LOEWNER THEORY IN SEVERAL COMPLEX VARIABLES AND RELATED
PROBLEMS

Mircea Tulian Voda

A thesis submitted in conformity with the requirements
for the degree of Doctor of Philosophy
Graduate Department of Mathematics

University of Toronto

Copyright (©) 2011 by Mircea Iulian Voda



Abstract

Loewner Theory in Several Complex Variables and Related Problems

Mircea Iulian Voda
Doctor of Philosophy
Graduate Department of Mathematics
University of Toronto

2011

The first part of the thesis deals with aspects of Loewner theory in several complex
variables. First we show that a Loewner chain with minimal regularity assumptions
(Df(0,-) of local bounded variation) satisfies an associated Loewner equation. Next we
give a way of renormalizing a general Loewner chain so that it corresponds to the same
increasing family of domains. To do this we will prove a generalization of the converse
of Carathéodory’s kernel convergence theorem. Next we address the problem of finding
a Loewner chain solution to a given Loewner chain equation. The main result is a com-
plete solution in the case when the infinitesimal generator satisfies Dh (0,t) = A where
inf {Re (Az,2) : ||z]| =1} > 0. We will see that the existence of a bounded solution
depends on the real resonances of A, but there always exists a polynomially bounded
solution. Finally we discuss some properties of classes of biholomorphic mappings asso-
ciated to A-normalized Loewner chains. In particular we give a characterization of the
compactness of the class of spirallike mappings in terms of the resonance of A.

The second part of the thesis deals with the problem of finding examples of extreme
points for some classes of mappings. We see that straightforward generalizations of one
dimensional extreme functions give examples of extreme Carathéodory mappings and
extreme starlike mappings on the polydisc, but not on the ball. We also find examples of
extreme Carathéodory mappings on the ball starting from a known example of extreme

Carathéodory function in higher dimensions.
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Chapter 1

Loewner Theory

1.1 Introduction

Loewner’s theory of infinitesimal methods for univalent functions, as originally introduced
by C. Loewner and later developed by P. P. Kufarev and C. Pommerenke, is one of
the main tools in geometric function theory. For a detailed history of the evolution of
Loewner’s theory and its applications see | |. The study of Loewner’s theory in
several complex variables, originated by J. Pfaltzgraff | ], is naturally motivated by
its success in one variable. For an account of the development of the higher dimensional

theory from 1974 to 2003 see | ] and | ]-

To discuss the more recent developments let us first recall the basic objects of Loewner
theory. Let B™ be the Euclidean unit ball in C™. If f and g are two mappings defined
on B™ with values in C" we say that f is subordinated to g, denoted by f < g, if
f(0)=g¢g(0)=0and f(B") C g(B"). We say that a mapping f : B" x [0,00) — C" is
a subordination chain if f(0,t) =0,t >0, and f(-,s) < f(-,t), whenever 0 < s <t < o0.
A subordination chain is called a Loewner chain if in addition f(-,¢) is biholomorphic on
B" for all t > 0. We will sometimes use the notation f; (z) := f(z,t). If f is a Loewner

chain then the mapping defined by v (2, s,t) = f; * (f (2)) is called the transition mapping
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associated to the Loewner chain. The main property of a Loewner chain is that it satisfies
a partial differential equation, called the Loewner chain equation,

of

e (z2,t) = Df (z,t) h(z,t), z € B", a.e.t € [0,00), (1.1.1)

where D denotes Fréchet differentiation with respect to the complex variable. The map-
ping h is called the infinitesimal generator of the Loewner chain. The transition mapping
associated to the chain satisfies an ordinary differential equation (with an initial value),
called the Loewner equation,
v
5 = —h(v,t) ae.t>sv(z,88) =z 5>0. (1.1.2)
In order to obtain these equations and other results about Loewner chains we need
to impose a regularity condition on the chain. It turns out that it is enough to impose a
regularity condition on Df (0,¢). In analogy with the one dimensional theory, Loewner
chains in higher dimensions were initially studied using the normalization D f (0,t) = e'[
(or Df(0,t) = ¢ (t) I where ¢ is such that it can be reparametrized to e'). Unlike the
one variable situation, in higher dimensions it is not true that the case of non-normalized
Loewner chains can be reduced, through a reparametrization of ¢, to the D f (0,t) = e'I
case (see [ , p 413]). This justifies the study of Loewner chains with more general
normalization or, even better, with no normalization at all. In particular, in | ]

4 and in | | Loewner

Loewner chains are studied assuming that Df (0,t) = e
chains are studied assuming that Df (0,t) = elo AT)dr (with certain restrictions on A
and A(-)). Very recently Loewner chains have also been studied on abstract complex
manifolds without any normalization in | ] (see also | D).

The purpose of this chapter is to add to the study of Loewner chains in | ]
and | ]. We will discuss aspects that are not covered by the more general work

from | | and [ ]. In Section 1.2 we collect some basic facts that will be

needed throughout the first part of the chapter. In Section 1.3 we show that a Loewner
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chain with minimal regularity assumptions (D f (0, ) is of local bounded variation) satis-
fies an associated Loewner equation. This requires a discussion of the connection between
the regularities of Df (0,-), f and v. In Section 1.4 we give a way of renormalizing a
general Loewner chain so that it corresponds to the same increasing family of domains.
To do this we will prove a generalization of the converse of Carathéodory’s kernel conver-
gence theorem. We then concentrate on the problem of finding a Loewner chain solution
to a given Loewner chain equation. This also includes giving conditions that determine a
solution uniquely. We start with the general case in Section 1.5, where we prove results
that are very similar to those in | | but using less assumptions. The main result
of the chapter is a complete solution, in Section 1.6, for the case when the infinitesimal
generator satisfies Dh (0,t) = A where A € L (C",C") is such that m (A) > 0. Finally, in
Section 1.7, we discuss some properties of classes of biholomorphic mappings associated
to Loewner chains that satisfy Df (0,t) = 4. The last two sections of this chapter are

based on the results published in [ ].

1.2 Preliminaries

We start with a short review of some useful facts about the nonstationary (homogeneous)

abstract Cauchy problem in Banach spaces following | , Chapter III]. Consider the
equation
dx
— = Alt 1.2.1
= Al (121)

satisfied at almost all points of an interval J (finite or infinite), where z takes values in
a Banach space B and A(t) takes values in L(B,B) (which is also a Banach space). We
will be assuming that A(t) is strongly measurable and Bochner integrable on the finite
subintervals of J (in the finite dimensional case this condition on A(t) amounts to its
being measurable and locally integrable in the Lebesgue sense). Under these assumptions,

the equation (1.2.1) has a unique locally absolutely continuous solution on J satisfying
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the initial condition z(tg) = x¢. Furthermore we have

max [l(s)] < [l (to)| el MO 4 € [a,b] C (1.2.2)
s€la,

In particular this applies to the equation

aU
=AWV, Ulto) =1 (1.2.3)

where U takes values in X := L(B, B). Note that in this situation the operator A(t) from
equation (1.2.1) is in fact A,(t) taking values in L(X, X)), defined by A4,(t)(U) = A(t)U
for all U € X. It is not hard to see that ||A(t)|] = ||A:/(t)|| and that measurability and
integrability are equivalent for A(t) and A;(t). The same goes for A,(t) = UA(t). The

estimate (1.2.2) and the above discussion yields that
t
(U] < ekl ¢ > 4, (1.2.4)

One can also consider the so called adjoint associate equation to (1.2.3):

dv
= VA1), Vit) =1,

It is not difficult to verify that U(t) ™" exists and V (t) = U(¢)~*. Since || —A(7)|| = |A(7)]|
we also get that

V@) < elol A1 4 > g, (12.5)

Using the uniqueness of solutions for (1.2.1), one can see that the linear evolution family

associated to A(t), i.e. the family of linear operators U(s,t) satisfying

oU (s, t)
ot

= At)U(s,t) a.e.t>sU(s,s)=1 (1.2.6)

is given by U(s,t) = U(t)U(s)~" where U solves (1.2.3). Note that estimates (1.2.4) and
(1.2.5) give us

|U(s,1)|| < esIADlldr (5 < 4 (1.2.7)

and

|U(s,4) 7Y < el 14D (5 < 1), (1.2.8)
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Next we specialize some of the above estimates to the case of C" with Euclidean
norm. For a given operator A € L(C",C") let m(A) := inf{Re (A(2),2) : |z = 1},
k(A) = sup{Re (A(z),2) : [|z[| = 1} and [V(A)] := sup{| (A(2),2) | : [|z]| = 1}. If we
let A :[0,00) — L(C",C") be measurable and locally integrable and U the solution to

dU/dt = A(t)U, with U(0) = I then estimates (1.5) and (1.6) from | | become:
Proposition 1.2.1.
elo AT < ()| < elo KA ¢ 2 [0, 00)

and

o~ Jo k(A(m)dr < \|U(t)_1|| < e_fotm(A(T))dT’ t € [0, 00).

