is called “super-

field” and can be expanded in terms of component fields:

O(x,0,0) = @(x)+0y(x)+0x(x)+00M(x) + OON(x)

+(05"0)V,,(x) + (00)07 + (00)6p(x) + (00)(60)D(x), (4.24)

where ¢, M, N, D are scalar fields; ¢, x, A, p are spinor fields, and V), is a vector field. These are
called “component fields”.

Then, using the usual symmetry argument ° for the supersymmetry transformation, we have

e_i(_a”PH+GQ+€Q_)(I)(xiu’ 6%, éd)e+i(—aﬂPﬂ+eQ+e‘Q) = (D(x/,u’ 0 9‘/) _ <I>(x”, 6%, e‘d’ a' € €:). (4.25)

[24

Then, by redefining the variables, we can get

e (' Er00+00) g0, 0, 0) (X Put0Q+0Q) = (k0% ;) = g(22)®(0,0,0)g(z2) "L, (4.26)

SFor a finite general symmetry transformation as a realization (or fundamental representation) of a symmetry
group that acts on the “Realization space” R of a (local) field ¢(z) (which is considered as an element in a ‘Function
space’, e.g. Hilbert space) given by U (e) = %) = <" 94 where Gy is the symmetry realization generator and €
is the corresponding transformation parameter which is a conjugate of the generator, the transformation is given
by ¢'(z) = U(e)p(z) = ¢(2’), where 2’ = z’(e) = A(e)z and A(e) is the coordinate symmetry transformation of
the coordinates z generated by the U (€). On the other hand, as an adjoint representation of a symmetry group that
acts on the “Adjoint representation space (i.e. the Lie algebra of the group)” R of a (local) field ¢(z) (which is now
considered as a quantum operator on the ‘Hilbert space’), the transformation is given by ¢’(z) = U(e)¢(z)U(e) 7},
where U(¢) = eG4 G, is the adjoint representation symmetry generator, and e” is the same symmetry parameter.
Therefore, from the two transformations, we find an equality such that U(e)¢(2)U(e)™! = U(e)p(z) = ¢(z'),
where z’ = z’(€) = A(€)z. Also, we can see that the U(¢) generates the A(e) after all. This implies that 6(e)¢ =
—e*[Ga, §] = € Gag.
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Thus, using this relation, we can reach the following

e QD P(xt, 0%, 0,)e QD = g(21)@(x", 0 Oa)g(z1) !
= 9(21)9(22)2(0,0,0)(g(z1)g(22)) !
= g(2)(0,0,0)9(z) " = O(x"*, 6, 0,)
= O — %(0"),450° +0%(0") .40 07 + €%, 0y + &)

= Qg (k9o d,), (4.27)

where Q is a realization of the transformation acting on the function space of ®. Next, let us
find the explicit form of the realization generators Q. From the above equation, by expanding the

transformed ®, we have

Bt — €%(0), 507 +0%(0") 5", 0% + €%, 05 + &)
~ ®(x, 0,0) + i(—e“(a”)aﬁ-éﬁ ACOWEIER.

0 2,
+e*— D+ E—D+-
90,

20 i
=D +i(eQyu + E,QY)D. (4.28)
A4 _ 24 A st b _ pp =d. =, 0 _ = pa_o - _
By using £;Q% = —€%Qy = Qu€“; 9“(0")aﬂe = 07(0*)ps€%; and eﬁaéﬁ = aé)ﬁeﬂ = e-5éy =

—gdh 2 52 €4» and by identifying each term in both sides, we finally have the realizations of the

supercharges as follows:

0

_ ;9 b
Q, = 189“ (09) 430" 9 (4.29)
Qs = +ii_.+9ﬁ(a“)ﬂda,,, (4.30)
20“
P, = —id,. (4.31)

After some lengthy calculations with the above realizations and the symmetry transformation
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relation given by

5(e)® = i(e%Qy + €;QY)D(= —i[€%Qy + ;0% D)), (4.32)

we can get the explicit forms of the infinitesimal supersymmetry transformations of the compo-

nent fields of the superfield ® as follows:

Sep = eY+er, (4.33)
Oy = 2eM+cVé(ioup +V,), (4.34)
Sex = 2€N —ed(idup —V)), (4.35)
SM = El-— éa,,wa”e—, (4.36)
0N = ep+ éea"ay)f, (4.37)

5V, = eoud+poyé+ é(avwayéve - €6,0,9" }),

(4.38)
S = 2D+ é(&vo”é)8HVv +i6"ed, M, (4.39)
Sep = 2éD-— é(avé'”e)apVV +io"é9,N, (4.40)
S.D = %ay(ea”/i — paté), (4.41)

where the 5D is a total derivative in particular ’.

4.3.3 CLASSIFICATION OF SUPERFIELDS
The following are superfields:
« Linear combinations of superfields, ® + V¥, etc.

« Products of superfields, &Y, etc.

79-derivatives to be added
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» Spacetime derivatives of superfields, 9,®, etc.

« Super-covariant derivatives of superfields, D, ®, D,®, etc. Note that 9,P is not a superfield
because 8.(9,P) = —i[eQ + €0, 0,P] = —id,[€Q + €D, D] = 0,i(eQ + EQ)D # i(eQ +
€Q)(9,D), i.e. [34, €Q +EQ] # 0. That is why we define a super-covariant derivative given

by

Dy = 3 +i(a"),;0%9, (4.42)

~0y — 10P (") 0P, (4.43)

S
Il

which satisfy [Dg, €Q + éQ] = [D4, €Q + EQ] = 0 and some anticommutation relations ®.

« Constant scalar ® = f can be superfield, but constant spinor ¢, in ® = fc, cannot because

there exists §.® = ec.

In general, the most general superfield ® is not an irreducible representation of supersym-
metry. Thus, we can get rid of some degrees of freedom of the component fields by imposing

possible constraints on a superfield. The possible constraints are as follows:
« “Chiral superfield” @ is a superfield that obeys a constraint D;® = 0.
« “Anti-Chiral superfield” ® is a superfield that obeys a constraint D,® = 0, where ® = &',
« “Vector superfield” V is a superfield that obeys a constraint V' = V..

« “Linear superfield” L is a superfield that obeys two constaints DDL = 0 and L = L.
Do, Qp} = { Do, Qﬁ} ={D4 Qp} = {Dq, Qﬁ} = {Da, Dp} = {Ds, Dy} = 0, but { Dy, Dys} = ~2i(0#) . 30y
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4.3.3.1 CHIRAL SUPERFIELDS

To find a chiral superfield, let us consider ®(y, 0, 9_) with y# = x* + i0c*0. Then, the constraint

gives
De® = -0, =0, (4.44)

which implies that the chiral superfield does not depend on the 0 in the new super-coordinate

(y, 0, 0). Thus, it can be expanded as
D(y,0) = A(y) + V20y(y) + 00F (y), (4.45)

where we replaced 6 in the general superfield into V26 for convention. The chiral superfield can

also be written by
_ _ j _ 1 __
®(x,0,0) = A+ V200 + 00F + i0c"09,A — %(99)8,,1//0”9 - A—}(Q@)(QQ)&,,&”A, (4.46)
2

which transform as

SA = ey, (4.47)
8y = iV20"éd,A+ V2eF, (4.48)
SF = iV2ea"a,y. (4.49)

Particularly, the product of chiral superfields is a chiral superfield, and any holomorphic func-
tion f(®) of a chiral superfield ® is always a chiral superfield. However, ®'® and ® + ®' are not

chiral but real superfields.
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4.3.3.2 VECTOR SUPERFIELDS

Another constrained one is a real vector superfield. Let V be a real vector superfield such that

VT(x, 0,0) = V(x,0,0). Then, we have p*=¢9=C¢=xy,M=N"V, = VJ,A =p,D* = D and

V(x,0,0) = C(x)+0¢(x) +08(x) + 00M(x) + GOM* (x)

+(00%0)V,(x) + (00)0A + (00)0A(x) + (00)(00)D(x). (4.50)
By the way, a real superfield ® + ®' gives us

D+d" = A+A+V200 + V200 + (00)F + (00)F*
+i(05"0)d,[A — A*] - é(a@)éaﬂaﬂlp
—é(eaﬂé)eaﬂaﬂ/} - i(@@)(éé)D[A + A"

(4.51)

The interesting fact is that there is a term id,[A+ A*] as the coefficient of (0c* 0) which is similar
to the usual gauge transformation of a vector gauge field. Hence, now we are going to choose
a special vector superfield by shifting two components of the V.asA — A — %U”(?},qg and D —

D - %DC. Then, it turns out that

V(x,0,0) = C+0¢+0p+00M+00M* + (05*0)V, + (00)0[A — %6”8,,43]

+(00)0[A - éo“aﬂé] +(00)(60)[D - }LDC]. (4.52)

For this specially chosen vector superfield, we can construct a supersymmetric generalization of

the gauge transformation:

1
V—>V’:V—(q>+q>T):V—5i[A—AT], (4.53)

72



where ¢ = %iA. The component transformations are obtained as

C = C+A+A", (4.54)
¢ = Vzy, (4.55)
M = M+F, (4.56)
V, = Vy+ig[A-AT], (4.57)
o= A (4.58)
D' = D, (4.59)

where we can see that the A, D are gauge invariant fields. In the meantime, there is a special

gauge, which is called “Wess-Zumino Gauge”. This gauge requires

V=V, O =M =¢" =0. (4.60)

This leads to

Vivz = (00"0) [V, + i9,(A — A")] + (00)02 + (06)0A + (00)(00)D, (4.61)

where the Wess-Zumino gauge does not fix the gauge freedom because we dod not fix the imag-
inary part of the scalar component field A, which gives the gauge transformation of the vector
component V,. On the other hand, the Wess-Zumino gauge breaks the supersymmetry because
the gauge conditions ¢ = M = 0 cannot be compatible with the supersymmetry transforma-

tions of the ¢, M in the sense that there still exist their supersymmetry transformations given by
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Seplwz = 0#€V, and 6 M|z = ELIfAis purely real, then we have

Viwz = (00"0)V, + (06)01 + (00)6 + (66)(00)D,

(4.62)

which produces

1 -
Viiz = ;(00) 00V, Vi, =0, (4.63)

W2 = 14V 4+ %Vz =1+ (00"0)V,, + (00)01 + (00)01 + (00)(06) [D + %(90)(9_9_)](4.64)

There is another supersymmetric superfield in terms of a general vector superfield V. This is

called “supersymmetric field strength” ‘W), defined by

1 - - _
Wa = —(DD)D.V(x.0,0), (4.65)

_411 (DD)YD,V(x,6,0), (4.66)

where satisfy D, W; = DyW, = 0, D*W, = D;W?* and they are gauge invariant, W, =
W, W, =W,
If the vector superfield contains non-abelian vector components, then its supersymmetric

field strength is given by

1 - _
W, —Z(Dﬂ)e_vl)aev, (4.67)
_DC

1 _
—Z(Z)Z))e_vi)dev, (4.68)

where they transform under V/ =V + ® + @' as

W, = e® W,e?. (4.69)

a
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4.4 SUPERSYMMETRIC GAUGE THEORY

To implement the Standard Model (SM), let us consider N = 1 global supersymmetry, which
is only a realistic possibility for describing the SM.

First of all, since we want to get a supersymmetric Lagrangian which is ‘invariant up to the
total derivative’ under the supersymmetry transformations, we have to find out which one can
be such a supersymmetric one.

We observe that for a general scalar superfield, in the 0%62D-term, the D-term transforms as
the total derivative, while for a chiral superfield, in the 0?F-term, the F-term transforms as the
total derivative. Therefore, we can expect that the supersymmetric Lagrangian must be obtained
only from the D-term of certain scalar superfields and the F-term of certain chiral superfields.

In particular, we can construct the most general supersymmetric Lagrangian in terms of chiral

superfields

L =[K(@",®)]|p + [W(®) + W(D)]|F, (4.70)

where K is called “Kahler-potential” and W is called “Super-potential”.

A simple model for this is called “Wess-Zumino model”, which is given by

K=0'0, W=a+l0+ %@2 + gqﬁ. 4.71)
Now, let us consider a gauge transformation
® — @] = 40P, (4.72)

where A is chiral. However, the Kéhler potential is not invariant under the gauge transformation

because @7@; = eiqi(A—AT)@j@i # @j@i. On the other hand, the following construction is gauge
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invariant under V.— V + i(A — A") since
q; 24V, (I)/T 2V g = q)iT el (A=A 2aiV =i (A=A gy q;jezqi"cpi. (4.73)

For the superpotential W[®;], we have to restrict some terms in the superpotential only if they

are not gauge invariant. Then, its action is written by

/ d'x / a*o| [VIWAVIIE(8) + Tr[ Wi [VIWA[V]]8(6)

FTr[@] eV @] + W [i]az(é)+W[q>j]52(9)} (4.74)

In the component level, for abelian gauge theory, the supersymmetric Lagrangian can be repre-

sented by

L = [07e?VD]p+ [W[D] + hc]r+ [iwawa +h.c]r+ [éV]p, (4.75)
(@7e*®)p = F*F+9,u0l +iy6"a + qVu(Y6,y + i@ 9,0 — ipdue”)
+V2q(pAJ + 0*AP) + q(D + gV, VoI,
(}I(W“(Wa +he)p = 1D2 - leF”V — A" 9,A,
(W[®] +hc)p = F F+(—IZ:F +he) - l(a2 Y+ hc.)

(4.76)
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5 REVIEW 4: 4D N = 1 SUPERGRAVITY IN

THE SUPERCONFORMAL FORMALISM

This chapter is mainly based on Refs. [8, 29-31].

5.1 Way CONFORMAL SUPERGRAVITY?

In the four-dimensional N' = 1 Poincaré supergravity, the actions of supermultiplets are in-
variant under transformations of super-Poincaré symmetry, which consists of spacetime dif-
feomorphisms (i.e. general coordinate transformations), local Lorentz symmetry, and local su-
persymmetry. This is established as a “physical” theory. On the other hand, for the so-called
conformal supergravity or superconformal gravity, its actions are invariant under transformations
of superconformal symmetry, which is a set of super-Poincaré symmetries and four addi-
tional symmetries (dilatation, chiral U(1) symmetry, special supersymmetry (i.e. S-SUSY), and
special conformal symmetry). In superconformal theory, supermultiplets are promoted into rep-
resentations of the superconformal group, so that they become “superconformal multiplets.”
In particular, the four additional symmetries can be broken by gauge-fixing conditions to get a
physical theory, meaning that one can obtain the Poincaré supergravity theory from the broken
superconformal theory. At first glance, one may think this conformal approach seems more labo-

rious, and ask: why do we consider conformal supergravity? In fact, there are two main reasons
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for this.

The first benefit from conformal supergravity is that the superconformal formalism can yield
the (physical) Poincaré supergravity in a convenient manner. For example, in the other approach
like the superspace formalism, it is required to make graviton and gravitino to be canonical by
taking complicated rescalings. On the contrary, in the superconformal formalism, it is possible
to simply obtain the canonical kinetic terms of graviton and gravitino by imposing gauge-fixing
conditions on the so-called “compensator'” multiplet introduced in the superconformal formal-
ism.

The second benefit is that the conformal supergravity can give us a unified description of
Poincaré supergravity with different types of gravity multiplet. In the superspace formalism, it is
difficult to figure out the relationships between different sets of the auxiliary field of gravity mul-
tiplet. However, those relationships can be comprehensively understood in the conformal super-
gravity in that different sets of auxiliary field in Poincaré supergravity can correspond to different
compensator multiplets in the conformal supergraivty; that is, Old/New/Non-Minimal formula-
tion of Poincaré Supergravity can be obtained by the conformal supergravity with Chiral/Real-

Linear/Complex-Linear compensator multiplet.

5.2 TENSOR CALCULUS OF GENERAL GAUGE FIELD THEORY

This subsection is particularly based on Refs. [8, 30].
“Tensor Calculus” centers around the notion of “Gauge Covariance.” For example, let us
consider “a tensor in general relativity (GR).” In GR, the general coordinate transformations (GCT)

or spacetime diffeomorphism is a gauge symmetry of local translation whose gauge parameter

IThe fields removed after gauge fixing are called compensators.
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and generators are given by {# and momentum operator P, = 9,, which generates

=xt+ & deer(§xt = EPxt = Eayxt = & (5.1)

A vector V# transfroms under the GCT as

ox'? oLt
v =2y (5’; + i)vv VOV = Seer()VE = A (VY (5.2)
ox" oxY
where we define A} (x) = gf:l: and take it as a gauge parameter. So, in this notation, we have

& = Ax'. However, the ordinary derivative of the vector 9,V# cannot be covariant. This is

because

oxP

V. (5.3)

oo _ (9XF ox"t N oxP ox'F oxP | 9 (ox""\|. ,  oxP ox"*
= (5) (G v7) = v (5]

(e
= +
ax" P\ oxo ax" axo ox" ox° ox"V ox°

The point here is that the problematic discrepancy from this gauge transformation of the vec-

tor under the GCT comes from the fact that the transformation contains the derivative of the

a_[ox'H
oxP

gauge parameter, i.e. 57| 5= ) = 9,A,. The “correct” covariant derivative is found to be V,V* =
9, VH + T ovV? where ¥ pv is Christoffel symbol as “connection” for the GCT, which as expected
can transform covariantly under the GCT.

Regarding the lesson learned from the example of GCT in GR, we can deduce that any tensor
defined with respect to the GCT must properly vary under the GCT whose gauge transformation does
not contain any derivatives of the gauge parameter &"! This statement is a “punchline” in this exam-
ple. Hence, we can state that if an object can have its own gauge transformation without derivatives
of gauge parameter for a certain gauge symmetry, then the object is “‘covariant or tensorial” with

respect to the gauge symmetry and it can thus be defined as a tensor with respect to the symmetry.

We call this property of being covariant under a (gauge) symmetry as “(Gauge) Covariance®”

The precise structure of “Covariance” or “Tensoriality” can also be understood in the mathematical language
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Particularly, I would like to distinguish between a normal tensor defined with respect to only the
GCT in GR and another tensor also defined with respect to extra gauge symmetries together with

the GCT. I will call the latter as “gauge-covariant tensor” as a stressed terminology of tensor.

5.2.1 CONSISTENCY REQUIREMENTS OF TENSOR CALCULUS

Let us consider a set of Lie symmetries
5(e) = €Ty, (5.4)

where A is an index of generators of the symmetries; €4 is a transformation parameter, and T, is a
generator indexed by A as the active operator acting on the field space. It is very important to be
careful about the order of symmetry transformations since these are related to the Lie algebras.

In tensor calculus, the product operation is defined by the active operation
5(¢1)6(e)® = 5(61)(5(ez)q>) - 5(61)(65"[3@) - 655(61)(T3q>) = eBEAT, Ty (5.5)

Then, we suppose that the symmetries satisfy the following three consistency conditions [30]

+ 1. (Off-shell) Closed algebras of the symmetries: For any two generators Ty, Tj, the

following “(anti)commutator” holds.
[Ta. Ts} = fup T &= [8(e1). 8(e2)} = (€)' fup ) To = 8(es = €1 fi5)  (5.6)

where [e, o} is defined as the “graded commutator,” and the third parameter may be given by

through the theory of Principal and Associated Fiber Bundles (See Nakahara’s textbook for a review of this viewpoint
in Ref. [32]). In particular, gauge symmetry can be considered as a redundancy of mathematical description for a
theory, which is called Gauge redundancy. This aspect is understood in the constrained Hamiltonian systems
(see Ref. [33] for a comprehensive review on the topic). References [34, 35] give introductions to symmetries and
dynamics of constrained systems. Also, a student-friendly example about the topic is well-described in Ref. [36].
Geometrical analysis of the aspect is explained in Ref. [37]. The general constrained dynamics that considers both
bosonic and fermionic variables can be found in Ref. [38].
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a function of the other two parameters and some possible structure constants or functions
f’s of the algebras. By requiring this closure of algebras, we can find the structure constants

or functions.

+ 2. Commutativity of Lie and Exterior derivatives (by geometrical axiom): This condi-

tion fixes the gauge transformations of the gauge connections or gauge fields A‘;}’S.
[6(e),d] =0 < [b(€),0,] =0, (5.7)

where d = dx#9, = dALy where L; is a Lie derivative along the vector field & = &9,.
In particular, we can also represent the exterior derivative in terms of covariant generators
Ty (# Ty from the set of normal generators and local translation) and gauge-connection
one-forms A4 = A/‘j‘dx'” = Aﬁf”d/l (where dx# = &FdA along the curve of the vector field
& parameterized by A) corresponding to the relevant gauge fields Aﬁ of gauge symmetries

5(€) = €Ty made by the covariant generators Ty in the following manner [30]
AL
d=A"Ta(=dALy). (5.8)

This will be used for covariantizing the GCT (i.e. local translation) and equivalently defin-
ing a reformed covariant derivative “D,” which is comparable with the covariant GCT.
Later, we will follow the index convention that small Latin alphabet “a, b, ¢’ means “tan-
gent” (local (Lorentz) frame) indices and small Greek alphabet “u, v, p” means “world”
(curved frame) indices. Especially, the reformed covariant derivatives D, will be shown

throughout all the supergravity sections in this dissertation.

+ 3. de Rham Cohomology (by geometrical theorem): This condition fixes the curvatures
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of the gauge fields and covariant derivatives.

=0 = [0y, 0] =0 onscalar, [V, V,]= —RWpr. (5.9

Here is a remark of the algebras. For any two generators Ty, Tp of the symmetry algebras, we
can consider their commutation relation in the form of {T4, Tg] = 2, fABC" Tc, where fABC" is its
structure constant (or function if it is field-dependent and forms a soft algebra). In particular, if C;
has n indices {a - - - a}}, then we have to consider “symmetry-factor rule of (anti)symmetric-

2.

13 1 ) . .
index contraction” which is to multiply the symmetry factor —"in front of the contracting
n!
part of (anti)symmetric n-indices to avoid “double-counting”; for example, for AM € {A%’} and
By € {Bgp} each of which is the defining elements of the set (e.g. for an antisymmetric rank-2

tensor, Ay; = —Aj; where A, is the defining element), the contraction of the two sets can be

defined by AMB,; = LA%B,,. Thus, we have to have the following

=2

n

e, 1 gied
(T, Ts] = ZfAB Te, — {Ta, Ts] = Z ifan” T (5.10)
1 1

This commutator algebra should be closed off-shell in general. Normally, given commutation
relations of the algebras, it will be needed to read off the structure constants (or functions) from
the commutation relations in order to compute relevant quantities of our interest like curvature

using them.

5.2.2 “COVARIANT” QUANTITY, GAUGE FIELD, AND CURVATURE

Under the transformations §(€) = €Ty of any generators T4 (including the covariant ones

A

Ta), a covariant quantity “®” is defined by a quantity transforming without derivatives of gauge
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parameters in the way
5(6)® = eATy® = e Ka(®), (5.11)

where we define K4 (®) = Ty® which may be either linearly or non-linearly realized in the quan-
tity @. As expected, the ordinary derivative of the quantity which transforms under the relevant
symmetries cannot transform covariantly. That is, we face the same issue as we saw from the

GCT example in GR:
5(€)3,® = 9,(e"Ka) = €*(9,Ka) + (9,6*)Ka (5.12)

To obtain the covariant derivatives “D,,” it is mandatory to introduce gauge fields “Bﬁ,” whose

transformations are defined by
5(e)B) = 9" + B fr (5.13)

Then, the corresponding gauge-covariant derivatives can be defined by subtracting the symmetry
transformations § (Bﬁ‘) (whose gauge parameter is replaced by the gauge field) from the ordinary

derivative d,; that is,

D,® = (9, — B Ta)® = (9, — §(B,))®. (5.14)
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Certainly, we can check that

5(e)D,® €29, Ka + (9)Ka — (8(€)BHKa — BL5(e)Kx

eAayKA - GCBLS]%CAKA - Bﬁ5(6)KA
= €'9,Ky — €' B][Tp, Tx|® — B TyTp® = €*(9,Ka — B TsKa) = €D, K.

(5.15)

Moreover, there is another covariant quantity called curvature “R;,” of the gauge fields B4,

which is defined in the way
R, = 9,8} - 9,8 + B, B, fi! = 20, 8], + B, B, fy". (5.16)
The gauge transformations of these curvatures are given by

5(€)Rﬁv = 20,0y et + za[/,(eCBf])]%CA + ((8Vec + eDBffEDC)BfﬁBCA —(p e v))

= Gc(za[ugf]chA) + GDBEB;?JCEDCJ%CA + EDBvcgﬁfEDBchA

c c A c
= € (za[uBﬁJ%cA) —€ BEB;JDfEDBﬁBC =€ [za[ugﬁ _BprDﬁEDB chA
CpB A
= € Ryvﬁ%C >
= . 5(6)Rﬁv = eCRfvaCA. (5.17)

where we take advantage of the Jacobi identity in the third equality:

Z (fCEBfBDA + (cyclic in C:D,E-)) = Z(chBﬁBDA + o fog" + fop fac) =0 (5.18)
B

B
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Note that the curvatures tranform covariantly under the gauge transformations. Plus, the curva-
tures satisfy the Bianchi identities

Dy,R},; = 0. (5.19)

5.2.3 COVARIANTIZATION OF THE LOCAL TRANSLATION: COVARIANT GENERAL
COORDINATE TRANSFORMATION (CGCT), AND CONSTRAINTS FOR ITS

CONSISTENCY

In the previous sections, we have talked about symmetry algebras, covariant derivatives,
gauge fields, and curvatures. Importantly, these symmetries are assumed to be “internal” and
“general” This means that the gauge fields Bﬁ that we have so far considered may involve the
vielbein “e;” (or equivalently called “graviton”) as the gauge field of the local translation symme-
try P, in a theory of gravity. In fact, this fact brings us a “bad” problem about covariant derivative
of local translation. To see how this arise, let us assume that we have only a local translation, so

that the corresponding gauge covariant derivative is given by D, = 9, — e;P, where P, = 9, is

the momentum generator. However, from the properties of vielbein e%e’

€, = 0, (invertibility) and

A% = el‘fA”, A= eZAa (change of reference frame), we reach the fact that

Dy =3y — €iPy = 9 — €19y = 9 — 3, = 0. (5.20)

Here, we see that this D, is physically ill-defined, and thus we have to covariantize the local
translation P, in an alternative manner in order to obtain a “well-defined covariant derivative.” In
fact, there is a clever way of doing this. Let us recall the alternative form of the exterior derivative

d in Eg. (5.8), which was given by

d =dAL; = Bydx" = dAE' BTy, (5.21)
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where we replaced the notation of gauge field A’;} by Bﬁ‘. It is worth noticing that the right-hand
side of the relation in Eq. (5.21) was defined by a linear combination of all the possible covariant
generators Ty. Hence, instead of the original local translation P, there must be a covariant local
translation P in the combination. Keeping this in mind, let us assume that the generators Ty and
corresponding gauge fields B;j‘ of all the gauge symmetries including “covariant local translation”

P, (no normal local translation P, in the sum of BﬁTA in Eq. (5.21)) can be decomposed into
Ta = {PaTyp = Tazp(= Tyupp)bs Bﬁ = {e, B;?ip’P}, (5.22)

where P, = 9, is now defined as a covariant local translation or covariant GCT generator
that is assigned to the “vielbein” gauge field e, which can also be realized as a “covariant differ-
ential operator” denoted by D, analogous to the conventional gauge covariant derivatives. Then,

from Eq. (5.21) , we get the following relation
dALy = d/1(§“eZl5a + ,f“Bﬁip’PTAip,P) = f”eZﬁa =L - rf“Bﬁiﬁ’PTAﬂs’P on any tensor (5.23)

and thus we are able to define the so-called “covariant general coordinate transformation

(CGCT)” in the way

Sccer(£) = der (&) — dsa (& BZ\#S’P) on any tensor, (5.24)
where
Scaer(£) = E'epPy = E°P, (5.25)
dcer (&) = Ly by definition of the original GCT, (5.26)
(BT = g BAFPPT, (5.27)
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Now let us define the covariant derivative 9, that can be comparable with the CGCT. Consider

the CGCT on a world scalar ¢. Then, we get its CGCT as
Scoer(§)¢ = 89,4 — 5(§”Bﬁ¢p’P)¢ = gﬂ(a,, - 5(33¢P’P))¢ L £'e2P, on “world scalar (5.28)

where dgcr(€)$ = £#9,¢. Then, defining a realization of the covariant local translation operator

“P,” as the well-defined covariant derivative “D,” that we desire to have, one can obtain
ezl)a = (8H - B;#P P Tyup P) on “world scalar” (5.29)

Then, by using the invertibility of the vielbein e?, we can reach a reformation of the covariant
derivative with respect to the covariant local translation in desirable form:

D, = ey (9 — B;?ip’PTA#s’P) =0, — B;\iﬁ’PTAﬂg,P on “world scalar.” (5.30)

We emphasize that this new covariant derivative acts on any world scalar living on any tangent
space defined over a (curved) spacetime, but the derivative itself rotates under the local Lorentz
transformation because it is a local-Lorentz vector. In the other words, the covariant derivative
D, can be applied to any local-frame tensors as world scalars! For example, a local-Lorentz vector
field By, has its covariant derivative given by 9D,B;,. In the presence of covariant derivatives,
the equations of motion for some fields are obtained by simply replacing the ordinary partial
derivative with the suitable covariant derivatives [39]. Then, we call such equations as (gauge)

covariant equations of motion. The properties of covariant derivative [39] are as follows:

« 1. (Operation rule) The gauge covariant derivative acts on objects that respond to a coor-

dinate transformation as well as a gauge transformation.

+ 2. (Covariant quantity) The gauge covariant derivative of a field transforms as the field
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itself does whose gauge transformation has no spacetime derivatives of gauge parameter.

+ 3. (Necessity of gauge field or connection) A gauge field A, consisting of gauge connection
A = Audx" must be embedded in the covariant derivative in order to define covariant

quantity under the relevant gauge transformation.

+ 4. (Product law) The covariant derivative obeys Leibniz rule with appropriate parity as the
product law, i.e. Dg(P1¢h2) = (Dadpy) s + (=1)Palldtlp (D, hy) where | - | = 0 for even or

bosonic and | - | = 1 for odd or fermionic.

+ 5. (Restoration to ordinary derivative) For a gauge invariant scalar, the gauge covariant

derivative is identical to the ordinary partial derivative, i.e. D, (inv.scalar) = 9, (inv.scalar).

Now, remember that the original local translation “P,” was not a spacetime symmetry but one
of internal gauge symmetries. However, the covariant local translation “P,” has been identified
with a spacetime symmetry not as an internal one because it becomes the covariant general
coordinate transformation. Hence, it is reasonable to check whether or not the reformation of
the local translation affects the closure of symmetry algebras. If so, there may be some constraints
for its consistency.

Then, let us evaluate the general coordinate transformation (GCT) of a “world-indexed vec-
tor” gauge field B4, which can be considered as a local Lorentz scalar since it has no local frame
indices. We point out that the Einstein summation in the GCT includes standard gauge symme-
tries and the normal local translation P, (without the covariant local translation P, in the GCT since
we have no channel to introduce such a covariant one now.). That is, consider the origical situation
with closed symmetry algebras of the normal local translation and standard gauge symmetries.

Then, the GCT of the gauge field with the world vector index p is given by its non-trivial Lie
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derivative

Socr(6)B, = LBy =Ea,8,+Ba,¢"
= £0,B) +BlaE + (BB fuo — E BB ) + (-89, Bl + E'9,8,)
= (98B - a8, + BB )

+0u(E' B + (£ B0) Bl fp* + EBIM  —E'BIM, !

=5(&v BB
= —ERL+5(&BYBE - P BEM

= ERA - EBEM A+ 58 BIPT)BA 4 5(8 ) B

_ gv( RS, —2BEM ) +S(F'BIFPP)BA L e, B, (5.31)
_#4,

where we define a covariant curvature “Rfy”

Rj, = Ry, — 28] M ., (5.32)

and generalized gauge transformation of gauge field including possible “non-gauge field

effects” M PBA
8(€)B = 9y + B fy o + M. (5.33)
Using the definition of the CGCT, we can rewrite Eq. (5.31) as
Scact(§)BL = Sacr (B - §(E BN BA = PRA + P, 81 = 1P, B (5.34)

Notice that this CGCT of a gauge field is completely different from the gauge transformation of

a curvature in Eq. (5.17).
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Hence, for one to be able to take the replacement P, — 13“ in the symmetry algebras, we
need to identify ﬁa with P, on the local Lorentz scalar, i.e. .f“PaB;;‘ = faﬁaB;‘. As aresult, we have

to impose the following constraints C = 0
— yVpPA !
VA:C= "R, (Ta) =0, (5.35)

where T4 involves the original (i.e. non-covariant) local translation P, and the other standard
gauge symmetries.

From the above constraints (5.35), one can see that they cannot be preserved under their
gauge transformations (i.e. § (e)RﬁV = eCRﬁv fzc® # 0 in general) given by Eq. (5.17) as long as
additional shifts are not introduced. To understand how this works, let us consider some general
situation. Let C(w, ¢) = 0 be a constraint consisting of an independent field ¢ and a dependent
field w = w(¢) which can be solved by the constraint. Then, let us assume that the dependent

field w has a new transformation, which is modified by an additional shift “5,4,” for compensating

the remaining changes from the old transformation J,;4w; that is to say, we have
Onew@ = Opjd® + Ogdd®. (5.36)
Then, consider the transformation of the constraint
aC
OnewC = 0p1dC + 8444C = 6014C + £5addw =0. (5.37)

Thus, given ,;50 and §,,4C, the invertibility of dC/dw allows one to acquire the additional shifts

Oadd® in this way

-1
Sadd(P) = — (ﬁ) 3014C (5.38)

ow

w=(¢)
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where we insert the solution for the dependent field w, i.e. @ = w(¢). This trick shows how the
constraint can be preserved under the new transformations modified by the additional shifts. In

the following section, we will use this later.

5.3 STUCKELBERG TRICK AND GAUGE EQUIVALENCE PROGRAM

Superconformal tensor calculus uses the procedure of “Gauge Equivalence Program” [31].
This is a program where one utilizes “more symmetry” as an extra in constructing a symmetric
theory than the number of symmetries that he wants to impose on the final model, and then
remove unwanted symmetries by gauge fixing in the end. The point is that this extra symmetry
is only used as not physical symmetry but a tool for building models! In superconformal tensor
calculus, we will consider superconformal symmetry group, but this will not be imposed on the
final physical actions of our theory.

In fact, the gauge equivalence program works based on the Stiickelberg mechanism and its
underlying philosophy.

The Stiickelberg mechanism (or trick) is a way of introducing new fields (which are called
“Stiickelberg or Compensator fields”) for compensating the remaining shifts of existing fields of
a theory that is not gauge-invariant under a (extra) symmetry of interest in order to make this
symmetry to become gauge invariance of the theory. Hence, in principle, we can make any
theory to be gauge invariant after applying the Stiickelberg trick to the theory (See Ref. [40] for
a detailed review on the Stiickelberg mechanism). It is worth noting that Stiickelberg field can be
either physical or unphysical in our favor.

The Gauge Equivalence Program inspired by the Stiickelberg mechanism consists of the

following five steps:

+ 1. (Full Symmetry with Extras): Define “full symmetries” by introducing “extra symme-

tries” of our interest into the existing ones in our hands (i.e. specify (1) symmetry genera-
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tors, (2) transformation parameters, (3) gauge fields, (4) their off-shell closed algebras of the
symmetry generators with the corresponding structure constants/functions, and (5) their
transformation rules). In this step, gauge multiplets containing the extra gauge fields must
be defined. Again, transformation rules of all the involved fields under the “full” symme-

tries must be defined.

2. (Compensator): Define Stiickelberg fields that will not be physical or auxiliary in the
end, so that sometimes they may be defined as a ghost with the kinetic terms of a wrong
sign (for example, this appears when producing the Einstein curvature term after fixing the
dilatation in conformal gravity). Usually, “unphysical” Stiickelberg field is called just com-
pensator. This compensator must transform under the symmetry in the way to compensate
the remaining shifts of the other existing fields. Later on, compensators will be removed

by gauge fixing conditions.

3. (Invariant Action): Construct the actions which are invariant under the full symmetry

groups including the extra symmetries.

4. (Gauge Fixing): Choose gauge fixing conditions for unwanted symmetries. These
gauge constraints must be non-invariant under the unwanted symmetries. Different gauge

choices lead to the equivalent theories that are merely related by proper “field redefinitions”

5. (Rewriting): Rewrite the actions and transformation rules of the relevant independent
quantities by inserting the solutions of dependent quantities which were obtained from the
gauge fixing conditions into them. Then, the resulting transformation rules can be given
by a linear combination of the existing and extra invariances (into which the solutions of
the dependent fields are input) are called “decomposition laws,” which leave the gauge fixing

conditions to be invariant.
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5.4 GAUGE EQUIVALENCE PROGRAM FOR SUPERCONFORMAL
SYMMETRY OF N = 1 SUPERGRAVITY: EXTRA SYMMETRY AND
COMPENSATOR

We are now in a position to apply the gauge equivalence program to the N = 1 Supergravity.
As a first step of the program, we assume that our full symmetry group is defined by a superconfor-
mal symmetry which contains not only the super-Poincaré group of the Poincaré supergravity but
also dilatation, special conformal symmetry, conformal supersymmetry (a.k.a. S supersymmetry),
and chiral U(1) symmetry as extra symmetries. For the second step, we introduce a conformal
compensator Sy with the Weyl/chiral weights (1,1) for the old-minimal formulation of super-
gravity. In fact, these two steps are explained in detail in the appendix B (superconformal tensor

calculus of N = 1 supergravity) of this thesis because they correspond to “technical” side.

5.5 GAUGE EQUIVALENCE PROGRAM FOR SUPERCONFORMAL
SYMMETRY OF N = 1 SUPERGRAVITY: INVARIANT ACTION,
GAUGE FIXING, AND DECOMPOSITION LAWS

In this section, we perform the remaining three steps of the program. To do this, we will
construct a most general superconformal action of the supergravity which is invariant under the
superconformal symmetry. Then, by taking superconformal gauge fixing conditions, we find the

physical action of the Poincaré supergravity, and the corresponding decomposition laws.
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5.5.1 BRIEF REVIEW ON KAHLER TRANSFORMATIONS

Before going into the main story of supergravity action, we review the necessary concept
called “Kéhler geometry.” The Kéhler manifold as a target space has the following Kdhler metric

“9qp" characterizing the line element ds? in the complex coordinates z* € C:

ds® = 29,5dz"d2, (5.39)
where the metric must be identified as

9up = 9a95K(z,2), (5.40)

where the function K determining the Kahler metric is called “Kahler potential” In particu-
lar, it is possible to compute the corresponding Christoffel symbol, covariant derivatives, and

curvatures. Hence, we may have
Ie = 9" 959,5. (5.41)
Especially, from the definition of the K&hler metric, we see that there is an isometry given by
K(z,z) — K(z,2) + f(2) + f(2) (5.42)

for some holomorphic function f(z). Then, for a general function V (z, Z), we can generally define

the so-called Kihler transformation

V(z,2) — V(z,2) exp | —a ' (wyf(2) + w_f(2))], (5.43)
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where we define “Kéahler weights” (w,, w_). Moreoevr, in fact, this can be related into dilata-
tion and chiral U(1) symmetries. For a scalar function V (X, X) on the embedding space with

coordinates (X, X) larger than the target space (z, z),

OV (X, X) =wy(Ap + i)V (X, X) +w_(Ap —iAr)V (X, X), (5.44)

where Ap 1 are the gauge parameters of dilatation and chiral U(1) symmetires. Then, in general,

it can be represented in terms of the target space variables in this way

V(X,X) =84Sy V(z 2), (5.45)

where we introduce conformal compensators with the conformal weights, i.e. Sy and S, has w,
and w_, respectively. Notice that the target space function V(z,z) is inert under the conformal

scaling, but must transform under Kdhler transformations. The Kahler covariant derivatives

“V,” can be defined as

VoV (2, 2) = 3,V(z,2) + woa 1 (0,K(2,2))V(z, 2), (5.46)

VaV(z,2) = 95V (2, 2) + w_a Y(9:K(z,2))V(z, 2), (5.47)
which produces that

[Va, Vﬁ]V(z, Z)=at(w_ - w+)gaﬁV(z, Z), (5.48)

and the covariant derivaives in spacetime

V=32V + 9,2V (5.49)
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As a concluding remark, it is also certain that V,V is a covariant quantity that can transform as

Eq. (5.43).

5.5.2 SUPERCONFORMAL INVARIANT ACTION OF N = 1 SUPERGRAVITY

Here we derive a physical action of the four dimensional N' = 1 Poincaré supergravity from
the action of its conformal supergravity. First, let us consider the following general supercon-

formal action
S = [N(Z', ZD)p + [W(Z)]F + [fap(Z)A*PLAP | + c.c. (5.50)

where Z' = {X!, Q!, F'} are chiral superconformal multiplets with any Weyl/chiral weights (w, c¢);
N(ZLZ) is a “composite” real superconformal multiplet with the Weyl/chiral weights (2, 0)
whose arguments are given by the chiral multiplets Z”’s; ‘W (Z!) is a “composite” chiral super-
conformal multiplet with the Weyl/chiral weights (3,3) as a holomorphic function of the chiral
multiplets; A4P; A8 is a composite chiral superconformal multiplet with the Weyl/chiral weights
(3,3) which is a fermionic bilinear of the gauginos of a vector multiplet V = {A4, 14, DA} with the
Weyl/chiral weights (0,0), and fap(Z?!) is a composite chiral superconformal multiplet with the
Weyl/chiral weights (0,0) as a holomorphic function of the chiral multiplets and called Gauge

kinetic function. In particular, the specific forms of N and ‘W must be given by
N(ZLZ) = S0S®(Z% Z%) = —aSeSee K220/ ay(zh) = $Sw(z%),  (5.51)

where a is a real constant; the index I runs over 0 and a’s; Sy = {s°, °, F'} isa conformal compen-
sator chiral multiplet with the Weyl/chiral weights (1, 1); Z* = {z%, y*, F*}’s are matter (physical)
chiral multiplets with the Weyl/chiral weights (0,0); ®(Z%, Z%) = —ae K(Z%Z9/a jg 5 composite

real superconformal multiplet with the Weyl/chiral weights (0,0) of the chiral multiplets Z'’s
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(where K(Z%, Z%) is called Kihler potential and defined with the weights (0,0) as a real func-
tion of the matter chiral multiplets because it defines the corresponding Kihler metric.); W(Z%)
is called Superpotential and defined as a holomorphic function of matter chiral multiplets, and
which is due to the property of homogeneity of the functions with respect to their Weyl scal-
ing dimension; that is, N(ASy, ASy) = AAN(Sy, So) and W (ASy) = A3W(S,) (or equivalently
Z'W; = 3W(2)) for some chiral multiplet A with the weights (0, 0).

Here are some remarks about gauge symmetry §. Given Killing vector fields of the symmetry,

the physical matter chiral scalars transform as
§Z% = 04k5(2). (5.52)
On the contrary, the conformal compensator must transform as
8So = a 104Sora(2). (5.53)
Plus, the Kahler potential can transform as
- - A B !
0K(Z,2) = f(Z) + f(2) = 07(ra(Z) + Ta(Z)) = SkanterK, (5.54)

which can be identified with the Kahler transformation. The corresponding moment map $4 can

be given by
Pa =i(k§0K —1a) =c.c. (5.55)

Then, using the superconformal tensor calculus, after elimination of all auxiliary fields and
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lengthy simplifications, the component actions of the conformal supergravity can be found to be

e 'L = %N —R(e,b) + ¢, R + e_la#(eg; . ylﬁ”)] -V

+Lo+ Lyjo + L1+ Liass + Linix + La + Lay, (5.56)

where R = y”p"(ap+%bp+}lwp”b(e, b)yab—%iﬂpy*)% and A, = iﬁ [Nja‘qu—N]aHXI +1%]AﬁPA

Ly = -G;D*X'D,X, (5.57)
Ly = —%GI](QIJ?“O)QJ + /B0l (5.58)
L1 = (Refap)| - iF;‘VF”VB - %ZAB(O))LB + }li (Im fyp) F)p, F*'P + (D”ImﬁB)ZAy*y”/lB]

(5.59)
Vo= Ve+Ve=GUW W+ %(Re )PP, pp (5.60)
-
=Vp —Vp
Lingss = %(WgﬂyPRy”V% - %V{W]QIQJ + ;LGU_ Wi fapi A PLAP
+\/§i( — 0Pa+ ifABI(Ref)‘l BCSDC)ZAQI +h.c., (5.61)
Lonix = V- yPL(%iPA)LA + %‘WIQI) +h.c., (5.62)

=-Prv (=Goldstino)

98



where W; = oW /oX! = oW, Gy = 919jN and

1 _
Lo = Refan)fuy™ (Fy +F b)yﬂAB+\—F{GUWJXJ praol - - fA Qly“ o AP

2
—ENIQI}/‘WDulﬁV + h.c.}, (5.63)

1
- EN‘£SG,t0rsion

Ly

R 1 -
+{ — 4_\/§fABI¢ . YQIAAPLAB + gV[fABJQIQ]AAPLAB + hC}

1 - =7 1 = 1 - 5o
+Eie_1£“Vp0¢uyV¢p(Q]ngl + EReﬁ\B)LAy*ya/lB) - EGU-%QJWJQI
1 = s 7 1 g3 - _ -
+7Rix Qe akal - EGU fapA*PLA® fop jACPRAP
1 _ _ _ e _ _ .
+R(Ref )~H4P (fACIQI - fAcIQI)/lc (fBDJ Q' — fip jQJ)/lD + NAﬁAFp,

Ligiorion = =32 |GV Gt + 2pnth) = 4G - D)@y - )| (5.60)

where AF = z— [\/_% (NIQI NIQI) + NUQI}/HQ] +3 (RefAB)/lAy”y*AB] The relevant covariant

derivatives are given by

D" = 9.Xx"—b,X" - ANl - iAX, (5.65)
pal = (a,, - ;bﬂ + Zi“’ﬂ (e, b)yap + %iﬂ#)QI — Allorkl &, (5.66)
DI = (9= byt 0, ™ (e by — i )1 — A f (5.67)

Dy = (90 %b,, ¥ iwy b (e, b)yap — giﬂpy*)lﬁv. (5.68)

5.5.3 SUPERCONFORMAL GAUGE FIXING: K, D, S, A(orT)-GAUGE FIXINGS

Now we are ready to reduce the superconformal action to the physical one by imposing su-

perconformal gauges. First of all, it is possible to fix the special conformal symmetry in the way

K-gauge: b, =0 (5.69)
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since its special conformal transformation is given by 6k (Ax)b, = 2Ak,. Second, looking at
the curvature term —%R(e, b) in the superconformal action (5.56), we notice that if we can fix
N = —% where « is defined as a dimensionful gravitational coupling constant such that
k2 = 871G = Mp‘l2 for the reduced Planck mass My = 2.4 X 10'8GeV, then we can obtain the

Einstein curvature term proportional to Lginstein ~ %R(e)!
- . — a2 -2 1 & —Kla _
D-gauge: N =-3x" = 3k “=a and SySpe =1 (5.70)

It turns out that this D-gauge choice can eliminate the kinetic mixing terms of “graviton” and
other “scalars.” In addition, we can similarly remove the kinetic mixing terms of “gravitino” and

other “fermions” by fixing the conformal supersymmetry (i.e. S-SUSY) through
7 1
S-gauge: N Q' =0 N;Q' =0 = Prx° = -«?Py" (5.71)
a
Moreover, we can fix the chiral U(1) symmetry by imposing

A (or T)-gauge: So =S, = so =35 = ek/2e, (5.72)

5.5.4 PHYSICAL ACTION OF N = 1 SUPERGRAVITY

The physical action of the general N' = 1 supergraivity theory can now be obtained by the
spacetime integral of a gauge-fixed Lagrangian from the the action in Eq. (5.56) and constraints
in Egs. (5.69), (5.70), (5.71), and (5.72).