Proof. The first claim follows exactly as (1.5) in | ]. For the second claim, let
V(t) = U(t)~!. From the discussion above we know that we have dV/dt = —V A(t). We
cannot apply the same idea as for the first claim to V' (unless we assume that V' commutes
with A(t)), but if we consider the adjoint V* of V' we have that dV*/dt = —A*(t)V*. Now
the result follows from the first claim because [|[V*|| = ||V, m(—=A*(t)) = —k(A*(t)) =
—k(A(t)) and k(—A*(t)) = —m(A*(t)) = —m(A(t)) by properties of the adjoint. O

Remark 1.2.2. Tt can be easily deduced that we also have the more general estimate
eJs AT <117 (s, 4)|| < el KA ¢ e (5 00), (1.2.9)

Also, the same result holds if dU/dt = UA (t) (rather than A (¢)U).
We will see that general Loewner chains have infinitesimal generators whose values

are in the class
Ny = {h e H(B") : h(0) = 0,Re (h(z),2) > 0,2 € B"\{0}}.
rather than in the class
N = {he H(B") : h(0) = 0,Re (h(z),2) > 0,2 € B"\{0}}.

We record some basic properties of Nj.



CHAPTER 1. LOEWNER THEORY 6

Proposition 1.2.3. (i) Ny =N
(it) If h € Ny then m(Dh(0)) > 0 and if h € N then m(Dh(0)) > 0.
(iii) If h € Ny and A = Dh(0) then

Re (A(2), 2) 1 - Hi” < Re (h(2), 2) < Re (A(2), 2) 1 - Hsz e B (1.2.10)
and
()] < (lf”n”n) V(A) < (l‘f”n”n) ), = € B (1.2.11)

Proof. (i) is clear because of the simple remark that given h € N we have that h+el € N
for all € > 0.
For (ii) suppose that h € Ny and m(Dh(0)) < 0. So there exists zg, ||zo|| = 1 such

that Re (A(zp), 20) < 0. Using Taylor series we see that near 0 we have that

! B o<|r<zOu>] >
—Re %),Cz) = —5Re Alzg) + ————=| , (2
el ) = he(c[ago + A0 ¢

= Re(A(z), 20) + Re <0(”C;°”),zo> :

So, for small enough ¢ we get that Re (h((z0), (z0) < 0 contradicting h € Nj.

The result for h € N follows immediately from the result above and | , Lemma
6.1.30]

The estimates from (iii) are known for the class N'. For (1.2.10) see the proof of
[ , Lemma 1] and for (1.2.11) see | , Lemma 1.2]. The results for A
follow from the results for N' by using (i) and the continuity of the terms involving

A. ]

A family of holomorphic mappings that is locally uniformly bounded is also locally
uniformly Lipschitz. This simple fact will be used throughout this chapter and we provide

a proof bellow.
Lemma 1.2.4. Let [ be a holomorphic mapping on B"™ such that || f(2)|| < M,, ||z|| < r.

Then there ezists a constant C, (depending on M but not on f) such that

17 (2) = fF(w)l| < Crllz = wl], [[2]]; [Jw]} < 7
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Proof. If ||z]] <r < R < 1 and ||h]| <1 then from Cauchy’s integral formula we have

1 f(z+Ch)

= — dC
210 ) \¢j=Rr—r q

and hence

M
IDFEI < g el <7 1> B>

Using the integral formula for the remainder of the Taylor series and the above inequality

we get
1
1) = s = | [ Drtu-t1(: = ) = wee
0
M
< ol —wll el wll <7 1> R >
The conclusion follows by letting R = (1 + ) /2. O

We will also need some results related to positive definite matrices. For convenience

we quote them from | ]. M, will denote the space of n x n complex matrices.

Proposition 1.2.5. (] | Theorem 7.2.1) A Hermitian matriz A € M, is positive
semidefinite if and only if all of its eigenvalues are nonnegative. It is positive definite if

and only if all of its eigenvalues are positive.

Let A, B € M, be Hermitian matrices. We write A > B (A > B) if the matrix A— B
is positive semidefinite (positive definite).

For a matrix A € M, p(A) denotes its spectral radius.

Theorem 1.2.6. (/ | Theorem 7.7.8) Let A, B € M, be Hermitian matrices, and
suppose A is positive definite and B is positive semidefinite. Then A > B if and only if
p(BA™Y) <1, and A > B if and only if p(BA™') < 1.

Corollary 1.2.7. (/ | Corollary 7.7.4) If A, B € M, are positive definite, then:

1. A> B ifand only if B7' > A7!;
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2. If A> B, then detA > detB and trA > trB;

3. More generally, \g(A) > \e(B) for all k = 1,2,...,n if the respective eigenvalues

of A and B are arranged in the same (increasing or decreasing) order.

Theorem 1.2.8. (/ | Corollary 7.3.3) If A € M,, then it may be written in the
form A = PU where P is positive semidefinite and U is unitary. The matriz P is always
uniquely determined as P = (AA*)'/2; if A is nonsingular , then U is uniquely determined

as U = P7YA. If A is real, then P and U may be taken to be real.

1.3 Loewner chains without normalization

If f(z,t) is a Loewner chain and v (z, s,t) is its transition mapping then from the defi-
nitions it immediately follows that v (-, s,t) is a Schwarz mapping (i.e. a self-map of B™
fixing the origin) such that Dv (0,s,t) = Df (0,t)"" Df (0, s). Furthermore it is easy to

check that the transition mapping satisfies the following semigroup property
v(v(z,8,t1),t1,ts) =v(2,8,t2), 2z€ B", 0< s <t <ty (1.3.1)

First we want to prove Proposition 1.3.4 that collects some useful estimates relating
a Loewner chain and its transition mapping (these are inspired by the proof of | ,

Theorem 8.1.8]). For this we will need a consequence of the following result.

Proposition 1.3.1. Let f and g be holomorphic mappings on B™ such that f(0) =
g(0) =0 and Dg (0) is invertible. If f < g then Py < P,, where Py and P, are the unique

positive semidefinite matrices from the polar decomposition of f and respectively g.

Proof. From f < g we know that there exists a Schwarz mapping w such that f =
g o w. Hence Dg(0)'Df(0) = Dw(0). Let Df(0) = P;U; and Dg(0) = P,U, be
polar decompositions. Since Dg (0) is invertible, P, is in fact positive definite. We have
that Uy P, P;Uy; = Dw (0) and hence P, ' Py = U;Dw (0) Uf. From the Carathéodory-

Cartan-Kaup-Wu theorem (see | , Theorem 11.3.1]) applied to U, ow o U} it follows
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that p (ngle) < 1. Now the result follows from Theorem 1.2.6 (we are using the known

fact that AB and B A have the same eigenvalues and hence the same spectral radius). [

Corollary 1.3.2. If f(z,t) is a Loewner chain then Df(0,-)"" is bounded and there

exists a constant C' such that
|Df(O,0) = Df(0,0) 7" < CIDS (0,12) = DF (0, 12)]].