Before looking into the physical action, we summarize some points.

 Chiral multiplets, and Kéihler Potential: Consider chiral supermultiplets {z%, P y*}
indexed by «, whose kinetic Lagrangians are determined by their Kéhler potential K(z, z).

Then, the Kéhler metric of the scalar target space is invariant udner the Kahler transfor-
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mation
9up = aaa[;K(z, zZ), K(z,z2) — K(z,2) + f(2) + f(2), (5.73)

where f(z) is given as some holomorphic function of the matter scalars.

Gauge multiplets: Consider gauge multiplets {A?, 14} indexed by A, whose kinetic La-

grangians are determined by the symmetric gauge kinetic functions fap(z) = fpa(z).

Superpotential: Choose a superpotential W (z) of matter scalars. Superpotential is a world

scalar, but it transforms under the Kahler transformation as

W(2) — e T@w(y). (5.74)

Gauge symmetry (R-symmetry): Consider a Lie group G with structure constants f;‘BC.
Then, the theory can have gauge symmetry provided that K, W, f45 obey some proper con-
ditions by gauge invariance. Let 04 be a gauge parameter. Then, the gauge transformation

of matter scalar is given by
Sgauge?” = 02K%(2), (5.75)

where the gauge Killing vector k,{x is determined by Real moment map “P4(z, z)” such

that
ki(2) = ~igPosPa(z.2),  VadsPa(z.2) =0, (5.76)

in which V, contains the Levi-Chivita connection of the Kahler metric. In fact, the Kahler

potential K does not have to be invariant under the gauge symmetry because this shift can
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be considered as a Kiahler transformation. That is,

SgaugeK = 04[ra(z) + Fa(2)] = f(2) + F(2) = Skanter K, (5.77)

ra = k9,K +iPa,  f(z) = 0ra. (5.78)
Here is a technical remark. From the definition of r4, we can just read the moment map as
Pa = i(k50,K —ra). (5.79)

In fact, the fermions can vary under the Kahler transformation

PLy® —> s (Imf(Z))/ZpLXOf’ (5.80)
Py — e I G 2p (5.81)
P — e—iKZ(Imf(Z))/ZpL/lA (5.82)

Plus, the gauge kinetic function must be gauge invariant, i.e. §gquge fap(z) = 0. Lastly, the

superpotential W (z) must satisfy

SgaugeW (2) = WokS = —k?raW (2) = SganierW (2). (5.83)

Notice that the gauge transformation of the superpotential is also equivalent to its K&hler
transformation. In particular, when r4 = i€ for some constant &4, r4 is called as “standard
Fayet-Iliopoulos term.” Moreover, it is worth noticing that if r4 = 0, then the symmetry
Ogauge must be realized as Gauged non-R symmetry. If r4 # 0, then the symmetry dyquge
is realized as a Gauged R-symmetry. Hence, for usual gauged non-R symmetries, both

Kahler potential and superpotential must be invariant under them.
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After lengthy calculations, we reach the following physical action:

1 - N ~ A 1 ~ 1 5
L = S[R(e) ~ YR - gaﬁ—[a‘uz“aﬂzﬂ + EJZ“H(O))(ﬂ N Eiﬂg(mxa] v
K
1 1.
+(Reﬁ43)[ — ZF;\VFIIVB _ EAAD/(O)AB]

1
+

(Im f4p) Fp, F*"P + (3,Im ﬂB)ZAY*y#AB]

- (Re Fap) Uy (F4, + )y AP +

1 _ _
—q AP+ hec.
ﬁgaﬁ% Yix

—fABa)LA “@EB ¥+ h.c.

+ Lnass + Lmix + Lar, 5.84
"z af (5.84)

where the Kéhler metric g, is defined by the Kahler potential K(z ) in the way that g,5 =

993K (z, Z). The first term corresponds to the kinetic terms of graviton and gravitino with R
1 3
RF = yﬂpff(ap + pr “b(e)yab - Elﬂpy*)%. (5.85)

The second term contains the kinetic terms of matter complex scalars and fermions with the

following covariant derivatives

duz" = 92" - ATKS (), (5.86)
1 3 ok (2)
DY x* = (a,o + 1% P (e)yay + Eiﬂpy*)x“ - AN P X418 X ,2, (5.87)
where
T = 9095 (5.88)
1,[- .
A, = ng 02" 0o K — 8,05K + Af}(ra — Fa). (5.89)

Note that the covariant derivatives of scalars only contain the usual Yang-Mills (YM) gauge con-

nections Aﬁ, while the covariant derivatives of spinor have K"ahler connection A, Lorentz spin
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connection, YM gauge connection, and Christoffel symbol I‘lg‘g. The K"ahler connection A, trans-

forms as
SA, = —2x2a. (041 I 5.90
”——gk ,(0°Imra + Imf). (5.90)
The scalar potential V is given by

V o= Vo4+Vi=VidtVp,
- Fo - 1
Vo= 3t WW, Ve = KV W VW 4 (Ref) T AP PAPS, (5.91)

Vi = eKzKVanaﬂvﬂ-W — 32Ky 2 K_4eG(GaG“BGﬂ- -3),

1
Vb E(Re ) M4Bp, Py, (5.92)

where G = k2K+In(xk3W)+In(x3W) is defined as a “Kahler-invariant” (dimensionless) supergravity
G-function (and thus Gop = Kzga/;), and supersymmetry breaking scale Ms can be identified by
the vacuum expectation value of the positive potential, i.e. M = (V,). The Kéhler covariant

derivative of the superpotential W is given by
VoW = 9, + k% (3, K)W. (5.93)

Then, the next two terms in the physical action are the gravitation representation of the gauge

multiplet’s kinetic terms. The corresponding covariant derivative is given by
0 I 3.
D/(l ))A = (8ﬂ + Za)y“ (e)Vap — Elﬂyy*)/lA - Alcl/'leBcA. (5.94)

The fifth term is the supercurrent coupling of gauge multiplet of form gﬂl,j #, where the superco-
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variant gauge curvature is given by

A A AABAC | T A
Fop = egeZ(Za[#Av] + foc Ay + Yiurm A )

(5.95)

Here we see that there is a fermionic bilinear contribution in the supercovariant gauge curvature.

This is in fact to make it transform covariantly under the local supersymmetry. It is worth noticing

that the supergravity equations of motion are supercovariant in the end. Next, let us look at the

fermion bilinear mass term

1 - 1 1 -
Linass = 5m3/2¢pPRy‘uv¢V - Emaﬁ)za)(ﬂ - maA)Za/lA - EmAB)LAPLAB +h.c.,

(5.96)

where the gravitino mass parameter ms,, and fermion mass matrix components are given by

msja

maﬂ

MgA

maB

Importantly, the location of the minimum of the potential is determined by

2
KzeK K/2W,

eKzK/ZVaVﬂW = eKzK/z(aa + KzaaK)(VﬂW) - e"zK/zl“g:

e’czK/z(aa + KzaaK)(VﬁW) - eKZK/zgYS8agﬁgVyW,

1
iV2|0,Pa — ZfABa(Ref)_lBCPC = Mag,

1
——e
2

KZK/zfAB(xga vBW

V2

The mixing term of gravitino and matter fermions is given by

Lmix

- 1
l// . Y[EiPL/lAPA +
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V2

1
XaeKZK/ZVaW

+ h.c.

2

v,W

e"zK( —2m3),V W + maﬂgﬂﬁV/;W) - LPA(Ref)_lABmaB.

(5.97)

(5.98)
(5.99)

(5.100)

(5.101)

(5.102)



The final compoent of the action is given by the four-fermion terms

1 _
-£4f = 5’( 2-£SG,torsion
1 - - 1 =
I vy AP AR+ Z(V ¢ yPAAPLAB + hc.
{ 4\/§ﬁ\Ba¢ yx“ AP 8( afanp) X X" A"PL c
1. _ vpo.T 1 7. _p a 1 o Bk
+El€ Lgnvp l//ﬂyv%(ERefAB/lA}’*Yale +9a/§)(ﬁ)/a)( ) - Egaﬁwu)(ﬁ‘/ﬂ)(
1 1 - 7.6
= (Raggs = 3507935 ) 0 X" 7

3 - 2 1 - 5= =
K [(Re fAB)/lAy,,y*/'lB] — — fana A PLAP fop A PRA”

1 _ B _ e _ _ B -
+—(Ref) ™ faca " = facad” ) fova i = fonpi” )2

1 —
—szga s(Ref) p* A4 P 2P (5.103)

5.5.5 DECOMPOSITION LAWS

We have seen that after imposing the superconformal gauge, we obtain the physical action

of N = 1 supergravity. In fact, according to gauge equivalence program, we should get the
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decomposition laws. Hence, the physical transformations of the fields are then identified as

a
5ey

Py,

6z%

5PL)((Z

SAA

sP A

1_
Eey“lﬁ#, (5.104)
1 3. 1 2 1 _
(ay + 2% “b(e)yab - Elﬂp)PLe + (Ekzyye" K/2W) Pre + ZK2PL%9A("A —ra)
= &Py,
+(quadratic in fermions)e, (5.105)
1
—G_PL)(a, (5.106)
V2
i a _i K’K /2 aB‘_‘) A[akz(z) B l 205 a
\/EPLéZ + ( \/ze g VﬂW Pre+6 P X'+ 41< (Fa—ra)x
= O Py
+(quadratic in fermions)e, (5.107)
1
—Ee‘yp/lf‘ +9,0% + 0CADfr A (5.108)
1 1 1
[Zy”VFﬁV + Eiy*(Ref)_lAB?B e+6° )LCfCBA + Zkzy*(fg - rB))LA]
= 5SPLAA
+(quadratic in fermions)e, 5.109
q

where we define special parts called “Fermion shift” as the only scalar part of the supersymmetry

transformation:

1 1 Ao -
8Py, = 5sz,,eKZK/ZW, 8sPLy" = —$e'<21</29“ﬁvﬁ-w, S;PLAA =

iy, (Ref) " 148P5 (5.110)

N | =

Then, the scalar potential can be rewritten in terms of these fermion shifts:

. ]
V=—(D-2)(D- DK KW + 2(8,PLx™)g,5(8:Prx") + 2(8:PLA" Re fap (8, PrAP), (5.111)
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where we define a general spacetime dimension D. Regarding this potential, we observe that

supersymmetric solutions lead to
1 2
Vlsupersymmetric = _E(D - 2)(D - 1)K26K K|W|2 <0, (5-112)

which means that vacua must be either Minkowski (if W = 0) or Anti-de-Sitter (AdS) (if W # 0)

on the supersymmetric solutions in supergravity.

55.6 MASS DIMENSION

Here is a remark about mass dimension. In fact, the “physical” scalar z’* must have the canon-
ical mass dimension [z’*] = 1, so that its superpartner fermion has [ y’*] = 3/2, and auxiliary field
has [F’*] = 2. Meanwhile, since scalar fields can normally appear non-linearly in the physical

action, it is more convenient to take them as “dimensionless,” i.e. [z*] = 0 through the re-scaling

o A— 1

Z’* = Kk 'z, so that the other superpartners of z* must have modified mass dimensions, i.e.
[x*] = 1/2 and [F*] = 1. In this unit, then, it turns out that the Kahler metric g, 5 and also Kahler
potential K(z, z) must be dimension “2” from the kinetic term of the scalars [g, [;apz“aﬂzﬁ] = 4,

ie. [ga/;] = [K] = 2. In fact, regardless of the re-scaling, the canonical mass dimensions of the

various quantities are given by
Kl=-1 [f@]=0 [A)=1 [K]=Ilgyl=[Pal=[ral=2 [W(2)]=3(5113)

5.5.7 GroBAL SUSY LIMIT

The normalization of the independent functions K, W, fap, Pa, ra is defined in such a way that
we can obtain the global supersymmetry limit by taking k = Mj;ll = 0 or equivalently M,; — oo
after “re-scaling of gravitino” (¥ — k1) to remove the gravitino dependence from the physical

action of global supersymmetry.
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5.6 SUPERSYMMETRY BREAKING AND

SUPER-BROUT-ENGLERT-H1GGSs (BEH) EFFECT

5.6.1 GOLDSTINO AND THE SUPER-BEH EFFECT

In this section, we are going to discuss a Goldstino mode which plays a critical role in super-

symmetry breaking. Previously, in the superconformal approach, we have obtained the Goldstino

spinor Pro defined by

1 1
Pro = ——WiPLQ! — —iP P4,
V2 2

(5.114)

where W = s;W(z). After the superconformal gauge fixing, we observe that the mixing term of

gravitino and matter fermions is found as
Loix = —tﬁ - yPro + h.c.,
where the Goldstino becomes
pLU = —liPLAAPA - LPL)(O(eKzK/ZVO(VVv.
2 V2
We can also rewrite this in terms of the fermion shifts
Pro = PLXa5sPR)(a + PL)(A&PR/IA,

where

_ 1 1
CSsPR)(a = 9a55sPRX = —%EKZK/ZVQW, 5sPR/1A = (Ref)AB(SsPR)LB = —EiPA.
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The important point here is that the supersymmetry transforation of the Goldstino can be given

by
1
6Prv = §V+PL6 + vectors, derivatives of scalars, (quadratic terms in fermion)e. (5.119)

One can derive this using the decomposition laws and the definition of the positive potential V..
From this shift of the Goldstino, we can conclude the following. If V, > 0 in a supersymmetry
breaking vacuum, then the Goldstino goes through the shift §P; v in Eq. (5.119), which means that
we can set any value of the Goldstino in the direction of the SUSY transformation. Hence, the

most convenient gauge can be chosen by

[

0 (supersymmetry gauge), (5.120)

which removes the Goldstino degree of freedom in the physical action by washing out the mixing
term L,y of gravitino and matter fermions. The remaining gravitino mass parameter term ms/,
remains the same as that of the massive Rarita-Schwinger action (i.e. massive gravitino action).
Thus, in Minkowski space (when V' = 0), we can consider ms/, as the “physical” gravitino mass
that can be produced by the elimination of Goldstino!

Of course, the super-BEH effect affects the other fermion masses. To see how this works, let
us consider the gravitino terms in the physical action. When assuming that scalars are fixed as

constants and neglecting the other irrelevant terms, we can obtain the following gravitino action
- 1 - _ 7
e ' L= ﬁl//u —y""P0, + (ms3)oPr + s )2 PL) Y U, — Yuyto. (5.121)

Then, let us introduce a massive gravitino state

2K? K2
—8,1PLU — _—prRv. (5.122)

Py, =P —
L¥ = P 3|ms|? 3ms )

110



Then, by inserting this massive gravitino state in the above action and diagonalizing the action,

we obtain

_ 1 - _
e 'L = ﬁ%[ - y’””av + (mg/sz + mg/ZPL)yup]\Pp
2
+ 2 [530 + 25(m3/2PR + ﬁ’lg/zPL)U] . (5123)
3|ms 2|

Then, by inserting Eq. (5.117) into Eq. (5.123) and reading the corresponding contributions to the
fermion mass matrix, we find that the additional fermion mass by the elimination of the Goldstino

are found to be

2
0 = 2 osP dsP 5124
Mg 3m3/2( sPrXa) (OsPrXB) (5.124)
(v) 4xc?
Mep = ~ (85 PR Xa) (6sPrAA), (5.125)
3ms),
(v) 4x?
myp = —3 —(0:PrAs)(8:PrAp). (5.126)
3/2

Therefore, the full fermion mass matrix must be re-written as

9 = (v)
Mg = Map + M4, (5.127)
m?, = maa +m’), (5.128)
m, = map +m'y. (5.129)

This consequence of generation of gravitino and matter fermions by elimination of the Goldstino is
called “Super-BEH Effect”
There is additional remark about the Goldstino. Using the previous results, we can re-express

the first field derivative of the scalar potential and gauge invariance condition of the superpoten-
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tial as follows:

0V = —V2|mapdPLxP + mupdsPRA® — 2171356, Pr ya |, (5.130)

mpadsPrLy” — 213/,8,PrAa = 0, (5.131)
where the second line is obtained by the gauge invariance condition
SgaugeW = Wikl =0 = K5V, W + i PaW = Wk + k*raW = 0. (5.132)

Then, combining Egs. (5.111) and the above fermion masses, Eq. (5.131) can be re-written by

2

2K 1
Y 9 B —
my 4 OsPL xP +m 8P AR + mg/ZVSSPR Xa = —$aav, (5.133)
2x?
mfy 8Py + ml8PLA” + 3m3/2V5sPR/1A = 0. (5.134)

Hence, with respect to these results, we find that in the vacuum (9, V' = 0) with zero cosmological
constant V' = 0, the full fermion mass matrix must have a zero eigenvector with the vanishing

masses as expected.
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6 REVIEW 5: RECENT DEVELOPMENTS OF
INFLATIONARY MODELS IN

SUPERGRAVITY

In this chapter, we review recent developments of inflationary models in supergravity. Super-
gravity based inflation models and their general difficulties are well-reviewed in Ref. [16]. In re-
cent decades, several supergravity models for covering both inflation and MSSM phenomenology
have been investigated in the literature [41-47]. Most recently, Domcke and Schmitz presented a
supergravity model unifying high-scale supersymmetry breaking, viable D-term hybrid inflation,
spontaneous B-L breaking at the scale of grand unification, baryogenesis via leptogenesis, and
standard model neutrino masses [41]. Chakravarty, Gupta, Lambiase, and Mohanty in Ref. [43]
found a Higgs inflation model in the supergravity embedding of MSSM by taking into account all
higher order non-renormalizable terms to the MSSM superpotential, in which the inflaton is from
the SU(2) Higgs doublet. However, the superpotential in this model has no clear connection to its
string-theoretical origin. In Ref. [44], Pallis constructed a model that links Starobinsky-type in-
flation in no-scale supergravity to MSSM by introducing an arbitrarily-chosen superpotential for
inflation. Due to this arbitrariness of superpotential, it seems hard to explore its string-theoretical
origin as well.

In Ref. [45], Ferrara, Kallosh, Linde, Marrani and Van Proeyen proposed a construction of
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embedding Next-to MSSM model and realizing inflation in their supergravity setup. However,
the authors found a strong tachyonic instability problem during inflation in their model, and
mentioned that its remedy is required to support the Higgs-type inflation [45]. In Ref. [46],
Kaminska and Pachole built a supergravity model of inflation and preheating by considering non-
minimal Kahler potential as well as MSSM and its nonrenormalizable superpotentials to generate
MSSM inflation [48, 49]. In Ref. [47], Enqvist, Mether, and Nurmi investigated a supergravity
origin of the MSSM inflationary scenarios [48, 49] with a string-motivated Kéhler potential but
with MSSM and its higher order nonrenormalizable corrections to superpotential not related to
string theory, where inflaton is identified with a gauge invariant combination of squark or slepton
fields. We see that it is not manifest how the superpotentials used in Refs. [46, 47] can be obtained
from superstring theory.

Some “string-inspired” supergravity models of inflation based on Type IIB string compactifi-
cations have been studied by T. Li, Z. Li, and Nanopoulos [50-52]. The authors used KKLT super-
potential [19] and first introduced anomalous U(1) gauge symmetry for generating a contribution
to D-terms [50-52]. Their models focus on realizing viable inflation and moduli stabilizations,
while MSSM phenomenology has not been embedded into the models. Therefore, it turns out that
a string-inspired supergravity model of inflation compatible with MSSM phenomenology has not
yet been sufficiently investigated, causing the strong motivation of our work.

In terms of supersymmetry (SUSY), there is an issue about rich field degrees of freedom.
Supersymmetric theory predicts many field degrees of freedom exceeding the number of fields
that standard model (SM) currently has due to their superpartners. This means the SM fermions
must pair with superpartner scalars. On the contrary, there are a few scalar bosons including
Higgs field in the SM phenomenology and even superparticles have never been discovered yet,
signaling that supersymmetry was spontaneously broken at a certain mass scale, say Ms, less
than M,,;.

In addition, there is another problem that many scalar bosons may cause in the early universe
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cosmology. In fact, single-field slow-roll inflation is strongly supported by recent cosmological
observations from Planck 2018 data [1-3]. This implies that inflaton, which is a hypothetical
scalar boson responsible for inflation, must be the unique scalar boson with mass less than the
Hubble scale during inflation among possible scalar multi-fields if they exist in the inflation model
of interest. Thus, it turns out that one should be able to integrate out unnecessary scalar degrees of
freedom and simultaneously make the relevant mass spectra to be phenomenologically acceptable
in a supergravity model of interest.

In fact, Vennin, Koyama, and Wands [53] found that an effective single-field slow-roll inflation
may take place even under the introduction of extra scalars. This argument can be valid only if
certain reheating scenario conditions on decay rates and masses of inflaton and extra scalars are
satisfied [53], implying that numerous extra scalars may lead to a great deal of constraints our
model must obey. This may be viewed as another obstruction in constructing phenomenological
models. Due to this, we pursue to minimize the number of possible extra light scalars living
in our model. That is, remaining a few necessary light scalars, one should be able to make the
other superfluous scalars much heavy to obtain minimal reheating scenario constraints to follow
by integrating out such scalar modes. Accordingly, in the following chapters, I will utilize the
argument of Ref. [53] when we in our models encounter a light Higgs mass and consider this as
such a few extra light scalar.

Another possibility for enlarging the space of scalar potentials in supergravity can be new
Fayet-Iliopoulos (FI) terms without gauging R-symmetry. Recently, such new FI terms have been
proposed and used for constructing reliable supergravity models of inflation by many authors
[54-59]. Our observation here is that the absence of a gauged R symmetry in the new FI term
signals that such new FI terms can be compatible with the KKLT string background. In this
sense, in Ref. [60], we first proposed such a supergravity model of inflation and dS vacua by

adding a “constant” new FI term' (i.e. called ACIK-FI term [54]) to supergravity in the KKLT

Such new FI term has been long regarded to be banned in supergravity. This is because the only possible FI
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string background, while appropriate realization of MSSM phenomenology has not been made in
the model since there was no truncation of many light scalar modes. So, an improvement on our

previous work [60] has to be made if we wish to embed MSSM into such supergravity.

terms were thought to arise from a gauged R-symmetry [61-63], require a R-symmetric superpotential [64] and be
subject to quantization conditions when a compact R-symmetry group is gauged [65].
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7 RECONSTRUCTION OF LIBERATED N =1
SUPERGRAVITY IN THE SUPERCONFORMAL

FORMALISM

This chapter is based on the author’s original work in Ref. [66, 67].

In this chapter, we compute the component action of liberated N' = 1 supergravity in su-
perconformal tensor calculus' [68-70]. We find that the superconformal Lagrangian of liberated

N =1 supergravity [71] can be written by a D-term

2.2
Y'Y __qz2)] (7.1)

v = Y reaten 0,

in which we define Y = SySpe X/® where S is a conformal compensator with Weyl/chiral weights

(1,1) and K is a Kéhler potential with the weights (2,0). The notation for the other fields is as

follows: w? = W;(ZK), w? = % W?(K) = W, (K)W?*(K) where W, (K) is a field strength
multiplet with respect to the Kéhler potential; U(Z, Z) is a general function of matter multiplets
Z,and T(w?), T(w?) are chiral projection of w? and its conjugate respectively. The expression in

Eq. (7.1) will be a key equation in this chapter.

ISuperconformal tensor calculus is reviewed in the appendix B of this dissertation.
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7.1 EMBEDDING SUPER-WEYL-KAHLER TRANSFORMATIONS AS AN

ABELIAN GAUGE SYMMETRY INTO THE SUPERCONFORMAL

FORMALISM

In liberated N = 1 supergravity [71], a key idea is that the Super-Weyl-Kéhler transformation
can be promoted to an Abelian gauge symmetry. Liberated supergravity was constructed in [71]
using the superspace formalism, where a Kéhler transformation is introduced to compensate the
variation of the action under a super-Weyl rescaling. In this work instead, we want to construct
the equivalent liberated supergravity using the superconformal tensor calculus to analyze the
fermionic interactions in a systematical and economical way. To do so, we introduce a conformal
compensator multiplet, called Sy, removing the variation while maintaining the Kéhler potential
invariant under superconformal symmetry. Therefore, unlike the superspace formalism, it is
essential to define such a gauge transformation independently of superconformal symmetry.

To find the Super-Weyl-Kéhler transformations that are compatible with the superconformal
formalism, we recall first the Super-Weyl-Kahler transformations that are used in the superspace
formalism. A Kéhler function K(z, Z), whose arguments have the vanishing Weyl/chiral weights,

is defined up to a chiral gauge parameter >. The redefinition by ¥ acts on the components of the
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Kahaler multiplet as

K — K+ 63 + 63, (7.2)
W — We™®, W — We™® (7.3)
T — e_42+22T, T — 622—42T, (7_4)
DK = DK, Wy —e W, W e W (7.5)
T(W?) - T(W?)e %, (7.6)
DIW, — e 22 pray (7.7)
E — Ee?>*2% E > Ee. (7.8)

where E and & are the D- and F-term densities, respectively.
Next, it may be useful to recall the relation between the superspace and superconformal for-
malisms. The invariant actions from the superconformal formalism are identified with those from

the superspace calculus as follows [72]:

[V]p =2 / d*0EV, (7.9)

[S]F = / d*0ES + / d*0ES, (7.10)

where YV is a superconformal real multiplet with the Weyl/chirial weights (2,0) and S is a super-
conformal chiral multiplet with Weyl/chiral weights (3,3). To make the action invariant under
the super-Weyl-Kahler transformations we should impose that the corresponding superconfor-

mal multiplets transform as
Vo Ve 2, 8§ 8 (7.11)

Instead of considering the Kéhler transformation of the Kahler potential a superconformal
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compensator is introduced in the superconformal formalism to eliminate the variation of the
action transformed by a super-Weyl rescaling (also called Howe-Tucker transformation [10]).

Thus, the compensator must transform as

So — 506_22, 50 - 506_22, (7.12)

resulting in

S()Soe_K/3 — 505‘06_1(/36_22_22, (7.13)

where K is invariant under the superconformal symmetry (i.e. super-Weyl rescaling), so that the
action can be invariant as desired.

At this point, differently from the usual story of the superconformal symmetry, we require a
“Kéhler transformation” of the Kahler potential in order to construct a “liberated” supergravity
that is invariant under the same Super-Weyl-Kahler transformations as an abelian gauge sym-
metry used in [71]. Therefore, we assume that the superconformal compensators are inert under

the super-Weyl-Kéhler transformations

SO — So, 50 — S_o, (7.14)

while the Kéhler potential does transform under the same transformations as above, namely as

K — K + 63 + 62, so that

Y o Ye 20, (7.15)
2 -
w? = (W—(K_) — wle M (7.16)
(e7K/38)8)?
T(w?) = T (w2242 2782 = T (w?), (7.17)
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7.2 LiST OF SUPERCONFORMAL MULTIPLETS

In this section, we present all the superconformal multiplets of the liberated N' = 1 super-

gravity following the notations and multiplication laws used in [8, 70].

7.2.1 KAHLER POTENTIAL MULTIPLET

Let us consider n physical chiral multiplets of matter 2= {, P )(I ,FIY whereI =1,2,3,--- ,n
and their anti-chiral multiplets # = {Zj , Pr )(j , FI }.2 Then, according to the superconformal tensor

calculus, the Kahler potential multiplet can be written as follows:

K(Z, 2) = {CK, ZK: 7_(1(: WK’ B{f,AK; @K} (718)

2The complex conjugates are # = (21, )(j = (x¥HC, )ZI_ = ()¢, and F! = (F')* (The barred index is the complex
conjugate index, so that the handedness of fermion becomes opposite, i.e. (PL/R)()C = (PL/R)C()()C = PR/L()()C.).

The chiralities of fermion are specified as y/ = P y! and )(I = PR )(f . The Majorana conjugates are (Pr/ry) = ¥Pr/r
(The handedness is preserved.).
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where

PrAk

Dk

K(z 2),

iV2(=Kix' + Kix),
—2KiF' + Ky i o,
—2KiFl + Kpj iy = H;,

iK1 D,z — iKD" + iK'y,

PrAx + PrRAk

—V2iK; [(D2)) ' - F'y] - @KTJ_KXKXIX] ,
- - i _ -

V2iKys (D7) ) - F'y] + @KI]KXK a'x

o1 L1 _-
ZKU-( - D, D' - EXIPLﬂ)(] - EXJPR@/)(I +FIF])
+KI]K( — XA PR+ )Z’(ﬂzf)xK) + KI]K( - X' P+ )El(ﬂif))(K)

+o Kzt (PP ¥ P,
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(7.22)
(7.23)
(7.24)

(7.25)

(7.26)
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Here the covariant derivatives® of chiral multiplets of matter with the weights (0, 0) are given by

1 -
D = € [a,,zf -~ $¢,, X ] (7.28)
DPry' = eiP| |0, + lwab}’ab - 1b - §iA X - i(ﬂzl +Fhyy,|.
(7.29)
Note that the only bosonic contribution to Dy is given by
DKlboson = ZKIj (_a,uzla'uzj + FIFj) = 7} (7.30)

and we especially denote this by F. We also note that the ¥ is positive definite up to terms

containing spatial gradients; so, for small spatial gradients,

Dilboson = F ~ 2Kj; (zléj +F1Fj) > 0. (7.31)

7.2.2 COMPENSATOR MULTIPLET

Chiral compensators Sy, So with the Weyl/chiral weights (1,1) are defined as follows. The

chiral supermultiplets Sy = {so, P x°, Fo} and Sy = {sg> Pr 2’ Fy} can be embedded into the super-

5From Eq. (16.34) in Ref. [8] we find that for a general superconformal chiral multiplet (2!, P y!, F') with
Weyl/chiral weights (w,c = w) and gauge symmetries with Killing vector fields k%, the full superconformal co-
variant derivatives 9, are given by

. 1 T
DaZI = eg I:(ap - ’Wbp - ’WIAH)ZI - %‘ﬁy%l - Aﬁki]’

>
Q
=
>~
-
I

1 1
ef;PL[ (8,1 + ‘—szbyab —(w+1/2)b, + (w - 3/2)1’Ay) X - —2sz +FI)¢,1

Vz
—\/szIqﬁ,, - Aﬁxjajkﬁl] .
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conformal formalism as

So = {s0, —iV2Pp x°, =2Fy, 0, iD,s0, 0, 0},

So = {s5, iV2Pgx°,0,—2F;, —iDs;, 0,0}

Then, the composite real compensator SyS is

where *

Co

Ho

Ko

PrAg
PrAg

Do

S0S0 = {Co, Zo, Ho, Ko, 82, Ao, Do},

3033|0f,

iV2(=sPLx° + s0PrX") 1.

~253F°log,

—250Fg lof,

isoDyso — isoDysy + l)(()yﬂPR)( = is59uSo — iSoduSglof +

~V2i[ (Dsy)Prx’ — FyPrx"] = —V2i[(8s5)Pry’ — FyPLy’ s+ -+,
V2i[(Dso)PLx" — FoPrx"] = V2i[(850) Py’ = FoPrx’llif + -+

2(-DysoD's; — —)(OPI,@)( - —XOPRﬂX + FoFy | = 2(=0,509"sy + FoFy)lof + - -

4 —
PL,RYodd indices = Yodd indicesPR,L
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(7.32)

(7.33)

(7.34)

(7.35)
(7.36)
(7.37)
(7.38)
(7.39)
(7.40)

(7.41)

(7.42)



where the covariant derivatives of the conformal compensator (so, Py )(O,FO) with Weyl/chiral

weights (1, 1) are given by

Z)aSO

DaPL)(O

1 -
et (duso = —=Vux"),
150 \/Elp,u)(

1 b 3 1 0 1 0
(8,1 + sz Yab — Eb,, - EIA#) X - $(ﬂ30 + FO) Y - \/550% :

egPL

7.2.3 THE COMPOSITE REAL COMPENSATOR Y = SpS,e~X/3

has components

Cr

Hy

Ky

Y = {Cy, Zx, Hr, K, BE, Ay, Dy}

= —K/3
Y = soSoe X%y,

iv2

e K37y + Y(KI)H Kix")

1 —
NEY(——PL;( + —*PR)( + —KI)(I — =KDy
So So 3 3

) 2 1 1 _ _
e KB, + Y(gKIFI + (aKIK] - gKI])XI)(]) — —[ZoPLZy + ZxPL o]

1
2
F° 1
—2Y(— = =KiFD)|op+ -+,
So 3

. 2 1 1 o 1 .
e KB 4 Y(gKI-FI + (aKjK]- - g1f<1—]—) ol ) -3 [ZoPrZx + ZxPrZo),

Fo*

1 =
20 (— = SKiFlop ++

e‘K/3B;j—i ( KD,z - KI ( S KiK = KU))ZI)/,,)(])
1. -
+ [ZoysYuZr + ZrysvuZol,
1 1 1 1 ;
iY(—3u80 — — sy — =K1,z + =K, 2)lop + - -
So S 3 3

0
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(7.43)

(7.44)

(7.45)

(7.46)

(7.47)

(7.48)

(7.49)

(7.50)



1 1 ;7
Ay = eXBp—iv2y (gKI‘KJ - gKf])[(ﬂZJ)XI - F'y/]

+E(_EKI‘K]‘KK + §(KU‘KK + KixKj + KiKjg) — gKij)X xx
1 1 : :
— (KK - gKU‘)[(ﬂij)XI—FIXJ]

—%(—% 1K Kg + %(KUKK + KigKj + KiKjg) — %KI]K)XK o4 )
+%([iy*%+ ReH, — iy.ImHy — D (sosy) 1 Zx
+iy. B + RetHy = ipImHy - B(1)] Zo )
= —V2ie M P[(ds)Pry” — FyPLy) + V2ie P [(ds0)PLyx” — FoPry"]
VB (G = K [0 = /) = (R = S 107 = P

1
+5 {iy*(is;;&so — isodsy) + Re[—2s5F°] — iy.Im[—2s;F°] — ﬁ(sos;)}

1 1
X{i\/EY(—sO_IPL)(O + 55 Pry” + gKI)(I - ng)(I)}

1 1 1
+{iy*(ir(sglas0 — sy sy — 5Klazf + 5Kfazf)) +Re[-2Y(F's;! - gKIFI)]

+ ...

1
—iy. (= 20(F57") = SKiF) - mf} {i\/E(—s:;PL 1+ 50Pg X")} )
1

(7.51)
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Dy = e_K/3D0+Y

1 1 71 7
1 _j I I —j 1 1
_E PRﬂX +FF |+ (—2—7KIK]KK+ g(KUKIZ'FKH{'K]-FKIK]K')
1 B - B _
—gKIﬂa)( - I A+ Xl(ﬂzf)xK)
1 1 1
+(—2—7KI‘K]‘KK + §(KijK + KfKKj + KTKJK) - ng]‘K)
[ 7 [ 1 1 1
X( -0 F+ f (D7 ))(K) + 5{ ~ 3 Kyki + g KK/ KKy
1
—E [KI]KKKE + KIKK]KI: + K[K]KKE + KU:K]KK + KIK]EKK + K[KJKKE]
1
5 [Kijk + KijiKg + KiyKgi + Kigi Ky + KigKjp + K Kjg + KK ]KL]}
X()ZIPLX])()?KPRXL)]
1 * * * - A A > -
+§(7_{07_{Y + 7'{0 7’(1‘ - ZBBBQI - 2@(3050) . Z)e K/3 - 2AOZY - ZAYZQ - .Z(),@/.ZY — ZY/@/ZO)

1 1 7 _r
e K/32(~a,500"s} + FoFy) + 20 (S KIK; - gKU—)(—a,,zf o'z + FIF))

F% 1\ 1 . FO 1
- —KjFI)) + —(—ZSOFO*)( _or(— - —KIFI))
3 2 % 3

1
+—(—zs;;F°)( —2r(—
2 So
. % . # [ 1 Y 1 YIS 1 i 1 =l
—(is90uSo — lsoayso)(lY(—a so — < d's; — =Krd'z' + =Kjo'z ))
So So 3 3

1 -
— (59050 + soas(’;)( - ge_K/3(Klazl + Kfazl)) +ee (7.52)

of

The conventional superconformal gauge is defined by the choice

Cr=Y=1, (7.53)
1

Zr=0 = Py’ - geK/"KIPL X'=o, (7.54)

b, =0. (7.55)
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724 WAHK) = W,(K)W*(K) COMPOSITE CHIRAL MULTIPLET:

(WEYL/CHIRAL) WEIGHTS = (3, 3)

Let us define

(WZ(K) = {CW: ZW’ 7‘{W9 7<‘Wa BZV’ AW» DW}s

WHK) = {Cyr iy Ky iy (B1), AS, Dy}
where

Cw = AxPLAx
= =2 [Kj/]/ )ZI/ aZ]/K]_JaZ]XI - KI_/J/ )ZI,ﬁZ]/KI'JFIX]

_Kjr]/Ff')Z]’KI‘JaZ]XT +KI'/J,FI’)E]/KI_]FIX]:H2f oo,

Zw = —i2PL(—%y - Fy + iDx)Ag = —2\/§i?~'KUPL [62])(1_ - Fj)(]] y + .-
Hy = —2QAxPLDAk + Fy - Fg — DE) = 27 |op + - = —2F",

Kw = 0,

BY = iDu(AKPLAK) = iy (AkPLAK) |2p + -+,

Ay = 0,

Dy = 0.

(7.56)

(7.57)

(7.58)

(7.59)
(7.60)
(7.61)
(7.62)
(7.63)

(7.64)

Note that Cw = Cwlar + -+, Zw = Zwlip+ -, Hw = Hwlos + -+, Kw = O,BZV = B,‘,/V|2f+

"',AWIZ)WZO.
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and

Cw = Cj = AxPrAx, (7.65)
Zy = Zy= iZPR(_%Y - Fx — iDx)Ax, (7.66)
Hy = K, =0, (7.67)
K = Hi, = -202AxPr@NAg + B - Bf — D) = —2FV, (7.68)
Bf? = (B8))" = —iDu(AkPrAk), (7.69)
Ay = AS =0, (7.70)
Dy = Di, =0. (7.71)
We also defined:
FX = elle) (201, B3] + Vuvv1 Ak), (7.72)
Fop = _i%‘fabcdﬁ“i, = %(ﬁab £ Fyp), (FL)y =F3, (7.73)
DAk =y - DAg, (7.74)

3 1 3 1 e 1
DAk = (a,, - Eby + Zw/‘jbyab - Eiy*ﬂy)AK - (L—ly“bFfb + Eiy*Z)K)l//,,. (7.75)

Next, we shall consider a gauge fixing that is equivalent to the gauge condition given by
n = 0 in Ref. [71]. In fact, this can be obtained by imposing Ax = 0. We will call this gauge
the “Liberated SUGRA gauge”. Then, the only non-vanishing superconformal components of
the multiplets ‘W?(K), W?(K) in this gauge are given by Hy = —2(161} . I:}g - Z)f() and Ky, =

—2(Ff - B - D) = H;,.
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Another representation of the chiral multiplet is

WAK) = (Cw,—Zw,——(Hw)

- ( kPLAk, V2P (—y - Fi + 2iDi) Ak, 2AxPLO Ak + Fyg -13}2—1)2)

= (XY, Py FY), (7.76)
WHEK) = (C;;,——ZW, %%’;)

AxPrAx, VZPy(—y - Fx — 2iD))AS, zAKPwAK+ﬁ;~ﬁ;—(z);)2)

[
(

XV Pry FW) (7.77)
We will also need the following definitions:

XY = AkPLAk =W = —2Kj[ 7 (D7) - Ff;gf]Kp],[(ﬂz”)Xf’ —F' "
-Kp | J(ﬂzl) Fly/ 1K g X x

_KUK[)ZJ_)(T)ZK]KPJ,[(ﬂzf'))(]’ _ FJ'XI/]

1 T T _ 7 T’
— K X WK g X 2 o, (7.78)
XW = /_\KPRAK = W = (/_\KPLAK)C, (7.79)
and

DKPLAK =

- 1 - 1 - _=
ZKU-( - D, D'~ E;ZIPLZJXJ —~ E)ZJPRﬂXI + FIF])
+KI]K( )( X +)( (ﬂZ])XK) +KI]K( )?I)(]FK'F)?I(ﬂZ])XK)

+%K1]K£ (F'Prx’) ()?kPRXL_)]

- \/EiKI‘fj'[(ﬂZJ’)XP —F' ] - TKI/]/K’XK e /] (7.80)
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Dy =

f_ 1 S -

+K1]I€( _)ZI)(]FK"')ZI(ﬂZ]))(K) +KI_jK(_)ZI_XjFK+XI_(ﬂZj)XK)

2
1 _ B -
> Kiyrr (7 PLy’ )(XKPRXL)] : (7.81)
w?, w? CoMPOSITE COMPLEX MULTIPLETS: (WEYL/CHIRAL) WEIGHTS = (—1, +3)
WK
Wz = Yg ) = {Cw, ZW) Ww; (](Ws B;Va AW3 Z)W}: (782)
WK ]
w? = Yg ) = {Cw, Zw» Hw, K, B;,V,Aw, Dy} (7.83)
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where

%", (7.84)
—ZW - 2 Zr, (7.85)
CW 1 - - Cw =
ﬁ?{w — Hr - 5 - 4IT3(ZWPLZY + ZyPLZw) + 6FZYPLZY , (7.86)
1 CW 1 - - Cw =
P(KW — Ky - 2 [ - 4_3(ZWPRZY + ZyPrZw) + 6_4ZYPRZY], (7.87)
—28}, -8, (-ZWPLYy-ZY + ZyPry, Zw) + 6 -ZYPLYp-ZY (7.88)
CW ! ' % H
ﬁAW 235t s —S(IY*,@(W + PLKw + PrHw — DCw) Ly
(ly*,g)r + PLKy + PrHy — DCy) Zw + 6 (l}’*/gY + P&y + PrHy — ﬂCY)ZY]
6 3! Cw _ -
b Z'Z(WZYZY) - 24F~ZY~ZYZY , (7.89)

G 1 2 _ _
_ZZ)W Z_WZ)Y 2[ 1 2 (KwHny = Baw - Br) = DCuw - DCr) - 2Aw L) - ZwBDZy))

+6—(7<Y7‘(Y - By By —DCy - DCy — 2AyZy - ZrﬂZr)]

1 [Y4 Z'Z(W(ZY*gY +PLKy + PRwY)ZY) - 24_ZY(1Y*,8/Y + PrKy + PrHy)Zy |,
1 24 4!
g[ = 3,Z(WPLZYZYPRZY) + 120_ZYPLZYZYPRZY] (7.90)

Note that we have to insert Ky = Ay = Dy = 0 and Hyy; = Ay = Dy = 0 as given in Egs.

(7.64) and (7.71). In addition, the complex conjugate multiplet w? can be obtained by taking a

replacement Q — Q in the above expressions.

132



In the Liberated SUGRA gauge (A = 0), the non-vanishing components are given by

H, Ky
Hylag=0 = Y—;N K lag=0 = Y_zv (7.91)
1 1
Awlag=0 = —FPRWWZY, Aylag=0 = _FPLWWZY (7.92)
1 3 - 1 3 -
Dylag=0 = _FWYWW - WZPRWWZY, Dy lag=0 = —1737(1477{1( - WZPLWWZY-
(7.93)

Furthermore, with the superconformal gauge choice Zy = 0, the non-vanishing components

are

Hw K
Holrmozimo = 5 Kolamozimo = 57 (7.94)
1 1
Dulag=0zv=0 = _F(KY(]'{W, Dl ag=0.z¢=0 = —F(Kwﬁr.
(7.95)

7.2.5 T(w?), T(w?) CHIRAL PROJECTION MULTIPLETS: (WEYL/CHIRAL) WEIGHTS

= (0,0)
T(\/_VZ) = (—%(}(w, —%\/EIPL(,@/ZW + Aw), %(DW + DCCW + IDQB‘?V)) s (796)
T(w?) = (—%7(;;, %\/EiPR(ﬂzg +AS), %(z);'; +0°Cl - ii)a(Bgv)*)) ) (7.97)

The superconformal setting for this and its complex conjugate are then given by

T = T(w?)

{Cr, Zr, Hr, KT, BZ, Ar, Dr},

T=T(w) = {CpnZnHp Ky 8L Ar, D1}, (7.98)
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where

Cr

and

—PL(DZs + Aw),

—(Dyy +0°Cyy +iD,BY),

—7<y+—

1

—4—
4 Y
1 Sk
_57(‘7"’
—Pr(BZE + AS),

0,

—(D}, +0°Cy, — iDL (BL)Y),

1, "

0,

0.
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3 (ZwPrZy + ZyPrZyy) + 6

Cw =
Y—YZYPRZY ;

(7.99)
(7.100)
(7.101)
(7.102)
(7.103)
(7.104)

(7.105)

(7.106)
(7.107)
(7.108)
(7.109)
(7.110)
(7.111)

(7.112)



In the Liberated SUGRA gauge, the non-vanishing components are given by

Crlageo = =%,
Zrlag=0 = —PLAs,
7‘[T|AK:0 = Dy,
Bilag=0 = —%iD,ﬂ(w.