Proof. Let Df (0,t) = P,U; be the polar decomposition of D f (0,t¢). From the previous
proposition we have that P, < P, whenever ¢; < t5. In particular we have that Fy <
P, and hence P! < P;'. This implies that Hpt_lH < HPo_lH. Since HDf (0775)71” =
HUt*Pt_lu = HP{1H we have proved the first claim. The second claim follows from the

first one and the identity

Df(0,t)) " = Df(0,t5)" = Df (0,t1)"" (Df (0,t5) — Df (0,t1)) Df (0,£5) "
O

Remark 1.3.3. The proof of the above result relied on the particular choice of matrix
norm (we used the unitary invariance of the norm), but clearly the results also hold for

any other norm (since all norms on M,, are equivalent).

Proposition 1.3.4. Let f(z,t) be a Loewner chain and let v(z,s,t) be its transition

mapping. Then the following estimates hold:

(i) For all ||z]| <r, 0 <s <ttty we have that
”U(Z?S?tl) - ?J(Z, 57t2)|| < G ||Df(0,t1) - Df(0>t2)|| :
(i) For all ||z|| <7, 0 < s < s9 <t we have that

[v(z,51,8) = (2,89, 0)| < Cr vz, 51,81) = v(2, 51, 59) |

< Cr ||Df(07 31) - Df(oa 82)” :
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(iii) For all ||z|| <7, 0 <ty,ts <T we have that
1f(zt) = [z )| < Curll(zt,T) —v(z b2, T
< Cor||Df(0,t1) — Df(0,t9)]| -
Proof. Suppose 0 < t; < ty. Since v (-, t1,t2) is a Schwarz mapping we have that
Re (z —v (2, t,t2),2) = |[2[|" = Re (v (2,t1,t2) , 2) 2 ||2I|* = [[o (2,1, t) || [12]] = 0.
Hence z — v(z, 11, t2) is a mapping in Ny and using the estimate (1.2.11) we get that

Iz = vzt )| < CrllT = Du(0, 8, )] = G,

I—Df(0,t2) ' Df(0, 1)

IN

C,

D(0,t) 7| IDF(0,82) = DF(0,11)]

< CoIDF(0,81) = DO, t)] s 2] < 7

For the last inequality we used Proposition 1.3.1. Since v(-, s,?;) is a Schwarz mapping
we can replace z by v(z,s,t;) in the above inequality and we get the estimate (i) (by
using the semigroup property of the transition mapping).

Using the fact that the mappings v(-,s,t), 0 < s < t are Schwarz mappings, hence

locally uniformly bounded, we get that (see Lemma 1.2.4)
oz 5,8) — v(w, 5,8)]| < Collz = w], [12], ]l <7, 0 <5 <t

Replace s by sy and w by v(z, sy, $2) in the above inequality and use the semigroup

property for the transition mapping and the estimate from (i) to get that

lv(z, s9,t) —v(z,s1,t)|| < C.llv(z,s1,81) —v(z, 81, 8)]|

< G [Df(0,51) = DFO0, s2)], [J2]] <7

Using the fact that f (-,7") is locally Lipschitz we easily get the last estimate

1f(zt) = fz )l = [[f(o(z6,T),T) = f(v(z, £, T), T)|

S Cr,T H'U<Z>tlaT) - U(Zat%T)H 9 ”’ZH S T.
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Now we can see how imposing regularity conditions on D f (0, -) yields the regularity

of the entire Loewner chain.

Corollary 1.3.5. Let f(z,t) be a Loewner chain and v(z,s,t) be its transition mapping.

Then the following statements are equivalent:

(i) Df(0,-) is continuous (of local bounded variation, locally absolutely continuous,

locally Lipschitz) on [0, 00).

(ii) f(z,-) is continuous (of local bounded variation, locally absolutely continuous, lo-

cally Lipschitz) on [0,00), locally uniformly with respect to z.

(7ii) For all s > 0, v(z,s,+) is continuous (of local bounded variation, locally absolutely
continuous, locally Lipschitz) on [s,00), locally uniformly with respect to z, uni-

formly with respect to s.

(iv) For allt > 0, v(z,-,t) is continuous (of bounded variation, absolutely continuous,

Lipschitz) on [0,t], locally uniformly with respect to z.

Proof. By the estimates from Proposition 1.3.4 it is clear that (i) implies all the other
statements. Using Cauchy’s formula it immediately follows that (ii) implies (i) . So it
is also true that (ii) implies (iii). (iii) implies (iv) and (iv) implies (i) are immediate

consequences of the estimates (ii) and respectively (iii) from Proposition 1.3.4. ]

Now we are able to check that a Loewner chain with minimal regularity assumptions
satisfies an associated Loewner chain equation. Let Hy be the class of mappings h :
B™x[0,00) — C" such that h (z,-) is measurable on [0, 0o) for all z € B™ and h(-,t) € Nj
for all ¢ € [0,00). Let H be the class of mappings h € H, such that h(-,¢) € N for all

t €0, 00).

Proposition 1.3.6. Let f(z,t) be a Loewner chain such that Df (0,-) is of local bounded

variation. Then O,f(-,t) exists and is holomorphic on B"™ for a.e.t > 0 and
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of

a(z,t) = Df(z,t)h(z,t), z € B", a.e.t >0 (1.3.2)

where h is a mapping in H.

Proof. Let v(z,s,t) be the transition mapping associated to f(z,t). We have that

flet+d = fat) St -ttt trd o, a(

€ €

z—v(z,t,t—I—e))
€

where by Taylor’s formula
1
Az, t,€) = / Df(z+7(v(z,t,t+€)—2),t+€)dr.
0

We claim that as e — 0+ we have that A(z,t,¢) — Df(z,t) for all z € B" and for

a.e.t > 0 (in fact the exceptional set is countable). Indeed, we have that
1
4Gt = Df (.0 < [ IDS (4 r(w(atit 4 ) =)t +) = DY (st + O dr
0
Fix T' > t. Then from Cauchy’s integral formula and Proposition 1.3.4 it follows that
\Df (z,t4+¢€) —Df (z,t)]| < Cor[|Df (0,t +€) —Df(0,1)|, ||z|| < r,e<T —t.

It is easy to see that the family {f (-, ¢)},c/ is locally uniformly bounded. Indeed, if
M, is such that ||f (z,7)] < M, for ||z|| < r, then using the fact that the v (-,¢,T) are

Schwarz mappings we also have that
1f Gz Ol = [If (v (z,t,T), T)|| < My, [|2]] < 7.
Now Cauchy’s integral formula and Lemma 1.2.4 imply that
IDf (w,t) = Df (z, )| < Crrllz = wll, [I2]], wl] < 7t €[0,T].
Using Proposition 1.3.4 again we can conclude that

[A(z,t,€) = Df (2,0)]| < Crr [Df (0,2 +€) = Df (0, 8)], [|2]] <7 e <T —t.
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This shows that A (z,t,€) = Df (z,t) for all z € B™ whenever t is a point of continuity
for Df (0,-). This proves the claim, since it is known that functions of bounded variation
are continuous except for a countable set.
From the estimates in Proposition 1.3.4 we see that the quotients (f (z,t +¢€) — f (2,t)) /e

and (z — v (z,t,t + €)) /e are locally uniformly bounded in z in neighborhoods of points
t where Df(0,-) is differentiable. But Df(0,-) is of bounded variation and so it has a
derivative almost everywhere. By the same arguments as in | , Theorem 8.1.9] we
get that, due to the fact that f(z,-) and v(z,s,-) are of local bounded variation and

hence have derivatives in t a.e., the limits

z—w(z,t,t+¢€)

h(z,t) = ll_r}I(l) ; (1.3.3)
%ﬁ(z,t) = g%ﬂz’t“z_f(z’t) (13.4)

exist for almost all ¢ € [0,00) locally uniformly in z (to apply Vitali’s theorem as in
[ , Theorem 8.1.9] we need first to restrict attention to points ¢t where Df(0,-)
is differentiable). Now we have that equation (1.3.2) is satisfied at all points where
A(z,t,e) » Df (z,t) and where the limits (1.3.3) and (1.3.4) exist, hence it holds almost
everywhere. We just need to check that h(z,t) has the claimed properties. By defining
h(-,t) to be some arbitrary mapping from Ny at points where the limit doesn’t exist,
we get that for each z € B, h(z,-) is a measurable mapping on [0,00) (because it is the
pointwise a.e. limit of a sequence of measurable mappings). Since v(-, s,t) is a Schwarz

mapping we get that Re (z — v(z,t,t +¢€),2) > 0 and hence h(-,t) € Nj. O

Let F'(z,t) = (f(21,t), 22) where f(z1,t) is a normalized Loewner chain (f'(0,t) = €').
It is easy to see that the transition mapping is defined by V' (z,s,t) = (v(21, s,t), 22) and
the infinitesimal generator is H(z,t) = (h(z1,t),0) where v(z1,s,t) and h(z;,t) are the
transition mapping and respectively the infinitesimal generator for f(z;,t). This example
shows that for Loewner chains in general we need to allow for the infinitesimal generators

to be in ‘Hy rather than in #H (as considered in | 1.
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1.4 Loewner chains with positive definite normaliza-
tion

The goal of this section is to provide an analogue in higher dimensions of the fact that
in one variable we can renormalize a Loewner chain so that it satisfies Df (0,t) = e’.
We will be able to do so after we generalize one of the implications of the Carathéodory

kernel convergence theorem. We will need the following lemma.

Lemma 1.4.1. Let G be a domain biholomorphic to the unit ball B™ and letw € G. Then

there exists a unique biholomorphism f : B" — G such that f(0) = w and Df(0) > 0.

Proof. Let g be a biholomorphism between B"™ and G and ¢ an automorphism of B™ such
that ¢ (0) = g~ (w). If U is a unitary matrix then f := go ¢ o U is a biholomorphism
between B"™ and G such that f(0) = w and furthermore by Theorem 1.2.8 U can be
chosen so that D f (0) > 0.

Suppose that f and g are two biholomorphisms between B"™ and G such that f (0) =
g(0) =w and Df (0),Dg(0) > 0. Then g~! o f is an automorphism of B™ that fixes 0,
hence g1 o f = U where U is a unitary mapping. This yields that Df (0) = Dg (0)U.

By the uniqueness part of Theorem 1.2.8 it follows that U = I and hence f = g. m

Let {G\} be a sequence of open subsets of C". We say that G is the kernel of {G}} if
G is the largest open set such that for any compact set K C G there exists kg = ko (K)
such that K C Gy, for all k > ky. We say that {G} converges in kernel to G, denoted
G — G, if every subsequence of {G} has the same kernel G. It is known that if we
have a sequence of biholomorphic mappings { fi} on B™ that converge locally uniformly
to a biholomorphism f on B™ then fj (B") — f(B™) (this is the direct implication of
Carathéodory’s kernel convergence theorem). See [ , Theorem 3.5] for the most

general version of this result. We will prove a converse of this result.
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Proposition 1.4.2. Let {Gy} be a sequence of domains containing 0 and which are
biholomorphic to B™. Furthermore, assume that Gy, — G where G is also biholomorphic
to B™. Let {fx} be the sequence of biholomorphisms fi : B* — Gy, such that f(0) =0
and D fi(0) > 0 and let f be the biholomorphism f : B™ — G such that f(0) = 0 and
Df(0) > 0. If {Dfe(0)"fi.} is locally uniformly bounded on B™ then fp — f locally

uniformly on B™.

Proof. Let 0 < A\gq < --- < Ay <--- < A\gy, denote the eigenvalues of D fi(0). We claim
that Ay :=inf {\;;} > 0 and A, := sup{ A\, } < co. First we show that the conclusion
follows if the claim is true and then we will check the claim.

We will denote by B]' the ball centered at the origin and of radius r and by P:} its
closure. From the assumption that {D fr (0)71 fk} is locally uniformly bounded it follows
that given 7 € (0,1) there exists R = R (r) such that Df(0)~! fx(B") C B%. Then

fe(BY) = Dfi, (0) Dfi (0)™" f (BF) € Dfi(0)(Bf) C A By € A B

This shows that {f;} is locally uniformly bounded.
Let {fk,} be a convergent subsequence. We want to show that its limit is f. Let

g = lim;_,« fr,- We know that
(Dfe(0)z,2) > M1 > M1 >0, ]|z = 1.

Hence (Dg(0)z,z) > A > 0, ||z]] = 1, and so Dg(0) > 0. In particular Dg(0) is
nonsingular and using Hurwitz’s Theorem we get that g is a biholomorphism. By the
direct implication of Carathéodory’s kernel convergence theorem and the definition of
kernel convergence we have that g(B™) = G. Now, Lemma 1.4.1 implies that g = f.

In conclusion, since {fx} is locally uniformly bounded we get that every subsequence
has a converging subsequence, and by the above argument the limit of each such subse-
quence is f. Hence we must have that f, — f.

Now we just have to check that Ay > 0 and A, < oco. Suppose that \; = 0. Let

r > 0 be such that B, C G. From the definition of kernel convergence we know that



CHAPTER 1. LOEWNER THEORY 16

there exists ko such that B, C fi(B") for all k > ko. This means we can consider the
restrictions f; '|gn : B — B", k > ko. Since f;'(0) = 0 we get (by Schwarz’s lemma)
that f; (B, 5) C By, k > ko. BEquivalently, B, C fr(B),) for all k > ko. Let z; with

|2x|l = /2 be an eigenvector of D f(0)™! associated to the eigenvalue 1/); ;. Then

Ailzk = Dfi(0)™" (21) € Dfi(0)™" fiol

3

)7k Z kO'

But A\; = 0 implies that sup {1/A;1} = oo and so the above contradicts the uniform
boundedness of {fk (Prfﬂ)}. So, we must have that A\; > 0.

Now suppose that A, = co. Up to a subsequence we may assume that A\,  oo.
From the local uniform boundedness of {D f,(0)~! f.} we get that there exists r > 0 such
that B" C Df(0)7! fx(B™) for all k. Indeed, let S (B™) be the class of biholomorphic
mappings f on B™ such that f(0) = 0 and Df (0) = I. Then it is easy to check that
the covering radius functional C : S (B™) — R is continuous with respect to the locally
uniform convergence topology (C (f) is the radius of the largest ball centered at the origin
contained in f(B")). It is enough to choose r to be the minimum of C on the closure
of the set {ka )" fk}, which is a compact subset of S (B") (by Montel’s theorem).
Now we have that Df(0)(Br) C fr(B") for all k. Since D fi(0) is Hermitian it is
unitarily diagonalizable, so there exists a unitary matrix Uy such that D f,(0) = U DUy,
where Dy = diag(Ag1,...,A\kn). Since unitary matrices form a compact subset of M,
it follows that up to a subsequence there is a unitary matrix U such that U, — U.
Thinking of the sets diag(A1, ..., A1, Ak ) (B)) geometrically as ellipsoids and of the sets
Urdiag(A1, ..., A1, Adk.n) (BYY) as rotations of said ellipsoids it is easy to see that if we fix

ko there exists k; such that
1
deiag()‘la cee 7)‘17 )‘ICO,TL)(B;L) ) §Ud1ag()\la s 7/\17 )\ko,n)(B;L)a k > kl'

Alternatively one can use the direct implication of Carathéodory’s kernel convergence

theorem to reach the same conclusion. Note that for the above inclusion it was essential
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that A\; > 0. At the same time we have

fr (B") D Dfip(0)(B)) = UpDyUj(B)') = Urdiag (Mg 1, - - - s Aiew) (B))

2 delag()‘la s 7)\17 /\ko,n)<B77})7 k> kO

(remember that we are assuming Ay, is an increasing sequence). We can now conclude

that for sufficiently large £ we have that
1 : n n
§Ud1ag()\1, N /\1, Akoﬂ’b)(B'r‘) - fk(B )

and from the definition of kernel convergence and the fact that kq is arbitrary, we get
that

1
§Udiag(/\1, AL A)(B)Y) € G

for all k. Since A\, ,* oo we got that GG contains the complex line passing through 0
and Ue,, (e, = (0,...,0,1)) and hence G cannot be biholomorphic to B" (or any other
bounded domain). We arrived at a contradiction so it means we must have that A, < oco.