With the superconformal gauge choice Zy = 0, we have

CT |AK:0,.ZYIO
‘}{T |AK=0,.Zy=0

T
'By |AK=0,.Zy=0

1 ) L
_57(‘7‘}’ CTlAKZO,.ZY:O = _Eﬂw = —Eq(w

Dy, Kilag=0.zy=0 = =D = =D,
1

; 1 1
. T . . =3

(7.113)
(7.114)
(7.115)

(7.116)

(7.117)
(7.118)

(7.119)

FINAL FORM OF THE COMPOSITE MULTIPLET OF LIBERATED N = 1 SUPERGRAVITY To construct the

final composite multiplet which will give the new term in the action of liberated supergravity,

we first collect the following chiral multiplets:

(X = (80 L T, WKL o = O a2 P =P FLFT FYY)

where

So

(sO,PL)(O, FO), So = (s:;,PR)(O, FO*),

(z_’f, PRXI, Fj) ,

Ny
~i
Il

(ZI, Py, FI) ,
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(7.120)

(7.121)

(7.122)



(WZ(K) = (AKPLAK: \/EPL(—)/ . FK + ZiZ)K)AK, ZAKPL/Q/AK + ]‘:“I} . ﬁlg - DIZ()
= (XW, Py", FW) , (7.123)
WA(K) = (AKPRAK, V2Pr(~y - Fx — 2iD})AS, 2AxPROAk + Ffy - Ff — (1);;)2)
= (XW, Pry"”, FW) , (7.124)
1 1 1
T(w?) = (_57(@, —E\ﬁiPL(ﬂZw +Aq), = (D + 0Cs + i@asg)) = (XT, Py, FT) :
(7.125)
- 1 1 1 _F 7
T(w?) = (—57(;;, 5 V2IPR(DZ + AS), 2 (D5, +0°C; ~ iz)a(Bg)*)) = (XT, Pey’, FT) :
(7.126)
7.3 LIBERATED TERM
Then, the lowest component of the final composite real multiplet is
2,2 2 K 12 K
N o= oY g WEWIK)
T(w)T(w?) T(w?)T(w?)
= (XX K232y W W (5 T)=1( gT\=1q (L 5T). (7.127)

Then, since N is now expressed as a function of superconformal chiral multiplets, we can rep-

resent the full off-shell expression of the superconformal Lagrangian of the liberated N' = 1
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supergravity via Eq. (17.19) of Freedman and Van Proeyen [fvp] as follows:

Lyew = [N]pe™
1 1- . 1 1 I HPO .~ po /
= ;DN =¥ virAn = cCnR(0) + o (CNYyHP? = iZNy7v+) R0 (Q)
1 _ 1.
+2 e Warye(By = SPaZn),

‘ -1 . -1 . -
- Nij( - DX'DIX) - R By - Sy + F’FJ)

+ +N]leXXX

1 R ) . _
N = 2+ DX ) e

1 -
+ —lﬁ-y(N iFlyl — NjOX i __N]k)( XX)

2V2
1 Hvpo.T i 1 i j 1 7l
e Yyl | NiDo X" + ENin Yo X' + %Ni%)( +h.c.

-N (—R(w) + %IM‘”’J R’VP(Q)) - (Ni)zi + N;)Z‘T) YR, (Q),

1
6V2
where i, j =0, W,T and j, k,I =0,I, W, T and

— c c
R,uvab(w) = 0yWyab — OyW@pab + w,uaca)v b~ Wvac®, ps

3
R,uv(Q)—z a[y+ b 2 [,u}/*+ w (e bl//))/ab %

O (e.b,9) = 0 (e5) + Y Y+ 2Py

7.3.1 BOSONIC LAGRANGIANS

(7.128)

(7.129)

(7.130)

(7.131)

(7.132)

The bosonic contribution to the scalar potential can be found from the term Dy. Using the

above results and Eq. (7.129), we find the equivalent bosonic contribution to the scalar potential
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as follows:

L= _r 1 s
Lg D NjF'F/ ~ Ny FVFY = Y_ZWWFWFW. (7.133)
T

K

. _oFW W w
Since Cr = —%7(@ ~ —%7 = —%( %(2 ) = };—2 and Cj = 1;—2, we have
2 r*r? W EW 2
In the superconformal gauge Y = 1, we get
VNnew = U. (7.135)

7.3.2 FERMIONIC LAGRANGIANS

In this section, we investigate fermionic terms in the liberated N' = 1 supergravity Lagrangian.
We focus in particular on the matter-coupling and on the most divergent fermionic terms, in
order to explore interesting interactions and check the limits of validity of the liberated N' = 1
supergravity as an effective theory.

First of all, let us recall that the final composite multiplet N in terms of the superconformal

chiral multiplets {Sy, z/, W = W?(K), T = T(w?)} are:

N = (sosée‘K(zl’g)/ 3)_2 w

T—;Vfu(z’, ) (7.136)

We we also denote their lowest components as W = AxPiAx, W = AxPrAk, T = Cr,and T = Cy.

Note that the final composite multiplet consists of the four superconformal chiral multiplets only.
v ~

Remember that Cr ~ 1 and FV « Z)Iz(lboson = F2.
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Generically, the matter couplings are found from the following contributions:

Lmatter |

1
+_
2

where

D X'Ny=o = (94— wiby,

DyPLXi|l//:O

- wiA) X,

Ny = 2P+ 20X ) + he

+ N]leXXX

Lri+ Lrp+ Ly + Lps+ (Lpa+ Lps + hee) + Lps + Ly

Note that the matter couplings of fermions can be classified into seven types:

Lr
Lrz
Lr3
Lry
Lrs
Lrs

Lry

Ny DX DY

,Jxlﬂx‘

~N;;F! FJ‘ ,
Y=0

- N kX X]Fk)

4
N
—ER(O))W:o-
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=0

y=0
_Nijk)fi(ﬂxj))(k‘w:

1 ik
~NyiiX X' % x" 1o

. I -1 - .\ N
Nij( ~ DXDIX! — S Dy~ oDy + FIFJ) — = R(@)ly=o

¥=0

3

(7.137)

1 ; .
ay + szbm’ — (Wl' + l/Z)by + (Wi — 3/2)iAH) PL)(l - \/EW,'XIPL(]Sy.

(7.138)

(7.139)

(7.140)
(7.141)
(7.142)
(7.143)

(7.144)



The derivatives of the N are given in general by

(r=q+p+m+k) _ q k
N, (oldh I N)

k1)
@590 () en (Pien

XX s oy (X7) sy (W) PH(W) P U (”’]
T

/ [(7}2)(&) (F ey (7}2"”)(3;’1 cr) (7}2’”2)(3;"2@)

(aqa(k—n)Y—Z)Y4+2m1+2m2 U wi-pP1yyi-p2
0™1 Fo+2+2mi+2m,

_ U™ B}
G ) G e T ) (7.145)
7_‘4+2m

where ¥ = 2Kj; (—9,2'"2 + FIF7); U™ (0 < n < 4) is the n-th derivative of the function
U (<!, 7)) with respect to 2L, Z1, which are the lowest component of the matter chiral multiplets;
q = q1 + q2 where q; (g2) is the order of the derivative with respect to the compensator scalar
So (83); p = p1 + p2 where py (p2) is the order of the derivative with respect to the field strength
multiplet scalar W (W); m = m; + m, where m; (m,) is the order of the derivative with respect to
the chiral projection multiplet scalar T(w?) (T(w?)); k is the order of the derivative with respect
to the matter multiplet scalar Zl; n is the order of the derivative acting on the new term U with
respect to the matter multiplet; g is the total order of derivative with respect to the compensator

scalars sy and s;. An explicit form of the derivatives of N is given in Appendix A.

(r=q+p+m+k)
Nq,p,m,k ]

that the mass dimension of the operator coupled to N (r=qtptmtk)
q.p.mk

The mass dimension® of the derivatives of the N is [ = —3p—4m—2. This implies
must be equal to 3p +4m + 2.
Now, let us focus on the case such that ¢ = 0 and k = n which gives the most singular fermionic

terms in the limit that the D-term vanishes. The most singular terms are those that contain the

highest power of the auxiliary field D in the denominator and therefore are the nonrenormalizable

) Sthe mass dimensions of the multiplets’ lowest components are [sy] = 1, [2!] = 0, [W] = 3, [T] = 0, which gives

(7] = 2.
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operators associated with the smallest UV cutoff mass scale. That is, we consider that the matter
scalar derivatives act only on the new term U and there are no the derivatives with respect to
the compensator scalar. Then, we have

Nr=pman) Y2+2mﬂwl—plwl—pz, (7.146)

p.m,n ~

In particular, sincer = p+m+n (0 < r < 4), it reduces to

um

N.(r)l _ N(r) — Y2(+r—n—p) _
Lo \7-‘2(2+r—n—p)

p.mn

wiPrwirz, (7.147)

Remember that we called r the total order of the derivatives acting on the N. Here n is the
number of derivatives acting on the matter scalars in the new term U; they produce U™, Finally,

p = p1 + p2 is the sum of the number of derivatives w.r.t the multiplets (W, W) acting on U.

STRUCTURE OF THE FERMIONIC COMPONENTS Next, let us explore the detailed structure of the
chiral fermions of the superconformal multiplets. First of all, the compensator and matter fermions

are given by

X = Py’ X =Py (7.148)
Note that y° and y! are fundamental fermions, and later in the S-gauge, the compensator chi-
ral fermions will be replaced by the matter ones according to: Pry° = %SOK[PL x' and Pgy° =
YsoKiPry'.

On the contrary, the other fermions y" and y' are composite. Hence, we need to find their

specific structure.
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First, the W (K )Z-multiplet fermion, say )(W, is found to be

)(W = PL)(W = \/§PL(—y - Fr + 2iDk) Ak

= —2V2PLy" o, BN Ak = V2PLy" iy Ak Ak + 2V2iPL DAk

= —2V2Py"a), (iKiDy 2! — iKiDy 2 + iKpp iy x ) Ak + 2V2iP Dy Ak

= 2ip"a), (K X' — KiZ'v — V2K 2y X)) Pk
+2V2i [ZKU( - D, D' - %)gfpl,z?f;(f = %)zfpw/ + FIFj)
+sz( - PP+ mzw) - KU-K( - P A+ (o ))(K)
+%KI]I?E()ZIPLXJ)()?KPRXL)]PLAK

= 2\/§i9~‘~(PLAK)1f + ---+ 7 fermions

= 2\/51'7}(—\/51'[(1‘][(@2])@)/ - FI)(J]) + - -+ 7 fermions

= 47~“KU[(6ZJ))(T - Fj)(J] + - -+ + 7 fermions, (7.149)

where PLAg = —\/QiKU[(ﬂz]))(l_ - FI_)(]] - éKI’jKXK)Zf)(]- Note that the composite fermion
x" contains powers of the matter fermions ranging from one to seven, and it is nonvanishing

on-shell.
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Second, the chiral projection multiplet T (w?) fermions are found to be as follows:

T T i i [(DZwy) (BONZy Cy iBYZy
= P :——P - A— e — — _Z_PA —
X =g L(DZi + Aw) \/z[ 2 e TERC
i _ Y w A . W
_ 1 Dy - BNx" APRAK iBrx
Y2 Y Y T L
- T
1] : DY)of +i -
- 12 (Dx")if - [P0 T (Br)or] (x")if |+ +9 fermions, (7.150)
N -
= 33| 4@DKy L)y = FY]
2 2 . L
_(s_*asé — gKm?ZK —2yH (b, + iAy))4TKj][(ﬁZ]))(I — FIy)] + .-+ 9 fermions,
0 1f
4 - S
= ﬁ(ﬁT)KU[(ﬁz])XI - Fy/] + ()(T)1f|(}~tl + .-+ + 9 fermions, (7.151)
where ¥ = 2K; 7 (—ayzl o"z] + FIF/ ); “|z” denotes the terms proportional to F1, and
IF = 2(9K) (—ayzfaﬂzf +FIF )
+2K;; (—(aayzf)aﬂzf - 3,7 (#0'7) + (BF)F/ + F1(3F )) : (7.152)

Note that y! is also nonvanishing on-shell. In the above calculation we have used the formula:

1 7 3 1
DLy = (ay + szby"b - Eb" + 5zAl, Py - %PL(ﬂW +F")y,

~3V2W P, (7.153)
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to find

(ﬂ)(w)lf

(ﬂPLXW)lf

i (o, + Loy, - Tb, + 2iA P x™)ip + Lp (F"Yo "y,
Y B g Yab g BT G L 1f \/E L of V" Yu

1, 7. 3. 1 -
APLx")ip + v (Z“)ﬂb Yab = 5y + E’A”) (Pux")if + %PLT 2,
4(BF)Ky[(82)) x' = F1 /] + aF (0K;)) [(92)) ' = F i)
+aF Ky [(02)) ! + 32 ' — (BFD) ! - FL(8x)]
1, 7. 3. - - 1 -

+y (Zwyb}’ab - Eby + EZA”) (4TKU[(3Z]))(I - FIX]]) + @Psz)’”%

4Ky [(3) 1 = F 1+ (Bx")iplis + (DX )ifliea- (7.154)

where FW = 2AxPL &Ak + I:“I} . ﬁlz - Dz, (ﬁI})of =0,and (FV)o = —(DE)of = ~#2, and

(3XW)1f

X

(8P g = 4Ky (92! = BT+ 47 (3K (92! = B )
HFK [(382)) 1 + 32 3 — (9F) ) - Fl ("))

4T Ky [(@2) ! = F ) + 4 (2K [(9)) ! — L)

+aF Ky [(02) )1 + 82/ 8x" — (9F))x! — FL(9x))]

A@PK; @2y = o)+ 47 (0 [0 1 - i)

~4F Kz (FF) . (7.155)

Here ~ means equality up to terms proportional to the equations of motion of free massless matter

fields. Such terms produce only terms that contain additional factors of the matter field masses

in the numerator and therefore give rise to either renormalizable operators or nonrenormalizable

operators weighted by a mass scale higher than that associated to those terms that do not vanish
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on shell. Some details of the above calculation are as follows:

D, Ak
(PLOAk)1f
(y- ﬁK)of

(ﬁffv)o 5

(DY)or

i(BY)of

(DY)of +i(Br)of
T

1 -
a2t — — i, (7.156)
W = AxPrAk = 2 fermions + 4 fermions + 6 fermions, (7.157)
—‘/_IKU (ﬂzj))( F! x'1- TKI]KXKX X, (7.158)
2V2i(DF )os (PLAK)1f + 2V2iF (PLDAK) 1, (7.159)
y - DAk, (7.160)
1 , 1 o 1,

( b + a) by — 1y*ﬂy)AK - (ZY -F* + Ezy*Z)K)%, (7.161)
¥ D,u|t//:O(PRAK)1 e+ 57’ i (7.162)
0,  Dklor=F (7.163)
(20[uBY os = 210, (K1dy)z Klav]zf) = 2i(3,K19,)2" — 3,K;9,12)

2i(Kyjap,2Y 92" — Kirop,2Y9,2") = o, (7.164)

(4 —2y"b, = 2iyFA)Y

1
(630)336_1(/3 + so(ﬁs(’;)e_K/3 + sos(’;e_KB(—gﬂK) = 2yH (b, +iA)Y

1 1 1 1 7
Y(—dso + —ds; — —Kidz' — =K;9z' — 2y¥ (b, +iA))), (7.165)
So So 3 3
1 1., 1 1
Y(——dso + —Js; + ~Kidz' - —K;97"),
So So 3 3
2, 2 7 .
—ds; — gKfaZ = 2yH (b, +iA,). (7.166)

So

Finally, we present here the chiral fermions of the superconformal multiplets up to multiple
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fermion terms.

x=: W= 4?~‘Kj][(azf))(f _ Fj)(]] +---7 fermions,
K = | QP Ky [(92))x" = FT30) = (2055 = 3Kz = 2yt (b + i)

><47~:KI-][(¢?2]))(I_ - FI_)(J] + .-+ + 9 fermions,

1f

where

\a
I

2K;y (-9,7'0"2) + FIF)

™
\ﬂ
I

2(9K;) (—ayzfaﬂzf +FIF )

+2Ki; (_(3ayzl)au2j — 9,2 (99"7) + (FFHF/ + Fl(ﬁﬁj)) .

Notice that none of the chiral fermions y’ vanish on-shell, and that only y’ dependens on ¥ and
includes the factor of Y72, All of these properties affect the mass dimension of the expansion
coefficients of the nonrenormalizable Lagrangians.

We finally expand W and W as follows:

W = —2Ky[7 (87) - F/ 1K [(DF) )] - F/' ¥
Ky L7 (D7) - F i 1Koy X5 7 27

~Kx [ 1 1Ko [(BZ ) " = F' 7]

1 77— 4
—5Kux ' x F 1Koy X5 7 X1, (7.167)
wo= (W) (7.168)
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Notice that W and W can be represented by products of two, four, and six fundamental fermions.

7.3.3 ADDITIONAL GAUGE FIXING FOR PHYSICAL THEORY IN THE LIBERATED

SUPERGRAVITY

First of all, we consider the conventional superconformal gauge which is chosen by

Cr=T=1c sp5oe X3 =1, (7.169)
1 1 :

Zr=0 = Py’ - 90KiPL XY=0 & Ppy’- gs;;KjPR X' =o, (7.170)

So =89 = Sp =59 = eK/ﬁ, (7171)

b, = 0. (7.172)

Note that the first condition is the D-gauge fixing which gets us to the Einstein frame; the second
one is the improved S-gauge fixing; the third one is the A-gauge fixing; the last one is the K-gauge
fixing.
To compare our results with the formulation of liberated supergravity in [71], we choose a
gauge given by
T

Ak=0= y" =y =o0. (7.173)

In both the conventional superconformal gauge (7.170,7.171,7.172) and in (7.173), the relevant
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multiplets are

1 _ 1 :

Sy = (eK/é, geK/ﬁlfQPL;/,FO), SO:(eK/é,geK/éKI-PR)(I,FO*), (7.174)

Z = (zI,PL)(I,FI), ZI_:(’I_,PR)(I_,Fj), (7.175)
WA(K) = (W,PL)(W,FW):(0,0,13[}~PI}—Z)IZ<), (7.176)
WHK) = (W,PRXW,FW):(o,o,ﬁ;-ﬁ;—(@,’g 2), (7.177)

1 1

T(w?) = (T,PLXT,FT):(—57(1»,0,51)@), (7.178)
=0 2 T p T & Lome o 1ok
T(w") = ( ,Prx", F )= -3 W’O’EDW : (7.179)

Let us further observe that all the terms coupled to N and its derivatives with respect to 0,1, T
vanish because N contains the product of WW, which is zero in the liberated gauge, i.e. W =
W = 0. We see that all the fermionic terms coupled to the derivatives of N with respect to W or
T vanish as well, because these terms always couple to the fermions y" and y” which vanish in
the gauge. The only non-vanishing contribution is given by only the bosonic term, Ny, F W EW

which gives us the new term U to the scalar potential. Therefore, in both gauges, the liberated

supergravity Lagrangian is specified by

Ly = Lsucra + LNEw, (7.180)

where LsyGra is the standard supergravity Lagrangian which contains the auxiliary fields F°, F!
and Lygw = U (2., z0). Then, with this Lagrangian, after solving the equations of motion for the

auxiliary fields, we can obtain the usual supergravity action in addition to the new term.
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7.4 SPECTROSCOPHY FOR NON-RENORMALIZABLE INTERACTIONS
IN THE LIBERATED NN = 1 SUPERGRAVITY

In this section, we investigate the suppression of the nonrenormalizable fermionic terms in
the liberated NV = 1 supergravity in the superconformal formalism. To do this, we need to recall
the EFT expansion reviewed in Sec. 3.4, and consider the structure of EFT expansion in Eq. (3.18)

and constraint given in Eq. (3.19). Hence, we have

Finite N S Finite N S
C 1 C 1
: 1 6—d : : 6—d 6—d ~ Ab6-d
6>0 M 6=>0 Acut M Acut

where A,y is a cutoff scale; M is a characteristic mass scale of a theory; (9 is a dimensionless
Wilson coefficient, and O is an effective field operator with the mass dimension §. In our model,
the dimensionless Wilson coefficient will be dependent on the liberated term U, and the mass

scale M will depend on ¥ . Hence, the key result we will find in this section is given by

2 () Mpl 2(4-n)
F — where 0<n<2 for Ny,;=1,
Acut

U < (7.181)

2(6_n) Mpl 2(6—")
F — where 0<n<4 for Ny, > 2,
Acut

where n is the total number of derivatives with respect to the chiral matter multiplets z!; F =
<KI jFI 2l > is the dimensionless vacuum expectation value of 7~7; U(z,2) is called “liberated term”

I

defined as a dimensionless, gauge-invariant, general real functon of the matter scalars z'’s, and

U™ is the n-th derivative of the liberated term.
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7.4.1 FERMIONIC TERMS IN LIBERATED NN = 1 SUPERGRAVITY

The component Lagrangians of the liberated supergravity is given by

Lnew = [N]pe™

1.1 oI 1 e -
= Ni,( - DDV - 7By~ DY F’FJ) + Nl.j,;( — PR+ )Zl(ﬂzf))(k) +he.

+- N GriX X o4
1 oo 1
FIP )’(NuFl NyDZ x' = ~Nyjex )(X) 8lpr %)’v‘//p(NiDaZl+5 X Yo X’
a0 1~ ’ 1 —i =1 ’
+$Nil//a)( ) +hc.|+—-N (—R(w) + Etlfyy”VpRvp(Q)) "oz (Nix' + Nii') YR, (Q),(7.182)

First of all, focusing only on matter couplings, i.e. looking at terms independent of i/, we read

the following terms from Eq. (7.182)

L = —NijDHZi.Z)yij) .y Ly =— z])(lﬂ)( ‘
_ i 57 _ Y ijFk
L = _NiJFlF]‘l//—O’ L= iﬂ%XlX]F )Ip:o’
1
~£F5 = z]kX (/@/ZJ)X ‘
1 L N
Lre = Ny X2H| L L= —GR@)lyeo (7.183)

Here, we observe that the fermionic terms in the effective Lagrangian contain couplings to the
function U and its derivatives since N oc U.
The general structure of the fermionic terms can be found as a power series in derivatives

of the composite multiplet N (ie. Ni, Niz, N;;z and Nj ;7). The r-th derivative of N, denoted with
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Ni(r)i has the following generic form

Ni(r)i — N(r:q+p+m+k) — 8381(k_n)Y_2)Y4+2m U wl-Pipyl-pe

q.p.m.k 7i~4+2m
(n)
— ((_1)q1+q2(q1 +1)!(q2+1)!5(;(2""]1)3;—(2""12)(al(k—n)eZKB))Y4+2mel_nW1—p1Wl—pz
7.'4+2m
(7.184)
where
W= —2Kylf/ (D7) - F 1Koy [(D2) ) = F'y"] - Ky LY (D7) - Ft 1Ky X 1 1]
77 5 ’ ’ 1 77 _ o
~K P X 2 Koy [(BZ) ) = FF oy = K 0 2 0 K X R X ), (7.185)
w = (W) (7.186)

F = 2Kp; (-9,2'0"27 + FIFT); U™ (0 < n < 4) is the n-th derivative of the function U(z/, 27)
with respect to 2/, z!, which are the lowest component of the matter chiral multiplets; g = q; + g»
where q; (g2) is the order of the derivative w.r.t. the compensator scalar sy (s3); p = p1 + p» where
p1 (p2) is the order of the derivative w.r.t. the field strength multiplet scalar W (W); m = m; + m,
where m; (m,) is the order of the derivative w.r.t. the chiral projection multiplet scalar T(w?)
(T(w?)); k is the order of the derivative w.r.t. the matter multiplet scalar z’; n is the order of the
derivative acting on the new term U w.r.t. the matter multiplet; q is the total order of derivative
w.r.t. the compensator scalars sy and s.

To find restrictions on Vygw coming from fermionic terms, we have to identify the most
singular terms in the Lagrangian. These terms can be found using the fact that powers of F in
the denominator may lead to a singularity which gets stronger when m increases by taking more
derivatives with respect to the lowest component of the multiplet T (w?) as seen from Eq. (7.184).
Hence, we will investigate the fermionic terms containing only derivatives with respect to the

chiral projection and matter scalar indices, i.e. T and I, in order to find the terms coupled to /™
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that contain the maximal inverse powers of F. They are those with g = p = 0 and k = n. We
note in particular that if our theory has a single chiral matter multiplet then the most singular
terms are found to be the couplings to the derivatives proportional to N7, Nyyrt, Ny While
for two or more chiral matter multiplets they are N;r77. The latter terms vanish identically for a
single multiplet because of Fermi statistics.

First of all, let us examine the single matter chiral multiplet case. Due to Fermi statistics,
the possible fermionic terms are proportional only to three tems, U, UYUD, and U?, so that
the maximal order of the derivative with respect to the chiral projection that can appear in the
Lagrangians scalar is two and appears in the terms proportional to Ny, Nyyr7, and Nyywrs. To

show that such terms do not vanish consider

Uym
Lrtloepeaion > TR ww[——((;zﬁ"l(r 4(97) Ky (82 £ PRO™)

x((zm"z<z>f<r—24<a¢>z<y<azf>PRx">>mz)] , (7.187)
¥=0

where m = my + my, n = ny + ny, and 2 = m + n. Restoring the mass dimensions by fixing the

super-Weyl gauge® (ie. Y = Mpl, so = 55 = MpeX/o, Pry® = LsoKiPpy! = MyeX/°KiP !, and

b, = 0), we obtain

U™
L |q=p=0,k=n > M2(2+2m)

pl T4+2m WW[ - _((Xl)nl( 4(&'%)Ki](ﬁz]))ZTPR)ml)

x((ffxf)@<M;f<4z>f<aif>z<y<azf>PRx">>’"2)] < w200, (1159

=0 7_'4+2m

where we require m, + n, = 1 for a = 1,2 since we are studying the second derivative term N;;

%Here, we use the convention of the superconformal formalism that all physical bosonic and fermionic matter
fields have dimensions 0 and 1/2 respectively and ¥ has dimension 2 while the compensator s, has dimension 1 [8].
Through dimensional analysis, we find [D,] = 1, [z'] = 0+ [i], [¥'] = % +[i], [F'] = 1+ [i] where i = 0,I, W, T and
[0] =1,[I] =0, [W]=3,[T] =0.
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coupled to i’ and &y/. Redefining F to be dimensionless by F - M;lf-‘, we obtain

U o

P (7.189)

—4-2
L |q:p:0,k:n > Mpl "

We then find § = 8 + 4m by trivial dimensional analysis because the Lagrangian has mass dimen-

sion 4. Then, since 2 = m + n, we find that the most singular term is

o UM ~
Lralg=p=0j=n 2 M= M ree-m)

b o OF (7.190)

Next we consider the general case with several multiplets. We shall focus on the fourth deriva-
tive term denoted by N; kD which gives a four-fermion term. Also, we have to consider the four-
fermion product made only of the chiral fermions with i = 0, I, T because they do not contribute
one power of the F-term F in the numerator, which would reduce the number of inverse power
of the F-term ¥ This is because the overall factor of x" contains such linear dependence. The

effective fermionic Lagrangian (7.183) reads then as follows:

) /1 - i
Lrclmpmosen > Y ——WW (S ()" (T2 @F)Ky (92 Pri)"). (.19

U™ /1 L~ _
Lrclgmpmosen > MyP™" =W (£ ()" (4M (9F Ky (92 Prit)"

Q

(7.192)

where O(1) < ¢ < 0(10°). After doing the same dimensional analysis as in the single-multiplet
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case, we obtain 6 = 8 + 4m and

7/{(”) O/(8+2m)

LFélq:p:O,k:n D) CMP_I4_2mm F (7193)
Then, since 4 = m + n, we can write the most singular terms as
e UM _
Lr6locyeopay D M0 o(2(8-m) 7.194
q=p=0,

pl %’2(6—n) F ’

Since we are going to use liberated supergravity to describe time-dependent backgrounds
such as slow-roll inflation we need to look more closely at the structure of ¥ . From its definition
F = 2Ky; (—9,2'9"2 + F'FT), we find = 2Kj; (/2 + F'F7) > 0 whenever spatial gradients can
be neglected. We see that the most singular behaviors of the fermionic terms arises when z! = 0.
By expanding F around a static vacuum and reserving the notation & for the expectation value

(KI]—FI F7 >, the effective Lagrangian can finally be rewritten as

« For the single chiral matter multiplet case,

2(na) UM O/2(6=m)

Leolgzp=okan > My " 555 Or (7.195)
« For two or more chiral matter multiplets,
o UM s
Lrglg=pmojn > MO ——— 0/, (7.196)

pl F2(6-n) " F

where 0(107%) < ¢ < O(1).

The effective operators we obtained are generically nonzero even after considering possible
cancellations due to Fermi statistics or nonlinear field redefinitions. As an example we can take
terms containing y’. They are made of two composite chiral multiplets y" and y! and these

produce terms that do not vanish on shell (i.e. imposing #P; ! ~ 0 for matter fermions). For in-
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stance, in a theory with only one matter chiral multiplet (z, P y, F), we have W = —2Kj, [{(d2)% -
F*3z}(¥Prx) + {F** — F*@z}(¥PLx)] + 2K:z:Kz3,(8z — F*) (¥PLx) (¥Prx), and W = (W)*, so that
WW = 4KZ (18z|*+|F[*)||dz — F*|*(PLx) (xPry). Hence, looking at the possible fermionic terms
from L, wheni=z j=z(ile.q=p=m=0,k =n = 2), we get

(2) (2)

Uu - Uu
L > Y WW(9,20'2) = YKLzl + P20z — F'(9,20°2) (7PL0) (P

(7.197)

It is easy to see that this operator does not vanish on the mass shell of the matter scalars, Oz =~ 0.
As another example, from Lr; we get terms containing up to three matter fermions when we
considerg=m=p; =0k=n=1Lp,=p=1

Lry D Yz(u(l)l
2 52-4 2

_ A 7/{(1) 7 — *
WXﬂPRXW ~ Y2F4K52z(ﬁ7:)(az) (XYPrY)PL(dz — F )2X|3-fermion terms ¥ -

(7.198)

Back to the results in Egs. (7.195) and (7.196), the general effective Lagrangians can be cast in

the form
2(ngy UM 0/(6=2(6=m) for N = 1
Lo=patt0@® Z P e F mat = % (7.199)
F Dot s an-s) U™ 5=2(8-n) '
c Mpl 26 Oy for Ny > 2.

where O(107%) < ¢ < O(1); Ny and Ay are defined to be the number of chiral multiplets of
matter, and the cutoff scale of our effective theory, respectively.

If we demand that our effective theory describe physics up to the energy scale A.,; we obtain
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the following inequalities:

Mpl 2(4—”)
F2(4-n) (—) where 0<n<2 forNyy=1,

cut

U™ < (7.200)

2(6_n) Mpl 2(6—71)
F — where 0<n<4 forNys; > 2.
Acut

A conventional definition of the supersymmetry breaking scale Mg is in terms of F-term ex-

pectation value so we define Mgl = M;lT, so the constraints on U™ become

M 8(4—n) M 2(4-n)
(M_S) Apl) where 0<n<2 for Np;=1,
l t
U < A/Z 8(6-n) /\/;ul 2(6-n) (7.201)
— i where 0<n<4 for Ny, > 2.
Mpl Acut

Equation (7.201) is the crucial one in our paper, as it constrains precisely the new function U
introduced by liberated N = 1 supergravity. The constraint depends on the reduced Planck scale
M1, the supersymmetry breaking scale Ms, A¢,; and the number of chiral multiplets of matter in
the theory. Of course, when we push both the cutoff and supersymmetry breaking scales to the

reduced Planck scale, i.e. Acy; ~ Ms ~ M, we obtain a model-independent universal constraint

Vn: U™ < 1. (7.202)

A model where supersymmetry is broken at the Planck scale is hardly the most interesting.
In the more interesting case that Mg < M,,; we need the constraints (7.201) again, so we need to
first determine how many matter chiral multiplets we have in our theory. The constraints will
then depend only on our choice of A.,;; and Ms.

In the rest of this section we will examine the constraints in two cases. The first is the true,
post-inflationary vacuum of the theory. To make a supergravity theory meaningful we want it to

be valid at least up to energies A,y 2 Ms. The second is slow-roll inflation. In this case we must
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have A.y; 2 H, with H the Hubble constant during inflation.

For the post-inflationary vacuum the interesting regime is when Ms is relatively small, say
Ms ~ 10TeV ~ 10""°M,; and the effective theory is valid up to an energy scale not smaller
than Mg, ie. Agyr 2 Ms. If Agyr < Mg liberated supergravity would be a useless complication,
since in its domain of validity supersymmetry would be always nonlinearly realized. In the post-
inflationary vacuum, for the single matter chiral multiplet case, the constraints (7.201) thus give

for

32 8
M M
U < M_S ﬁf” — YO - 107300 (7.203)
pl S
24 6
M M
QW < M_S Vf’l — YD <1070, (7.204)
pl S
M 16 M 4
U@ < M_S Vf’l — Y@ 107180, (7.205)
pl S

Notice that U, U™ are not restricted. For two or more matter chiral multiplets, the constraints

are given by

48 12
M
QO < % WP’ — YO® <1075 (7.206)
pl S
40 10
M
U < % VP’ — YD 10740 (7.207)
pl S
M 32 M 8
U < M_S VP’ — Y@ L 197360, (7.208)
pl S

From the constraints on U? and U®, we find that the liberated scalar potential contributes
only a negligibly small cosmological constant and negligibly small corrections to the mass terms
of the chiral multiplet scalars. For the single chiral multiplet case, restoring dimensions we get a
vacuum energy density

U < 107%M, (7.209)
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and scalar masses
M, $ MyA/|U@| =107 M. (7.210)

These constraints become even tighter if the theory contains more than one chiral multiplet,
but the ones we obtained are already so stringent as to rule out any observable contribution
to the cosmological constant and scalar masses from the new terms made possible by liberated
supergravity. We can say that Egs. (7.209) and (7.210) already send liberated supergravity back to
prison after the end of inflation.

The constraints during inflation instead can be easily satisfied if during inflation the super-
symmetry breaking scale is very high, say Ms = M,,;. In that case, U ) < O(1). After inflation
the “worst case scenario” constraints coming from Eq. (7.201) with Npe > 2 and Mg = 107 M),

are
Vn: UM < 10712006, (7.211)

A simple way to satisfy all these constraints is to choose a no scale structure for the super-
symmetric part of the scalar potential. This ensures the vanishing of the F-term contribution to

the potential independently of the magnitude of the F-terms.
Vi = e9(GIGYG; - 3) = 0, (7.212)

The total scalar potential is then given by V = Vp + Vygw. Thanks to the no-scale structure, we
can have both Ms ~ M, and U 0 ~ g2 ~ 10710 during inflation.

Our scenario has Ms = M, during inflation and Ms = 107"°M,; at the true vacuum in the
post-inflation phase, so we see that to satisfy all constraints a transition between the two differ-

ent epochs must occur, for which the scale of the composite F-term ¥ changes from O(M,;) to

010" Mp)).
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8 REVISITING NEwW KAHLER-INVARIANT

FAYET-ILIOPOULOS TERMS IN THE

SUPERCONFORMAL FORMALISM

This chapter is based on the author’s original work in Ref. [67].

8.1 CoMPONENT AcTIiON OF NEW FI TERM IN SUPERCONFORMAL

TENSOR CALCULUS

In this chapter, we review the component action of a new, Kahler invariant Fayet-Iliopoulos

term proposed by Antoniadis, Chatrabhuti, Isono, and Knoops [54], using again the superconfor-

mal tensor calculus. The full Lagrangian with the new FI terms is given by
_ 5 _K(z72) 3 .
.[: = -3 [SOSOe ]D + ([SOW(Z)]F - 4_1 [APLA]F + hC)

(APLA) (APRA) Wl

—&|(SySye K (22))—3 —
R TCa e R

where the last term coupled to the parameter & corresponds to the new FI terms.
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We consider matter chiral multiplets Z i the chiral compensator Sy, a real multiplet V, and

another real multiplet (V)p, whose lowest component is the auxiliary D term of the real multiplet

V. Their superconformal multiplets are given as follows:

where

V' ={0,0,0,0,A,,A, D} in the Wess-Zumino gauge, i.e.v = { = H =0,
Z' = (2, —iV2PLy', —2F, 0,+iD,2',0,0) = {2, PL ', F'},

7' = (2, +iV2Pry', 0, —2F", —iD,7',0,0) = {2, Pry/', F},

So = (s0, —iV2Py x°, =2Fy, 0, +iDy;50, 0,0) = {s0, PLx", Fo},

So = (50, +iV2Prx", 0, =2Fy, —iD,;5, 0,0) = {30, Pr ", Fo},

APLA = (APLA, —iV2PL A, 2D%, 0, +iD, (AP ), 0,0) = {APLA, PLA, —D?},
APRA = (APrA, +iV2PRA, 0,2D%, —iD,(1PgA), 0,0) = {APgA, PRA, —DZ},

(V)p = (D, D2,0,0, DPFy, —BDA, -0 D),

1 A 1 A
PLA = \/EPL(—E)/ .F+iD)\,  PRA= \/EPR(—E)/ . F —iD)A,

D? =D*—F - F —2APL®),  D?=D?-F" F" - 2)PpP],

3. 1 4 3 1 a1
DyA =0, — Eb” + ZWZ Yab — Ely*&zl,,)/l - (Zya Fu+ El)’*D)%
ﬁab = Fap + ea‘uebvlz&[/lyv] A, Fop = ea'uebv(za[,uAv])s
AL 1 . p X 1. ~
F,, = E(F’w + Fy), Fu = —Ezeyvpc,FpU
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(8.4)
(8.5)
(8.6)
(8.7)
(8.8)

(8.9)

(8.10)
(8.11)
(8.12)
(8.13)

(8.14)



8.1.1 w2 w2 COMPOSITE COMPLEX MULTIPLETS: (WEYL/CHIRAL) WEIGHTS

= (-1,3) AND (—1,-3)

We show here the components of the first superconformal composite complex multiplets w’>

and w’? with Weyl/chiral weights (—1,3) and (-1, —3) respectively. These composite multiplets

are defined to be

where

PLA,,

P RAW

AP A
2 _ H w
= = Q. - W W W 7<‘Ws'8 ’AW’ DW
v (SpSpeK/3)2 ez g }
APgA ;
-2 _ w
= T .o = Ws Ws W:WW:B ’AW’ 'Z)V_V .
w i3, 52 {Cs, Zwy H p }
- AP A
- (Sogoe—K(z,i)B)z’

iV2(=ha Q% + haQ%),
—ZhGFa + haanQb,
—2haF% + h; QOQP,
iha D, X% — ihgD,X? + ih ;Q%, QP
—V2ihg [(BXD)QF - FAQP] - %hﬂ;cQCQdQE,
2
V2ih ; [(BXP)Q° - FPQP] + %habéQEQ“Qb,
2
i 1. o1 -7 P
2ha5( - DX DR - S0 PDQ" - SO PpOt + F“Fb)
thaps (~QUQPFC + QU(BXY) Q) + hyp, (—QQPF + QU (DX Q)

1 _ o _
+§hab5d-(Q“PLQb)(QCPRQd).

(8.15)

(8.16)

(8.17)
(8.18)
(8.19)
(8.20)
(8.21)

(8.22)

(8.23)

(8.24)

Notice that when finding the multiplet w2, we can just replace h by its complex conjugate h*.
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8.1.2 T(w’), T(w'?) CHIRAL PROJECTION MULTIPLETS: (WEYL/CHIRAL)
WEIGHTS = (0, 0)

The second superconformal multiplets that we need are the composite chiral projection mul-

tiplets T(w’?) and T (w'?) with Weyl/chiral weights (0, 0). From their component supermultiplets

defined by
T(w?) = (—%WW, —%\/EiPL (DZi +Aw), %(Z)W +0°Cy + iZ)an—L)) , (8.25)
- 1 1 1
T(w?) = (—;K;i, 5 V2IPR(DZE + AS), (D5, +0°C, - iDa(va)*)) (8.26)

we find the corresponding superconformal multiplets and their complex conjugates as follows:

T=T(w? = {Cr.Zr.Hr.Kr. 8] Ar, Dr}

T= T(W'Z) {Cs, Z5, Hr, K, BZ, Ag, D5}, (8.27)
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whose superconformal components are given by

Cr

Hr

1 _ 1*pa 1 * AdAD —

— K = hiF* = ~h, 00" = Cr

. * * A * a a 1 * ~anb
—V2iP, [ﬂ(—haga +hQ% - b, [(PXD) Q7 - FAQP] - EthCQCQaQb

_r r 1 o
e [(DXD)0 - PO + EhzbEQCQ“Qb] _ _\2iP,0y,

. aypeb _ Laa b lap @, paph

2 hag(—z)yx DIXP — S0 PLDQ" - O PB4 FF )

1 _ - = ~ 1 - 7 . _7
+§h* (-Q%QPF® + Q4(PX") Q%) + Ehzgc(—Q“Qch + QUPXP) Q)

abé

(8.28)

(8.29)

1 - . 7 1 1 _ - A
+=h*, (QP Qb (OFPRQY) + Euch* + 5iz)f‘(ih;;z),,x“ — ih, DX + ik’ Q%, Q")

4_1 abéd

—2Fr,

(8.30)
(8.31)
(8.32)
(8.33)

(8.34)

where we used a,b,c,d = 0,i(= z'), W(= AP, A). This gives the superfield components of the

chiral projection multiplet T:

T(w?) = (Cr, PLQr, Fr)
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where

* ad 1 * Aa I;
Cr = KF'--h; 00, (8.36)
_ _ _ 1 - - I
PLQr = B(-hQ%+hQ% — [(ﬂx”)Qa — FiQb] - 5h:;ECQ‘-‘QaQb
+h' [(DXD)Q° - F°QP] + h;ch Tollold (8.37)

Fp = hzg( — DX DR - EQaPL@Qb - EQI’PR@Q“ + FaFE)

_ _ _ _ 1 _ - 7 _ - _r
+s h?;bc< QUQ"F + QU(BX")QY) + ~hy, (-Q1QF + QU(BX")Q)
1 o _ _
+ h, (QPLQ )(QCPRQ”’)+ ~oh* - ED”(hZDyX“—h;DﬂX“+h25Qanyb).
(8.38)
Morever,
T(w'®) = {C}, PrQr, '} (8.39)
where
1 _

Ch = hoF* - 5habQ“Q”, (8.40)

_ _ _ 1 _ - I

PrOQr = B(~h Q%+ hy Q%) — h,;b[(ﬂXb)Q“ - F°Q"] - Ehél;chQ“Qb
+h; [(DXP)Q% - FUQP] + ha Nolfollold (8.41)

Fr = ha,;( - DX DX’ — —Q“PI,@QZ’ - —QbPRﬂQ“ +FF)

+— ha,,c( QO F® + QY BXP) Q) + = habc( Q0P F + QU BXD) Q)

+Zhab5d-(Q“PLQb)(QCPRQd) + Euch - Eﬂﬂ(haDyX“ — haD, X% + h; %y, Q%.

(8.42)
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8.1.3 CoMPOSITE REAL MULTIPLET R: (WEYL/CHIRAL) WEIGHTS = (0, 0)

We present here a superconformal composite real multiplet R with Weyl/chiral weights (0, 0).
Defining some chiral multiplets X 4 = (XA PLOA FA} where A = {S,, Z!, AP; A, T(w'?)} and their

conjugates, we represent the composite one R as

(APLA) (APRA)

R = (SoSoe X13)~* - 8.43
(oo™ (5.43
whose lowest component is
APLA) (APgA A
Cr = (spsoe 133 UEDUPRD _ yea g (8.44)
CrCs

where Cr = —D?A7%;, C; = —D?*A72, and A = sp5pe X/3. Then, the superconformal multiplet of

the new Fayet-Iliopoulos term can be written by using
R - (V)p = {C.Z,H, K, B, A D}, (8.45)
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whose superconformal multiplet components are as follows:

>§1 i’ N‘ (@Y

R

>t

Df, (8.46)
F£DA+ DiN2(— Q% + £0%), (8.47)
D(—2fF* + £130408) — iV2(-£,04 + £,Q%)PLDA, (8.48)
D(=2f;F* + f39008) — iV2(- 10 + £;Q9%) PR, (8.49)
(DYE)f + D(ifaD, XA = if; D, XA + if504y,0P), (8.50)

~fBD+D(PLAT + PrA) + %(y*(—fwxf‘ + [10X% - f£504yQP)

+PL(=2f3F + f150808) + Pr(=2faF* + f150°0F) - Df )9

+%(iy*y"1)"ﬁw —zafD)i\/E(—fAQA T £:0%), (8.51)
—fo’D + D{z fas(~D,XADIXE — %QAPL@QB - %,?!BPRZJQA + FAFD)

+fape (—QAQPFC + QY (DXP)QE) + fipc(-QAQPFC + QA (BXP) Q)
+%fABc-D(QAPLQB)(QCPRQD)}

(D) (i, DX = ifi D, XA + if,5Q0%,05)

+(\/§iﬂ;B[(ﬂXB)QA ~FAQP] + éfABCQCQAQB)ﬂA

(VEnstoxt0t - ot + éfABc—QC‘QAQB)m

~(Duf)(DHD) = S DINA=10* + [0 (D) + ZIVE—[10% + £:0°) (DDD),

(8.52)
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where the indices A, B, C, D run over 0, i, W, T. The component action of the new FI term is then

given by the D-term density formula

Lnew = —-[ER-(V)plp = —g d*xe [f) - %1/} CYiyeA — %C‘R(a))

1/~ - =
+=(Chur” = iZy v R0 (Q)

1 - ~ 1. -
+Zg“bcd¢an¢c(8d— 5Wz) t+he. (8.53)

8.1.4 BOSONIC TERM OF THE NEW FI TERM

The new FI term is obtained from the term D?f;, F" F W inside the D-term 9. Thus, we get

. 5. e—K/3y-3 i} = ,—K/3\-3 )
soSoe soSoe
-ENEW D —vafWWFWFW = —fD—( 070 " ) FWFW D —§D ( 0 3\/ *) = WFW
CrC; (hw FY) (. FW)
¢ »—K/3)-3 _
_ _pp 0T pw W e (sise KT, (8.54)
(So§oe_K/3)_4FWFW
Hence, in the superconformal gauge (sy5oe %/ = M;l = 1), we obtain
-Enew FI/e = _§D’ (8-55)
or
Luewri/e = =MpED. (8.56)
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8.2 SPECTROSCOPHY FOR NON-RENORMALIZABLE INTERACTIONS

IN THE NEw FI TERMS

In this section, we carefully analyze suppression of the nonrenormalizable fermionic interac-
tions from the new FI term from the perspective of effective field theory. To do this, as we did
in the previous section of the liberated supergravity, we also need to recall the EFT expansion
reviewed in Sec. 3.4, and consider the structure of EFT expansion in Eq. (3.18) and constraint

given in Eq. (3.19). Hence, we have

Finite N Finite N 1 C5 1
4 - ©) —_
Lgpr D Z 0 Z X ——0 = 5d S A5 —7 (8.57)
5>0 620 cut cut

where Ay is a cutoff scale; M is a characteristic mass scale of a theory; €9 is a dimensionless
Wilson coefficient, and O is an effective field operator with the mass dimension §. In the case
of the new FI terms, we will see that the constraint depends on the nw FI terms ¢ and thus the

auxiliary field D of the vector multiplet. The key equation we will see in this section is given by

o
Acut S H 5

~

where H is the Hubble scale, and « is a parameter that depends on the mass dimension of the
effective field operator. Since Ay, H ~ 10_5Mp1 < My, = 1, we explore whether & < 1 holds.
After all, we will find that the maximum of « is 2/3.

In particular, for the later use, we generalize the new FI constant ¢ into a real gauge-invariant
function U (z, Z) of matter fields. Thus, for ACIK FI term, we can just put U(z, z) = . First, after

solving the equations of motion for the auxiliary fields and fixing the superconformal gauge, the
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component multiplets “on-shell” are given by

where

Z' = {Z', PLQ' F'},
1 )
So = {s0, ge1</61<,~PLQ’, Fo},

_ _ 1 N N ~
W =P = {APLA, VP (=5y-F+iD)A, —D*+F~- F—},

ﬁab = Fop + ea‘uebvlﬁ[va]A’ Fop = ea'uebv(Z(?[pAv]),
1 .

X x _ 1. po
v 2 pv =+ ,uv)a F,uv = zleyvpoF >

and the solutions for the auxiliary fields are identified as

1 - 1 . U -
U+ o5 [( — F'Ue™  + U F" + g(L{KIFI) (APL) - l\/—é(QIPL/l) +h.c.

+higher order terms,
K3y — %eK/(’()_LPRA),

—3eK2G1vw - GY (9% + SKI) (APLA)
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(8.59)

(8.60)

(8.61)

(8.62)

(8.63)

(8.64)

(8.65)



Plus, the relevant chiral projection multiplet T(w’?) is given by

T(w?) = (Cr,PLQr. Fr), (8.66)
Cr = hZF‘i—thEQdQE, (8.67)

PLOr = D(-hQ*+hQ a)—h;b[(ﬂxb)ga F2Q) ]——h* Qb
+h* (DX Q4 - FUQP] + h:ch QeQb, (8.68)

Fr = h*-( — DX DR - —Q“PL@Q” - —pr DO + F“FE)

*
+5 habc

(-Q%Q FC+Q“(ﬂX”)Q)+ h 5. (-0 bEe + QI(PXD)Q0)
o QPN (O pRQd)+ ~oCh* - ED”(hZDyX“—hZDde+hZEQ“yHQb),

(8.69)

where Cr, C; = —D?A™% + fermions including A; A = syS0e %/3;a = 0,i, W(= APy 1), and

APgA

(Sogoe—K(z,i)/S)Z'

h* =

(8.70)

We note that in this chiral projection multiplet, the terms “h‘*/VF W of Cr “h*WkF WOk of PLQr” and
“FkFW and h;kaFWQj QF of Fr” (where j, k = 0,i) have no A, while the other terms must have at

least one A.
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In summary, the components of the multiplets can be found to be

50 : So ~ eK/G, 2/30 ~ K,Ol(z) + 0(1) + KZOZ(;),

PLQ° ~ KieKI°0PP | B0~ wetKI3, (8.71)
7l Z~Z 27~ 0?4 OI(;), PO~ 0P F~F (8.72)

W: (AP ~0?

- @ , ) 3)
i3 DR ~ 05 +0) + DO

YA’
Qv ~ 0;7/ 2 4+ Doj/ 2 W . p2yOW

(8.73)
T : CT D h;‘vﬁwhowest ~ l)2 +DKIO,(,13) +Ki0i(;)’ (8.74)
DCr ~ §Cr ~ DD;O? + DiK;01) + DK;;OF) + K;;0()) (8.75)

PLQ7 5 PLOZ, + by FY QF gwest ~ D*KOP + DO + ,0V?, - (8.76)

S FREY o b EW QIO [l west ~ + 2 L K" 8.77
Fr o FKFY h]kaWQJQk| D?FF + D* (K + K")O® (8.77)

where we used the following superconformal covariant derivatives of the lowest component

scalar C with the weights (w, c) and the first fermion Z in a superconformal multiplet:

D,C = (8,—wh,—icA,)C - ém*z, (8.78)
1
PDZ = (0= (w+1/20by —i(c = 3/2)As+ 10l va) Z

1
~5PLH ~ By = iy DuC)Yyy — i(w + )P, C (8.79)

The full action of the new FI term “on-shell” (i.e. Z)"ﬁyv =0, DA =0)is given by

1 ~ 1. ~ 1~
Lyewr1 = —[R-(V)plp = ~a / d*xe [Z) — Elﬁ iy — ECR(M)

1/~ - =
+=(Ch"” = 1Zy7y. R, (Q)

1 - ~ 1. -~
+2e "y (Ba = S0aZ) | +he. (8.80)
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where the relevant components are given, for f = (spSpe X (z.2)/ 3)_3%(”(21', z') (where

Cr, C; = —=D*A™? + fermions including 1; A = sp5pe~%/3), as follows

¢ = pf, (8.81)
Z = DiV2(—-f,Q% + £;0), (8.82)
H = D(-2f1F* + f1504QP), (8.83)
K = D(=2fF + £i50°QP), (8.84)
B = D(ifaD,X* - ifi DX +if,50%,0P), (8.85)
A = D( —V2ifip[(BXP)04 - FAQP] - éfABCQCQAQB

+V2if,5[(BXP) Q4 - FAQP] + é ]‘ABC-QCQAQB)

+%( —ffD)ix/E(— L04 + £09), (8.86)
D = —foD+ D{Z fas(~D,XADHXE — %QAPLﬁQB = %,Q!BPR,@QA + FAFP)

+Fip0(—QAQPFC + QA (DXP)QC) + Fipe(—QAQPFC + QA (PXP)QC)

1 _ _ = _
+5ﬁBCD(QAPLQB>(QCPRQD)} — (DuN)(D"D), (8.87)
where the indices A, B, C, D run over 0, i, W, T. Plus, we have
0D = %[, DD - 3b,D,D + DD + 4f,,,D],

z)aD|0n—shell = ef;(a,u - Zb/l)D, 0D = 2ApD,

‘ R
DyDlp=o = Uid,z' ~ U0 and Def,, = -Dz ~ DO, (8.88)

Since we consider D|p,; = U as a quadratic function of matter fields, we can assume that U; ~ 0
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at the minimum of the potential. Then, the components reduce to

¢ = Df, (8.89)
Z = DiV2(-f.0* + £01), (8.90)
H = D(-2fyF* + 150205, (8.91)
K = D(=2fF* + £5040P), (8.92)
B = D(ifaD,X" - ifi DX +if;Q4y,QP), (8.93)
A = D( ~ V2ifz[(DXP) 04 - FAQP] - éfABcQCQAQB

+V2if,5[(DXP)QA - FAQP] + % fABCQCQAQB), (8.94)
D = @C - D{z fas(~Du XA DHXE — %QAPL@QB - %,Q’BPRﬂQA + FAFD)

+ipe(—QAQPFC + QA (DXP)QC) + i (—QAQPFC + QA (2XP) Q)

+% fABC—D(QAPLQB)(QCPRQD)}, (8.95)

Now we represent the possible interaction terms using the following expression

Lnew FI. 2O alma(c)a‘ljvaéz [—_ Y|-D- O(2)0,A<'//3/2sCR(m)2,C¢R/(Q)4)ZR/(Q)S/Q’B¢¢3,Z¢|/,¢9/2)
T

X{(BS0) ()= (FO)* H{ (Bz')™ (@)™ (F')™}
xX{(BW)P1 (W)’ (FY)P  { (BT)P (QT)P2(FT)P*), (8.96)

where A = sp50e X3, Y = AU (z,Z), and several parameters are defined as the number of

derivatives with respect to the corresponding variable, such as ¢ = ¢y + ¢ +¢3, m = my + my + ms,
b = by + by + bs < 2 (Here, the number b must be constrained by “2” because each of the bilinear
terms W and W appears only once in the numerator.), and p = p;+po+ps. Also, I’ = m+c+b+p < 4
since we can take the four field-derivatives at most. The notation A, , means that the operator

O is given by the dimension-(3/2) operator i which couples to the A of the new FI term.
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Plus, the operator O denotes the additional contribution to the effective operator from the
couplings to gravitino 1, or curvatures R(w) and R'(Q) in the final action of new FI term in
Eq. (8.80).

Then, taking the derivatives and inserting T ~ D?, we obtain

Lnew FI |with no numerical factors 2 D_3_2p (am+c Y) O}(gzam) 0(64/1_32/“)) ' (j
X{(B80) 1 (Q%)2 (FO)“ H{ (B2')™ ()™ (F)™}
X{(BW)! QW) (F™)P H{(BTYP Q)P (FTY), - (8.97)

where we define érp = 1ifI' = 0, and Wi-bai-ba = QG2 (1=b2)+32(1-b2)) = O (6427322D). that is,
64, means that the dimension “6” comes from the four A-fermions. Next, we introduce particular
parameters that constitute the powers of the terms like ¢y, ¢z, ¢5 in detail. Since the component
actions depend only on D7, PLQ!, and F!, we define d;, fi» a; as the powers of “each term” (like
Of/ 2 and DO/?/ ? of Q%) within the expression of &z (“d’erivative), P, Q' (‘f’ermion), and F'
(“a”uxiliary field). Equivalently, we define the correponding parameters as d;, f;, as, dw, fiw, aw,

and dr, fr, ar. Then, we find
{(BS0)° (Q0)%2 (FO)©3} ~ Kb tdesth po1 9 v tdyvdd 3 o) (8.98)

where dg; + dgo + dsl/; + fsa+as1 = cp+cy+c3 =c < 4. For example, if d;'/; = 2 in the effective

operator O, then it means that there are two gravitinos in the operator. The next one is
{(D/Zi)ml (Qi)mz (Fi)m3 } - Fiaz10(2d21+4d2¢2+%f21)’ (899)

where d,; +de + f;1+a; =my+my+mg=m < 4. The W case is

A

{(B/W)bl (QW)bg (FW)b3 } - Dd“///é+f‘j,2+2an 0(4d€‘;11+5d$‘;12+3dv¢v3+%f‘/’}”+%fv’}/z+4awz), (8100)
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A A
where d{}&l + dz/vz + dgjvs + f&,l + fv/1v2 +awi +awz = by + by + b3 = b < 2. As an example, also,

if d{}&l = 2 in O, then it means that there are four A fermions in the effective operator. Next, the
chiral projection multiplet T case is given by
A
21 OT\P2( 5T\P  pdri+dh 2 frf r2ar+2ar, 4TV,
{(D’T) 1(Q ) Z(F ) 3} Déritarstejritiry,taar Tle_
XK/d%2+f71+f7%3+2a7-2 K//d%3+d%4+a72 FiaTl

% 0(2d71+5d%2+5d%3+7d§4+% fr+dfh+d fT’13+3aTz)’ (8.101)

A A A A A _ _ 4
where dry +d7, +d7, +d7, + fri+ f, + ff; + a1+ arz = p1+ p2 + p3 = p < 4. In addition, we can

also get

Iy = am+"(A_3‘U(z,Z)):83((so§)_3)8m(eK(Ll)

- (K/)kl (K//)kz (K///)k3 (K////)kl ((L[)uo (7/[(1))“1 ((L[(Z))ug (7/[(3))113 (7/[(4))144, (8.102)

where ki + ky + ks + kg + uy + uy + us + ug = m (here, we define k;, u; to be present only when

i<mand0 < k; <m,0 <u; <1)and uy = Sk, , (Which is defined as a Kronecker delta) for

:ktot

kiot = k1 + k2 + ks + k4. In particular, we can consider U ~ D. Combining these results, we can

175



rewrite the terms as

Luwrt > (KK ) @U) (UD) Uy U@y
wD~32p (5m+c Y) O}(QZnR)O(64,1—32/1b) . (j
XK/dsl+d;/’3+fslF0a510(2d31+dsz+4df3+%fs1)

91 O(zdzl+4d}fz+g £1)

YA, ) A YA Lo WA T A L3 LA
)(DdW3+fW2+2aW1 ()(4dw1+5dwz+3dws+Efw1+§fwz+4aW2)
2
XDdT1+d%3+2fn+fT’12+2a11+2aT2DdT1+dTZ
i

A A A A :
XK,de +fT1 +fT3+2aT2 K”dT3+dT4+aT2 Fl ari

A yead od A A
XO(szl+5dT2+5dT3+7dT4+%fT1+%fT2+1—21fT3+3aT2) ' (8.103)

The simplified expression can be given by

Loewrr D (K")R (K™Y (D) (U@ (@) (@)

X(D)™(F)" (K")P(K")Y O%re) O ada) (8.104)
where

5
no= —ug+3+2p— (d;/’m + ik, + 2awy +dry +dfy + 211 + iy + 2a71 + 2a72)
= —up+3+2(dpy +df, +dpy + df L)+ £
up +3+2(dry +dp, +dpg +dpy + fri+ frp + frs + arn + ara)

A
—(d‘lfv3 +fo‘,2 +2aw, +dr; + d%g + 211 +fT)‘2 + 2ary + 2arz)

= —ug+3+dpy +2d}y + dby +2d0, — din + fL 4 25 — fA, - 2awn, (8.105)

r = das +az; +arg. (8.106)
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a = up+dr +d%2,

ki +dg +df3 + fa +d%2 + fr1 +fTA3 + 2ars,

=
|

A Y
ky +d7y +d7, + ar

§<
Il

3 3
5pre = 25{"0 + 64) — 32,1[7 + 2dg; + dgo + 4d;g + Ef;l +2d, + 4dlZ//2 + Ele
W e h o h T30
+4dy;, +5dy,, +3d,, + 2 fw1 2 fwo +4aw:

3 5 11
+2dry + 5d%, + 5d, + 7d}, + Efn + Efrllz + ?]% + 3ar,

8add = ome of Do; Ays 55 Criw)zs Corr(0)as LR (0)5/23 Biyss Loz

(8.107)
(8.108)

(8.109)

(8.110)

(8.111)

Plus, we define a parameter I" as the number of derivatives among 7", o, aa,, and H‘T] as follows:

F'sc+m+b+p = dsl+dsz+ds‘/g+f31+asl+d21+df2+le+a21

" /2 1z y) )
+dy, + dW2 + dW3 + fiy1 + five +aw1 + aws

A A A y) "
+dry +dp, +dpg +dr, + fr1+ fiy + fr tar +ar, < 4.

(8.112)

Furthermore, we define selection rules for the parameter set {(d, f,a)} suchthatT' = ) ;(d+ f +
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For (d,f,a), C: (0,0,00 = T(C)=0  Suq =24

Z: (0,1,0) = I(Z) =1 84a=5/2 9/2,

B, (0,2,0) = T(B) =12 8aq =3

A: (1,1,0),(1,1,1),(0,3,0) = T(A)=2,3  8aq =3/2
D: (0,0,0), ,(0,2,0), ,

(0,2,1),(1,2,0),(0,4,0) = I(D)=0,2,3,4 44 =0.

For example, when we consider the case I' = 1 (which means that we look at the terms coupling
to fx in the action (8.80).), then we can only consider the following selections (1,0, 0) (i.e. only
one d and others are zero.) from B, or (0, 1,0) (i.e. only one f and others are zero.) from Z,and
the couplings to R}, ,(Q) and ) in the action (8.80).

Since we are interested in U as a quadratic function of matter fields, we have us = uy = 0, so

that

LneWFI ) (Km)kS(K””)kl(ﬂ(l))a(ﬂ(z))uz

X (D)™ (F)" (K" (K")YOrre) O Oada) (8.113)
Since we consider the case of D ~ F, it reduces to

LneWFI 2 (K,H)k3(K””)kl((L[(l))a(q/{(z))uz

X(D)—n+r(K/),B(K/l)y0(5pre)(j(5add)_ (8.114)

In particular, we can make these terms to be small due to U ~ 2z ~ 0 along the inflationary

trajectory, we can set « = uy + dr; + d%z = 0, which means u; = dr; = d%z = 0. Moreover,
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the derivatives of the Kéhler potential with respect to the matter fields can be small as well if it
includes the quadratic function of some matter fields. Of course, the second derivative cannot be
neglected like the case of U (2), However, the moduli fields will not be small due to the logarithmic
dependence in the Kéhler potential. Nevertheless, it is not a problem to ignore the derivatives
here because they will be suppressed for large inflaton field, while they will be of order of O(1)
in Planck unit after inflation. In any case, we can drop the dependence of the derivatives of the
Kéhler potential but the second derivatives. Furthermore, the second derivatives of the Kéhler
potential with respect to the moduli fields can be of order of O(1) after inflation, so that ignoring

the factor of K”, we get

Loewrl D ((M(Z))uz(D)—NO(5pre)é(5add) = ((L{(z))”Z(D)_NO(‘S“”), (8.115)

where N =n —r and

_ A A A A
N = 3+4+dp+2d5,+ fi, +2f75
A
_dwl/pvs - fv/}lz — 2aw1 — Gs1 — Az1 — Aty — U, (8.116)

3 3
Spre = 20800+ 643 — 392b +2dgy + dyp + 4d”, + S+ 2da + ad’, + S

A 27 3
+4dé\f1 + Sd;ﬁ,z + Sd“fm + Efdn + Efv%fz + day,

3 5 11
+5d%3 + 7d%4 + Ele + EfTAZ + ?f]ilg + 3ary, (8.117)
O4dd = oneof DOQAI/}3/2§ CR(a))ZQ CI}R/(Q)4;ZR'(Q)5/2§ ng;Z(/;W;g/z, (8.118)
Otor = 5pre + 8add. (8.119)

In the meantime, we had ki + ky + ks + ks + u; + uy + us + u4 = m and d;; + dfz + fata;y =

my + my + ms = m < 4. Since we now have u; = us = uy = 0, we get
Uy = doy +d’) + fir + az1 — ko, (8.120)
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where we define k;o; = ki + ky + k3 + k4. Here, we point out that if the mass-squared from U g
of order of the electroweak scale, then the non-renormalizable terms can be suppressed strongly.
If not, we have to keep it.

Looking at the above terms, we observe that the non-renormalizable terms will have the fol-
lowing form

(ﬂ(z))uz - 1
DN ~ A(Sl‘Ut_4

cut

Loewr D D—O(étot) ==

(UP)w
N (8.121)

DN )1/(5t0t_4)

= At S ((7/[(—2))uz

where we set M,,; = 1 for simplicity. Since we are interested in D ~ U ) ~ H where H ~ 107° is

the Hubble scale, the constraint can be given by
At < H(N—uz)/(5tot—4) = H* (8.122)

We note that in order for the non-renormalizable terms to well-suppressed for H < 1, we have to

require that

N —_
%2 4, (8.123)

a = RS
5t0t_4

where ;o — 4 > 0 for nonrenormalizable operators. In particular, the restrictions on the cutoff
will come from the first condition only since the upperbound of the second condition exceeds
o) ~ M,; = 1. In the meantime, since we consider the non-renormalizable operators, we
always have d;,; > 4. That is, if there exists a combination of the parameters satisfying the above
condition with maximal value 1, then the cutoff must be constrained as A.,;; < H, which will be

out of our interest.
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Inserting uy = &, k,,, and the value of u; in Eq. (8.120), the relevant parameters are as follow:

A A v "
N—uy = 3+dp+2dy, + f, + 217,
2
_d;/#v:s - fl/)\le — 2aw1 — Gs1 — Gz1 — ATy — Up — U, (8.124)

3 3
Stot —4 = 20100+ 643 — 3b +2dyy + dyp + 4% + S+ 2da + ad’, + S
A YA yr T 34
+4dyr, +5d,, +3d;,, + Efm + Efwz + 4aw;
3 5 11
+5d§1~3 + 7d§1-4 + Eﬁ‘l + Efiflz + ?f]% + 3(17‘2

+8add — 4. (8.125)

Here is a remark. Since the derivatives of U but U(? can give us the small number from the
vacuum expectation values of matter fields, we consider the case of either m = kyo; = d;1 + fz1 +
a, + dlz’//2 (which implies that u; = 0 fori = 1, 2,3,4 and uy = d,,, = 1) or uz = 1. Thus, it reduces

to
A
N-u = 2+ d%3 + 2d§1~4 +fT/12 + Zf%?’ - d;'/bv3 - f‘//}/Z — 2aw1 — as1 — Az — a1 (8126)

Specifically, we obtain the following different cases.

« Case of b = 0 (with no derivatives):

(N = u2)p=0

2 —as1 — az —ary, (8.127)

24 643+ Ogqq — 4 (8.128)

(51}01‘ - 4)b:O
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« Case of b = 0 (with derivatives):

(N —u2)p=0 = 2-as —az; —ar, (8.129)
3
(5tot - 4)b=0 = 64/1 + stl + dsz + 4d;//3 + Eﬁl + 2dzl
y 3 3
+ad, + EfZl + Ele +3arz + Ogda — 4 (8.130)
« Caseof b=1:
(N =u)yoyp = 2-+dps+2d7, + iy + 2ff — as = az — an, (8.131)

3 3
(5t0t - 4)b:1:f1//\1/1 = 3ZA + 2d51 + dsz + 4d£ + Eﬂl + Zdzl + 4d;#2 + Ef;:l

3 5 11 1
+5d%, +7d}, + fri+ EfTA2 + ?ng +3ary + 8uaa = 5, (8.132)

(N=up)yoypp = 1+dq+2d7,+ fry +2f7s — as — 4z — ary, (8.133)
(8101 — 4) = 3yt 2dy +dg+ 4dV 4 2 fy 4 2dy +4d) 4 2 f
tot b=1=f}, — 24 s1 2 375 s1 z1 275 z1

3 5 11 5
A A v v
+5d%, + 7df, + Ef“ + §fT2 + ?fm +3ary + 8uqd — pL (8.134)
« Case of b = 2:

(N=up)yypp = 2+dy+2d7, + fr, +2f7s — a1 — @z —ary, (8.135)
(801 — 4) = 2dy +dg+4d) 4 2+ 2dy +4d) 4 2 f
tot b:z:f‘//}/l = s1 s2 375 s1 z1 275 z1

3 5 11
+5d7, + Tdy, + Ele + Efjflz + Efj% +3ary + Ogqq + 3, (8.136)
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(N =uz)yppp = dpy+2dpy + fly +2f7s — a1 — az — ary, (8.137)
(Stor — 4) — 2dy +dy +ad’ 2y +2dy +ad) + 2 f
tot bzzzfv/}/z = s1 52 37 5 sl z1 275 z1

3 5 11
+5d%, + 7d}, + Ef“ + EfTA‘? + ?fT@ +3ars + 8gqd — 1, (8.138)

(N=w)yypr _pp oy = 1dpy+2d5, + fly +2ff — as — az —ary, (8.139)
(Stor — 4) = 2dy +dg+4d 4 2+ 2dy +4d) 4 2 f
tot b=2f =fh,=1 = s1 52 375 s1 z1 275 z1

3 5 11
+5d7, + Td7, + Ele + EfTAZ + 7le3 +3ary + 8gda + 1.

(8.140)
The following parameter condition must be satisfied
F'sc+m+b+p = dsl+dsg+dfg+f31+asl+d21+d;/’2+]21+a21
=k,ot+u0+u2
A A
+ défl + dz/vz + d‘v/",3 + fvf,l + fvfm + aw1 + awz
=b<2
dj, + df L+ fh <4 8.141
+dps +dpy + fri+ fro + fis tar+ar, <4 (8.141)

Again, I' is defined as the number of derivatives among 9", ;, a@v, and (95 In the appendix D, the

largest value of @ is found by a = 2/3, so that
Awr < HY? ~ 107533 = 107266 < Mg ~ 10725, (8.142)

Hence, the theory of new FI terms is basically an effective field theory with broken supersymme-

try.
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9 RELAXED SUPERGRAVITY

This chapter is based on the author’s original work in Ref. [73].

In this chapter, the key result we will see is given by

—_

AP (9.1)

V=Vp+Ve—-1U, — 3 ,
P ! 7/[ Aj:lut

where Vp, Vp are the supergravity D- and F-term scalar potentials and U is defined as a gauge-
invariant generl real function of matter scalars z’s. In particular, we will discuss how to relax the

scalar potential V that can satisfy the constraint above.

9.1 INTRODUCTION

The application of supergravity to inflationary cosmology has recently been of great interest
and studied by many authors as discussed in Ch. 6. However, it remains still challenging to
build viable models of a certain phenomenology in the context of supergravity. For instance, it is
not straightforward to realize both inflationary dynamics and minimal supersymmetric standard
model (MSSM) at the same time in a unified setup. The first reason for the difficulty is due to the
large hierarchy between Hubble scale H ~ 107>M,; for inflation and electroweak (TeV) scale of

order 10_15Mpl for the observable-sector dynamics of standard model (SM). The second is because
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standard supergravity predicts the complicated structure of the F-term scalar potential, i.e. Vr =
S (GGG 7 — 3) where G is the supergravity G-function defined by G = K +InW +1n W which
consists of Kéhler potential K and superpotential W. This implies that one must always explore
a proper choice of the supergravity G-function, which is unfortunately nontrivial in general. For
these reasons, it is very demanding to construct phenomenologically-desirable scalar potentials
within standard supergravity.

The 7 problem [18] is an example of such a difficulty’. No-scale supergravity [17] may be
a solution to the 1 problem because the corresponding F-term potential can exactly vanish, i.e.
Vr = 0. This is established by a clever choice of the supergravity G-function. In fact, the gravitino
mass term “—3¢°” plays a critical role in the no-scale cancellation. Interestingly, one can easily
have such no-scale structure through a logarithmic Kéhler potential of the volume modulus fields
and constant superpotential in string theory [17, 19, 20]. However, certain choice of superpoten-
tial may spoil the “exact” cancellation of the F-term potential yielding a remnant as shown in
Eq. (14) of Ref. [74]. Hence, no-scale supergravity is very sensitive to the given form of both
Kéhler potential and superpotential. Moreover, no-scale supergravity may cause a vast number
of moduli, which correspond to degenerate vacua being along flat directions in scalar potential.
This turns out that moduli stabilization, which is necessary to obtain a unique vacuum, is still
required in no-scale supergravity. Thus, current no-scale supergravity is not a complete strategy
for model building.

Recent developments in modification of the supergraivty scalar potential have been made, e.g.
liberated supergravity recently proposed by Farakos, Kehagias, and Riotto [71] and various types
of new Fayet-Iliopoulos (FI) terms proposed by many authors [54-59]. In particular, liberated
supergravity was the first attempt to allows us to have a general scalar potential. In fact, inspired

by liberated supergravity, we investigate such a general scalar potential in the other fashion

This issue gives rise to a hardship for obtaining a very small slow-roll parameter 7 such that 7 < 1 due to the
exponentially growing behavior of the F-term potential.
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in this work. However, it has recently been found that liberated supergravity is not liberated
literally due to strong constraints on the general function [66, 67]. On the contrary, new FI terms
can modify only D-term potentials, which still have non-trivial field dependence and can give
us only the non-negative-definite contribution to the scalar potential. Consequently, the recent
studies do not have full generality of scalar potential.

Obviously, it has very long been thought of that a negative-definite term in scalar potential
can be given only by the gravitino-mass term “~3e” in the standard N' = 1 supergravity, and
is not present in global supersymmetry (SUSY) [8]. It is thus inevitable to acquire another type
of cancellation in scalar potential through a new negative term so that we have a general scalar
potential being beyond no-scale supergravity and the recent works. In that sense, it remains very
intriguing to answer the following open questions: How can we obtain a new negative-definite
potential term in supergravity? To what extent can we reform the supergravity scalar potential
in a general fashion? We affirmatively answer these questions throughout this letter.

Our work is organized as follows. In Sec. 9.2, we revisit the higher order corrections in
the minimal supergravity models of inflation constructed by Ferrara, Kallosh, Linde, and Porrati
(FKLP) [75]. We firstly identify a no-go theorem for the higher order corrections. The no-go
theorem is supported by the fact that canonical kinetic term of the gauge field in the vector mul-
tiplet must be present in the supergravity lagrangian. In Sec. 9.3, we propose how to relax the
strongly-constrained standard form of the scalar potential by adding a special choice of higher
order correction to the standard supergravity. Here we discover a new negative-definite scalar
potential as a general function. In addition, we find essential constraints on the new negative
term by inspecting the suppression of nonrenormalizable lagrangians to ensure that our theory
is self-consistent as an effective field theory. This leads to a cutoff which is identified with the
high-scale SUSY breaking mass Ms [76]. Next, using the new negative term, we present a relax-

ing procedure for generating a general scalar potential®. Plus, we compare our theory with the

?In this sense, our proposal reserves the name “Relaxed supergravity.”
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liberated supergravity by Farakos, Kehagias, and Riotto. Next, we briefly discuss the global SUSY

limit of relaxed supergravity. Finally, in Sec. 9.4, we summarize our findings and give outlook on

this work.

9.2 No0-GO THEOREM FOR HIGHER ORDER CORRECTIONS IN FKLP

MODEL

In this section, we revisit higher order corrections in the minimal supergravity models of infla-

tion proposed by Ferrara, Kallosh, Linde, and Porrati (FKLP) [75]. First, we start with considering

a vector multiplet V, its field strength multiplet AP; A, and real linear multiplet (V)p whose lowest

component is given by the auxiliary field D of the vector multiplet V' as follows:

V ={0,0,0,0,A,, A, D} in the Wess-Zumino gauge, i.e.v = { = H =0,
APLA = (APLA, —iV2PL A, 2D2, 0,+iD, (AP 1), 0,0) = {AP,A, PLA, D%},
APRA = (APRA, +iV2PRA, 0,2D2, —iD, (APgA),0,0) = {APgA, PrA, D2},

(V)p = (D, 91,0,0, D’y — DDA, —0°D),

where we have used the following notations®

1 A 1 A
PIA = \/EPL(—E}/ .F+iD)l,  PrA= \/EPR(—E}/ .F—iD),

D?=D?—F -F —2APLPA,  D?=D*—F"-F" - 2lPz @A

3We follow the sign convention (-, +, - - ,+) for spacetime metric, and notations used in Ref. [8]:

~ 31 3 1 4 1.
DA =0, - Ebu + ZWZ Yab — Ezy*ﬂ”)A - (Z},a Fau + Ely*D)lﬁ”
Fup = Fap + eapeb‘/t/;[yyv]k, Fu = eayebv(Za[PAv]),
by 1

. 1 4 X . .
Flfv = E(F”V + Fyy), Eyy = _Ewpvpana
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Then, after making the corrections to be generic as Kahler-invariant and field-dependent form,
the higher order corrections to the standard supergravity action, which is given by Eq. (3.17) of

Ref. [75], can be rewritten as

n

(/XPLA)Z(/TPRA)ZTJC( (APgA)? )Tl( (APLA)? )( (V)p

p _
_ — = = Y. (Z,72)|p, 9.8
(SoSoeK/3)2 (SoSoeK/3)2 (SoSoeK/3)2 (Sosoe_K/3)) (Z.2)p 68)

where K(Z, Z) is a Kihler potential; T is the chiral projection; n = 4 + 2k + 2 + p with n > 4, and

¥,(Z,Z) is a general real function of matter fields Z’s:

Z' = (2, —iV2P ), —2F, 0,+iD,2',0,0) = {2, PL ', F'}, (9.9)
7' = (2, +iV2Pgy', 0, —2F', —iD,7',0,0) = {z', Py, F'}. (9.10)

We also use the superconformal compensator multiplet Sy:

50 = (30, —i‘/EPL)(O, —2F0, 0, +iDHS(), 0, 0) = {So, PL)(O, Fo}, (9.11)
So = (30, +iV2Pr’, 0, —2F,, —iD,5,0,0) = {So, Pry", Fo}- (9.12)

Using the superconformal tensor calculus [31, 70] in the appendix B, we find the correspond-

ing bosonic lagrangian as

F2 (n—p)/2
) Dz, (013)

Ll > (F* = D) (F% = DY ™D, (2. 2)|p = (5 - D
where F? = F, FI" is the square of Maxwell tensor; Fl:—“v = %(Fuv + ﬁuv)’ and IEW = —%gyvpanU is
the dual tensor. In the last line of Eq. (9.13), we have used F*? = %Fz and (n—p)/2=2+k+1L
We note that the lagrangian of many higher order corrections can be given by a polynomial of
the terms with various powers of n, p.

Now, let us consider the case when p = 0. Then, defining D= %2 - D?and ¥, = ¥,(z,2)|p,
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we rewrite the bosonic lagrangian as

N
=0 N N N A
‘El(lji)ghe)r order|B = Z Dn/Z\Ij’l = D2\P4 + DS/Z\I]S + D3\I]6 +-o- (9.14)

n=4

The standard supergravity is specified by the following superconformal action
‘Lstandard = =3 [SOSOe_K(ZA’ZA)/S]D + [SSW(ZA)]F - ,B[)_LPL)L]F + h~c'> (9-15)

where we have used f as a general normalization of the kinetic term of the vector field. The

corresponding D-term lagrangian is then found to be
F? R
Lstandard'B = zﬁDz - ﬁ(F+2 + F_Z) = _zﬁ(E - Dz) = —ZﬂD. (9'16)
Taking both the standard and higher order terms, we find the general D-term lagrangian as
Liotls = —2BD + D*¥ + D°12%; + DY + - - - = P(D). (9.17)

Notice that this lagrangian is a polynomial of D. When solving the equation of motion for D, we

gain

d oD o oP(D
-[ftotlB e LtotlB -0 — D=0 or (A ) —

— a-l-ttot |B _
oD oD 3D oD oD

0. (9.18)

If the trivial solution D = 0 is unstable or supersymmetry is broken, we have to consider the

non-vanishing solution for D. The non-trivial solution for D can be found by
D= D(¥y, ¥, ¥, ). (9.19)

Notice that there is no any dependence on Maxwell tensor term in the solution for D! After inte-
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grating out D, we face the unphysical situation that the kinetic term of the vector field is always
absent in the lagrangian for any N. We point out that this case must be physically excluded.
So, we propose a no-go theorem for the higher order corrections in FKLP supergravity model of

inflation as follows:

Theorem 9.1 (No-go theorem for higher order corrections in FKLP model).
An arbitrary combination of the standard term and higher order corrections without any power of the
real linear multiplet (V)p, i.e. p, cannot produce the gauge kinetic term, and thus must be excluded

in a physical theory.

Based on this no-go theorem for the higher order corrections, we speculate that one has to
include some non-vanishing powers of (V)p, i.e. p, in the higher order corrections in order to

generate the correct kinetic term.

9.3 NOVEL CLASS OF N = 1 SUPERGRAVITY: ‘RELAXED
SUPERGRAVITY

In this section, we propose a novel class of N' = 1 supergravity, called “Relaxed Supergravity,”
that enlarges the space of scalar potentials by considering the higher order correction in FKLP

minimal supergravity models of inflation [75].

9.3.1 DISCOVERY OF A NEW NEGATIVE-DEFINITE TERM OF SCALAR POTENTIAL IN

SUPERGRAVITY

For the vector multiplet V, as a setup, we suppose three “NO” things when constructing a

superconformal action of supergravity containing some higher order corrections as follows:

« No Fayet-Iliopoulos term. There is no term linear in the auxiliary field D, i.e. no any

Fayet-Iliopoulos D term.
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« No gauging. The vector multiplet V is not gauged.

+ No-go theorem. There must be some powers of the real linear multiplet (V)p in the higher

order corrections in order to satisfy the no-go theorem (9.1).

These three assumptions will play a role in finding a new contribution to the scalar potential.
Notice that the three conditions are not applicable for the other vector multiplets associated with
conventional gauge groups.

Now, we are ready to consider a superconformal action of a certain higher order correction.

We define

1

W D, (920)

Lrs = | = (808061 AP PR (V))?

where S is the conformal compensator; K (Z', Z') is the supergravity Kahler potential of the mat-
ter chiral multiplets Z%’s; APy is the field strength multiplet corresponding to a vector multiplet
V whose fermionic superpartner is given by A; (V)p is a real multiplet whose lowest component
is given by the auxiliary field D of the vector multiplet V, and U is defined as a general gauge-
invariant real function of the matter multiplets. Therefore, including the standard supergravity

terms, we reach the total superconformal action of our supergravity as

_ - A 1 _ _ _
= —3[S,5,e K(Z"ZD/3 — 2 (S0See K AP ) APRA) (V) )2 ————
L [SoSoe Ip + 4( 0Soe™""7) T (APLA) (APRA) ((V)D) UZ 2%,

+S3W (2] F - Z[ZPLA]F +he. (9.21)

Notice that the numerical factor of the kinetic term for the vector multiplet V is not 1/4 but 3/4.

This different factor is set to yield the canonically normalized kinetic term of the vector field. The
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bosonic lagrangian of the auxiliary field D is then found by

3 F? F? 1 F? F?
= = —D2+——D2+—) ——(—D2+—)(—D2+—)D2
Lo 4( 2 2] 22 2 2
3., 3, D® D*'F* D*F!
= JD =P |-t o ) (9.22)
where F? = F,,F*". This gives the potential in D
3, 3., (D*F* D*'F* DS
VD) =4F=3b +(8ﬂ2 T2 ) ©.23)

Here is a crucial remark. We should be careful about presence of the kinetic term for the
auxiliary field D. Let us look at the composite superconformal multiplet V = ((V)p)?. Its highest
component D contains the second derivative term of the field D with respect to the spacetime
coordinates, i.e. Dqy D —2DO D ~ (9D)? + total derivative. We find that since Lgs = —[R - V]
where R is defined to be the remaining parts except for V = ((V)p)? and a minus sign, the
relaxed supergravity action gives us a kinetic term of the field D with the canonical sign, i.e.
Lrs D —(8D)? in the spacetime-metric convention (-, +, -+ ,+). That is, D is not a ghost but a
physical field. From Eq. (9.23), we see that the canonically normalized field “D” such that D =

D/Mp; has a mass of Planck scale as follows:

2

1

8*V(D) D* m
_ =-3+15—— =-3+15=
oD% |pvai W pvaz

|5

. (9.24)

=

Accordingly, we are able to integrate out the D degree of freedom with the Planck mass in the
first place.
After solving the equation of motion for D, we obtain the following solutions

F4 F?

D =0, D*=U Lt o o (9.25)
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where the first corresponds to the supersymmetric case, while the latter corresponds to the non-
supersymmetric case. Looking at the potential for D in Eq. (9.23), we observe that the point at
D = 0 is unstable, and the vacua is located at D # 0. Therefore, in our model, supersymmetry is
spontanesously broken like the Higgs mechanism.

We point out that since D? > 0, the general function must be non-negative-definite, i.e. ¢ > 0.

Next, integrating out the field D, we obtain the bosonic lagrangian as

1 / F F4 F4 F6
Lp=—F+U+[1+ + 1+ + ) 9.26
b=y 36U2 36U 362 24U (9:26)

Then, expanding Eq. (9.26), we have the following

F* F¢ F8

+ +
24U 24U? 259293

1
Lp= _ZFZ +U + + higher order terms in F?. (9.27)

Notice that the lagrangian produces the correct kinetic term for the vector V, and a new negative

contribution to the scalar potential
Vks = —U, (9.28)
where U > 0. Hence, the total scalar potential can be written in general by
Vit =Vp +Vr — U, (9.29)

where Vp and Vr are the standard D- and F-term potentials. Again, U is a positive generic func-

tion, so that Vgg is a purely negative-definite.
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9.3.2 (CONSTRAINTS ON THE NEW NEGATIVE TERM

In this section, by inspecting the most singular nonrenormalizable lagrangians, we find con-
straints on Y. We use the same analysis already done in our previous study [66, 67]. We identify

the most singular terms by checking four fermions (i.e. ~ (yPLy)(¢Pry)) and derivative terms:

£on {(fu“))‘* (UOPUS (UDE UDU) ‘”“”}ouzlz)

O 7 - T R 7E R 72
onU (U (UDY2YD (U@ Oy @ (d=12) 22+ (dm
LY > { T R T TR TE [0 F2](d=16),

ponk S (K(l))4 (K(l))ZK(Z) (K(Z))Z KMK®) K(4)M2 O(d:lz)
F wMgl 5 ﬂMjl > 7/{ 5 7/{ B 7/[ pl F 5
£lc;n K > { (K(l))4 (K(l))zK(z) (K(Z))Z K(I)K(g) K(4) } [O(d=12)F2] (d=16)
3 6 4 4 2 F )
'LIZMPZ (LIZMPI (LIZMPZ (LIZMPI ﬂszl
1 _
S -4 ~(d=12)
Lgn D aMPl OF s
1 - _
L;):n S 5 (L?Mplél [Olgd 12)F2] (d—16),
1, 4 F¢ F8 9
Lp = _A_LF + U+ YT, + YOI + 559200 + higher order terms in F*.

where K is the Kahler potential; U is the general function; OIE"’:“) only includes fermions, and
F? = F, F". We denote L" UK by the lagrangians of the derivatives of U and K with respect
to the matter fields, while £2" S by those of the derivatives of 5,8y with respect to the conformal
compensator field. We observe that the strongest constraint comes from the D-term lagrangian

F* _ 1< 1
24U U~ A

cut

LpD = Acur ~ UM* = Ms < My, (9.30)

where the last inequality is given by the fact that A,y < Mp,;. This means that relaxed supergrav-
ity has a cutoff exactly at the SUSY breaking scale, and supersymmetry may be broken at high

scale [76] according to the cutoff. Therefore, our model is basically an effective field theory with
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broken SUSY valid up to the low energies below the SUSY breaking scale Ms.

9.3.3 RELAXATION OF SCALAR POTENTIAL BEYOND NO-SCALE SUPERGRAVITY

In the previous section 3.2, we have seen that the total scalar potential in our theory is given

by Eq. (9.29)

Vier(2, 21) = Vp (2!, 21) + Ve (2, 2)) — U (<, 2),

where the potentials are functions of matter fields z”’s, and the new term is moderately con-
strained by Eq. (9.30). To analyze the new potential term, let us begin with a decomposition of

matter multiplets as follows:

Z = (25, 7Y, (9.31)

where Z° is supposed to control the SUSY breaking scale Ms in a hidden sector, while Z' are the

normal matter ones that may belong to an observable sector. Next, we define

U2 = Vi, (2, 2) - > Va2 > o, (9.32)
aiﬁ(

Vp(2,2) = VE(, ) + INACRIENY (9.33)
A#S

where each potential V7, can be either negative or positive definite, and has a different energy
scale such that |V,Z€| > | 2a=1 V|- On the other hand, each D-term potential is positive semi-

definite. Then, the total scalar potential is rewritten as

Vi = Vi + ( D VA +Ve) + Vi, = Vi (9.34)
A#S a
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In order to have a maximally relaxed scalar potential, we may take the following choice
v EVE+( D v+ ve) (9.35)
AzS
which provides us the most general function form of the scalar potential

Viot = Z V(Z,(ZI, 7 < IVf,I, (9.36)
ai,g

and the SUSY breaking scale Mg such that

M§:fL{zV§+(ZV§+VF) V. (9.37)
AzS

Now, we have to explore under which conditions the general scalar potential can be well

established. We may consider the following four suppositions:

. Partitioned gauge symmetries. All Z"’s must be neutral under any gauge group in which

Z? is charged, and vice versa:

GF: 755 258>, 77

G': Z°—> 275 Z'— Zlet¥ (9.38)

where ¥ and Q are chiral multiplets as gauge parameters of the gauge groups G# and G',

respectively.

« SUSY-breaking-scale cutoff dominance. The scale of Vg far exceeds the magnitude of

any combination of the other potentials Vl’;‘, VE, Vior, so that the combination cannot cancel

196



out V'g and this solely controls the SUSY breaking scale Mg, i.e.

V| > )(Z Vi + VF) ~Viot| = Aew = Ms = U ~ [VE|V* % 0. (9.39)

A8

Broken supersymmetry. We must have proper values of z° and z' such that Vg # 0 to

protect broken SUSY all the times.

Decomposition of scalar potential for moduli stabilization. The total scalar potential
must be decomposed into z°-dependent and z*-independent sectors in order to perform
moduli stabilization for the fields z° in the simplest wayj, i.e.

Vior = Vo WP (22, 2°) 4 Vo PN (21, 1), (9.40)

If V(Z{_ depen (z°,2°) = 0, then we can choose any value of z° such that Vg # 0, and z° becomes

massless.

As long as the above conditions are satisfied, we are able to have the maximally relaxed scalar

potential

Vi = 3 VE(LE) = Vit ) e YT Va2 < Vi (D VA V)L (04)
azf a#f,s—depen AzS

v

where the inequality comes from the condition U > 0. In the meantime, the corresponding

constraint is given by

Ay =ME=VE+ (Z Vi + VF) ~Vior § My, == Mg ~ Ve < My, (9.42)
A+S
v},
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where the last inequality is due to the dominance condition in Eq. (9.39). Notice that Vg is para-
metrically free up to the Planck scale M,;, while the total scalar potential is parametrically free
up to the SUSY breaking scale Ms.

Of course, one may wish to utilize the normal structures of the D- and F-term potentials
in supergravity for some reasons. In this case, one can recover them by respecting the above

assumptions in the following way:

Vi(Z) o Vi=A-Vp(z=0)=A- eG(GIGUGJ- — 3)] 50, (9.43)

Vi (z') D Vi) =B-Vp(2° = 0), (9.44)

in which we have put z° = 0 in the usual D- and F-term potentials, and multiplied them by some
arbitrary constants A, B for generality. Thus, we have extra freedom in adjusting the scales of the
D- and F-term potentials.

For example, the simplest toy model of relaxed supergravity can be given by the following. Let
us consider an abelian U;(1) gauge symmetry. Assume that only a single matter field z° is charged
under the Uy (1), say z° — €'%%2°. Then, for a Kahler potential K = =3In[T + T — W] and
a superpotential W (T, z'), a corresponding D-term potential is given by

g _1,, (22 )2

Vi = - —_—, 9.45

and the total scalar potential is given by

Vi = 01212 = p9)*+ D VE(T,2) < VA2 T), (9.46)
N———— a
s-dependent part =~ “~—ou ——
s-independent part

where o, p are some constants, and we have used a potential V/, D o(|z%|? — p?)? for producing

a mass of z° in general. For this potential, we observe that (z°) = p # 0. Of course, it is straight-
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forward for Eq. (9.45) to obey the dominance condition in Eq. (9.39) by choosing a large value of
p. We see that SUSY breaking scale is determined by Eq. (9.45) while we have generic potentials
in Eq. (9.46).