This concludes the proof. n

Now we are able to provide a way of renormalizing a general Loewner chain. If
Df (0,-) is continuous it is not hard to see, using the direct implication of Carathéodory’s
kernel convergence theorem, that the family { f (B™,¢)} is an increasing family of domains
such that f (B™,t) — f(B", tg) whenever t — to. The goal is to preserve the geometric
picture, hence the family of domains {f (B",¢)}. Also, geometrically it makes sense to

restrict ourselves to families of domains such that each domain appears only once.

Proposition 1.4.3. Let {Gt}tzo be a family of domains containing O which are biholo-
morphic to B" and such that G, C Gy for every 0 < s <t and Gy — Gy, ast — ty
for every t > to. Let f(z,t) be such that f; are biholomorphisms of B™ onto Gy and fur-
ther satisfying f(0,t) = 0 and Df(0,t) > 0 for all t > to. Then f(z,t) is a Loewner

chain such that Df (0,-) is continuous and of local bounded variation. Furthermore
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a(t) :==trDf(0,t) is increasing and g(z,t) = f(z,a ' (e'trDf (0,0))) is a Loewner chain

such that trDg(0,t) = e'trD f (0,0).

Proof. The fact that f(z,t) is a Loewner chain is immediate and the continuity of D f (0, -)
follows easily from Proposition 1.4.2. We know from Proposition 1.3.1 that Df(0,t5) —

Df(0,t;) > 0 whenever ty > t;, hence
|Df(0,t2) — Df(0,t1)]| = A < tr(Df(0,t2) — Df(0,t1)),t2 >t

where )\, is the largest eigenvalue of Df(0,t5) — Df(0,t;) (for the inequality we are
using the fact that all the eigenvalues are nonnegative). From Corollary 1.2.7 we know
that trDf(0, ) is a nondecreasing function on [0, 00). This and the above inequality are
enough to conclude that Df (0, -) is of local bounded variation.

Furthermore if for to > t; we have that trDf(0,t2) = trDf(0,¢,) then Df(0,¢;) and
D f(0,ty) have the same eigenvalues (we are using Corollary 1.2.7) and hence det D f(0, ;) =
detDf(0,t2) which implies that detDuv(0,t1,t3) = 1. From the Carathéodory-Cartan-
Kaup-Wu theorem we get that v(-, t1,t3) € Aut(B") (in fact one can show that v(-, ¢, t2) =
idpn) and hence Gy, = f(B",t1) = f(B"™,t3) = Gy,. Thismeans trD f(0,t5) = trD f(0, )
if and only if ¢; = 5. We can conclude that trD f(0, t) is increasing on [0, co). This insures

that o' is well defined and the last assertion is tautological. O]

The above proposition shows that if we are interested in the geometrical aspect of
Loewner chains then it is enough to consider Loewner chains for which D f (0, -) is locally

Lipschitz.

1.5 Solutions of the Loewner chain equation when
Dh(0,t) = A(t)

In this section we start addressing the problem of finding a Loewner chain corresponding

to a given infinitesimal generator h € Hy. Note that in order to be able to solve (1.1.1) and
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(1.1.2) we need to impose some integrability condition on h. Without loss of generality
we will assume from now on that Df (0,0) = 1.

It will be convenient to have the following notations. If A : [0,00) — L(C",C") is
locally Lebesgue integrable on [0, 00) we will denote by V'(¢) and U(t) the unique locally

absolutely continuous solutions to the equations

d

d‘t/ — AWV aet>0,V(0) =1 (15.1)
and respectively

dU

= UA@) aet>0,U(0) =1 (1.5.2)

As noted in the preliminaries, we have that U(t) = V(t)~! and V (s, t) := V(t)V(s)™! =
U ()" U (s) solves

oV (s,t)
ot

=—A(t)V(s,t) aet>sV(s,s)=1. (1.5.3)

Solutions to the Loewner chain equation will be constructed from solutions to the
Loewner equation. We will use the notation A (t) := Dh(0,t). We have the following

result about solutions to the Loewner equation.

Proposition 1.5.1. Let h € Hg be such that A(t) is locally Lebesgue integrable (locally
Lipschitz). Then the initial value problem (1.1.2) has a unique solution v(z,s,t) such
that v(-,s,t) is a univalent Schwarz mapping, v(z,s,-) is locally absolutely continuous
(locally Lipschitz) on [s,00) locally uniformly with respect to z € B"™ and the following

relations hold:

[v(z, s, )|l ~ [t m(A(r)d 2]l
<e MW = — > B"t>s>0; (1.5.4)
(1 —[lo(z, s, 8)])? (1= 1=)?
[v(z, s, )l ~teaenar 2
>e s e — — —— e B"t>s5>0. (1.5.5)
(1 + [lo(z, s, 8)]])? (L+[=)?
Proof. The first part is just a particular case of | , Proposition 3.1]. The esti-
mates (1.5.4) and (1.5.5) follow exactly as in | , Theorem 2.1] (using part (iii)

of Proposition 1.2.3). O
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We can now find a solution to the Loewner chain equation provided that A (¢) satisfies
a certain condition. We will say that a solution f (z,t) of (1.1.2) is polynomially bounded
(bounded) if {Df (0,-)™" £ ()} _ is locally polynomially bounded (locally uniformly
bounded), i.e. for any compact se‘; K C B"™ there exists a constant C'x and a polynomial

(constant polynomial) P such that
IDFO.1)" f(20)| <CxP (1), z € K, t €[0,00).

Proposition 1.5.2. Let h € Hq be such that A (t) is locally Lebesgue integrable and let
v(z,s,t) be the unique locally absolutely continuous solution of the initial value problem

(1.1.2). Assume that

SUP/ LAV (s,8) 7 [le™2 e mAON gt < o0, (1.5.6)
s>0 Js
Then the limit

tli_)m V() (z,s,t) = f(z,5) (1.5.7)

exists locally uniformly in z for each s > 0. Moreover, f(z,t) is a bounded Loewner chain

solution of (1.1.1).

Proof. The proof is just an adjustment of the proof for | , Theorem 2.3].

Fix s > 0 and let u(z,s,t) = V(t)"'v(z,s,t) for z € B" and t > s. Let g(z,t) =
h(z,t) — A(t)(z) for z € B™ and t > 0.

We know that U(t) = V(t)~! satisfies the initial value problem (1.5.2) ; so at points

where both equations (1.5.2) and (1.1.2) are satisfied we have

ou dU ov
5= TV = UA(t)v + U(=h(v,t)) = —Ug(v, t). (1.5.8)

To use the fundamental theorem of calculus on u we will prove that it is locally absolutely

continuous with respect to t.Fix s > 0, T > s and ¢;,ts € [s,T]. Then

[ulz, 8, 81) = u(z, s, ta)[| < |U(E)][ vz, 5,81) = v(z, 8, ta)[|+[[o(2, 5, L) [ |U(81) = U L)l -
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We know that U(-) is locally absolutely continuous and hence also locally bounded on
[0,00). Also, from Proposition 1.5.1 we know that v(z, s, ) is locally bounded and locally
absolutely continuous on [s,00) locally uniformly with respect to z. All these and the
above inequality show that wu(z,s,-) is locally absolutely continuous on [s,00) locally
uniformly with respect to z.

Now we can write

/t2 _U(0)g(u(z, 5, 1), t)dtH

lu(z, s, t1) —ul(z, s, ta)|| = ‘
t1

< [ 10l lotelzs0.0)] d (1.5.9)

t1

B /;2 HV(O>t)_1H lg(v(z, s,t),1)|| dt.