In this section, using a special choice in Eq. (9.35), we have treated a particular mechanism to
derive a general scalar potential. However, there can be other mechanisms. These possibilities

deserve further investigation in the future.

9.3.4 “RELAXED” SUPERGRAVITY VERSUS “LIBERATED” SUPERGRAVITY

Here we compare our relaxed supergraivity (RS) with the liberated supergravity (LS). First,
let us recall the main result of the constraints on the liberated supergravity [66]. The liberated
term U that is added to the supergravity scalar potential as a general function of the matter fields

is severely constrained by

8(4—n) 2(4-n)

M M

(M_S) (Apl) where 0<n<2 forNyu;=1,

U™ < A/fl 8(6-n) ]V‘I:ult 2(6-n) (9.47)
s 4 where 0<n<4 forN,; > 2,
Mpl Acut

where n is the order of the derivative with respect to the matter field, and N, is the number of
matter multiplets involved in a liberated supergravity theory of interest. The constraints corre-
spond to the case when the matter fields are at their vacua. The scalar potential in the liberated

supergravity must obey

M \32 (M, \8
(—S) ( ol ) for Npar = 1,
<

M, A
(—S) ( P ) for Npa: > 2,
Mpl cut

199



On the other hand, in relaxed supergravity, we found that

Vas = ) Vi < VA~ VE~ ME < M. (9.49)
a;t)S(

For instance, when we consider Ag,; = 10_2Mpl, we obtain
Vis < 10‘8M;‘l, Vis < 10‘64M;l for Npa=1 Vis< 10‘96M;l for Npa > 2. (9.50)

Note that Vgs can describe the inflation scale O (H 2M;l) since it is bounded by parametrically free
VngI up to the Planck scale M, while any of V5’s cannot. This shows that relaxed supergravity

excels the liberated one in defining a scalar potential at a desired energy level.

9.3.5 THE FIRST NEGATIVE TERM OF SCALAR POTENTIAL IN GLOBAL

SUPERSYMMETRY

We briefly discuss an intriguing physical implication on our findings in relaxed supergravity.
It is well known that when supergravity is turned off (i.e. M, — o), the scalar potential of
the standard supergravity reduces to that of global SUSY. This is because in the limit we have
M;leG — 0 and M;leG(GIGUG]-) — WIKU_WJ- in the F-term potential Vr where G = MLZ +1In le,z +

- pl
In M% after recovering the Planck mass dimension M,;. In particular, the relaxing term U can
pl
be alive in global SUSY since the bosonic lagrangians in Egs. (9.26) and (9.27) are independent of
Planck mass Mp,. Of course, the general function U changes the total scalar potential in the same

way as follows:

1
Viot = EID“|2+|V\/1|2 -U, (9.51)

—————
standard global SUSY
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where D is the D-term solution with respect to some gauge killing vector fields k%(z), and Wy =
OW /02! is the field derivative of superpotential. The result in Eq. (9.51) is surprising in that it gives
us the first negative contribution to the scalar potential in global supersymmery, allowing us to
have any of Minkowski and (Anti) de Sitter spacetimes. Surely, it has long been regarded that
there is only positive potentials in global SUSY, and thus either Minkowski or de Sitter spacetime
is possible to exist. We expect that this new aspect may alter some known arguments led by the
fact that the global SUSY scalar potential is always semi-positive, i.e. Vio; = %|Da|2 +|FI|? > 0.

We do not explore this here since it is beyond the scope of our purpose in this letter.

94 CONCLUSION AND OUTLOOK

We have presented a relaxing procedure of the scalar potential by requiring four conditions.
The first is that z° (2') is charged but z' (z°) is neutral under a gauge group G5 (G"). The second
is that the scale of Vg governing the SUSY-breaking scale Ms rather exceeds those of the other
potentials VJS‘, Vr, Vior satisfying Eq. (9.39). The third is that values of z° and z' must hold non-
vanishing Vg . The last is that the total scalar potential is decomposed into z°-dependent and
independent sectors to do moduli stabilization for the fields z* in the simplest way:.

Lastly, we discuss outlook on relaxed supergravity. First, one may wish to explain some phe-
nomenologies from particle physics to cosmology in the context of either locally or globally su-
persymmetric theory. We suggest that our proposal can be utilized for constructing both su-
pergravity and globally supersymmetric models of particle and cosmological phenomenologies.
This is based on the fact that our supergravity predicts a general scalar potential up to the Planck
energy M, and the relaxing term can emerge in both theories in a consistent fashion. Second,
we remark that the string realization of the superconformal action of the relaxing term deserves
future investigation like the work of Ref. [77]. Third, it would be worth studying to explore if

other relaxing mechanisms can possibly exist in different setups beyond this work. Fourth, since

201



our model has a cutoff A.,; equal to the SUSY breaking scale Mg, one may study improved ver-
sions of relaxed supergravity which has a sufficiently large hierarchy between cutoff and SUSY
breaking scale in order to recover the naturalness in the future. The last is that one may explore

physical implications which are deduced by the first negative scalar potential in global SUSY.
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10 INFLATIONARY MODEL 1: A MINIMAL
MODEL OF SINGLE-FIELD AND
SLOW-ROLL INFLATION IN LIBERATED

N = 1 SUPERGRAVITY

This chapter is based on the author’s original work in Ref. [66].

In Ch. 8, we have argued that liberated N' = 1 supergravity can be an effective field theory
for describing the inflationary dynamics while at the same time satisfying all the constraints if
a transition that changes the supersymmetry breaking scale at the end of inflation is allowed.
Note that due to the no-scale structure, the scalar potential is given only by an eventual D-term
supersymmetric potential Vp and the “liberated” term U. In this chapter, we present an explicit
minimal model of single-field, slow-roll inflation in liberated N' = 1 supergravity which obeys
the inequality H << Agyr = My = 1.

To begin with, let us consider a chiral multiplet T with Kihler potential K(T,T) = =3 In[T+T]

and a constant superpotential W;. Then, the supergravity G-function [68] is given by

G=K+In|W|?=-3In[T+T]+1InW, +1nW,. (10.1)
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It automatically produces a no-scale structure in which the F-term potential vanishes identically:
VF=0.
Next, let us find the canonically normalized degrees of freedom of the theory. From the kinetic

term corresponding to the G function (10.1), we read

3 _
L = — aToT
K (T +T)2

& (dReT)? + 5
= €
4(ReT)? 4(ReT)?

= (00 + eV ag? (102)

(oImT)?

where we have used the following field redefinition

s

1
T =ReT + iImT = ~eV2/3X 4+
2 V6

(10.3)

Note that the Z, symmetry y — —y is already explicitly broken by the kinetic Lagrangian,
while the symmetry ¢ — —¢ is unbroken. However, even the latter symmetry will be broken by
the inflationary potential. The field y is always canonically normalized while ¢ has a canonical
kinetic term only at y = 0.

The composite F-term is given by F = eGGTGTTGT after solving the equation of motion
for the auxiliary fields F!. For our G function we obtain an exponentially decreasing function
F = 3\W|?/(T +T)3 = 3|W0|Ze_3‘/2/_3)( . This is what we want to get a viable supersymmetry
breaking mechanism. The reason is that we look for a supersymmetry breaking scale during
inflation Mg ~ M, = 1, while the final scale should be parametrically lower than the Planck scale
—for instance Mg = 10"""M,,;. To achieve this large difference of scales, the vacuum expectation
value of the field y should change during the phase transition. On the other hand, the cutoff scale
of our model can remain O(M,;) both before and after the phase transition.

We will achieve this with a potential that changes from (¢ # 0, y = 0) during inflation to
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x # 0,¢ = 0 after inflation. We will also choose ¢ as the inflaton field and y as the field that
controls the supersymmetry breaking scale.

A function U producing a correct inflationary dynamics is
1
U=a(l- e_\/z/_3¢)2(1 + 50)(2), (10.4)

where a, f, y, o are arbitrary positive constants. This is a key result in this section.
Next, we assume that the mass m, of y is greater than the Hubble scale H during inflation;
this is necessary to describe a single-field slow-roll inflation governed only by the inflaton field

2 = wo > H?. Since a ~ H?> ~ 1071, the condition

¢. Hence, we impose that during inflation my,

reduces to o > 1.

We must also analyze the vacuum structure of the potential. First of all, we explore the minima
with respect to y. By computing % = 0 and defining Viy¢ = a(1 - e_‘/%‘ﬁ)2 we find that during
inflation (where ¢ # 0) the equation of motion for y is given by o yViys = 0 so it gives a unique
minimum at y = 0. On the other hand after inflation we have ¢ = 0 and Vi,¢ = 0, so the equation of
motion gives a flat potential in y. The final position of the field y is then determined either by the
initial conditions on y or by small corrections to the either the liberated supergravity potential
U or to V. Here we content ourselves with pointing out that the simple potential (10.4) already
achieves the goal of making the final supersymmetry breaking scale different from Mg.

Before studying supersymmetry breaking we notice that a deformation of the scalar potential

such as U was obtained using an off-shell linear realization of supersymmetry in [70]. Therefore,

for the new term to be consistent, supersymmetry must be broken as usual by some nonvanishing
auxiliary field belonging to the standard chiral multiplets and moreover the Kéhler metric of the
scalar manifold must be positive [70]. So, in spite of the presence of the new term U, the analysis
of supersymmetry breaking is completely standard. Since the supersymmetry breaking scale

Ms comes from the positive potential part V., as shown in the Goldstino SUSY transformation
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0P = %V+PL6 that is constructed with the fermion shifts with respect to the auxiliary scalar

contributions [8], we have

- 3|W: 2
Vi = €61 GGy = <L 5y pesVePr

(T+T)3
(10.5)

During inflation we demand that the initial supersymmetry breaking scale is M, so we iden-
iy2
tify W, = \/5_ and therefore V, = (M:})*e™3V2/3X_ Because y = 0 during inflation we indeed
3

have Vi | o420 = (ML)* = 1> H* = 0(10—10M;l).

On the other hand, we want to get a much smaller SUSY breaking scale Mg ~ 10> M, around
the true vacuum at the end of inflation. Thus, at the true vacuum (i.e. y = C and ¢ = 0) where
U =0, we get Vi|,—cg-0 (M;)Z*e_:“/z/_g’C = (Mg)“. From this, we find where the location of the

true vacuum in the y direction should be (recall that y is a flat direction after inflation)

8 M
C= \/jln —, (10.6)
3 Mg

where Mg is a free parameter, which we set to be approximately 10~!° in Planck units.

The proposed potential U vanishes after inflation hence it already trivially satisfies the con-
straints (9.48). So all we need to do is to check that it also satisfies (7.202). Using ¥ = e~> 213x
which gives M = M, = 1 during inflation (y = 0), we first have U ™|,y < e-3m\2I3x O(1)]y=0 =
O(1). Using Eq. (10.3), we find or = Vg(—i8¢ + e—\/%fax) and 97 = x/E(ia¢ + e_‘/%)fax). Note
that U™ | y=0 = 8?8%7/(@, T)|,=0 where n = k + I. In particular, since the functional dependence
on y does not produce any singularity at y = 0, it is sufficient to check that 8;71 < 0(1).
Thus, because the dependence on ¢ is solely given by the Starobinsky inflationary potential, i.e.
V~a(l- e"/2/_3¢), we will get that its derivatives are always less than the coefficient «, thanks

to the decreasing exponential factor e~ V#/3¢. This implies that the constraint is automatically
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satisfied since & ~ 1071 < O(1). So, all consistency conditions can be satisfied by a liberated

supergravity potential.
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11 INFLATIONARY MODEL 2: INFLATION,
GRAVITY-MEDIATED SUPERSYMMETRY
BREAKING, AND DE SITTER VACUA IN
SUPERGRAVITY WITH A
KAHLER-INVARIANT FAYET-ILIOPOULOS

TERM

This chapter is based on the author’s original work in Ref. [60].

11.1 INTRODUCTION

It is rather challenging to describe inflation, supersymmetry (SUSY) breaking, and de Sitter
(dS) vacua in simple supergravity models and even more so in string theory. In string theory, the
Kachru-Kallosh-Linde-Trivedi (KKLT) model [19] is a prototype that can give de Sitter (dS) vacua,

under certain assumptions about moduli stabilization. The effective field theory description of the
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KKLT model is a supergravity with a no-scale Kahler potential for its volume modulus and with
a superpotential that differs from its constant no-scale form because of two non-perturbative
corrections'. The superpotential produces a supersymmetric Anti-de-Sitter (AdS) vacuum. In
ref. [19], a mechanism was proposed for generating dS vacua through the addition of anti-D3
brane contributions to the superpotential, that uplifts the AdS vacuum to dS. While the additional
correction by anti-D3 branes creates dS vacua, it also deforms the shape of the scalar potential
creating a “bump” which gives rise to a moduli stabilization problem [19]. As an attempt to im-
prove on KKLT, Kachru, Kallosh, Linde, Maldacena, McAllister and Trivedi (KKLMMT) proposed
a model that modifies KKLT by introducing a contribution arising from the anti-D3 tension in a
highly warped compactifications [20].

Both models, KKLT and the KKLMMT, contain anti-D3 branes, whose known effective field
theory description uses nonlinear realizations of supersymmetry. The presence of nonlinearly
realized supersymmetry means that if supersymmetry is restored at energies below the string
scale, Miring, then the known description of KKLT cannot accurately describe the whole energy
range E < Msmngz. On the other hand, nothing in principle forbids the existence of some ef-
fective field theory description even in that energy range, but such description must employ a
linear realization of supersymmetry, which would necessarily employ only whole multiplets. A
natural question to ask from an effective field theory point of view is whether such a description
is possible. Said differently: does a supergravity with the same Kéhler potential and superpoten-
tial as KKLT exists, that breaks supersymmetry, gives rise to an inflationary potential and a dS
post-inflationary vacuum, and is valid even at energy scales where supersymmetry is restored?
We answer affirmatively to this question by adding to the KKLT effective theory a new Fayet-
Iliopoulos (FI) term, in the form proposed by Antoniadis, Chatrabhuti, Isono and Knoops [54].

We will show that this FI term also generates irrelevant operators that introduce a cutoff scale for

The corrections come from either Euclidean D3 branes in type IIB compactifications or from gaugino conden-
sation due to D7 branes.
2We assume Mstring < Mpy, with My, the Planck scale.
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the effective theory. We will also show that differently from nonlinear realizations, this cutoff can
be made larger than the supersymmetry breaking scale —and in fact even larger than the Planck
scale.

Our construction begins with the observation that, in the absence of anti-D3 branes, the su-
pergravity scalar potential of the KKLT model has a supersymmetric AdS vacuum and it becomes
flat for large values of the volume modulus field. The flat direction could be used for construct-
ing a viable model of inflation without eta problem, if the scalar potential minimum V; could be
simply translated upward by a constant, V; — V; + constant. This could happen if a constant
positive FI term existed. This term was long thought to be forbidden in supergravity, since the
only possible FI terms were thought to arise from gauging the R-symmetry [61-63], require an
R-invariant superpotential [64] and be subject to quantization conditions when the gauged R-
symmetry is compact [65]. On the other hand, recently FI terms not associated with R-symmetry
were proposed, starting with ref. [55]. We use here the Kahler-invariant FI term proposed in [54]
and we call it “ACIK-FI” to distinguish it from many other new FI terms suggested in the liter-
ature (for instance in [55-57, 59]). To find an approximately flat potential for inflation and a dS
post-inflationary vacuum, we add an ACKI-FI term to the N' = 1 supergravity describing the
KKLT model without anti-D3 branes. We must remark that a field-dependent generalization of
the new Kahler-invariant FI term has been introduced recently in ref. [58], which also studies the
cosmological consequences of such a term.

In our model supersymmetry is spontaneously broken in a hidden sector at a very high but
still sub-Planckian scale My, > Ms > 107'°M,;. We employ gravity mediation (see e.g. the
review [78]) to communicate the SUSY breaking to the observable sector, where supersymmetry
breaking manifests itself through the existence of explicit soft SUSY breaking terms, characterized
by an energy scale Mypservapie < Ms. The reason for a high M; is that Ms controls the magnitude
of non-renormalizable fermionic terms that determine the cutoff of the effective theory. This is a

feature that the ACIK-FI term shares with liberated supergravity (see e.g. [66, 71]).
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The purpose of our work is to find an effective field theory of inflation, de-Sitter moduli
stabilization, and supersymmetry breaking as a cosmological application to the effective theory of
KKLT of the ACIK-FI term proposed in [54]. The string theory origin of one particular type of the
new FI terms has recently been investigated through a supersymmetric Born-Infeld action [79],
so it would be of clear interest to study a possible string-theoretical origin of the ACIK-FI term.

This work is organized as follows. In Sec. 11.2 we show how to add an ACIK-FI term to
the N = 1 supergravity effective theory of the KKLT model. Next we add matter, which we
divide into a hidden sector and an observable sector. Supersymmetry is broken in the hidden
sector and the SUSY breaking is communicated to the observable sector via gravity mediation.
In Secs. 11.3 and 11.4 we probe the hidden-sector dynamics of our model. In Sec. 11.3, we
construct a minimal supergravity model of plateau-potential inflation —sometimes called in the
literature “Starobinsky” or “Higgs” inflation— with high scale SUSY breaking and dS vacua, using
the results from Sec. 11.2. In Sec. 11.4, we explore the gravitino mass, which is very high, being
well above the EeV-scale. We also study possible constraints on the ACIK-FI term by investigating
the nonrenormalizable fermionic terms in the Lagrangian based on Ch. 8.2. In Sec. 11.5 we study
the observable-sector dynamics of our model by computing its soft SUSY breaking terms. A few

final observations are collected in Sec. ??.

11.2 ADDING A KAHLER-INVARIANT FAYET-ILIOPOULOUS TERM TO
KKLT-TYPE N = 1 SUPERGRAVITY

In this section, we propose an N' = 1 supergravity model that can describe the low energy
effective field theory of inflation and moduli stabilization in KKLT-type backgrounds [19]. To do
so, we first add an ACIK-FI term to an N = 1 supergravity that is compatible with the KKLT
model.

In general, an ACIK-FI term can be introduced into an N = 1 supergravity without requiring
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a gauged R-symmetry [54, 58]. In our proposal, we will introduce instead only an ordinary U(1)
symmetry (under which the superpotential is invariant) which will be gauged by a vector multi-
plet V. Inflation will come from the same potential as in the KKLT scenario. KKLT [19] argues

that in string theory some moduli can develop a non-perturbative superpotential of the form

W =W, +Ae ™, (11.1)

where T is a “volume” modulus field, which is a chiral superfield, and Wj, A are constants. For our
construction it is sufficient to compute the component action of N' = 1 supergravity characterized
by the superpotential (11.1) and by an ACIK-FI term. Notice that Antoniadis and Rondeau have
recently studied cosmological applications of generalized ACIK-FI terms by considering no-scale
models with a constant superpotential W = W, [58]. Differently from that model, ours uses the
KKLT-type superpotential (11.1).

The key assumption that we will use is that both the volume modulus T and the other matter
fields that may exist in the superpotential are gauge-invariant under the U(1) that is used to
introduce the ACIK-FI term. In this paper, we use superconformal tensor calculus [68] to calculate
the action.

The goal of this work is to find a modestly realistic minimal supergravity model of inflation
with realistic moduli stabilization and supersymmetry breaking pattern. The study of irrelevant
operators generated by the ACIK-FI term will show that a low energy supersymmetry breaking is
incompatible with demanding that the cutoff for the effective field theory is higher than the Hub-
ble constant during inflation. So, we take an alternative approach and break supersymmetry at a
high scale in the hidden sector (as in e.g. [80] ) while keeping some of the scales of supersymmetry
breaking interactions in the observable sector low [81].

To do so, we first decompose matter into a hidden sector and an observable sector. We will
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discuss them separately in Sections 3, 4 and 5. So we separate the field coordinates y* into
yt = (1,7) = ({T.2'}", {z'}°), (11.2)

where I = (I, i) and {T, z’}" are hidden-sector fields, while {z'}° are the observable-sector ones.
In addition to this, we write a generic superpotential W as a sum of a hidden-sector term W" and

observable-sector term W°:
W(y?) = WH(T, 2) + wo(Z). (11.3)

We further assume that the hidden-sector superpotential carries a high energy scale compared
to the observable-sector one. This implies that we decompose the F-term scalar potential into
two different parts: a hidden sector F-term potential characterized by a high energy scale and
observable-sector F-term potential containing only low scale SUSY-breaking soft terms.

Next, to introduce an ACIK-FI term into our theory we suppose that the volume modulus
multiplet T and all observable-sector chiral matter multiplets Z' are neutral under an ordinary
(non-R) U(1) gauge symmetry, while the hidden-sector chiral matter multiplets 2z’ are charged,

i.e. they transform as
Z'» 7, T—T, z'—-euz (11.4)

Here g; denote the U(1) gauge charges of the hidden-sector chiral multiplets Z' and Q is the
chiral multiplet containing in its lowest component the ordinary gauge parameter. We make these
choices because we will introduce both a new FI term generated by a gauge vector multiplet and
a KKLT superpotential, which depends on the volume modulus T and must be gauge invariant

under all gauge symmetries.
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The superconformal action of the ACIK-FI term [54, 58] is defined by

- _k(ze” 2)r—3 (Wa(VYWE(V)) (W (V)WE(V))
Lnpwrr = £ | (SoSoe K27 2))73 T(w?)T(w?) V)b o (11.5)

and the corresponding superconformal action of N' = 1 supergravity with superpotential (11.1)

and the new the FI term is

L = —3[SSee KZ D3 ) 4 [SSW(Z, Z) |5 + — [Wa (V)W (V)]F +c.c.

1
292
—K(Zqu,Z))—S ((Wa(V)(Wa(V))((Wa(V)(Wa(V)) (V)D ) (11.6)

| (Sodee T (w?) ;

In Eqs. (12.8,12.1) Sy is the conformal compensator with Weyl/chiral weights (1,1); ZA =(T,Z5, 7Y
and V are chiral matter and vector multiplets with weights (0,0); K(Ze?", Z) is a Kahler potential

gauged by a vector multiplet V; W(Z,Z’) is a superpotential; ‘W, (V) is the field strength of

W (V)W (V)

(SoSoe K(2.2))2 and

the vector multiplet V; ¢ is the constant coefficient of ACIK-FI term; w? =

Wa(V)WE(V)
(SoSoe~K(2:2))2

2 are composite multiplets, T(X), T(X) are chiral projectors, and (V)p is a real

w
multiplet, whose lowest component is the auxiliary field D of the vector multiplet V.
Next, we write the following Kéhler potential, invariant under the same U(1) that generates

the ACIK-FI term

K(Z%%, 7%) = —3In[T + T - ®(Z'e?, 71, 7', Z1) /3], (11.7)

where @ is a real function of the matter multiplets Z, Z' and the two terms in the superpotential

W = W" + W° are the hidden-sector term

WHT) = W, + Ae™T (11.8)
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and the observable-sector superpotential
WO(Z') = By + S;Z' + My Z' 20 + Yy 227 28 + - - - (11.9)

where By, S;, M;j, Y; i are constant coefficients. We will choose ® to be sum of a term containing

only hidden-sector fields and one containing only those of the observable sector
@ = "7V, ZT) + 0°(Z, 7). (11.10)

The supergravity G-function corresponding to our model is then

o(<, 2)

GWA Y =KW ) +n|W(yh) > = -3In[T+T - ] +1In|WH(T, ") + W (z)|t11.11)

The F-term supergravity scalar potential is given by the formula Vy = eG(GAGABGB —3), which

in our case reads

1 : L
Ve = = [(Wh+ WOW + (W + W) W]
1wy +1|W75‘|2
3 X2 9 X?
L1 hia alivirh i T urhal]

+33z W7 (@0 TWF + 2 0YW?) + Wi (W' eV @ + WP e;)]

(0,07 + ;5]

1 z Lo
+ﬁ[wﬁq>ffwjﬁ + WO WY, (11.12)

When matter scalars are charged under a gauge group there exists also a D-term contribution

to the scalar potential, Vp. In our model, we find it to be

N quIQDI + qIZI_@I-)Z

e (11.13)

1 7 2 1
Vb = 592(5 + ZI:(CIIZIGI + quIGI-)) = 592(5
where X = T+T-®/3, g is the gauge coupling constant and ¢ is the ACIK-FI constant. Remember
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that only hidden-sector chiral matter multiplets are charged under the U(1). The scalar potential
is the sum of two terms. One, V}, contains the D-term contribution and the F-term potential of the
hidden sector, depends on the high mass scale Ms and is O(H 2M;l) during inflation; the other,

Vsof+ contains the observable sector scalars and depends only on low mass scales:
V=V + Viorr, (11.14)

where

WhWh + W,hWh |Wh|2 1 i
— T T T 1
Vi = Vp - + L (x+ capela))
f D e e S0
L1 he ~1fvirh | vrhurhal] 1 i
+§F[WT®I®]WJ‘ + Wy w eV o] +QWI<P]WJ—, (11.15)
1 L w2 .
Vioft = —ﬁ[WOWTh + WOWY}}] + = <7 q)l.q)qu)j
11 h T - h i7 1 I
352 (Wr @@ Wy + WrW/@Y05] + - 5 WO Wy (11.16)

11.3 HiIbpDEN SECTOR DYNAMICS 1: A MINIMAL SUPERGRAVITY
MODEL OF INFLATION, HIGH-SCALE SUPERSYMMETRY
BREAKING, AND DE SITTER VACUA

In this section, we explore a minimal supergravity model of high-scale supersymmetry break-
ing and plateau-potential inflation through gravity mediation and no-scale Kahler potential. We
investigate first the hidden sector dynamics. We have assumed that the hidden-sector potential
depends on a high energy scale and dominates over the observable-sector one. Hence, it is rea-

sonable to minimize the hidden-sector potential first. Let us compute now the F-term potential
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in the hidden sector. Recalling that the KKLT superpotential is

WHT) = Wy + Ae™T, (11.17)
and redefining Wy = —cA, we rewrite it as
Wh(T) = A(e™™ - o), (11.18)

where a, c, A are positive constants. Note that Wlh =oW"/azl = 0.

Since we defined X = T + T — ®/3, the KKLT superpotential gives

le:l — _aAe—aT’ |WTh|2 — aZAZe—a(T+T) — aZAZe—a(X+(I>/3)’ (1119)

WiWh + WT-hWh —aA%e T (e —¢) — gA%e T (e7T - ¢)

—2aA%e~o(T+D) 4 aA%c(e™ + e_“T)

_zaAZe—a(X+<D/3) + aA2C(e—a(ReT+iImT) + e—a(ReT—iImT))

—2aA%e™X*/3) 1 92qA%ce™ReT cos(almT)

= —2aA%eXH3) 4 240A2e*XH /2 (o5 (aImT) (11.20)
|Wh|2 — A2|e—aT _ C|2 :AZ(e—aT _ C)(e—aT —¢) :AZ(e—a(T+T) _ C(e—aT + e—aT) +C2)
= A%(e XA _ 9pemaX+ /)2 oos(aImT) + ¢?). (11.21)

Here we have used the following transformation from the complex coordinate T to two real
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coordinates X, ImT:
. 1 oy
T =ReT +ilmT = E(X + g) + iImT, (11.22)

which gives e™1 = e~ 8(X*3)e=aimT Remember that X = T+ T — d/3.

Then, since WIh = 0, the corresponding hidden-sector F-term scalar potential is given by

WEWh + WEWR k2

vh o= _ + (X + 1<I>ICI>U_CI>—)
F X2 3X2 3 J
_ _)%( — 2qA2e¢XHR[3) 4 5. 42,—a(X+D/3)/2 cos(aImT))
1 1 _
toa (X + E@chU @ ]—)azAze—““”’/ 3, (11.23)

Since we assume that the D-term potential belongs to the hidden sector, the hidden-sector

total scalar potential can be written as

Vi, = W+ V!
1 1o + grzld\2 1
_ —92(§ p I AE I) — —| — 20427 4 20cA%em 9D/ o5 (aImT)
2 X X
1 1.
+—(X + -0V D ]—)azAze‘a(X+‘I’/ 3, (11.24)
3X2 3

We define the SUSY breaking scale Ms in terms of the scalar potential V}, and the gravitino mass

msjp as
3
Vi=Mg=Vy+ 3m§/2 =Vh+ FAZ(E_‘Z(XWB) — 2ce X+ D/2 o5(aImT) + ¢%).  (11.25)

To investigate the moduli stabilization, we identify the canonically normalized fields by in-
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spection of the kinetic terms, which are given by

if S
Lx = ngDszDVz] +mgwa,,xavx
3 ~ ~
+ngv[8”ImT — (ImD,z'®;/3)][8,ImT — (ImD,z'®;/3)], (11.26)

where D, = 9, —iq;A, is the U(1) gauge covariant derivative for the matter multiplets 2= (2!, 2%
with gauge charge g; = (g7 # 0,¢; = 0), and A,, is the corresponding gauge field.

After performing another field redefinition X = e‘/z/_3¢, we find

_[273 71
Ly = e 2/3¢gvayle"z]+Egyvaygbavgb

+3¢ V2% [, ImT — (ImD,2'®;/3)] [3,ImT — (ImD,2'®;/3)].  (11.27)

Notice that ¢ is canonically normalized, while the other fields z/, ImT are so only when ¢ is small.

Now, let us investigate the scalar potential vacuum. First of all, we find the minimum with

respect to the matter scalars 2

v

=0 = @;=0. (11.28)
oz!

If we choose a real function such that ®; = 0 implies ® = 0 together with 2l = 0 then at this
vacuum the scalar potential becomes °

1 1 1
Vi = =g’ — —| -2aA% X + 2acA%e™ /% cos(almT) | + —a®A% ™%X, (11.29)
2 X? 3X

Next, we consider the vacuum with respect to the ImT field. We find the vacuum at almT = n,

3The observable-sector superpotential W can shift the VEVs of the scalars in the observable sector z/, but since
those VEVs must be in any case small compared to H and M,,; we can approximately set z' = 0. Moreover, in our toy
example in Section 5 we will choose a superpotential that indeedgives a minimum at z' = 0.
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where n is an even integer, leading to cos(almT) = 1* and

2aA* -aX 2acA® _x/ .
X2 X? 3X

2 A2
a‘A
——e %X, (11.30)

1
Vh = 592§2 +

Next, let us find the vacuum with respect to the ¢ field. Recalling that X = e\/z/_S‘f’, calling

(¢) the vacuum expectation value of ¢ and setting ¢ = (¢p) = \/g In(X) = \/g In x, where
X = (X) = x, we have

Vi, V| ax oV
9 ls=tp) X lx=x 99 ls=9) X Ix=x
which gives
a_Vh — _4aA2 e _ 2a° A? e 4 4L’Aze—ax/Z + @e—ax/Z _ a’A? ax _ a’A? e~ =
X |y x3 x? x3 x? 3x? 3x
(11.32)

At first glance, this equation seems a little complicated, but after a short calculation, we can obtain

the following simple relation

V;
Zh 20 = c= (1 + a—x)e‘“x/z. (11.33)
X |y 3
Inserting the value of ¢ into V3, we obtain the following equation
1 2aA? 2aA? ax a’A?
Vi, = —g*8 4+ —e X - ( —)e_"x/ze_ax/2 +——e X 11.34
O AT X2 3 3X (11.34)

where X = e\/z/_3¢.

*When cos(almT) = 1, the second derivative of the potential can be positive, which means that the stationary
point is a minimum.
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Then, the vacuum energy at X = x is given by

1
Vh'X:x = 925{2 -

aZAZe—ax
2

3x

A (11.35)

where A is defined to be the post-inflationary cosmological constant, and the SUSY breaking scale

is given by
3 2/ —aX —aX/2 2
+X=x = hlX=x T 3 -
Vil Vil +X3A (e 2ce +c)
X=x
3 3A% a’x%e™ %
= A+ FAZ(C_GX/Z — 0)2 =A+ ?T
2 A2 ,—ax
a“A‘e 1
= A+ — " 59252 = M;, (11.36)

where Mj is by definition the SUSY breaking scale. We can set A to any value we wish, in partic-
ular we can choose it to be A ~ 107120,

Here, we point out that the term %gzgz governs the magnitude of the total scalar potential,
and simultaneously controls the scale of spontaneously supersymmetry breaking. Hence, if we
want that the scalar potential describes inflation, we need to impose

M = %ngz = H2M?) = M}, (11.37)

where H is the Hubble parameter, and M is defined to be the mass scale of inflation.

We then identify

3xM4—A€ax 3xM4—A
A (M} = A) , %:_CA:_(1+E) M (11.38)
a2 3 a?

Substituting the above parameters A, Wy, M; into the hidden-sector potential, we can obtain a
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plateau inflation potential

Vi = M — (M! - A)x[# (1 _eaX=0/2 %) - @] (11.39)
where X = ¢V2/3 and ¢ is defined to be the inflaton. Notice that the inflaton mass after inflation
is of order of the Hubble scale, i.e. m;‘,; ~ H? = 10_1°M;l.

We note that the hidden-sector scalar potential V;, has a plateau, so it is of HI type (in the
notations of ref. [53]). Furthermore, it depends only on four parameters, which are: the vacuum
expectation value of X (i.e. x = (X)); the KKLT parameter a in the superpotential, which will be
determined according to the type of the nonperturbative correction we choose’; the inflation scale
M, and the post-inflationary cosmological constant A. At X = x, the potential indeed reduces to
the post-inflationary cosmological constant. As an additional remark, we observe that for fixed
x, Mj, A inflation ends earlier when a is smaller. When the nonperturbative corrections to the
KKLT superportential come from gaugino condensation [19], a smaller parameter a corresponds

to more D7 branes being stacked.

11.4 HipDEN SECTOR DYNAMICS 2: SUPER-EEV GRAVITINO MASS

In this section, we investigate some physical implications that can be obtained from our model.

The SUSY breaking scale is identified with Mg ~ H ZM;l' We find the gravitino mass after inflation,

SFor example, if we consider a nonperturbative correction due to gaugino condensation, then we find a = ?\[—” for
a non-abelian gauge group SU(N,) where N, is interpreted as the number of coincident D7 branes being stacked
[19].

222



which is generated by the high-scale SUSY breaking in the hidden sector. It is given by

g/z _ o |Wh|? _ A_Z(e_a(x+q>/3) _ ppe-alX+[3)/2
X3 X3
3x(M} — A)e™

= 3 (™% — 20”2 4 ¢?)
a’x

cos(almT) + ¢?)
21=0,almT=0,X=x

3x(M;1 2\

— (C _ e—ax/2)2
a“x

(M} = A) H
= IT = my)y G 10°M,,; ~ 10" GeV = 10° EeV, (11.40)
3

which is compatible with the case of EeV-scale gravitino cold dark matter candidates. This is
not surprising because we are considering the same high-scale supersymmetry breaking scale
as in [82-85], where that scenario was proposed. The possibility of direct detection for such
heavy dark matter candidates has recently been studied in ref. [86]. Notice that in our model the

gravitino mass is always O (H), irrespective of the ultraviolet cutoff.

11.5 OBSERVABLE SECTOR DYNAMICS: LOW SCALE SOFT
SUPERSYMMETRY BREAKING INTERACTIONS

In this section we investigate the mass scales of the soft supersymmetry-breaking interac-
tions in the observable sector. We need to find under which conditions our model could be phe-
nomenologically realistic. A full investigation of the detailed structure of the soft interactions in
the observable sector requires a study that goes beyond the scope of this work, so here we will
limit ourselves to general remarks and a coarse-grained analysis of necessary conditions for the
viability of our model. We focus our analysis on the soft masses.

Restoring the mass dimension (so that the T, z' have canonical mass dimension 1), the soft-
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term potential becomes

h 2
1 _ 1 [wrl
Vot = ~353 [WOW] + WOW/] + @@l]@
pl pl
1 . _
T [th>-c1>lfwj°+wglvqu>”q>j] sz"qﬂw" (11.41)
pl

This formula is obtained by taking the following low-energy limit: F", M, — oo (where F " are
the hidden-sector auxiliary F-term fields) while ms/,=constant [78]. Elegant examples of gravity
mediation and soft SUSY breaking are simply explained in e.g. [8].

In addition, the hidden-sector superpotential can be written as

3x(M} — A)e®
wh = A(e™ M1 —¢) :Mp,\/ S > S T (1 4 ax3)e )
a

3x(M} — A)e®  _ 2 .
— Mpl\/ Ia2 (e a(X+<I>/3Mp,)/26—zaImT/Mpl _ (1 + ax/3)e—ax/2), (11‘42)

- ~4(X+D/3M2) _g
where we have used e=T = ¢~ 2 X*®/3M) —aillmT/My;

Then, using

1 _ 2 . _
W]}‘! — —— 4Ae a(X+(D/3Mp1)/Ze—laImT/Mpl, |ijl|2 2A2 a(X+<I>/3M )’ (11‘43)
pl pl

we obtain

aAe_a(X+q>/3M;z;l)/2 ) - 1 a%A%e a(X+CI>/3MIZ,l) .
Veoft = Ye [WOelaImT/Mpl + W zaImT/Mpl] 5 M4 = ‘Di‘b”@j
pl

—a(X+<I>/3M;l) /2

1 aAe
3 M? X2
pl

[e—iaImT/Mpl(I)'(DijW_o + eiaImT/MPlWO(I)i]T(I)T] + LWO(DUTW_O
! J ! J X2 ! J°

(11.44)

At the true vacuum we have almT /M, = nx, X = x, zl = 0 where n is an even integer, so the
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soft terms become

alAe=/? _ 1a?A%e™ ™ -
T2 9 [WO + WO] + EW(DICDUCDJ_

pl plx
L . 1 o
———[@@”V\/JP + V\/l."q>”<1>j] + ;V\/[’@’JW]P. (11.45)

3 M?x?
pl

3x(M;1—A)e“"
Py

From A = My ~ \/éxl/ze“x/zMIszl, we find aAe™*/? = V3x/2M2M,,,. Inserting this

expression into the soft-terms potential, we get

V3x2MZ M, 1 (VExMEMEM,)?E
Vsoft MZ—XZ[WO+WO] + - M2 CD,-CD”CD}
pl pl
1V3x2M2My, 1 .
o [BTWO + WPRT D] + WD WY (11.46)
3 Mplx x
The soft-terms potential thus reduces to
\Bx3I2 )2 i 4
soft = M ! [Wo + Wo] + - 21 (DZ(I)U(I)JT
pl pl
1 x73/2 B - 1 o
e —— .PYWO 0P P - — weodiiwe
i My [2: 0V Wy + WP DT P + 5 Wi WS. (11.47)

Next, let us consider a general expansion of the observable-sector superpotential W°

. we . . . . .
we(z") = Z l—';'kzl o ZF =By + 82" + M;jz'2) + Yijkz’zfzk +oen (11.48)
 n!
where W? , = 9"W°(2)/oz' - -- dz* and By, S;, M;}, Y; i are constant parameters determining masses
and interactions.
We won’t perform a full analysis of all possible ranges of values for By, S;, M;; and Y;j; instead,

we will simplify out analysis by setting S; = 0, so that the vacuum of the observable sector is at

z! = 0, assume that for all i, j, k all M; j and Y;ji are of the same order, and set By = 0. The soft terms

225



in the scalar potential are then generated only by following terms in the expansion of W° [81].

W(Z') = Mijzizj + Yijkzizjzk,

where the M;; have mass dimension one and the Y;j; are dimensionless.

(11.49)

This choice also implies that such superpotential does not significantly change the cosmo-

logical constant because all the minima of the z’ are located at zero. We will choose the U(1)

gauge-invariant Kahler function of matter fields as follows
q) = 5]]_212‘]_ + (Sl'jzizj,

where the first (second) term corresponds to hidden (observable) sector.
With our simplifying assumptions we obtain
24/3 x 32 M2 fo_l -

1 i j i ik
—— | (M;;2' 2 + V.22 2% + cc. | +
3 Mpl ( ij ijk ) M

Vsoft

+x 2 [Myjz! + Yzl 28187 [M2 + Vip2'2F].

We also find the magnitude of the corresponding soft parameters from Eq. (11.51) as

23 M2 2V3 M} 1My
. M_le 3/2|Mij| = mfl’ TM_IIX 3/2|Y1]k| = Mo, gM—éx 1= m§3,
’ P pl
9 9 9 z_z_mss -2 _
IMij1"x" = mgy, [Yipel"x™" = M, | Mij[[Yijklx™ = mge.
P

(11.50)

(11.51)

(11.52)

We observe that during inflation (for large X or ¢) all the soft mass parameters are very small.
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Also, the above result give us the following relations

4 4 2 2 2 4
__ M B |M._|_1MI M1 _ 1M _ﬁﬁ 32y, |_l&@
YTSmEME T 3mE N oM md. 6 mb. 2 H UKL S ME m3
37 pl s3 pl "7s3 s3 pl "7s3
2 2 2
1m 1(m 1 (m
Msq = — 31, Mmgs = — 2 My, mge = — > M. (11.53)
4m33 4 Mmgs 4 Mmgs

We note that only my;, ms, mg3 are free parameters. However, when we examine the kinetic term
in Eq. (11.27) we observe that at x = 1 the kinetic terms of the matter multiplets are canonically

normalized. The condition x = 1 then gives mg = £ = 10_6MP1 ~ ms,. So in this case, the free

V3

parameters reduce to m; and m; only. Notice that in the regime ms; ~ ms/,, the parameter mg;
determines the magnitude of |M;;| and m4, while my, determines that of |Y;ji|, mss, and mge.

Finally, let us investigate further the physical masses of matter scalars in the observable sector.
Here, we are going to look only at the matter scalar masses and leave a detailed study of fermion
masses and interactions to a future work, since the purpose of this section is to demonstrate the
existence of light scalars in the observable sector, whose masses can be smaller than that of the
gravitino. Because of the soft mass parameters we found, we expect that some scalars will be as
heavy as the gravitino, while other scalars could be much lighter.

To compute the scalar masses we must remember to include contributions coming from the

expansion of the hidden-sector potential to second order in the observable-sector scalars z':

Vi(2!, 2) = V4(0.0) + Vj, ; jziZj . We thus consider the general expression for the total scalar poten-
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tial, which is written with the canonical mass dimensions by

Vo= Vp+ Vi + Vi

quIQDI + qIZI_d)I-)Z

12 4
= —g@M ( +
29 M€ XM,

— 2 _ 2
TIVE ( — 2qA2e OHEM) | o e A2 XHOSM, )2 cos(almT /M,;)
pl
L1
3X2M?
pl

1
3M?
pl

—a(X+<I>/3M;l)/2

2
~a(X+0/3M2)

(X + —@07a;)a?a%

2
aAe ) _ . 1 azAze—a(X+<1>/3Mp,)
WoelaImT/Mpl + Woe—laImT/Mpl + =

M2 X? [ I+ M X?

—a(X+<I>/3M;l)/2

0,0 ®;

1 aAe
3 M? X?
pl

[T /Mt QIO 4 T Moty ] 4 L WOBUTO(11.54)
J 1 J X2t j

First, we find that masses of the hidden-sector matter scalars z/ and ImT can be independently
defined by tuning the magnitude of the U(1) gauge charge VI : q; = q and the parameter a
respectively such that they are positive definite. This implies that the hidden-sector fields can
be heavy as much as we wish. Thus, to get an effective single-field slow-roll inflation we should
make the hidden-sector matter scalars much heavier than the Hubble scale during slow roll. Their
masses can be lighter than the Hubble scale before the onset of the slow-roll period, that is for
very large values of X. Second, it is obvious that the inflaton mass is of the same order as the
Hubble scale, i.e. mg ~ H, since the scalar potential is of “HI” or “Starobinsky”form and has a de
Sitter vacuum, as we have seen in the previous sections.

Next, we investigate masses of the observable-sector fields. We can simplify further our analy-
sis to make our point clearer by assuming that the quadratic term in the superpotential is diagonal

M;; = 6;iM. From the total scalar potential, we find the observable-sector squared mass matrix
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Mgbs at the vacuum specified by the conditions that almT = nr, Zl=0,andz' =0

Ve Vi
2 _ |y Y
Mobs = (11.55)
Vii Vi
where
2a°A® o | CatA? aX a’A? a?A? 1 g
o - _,—aX/2 _ —aX ¢ _ —aX§ ., = urogliyyro
‘/l] = —3X2 51']'6 + 3X2 5,-J-e _9X e 5ij+ 9X2 e 5’]+X2‘/vllq) Wfl]_
= —Wwo° Ifiyzro _zazAze—aX .T_(M_Z_zaZAze—aX) .
ooyl ij 9X?2 U\ xe 9X?2 L
aA aA
Vi = We—“X/Zwlg:We‘“x/zzw(sij. (11.56)

Restoring the mass dimension, the mass eigenvalues are

2 272
m, = (%_ 2a A4 e—aX)iLze—aX/ZM
* X2 9x2M 3X2M
pl pl
2
1 A 2A?
= —|M= ¢ —e X2 |~ ¢ e X, (11.57)
X 6M, 4X2Mpl

We observe that if M ~ aA/M;l (which is equivalent to the condition that ms; ~ H), then both
masses m,. are positive definite for all X = eV2/3% 5 g (or all ¢), which means that during inflation
the matter scalar masses are well defined (and become very light for large values of X or ¢). This
will be confirmed in the following.

Let us check the values of the scalar masses on the post-inflationary vacuum. Using the

3x(M}—A)ea*
2z

2
relations A = M, ,e=(1+ %)e_“x/z, and M = %%3&/2 in Eq. (11.53) and setting
A =~ 0 at X = x = 1, where the kinetic terms of the matter scalars are canonically normalized, we

obtain

M? 4
3V 2M 1 3 2
.= 4 M gy - 3 M2, * Emfl - (Zk2 k- E)Hz’ (11.58)
I pl



in which we define mfl = kH? (where k > 0 and MI2 /My, = H). We notice that physical masses of

scalars are determined only by the “free” parameter my; (or k) and the Hubble mass H. Positivity

>

of the physical masses “m..” imposes the inequality

2 2 2 2 2 2
my: ——+-V3<k m_.: -+-V3<k = -+-V3<k (11.59)
3 3 3 3 3 3
Then, with this inequality, we can choose an arbitrary value of k such that

2 2 2 2 2 2
—+—-V3<k==+4—-,/3(1+m2/H?) = —= + =/3(1 + m% /H? 11.60
3 3‘/_ 3 3\/ (1+m*/H?) 3 3\/ (1+m%/H?) ( )

allowing one physical mass m_ to be parametrically lighter than the other physical mass m, as

4H? (1 ++/3(1 + mZ_/HZ)) +3m?

m? = 3 . (11.61)

We note that my; = VkH ~ H when m_ < H, implying that m% > 0 is indeed satisfied. In this
limit, we find that one physical mass m_ can be much smaller than the Hubble scale, while the

other physical mass are of the order of the Hubble scale:

m_ < H, my>H. (11.62)

From this we note that in the observable sector after inflation (that is at x = 1) one physical
mass m_ can be lighter than that of the gravitino, while the other physical mass m, becomes of
the same order of the gravitino mass. We also note that the matter scalar with masses of order of
the super-EeV gravitino mass (~ 107°M,;) may be a candidate for heavy dark matter candidate,
because it is in the mass range IO_SMPI < my < M, which is outside the excluded region shown
in Figs. 2, 3, and 4 of ref. [86]. To summarize, we found the following constraints on soft masses.

First, ms; must satisfy Eq. (11.59) to allow for some light scalars while mys3 is of the same order as
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the gravitino mass ms;; and my, is determined by the chosen value of my;. Notice that all these
mass parameters are subject to strict constraints such as Eq. (11.59). Furthermore, ms,, mgs, and
mge can be arbitrarily small, mss and mge are proportional to mfz and mys; respectively, and my; is
a free parameter.

It is worth noticing that the observable sector masses m_ are compatible with the “Case 1”
reheating-scenario condition of ref. [53], for which single-field plateau-potential inflation is ro-
bust under the introduction of light scalars. The parameters characterizing the reheating scenario
are

(=)

Ip <i<mu~m_ <H — <1, (11.63)
M,

where I, T: are the decay rates of ¢ and z' during the reheating phase and (zi> are the expectation
values of matter scalars z' after inflation. We note that % < 1implies that the slow-roll inflation
should begin around the minima of matter scalars, so that at the end of inflation the corresponding
vacuum expectation values will be much smaller than the Planck scale M,,;. Hence, as long as the
above “Case 1” reheating-scenario condition is satisfied, the slow-roll inflation in our model will

effectively be driven by a single inflaton field ¢ along the minima of the matter scalars.
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12 INFLATIONARY MODEL 3: SINGLE-FIELD
SLOW-ROLL INFLATION, MINIMAL
SUPERSYMMETRIC STANDARD MODEL
(MSSM), AND DE SITTER VACUA FROM
MINIMAL SUPERGRAVITY WITH NEW

FAYET-ILIOPOULOS TERMS

This chapter is based on the author’s original work in Ref. [87].

The main goal of this work is to propose a string-inspired supergravity model that can de-
scribe both an effective single-field slow-roll inflation with dS vacua and the low energy MSSM
phenomenology at once in a single model in the context of 4D N = 1 supergravity. To do this,
we consider generalized (i.e. field-dependent) Kihler invariant Fayet-Iliopoulos terms' proposed

by Aldabergenova, Ketov, and Knoops (AKK) [59] (say AKK-FI term) and KKLT string super-

IThis is also constructed without gauging R-symmetry.
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potential [19]. We point out that the new FI term will play a role in making the extra scalars
sufficiently heavier than the Hubble scale in order to integrate them out in the end. This is a key
to make MSSM induced by supergravity models be phenomenologically reliable. We then take
advantage of gravity-mediated supersymmetry breaking [78] to reproduce the soft lagrangians
[81] and masses of MSSM. In addition, putting the naturalness issue away, we consider super-
symmetry breaking at high scale [76, 83] via D-term, which is the order of Mg ~ \/m where
H is the Hubble scale at O(lO_S)Mpl (instead of the low scale Mg ~ 0(10_15)Mp1) in order that
the scale of inflation in our model is ensured.

Of course, one may ask the string theoretical origin of the new FI terms. Regarding this,
Cribiori, Farakos, and Tournoy have presented a possible string-theoretical construction of new
FI terms by treating supersymmetric Born-Infeld actions that have a second non-linear super-
symmetry [79]. We moderately mention that the AKK-FI term we used in this work may be
conjectured to be originated from a similar construction as shown in Ref. [79], but a precise
investigation on it is still required in the future. What we would like to emphasize here is that
if a string realization of the new FI terms is discovered, then our proposal can be a low energy
effective supergravity description of realistic superstring thoery as a promising bridge between
infrared physics and its UV completion. This motivates us to explore a fully string theoretical

construction of our model.

12.1 4D N = 1 SUPERGRAVITY WITH GENERALIZED
KAHLER-INVARIANT FAYET-IL1IOPOULOS TERMS AND KKLT
STRING BACKGROUND

In this section, we construct a superconformal action of N' = 1 supergravity equipped with

generalized Kahler invariant Fayet-Iliopoulos (FI) terms [59] to explore possible dynamics that
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the action may possess in superconformal tensor calculus [8, 70]. To do this, we start with a
combination of standard N = 1 supergravity action and certain new FI terms studied in Ref. [60].

We write the superconformal action as
- >A 1
L = —3[SS0e KEZVB, 1 [S3W (245 + S WaVYW(V)]p+ e+ Lnew pr (12.1)

where S is the conformal compensator with Weyl/chiral weights (1,1); 74 and V are chiral mat-
ter and vector multiplets with weights (0,0); K(Z, Z) is a Kihler potential gauged by a vector
multiplet V, W(Z) is a superpotential, and ‘W, (V) is the field strength of the vector multiplet V.

Then, we decompose matter multiplets Z*’s into hidden and observable sectors, denoting T
as the volume modulus multiplet, and Z’ as observable sector matter multiplets. We then consider

the corresponding decomposition of superpotential as

W(T) = WHT) + w°(Z)), (12.2)
where
WHT) = W, +Ae ™, (12.3)
W(Z') = Wussm + Wasar, (12.4)
Wissm = —Y,UrHy - QO + YuDrHy - Q + YoEgH, - L + pH, - Hy

= —YuﬁR(H;—(jL - HBZZL) + Yd(jR(Hg(jL - Hd_ﬁL)

+Yeer(Hy vy — Hyé;) + p(HyHy — HyH)), (12.5)

where Wy, A, a, Y, Yy, Ye, it are constants; A.-B= 6abA“Bb is the product between SU(2); doublets
in which €;5 = 1 = —ey; and a, b are SU(2), indices; u, ci e, v are the component fields of the

superfield SU(2); doublets Q, L as superpartners correponding to the SM quarks and leptons. In
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particular, Wpsy may be added in the observable sector, but in this work, we will not treat it.

In our setup, we define the hidden sector superpotential W" using the nonperturbative correc-
tions which are obtained by either Euclidean D3 branes in type IIB compactifications or gaugino
condensation due to D7 branes [19]. We then define the observable sector superpotential by
the one for the minimal supersymmetric standard model (MSSM)? consisting of supermultiplets
of quarks, leptons, and Higgs fields. Meanwhile, we consider a Kahler potential of the volume

modulus T, the same as in KKLT string background [19], given by
K=-3In[T+T -®(Z,2)/3], (12.6)

where ®(Z', Z') is a real function of the observable-sector matter multiplets Z"’s. In terms of the

real function ®, we suppose that
(2, 7" = ;7' 77, (12.7)

in which ®;0"/®; = & where &; = 0/dz' and ;0 = §..

The next step we need to do is going to determine which type of new FI terms we are going
to use. In this work, we employ “field-dependent” Kéhler-invariant Fayet-Iliopoulos (FI) terms
proposed by Aldabergenova, Ketov, and Knoops (AKK) [59]. We refer to this FI term as AKK-FI

term to distinguish it from many other FI terms. The AKK-FI terms are written as

Li=- [(soszoe-K/3)-3 (WMWY We MWWV ) e 10,8, 1,8,7))| (128)
T T(w?) >
and
ol [Soe_fe/s 5, WDIW VW) sl o
4 () 5

2We follow the conventions used in Ref. [88].
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2 = WeM)W(WV) g 2 = Wa(V)WEV)

where w* = o500 KEDY: Goboe KZ27): AT€ composite multiplets, T(X), T(X) are chiral
020 > 020 ?

projectors, and (V)p is a real multiplet, whose lowest component is the auxiliary field D of the
vector multiplet V; &, & are non-vanishing constants such that &, /(& + &) < 1/4 which ensures
the positivity of kinetic term of the vector multipelt V, and Uy, U, are chosen such that (U;) = 0
and (U;) = 0 only if &, & are true vacuum expectation values out of U;, U;. We note that we
may rewrite & + U; as a simple decomposition & + U; such that & + U; > 0 everywhere and

(& +U;) = & # & since (U;) # 0. Hence, the condition can also be rewritten as

&/(E+E) <1/4. (12.10)

Keeping this in mind, with both terms, we find the solution for the auxiliary field D for the

vector multiplet as
D/ =& +E+Ui+ Uy = E+ U, (12.11)

where & = & + & and U = U + U,. Of course, if we identify the vector Vx with a gauge multiplet
for some R or non-R U(1) gauge symmetry, we may include the corresponding contribution to

the D-term, so that
D/g* =&+ 8 + U, (12.12)

where & = ki(z)GI +c.c.,and g, kﬁx (z) are the corresponding gauge coupling and killing vector
field for the field z/, and G; = oG / 97! for some scalar z!. Since we are interested in the situation
without gauged R-symmetry, we can only consider the conventional non-R gauge symmetry in

this work.
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Then, the D-term scalar potential is given by
_ 1o 1, 2_1 oy o 1 5
VD—ng —zg(§+U) —zg§+g§U+ng. (12.13)

Besides, the corresponding Lagrangian of the new FI term can be rewritten as

~K/3)-3 (W (VRY W (VR) (Wi (VR W4 (VR))

-E W. = — S S —

(V) pU | , (12.14)
D

where we defined U = & + U and rescaled the vector multiplet V into Vg = yV in order to

Wa(VR) W (VR)

. o . 2 _
introduce additional parameter y for generality, and wy = (525,02

Moreover, we may extend the form of D by taking into account two different contributions

to the generic function U as

UsU"+U° = D/¢*=U=¢(+U=E+U"+U°, (12.15)

where U", U° are the generic functions that are involved in the hidden and observable sectors
respectively.

Basically, we are able to consider both £; and £,. However, we are going to take £; for
simplicity of our model. Hence, we automatically satisfy the condition on the vacuum expectation
values &7, &), i.e. £ /(& + &) < 1/4 found in Ref. [59], because we have & /(& + &) =0 < 1/4
with the assumption &, = U, = 0 (i.e. & = 0).

In the meantime, we may take into account additional D-term potentials from independent
vector multiplets corresponding to some gauge symmetries of interest. That is, for different vector

multiplets V4, we may have

2
vh=Yva=> %A(qu(z)GI +ec)? (12.16)
A A
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In the end, we will consider the gauge groups U(1)y, SU(2)1,SU(3)c for V}| in the observable
sector.
Since the total supergravity scalar potential is given by the sum of F- and D-term potentials

(Vp and Vg = eG(GAGABGB —3)), we find
gz
V=Vp+Vp= (?(§+ Ut +U%)? + Vlg) + Vi = Vi + Vg1, (12.17)

where we decompose the scalar potential into hidden-sector and soft contributions according
to the separation of the superpotential W = W" + W°, and thus the most dominant terms with

~ |W"|? are classified into the hidden sector potential V":

2 Whwh + whwh  jwh2 ]
Vo= ZEruh?- T+ 3;2 (X+ —c1>-q>’fc1>j)
1
+——[th1> cI>UWh + WrWlolUe;] + thplfwh (12.18)
3 X2 X?
Vst = gA(E+UM(U) + %(U")Z + V- F[W”Wh +WOW
11 o _ o
+§ﬁ[wj’?q>,~q>’fwj.? + WEWP DU 0;] + Fm"@’fwj.f’, (12.19)

where X = T+ T — ®(z,2)/3 and W; = W /az' for I = T, i. Inserting the hidden sector superpo-
tentials, i.e. W = W"(T) + W°(z) where W"(T) = Wy +Ae~?T and W°(z), into the above, similarly

to Ref. [60], we obtain

1 1 1
Vi, = (—92§2 + gngh + —gzth) - )F( — 2aA%e™¥XH+[3) | 940 AR XHP/3)/2 cos(almT)
1
+ﬁ(x + 10,070, ) 2A2e—“(x+‘1’/3), (12.20)
Vopr = GE+UNU) +Z UO)Z i Z A 1 (V)G + ..
aAe—A(X+2/3)/2 o 1 g2 A2e—a(X+0/3)
T[Woezam + WO ialm ]+§ e q)iq)ljcbj
—a(X+®/3)/2

_Lade IR [T o GO 4 T YOG e ] 4+ — WO, (12.21)

3 X2 j PR x2 T j
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in which we use a redefinition of the constant, W, = —cA where c is a constant.

12.2 HIDDEN-SECTOR DYNAMICS: STAROBINSKY-TYPE INFLATION
AND DE SITTER VACUA

In this section, we derive an inflationary potential and explore its hidden-sector dynamics.

Let us begin with the general potential V =V}, + Vi, 7, which is given by

1 1 1
Vo= (_92§z +gleUun + —gzth) - )7( — 2aA%e™ X3 4 240 A% WX/ /2 o5 (almT)

!
t= (X + 0,0 D; ) 2p2maXH13) (12.22)

Now we assume that the hidden-sector part of the real function, say U", is defined by
U = Ci2'7, (12.23)

where z'’s are the matter scalars (except for Higgs fields) involved in our supergravity model
and C;’s are coupling constants. It is easy to see that the minima of the total scalar potential
V' = Vi + Vo1 with respect to the matter scalars z"’s without Higgs ones are placed at z' = 0.

To explore the inflationary trajectory in the direction of inflaton field ¢ (or X = e‘/z/_3¢), we
focus on the path along the minima at z = 0 where i # Higgs; ImT = 0, and H; = H; =0, H) =
vu/ V2, Hg = vy/ V2 where v, vg are non-zero constants. Then, along the path, the total scalar

potential can be written as

Vlminima = %gz 2 _ e ( zaAze—a(XH)z/ﬁ) + zacAZe—a(XHJz/é)/Z
1 0%\ 5 2 —a(X+0?/6)
3X2 (X Z) Ae + Vsoftlminima, (12.24)
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where we defined v? = 02 + 0021. Basically, we can further simplify the form of this potential using
the fact that v = 246GeV ~ 10_16Mpl < X ~ O(M,) all the time during and after inflation. That

is, we can take some limits X > 0v?/6 and V" > V,, rt during and after inflation, which produces

1 1 1
Vi ~ —g28% — — [ — 204%™ + 2acA%e /2| 4+ —g2A%e~%X, 12.25
|mlnlma zg Xz 3X ( )

The vacuum with respect to the direction X can be found at X = x such that ¢ = (1+ ax/3)e*/?

(see Ref. [60] for the derivation of ¢). In fact, the scale of g2£% must be of order of the inflation
energy since we want to describe inflation using that potential in the end. That is, we must
require that

%gzgz éMI‘l = H2M2

2, (12.26)

where M; and H are denoted by the inflation and Hubble scale respectively. Using X = e‘/z/_3¢,

we rewrite the potential as

A/ 1 \/
Vminima ~ M; — €72 239 — 2aA2e_“em¢ + ZaCAZe_“e\/%qs/2 + gazAze_ 2/rjd’e_“e\/%d). (12.27)

It is worth noticing that this result exactly coincides with that of Ref. [60]. Also notice that this
potential resembles the Starobinsky potential in feature.

What we need to do next is to find the de Sitter vacua in our theory because we wish to obtain
the observed cosmological constant A ~ 107?°M,;. Now considering an exact value of the soft
potential at the vacua when X = x, i # Higgs; ImT = 0, and H;f = H; = 0,H] = v,/V2,H} =
va/ V2, we can determine what the constant g2 £ /2 must be. At the vacua, if we define the vacuum
with respect to X (or ¢) at x = 1 (or ¢ = 0), the potential is given by

1 a?A%e™@

Vlvacua = _92§2 - 3

. + Asoft = A, (12.28)
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where we define Ay 7 = <VsO ft> and impose that the VEV of the potential is equal to the cosmo-

logical constant A. Hence, we determine g?£?/2 as

a’A?e™@
5g2§2 =— A = Agoft. (12.29)

Now let us investigate supersymmetry (SUSY) breaking of our model. The SUSY breaking

scale, say Ms, can be found by the positive contributions to both D and F terms

2A2,—a
a“Ace
Vilvacua = (V + 33G)|vacua =A+ 3 = Mé, (12.30)
which gives
a’A’e” 4 L 22 4 4 4 4
3 =M;-A = Eg &= Mg _Asoft =M; = M; =M +Asoft~ (12.31)

This means that putting the naturalness issue away, we have to require a high-scale supersym-

metry breaking [76] because the SUSY breaking mass M; is at high scale as given by
Ms = (H*M + Asot)* ~ O(JHMp1) = 107 My, (12.32)

where we note that H ZMEI > Ay f:- Consequently, we have seen that the final form we obtained

is identified as an inflationary potential of the Hubble scale order.

12.3 OBSERVABLE-SECTOR DYNAMICS: MINIMAL SUPERSYMMETRIC

STANDARD MODEL (MSSM)

In this section, we embed minimal supersymmetric standard model (MSSM) into the observ-

able sector of our supergravity, which describes both inflation and de Sitter vacua in the hidden
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sector as shown in the previous section. To do so, we explore a supersymmetric Higgs potential

to find the observed Higgs mass of electroweak scale in MSSM.

12.3.1 SUPERSYMMETRIC HIGGS POTENTIAL USING NEW FAYET-ILIOPOULOS

TERMS

Here we focus on finding a supersymmetric Higgs potential to realize MSSM phenomenology
in our supergravity model of inflation. To generate both Higgs and matter masses which are

phenomenologically favored, we assume that the generic function U = U" + U° is defined by

Ut = ¢l7)? for non-Higgs matters, (12.33)

U° = bl(IH; "+ H,l*) — (|Hgl® + |Hy|*)]  for Higgs, (12.34)

where b is a free parameter. Notice that these are gauge invariant under the SM gauge groups. We

can then identify the supersymmetric Higgs potential from the soft potential, which is specified

with
2 92 2
Vot = §g°U° + U+ Vuy + Vsu(an + Vsuea).
2 aAeaX+e/3) /9 ) 1 g2 A2e-a(X+®/3) Wi"(S"f w2
4= (W + W°) + — D+ L. (12.35)
3 X2 9 X2 X2

Since the Higgs doublets do not transform under U(1)’, U(1)y, and SU(2)y, the parts of the
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Higgs potential are given by

gPEU° = g*eb(Hy” + |Hy* - [Hy* - |H 1), (12.36)
gZ gz 2
SU = (P + | H? = gl - [HG 1), (12.37)
2
Vo 2 8X2(|H+|2 + [Hy[? - 1H? - |H; )%, (12.38)
2
- g _
Vsu), 2 ZXZ |H0H;r +HdH§|2 + 8_)(2'2(|H’j|2 + |H2|2 _ |H3|2 _ |Hd |2)2. (12.39)

In addition, we can find the other part of the Higgs potential from the F-term part of the soft

potential Vi, ¢;|r, which provides

9 gAe=a(X+/3) /o 1 2 72 ,-a(X+/3) Weosiiwe
Vol > 2P o) 4 1 @
3 X2 X2 X?
2 aAe~4X+2/3) /o _
= 3 e p(Hy H; —H3H§+h.c.)

1 2A2 —a(X+®/3) 2

B il '“' (HF P + [HO)? + [HOJ? + |Hy %) (12.40)
9 X2

Therefore, the final form of the Higgs potential at the non-Higgs matter minima z' = 0 (where

i # Higgs) is given by

_ 2p?

Vi = = |H°H+ +H;HY? + (gl 292 +97
2X 8X 2

4 aAe—a(X"'(|H+|Z+|HO|2+|HO|2+|H 2 )/3)/2

T2 + |HJI = [HSP? - |y )?

pRe(HyHy — HYHY)

3 X2
G2 A2 =@ XH(H P+ H) P+ HO [+ H %) /3) | ul? . ors
( e +xz 9 éb)(lH |+ |Hy,|")
1 a2 A2eACHHIPHHPHHGP+H ) /3) |2 )
( e * 7T gng)(|H§|2 + |H %) (12.41)
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If we take an assumption that X > Huif , then the potential can be approximated into

21,2

2 2
91+9, g°b .
Lt P+ P = JHSP -~ 1 )

8X?

2
9 - -

Vi = S GIHLH] + ATHE +
4 gAe9X/2 _
+§T/1Re(H+Hd — HyH))

1a?A%e™ |,u|2
+ —_——

9 X2 X2

1a2Aze—aX |/1|2
He——— + =

9 X2 X2

+g §b)<|H;|2+ 1H) 1)

- Zfb)(|H3|2 +|Hy ) (12.42)

We then find the minima at H;} = Hd_ = 0, which gives

2 &b? —aX/2
91 +92 b 012 01212 4aAe 0170
v ( ) HOJ? - |H ane Re(H°H
H e ([H, | = [Hy|*)* = <z M e( 7
1a’A%e” |p|? 1 a’A?e? |y|2
Ho———+ - + P |H S + - —— + — b H0 12.43
(9 e X7 2Eb || Hp|? + 5 X2 e g Eb|[HY?.  ( )

In terms of the approximated potential, the vacuum solutions can be found as those of the MSSM.

That is,
(Hi) = 2t(=02), (H})=~2(=00), (Hy)=(H7)=0 = H'~(H)+¢ (1244)

V2 V2

where ¢; are fluctuations of the Higgs fields H? around the vacuum (i = u, d). We take here the

same definitions used in the MSSM
vl =0+ vf{ = (246 GeV)?, tan f = vy/vy = v, /04, (12.45)

where f is a free parameter such that 0 < < 7/2. Hence, we can merely recall the MSSM results

when we compute scalar masses.
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Recalling some results of Sec. 28.5 in Ref. [89], we can identify the following correspondences

2 2 2 2 21,2 2 A2 ,—aX 242 ,—aX
g +g gi+95; g°b la“A‘e 1a“A%e
s e T2 Moy 9 mogT el
(12.46)
|/l|2 4aAe—aX/2
W=7 B gk (12.47)
1 , . (9 + 95 ., 4g%b?
mé = E(gz+gz)(vf+0§) — mZ2 = ( 1X22 +2¢°b* (vf+o§) = X%+ 2. m%,
91T 9,
(12.48)
2a?A% X 2lu|?
m? = 2lpl* + mi+mi > mi == il (12.49)

X? X2’

and the vacuum solutions produces the following relations

Bu=m%sin2f, m?—mi=—(m?%+m?)cos2f=—2¢°bh, tanp =uy/0;. (12.50)

12.3.2 SOFT SUPERSYMMETRY BREAKING MASSES OF SCALARS COMPARABLE WITH

SINGLE-FIELD INFLATION

The scalar masses are determined as follows. The normal matter masses are found to be

mi vac = V22|z=0 = (ngUzz + gz(UzUZ + UUZZ) + (VF + Vé)zi)

z=0

(gngzi + (VF + Vé)zi)lZ:O > Hz

= §PEU,z|,—0 > H* (12.51)

along the vacua when z = 0, almT = 0. Now we may suppose the form of the general function U

as

U > CiZ'Z, (12.52)
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where z'’s are the matter fields without the Higgs fields. This leads to in the end

H2
G*EU,; = g*EC > H* = C; > 7 > 0. (12.53)
9
Notice that U is positive definite, so that D = £ + U > 0 is nowhere vanishing. Here the point is
that the matter scalars can be as mush heavy as we want during and after inflation, enabling us

to integrate out them easily.

Next, let us identify the Higgs masses. Let us recall the W and Z gauge boson masses

2,2 2, 2
() +
mIZ,V = ng’ mZZ = aT%vz (12.54)
The eigenvalues of the Higgs fields in the previous two models are
1
2 2 2
my, = E(m/A +m'; + \/(m’ix +m'%)? — 4m’’m’’, cos? 2p3), (12.55)
1 m'2m'% cos? 28
2 _ ’2 2 2 2\2 _ 2 2 2 - Al 7
m, = 2(mA +m'y \/(m’A +m'%)? — 4m’5m’;, cos? 2f) ~ -,
A z
(m? — m2)? (m? — m2)?
r 2 if ma>my = mir L2 (12.56)
m/Z m/2 A mZm/Z
A Z h'"Z

where 1, B, mf, mg are the MSSM soft parameters. We note that now the MSSM soft parameters
are functions of the inflaton field ¢ via X = e V2/*¢ whose vacuum is at ¢ = 0 (or X = 1).

First, let us check the Higgs masses after inflation at X = 1. Then, the above relation implies

that
2a%A2%e™? (m? — m5)?
2 2 1 2
my = —— 2lul* » —5——, (12.57)
h'"Z
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so that we can determine the parameter y as

2 212
|2z(m1—m2) 1

4
| melm’zz - g(MI -A) (12.58)
since 3(MI4 —A) =a’A%e% = 3m§/2. Since we have
V2M?
m? —mi = —2g°Eb ~ —24°b L~ 2v2bgM?, (12.59)
9
we obtain
4b*g* 1
|ﬂ|2 - ( 9 oo - E)Mf > 0. (1260)
2,2 g
mymy, (1 + g§+g§)

We remark that it is necessary to consider the new FI term in this model since it helps us to acquire
different values of m? and m%, which determines non-vanishing of the light Higgs scalar mass my,.
Furthermore, we observe that we can integrate out the degree of freedom for the heavy Higgs
scalar with m%, because this is of order of Hubble scale, while the light Higgs scalar can be set
up as the observed Higgs degree of freedom using the cancellation between the first and second
terms in the mass formula. Next, let us inspect the Higgs masses during inflation for X > 1. In

this phase, we have

44°b* 44°b*
m'i — 0, m’% — 29 2mZZ - mz — 29 szZ, mlzl — 0. (12.61)
9119, 91 %9;
We thus need to impose
4g°b* 2p? oH
I ml =L s H — g» (12.62)
+ v b
91t 9;
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Since we have g ~ MS_2 and Mg ~ H ~ 1072, it reduces to

b > vHM; ~ 107%, (12.63)

We observe that the parameter b indeed corresponds to the scale of the low energy observable
sector if the parameter b is in & ~ M;1 = Mf =H’~107"> b > UHMS2 ~ 1072, In the limit, the

[ term becomes

,  [4? 1\ ,
h

Hence, we need to obey a constraint

m
0> —& (12.65)

h
23’
which can be satisfied since we already have v > my, with the observed values, v = 246 GeV and
my, = 125 GeV. Meanwhile, regarding Higgs mass, the impact of quantum loop corrections to the
Higgs mass must be evaluated. However, we leave this issue for future investigation since this is
out of scope of this work.

We now summarize spectra of the scalar masses. We find that only the light Higgs scalar
mass my, varies from almost zero during inflation to the observed Higgs mass m; ~ 125 GeV at
the true vacua after inflation. On the other hand, the other scalar masses in this model can be
much heavier than the Hubble scale during and after inflation, so that they do not occur extra
slow-roll inflation along the directions of those scalar fields.

As for the light Higgs mass during inflation, at first glance, this seems to be against the effec-
tive single field slow roll inflation. However, according to Ref. [53], it is possible to have a robust
slow-roll inflation under the introduction of extra scalars when some reheating scenario condi-

tions are satisfied. We find that our model may be allowed to carry either “Case-5" or “Case-8”
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reheating scenario, which are strongly favoured according to Ref. [53]. The corresponding con-

ditions are found as follows:

1/4
Fh <h> 0
Case-5: Ij, < I <mp, < H, — K« — ~— <1, (12.66)
Iy My pl
A\t (n
Case-8: I}, <mp, <Iy < H, (—h) < Q -2 < 1, (12.67)
mp My, b1

where T, [, are the decay rates of inflaton ¢ and light Higgs h during the reheating phase, and v
is the VEV of the Higgs after inflation. Note that the decay rate of Higgs has to be the smallest.
We also note that unlike our previous model in Ref. [60], we can specify the reheating scenario
conditions using the observed values® and make them to be a problem of determination of the
decay rates. Therefore, it is worthwhile to investigate how big the decay rates are and which

scenario will win. So, we leave this as another further study.

12.3.3 FERMION MASS MATRIX COMPARABLE WITH LIGHT SM FERMIONS

In this section, we compute fermionic masses in our supergravity model. First, we recall the

superpotential in our model

W(T) = WHT) + w°(Z)), (12.68)
where
WHT) = W, +Ae ™™, (12.69)
W(Z) = Wussm = ~Y,UrH, - Q + YyDrHy - Q + Y EgH, - L + pH, - Hy

~Y, dig(H;dy, — HSip) + Yadg(Hody, — Hyiir)

+Yeér(Hy vy — Hyé;) + p(HyHy — HUHY). (12.70)

3ie. v = 246 GeV ~ 10_16Mpl and my = 125 GeV ~ 10_16Mpl while H ~ 10_5Mpl
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The most general fermion masses m'9) are given by all the contributions from the standard su-
pergravity, new FI terms, and the super-Higgs effects to the fermion mass, which are written as
(C.89). Here, we point out that if the gauge kinetic function is purely a constant, then the gaug-
ino masses almost vanish at the vacuum. In particular, when a gauged R-symmetry is imposed,
gauginos can get massive enough thanks to the Ug(1) anomaly cancellation between one-loop
quantum correction to the Lagrangian and the shift of Green-Schwarz term by the presence of
a linear term in some charged moduli in the gauge kinetic function. However, in our model, we
consider a model without gauging a R-symmetry. Thus, we can just take advantage of adding a

linear term in the gauge kinetic function as follows:

fan(T) = 8an(—— + VBaBsT), (1271)

AYB

where T is the modulus field and 645 is the Kronecker delta. We also assume that the coefficient

B4 can be sufficiently small such that
gaZ > PaT = g,° > Pa at the vacuum where T ~ 1, (12.72)

so that the gauge kinetic Lagrangians can be considered as canonically normalized. We note that

in any case we can consider the scale of fg*
g=10"B=10" = fF*=10"" <1 = m < 2n. (12.73)

which will be used for estimating the gaugino masses. Especially, for example, when the gauge
coupling can already be sufficiently small, i.e. g = 107" <« 1, we may consider the order of the
constant f like f ~ O(10™) where 0 < m < 2n. This will contribute to the fermion masses as a

big number in our model. The weaker g gets, the larger f can get.
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Then, the correspondimg fermion mass expressions reduce to the following

msp, = WeK/2, (1274)

(g)

m = eX12(Wyy + KW + KyWr + KWy + KK W)

= 2
—eXI2GKL oG [ (Wi + Kx W) — —(WI + K{W) (W + K;W),

-1
mg) — \/_GIPA —5 ﬁAﬁc&T( + ﬁAﬂcReT) Pcl - + K(W) P,
AV N
(12.75)
1 o _
mY¥ = —EeK/25AB\/ﬁAﬂBGT](W'J-+KJ-W)+ K/ZWPAPB (12.76)
@ _ 1 U N2 9
mp = _TW_W(VVI'*‘KIW)W mys (12.77)
2
9 _ _ K2y g(Ur  Ki\ .~ - Uu
my, = —e (W+4G ((Ll+3)(WJ+K]W))+—3eK/2W’ (12.78)

where A4 is the gaugino corresponding to the gauge multiplet V4 (A = SU(3)., SU(2)1, U(1)y),
and A is the superpartner of the new FI term vector multiplet V. Remember that U is nowhere
vanishing by definition; that is, «f = €+ U > 0 with U > 0 and ¢ # 0. The detailed derivation
of the masses is present in the appendix C. We note that gravitino in this model has the Hubble
mass H, i.e. super-EeV-scale gravition, which may be heavy dark matter candidates explored in
Refs. [82, 84, 85].

We have checked that only neutral components Hy,, H) of the Higgs fields have non-vanishing
vacuum expectation values (VEV), while the other matters have vanishing VEVs. In addition, we
have supposed that U|yec = (£+U)|oac > 0. Then, denoting Hy, H) by an index a and 2’ including

H;, H (where i # a) by i’, we have at the vacuum (<H°> = 0,/V2 and ( > =0):

2
[
Dy loac = Ea, Dir|oae =0, Uloae = &~ M§ ~ Hz’ Xloae = 1, vavac =0, M/i?blvac =0,
msjp = eG/zlvac =N |W|2|vac ~ H, H~ O(H) (12'79)
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The moment maps with respect to the gauge groups of SM are given by

, L
Pooyy = 2| (3010 - JE{Li— Sty an, + 3} di, + I ) + S HIH, — SHH |

- i=gen

(12.80)

92| <0« =30~ o o

Psuan = % Z (QjEQi+Lj§Li) +H§§Hu+H;§Hd], (12.81)

- i=gen
5| Y S SR g

Psu(3). g} Z (QITE i_u;giEuRi —d;ging,-)], (12.82)

- i=gen

where tilded fields are superpartner scalars to the SM fermions; ¢ and ] are Pauli and Gell-Mann
matrices; g1, g2, g3 are gauge couplings, and the index i runs over the three generations of particle

in the SM. Their vacuum expectation values are found by

<¢)U(1)Y> = %(05 - 02)’ <PSU(2)L> = _9742(%2! - 0621), <PSU(3)C> =0, (12.83)
and
glvu g1y 2 2 glvd glvd 2
9 Pucn),) = (02 - 02), <a WP >_ _9vd 02), (12.84)
(O Puyy) = AT D AomPucy) == 2+ s 0= 2),
920y gzvu 9204 9204

(OmPsu(2),) = —=—= - - 03), <8H2PSU(2)L> = (v2 — v5)(12.85)

242 12\/' Nz 12v2 "

where (9;P4) = 0 for others.
Now we are ready to estimate the scales of the fermionic masses. First, we are estimating
masses of the matter fermions. Given the supergravity G-function G = —3In[T + T — ®/3] +

In W + In W with the superpotential W = W"(T) + W°(z'), the components of the fermion mass
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matrix are as follows:

(g)
mj

(g)
lT

(g)
Mmrr

1 0 2 0 0 2
)?I:‘/VU + S—X(I/Vl q)j +<I>l-Wj ) + ﬁq)lq)]w

2<1>c1> Wh w 2 oW oW
(@ - @ @™ay) [ =L - = ]——(W+’—)(WP+ ] ) (12.86)
Toxz X 3 X ITTx
1 W° 2@ (W w whow
—[ s 4 el e Ll By @) 221 ]
x3l x T x |3 x 3 3X2
2 @, 3
——(Wf + —W)(Wh - —W), (12.87)
3 X X
6 (w W 1 ;
—=--L|(1+—(® -, d"D; ) 12.88
x{x ™ 3 )( *3x (@~ Pn®T ) (1288)

If® =652 iz], then ® = @ @’"ld)l Thus, the components reduce to

(g)
m;j

(g)
1T

(g)
Mrr

: 2 oW oW
—W°+—(W°c1> +OW)) + CDQDW] 3(W.°+ l )(W."+ J )

Pt W T T
(12.89)
1 W 20 (WP ow 2 ®; L3
B A R e ]——(Wi+—W)(WT——W), (12.90)
LT x Tx |3 T x)173 X X
wo wh
___T) (12.91)
X 3
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The non-trivial components at the vacuum are then given by

9 _ ~
myi, = Wi~ %Yi']‘/, (12.92)
2 1 2 vg VW2
il = e oW =5 (- ) <t -0 ~miy2)
: 1 1 2 02W viW
m? = »Wlfd+g(W;vd+qu;)+gvuvdW] -~ 5(Wu"+ “2 )(W;+—d2 )
~ —p~-H~-m?, (12.94)
: wh 2 02
0 T h Od
oty = [t -] |l ) -3w) i -z
, wh 2 0 v
T d
m? = W —2W}' ~ my), ~ H, (12.97)

where i”’s are denoted by non-higgs matters, and the indices + mean H; and H; respectively.

Next, let us estimate the other mass parameters. We find

—po +oH
m%) ~ m((ig; ~ gp(iv - i%vz) ~ igpv, (12.98)
2
0
my % gagnr — Hoa\BaPs ~ ~O(BH), (12.99)
m? ~ ga0(?) - Pagh (P, (12.100)
my ~ ga0@?), (12.101)
@ bo,  —pvg+o,H bo (9)
m>o R —l? - l—H &~ —ZE ~myy, (12.102)
my ~ E~H, (12.103)
2 HZ
miga) o omgpt £ H+ T~ H, (12.104)

msjz

where A, B = 1,2 for U(1)y and SU(2); respectively. In terms of m,;, my), since 1072 < b <
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1071° we have

In summary, the fermion mass matrix is represented by

(9)
mg
(g_)
uj’
(9)
Mg
(g)
mj

(9)
m=,
(9)
Tj’

(9)
Aj’

(g)
)U

m

m

m

a

0

0

Q

where mif; = fg;

1073 < myy, myy < 1071 <«

(9)
m;, —m

)

(g)
du

s

s

(9)
mTu

(9)
Au

(g)
/1u

m

m

0

(9)
id

(g)
ud

(g)
M aa

(g)
+d

(g)
m_,
(g)
M1y

(g)
M pa

(9)
Ad

O(Hv?)

-H

m(/g) l(g_)
n®
i)
8 m®
9 m
m(g) m(Tg_)
m? 5,0
Mar Ma-
) i
0 0
-H 0
O(Hv?) o
0 0
0 H
Ho 0
ivga 0
-i% 0

(9)
mor

(g)
uT

(9)
mar

(g)
+T

(9)
m_r
m(g)

(g)

Myr
(9)
myr

H.

(g)

(9)

0

H

H

(9)

(9)

(g)
myi

ivgp
ivgp
0

0

O (v*)gs

O(v*)ga —O(BH)

0

- by
bo

(12.105)

(12.106)

0 since there are no couplings between the relevant vector multiplets.

Keeping the Yukawa masses of the matter fermions and dropping the other terms much less than
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the Hubble scale, the fermion mass matrix can be approximated into

%Yij 0 0 0 0 O 0 0
0 0 -H 0 0 0 0 0
0 -H 0 0 0 O 0 0

0 0 0 0 H O 0 0
My ~ (12.107)

0 0 0 0 0 0 —BH 0

o o0 o0 0 0 H o0 H

We observe that masses of the SM matter fermions can be matched with the observed values by
adjusting Yukawa couplings which is free parameters. Diagonalizing the fermion mass matrices
may produce negative mass eigenvalues, but the masses can be made to be positive by absorbing
the negative sign into the mixing matrices that get imaginary [90]. We note that the chargino,
neutralino, and gaugino masses at the true vacua after inflation are of the order of Hubble scale
O(107°)M,; ~ O(10'%) GeV, implying that they may be candidate of the so-called supermassive
dark matter “WIMPZILLA” [91-94] (or superheavy dark matter in Ref. [95]). We are not go-
ing to further investigate details of phenomenology related to these fermions since it is beyond
the scope of our purpose in this work. Nevertheless, it would be worthwhile to study possible
phenomenological implications about those fermions in the future.

Lastly, we summarize all the parameters in our supergravity model of inflation compatible

with MSSM as follows:
« Hubble Scale H (~ f, g_l, MSZ, A) for inflation,
+ Yukawa couplings Y;/j» for fermion masses,

« Neutral Higgs VEVs v,, 04 such that v = /02 + 03 for Higgs mechanism,
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+ Angle between v, and vy, i.e. tan f = v, /vy,
« Gauge couplings g, g2, g3 for strong, weak, and hypercharge interactions in the SM,

« New-FI-term hidden-sector parameters C;’s for producing scalar bosons heavier than Hub-

ble,

« New-FI-term observable-sector parameter b for generating supersymmetric Higgs poten-

tial,
» Hidden-sector superpotential parameter a for KKLT superpotential,

which determine all the other parameters in our model. In particular, fully-free parameters among

them are 3, C;, b, a.
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13 CONCLUSION

In this thesis, we have investigated how to construct and examine locally supersymmetric
effective field theories of inflation in various aspects in the superconformal formalism.

In Ch. 7, we have confirmed that the liberated N' = 1 supergravity can be defined in the
superconformal formalism as well, which were originally proposed in the superspace formalism
by Farakos, Kehagias, and Riotto. The key fact of the liberated supergravity is that a new general
scalar potential can be introduced by promoting Kéhler transformations to abelian gauge sym-
metry and contriving a new D-term action with the Kahler-potential real multiplet. As a similar
effort to this, relaxed supergraivty is proposed in this research. We also proved that liberated su-
pergravity is not literally liberated due to some strong constraints on the liberated terms, which
is done by inspecting effective-field-theoretical suppression of the nonrenormalizable fermionic
Lagrangians. There, we relate the “liberated” scalar potential U to the UV cutoff. Nevertheless,
in Ch. 10, we show that it is shown that a possible toy model of inflation can consistently be built
if taking into account a special phase transition of supersymmetry breaking scale from Planck
during inflation to electroweak scale after inflation.

In Ch. 8, we have revisited the component action of a Kéhler-invariant new FI term (called
“ACIK-FI term”) in the superconformal formalism. We used the superconformal tensor calculus
to constrain the size of new supergravity terms that are present in the ACIK-FI term, but absent
in standard supergravity. Specifically, we derive the constraints on the ACIK-FI term used in [60].

We have seen that ACIK-FI term has a cutoff such that A.,; ~ H?/3 = 107%%¢M,,;. What makes our
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constraints powerful is that differently from standard supergravity, both liberated supergravity
and the ACIK-FI terms introduce nonrenormalizable interactions proportional to inverse powers
of the supersymmetry breaking scale Ms. This makes it impossible to send Ms to zero while
keeping the UV cutoff of the theory finite. The most singular nonrenormalizable interactions in
the limit Ms — 0 are cumbersome, multi-fermion operators, but they can be found and studied
using the superconformal tensor calculus in a systematic and economical way.

In Ch. 9, we have found a no-go theorem for the higher order corrections in FKLP minimal
supergravity models of inflation. The no-go theorem tells us that the higher order corrections in
the field strength of a vector multiplet V must include some powers of the real linear multiplet
(V)p whose lowest component is given by the auxiliary field D of the vector multiplet V. We
discovered a new negative-definite generic potential term. We also found moderate constraints
on the new negative term by evaluating the suppression of nonrenormalizable interactions with
respect to a cutoff scale A.;. These constraints identify the cutoff A,; with the SUSY breaking
scale Ms. It turns out that we have to take into account high-scale SUSY breaking putting the
naturalness away. Then, we showed a comparison between relaxed and liberated supergravities.
As an example, we observed that we can generate the inflation energy of order 10'1°M;l through
relaxed supergravity since the total scalar potential is bounded above by Vg less than the Planck
scale My, while we cannot do through the liberated supergravity because only the scales below
10'64M;l or 10‘96M;l can be allowed. In this sense, relaxed supergravity is truly liberated than
the original liberated supergravity.

In Ch. 11, we have seen that our model can naturally produce plateau-potential inflation at the
Hubble scale with a high scale spontaneously supersymmetry breaking in the hidden sector and
low scale soft supersymmetry breaking interactions with various soft masses in the observable
sector. We also obtain naturally a super-EeV gravitino, which is compatible with constraint for
heavy gravitino cold dark matter (i.e. 0.1 EeV < ms/, < 1000 EeV) [83]. In this work, we have

not investigated the specific structure and dynamics of observable-sector interactions or the de-
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tailed construction of a realistic low energy effective theory of the observable sector. It would
be of obvious interest to see how far this scenario could be pursued and how to incorporate in
it a supersymmetric extension of the Standard Model or a Grand Unified Theory. Models with
a dynamically generated FI term, realistic observable sector, D-term inflation, and high-scale su-
persymmetry breaking have been studied in [41, 42]; other uses of FI terms for inflation were
presented in [50-52]. It would be interesting to reproduce the phenomenologically desirable fea-
tures of [41, 42, 50-52] and other models proposed in the literature in our scenario. On a different
note, it would be extremely interesting to see if the new FI term in general and in our KKLT-type
scenario in particular can be obtained in string theory. In other words, it would be interesting to
see if our model belongs to the string landscape or the string swampland [96] (See refs. [97, 98]
for recent reviews of swampland conjectures).

In Ch. 12, we have explored a possible effective field theory of single-field Starobinsky-type
inflation and minimal supersymmetric standard model in four-dimensional N' = 1 supergraivty
with the KKLT string background and new Kahler-invariant Fayet-Iliopoulos (FI) terms without
gauging R-symmetry. We takes advantage of gravity mediation for supersymmetry breaking,
which is broken at the inflation scale Mg ~ 10'2'5Mp1. That is, this model is effective field theory
of inflation with broken supersymmetry. In the hidden sector, we observe that slow-roll inflation
occurs with the Hubble scale H ~ 107°M,; through the combination of the new FI term and
F-term scalar potentials in de Sitter space, whose vacuum energy is given by the cosmological
constant A ~ 10_120M;l. In particular, we have examined suppression of the nonrenormalizable
fermionic Lagrangians arising from the new FI term, and then imposed a constraint on the new
FI term. We have seen that our model can be valid as effective field theory if we require a proper
choice of the gauge kinetic function for the vector multiplet responsible for the new FI term. We
showed a specific example about this, and proved that the case is indeed comparable with a weak
coupling g of the new FI term, and does not ruin the kinetic term of the new-FI-term vector field.

Remarkably, every scalar except for inflaton and lightest Higgs in the observable sector can be
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supermassive compared to the Hubble mass H ~ 107> M,,;. Because of the introduction of the new
FI terms, we have no issue of the tachyonic mass, and no excessive number of unnecessary extra
light scalars in our model. Indeed, this implies that the unique inflationary plateau can be natu-
rally created. Moreover, we have seen that stabilization of Higgs fields can easily be done since
the new FI terms allows us to modify the scalar potential in our favor. Regarding the standard-
model fermions, they can be light up to whatever we wish through the free parameters of Yukawa
coupling. Particularly, the other supersymmetric fermions including gravitino can be massive up
to the Hubble due to the F-term of high scale. Furthermore, we can make gauginos to be heavy
by considering the linear term of the moduli T in the gauge kinetic functions corresponding to
the standard model gauge groups.