Using the integral formula for the remainder of the Taylor series, Cauchy’s integral for-

mula and the estimate (1.2.11) it is not hard to check that
lg(z, )|l < Crll=I* |A@)]|, = € Byt > 0. (1.5.10)
Using estimates (1.5.9), (1.5.10) and (1.5.4) we get that
lu(z, 5,01) = u(z,s,0)] < / ) [V ©,07| Collotz, s, 01 A dt

S t2 "t
< 07‘62 Jo m(A(7))dr / ||A(t)|| HV(Oa t)—lH 6_2'[0 m(A(T))det.

ty

From the assumptions we have that [ || A (t)] HV(O,t)_lH e~2lomAM)r g < o0 and
now it is easy to conclude that the limit (1.5.7) exists locally uniformly. In view of
the uniqueness of solutions to the initial value problem (1.1.2) it is easy to see that
v satisfies the semigroup property (1.3.1). This and (1.5.7) imply that f is a subor-
dination chain with v as transition mapping. Since Dv(0,s,t) = V (s,t) we get that
Df(0,s) = limy o V(£)"'Dv(0,s,t) = V(s)™' and hence f(-,s) is biholomorphic (by
Hurwitz’s theorem).

Now we have that f(z,t) is a Loewner chain and we just want to prove that {V (¢) f(-,¢)}

is a locally uniformly bounded family. To this end, we consider the mapping V' (s)u(z, s, t)
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and notice that it is locally absolutely continuous in ¢ and satisfies (see (1.5.8))

;(V(s)u(z, 5,1)) = =V(s)V () tg(v(z,s,1),t) = =V (s, t) g(v(z,s,1),1).

Let s <t; <ty and z € B, r € (0,1). Then using the estimates (1.5.10) and (1.5.4) we

have that

to
[V(syu(zs,t1) = V(s)u(z s, 0)| = | / —V(s,t) " g(v(z, 5, 1), )t
t1
to ,
< G [ ANV, e maerng
t1
< C'Tsup/ IA®)]| HV(s,t)‘1He‘”ﬁm(f‘(f))dfdt,
s>0 Jg

The locally uniform boundedness of {V(¢)f(-,¢)} now follows by letting ¢;, = s and

ty — oo in the above inequality. ]

Remark. Using the estimate (1.2.9) and the condition (1.5.6) we get the more restrictive,

but “nicer looking” condition

sup /oo ||A(t)||efst[k(A(T))—2m(A(T))]det < .

s>0 Jg

Remark. Note that in the case when A(-) is bounded (rather than just locally bounded),

similarly to | |, we can replace the condition (1.5.6) by

sup /00 HV(s,t)_lH e 2JimAm)r gy < oo, (1.5.11)

>0
Also, note that if A(t) — 0 as ¢ — oo then the ||A(t)| factor contributes to the con-
vergence of condition (1.5.6). Hence, even though in the case when A(-) is bounded the
factor ||A(t)|| can be dropped, in general we get in fact a better condition.

Next we see that the requirement that the solution to the Loewner chain equation is

bounded determines it uniquely when A satisfies certain conditions.

Proposition 1.5.3. Assume A(-) is bounded and satisfies the condition (1.5.11). Let f :
B"x[0,00) — C™ be such that f(-,t) € H(B"), f(0,t) =0 and f(z,-) is locally absolutely
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continuous locally uniformly with respect to z. Let h(z,t) satisfy the assumptions of
Proposition 1.5.1. Assume that f (z,t) is a bounded solution of (1.1.2). Then f(z,t) is

a Loewner chain with transition mapping v(z, s,t) and
() = i VO 0(z5.0)
locally uniformly on B™ for s > 0, where v(z, s,t) is as in Proposition 1.5.1.

Proof. We just follow the same steps as in the proof of | , Theorem 2.5].

First, one lets f(z,s,t) := f(v(z,s,t),t) and proves that f(z,s,t) = f(z,s,s), ie.
f(z,t) is a subordination chain with transition mapping v (z,s,t). This follows from
the absolute continuity of f and the fact that it follows from (1.1.1) and (1.1.2) that
O f (z,8,t) =0 for almost every t > s. Next, one wants to show the mappings f(-,t) are
univalent. For this it suffices to prove that there exists a sequence {t}, t, — oo such
that

lim V() 'v(z,s,t,) = f(z,s)

k—o0

locally uniformly on B". Indeed, since {V (t)f(-,t)} is a normal family, we have that
V() f(z,8)]| < Cp 2] <7yt > 0.

From the integral formula for the remainder of the Taylor series and Cauchy’s integral

formula we get

V() f(z,8) = 2l < Co 2l |2l <t > 0.
Replacing z by v(z, s,t) in the above inequality and using (1.5.4) we obtain that
1f(z8) = V() (2,8, 0) = [[VO,)7 V() f(v(z,5,1),t) —v(zs,t)]|

< V0,07 IClv(z, s, )1

S Or€2 fos m(A(T))dr

V(0,t)~" H o2 J mA()dr

Since [ ||V (0,¢)7] e=2Jo (At < oo, there exists a sequence {#;} such that ¢, — 0o

and ||V (0, )| e=2Jo" mAM)AT 5 0 as m — co. From the above inequality we see that
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{tx} is the sequence we were looking for. All the other claims follow immediately using

the fact that we can apply Proposition 1.5.2. O

The next result shows that all the solutions of the Loewner chain equation can be

obtained from one particular solution.

Proposition 1.5.4. Let f(z,t) be a Loewner chain that is locally absolutely continuous in
t, locally uniformly in z and let g(z,t) be a subordination chain that is locally absolutely
continuous in t, locally uniformly with respect to z. Suppose that both chains satisfy
the same Loewner chain equation. Then g(z,t) = ¢(f(z,t)) where ¢ is a holomorphic
mapping on Uf(B™). Furthermore, g(z,t) is a Loewner chain if and only if ¢ is a

biholomorphism.

Proof. From the fact that f and ¢ satisfy (1.1.1) it follows easily that f and g have the
same transition mapping (see the first part of the proof of Proposition 1.5.3). The rest

can be proved the same way as in | , Theorem 4.9] O

1.6 Solutions of the Loewner chain equation when
Dh(0,t) = A

Let A € L(C",C") be a linear operator such that m (A) > 0. Let H4 be the class
of mappings h € H such that Dh(0,¢) = A (note that m (A) > 0 is necessary for
h(-,t) € N). We will study the solutions of the Loewner chain equation when the
infinitesimal generator is from H 4.

Let ky (A) := max{ReA: A €0 (A4)} = limy_, In HetAH /t be the upper exponential
(Lyapunov) index of A (0 (A) denotes the spectrum of A). Throughout this and the next
section we let ng := [k (A) /m (A)]. The situation when ny = 1 has been studied in
[ ]. We will deal with the case when ny > 2, but our approach also applies to

the case ng = 1.
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From Proposition 1.5.1 (see also | , Theorem 2.1]) we know that the Loewner
equation for the transition mapping has a solution regardless of the value of ny. Further-

more we know that

t
H/U (2’87 )H 5 S em(A)(S—t) HZ” 5, z e B’n7 t Z s Z O (161)
(1= lv(zs,8)) (1 —=1l=l)

If f(z,t) is a Loewner chain satisfying (1.1.1) with h € H4 then Df (0,t) = 4.
Loewner chains with such a normalization will be called A-normalized. Let

fzt) = e <z+iFk (zkt>)

k=2

h(z,t) = Az+ in (zk,t)

k=2
where Fy (-,t) and Hj (-, t) are homogeneous polynomial mappings of degree k. We will
denote the Banach space of homogeneous polynomial mappings of degree k from C™ to
C" by Pk (C™).

Equating coefficients on both sides of (1.1.1) we get

dFy,

ﬁ(zk,t) = By (Fk (zk,t>) + Ny (zk,t) ,a.e.t €[0,00) (1.6.2)

where By, is a linear operator on P* (C") defined by
(@0 (+)) = 00 (42, 7) ~ 401 ()
and Ny, (-,t) € P¥(C") is defined by
No (5.0) = Hy (5.0) + z 3, (Hi o (70,0) 270 1).

The solutions of (1.6.2) will be regarded as functions F}, : [0,00) — P* (C"). Conse-
quently we will say that such Fj are polynomially bounded (bounded) if there exists a
polynomial (constant polynomial) P such that || Fj (t)|| < P (t), t > 0.

Proposition 1.6.1 will show that an A-normalized polynomially bounded solution of
(1.1.1) can be recovered from its first ny coefficients and the solution of (1.1.2). Con-

versely, Theorem 1.6.8 will show that by finding polynomially bounded solutions to the
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first ng coefficient equations (1.6.2) we can find an A-normalized solution of (1.1.1).
These results generalize Poreda | , Theorem 4.1 and Theorem 4.4]. Finally, after a
discussion about the existence of polynomially bounded solutions to the coefficient equa-
tions we will obtain the main result, Theorem 1.6.11, that guarantees the existence of
a Loewner chain solution for (1.1.1). This result has also been independently obtained
through a different method in | .

Note that the solutions of (1.1.1), (1.1.2), (1.6.2) and (1.7.2) will be assumed to be
locally absolutely continuous in ¢, locally uniformly with respect to z.

We will repeatedly use the fact that given € > 0 there exists a constant C, such that
e < Ceet®+ (079 ¢ > (1.6.3)

(this follows immediately from the definition of k; (A)). In fact we can find a polynomial
P, such that

e < Pa(t) e+, ¢ >0 (1.6.4)
(see for example | , p 61, Exercise 16]). Furthermore, if A is normal then
HetAH = ethr(A), t>0.
Indeed, if we write A = UDU* where D is a diagonal matrix and U is a unitary matrix

then

L o G

_ HetDH — othi (D) _ pthi(A)

(for non-Euclidean norms we just get HetAH < O peth+ (),

The following is a generalization of | , Theorem 4.1].

Proposition 1.6.1. If f (z,t) is a polynomially bounded solution of (1.1.1) such that

f(z,t)=¢€" <z + i Ey (zk,t>>
k=2
then

f(z,5) = lim e <v (z,8,t) + i Fy (v (z,s,t)k,t>>

t—
o k=2

and the limit is locally uniform in z.
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Proof. 1t is not hard to check that if f (z,¢) is a solution of (1.1.1) and v is the solution
of the initial value problem (1.1.2) then f (z,t) is a subordination chain with transition

mapping v (see [ , Theorem 2.6]). Hence

f(Z,S) = f(U(Z,S,t),t)
=4 (U (z,s,t) + i Fy, (v (z,5,t)F ,t)) +e"R(v(z,s,1),1)

k=2

where R (z,t) = >3, 11 Fe (z’“,t). From the assumption on f, the formula for the
remainder of the Taylor series and Cauchy’s formula, we easily get that {R(-,t)},5, 18

locally polynomially bounded and in fact
IR (=, )|l < CoP (&) |2, 2]l < 7.

From the above, (1.6.1) and (1.6.3) we get

IA

e R (v (z,5,1) 1) C. e B+ P (1) v (2, s, 8) |0

< Ce 7"Set(k+(A)+€_(n0+1)m(A))P (t) 7 ||Z|| S r.

Hence, taking e small enough we can conclude that e!AR (v (z,s,t),t) — 0 locally uni-

formly. O]

In order to prove Theorem 1.6.8 we will need the following lemmas.

Lemma 1.6.2. If Q, € P*(C") then the following identities hold for t € R
et etPrQy ((emz>k) = Qk (zk) (1.6.5)

Q) ((e‘mz k) = e B Q (zk) (1.6.6)
etetBrQy (zk) = Q <<emz)k) (1.6.7)
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Proof. Define A;, on P* (C") by A, (Qk <2k>) = AQx (zk) One easily sees that e?4* (Qk (zk>) =
GtAQk (Zk>, AkBk = BkAk and

For (1.6.5) it is enough to check that ¢ (t) = etk B0 Q) ((etAz> k) satisfies ¢’ (t) =
0. Indeed

o) = e (4,4 B (@ ((42)")) =k (a5 (42) )] = 0

The last two identities follow immediately from the first one. O]

Lemma 1.6.3. If F},, G}, : [0,00) — P¥(C"), k = 2,...,m are solutions of (1.6.2) and

the limits

t—o00

f(z,8) = lime“ (v (z,8,0)+ > Fy (v (z,8,1)" ,t))
g(z,5) = lim ™ (v (z,8,t) + i G (v (z,5,t)F ,t))

t—o00

exist locally uniformly in z € B"™ for some s > 0, then f(-,s) = g (-, ) if and only if

Fk:Gk,k:2,...,m.

Proof. Assume that f(-,s) = g(-,s) and that there exists k£ € {2,...,m} such that
Fy # Gy. Let kg be the minimal such k.
Equating the ko-th coefficients of f(-,s) and ¢ (-, s) and taking into account the

minimality of ko we get

lim e (Fko ((e(s_t)Az) . ,t) — Gy, ((e(s_t)Az>k0 ,t)) = 0. (1.6.8)

t—o00

Using (1.6.6) and the fact that Fy, is a solution of (1.6.2) we get
k
AR, <(e(s—t)Az> 0 ,t> _ AOB R, (Zko’t>

= AP <Fk0 (zk", 0) + /t e~ Bk N (zko, s) ds) .

0
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We can get an analogous identity for Gy, and then (1.6.8) becomes
e*AesBr (Fko (zko, 0) — G, (zko, 0)) =0.

Since Fj, and Gy, satisfy the same differential equation with the same initial condition

we have Fj, = G,, thus reaching a contradiction. ]

Lemma 1.6.4. If P is a polynomial such that P (t) > 0 fort > s then

e>0

/Oo (&) e oz, s, 0™ < Qear(®
s (1= v (zs0)])° (1 — [|2||)2 = +e

where Qe a,p 15 a polynomial of the same degree as P.

Proof. Let
ki (A) €

- m(A) 2

We can restrict to the case when € is small enough so that o« < ng + 1. Using (1.6.1) we

see that

v (z,,0)["" v (z, s, 8)]|° e(s—t)am(4)
2 S 2 S 20"
(1=v(zs ) =~ (1= lvzstD* = (1—|z])

Let ¢ be small enough so that

He(tfs)AH S Cefe(tis)(k@(A)Jre’)

and 6 := am (A) — ki (A) — € > 0. Then

o0 no+1 0o
/ P ) |94 v (2, 5,1)]] i < C. 2@/ P (1) e-30-9gy
s (1= lv(z,s,0)I) (L =1zl /s

and it is not hard to see that

Qeap (8) = C’el/ P (t) o 0(t=9) g4

satisfies our requirements. ]

Remark 1.6.5. When A is normal, P is constant and k; (A) /m (A) > 1 we can sharpen

the above bound by letting € = 0.
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Let 8 =mno+ 1 — a, then using (1.6.1) we get

v (2,5, 8)"™F" els—Dam()
5 < o o (28,017 (1= [|v (2,5, 8)[)* .
(1—lv(z 0D ~ 1 —|=l)

If A is normal we know that

Hems)AH _ -9k (A)

and hence we get

/OO He(t—s)AH ||U (Z’ S’t)||n0+1 th
s (1 —=Tlv(zs0l)

1 o0 .
< [ s 0l (= o sl e e
(T =]z Js
From the proof of | , Theorem 2.1] we know that
st 1 dloGsdl
L=llo(z 80l lv(zs 0] dt -

Using the above inequality it is easy to conclude that

[ oGl (= ol at

2 ZadeHU (Z,S,t)”

< [l Gs ol 0= Gl ol
R P
= m(A)/O u’ T (1 —u) du

2 / b 203
<—— [ W1 - uw)* P du
m(A) Jo
The last integral converges because by our assumptions § —1 > —1 and 2o — 3 > —1.