At last, I put some research directions for future investigation. First, it would be attractive
to explore how quantum one-loop effective potentials in supergravity under broken supersym-
metry will affect the theories discussed in this thesis. Specifically, it would be interesting to see
what conditions determine their validity. In addition, it is also interesting to devise a general
“spectroscopy” scheme for one to be able to easily scrutinize suppression of non-renormalizable
terms using the superconformal tensor calculus in order to read off the exact cutoff scale of the
theory in a systematic and efficient manner. Besides, it would be fascinating to search for pos-
sible phenomenological consequences from supergravity in order to explain the remaining open
questions in cosmology, such as large non-gaussianity, production of primordial black holes as
possible candidate of dark matter relic, or normally dark-sector particle physics. Lastly, I would
like to mention that the conventional slow-roll inflation could not be compatible with string the-
ory if de Sitter swampland conjecture (dSC) [99] is accepted. Certainly, this is the main limitation
of this dissertation. In particular, I would like to mention that minimal warm inflation (MWTI)
[100] may be a good inflationary model according to some recent works, which say that MWI
can be compatible with some swampland conditions like de Sitter swampland conjecture [101]

and Trans-planckian censorship conjecture (TCC) [102]. Therefore, it would be worth studying
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how we can obtain other possible inflationary models which can satisfy such swampland conjec-

tures, and how such models including minimal warm inflation can be constructed in supergravity.
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A SPINOR ALGEBRAS IN GENERAL

DIMENSIONS

Here, I follow the same convention used in Ref. [8], which this chapter is mainly based on.

A.1 CLIFFORD ALGEBRA IN GENERAL DIEMNSIONS

A.1.1 THE GENERATING GAMMA MATRICES OF CLIFFORD ALGEBRA

« Pauli matrices € SL(2, C): They are Hermitian/Involutory’/Traceless(HIT).

01 = , 02 = » 03 = (A-l)

« Pauli-matrix 4-vector € SO(1, 3):

o'=(1,00) =6y, o,=(-10)=7" (A.2)

"nvolutory matrix is the matrix that is its own inverse.
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« Homomorphisms between SL(2, b) and SO(1, 3):

- 1 -

X =0 = xt= ETr[O'”x], (A.3)
- - / 1 —

¥ = ARAT e x* = 5Tr[aﬂon,aﬂ‘]xV (A.4)

« Euclidean(or Spatial) Gamma Matrices: They are Hermitian/Involutory/Anti-commuting.
The Euclidean Gamma matrices in D = 2m > 0 (or D = 2m + 1 > 1) dimensional spacetime
can be constructed by taking a tensor-product of ‘m’ Pauli & identity matrices, so that they

become a 2™-by-2™ matrices.

V'=00101018 -,

cm,

VF=0mR108101Q---,
-
=300 ®1018 -,

‘m/

V=m000101Q - -,

gm,

(A.5)

Y=o3®038 - Q038 0,

(m,

(A.6)

While the last gamma matrix will end with o3 in even dimension D = 2m, it will end with

o3 in odd dimension D = 2m + 1.
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+ Lorentzian Gamma Matrices: time-direction gamma matrix is anti-Hermitian/anti-involutory.
To obtain the Lorentzian Gamma matrix,
(1) Decompose A Euclidean Gamma matrices into A = (a, @),
(2) Pick any single Euclidean Gamma matrix y?,
(3) Multiply it by i and re-label this as y* — y° = iy®
(We call this as “timelike-direction” Lorentzian Gamma matrix).
(4) Re-label the remaining Euclidean matrices as y' = y*
(We call this as “spacelike-direction” Lorentzian Gamma matrix).

(5) The final Lorentzian Gamma Matrices y* = (y°,y’), where 0 < p < D — 1, satisfy the

Hermitian representation of the Gamma matrix (y*)" = yy#y°.

+ Conjugancy of Gamma matrix: for some unitary matrix S, two representations that differ
by the unitary matrix are equivalent, i.e. y# = Sy#S~!. Up to this conjugancy, there is a
unique irreducible representation of the Clifford algebra by the Gamma matrices in ‘even’

dimension. In odd dimension, there are two inequivalent irreducible representations, which

D=2m+1 D=2m+1
s .

are determined by the sign of the final gamma matrix y ie. xy

+ Orthogonal Basis of Clifford Algebra in Even Dimensional Spacetime:

=1, R L e 3 {LA=1 Vi Yigpr *** > Yoot (A.7)

where y#r = (=1)"(=D/2yp1 (r = 2,3 mod 4) for some rank-r gamma matrix y*Hr,
and the index values follow the conditions y; < py < -+ < p,. At each rank r of Gamma
matrix (i.e. y*"#), there are pC, different choices of index values like p = 3 for some
indices iy - - - g1, of a rank-r Gamma matrix y*1"#, so that the total number of different
“unindexed” matrices, like y'?3, in the set of {T'4} is 2P (of course, in the set {I'*}, there
are D + 1 “indexed” matrices like y*V). The upper/lower indices can be interchanged with

each other by contracting it to the spacetime metric g"*. For any matrix M with the same

265



dimension of Gamma matrices, it satisfies the following properties

Trace orthogonality: Tr[TT3] = 2’"5?, (A.8)
(D] 1
Gamma-matrix expansion: M = Z mal4 = Z Eml—lkmﬂl AR (A.9)
A k=0
. . 1 1
Expansion coefficient: my = z—mTr[MFA] = My = z_mTr[MYuk-..m]s(A-lo)

where [D] = D for even D, while [D] = (D — 1)/2 for odd D.

« The highest rank Clifford algebra component y,: This is Hermitian/Involutory/Traceless,
and commutes with all even-rank Clifford elements (e.g. y*, y#"P?, etc.) but anti-commutes
with all odd-rank Clifford elements (e.g. y*, y*'?, etc.). Plus, this provides the link between

even and odd dimensions, and is closely realted to the “chirality” of fermions.

D-1
Y = (—i)™! n Yu= (=)™ oy1 - yp-1. (A.11)
p=0

For any order of y;, one can write
Yivoy = 0 ey Ve (A.12)

« Chiral-Projection operators Py, Pg: they are idempotent (e.g. PI% =P /r),» and orthogonal
to each other (P, Pg = PrP; = 0).
_1+y. 1-v.

P = , Pr = . A.13
L 5 R 5 (A.13)

4
For a Dirac (or Majorana) spinor ¥ = consisting of two Weyl fields (¢, ), these can be

X
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found as chiral-projected fields from the Dirac (or Majorana) spinor as

PV = v . PP = (A.14)

Symmetries of Clifford elements

- Charge-conjugation unitary matrix C and Transpose of Gamma matrix:

In the Clifford algebra of the 2™-by-2" matrices, for both even and odd dimensions D, we

can distinguish the ‘symmetric’ and ‘anti-symmetric’ ones in the following way.

There exists a unitary matrix C called “Charge Conjugation” such that each matrix CT")

for some rank-r Clifford element is either symmetric or anti-symmetric:

(cr'"T = —,cr”  where t,=+1 suchthat t*=1. (A.15)

r

For rank-0 and 1, we obtain
Cl=-tC = C'=-xc*=C', T =tnCy'c . (A.16)

These determine the symmetries of all the other Cy*'"#r Clifford elements via the iteration
of (to, ty, tp = —tg, t3 = —t1) over the t,’s, e.g. t4 = to, t5 = 11, ts = —to, t7 = —t;. The values of
to, t; are determined by the spacetime dimension modulo 8 (D mod 8) and the rank modulo

4 (r mod 4). For example, D =4 = (t) = 1Lt = -1),D =10 = () =t = —-1),
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D =11 = (ty =1, = —1). We can also represent this as follows:

tp, when r=0mod4

t; when r=1mod4
—ty when r=2mod4

—t; when r=3mod4

For even dimension, there are two choices according to the product #yt;.

Cltot1=-1)=C-=(02®01)® (02, ®07)®---=C. (A.18)

C(totl = +1) =Cy = (0'1 ® 0'2) ® (01 ® 0'2) Q.- .= Cy* (A.19)

For odd dimension, there is a unique C.
- Spinor-Charge-Conjugation unitary matrix B and Complex-conjugates of Gamma matrix:

The complex conjugate of gamma matrix is determined by the Hermitian and transpose

properties of gamma matrix using a unitary matrix B:
Y= yOTy”TyOT = —tot; By’ B! where B =it,Cy® satisfying B*B = —t;1(A.20)

proof)

Pyt = o = T

= (nt)’>(Cy’cTH(cycTh(Cy’c™)

= 1ot Cy°y"y°C7! = 1o, Cy Y (—(y))THC!

= —tot; Cy°y"(y°)7'C7 = —tot1 (itsCy°) (it Cy°) ™!

= —to,By"B7". n (A.21)
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B*B

(=iteC*y"") (itoCy°) = C*(=y" )Cy°

(—tC (-t CY°’CHCY’ = -1 (y")? = —11. = (A.22)

Note that the transpose and complex conjugate properties of the gamma matrix hold for
the Hermitian representation y* = y°y#y° via the unitary matrices C and B. In another
representation given by y’# = Sy#S™!, the corresponding new C’ and B’ are given by C’ =

s1Tcs1and B = s-1'Bs !,

A.2 SPINORS IN GENERAL DIMENSIONS

A.2.1 SPINOR AND SPINOR-BILINEARS

« Majorana Conjugate: for any spinor A, we define “Majorana conjugate” as A = A7C.

+ Majorana Flip condition of Spinor-Bilinear Scalar:

Using the Majorana conjugate definition and (CT'")" = —t.CT'"), we find the following

relation:
Mo X = b WY A (A.23)
proof)
7 Y _ T TN .. : :
Moy X = A CYpp ¥ = =X [CYpp ] 1) - A, y are anti-commuting!
= (X Y D' = e (WY D = YA W (A.24)
— Corallaries:
ACT TN = @Y () (TP T, (A.25)
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— For Majorana dimensions D = 2, 3,4 mod 8,

/1),,111 . ylle — (_1)1’)2}/#17 - ylll/l_ (A.26)
Xy = Vi d = Ty = totrAY pgeeopyo (A.27)
x=TW...T) = p=4t ... 002 ...T0 (A.28)

« Chirality of the conjugate spinor in “even” dimensions:
In “even” dimensional spacetime, we can define the chirality (left-handed/right-handed
parts) of spinors using the chiral projection operators P; and Pg. Since y. = yuA —

X+ = totD/Ty*, we obtain

_ )_LPL for D =0mod 4 (: lotp = +1),

APg  for D =2mod4 (: totp = —1).

A.2.2 SPINOR INDICES

« The fundamental spinor A and its transpose A’:

(Ma = A and (AT)a = Aa-

« The Majonara-conjugate (barred) spinor A and its transpose A’
(M*=2%=2%and (A1)* = 1% = 1% ?
Note that ‘transpose’ changes the alignment of the entry components of a spinor between

horizontal and vertical alignments, so that the position of the index remains same.

ZWe can omit the barred notation in the indexed form.
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» Majorana-spinor-metric matrix C (i.e. Rasing/Lowering matrices) generated by Charge

conjugation matrix C:

(1) From the definition of the Majorana conjugate A = A7C and using the transpose opera-

tion 3,

(D" = (ATC)* = ag(0)P* = (CH)PAp = C¥Pag = 2°

= (¥ =C"  suchthat 1% =C%) (A.30)

(2) Of course, from CT = —t,C = C = —t,C’, we find

(O) = —ty(cHY = (O)%F = —t,C*P. (A.31)

(3) Also, from A= ATC, we have AC~! = AT, which gives

(AT)a = (Zc_l)a = Aﬂ(c_l)ﬂa = Aﬂcﬁa = Aa

= (CYegp=Cyp  suchthat A, = APCy, (A.32)
(4) Likewise, from C™! = —t,C* = C* = —t,C™!, we find

(Cap = =to(C Nap = (CHap = —toCap (A.33)

Note that both C and CT have upper indices, while both C™! and C* have lower indices.

3Refer to the deefinition of Transpose of a matrix A, [AT];; = ([A];;)" = [A]};. This tells us that the transpose

operation can directly act on the indices, resulting in the exchange of the indices for the original matrix after the
!
transpose operation. The symmetry of a matrix A is defined to be the condition that AT = A = [AT];; =

[Al;; = Aji = A;j, while the anti-symmetry of a matrix A is defined to be the condition that AT = ~-A =
!
[AT];j = —[Al;; = Aji = -Ay;.
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Plus, all the positive contractions occur according to the NW-SE convention (I will also call

this contraction as “Back-Slash contraction”).

(5) In order for the two equations to be consistent with each other, we need to impose
A= C¥hy=CPNCp= V5" = CPCp=6%  CpC” =6} (A.34)

Notice that the identity matrix has mixed indices.

(6) Moreover, since taking the complex conjugate of C~! = C' (due to the unitarity of C (i.e.
CC" = CTC* = 1)) which has lower indices produces the CT which has upper indices, we

obtain the fact that
C™ = (Cap)* & Cup = (C%P)*. (A.35)

Notice that the complex conjugate operation on the charge conjugation matrix changes the

position of indices between upper and lower ones.

(7) The (anti-)symmetry property of the metric is given as

() = (€Y% = (CTYP* = 0% £ —4yCF = . % = —1,CP* & C,p = —toCHA.36)

Gamma matrix indices:

(1) Gamma matrix has mixed indices: the spinor-bilinear scalar is represented in index by

Tk = 1 (r)d 2. (A.37)

(2) But, one can also raise or lower the indices of gamma matrix using the metric as follows:

(Yiap = (Vu)a Cyp- (A.38)
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(3) These Gamma matrices with indices at the “same level” (i.e. fully-upper or fully-lower

indices) have a definite (anti-)symmetry property:
TP = -, & (T )ap = ~t:(I7) g (A.39)
proof)

(crT = —t,cr” = [(cr™T)%f = —t,[cTV]% = [crP1P* = -t [cT W]
= (©P(") =4 7T")) = (1M T, = (-t T),]

= . (NP = ) & (TD)p=-1,(I")g, m (A.40)
For example,
Yisp)ap = —tr Vg ) - (A.41)
« Rasing or lowering a contracted index produces “—t,” factor:
A Yo = —toda x%. (A.42)
proof)
A Xa = (CY2) (X7 Coa) = Xy x°C¥ (Coa) = Ayx°CY (~tsCac) = ~tody X765 = ~toda ™ WA.43)

Notice that (Back-Slash contraction) = —t,(Slash contraction).
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A.2.3 FIERZ REARRANGEMENT

In this section, we consider even dimensions D = 2m. The following arguments can also be
applied to odd dimensions D = 2m + 1 if the sum over A is restricted to rank r4 < m of the
Gamma matrix basis I'*. “Fierz rearrangement” is a procedure of changing the pairing of spinors

in products of spinor bilinears. To figure out this, let us recall the results of Gamma-matrix

expansion from Egs. (A.8),(A.9), and (A.10):

Trace orthogonality: Tr[T4T3] = 2’"5?,

(D]
1
Gamma-matrix expansion: M = Z mal4 = Z Emﬂk”_yly’““"’k,
A k=0

. . 1 1
Expansion coefficient: my = z—mTr[MFA] = My = z_mTr[MYuk-..pl]s

where [D] = D for even D, while [D] = (D —1)/2 for odd D. The key idea of Fierz rearrangement
is that instead of M, ma with no explicit indices on them, one may consider any matrix (M),,° and its
corresponding expansion coefficient (my),° with spectator indices a, . Then, the indexed expansion

is written by
M=) (ma) T = (M), =) (ma), 2 (1), 7, (A44)
A A
and the indexed expansion coefficient is given by
(), = o (LM, T = = (M%), /(0,1 (a.45)

We are now in a position to find some useful Fierz identities. As the most simple example, let us

find the basic Fierz identity. First, we specify (M, 5)},ﬂ in the following way

M,%)," = 8050 (A.46)
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Then, by inserting this into the expansion coefficients formula, we get
() = 20083 ) = (), (a.47)
A a 2m ary A ﬁ - 2m A o .
Lastly, by putting this back to the expansion formula, we obtain the basic Fierz identity

1
5h60 = - D@, ” (A.48)
A

For example, by applying /13‘3‘/14ﬁ/131/)tz5 = —Ag‘/lzg/l){/hﬁ to the above basic Fierz identity, we can

immediately find

(M142) (A3Ay) = —zim Z(/ilFA/M)(/TzTA)Lz) (A.49)
A

for any set of four anticommuting spinors. Hence, following this logic, one may obtain various

Fierz rearrangements. Other Fierz identity can be given by

(M), = 5 DD - 2ra) (T, (T4, (A50)
A

where r4 is a tensor rank of the Gamma matrix basis I'y. Especially, let us consider the case of
(¥")ap(yu)ys and completely symmetric parts in (fyd). Then, the left-hand side of Eq. (A.50) can
be non-vanishing only for dimensions with #; = —1. However, its right-hand side can be given

only by rank-1 gamma matrices when D = 3,4. When D = 3, 4, Eq. (A.50) implies a cyclic identity
(Ya(p(y")ys) =0 (A.51)
which can hold for D = 2,10 when contracted with chiral spinors, and thus gives rise to

YudpAzytAs) = 0. (A.52)

275



Notice that this can be obtained by multiplying AP 2%, 28 to the cyclic identity. Another Fierz

1°772°773

identities can be found as follows:
_ _ 1 _ .
(MMA2)(A3NAy) = —— Z (MTANAy) (A3 MAy),
2m "
and for D = 4 we have

- 1 - 1 =
PL)(APL = _EPL(APLX) + gPLypV(/lyleL)(),

_ 1 _
P xAPg = _EPLYH (AyuPrLyx),

and also for D = 5, we have
)(/T -Ax = va(iyﬂv)()-

A.2.4 REALITY

+ Charge and Complex conjugations of spinors and matrices:

(A.53)

(A.54)

(A.55)

(A.56)

(1) Complex conjugation of any “Scalar” is equal to the charge conjugation of that scalar;

ie. (S)¢ = (S)* for some scalar S.

(2) Complex conjugation of any “Grassmann number”: for any two Grassmann numbers z

and w, the complex conjugate of (zw) is determined by their Grassmann parities |z| and

|w| as follows:

(zw)* = w'z" = (=1)Flz*y,

(A.57)

where |z| = 0 if z is commuting (bosonic), and |z| = 1 if z is anti-commuting (fermionic).
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(3) For any spinor 4, its charge conjugate is defined by
A€ =B 1N (A.58)

and using B = ityCy°, A = AIC, B*B = —t;1 and (y°)? = —1, the barred charge conjugate

spinor is then determined as

A€ = (=toty) iATy® = (A)° (A.59)
N——
Dirac conj.

in which we find the relation between Dirac and Majorana conjugations as
(Dirac conj. of 1) = i/lTyO = (—tot;)(Majorana conj. of A€) = (—totl)/?. (A.60)

proof) First, let us find the left-hand side.

6 = AOTc=BMWMTc=2A"BH c=ABC=-uA"BIC

= —t A7 (it(yO)ICHC = (~tot1)iATy° m (A.61)

Next, let us prove the right-hand side.

A0C = (A" ==Xy =-ATC)*By = -A"C*Bx© = =AT (=t,C™) (itoCy®) x©

iATYxC = (~tot) (D () = (D = (~pt)idf* =€ m (A62)

Note that (—fgt;) = +1in 2, 3, 4, 10, or 11 Dimensions.

(4) For any 2™-by-2™ matrices M and N, its charge conjugate is

M€ = B7'M*B, (MN)€ = MEN€. (A.63)
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- In fact, the matrices M are usually given by the generating Gamma matrices.
()" =B'y;B = (~totr)y, (A.64)
proof)
()€ = B'y,B = B~ (~tot1By,B™")B = (—tot1)y,, u (A.65)

- For the highest gamma matrix y. = (=)™ yoy1 -+ Yp-1

(.)€ = (-)P/#1y, (A.66)

proof)
() = (D™ yorn - yp-1] = (=)™ Y5y - vpoy
_ N D L _ (_i)m+1 N D .
= ()" (=tot1) "yoy1- " Yp-1 = (—i)m“(l) (=tot1) " yoy1 - ¥Yp-1
(l-)m+1 D D D
= (o bt ye = (=)™ (=tot) Py = (=1)P/* (<to11)*"y,
= (-)P/*y, = (A.67)

(5) Complex(or Charge) conjugation of spinor-bilinear scalar:
(EMA)" = (PMAC = (~tot1) X M2C. (A.68)
proof) using ¥ = y'C, C* = —t,C~!, A° = B711*, and M® = B"'M*B, we have

(eMA)* = ()P M = - M = —(x"C)* (BMCB™!)(BAC)

—x " (=toC"H)(BM B Y)BAC = tox'C"1BMCAC (A.69)
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Since B = it,Cy°, we get
(FMA)* = tox 7 (iteCy*)MEAC = (ixTy?)MEAC = (=tot) y°MCEAC  m (A.70)
(6) For any spinor A,
(A€ =-t;2 (A.71)
proof)

A =B AN =B YBIA) =B B A= (BB) A= (-41)"A=-H1 m (A72)

A.3 MAJORANA SPINORS

In even dimension, Dirac fields have 2™ complex components. Weyl fields have 2™~ complex
components due to the equations of motion. Majorana fields have also 2™~! complex components

due to a reality condition.

A.3.1 DEFINITION AND PROPERTIES OF MAJORANA SPINOR

« Majorana condition: the reality constraint we may impose is given by
y=y°=B"'y" = y*=By. (A.73)
Taking a complex conjugate of {* gives

(W) =By =BBy=—ty =y — BB=1
— [B’=1 = .. t1=-1 and B=1 uptoaphase factor e’ (A.74)
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This constraint then leads to

C =tyiy?, Cl=-tC, C*=-t,C7},
("' = =toCyC = —toy°y*y’, (Y = ()" = toy*

ME=M, A°=)1=2 (A.75)

However, we have to still consider “#y = +1” in general.

(1) Majorana (M) spinor (¢ = +1,t; = —1):

- tp = +1 holds for the spacetime dimensions D = 2, 3,4 mod 8.

- When t, = +1,#; = —1, Majorana conjugate is equal to Dirac conjugate.

— —_— | —

A==y’ =1p m (A.76)

— Really real representations of the Gamma matrices are allowed for D = 2, 3,4 mod 8.

In D =4,

0 0 1 _ ) 1 0
Yy = =ion ®1, y = =03®1,
-1 0 0 -1
2 0 01 3 0 03
= = 01 ® 074, Yy = = 01 ® 03. (A.77)
01 0 03 0

In this really real representation, all the gamma matrices are real-valued. Plus, the

spatial gamma matrices y’ are symmetric, while the time-direction gamma matrix y°
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is anti-symmetric. In particular, in this representation,

B=1 C=i)° ¢y =y'=y, M =M, (y)° =y, =y
(Yy)T = YOY,UYO» ()Z)’,ul--ﬂr‘p)* = ()Z)’pwprlp)c = Xc(yﬂl"'/—lr)clpc = )ZY,UI'”Ilrlp'

(A.78)

(2) pseudo-Majorana spinor (tp = —1,#; = —1): tp = —1 holds for the spacetime dimen-
siosn D = 8,9. In this case, we have (y#)* = —y*. Thus, the reality properties of bilinears by
pseudo-Majorana spinor are different from those of bilinears by Majorana spinor. In spite
of this distinction, it is common not to distinguish between pseudo-Majorana and Majorana

spinors since the core property of reality of Majorana spinor still holds.

(3) Majorana-Weyl (MW) spinor: When D = 2 mod 8 (i.e. D = 2, 10), we have (y.%)€ =

Y«¥, which gives rise to

compatible!

Majorana: ¢ = & Weyl: Prgyy = = (PLry) = Prry. (A.79)

Each chiral projection of Majorana spinor (i.e. Prgy) satistying both Majorana and Weyl
conditions is called Majorana-Weyl spinor, which has 2™~! “real” components. On the other

hand, when D = 4 mod 4, we have

(PLrY)C = PRy (A.80)

Notice that this property of Majorana-Weyl spinor is completely different from that of Weyl
spinors Pr gry/p from Dirac spinor y/p since yp does not satisfy the reality conditon of Ma-

jorana spinor!
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(4) Symplectic-Majorana (S) spinor: When t; = 1, it is not possible to define a Majorana
spinor. However, we can define a so-called Symplectic-Majorana spinor, which follows

modified reality condition given by
X =) =BT () (A.81)

where & is a non-singular antisymmetric matrix such that e/g; = §,. In particular, in
dimensions D = 6 mod 8, using (y,)€ = (=)P/?*1y,, it is possible to show that the symplectic

Majorana condition is compatible with chirality, and thus we have
Pry' =" (PLy) = /B~ (PLy')", (A.82)

which is called symplectic-Majorana-Weyl (SW) spinor.

A.4 MAJORANA SPINORS IN PHYSICAL THEORIES

A.4.1 VARIATION OF A MAJORANA LAGRANGIAN

Consider a Majorana spinor field ¥ in dimensions D = 2, 3,4 mod 8. While Majorana and Dirac
spinors transform in the same way under Lorentz transformation, since Majorana fermions have

half of degrees of freedom of Dirac fermion, the Majorana action is given by

S[¥] = —% / dPx¥ (x)[y*a, — m]¥(x). (A.83)

Regarding this Majorana action, there is an interesting remark. If the field components of Majo-
rana spinor ¥ are given by conventioanal commuting variables, then the action vanishes be-

cause m¥(x)¥(x) = m¥YTC¥ = 0 where C is antisymmetric, and because ¥(x)y"9,¥(x) =
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‘I’T(x)nyay‘I’(x) ~ aﬂ[‘PT(x)Cy”‘I’(x)] where Cy# is symmetric. Hence, when the field com-
ponents are given by commuting variables, it is not able to have any dynamics from such Majo-
rana action S[¥]. This means that we have to consider “anti-commuting Grassmann variables”
as the field components of Majorana spinor! Then, holding this, after Majorana flip and partial

integration, we find the equation of motion for Majorana spinor as
5S[¥] = —/ dPx8¥[y"9, - ml¥ =0 = [y#9, - m]¥ =0, (A.84)
which means that Majorana field satisfies the conventional Dirac equation of motion.

A.4.2 RELATION OF MAJORANA AND WEYL SPINOR THEORIES

In even dimensions D = 0, 2,4 mod 8, both Majorana and Weyl fields can be present. When

D = 4, the action can be written as

S[¥]

—% / d*x¥(x)[y"3, — m]¥(x) = —% / d*x¥(x)[y"d, — m] (P, + Pr)¥(x)

e 1 1
_ [ 4 x(‘Py”&llPL‘I’ - SmEPLY - 5m\IfPR\P), (A.85)
which gives the equations of motion
AP ¥ = mPRY, @PRY = mP,¥ = 0P g¥ = m*P g¥ = 0. (A.86)

In particular, from the Majorana condition ¥ = B~1¥* = y%y!)*¥*, we find that

$1

wo| |2 ¢ 7], 0 = P,V + Pg¥. (A.87)
9, Y 0) \v¥
—¢;
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The equations of motion for two-component Weyl fields 1/, l/; are given by

o =my, o o = my. (A.88)

A.43 U(1) SYMMETRIES OF A MAJORANA FIELD

It is easy to see that the U(1) symmetry given by ¥ = ¢®% cannot be compatible with
Majorana condition. On the contrary, the axial transformation or chiral U(1) symmetry given
by ¥ = e'*¥ can be compatible with Majorana condition thanks to (iy.)¢ = iy.. However, the
corresponding Majorana action can be invariant only if the Majorana field is massless because

the variation of the action under the chiral U(1) symmetry is given by
5S[¥] = ifm / d*x¥y, ¥, (A.89)

which can vanish only for a massless Majorana spinor.
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B SUPERCONFORMAL TENSOR CALCULUS

The purpose of Tensor calculus of supergravity is to construct models in the way that the
symmetry algebras are ensured to be closed. There are two representative tensor calculus, which
are super-Poincaré tensor calculus and superconformal tensor calculus.

In tensor calculus, there are three steps. One is to construct multiplets as representations
of symmetry algebras like super-Poincaré or superconformal ones. The second is to make new
(composite) multiplet in terms of the fields of the other multiplet. The last is to use a density
formula which gives invariant actions as a function of fields of a multiplet on the composite
multiplet built in the second step.

Then, one may ask: which tensor calculus is better? Of course, the two ways of tensor calcu-
lus have their own benefits. Nevertheless, I would like to point out that superconformal tensor
calculus has more advantages compared to super-Poincaré tensor calculus from the user-friendly
perspective. Superconformal tensor calculus has simplicity in that one does not have to specity
which set of auxiliary fields at the beginning. To do this, one can start with a larger symmetry
group which keep expression simpler, which means that superconformal tensor calculus has gen-
erality in that respect. The tensor calculus has flexibility since one does not have to do laborious
rescalings of fields, which must be done in the final calculations of the super-Poincaré tensor

calculus.
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B.1 SUPERCONFORMAL ALGEBRAS

In this section, we specify superconformal algebras, and we find their representations as the
covariant quantities of the gauge theory of superconformal symmetry. Then, we construct the
invariant action of representations under the superconformal transformations.

Following the Gauge Equivalence Program, we first define the superconformal symmetry

transformation Js. as “extra” symmetries in the way
1
Osc = EPy+€%Qy + EA“bMab +ApD + 0A + 1Sy + Agk,, (B.1)

where symmetry generators and their transformation parameters are given as follows: P, is
spacetime translation with &*; Q, is supersymmetry with €* (a.k.a. Q-SUSY); M, is local Lorentz
symmetry with A%°; D is dilatation with Ap; A is chiral U(1) symmetry with ; S, is conformal

supersymmetry with n* (ak.a. 5-SUSY), and K, is special conformal symmetry with A%. Then,
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these generators form the “17” non-trivial commutation relations as follows:

1 [Po, Mye] = 20appPe) = fond = foppey” = 271683 (B.2)
2.[P,D] =P, = f,,f =f,0=-8, (B.3)
3. [PaSal = (1aQ)e = fps© = fuu” = (va)o” (B.4)
10 Q) = (N CpPe = fof = f" = =5 Nep ®5)
5100 Ma] = 5 (e = foul = fy] = 5 ) (B.6)
6,100 D] = —300 = for = fu =300, ®.7)
7100 Al = 2100 = o0 = ful = 211" ®39)

o)

1 1, i
AQw Sp} = =5 CpD = S (v )apMap + 5 (1) apA

= stD =fup' = _%C;/lz’ stM = aﬂ[ab] = —%(}’ab)aﬁ, stA =Jup' = é()/*)aﬁ,
(B.9)
9. [QnKal = ~(1aS)a = foi® = fud =~ (va)- (B.10)
10. [Map, Meg] = 4n(aieMagp] = fiit! = f[ab],[cd[ff = 817[c[b5a[]e(5£]], (B.11)
1. Mo Sal = =2 (S = fus® = frg,” = =5 ) (B.12)
12. [Kos Mye] = 210K = ficat' = fo e © = 27a1663) (B.13)
13. [D, Sq] = —%sa = £ = firl = —%55, (B.14)
14. [D,K,] = -K, = £, = .0 = -8, (B.15)
15.[4.5:] = 210090 = fus® = fur” = 5i0r0" (B.16)
16. 8059} = ~5 () CopKe = fis = £, =~ (e (B.17)
17. [Po. Kyl = 20D + 2Mapy = forD = £ * = 20 fop ) = 4816, (B.18)
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where we used the charge conjugation matrix C,g such that

cl=—c, c'=c!, c=-c!, (=-cy'c! (B.19)

V7= (€)Y Yu=9PC Vg V(Y = - (gt = 9y (B.20)

The other commutators of the generators vanish.

B.2 GAUGE FIELDS AND CURVATURES

We define a set of gauge fields that correspond to the superconformal symmetry.
1
BTy = elPy + Y2 Qq + szbMab +buD + AyA+ §1S, + fK,, (B.21)

where e, /7, wﬁb, bu, Ay, @y, f| are gauge fields corresponding to the generators, respectively.

Then, it is possible to compute the corresponding curvatures using
R,*(Ty) = 9,B} — 3,B}; + ByB} " (B.22)

« 1. Curvature of Local spacetime translation “Rjj,(P,)” is calculated by using the structure
constants from the commutators (B.2) for PM, (B.3) for PD, (B.5) for QQ since P, operator

can be only found in the right-hand side of the three commutators, so that
1-
R, (P,) = Za[ye;’] + Zb[yeg] + Za)‘[lflev]b - Etﬁyy“tﬁv. (B.23)

« 2. Curvature of Local Q-SUSY "Ry}, (Q,)” is calculated by using the structure constants (B.4)

for PS, (B.6) for QM, (B.7) for QD, and (B.8) for QA since Q, operator can be found only in
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the right-hand side of the four commutators, so that
1
sz(Qa) = 2(7[;1205‘] - 2)’[/1(]53] + Ew?ﬁ(Yab‘//v])a + b[u‘ﬁf] - 3iA[u(Y*¢v])a- (B.24)

3. Curvature of Local Lorentz transformation “RZ’; (M)” is calculated by using the structure
constants from the commutators (B.9) for QS, (B.11) for MM, and (B.18) for PK since My,

operator can be found only in the right-hand side of the three commutators, so that

b _ b b la b] _ 7 ab
Ry (M) = 20,03 = 20, 0y +8f e, = Yy ). (B.25)

4. Curvature of Local Dilatation “R,,(D)” is calculated by using the structure constants
from the commutators (B.9) for QS and (B.18) for PK since D operator can be found only in

the right-hand side of the two commutators, so that
va(D) = 28[#bv] - E&[,u(]sv] - 4f[(:lev]a. (B.26)

5. Curvature of Local Chiral U(1) symmetry “R,,(A)” is calculated by using the structure
constants from the commutator (B.9) for QS since A operator can be found only in the

right-hand side of the commutator, so that
R (A) = 29,A,) + iV[.y+Py)- (B.27)

6. Curvature of Local S-SUSY “R};,(Sq)” is calculated by using the structure constants from
the commutators (B.10) for QK, (B.12) for MS, (B.14) for DS, and (B.16) for AS since S,

operator can be found only in the right-hand side of the four commutators, so that

. 1
RZV(S(Z) = za[y(ﬁf] - b[,u(]sf] - 31A[y(Y*¢v])a + Ew([lﬁ()/ab(/])v])a - 2ﬁy(Ya¢v])a~ (B.28)

289



« 7. Curvature of Local Special Conformal symmetry "Ry, (K,)” is calculated by using the
structure constnats from the commutators (B.13) for KM, (B.15) for DK, and (B.17) for SS
since K, operator can be found only in the right-hand side of the three commutators, so

that

1-
RS, (Ko) = 200, £ = 2bpufyi + 207, fup S Pur by (B.29)

B.3 CovVARIANT LoCAL TRANSLATION UNDER SUPERCONFORMAL
SYMMETRY, AND INTRODUCTION OF GRAVITATIONAL
CURVATURE

In this section, we find some constraints on the curvatures since we wish to use the covariant
local translation in Eq. (5.30) under the superconformal symmetry. Thus, let us recall the general

curvature constraint from Eq. (5.35), i.e.
E'R}(Ta) =0, (B.30)

where Ty’s are given by the non-covariant local translation P, and the other standard gauge
symmetries. Certainly, for any A in ﬁﬁv, the constraint must hold in order to take the replacement
P, —> P, in the symmetry algebras.

Getting back to the superconformal algebras in Egs. (B.2) to (B.18), we notice that only the

right-hand side of the commutator of QQ in Eq. (B.5) includes a single P,. Thus, we need to
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. . . a
examine this commutator. Let us apply this to a gauge field ;. Then, we have

[So(e1), Sp(ez)]ey; = [/ Quel 05 — GﬁQﬁ*Ean]eﬂ = €)e{Qu, Qpley
1

= __( b)a YC ; ﬁ ane __61(}/ )a )/C ; ﬂpbe

vpE2 v
1
= _Eély eszey = Eézybeleey = §beea, (B.31)
where & = % &yPe;. Hence, since the non-gauge field effect M 5 = 0 does not exist for the
vielbein, we can impose
E'R,(Pp) = 62}/ ‘erR,(Py) =0 = R, (Py) =0, (B.32)

which is because R}, (P) is purely bosonic. Regarding this constraint, there is a problem, which is
that the constraint is not invariant under the Q supersymmetry. That is, if we obey the original

transformation rules under the Q-SUSY, we obtain

5Q(6)RZV(P) = %éya w(Q) # 0. (B.33)

The solution to this problem may be to modify the supersymmetry transformation of wzb. This is

ab

because w 1

is no longer an independent field but a dependent one due to the constraint R, (Py) =
0. This means that the Q-SUSY transformation law of this dependent field a)zb must be consistent
with the constraint. Hence, we assume that there is an additional Q-SUSY transformation of a)zb

denoted by 522 for compensating the remaining shift of %éya v (Q). That is, we have

a 1— a 4 a
So(e)R;, = Zér"Run(Q) + 28, (e)wfen = 0, (B.34)
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which gives
, ab _ _1_ apb] L ab
Syl =~ &R} () - e R (Q), (8.39)

which is a special example of Eq. (5.38). In fact, wﬁb . ¢y, f, are dependent fields. This is because

the other two constraints are given by
epRuy(M™) =0, y'R(Q) =0, (B.36)

where the first one can produce a solution for the gauge field f, of the special conformal sym-
metry K,, while the second one can yield the solution for the gauge field ¢,/ of the conformal

supersymmetry S,. The covariant curvature of M is given by

5 by _ p ab [a b]

Ry(M®) = R,,“(M)+8f e, (B.37)

}’é ab M _ ab M T [aRb] 1 T Rab B 38
Qv ( ) - ryv ( ) + ‘b[,lly V] (Q) + Elp[ﬂ}/V] (Q)’ ( . )

ryvab (M) = 20,0, ab 4 20, ., ed _ tﬁ[ﬂyabqﬁv]. (B.39)

We can also compute the corresponding Ricci tensor and scalar

D H a H a H ab v
R(M) = egR,*(M), R,“(M) =R, (M)e;. (B.40)
The curvature of Q is
R,uv(Q) = R;lV(Q) - ZY[yQSV]’ (B-41)
, 1 3 1
RﬂV(Q) = 2(8“1 + Eb[y — EZA[py* + Zw[p }’ab)l//v]~ (B.42)
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Then, we are now able to solve for the gauge fields ﬁj’ and ¢, which are found to be

1. 1 .
ﬁla = —L—LRﬂa(M)'Fﬁe;jR(M), (B43)
1 4 1 /
bu = —3V'RL(Q)+ "Ry, (Q), (B.44)
which gives rise to
H 1 4 1 7 .ab
= = ROM) = == (R(0) ~ Juy ) (B.45)
1 /
Vidu = —2V"R,(Q), (B.46)
1 /
Y = -y R(Q). (B.47)

Here we note that gravitational curvature “R(w)” (i.e. related to the kinetic term of spin-2
graviton for Einstein-Hilbert action) is introduced into the superconformal action of supergravity

via the dependent gauge field of the special conformal symmetry, i.e. f'.

B.4 SUPERCONFORMAL MULTIPLETS

B.4.1 GENERAL COMPLEX SUPERCONFORMAL MULTIPLET

Here we construct the representations of the superconformal algebras. First of all, let us re-
call a supermultiplet ®. In SUSY, it is possible to construct finite number of its supersymmetric
descendant fields by applying the supersymmetry operators Q, Q to the supermultiplet ®, such as
Qd, Q®, Q*Q?®, etc. That is, all the supersymmetric descendant fields can appear as the component
fields of the supermultiplet ®. However, it is not guaranteed for a supermultiplet to be a super-
conformal multiplet. This is largely because the fields of superconformal multiplet transform

under the superconformal symmetry, not just a supersymmetry. For example, let us consider the
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5-SUSY transformation of Q®. When we apply S5 to Q,®, we obtain

$5(0u®) = {55 0@ = Qa(5p®) = (= 5CiAD = 2™ )apMas + 5 (1)ep | = 0 (5), (B.49)

where we used {Q, S} ~ M + D + A from the commutator (B.9) for QS, i.e. {Qq, Sg} = —%C;éD -
i(yab)aﬁMab + %(y*)aﬁA. From the above result, we notice that the S-transformation of (Q®) is
dependent on the Q-transformation of a new field S®! This is problematic because the field S®
is beyond the components of ®; that is, S® is not a superpartner of ®! Hence, in this sense, a
supermultiplet may be “not supersymmetric” in the superconformal algebras.

Interestingly, there is a clever way of defining a superconformal multiplet V as a supermul-

tiplet. This is to impose the two conditions to the lowest component C of a superconformal

multiplet V:
S«C =0, K.C =0, (B.49)

which means that the lowest component C of a superconformal multiplet V is inert under both
S-SUSY and Special conformal symmetry of the superconformal symmetry.
Keeping this in mind, let us start with a superconformal multiplet V whose lowest component

C transforms under
5oC = ééy*Z, 5uC =0, Op=wlpC, SuC=ic0C, &C=0, 6xC=0, (B.50)

where §; = €T without summation for I, and importantly, we introduce a “supersymmetric”
descendant field Z as an arbitrary spinor whose transformation law is determined by the “supercon-
formal” algebras. In addition, note that we have introduced the so-called Weyl weight “w” and
Chiral weight “c,” which usually make a pair as (w, c¢) that is called “Weyl/Chiral weights”

These weights are very crucial in that they completely characterize a superconformal multiplet
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V.

Next, let us find the S-transformation of Z. From the commutator (B.9) for QS, we have

(04 1 o= 1 a a l o
[85(n),60(e)] = —n"e"(Sp, Qu} = 50" € CogD + Tne (Y )apMap = 50" (1 )apA

1 1 i

= EﬂﬂeﬁD - Zea(yab)aﬁ’]ﬁMab + Eea(}/*)aﬁ”ﬂA
1 1 i

= onlepD + 1€ (v npMas — S (r)o npA
LaeD + Ley®nMy — Leyna

= —7e —€ — —€Ys
;€D + ey nMap = Séysn

= 5D(%ﬁe) + 5M(}Léy“br]) + 5A( - ééy*n), (B.51)

where we used the properties that 7, €, S, Q all are anticommuting with each other, and switching
the upper and lower positions of two spinor indices in their contraction produces a minus sign,
ie. A%B, = —A,B”. Then, we are ready to consider the following computation for the lowest

component C, i.e.

35(1)3g(€)C = [85(1). Bg(€)]C + Sg(€)85(n)C- (552)
The left-hand side of Eq. (B.52) gives

55(3o(e1C = s (56.Z) = ser.[5s(n 7). (559)

The right-hand side of Eq. (B.52) gives

[35(1), 80(IC + 8o(85(C = dn(7€)C -+ du(3ern)C + 84~ Seren)C

+d0(€)ds(n)C
1_ 0 1_, 0
= quwC +0- lcgey*lyC +0= € nwC — lcgey*in

= %e‘y*( —iwy, — iC)l]C, (B.54)
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1+ys
2

where we used y? = 1, which defines the projection operators Py = and Pr = 1_—;’*. By equat-

ing these two results, we can determine the S-transformation of the new field Z we introduced

in Eq. (B.50):
ds(n)Z = —i(wy. +¢)nC. (B.55)

The point here is that transformation laws of a descendant field can be uniquely determined by the
transformation laws of the ascendant fields. In particular, we can also take the decomposition of
spinor ¢y = Ppy + Pry using the projection operators P;, = (1 + y.)/2,Pr = (1 — y.)/2 such that

P? = P: =1, PP = PRPL = 0, y.PL = P1, y.Pr = —Pg. Thus, we can also get
ds(mMPrZ = —i(w+c)PnC,  Ss(n)PrZ = i(w —c)PrnC. (B.56)
Another important computation is the Q-transformation of Z. Let us consider
[So(en). So(e)]C = 3 ar*aD,C, (857

where D, is a relevant covariant derivative. To calculate the left-hand side of this commutator,

let us consider the most general form of 6o Z. In the basis of y-matrices, we can express 6o Z as

50Z = (3 + D'y + B%y ™ + ¥y, @] + 1. 0e, (B.58)
SoPLZ = Pr(®° + @'y* + D%,y — yi®% + Y, (B.59)
8oPrZ = Pr(D° + @'y + @2, y™ + y@3 — @*)e, (B.60)

where @ (A = 0,1, 2,3,4) are bosonic fields with(out) the local Lorentz indices, and we used
Priry® = y*Pg/L given by {y% .} = 0. In fact, the expansion coefficients, ®'’s, correspond to all

the possible supersymmetric descendant fields of Z. Then, the commutator result can be given
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i
[50(€1), bg(€2)]C = 552)/*5(3(61)2 - (€1 o &)
i _ _
- E(ézy*elcbo + ézy*y“q@; + ézy*yabelcbib + ezy*yay*q(bg + 660 — (61 & €)
1
= iézy*yabelcbib + iélyaEZQDg 2 —Eélyaegﬂac

i
— . @2, =0 and @) = 5D.C (B.61)
The undetermined coefficients ®°, @}z, ®* will be considered as the supersymmetric descendant

fields of Z. Conventionally, we represent them as (following the notation of FKVW [70]%):

@ =LK —H), 0= —%Ba, @t = Z(H +9). (B.62)

Therefore, the Q-transformation of ZZ can be written as

1
So(e)Z = E(ﬂ—[ —v4B, — iy.y*D,C)e, (B.63)
1
So(e)PLZ = EPL(iW —v4B, — iy*D,C)e, (B.64)
1
do(e)PrZ = EPR(—i(K —v*B, +iy*D,C)e. (B.65)

Following this procedure, it is possible to identify all the components of the superconfor-
mal multiplet V and its complex conjugate multiplet V*, which are usually represented by the

following collection

Viwe) = (c, Z,H, K, Bay A, @), (B.66)

Vo = (CH 20 I H, B, A, D), (B.67)

where C denotes the charge conjugation on the spinor; for the Majorana spinor represention,

1The Kugo notation H, K can be written in terms of our notation as H = %(7{ +%K)and K = %(‘K —H).
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it becomes the complex conjugate, and V|,, ) means its lowest component has the Weyl/chiral
weights (w, ¢). The transformation laws of all the components of the superconformal multiplet

Viw,) can be found follows:

« C (w,c):

5oC = é@ﬂz, SMC =0, SpC=wApC, 64C=inbC, 8C =0, 6kC =0. (B.63)

e PLZ (w+1/2,¢—-3/2),PRZ (W+1/2,c+3/2):

So(e)PLZ = %PL(i?{ VB, i*DC)e, SuPLZ = —ixabYaprz,

SoPLZ = (w+1/)ApPLZ,  SaPLZ = i(c—3/2)0P,Z,

8sPLZ = ~i(w+)PinC, SxPLZ =0, (B.69)
So(€)PrZ = %PR(—ﬂ( B+ iy DuCe,  SwPRZ = —i/w”yg,,pRz,

SoPrZ = (w+1/2)0PeZ,  SaPeZ = i(c +3/2)0PxZ,

5SPRZ = i(w - C)PRUC, 5KPR~Z =0. (B.70)

« H(w+1,¢c-3):

CSQ?'[ = —iéPR(yaDaZ +A), SyH =0, O6pH=(w+DApH, sH =i0(c—3)H,

OsH =if(w—-2+c)PLZ, OoxH =0. (B.71)

e K(w+1,c+3):

5K = i€PL(y*DaZ +A), K =0, SpK = (w+ DK, 84K =i0(c+3)K,

5K = ifi(—w +2 +0)PrZ, OxK = 0. (B.72)
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« B, (w+1,c¢):

80Ba = —=E(Yuh+ Dy Z), SmBa=-2,"Bp, pBa=(w+1)ApBs S4B, = icB,,

DN =

9sBa = —fi[(w+1) +cyulyal, OxkBa=—2idgqcC (B.73)

DN =

o« PLA (W+3/2,¢—3/2), PRA (w+3/2,¢c+3/2):

SoPLA = %[y“b(DaBb —iDDWC) +iD]Pre, SyPLA = —%A“byabPLA,

SpPLA = (w+3/2)ApPLA,  SaPLA = i0(c+3/2)PLA,

OsPr A = —%PL(ﬂ( +Y'B,+ iy D, C)(w+ ey, SkPLA = A% (w + ¢)y.PrB.74)
SoPrA = %[yab(DaBb +iD,DC) — iD]Pre, SyPrA = —iaabYaprA,

SpPRA = (w — 3/2)ApPrA,  SaPrA = i0(c — 3/2)PrA,

1
OsPrA = EPR(iW —V'Ba+iy* D,C)(w + cy)n,  OxPrA = Ag(w — ¢)yoPLZ (B.75)

e D (w+20):

SoD = ée‘y*yal)aA, SuD =0, pD = (w+2)ApD, 4D = icOD,

1
O0sD = iff(wy, + c)(Ey“Z)aZ +A), D =2A5(WwD,C +icB,). (B.76)

If there are internal symmetries 5C! = QAki(CI) of the lowest components C! from several

superconformal multiplets V'’ labeled by an index I, then we have to add additional contributions
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to the above transformations, which are given by

i
SoBL = Ee‘yay*(AG)Aki(C),

So!

1

SoD'

—€
2

where (A%)4, Dé are from the components of gauge multiplets V.

(B.77)

1 1 - 1 -
= 5DGkA(C) + AN ZNokyva + AR yevaZ Yok a6, (B78)

i 1
Z/ ok (C)DE + Eéy*y“Bé(AG)Aa]ki(C) - 5é,/“z)a(kg(C) (A)Y), (B.79)

The superconformal covariant derivatives of the fields of a superconformal multiplet V

under the superconformal symmetry are as follows:

D,C

PLD,Z

PRD,Z

Z)(1'817

PLD,A

PrD,A

DDy C

(0 —wby —icA,)C — él/;,,y*z,

(9~ (w+1/2)b, — i~ 3/2)A, + iw;byab)z

—PL(H — " Ba — i DiCYy — i + OPL,C,

(ay — (w+1/2)b, —i(c+3/2)A, + }szbyab)z

—PR(—IK = "B+ i DaC)y — 1w — ) PadyC.

¢ [(a,l — (w+ )by — icA) By + 0, B

+%l/;y(Z)bZ + 7)) — %gﬁp(w +1+cy)pl + ZiCCﬁ,b],
Pu(9y = (w+3/2)b, — i(c+3/2) Ay + 0y ) A
(D)~ IDD,C) + iDIRLY,

+%PL(i7( F 7By + iy DeC) (w+ 1)y — (w + OyaPrZ L,
PR(aH — (w+3/2)b, — i(c - 3/2)A, + iwzb}’ab)A

I (DeBy + IDDIC) ~ DI Paf

—PR(H = "B+ iy DuC) (w4 ey )y = (w = VP Z S,

—~ [wRa (D) + icRay(A)]C - “Ra (0. Z.
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B.4.2 CHIRAL SUPERCONFORMAL MULTIPLET

A chiral supermultiplet is given by
X ={X,PLQ, F}. (B.87)

In the superconformal formalism, this can be represented by imposing chiral condition PR Z = 0,

so that the other consistency conditions are followed as
PRZ=0 = K=A=D=0, B,=iD,C, (B.83)
which gives the following collection as a chiral superconformal multiplet
X = (X, —iV2P,Q, ~2F, 0,iD, X, 0, o). (B.89)

The complex conjugate of this superconformal multiplet can be obtained by imposing the chiral

condition P Z = 0, leading to
PZ=0 = H=A=D=0, 8,=-iD,C", (B.90)
and
X* = (X*, iVZPRQ, 0, ~2F", D, X", 0, o). (B.91)

In fact, the chiral superconformal multiplet X can only be obtained when Weyl weight is

equal to chiral weight, i.e. w = c. The reason for this is that when we impose the chiral confition
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PrZ =0, its S-transformation must vanish as well, resulting in
!
OsPrZ =i(w—c)PpnC =0 = w =c. (B.92)

Meanwhile, there is another way of obtaining a chiral superconformal multiplet from the
genral one. Let us take a look at the superconformal transformations of K. If we impose ¢ = w—2,
1

the transformation laws of a scalar C’ = -3 are given by

1
SQC’ = —EiE_PL(}/aDa.Z +A), 5MC/ = 0, SDC’ = (W + I)ADC/,

5.C" =i0(w+1)C’, 6sC' =0, 6xkC' =0. (B.93)

We notice that these transformations are those of a chiral superconformal multiplet whose lowest
component is given by C’ = — %7( and the chiral fermion is identified with Z’ = =P (y*D,Z+A).

Therefore, we can define an operation called Chiral projection T such that

, 1 1 a 1 - a
T(Cowom2)) (witss) = X' = ( ~ KGRI DZ N (D oCC +iD Ba)), (B.94)

* I4 1 * l 1 * * . *
TGl i) = X' = (= 1 PR DZE + 49, 2D +5C - 1D8,)),

(B.95)

Note that the Weyl/chiral weights changes from (w,c = w —2) to (w+ 1,c = w + 1). Hence, we
can say that T carries the Weyl/chiral weights (1, 3)!
Plus, there is a special case that the chiral projection operation T(-) can be applied to a chiral

multiplet with w = 1,i.e. X(11) = {X, PLQ, F}. Then, the corresponding chiral projection is

T(X(l,l))(Z,Z):(F*s V' D.PrQ, DCX*). (B.96)
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B.4.3 REAL SUPERCONFORMAL MULTIPLET

It is also possible to obtain a real superconformal multiplet by imposing a real condition that

C* s C = C, (PLZ)C = PRZ = PRQV, (PRZ)C = PL-Z = PLQV, 7‘{* = 7(,

B =B,=B, (PLA)C =PpA=Pr), (PrRA)C=PA=P), D* =D =D. (B.97)

The real multiplt V is then given by

V= (c, £, H, H*, By, A, D). (B.98)

B.44 LINEAR SUPERCONFORMAL MULTIPLET

Using the chiral projection operation, we can define a complex linear superconformal multi-

plet V. by imposing two conditions ¢ = w — 2 and
T(V) =0. (B.99)

In particular, by requiring reality to L in addition to the two conditions, we get a real linear

superconformal multiplet given by
Y, = (cL, ¢t,0,0, BL, —y D, —uCcL), (B.100)

where CL is a real scalar, 4 Lisa Majorana spinor, and Bé is a real vector such that Z)“Bé =0.
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B.4.5 GAUGE SUPERCONFORMAL MULTIPLET

Another crucial multiplet is a Gauge superconformal multiplet. To get this, we can start

with a real superconformal multiplet with the Weyl/chiral weight (0,0):
VA = (CA, CA HA, HA BA, (I0)A, (DG)A). (B.101)
Then, let us look at the following field redefinition
By = elB, - %lﬁyg. (B.102)

Then, the Q-transformation of this vector field is given by

« 1 1
8By = ey, = 50u(E0). (B.103)

Here we see that the last term may be thought as a U(1) gauge transformation of a gauge field

A

B, — By — 9,0 where 0 is a real scalar gauge parameter. We then establish a superconformal

multiplet defined by
VE = (0, 0,0,0, (B4, (194, (DG)A), (B.104)

where (B,)" is gauge (vector) field; (A°)? is its fermionic superpartner called gaugino, and (D)4

is auxiliary real scalar of the gauge multiplet. Their transformations are specified as follows:

- (B (1,0):
SQ(B/J)A = _%é}/u ()LG)A: 5M(Bu)A = 5D(B/1)A = 5A(B,u)A = Js (By)A = 5K(Bu)A = (B.105)

Here notice that gauge field (B ,,)A transforms only under the Q-SUSY transformation, while
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it is inert under the others.
. (194 (3/2,+3/2):
1
4
3 3
600" = ZAp (), 80 = 267,00 8519 = 6 (1) =0,

i 1 N
80(A)" = (1 (DO + 2y (F5) e, 609 = =22y (1),

where (£S)* = egeZ(Za[y(Bv])A + A BB B)C + P (AG)A). (B.106)

« (D%)4(2,0):

80D = 2. (YD), 8u(D9) =0, 8p(D)* = 22p(DOY",

8,(D%)4 = 5, (D) = 0. (B.107)

It is obvious that the Q-SUSY transformations of a general superconformal multiplet will change
due to the additional shifts caused by internal gauge symmetries. When a multiplet is charged
under gauge symmetries, a partial derivative must be replaced by a proper covariant derivative
which involves the gauge-coupling part given by 9, — D, D —(B,,)AkIIL\(C ). Since the gauge
field transforms under Q-SUSY, a transformation of the covariant derivative of some fields of the
gauged multiplet must depend on the gaugino, which is completely new compared to the Q-SUSY
transformations of the un-gauged case. The additional corrections to the Q-SUSY transformations

are shown in Eq. (B.79). In addition, a gauged chiral superconformal multiplet is given by
Xyauged = (X, _iV2PLQ, ~2F, —2iF, iD,X, —2iPr(A%) kA (X), —ikA(X)(DG)A), (B.108)

where k4 (X) is the Killing vector of gauge symmetries.

305



B.5 MULTIPLICATION LAWS OF SUPERCONFORMAL MULTIPLETS

In this section, I introduce the multiplication laws of the superconformal multiplets from Ref.
[70]. Multiplication laws for a composite multiplet whose arguments are given only by complex

superconformal multiplets:

C = f(CY, (B.109)
Z = fZ, (B.110)
H = f,—ﬂi—%ﬁjZ‘Psz, (B.111)
K = ﬁ?("—%ﬁjz_"PRZf, (B.112)
B, = ﬁBL+£ﬁjZiY*yij=ﬁBL+éﬁjZ_iPLypi, (B.113)
A= fll o fi|inB s Bk s per - BC 2 - L2 D2 (B114)
D = fD+ %ﬁj(vd(m ~ 8.8 - DC' - DCI - 287 - Z"ﬂzf)

1 - . . . L
—Zfijkzl(iy*,gl +PLK' + PRW')Zk + %ﬁjkl(ZlPLZJ)(ZkPRZl). (B.115)
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Multiplication laws fora composite multiplet whose arguments are given only by chiral super-

conformal multiplets:

C = f(X%X%), (B.116)
Z = iV2(—-£,Q% + £,Q%), (B.117)
H = —2f,F+ f,5Q°0F, (B.118)
K = —2fiF"+ f;Q°07, (B.119)
B, = ifiDX" — ify DX" +if 50,97, (B.120)
PLA = —V2ify[(BXF)Q% - FEQF] - éfdﬁymﬁdgﬂ', (B.121)
PRA = \/Eij;ﬁ[(ﬂf(ﬁ)Q“—F“Qﬁ]+éﬁxﬁygmmﬁ, (B.122)

_x 1. 5 1.2 G
D = 2f5( - DX DX - 0 PDQ -~ Pp0" + FF)
gy (—QUQPFT + QU(BDXP)QT) + f,5 (-Q7FY + G (BXF)QY)

1 _ o _
+EﬁJCﬁY5(Q“PLQﬂ)(QYPRQ5). (B.123)
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Multiplication laws for a composite multiplet whose arguments are given only by real supercon-

formal multiplets:

C = f(Ch, (B.124)
Z = fl, (B.125)
H = ﬁ?—(i—%ﬁjgiPng, (B.126)
R = S = ful Pad), (B.127)
3, = ﬁBL+£ﬁj§i}/*Yy§j, (B.128)
A = fill+ %ﬁj[mﬂi +ReH' — iy, ImH" —ﬂci]ﬁ = iﬁjk?ifjék, (B.129)
D = fD'+ %ﬁj(ﬂiv{*" — BB —DC - DC - 2] - Ziﬂgf)

— 1 Fd (i + R — i) 4 %ﬁjkz(?w)(ﬁmg’). (B.130)

B.6 DENSITY FORMULAE

+ F-term Density Formula: For any chiral superconformal multiplet X with the Weyl/chi-
ral weights (3,3) whose supermultiplet form is given by {X, P.Q, F}, the corresponding

invariant action “[X]f” via F-term sector can be obtained by the following expression:

[X]r = /d4xe

where e = det(ez). This F-term density formula form is the same as that of the Kugo’s

1 - 1. -
F+ —yv*PrQ + =Xy, v*'P, + h.c. B.131
\/Elpp}/ L 2 ¢pY REbV c ( )

notation.

« D-term Density Formula: For any real superconformal multiplet V with Weyl/chiral
weights (2, 0) whose lowest component is given by a real scalar C, we can always construct

a chiral superconformal multiplet with the Weyl/chiral weights (3, 3) by applying the chiral
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projection operation T to the real multiplet V. This means that it is possible to compute the
corresponding invariant action using the above F-term density formula. Here, we define
the D-term density formula in terms of the chiral projection and F-term density formula as

follows:

[Clp = S[T(C)]F. (B.132)

N | —

Also, we have [T(C)]r = [T(C*)]. After integrating by parts, we reach the following

equivalent invariant action “[C]p” that can also be calculated via D-term sector:

1
[Clp = E/d‘*xe D+ DD+~ ( - yPrA+ YD) — —prLy“ngﬂ-(+h c. )]
1 & /
= 5‘/d‘Lxe[D— =1 - yiy A — —CR(a))+ (Clﬁ yHPo — igyp"y*)Rpg(Q)
1 abed 7, 1~
267 Varste(Ba = Syad) |, (B.133)
where R, +(Q) =2(ay, yab + b[# - %iA[py*)%], and R(w) = RZ%"(M)g”". It is worth

noticing that there is a factor of 1/2 in this D-term density formula in our notation (which

follows Ferrara’s one), while in the Kugo’s notation, there is no the factor of 1/2.

Theorems on the chiral projection: T(ZC) = ZT(C) is satisfied if Z is a chiral multiplet
and C has the Weyl/chiral weights (w, w — 2). Plus, for any two chiral multiplets A with
(0,0) and Z with (1,1), [(A + ANZZ*]p = %[T((A + A*)ZZ*)]F — [AZT(Z*)]F can be

satisfied.
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C DERIVATION OF FERMION MASSES IN
THE SUPERGRAVITY MODEL OF

INFLATION IN CH. 11

We consider matter chiral multiplets Z’, the chiral compensator Sy, a real multiplet V, and
another real multiplet (V)p, whose lowest component is the auxiliary D term of the real multiplet

V. Their superconformal multiplets are given as follows:

V =1{0,0,0,0,A,, A, D} in the Wess-Zumino gauge,ie.o ={ =H =0, (C.1)
Z'= (2, -iV2PL ', —2F', 0,+iD,7,0,0) = {2/, PLy', F'}, (C.2)
7' = (2, +iV2Pgy', 0, —2F', —iD,7',0,0) = {Z', Pry’, F'}, (C.3)
S() = (So, —i\/EPLXO, —2F0, 0, +i@/150’ 0, 0) = {S(), PL)(O, F()}, (C4)
So = (0, +iV2Prx", 0, —2Fy, —iD,5, 0,0) = {50, Prx", Fo}, (C.5)
APLA = (APLA, —iV2PL A, 2D%,0,+iD, (AP 1), 0,0) = {APA, PLA, D2}, (C.6)
APRA = (APRA, +iV2PRA, 0,2D2, —iD, (APgA),0,0) = {APgA, PrA, D2}, (C.7)
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where

1 N 1 A
PIA = \/§PL(—5y ‘F+iD)),  PRA= \/EPR(—EY . F—iD)A, (C.9)
D} =D*—F -F —2)P.P), D? = D* — F* - F* — 2APr DA, (C.10)
31 3 1 . 1
DA =9, - Eb“ + Zwayab - El)/*ﬂ‘u))- - (Z)’abFab + EIY*D)I//p (C.11)
ﬁab =Fy+ ea”ebvlﬁ[pyv])t, F, = ea'uebv(ZG[#Av]), (C.12)
A 1 - X X 1. A
Fjv = 5 Fyv + va): Fyv = _Ele,uvp(pro-' (C13)

Next, we show the components of the first superconformal composite complex multiplets w’
and w2 with Weyl/chiral weights (—1,3) and (-1, —3) respectively. These composite multiplets

are defined to be

AP A

2 _ — w

W = e = (G T o Ko B A D) (C.14)
— 12 A-,PRA

W = {Cw, Zﬁ;, 7‘(@, (](w, B;;V, Aw, Dw} (C.15)
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where

AP

C, = h= KGR (C.16)
Zw = iV2(=h,Q% + hyQY), (C.17)
H,, = —2h F*+ hg,QQP, (C.18)
K, = —2haF%+h;Q°Q0, (C.19)
BY = ihyDuX® — ihgD, X" + ih;Q%, QP (C.20)
PiA, = —V2ihg[(BX1)QF - FAQP] — —h_ 0°0IQP, (C.21)
V2
PrAy = V2ihy[(BXD)Q% - FUQP] + \%habCQEQ“Qb, (C.22)
2
aqyvh _ Laa b lap a4, paph
Dy = 2hy( - DX DX - ~Q" PO -~ O PO + FUF )
+haps (—Q°QPFE + QU(DX?)Q0) + s, (~QIQPFE + QDX Q)
1 _ o _
+§hab5d(Q“PLQb)(QCPRQd). (C.23)

Notice that when finding the multiplet w’2, we can just replace h by its complex conjugate h*.

The second superconformal multiplets that we need are the composite chiral projection mul-
tiplets T(w’?) and T (w'?) with Weyl/chiral weights (0, 0). From their component supermultiplets
defined by

T(w?) = (—%%, —%\/EiPL (DZs + Av), %(@w +0°Cy + iDan-v)) , (C.24)

T(w?) = (—%«;,%xfziPsz%A%),%(@%ch;—i@(ﬂ%)*)) (C.25)

we find the corresponding superconformal multiplets and their complex conjugates as follows:

T=T(w? = {Cr.Zr.Hr.Kr. 8] A1, Dr}

T =T(w"?)

{Cr, Zr, Hr. K+ B, Ar, D}, (C.26)
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whose superconformal components are given by

1 * d 1 x AaGAb _
CT = —EWW = héFa - EthQaQ = CT
_ _ _ 1 R
Zr = —\2iP; [ﬂ(—h:Q“ +hQ% - b, [(PXD) Q7 - FAQP] - 5hj;ECQCQaQ”
* b h 1 * C A~ .
+h: [(DXP)QY - FUQ] + EhabEQCQ“Qb] = —V2iP,Qr,
1. ;1. :
Hy = —z[hzg( ~ DX DFXb — EQ“PLﬂQb - EQbPRﬂQ“ + F“Fb)

1 _ - = ~ 1 - 7 . _7
+§h* (-Q%QPF® + Q4(PX") Q%) + Ehzgc(—Q“Qch + QUPXP) Q)

abé

(C.27)

(C.28)

1 - . 7 1 1 _ - A
+=h*, (QP Qb (OFPRQY) + Euch* + 5iz)f‘(ih;;z),,x“ — ih, DX + ik’ Q%, Q")

4 abed
= -2Fp,
Kr = 0,
B! = -ip,Cr,
Ar = 0,
Dr = 0,

(C.29)
(C.30)
(C.31)
(C.32)

(C.33)

where we used a,b,c,d = 0,i(= z'), W(= AP, A). This gives the superfield components of the

chiral projection multiplet T:

T(w?) = (Cr, PLQr, Fr)
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where

* ad 1 * Aa I;
Cr = KF'--h; 00, (C.35)
_ _ _ 1 - - I
PQr = B(-hQ%+hQ% — [(ﬂx”)Qa — FiQb] - EhZECQCQ“Qb
+h' [(DXD)Q° - F°QP] + h;bcgz “QaQb, (C.36)

Fp = hzg( — DX DR - EQaPIﬂQb - EQI’PR@Q“ + FaFE)

_ _ _ _ 1 - - _ - _7
+= h;bc( QUQOPF® + QY BX1) Q) + —h;;c(—Q“Qch + Q4 PX) Q)
a c 1 * a * a * A~a b
+ h, (QPLO")(Q PRQd)+ —oh* - ED”(hGDyX - 3D, X% + 1, Q%,Q").
(C.37)
Morever,
T(w'?) = {C}, PrQr, F} (C.38)
where
* a 1 ~anb
Cr = hoF" = hapQ'Q, (C.39)
_ _ _ 1 _ - I
PrROr = D(=hQ% + Q%) — h,;b[(ﬂXb)Q“ — FiQb] - Ehél;chQ“Qb
+h; [(DXP)Q% - FUQP] + ha Nolfollold (C.40)

E: = ha,;( ~ DXDFXE - —Q“PI,@QZ’ - —QbPRﬂQ“ + F“FE)

+— ha,,c( QO F® + QY BXP) Q) + = habc( Q0P F + QU BXD) Q)

+Zhab5d-(Q“PLQb)(QCPRQd) + Euch - Eﬂﬂ(haDyX“ — haD, X% + h; %y, Q%.

(C.41)

We then present a superconformal composite real multiplet R with Weyl/chiral weights (0, 0).
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Defining some chiral multiplets X* = {X%, PLQ4, FA} where A = {Sy, Z', AP.A, T(w"?)} and their

conjugates, we represent the composite one R as

a1 (APLA) (APRA)
R = (SyS,e K73 3(—_ C.42
(SoSoe ) T(w?)T(w?) ( )
whose lowest component is
APr 1) (APgA i
CR = (SO§0€_K/3)_3M(L{ = f(XA,XA) (C43)
CrCsz
where Cr = —DEA_Z; Cy = —D?A72, and A = so§oe_K/3, and K, U are functions of the matter
multiplets Z"’s.
APp 1) (APgA
Ck = f= (30§oe‘K/3)‘3—( AP g, (C.44)
CrCs
Zr = iV2(—f1,Q% + £:QD), (C.45)
Hg = —2fF+ £13Q4Q8, (C.46)
Kr = —2fiFr+ f3Q0°QP (C.47)
BR = kDX — ifi DX +if 0%, Q8 (C.48)
PiAg = —\2ifis[(DXB)QA - FAQP] - % Fi5c Q00408 (C.49)
2
PrAg = V2ifyp[(BXP)QA - FAQP] + \LF £1eQC0AQE, (C.50)
2
=1 s 1.4 5
Dr = 2 ];B( - DXADXE - ~QAPLDOP -~ QPP B0 + FAFB)
+Fip0(—QAQPFC + QA (DXP)QC) + Fipe(—QAQPFC + QA (PXP)QC)
1 _ oA _
+= Janco (Q"PLOP) (Q°PRQP). (C51)
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Then, the superconformal multiplet of the new Fayet-Iliopoulos term can be written by using

R-(V)p ={C.Z,H, K B,, A D},

whose superconformal multiplet components are as follows:

R >§1 i‘ N’ O

>

Df,

P+ DiN2(—f,04 + [0,

D(=2f4F* + fQ7QP) — iV2(- 104 + £;Q4)PLOA,

D(-2fiFA + f1500QP) — iV2(~ 107 + f1:0%) PrD2,

(DYE,)f + D(ifaD, X" - if; D, XA + if;04,QP),

~f BB+ D(PLAR + Pig) + - (e (DX + DX f507y0P)
+P (=2 FA + Fi500QP) + Pr(=2f1FA + f104QP) —ﬂf)ﬂ/l

+ (e Dy~ DDA~ + £10%),

—foD + D{z fus(—DXADIXE — %QAPL@QB - %/QXBPR@QA + FAFD)
+ e (—QAQBFC + QA BXP)QC) + fize (-QAQPFC + QA (2XP)QC)
+%fABC_D(QAPL QB)(QCPRQD)}

~(D ) (ifa DX = ifaDuX? + ifapQ%y, Q)

+(\/§iﬁ43[(ﬂXB)QA ~FAQP] + éﬁBCQCQAQB)ﬂA

—(\/Ei F[(BXP) QA - FAQP] + é fABCQCQAQB)ﬂ)L

(C.52)

(C.53)
(C.54)
(C.55)
(C.56)

(C.57)

(C.58)

~(Duf)(DHD) = SDTINA=F10 + [0 (D) + VA= [10* + 00 (HBH0.59)

where the indices A, B, C, D run over 0, i, W, T. The component action of the new FI term is then
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given by the D-term density formula

Lnew = —[R-(V)plp = —3 / d4xe[ - —lp yiyeA — —CR(co)
T

+he. (C.60)

+}Lsab0d¢a}’b‘//c (gd - %lﬁdz)

Using f = A~ 2804, W = (APLA), W = (1Ped), @Y ~ VEIDPLA, O ~ 2D?A72(2 - 582,

Cr ~-D*A™2 F" ~ —Dz, FT ~ 2D2A—2(§—: — 1K;F/) where A = sySoe K73,

.£(2f) e !

newFI
= —Dfyiy F°FY — Dfy F'FY — Dy FTFY
1 ] A o1 _ . DV2 - i
"‘EfowWQOQWFW + —ﬁwWQIQwFW + EfTWwQTQWFW — —\/_l//ﬂy”fWWFWQW +c.c..,
(APLA)  FO ()LPL)L) (APL2)
D

= 3AU— + A (KiU + U F! + 27
D So

ﬂ(— - —KIFI)

3i _ A
—’—W( OPr 1) — ——(Kﬂ{ +UN(QPLA) + \/EiE(L{(QOPLA) - %—(L{KI(QIPL)L)
0

v Ds V2D
+§A7/[(¢,,y”PL)l) +c.c,
A ( F'u

D

1 _ A
+ U F + —quIFI )(APLA) + ii—(LI(QOPLA)
V2 Dso

So

—lé(ﬁKm + T%II)(QIPLA) + éA‘LI(lﬁyy”PLA) +hec. (C.61)

At the superconformal gauge (i.e. PLQ° = %eK/ SKiPL QL 5o = 5p = eX/%, A = 1), the lagrangian

is rewritten by

(2 -
‘EnewFI '
B —F'Ue +7/IIF + g(L[K[F (APLA) - —T(Q PLA) + E(L[(‘,Dp}/#PLA) + h.c.

(C.62)
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The D-term lagrangian is found to be

Lpe! D %Dz —UD + %( FoUe ™/ + U F + ‘LIKIFI)(APLA) -~ i%(QIPL/I)
12 Py Xl v F + Lk (APg1) + iﬁ(QfPRA) (C.63)
D N D2

The solution for D can be obtained by

D=U+ L [( — FOUe X6 1 F" + %WKIFI) (APL) — i%(QIPLl) + h.c.| + higher order terms,
2

7/12
(C.64)
Then, we find
1 ] _
Lot = % [( ~ P U + U F! + g(L{KlFI) (APLA) - i(%(szfm) the|  (C65)
2

The total lagrangian containing the auxiliary fields F° and F is given by

_ | -
Le' = —3¢7KBFOF0 4 36K BPWEF® + 3K BWF + 3G 7F'F/

1 1 - 7
5 VW + SV W

_ 1 - U .
—|| = FoueX/6 Fl + —UK;FT (AP )) — i— QIP)L]
+7/{ ( 7/{6 +(L{[ + 37/[ I )( L ) l\/E( L )
2| = Pae ™l v . F 4+ Lk P (APrA) + i%(QjPRA)], (C.66)
U J 3 J \/5

where VIW = Wy + K;W. By solving the equations of motion for the auxiliary fields, we find

F* = By - K/é(APR/I) (C.67)

Fo= —3eX ZGU VW -GV (9% + 3K1) (APLA) (C.68)
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and also read the mass mj)

iU
my; = —@WI, (C.69)
- 7 K, - -
mh = —eK/? (W+4GU(%+?I) (W]+K]W)) (C.70)

The gravitino mixing term is given by
-1 1 K/27 . u I i Tl A i T 7B
Lixe = %VIWe Yy PLQ + EPA%)/ P A" + 57/(%}/ PrA+h.c=—y,y"Pro + h.c,(C.71)
which gives the goldstino
1 . .
PLZ) = —$V]W6K/2PLQI - %PAPLAA - éﬂPL)L, (C.72)

where A4 is the gaugino corresponding to the gauge multiplet V4, and A is the superpartner of
the new FI term vector multiplet V.

The fermionic masses from standard N = 1 supergravity are found by

msj; = 2w, (C.73)
my) = K12+ Kp) (W) + Ky W) — e¥12GRLayG (Wi + Kk W), (C.74)
m = iVE[aP - ¢ fam(Ref) " PP ©75)
mily = e Gl (W + W), (C.76)
mg) =0 (C.77)
m? = o (C.78)
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The fermionic masses from super-Higgs effect are given by

()
my;

(v)
My

v)
UDN:

v)

mp

()

mi

2
= — KW+ KW (W) + KjW),

3w
2

= —i (Wr + KfW)Pa,

3V2W

1

= PaPs,

3eK/2w
2
3vV2w
(LIZ
3eK/2w

= —i

W+ Kiw)U,

The fermionic masses from the new FI term are found to be

FI
mU

FI
Mia

FI
Map

FI
mp

FI
mx

LU
U
—eK/2 (W +4GY (

U

u

+ %) (WJ-+KJ-W)) .

(C.79)

(C.80)
(C.81)

(C.82)

(C.83)

(C.84)
(C.85)
(C.86)

(C.87)

(C.88)

Thus, the final fermionic masses are made by combinations of the three contributions above as
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follows:

ms;;

(9)
I

(9)
IA

(9)
AB

(9)
I

(9)
A

WeK/Z’

(0) (v)
my; + mU +my

X2 (Wi + KW + KyWr + KiWy + KiK; W)

7 2
—eXI2GKL G (Wi + Kx W) — 5 Wi+ KiW) (W) + KGW),

(0) (v)
mp, + mi, + mIA

iV2[;Ps — = ﬁqBI(Re )71 ECPA] i

(0) (v)

mp, + mi, + mp,
—EeK/zﬁqB[GU(VVj + KJ‘W) + K/ZWPAPB

(0) + mM + m(v)

i (LII l\/_ (9)

——— = — (W + KW)U = m,?,

(0) (v)

myt mj) + mx

_ (U K _ _ U?

_K/2 ol B YR WA -t

e (W+4G (W + 3 ) (W]+K]W)) + WA
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D SCANNING NONRENORMALIZABLE TERMS

OF NEw FI TErRMS

The selection rules we defined are

For (d,f,a), C: (0,0,00 = T(C)=0  Suq=24

Z: (0,1,0) = T(Z)=1  8ua=5/29/2,

B, : (0,2,0) = T(B) =12  agq =3,
A: (1,1,0),(1,1,1),(0,3,0) = T(A)=2,3 844 =3/2
D: (0,0,0), ,(0,2,0),

0,2,1),(1,2,0),(0,4,0) = TI'(D)=0,2,3,4 8244 = 0.

D.1 Cask (0,0,0) COUPLED TO C WITH Oudd = 2,4

« Case of b = 0 (with no derivatives):

(N —uz)p=0 = 2 (D.1)

(8ot =4)p=0 = 2+ 643+ Ogaa — 4 (D.2)
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which gives

a= = -
4+ 6444 2

D.2 Cask (0,1,0) COUPLED TO 2 WITH Ogqg = 5/2,9/2

« Case of b = 0 (with derivatives):

2 1

11
374"

(N - u2)b=0 = 2,
3 3 3
(tor = 4)p=0 = 64+ Eﬁl + EfZl + 5fT1 + Oadd — 4
which gives
2 11
0=—=— —.
7/2 + 5add 3 4
« Caseof b =1:
(N - uz)b:]:fv‘/l/l = 2,
1
(5t0t - 4)b=1=f‘4/1/1 = 32/1 + 5add - E’
which gives
2 2 2
Oo=—=-,-
5/2 + 5add 57
(N - u2)b=1=f‘4/1/2 = 1>

5
(5t0t - 4)b:1:f‘4/1/2 = 32/1 + 5add - 5:
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(D.3)

(D.4)

(D.5)

(D.6)

(D.7)

(D.8)

(D.9)

(D.10)

(D.11)



which gives

1 1

! (D.12)
0=—=—,—. )
1/2+ 08404 3 5

D.3 Cask (1,0,0) COUPLED TO B WITH Oudd = 3

« Case of b = 0 (with derivatives):

(N = u2)p=0 2, (D.13)

(Bror = 4po = 64p +2dsy + dy + 4d’, +2d +4d”) + Sagq — 4 (D.14)

which gives

2

122
a=— = =- 22 (D.15)
5+{1,24} 379

D.4 Cask (0,2,0) COUPLED TO B WITH 8,44 = 3

« Case of b = 0 (with derivatives):

(N = us)p=0 2, (D.16)

3 3 3
(Otor = Dp=0 = 64+ Efsl + EfZl + Efn -1 (D.17)

. . 1
which gives a = 7.
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o« Caseof b =1:

(N - 7“‘2)[,:1:]0‘//‘1/l

(5tot - 4)1,:121%1

which gives

A A
2+ f1, +2f15

2 3

3. 3 3 5. 11, 5
32/1+5fs1+§le+5fT1+5sz+7fT3+§’

4 4

o = =
11/2+3/2

2
7 11/2+5/2

A A

3 3 3 5., 11, 1
(Stor — 4)b=1=fv/11/z = 3+ Efsl + Ele + Ele + Esz + ?fTB + 5’

which gives

e Caseof b =2:

which gives a = 1/3.

1 2

3
8’

1/2+11/2 11

3 1

1
7/2+3/2 5 7/2+5/2

(N - uz);,:z:f&”

(5t0t - 4)17:2:f‘//}/1

(N - 712)1,:221%2

(5tot - 4)b:2:f&,2
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7/2+11/2 3

(D.18)

(D.19)

(D.20)

(D.21)

(D.22)

(D.23)

(D.24)

(D.25)

(D.26)

(D.27)



which gives a = 0.

(N_uz)bzz,f&/l:fvﬂvz:l = 1 (D.28)

(51‘0[ - 4)b:2)f‘4/\/1:fd/2:1 = 4 (D29)

which gives a = 1/4.

D.5 Cask (1,1,0) COUPLED TO A WITH 8,44 = 3/2

« Case of b = 0 (with derivatives):

(N = u2)p=0 2, (D.30)

3 3 3
(5t0t - 4)[,:() = 0O4) + stl + dsz + 4d;p3 + Ef;l + 2dzl + 4dlz'02 + Ef;l + Ele - 5/2(D31)

The most largest one is given by @ = 1/3 when ds; = f;; = 1.

e« Caseof b =1:

(N=up)yypp = 2+dg,+2d7,, (D.32)

(S0t = 4porepy = 3oa+2dss + dp +4dly +2d;1 +4d), + 5d], +7d], + 1, (D33)
which gives o = 2/5,1/3,4/11.

(N =uz)yyp = 1+dgy+2dp, (D.34)

(Stot = Dporepy = 3oa+2dss +dop +4dy + 2o +4dl, + 5d}, +7d], — 1, (D.35)

which gives a = 1/3,2/7.
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D.6 Cask (1,1,1) COUPLED TO A WITH 8agq = 3/2

« Case of b = 0 (with derivatives):

(N = u2)p=9 2 — a5 —az; —ary,

3
(tor = 4p=0 = 643 +2ds1 +dsz + 4d;ﬁ3 + 5fs1 +2d

3 3
+4df2+5f21+5fn+3a772+3/2—4

which gives a = 1/6,2/9.

e Caseof b =1:

A A
(N - u2)b=1=fv%,1 = 2+ dT3 + 2dT4 — 4s1 — dz1 — Ar1s

(Stot - 4)b:1:fp)\[/1 391 + stl + dsz + 4d;/; + 2dzl + 4d;'02

+5d{}3 + 7d%4 +3ary + 1,
which gives a = 1/4,1/5,2/7,2/9,3/11.

A A
(N - u2)b:1:fv/}/z = 1+ dT3 + 2dT4 — Q451 — 4z1 — 4T1,

(S0t = Dporepy = 3oa+2dss + dg +4dly +2d;y + 4d,

+5d73, + 7d7, + 3arz — 1,

which gives @ = 1/7,1/6,1/5,1/4,2/9.
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(D.36)

(D.37)

(D.38)

(D.39)

(D.40)

(D.41)



D.7 Cask (0,3,0) COUPLED TO A WITH Jaqq = 3/2

« Case of b = 0 (with derivatives):

(N - u2)b=0 23

3 3 3
(Otor = Dp=0 = 64A+§f;1+5fz1+5fT1+3/2_4

which gives o = 1/4.

e Caseof b =1:

2 1
2+ f1y + 2ffs

3. 3. 3. 5. 11, 1
32/1+5f;1+5f;1+5fT1+5ﬁ2+?ﬁ~3+3/2—5,

(N - uz)bzlzfv/}/l

(5tot - 4)17:1:va\/1

which gives a = 2/7,3/8,4/9,5/12, 6/15.

A A
(N - u2)b:1:fv/}]2 =1 +ﬂ“2 + ZfT3,

3. 3 3 5. 11, 5
(Stor — 4);7:1:]%2 = 3+ Ef;l + EfZl + Ele + Esz + Efm +3/2 - 2

which gives @ = 1/5,1/3,3/7,2/5,5/13.

e Caseof b =2:

A 1
(N =t)poppr = 2+ fry +2f7s,

3. 3. 3. 5., 11,
(51_»015 - 4)b:2:fv/311 = Eﬂl + Ef:zl + Ele + Esz + 7]33 + 3/2 + 3,
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(D.42)

(D.43)

(D.44)

(D.45)

(D.46)

(D.47)

(D.48)

(D.49)



which gives a = 1/3,3/7,2/5.

A A
(N - u2)b:2:f‘/)|L/2 = ﬁZ + 2fT3’

3. 3. 3. 5, 11,
Grot =Dpoppy, = Shrtofarofritofr+—frs+3/2-1,

which gives a = 0,1/3.

o A
(N =)oy pr g1 1 = 1+ fry+2f15,

3 3 3 5 ol 11 ol
(5tot - 4)b=2,fv/‘1]l=fvf/2=1 = Ef;l + Eﬂl + Ele + Esz + ?fT?, + 3/2 + 1

which gives a = 1/4,2/5,3/8.

D.8 Cask (0,0,0) COUPLED TO D wiTH Oudd = 0

« Case of b = 0 (with no derivatives):

(N =-u)p= = 2

=~

(8tor — D=0 2+ 64) —

which gives a = 1/2.

D.9 CasE (2,0,0) COUPLED TO D wiTH Oudd = 0

« Case of b = 0 (with derivatives):

2,

(N = uz)p=0

641+ 2dsy + dyp + 4d", + 2d;y +4d”, — 4

(5tot - 4)b:0
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(D.50)

(D.51)

(D.52)

(D.53)

(D.54)

(D.55)

(D.56)

(D.57)



The largest one is given by o = 1/2.

D.10 CasE (0,2,0) COUPLED TO D WITH 44 = 0

« Case of b = 0 (with derivatives):

(N —u2)p=0 = 2, (D.58)
3 3 3
(Otor —=4)p=0 = 0643+ Ef;l + Ele + Ele -4 (D.59)
which gives a = 2/5.
e« Caseof b =1:
(N - ”Z)b:1=f&m = 2 +le2 + sz’ls., (D.60)
3 3 3. 5, 11, 1
(Stor — 4)1,:1:%1 = 3+ Eﬁl + Efﬂ + Ele + Esz + ?fT?, ~ % (D.61)

which gives @ = 4/11,3/5,1/2. In particular, « = 3/5 is obtained when fTA2 =1.

(N—w)yy gy, = 1+ fro+2ffs (D.62)

3. 3 3 5. 11, 5
(Stor — 4)b=1=fvf|1/2 = 3+ Ef;l + EfZl + Efn + Esz + ?sz, -3 (D.63)

which gives @ = 1/2,2/3. In particular, « = 2/3 is obtained when ﬁz = 1, which is iden-
tified as the largest power of H. Notice that this arises via the kinetic mixing term of the

fermions of W and T multiplets in the D term action of the new FI term, i.e. Loewrre ! D

~ I - 7
D10V pal ~ D207,

« Case of b = 2: This case corresponds to the fermionic kinetic term in the D of the super-

gravity action. Thus, all the terms from this case vanish on-shell (i.e. D,F% = 0, D1 = 0
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and using Bianchi identities Dy,Fyj. = 0) because ZQW = ﬂ(ﬁPL(—%y F+ iD)/l) =0

on-shell and &D ~ UV D ~ 0 along the potential minima.

D.11 CasE (0,0,2) COUPLED TO D WITH 44 = 0

« Case of b = 0 (with derivatives):

(N — u2)p=0 2= a5 —az; —ar, (D.64)

(Stor — 4)p=0 641 + 3arz — 4. (D.65)

which gives a = 0,1/5,1/4.

D.12 CasE (0,2,1) COUPLED TO D WITH 44 = 0

« Case of b = 0 (with derivatives):

(N =up)p=9g = 2—as —az; —ary, (D.66)
3 3 3
(Otot =4)p=0 = 649 + Eﬁl +2d,1 + Ele + Efn +3ar; — 4 (D.67)
which gives a = 1/5,1/4.
« Caseof b =1:
(N - u2)b:1:f‘//},1 = 2 +f¥12 + zﬁg — ds1 — 4z1 — 4T1, (D-68)
3. 3. 3 5, 11, 1
(Stor — 4)1,:1:@1 = 35+ Eﬁl + Ele + Ele + Esz + ?frg +3ar; — 2 (D.69)
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which gives @ = 1/4,2/7,2/5,3/8,4/11.

(N - u2)b:1:f‘/)\./2 = 1 +f7{12 + 2](]%3 — dg1 — Az1 — ar1, (D70)

3. 3 3 5. 11, 5
(810 — 4);,:1:%2 = 3+ Eﬁl + Ele + Ele + Esz + Efrg +3ar; — 2 (D.71)

which gives @ = 0,1/5,1/3.

Case of b = 2:

(N - uZ)bzzzfvf}ll = 2-as —ax —ar, (D.72)
(51‘01‘ - 4)b:2:fv/}/1 = 3arz +3, (D-73)
which gives a = 1/3.

(N - u2)b:2:fv/|1/2 = —4s1 — 4z — ar1s (D.74)
(5tot - 4)[,:2:]?‘//‘1/2 = 3ar; -1, (D-75)

which gives a = 0 and renormalizable terms.
(N - uZ)b:Z,f‘f/l:f‘f/Zzl = 1-aa —axn—ar, (D.76)
(5t0t - 4)b=2’fv/|1/1=f]f/2=1 = 3aT2 + 1 (D77)

which gives a = 0,1/4.
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D.13 CasE (1,2,0) COUPLED TO D WITH 44 = 0

« Case of b = 0 (with derivatives):

(N - u2)b:0 23

(5tot - 4)b:0

which gives o = 1/3 as the largest one.

e Caseof b =1:
A A A A
(N —tz)poypr = 2+ dpg+2dp, + fry + 215,
y 3 y 3
(5tot - 4)b=1=fv)1L/1 = 321 + 2d51 + dsz + 4ds3 + Eﬁl + Zdzl + 4d22 + 5]21

3 5 11 1
+5d§1~3 +7d%4+ —fr1+ —fT’12+ —]% - =,
2 2 2 2
which gives a = 2/5,1/3,4/11,1/2,4/9.

A 2 ) A
(N - uz)bzlzﬁvz = 1+dpy+2d7, + fiy + 2f]s,
v 3 y 3
(Bror = Dporegy, = 3oa+2dss +dig +4dig + = for + 2y +4d3y +
3 5 11 5
) ) 2 2
+5dr +7dr, + —fri+ —fiy + —fi5— =
2 2 2 2
which gives @ = 1/3,2/7,1/2,3/7.

o« Caseof b =2:

(Stot = Dpges 2ds1 + ds + 4d", + 2dy + 4d”, + 5, + 7d0, +3,
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3 3 3
64,1+2d51+d52+4df3+§f31+2d21+4d;/'2+5j21+5fm -

(D.78)

4 (D.79)

(D.80)

(D.81)

(D.82)

(D.83)

(D.84)

(D.85)



which gives a = 1/2,3/8,2/5.

(N —tz)pppr = dp, +2d7,,

(Brot = Apmpepy, = 2ds1 +dp +4dls + 2y + 4, + 5d7, +7d], — 1,
which gives @ = 0,1/4,1/3.

A A
(N - uZ)bzzaf]illzf‘i}2:1 = 1 + dT3 + sz4,

(Stot = Dpoggp i oy = 201 + g+ 4dly + 2oy +4d2y + 5]+ 7d], + 1.

which gives @ = 1/2,1/3,3/8.

D.14 CasE (0,4,0) COUPLED TO D wiTH Oudd = 0

« Case of b = 0 (with derivatives):

(N =u)p=0 = 2

3 3 3
(Otor = dp=0 = 64y + Ef;l + EfZI + Efn -4

which gives @ = 1/4 since f = 4.

e« Caseof b =1:

A A
(N —uz)poypn = 2+ fry +2fps,

3 3 3 5, 11 5, 1
(5tot_4)b:1:fd” = 32/1"'5fs1+5le+§ﬁ1+5f72+7f73—5,
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(D.86)

(D.87)

(D.88)

(D.89)

(D.90)

(D.91)

(D.92)

(D.93)



which gives a = 2/7,4/9,5/12,2/5.

A A
(N =t)poyopr = 1+ frp + 275,

3. 3. 3. 5, 11, 5
Grot =Dporegy, = Satoftofatofn+rofrn+t—fis—3

which gives @ = 1/5,2/7,2/5,5/13.

Case of b = 2:

A A
(N - uz)bzzzfvf}ll = 2+ sz + 2f]“3,

3 3 3 5, 11,
OGrot = Dpoyepy, = ShatSfatofrit Sfra+ /i +3,

which gives a = 1/3,3/7,1/2,5/11,3/7.

A A
(N =t)pmgepr = fra+2fs

3. 3. 3. 5. 11,
(Otor = pegepr = Efsl+5fz1+5fn+5fm+?fm—l,

which gives @ = 0,1/2,3/7,2/5.

A A
(N - Uz)bzz,ml:f&,z:l = 1+ fr, +2fps,

3. 3. 3. 5, 11,
(ot — 4)b=2,fvf,l=f&,2=1 = Efsl + Ele + Ele + Esz + ?fm +1

which gives a = 1/4,2/5,1/2,4/9,5/12.
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