This completes the proof of our claim.

Lemma 1.6.6. If I}, : [0,00) — P*(C"), k = 2,...,m are polynomially bounded and
the limit

f(z,8) = lim e (U (z,8,t) + i F, (v (z,s,t)k,t>>

t—
o k=2

exists locally uniformly in z € B™ for some s > 0 then f (-, s) is univalent.
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Proof. First note that if Q € P* (C") then

o) - ()] = |X (- wsut)
j=0
k_l . .
< QI 1z —w| S 12l [fw]* 1 (1.6.9)
j=0

Using the above and (1.6.1) we see that

i E, (v (zl,s,t)k ,t) — iFk (v (zg,s,t)k ,t)H

< CoP (1) D o (21, 5,1) = v (22, 8,0, Nl Nzl < 7

where P is a polynomial bound on Fj, k = 2,...,m. For sufficiently large t we get

éﬂ@@@ﬁ@—éﬂ@@@ﬁﬁ”

<l (z1,8,8) = v (2,8, )], [zl [z2ll <

which implies that for sufficiently large ¢

v(z,s,t) + Em:Fk (v (z,5,8)F ,t)

k=2
is univalent on the ball ||z|| < r. Now the conclusion follows easily. O
The following consequence together with Theorem 1.6.8 generalizes [ , The-

orem 2.6].

Corollary 1.6.7. All A-normalized polynomially bounded solutions of (1.1.1) are Loewner

chains.
Proof. This follows from Proposition 1.6.1 and Lemma 1.6.6. ]

Theorem 1.6.8. If Fy, k =2,...,ng are polynomially bounded solutions of (1.6.2) then

g(z,8) = lim (v (z,8,t) + i Fy (v (z,5,t)" ,t))

t—
> k=2
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exists locally uniformly with respect to z and is a polynomially bounded Loewner chain
solution of (1.1.1). If F'(t) is a polynomial bound for Fy, k = 2,... ng then, given € > 0,
there exists a polynomial Q). 4. of the same degree as F' such that

e g (z,1)] < Qear E?A ,z€B"t>0.

(4)
(1= [Jz|* e

Furthermore, if

g(z,1) = e <z + i Gy (zk,t)>

k=2
then G, = Fy, k=2,...,ng.

Proof. Let
no
w(z,s,t) = e (v (z,8,t) + > Fy (v (z,s,t)k ,t)) .
k=2

We begin by showing that lim; ., u (2, s, t) exists locally uniformly.

It is easy to see that u (z, s, t) is locally absolutely continuous in ¢, so

to to
Ou (z,8,1) dtH < /
t1 at t1

0
(;;(z,s,t)Hdt, s <t <ty

|lu(z,s,t1) —u(z, s, t)|| = ‘
(1.6.10)

Now

Ou (z,5,t) =eA <U (z,8,t) + % Fy (v (z,5,1)" ,t)) — et (h (v (z,s,t),t)+

ot k=2

:ZOka (U (z,s,t)k_l,h(v (z,s,t),t),t) — iddf} (v (z,s,t)k,t)).

k=2
Let
70
R(z,t) =h(z,t) — Az = > Hy (zk,t> :
k=2
Similarly to the proof of | , Theorem 4.4], a straightforward computation using the

assumption that Fy, k = 2,... ng satisfy (1.6.2), leads to

(Z:: (2,5,t) = —e (R (v(z,s,t),t)+ éka (U (z, s,t)k*1 ,R(v(z,s,t) ,t)))

—et (io: i kF, (v (z, s,t)k_l , H, (v (z, s,t)l ,t) ,t)) . (1.6.11)

k=2 l=no—k+2
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Using the ideas from the proof of | , Theorem 1.2] (cf. | , Lemma 1.2])
we get
[EI
IR (2, )| < Carisy (1.6.12)
(1 —=1l=1)

From (1.6.11), (1.6.12) and (1.6.1) we get
v (2,5, )"

‘ (1= (z,5,0)*

where P is a polynomial depending only on F' and A (because the bounds on Hy can be

ou
ot (

o) < P

chosen to depend only on A). Substituting this estimate into (1.6.10) we get
no+1
H (t— S>AH v (2,5, )"

Sdt
— v (2, 5,0)1)°

Using Lemma 1.6.4 we can now conclude that lim;_,, u (z, s,t) exists uniformly on com-

|lu(z,s,t1) —ul(z,

pact subsets.

From the semigroup property for v we immediately get that
g((z,st),t)=g(z,5),0<s<t (1.6.13)

and by Lemma 1.6.6 we can conclude that g (z,t) is a Loewner chain. Differentiating
(1.6.13) with respect to ¢t and then letting s ¢t we see that g is a solution of (1.1.1).

By the same considerations as above we get

dt.

. " | s )™
e A<u<z,s,t1>—u<z,s¢2>>HS/tl PO sy

Letting t; = s and ¢, — oo and using Lemma 1.6.4 we get

v (2,5, 8)]""

=49 (2. 5)] < quhéHFk(Z’“’S)H*l PO G o
) QEAF( ) — (1.6.14)

4)
(1= [lofy> 5o+
(P depends on A and F'). The above guarantees that the solution is polynomially
bounded.

The last statement follows from Proposition 1.6.1 and Lemma 1.6.3. O
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For the proof of Theorem 1.6.11 we will need some basic facts about ordinary dif-
ferential equations. We will use | ] for this, but we are interested only in the finite
dimensional case.

Let X be a finite dimensional Banach space and L be a bounded linear operator on

X. We consider the equation

d
d%; = Lo+ f(t),aet>0 (1.6.15)

where f : [0,00) — X is a locally Lebesgue integrable function. We know that any

(locally absolutely continuous) solution of (1.6.15) is of the form

x (t) = e (0) + /0 e f (5)ds.

Note that the local Lebesgue integrability of f is needed to ensure the differentiability of
the solution above, which follows from the Lebesgue differentiation theorem (see | ,

Theorem 3.21}).

We will use the following notations

o, (L) = {A€o(L):Rer >0}
o<(L) = {Ae€o(L):ReX <0}

oo(L) = {Ae€o(L):Rex=0}.

PT, P= and PY will denote the spectral projections corresponding to o (L), o< (L) and
oo (L) respectively (see e.g. | ,p 19]).

We say that f is polynomially bounded if there exists a polynomial P such that
If@OI<PE),t=0

Following the proof of | , Chapter II, Theorem 4.2] it is straightforward to check
that if f is polynomially bounded then to each element z5 € P=(X) there corresponds
a unique polynomially bounded solution of (1.6.15) that satisfies P<z (0) = x5. This

solution is given by the formula

z(t) = et=lys 4 /00 Gr(t—s) f(s)ds (1.6.16)
0
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where

etPs >0
GL(t) = . (1.6.17)

—ettPt t <0
Furthermore if f is bounded and oq (L) = 0 then the solution (1.6.16) is bounded. Note
that in order to obtain a polynomial bound on the solution one needs to use (1.6.4) rather

than (1.6.3).

Remark 1.6.9. We are only interested in the case when X = P*(C"), but the above
considerations also apply to the case when X is not finite dimensional if we replace
polynomially bounded by subexponential. We say that f is subexponential if for any
e > 0 there exists C; such that || f (¢)|| < C.e”, t > 0. To be able to define the spectral
projections we would also need to require that oy (L), o< (L) lie in different connected

components of o (L).

We will apply the above results to the coefficient equations (1.6.2) (X = P*(C")
and we regard the coefficients as functions Fj, : [0,00) — P*(C")), hence we need
information about the spectra of the operators By. It is known (e.g. | , pp. 182-
183]) that if A = (Ay,...,\,) is a vector whose components are the (not necessarily

distinct) eigenvalues of A then the eigenvalues of By, are
{{m,\)y =X : Im| =k, se {1,...,n}}

where m = (mq,...,m,) € N* and |m| = m; +...+m,. Furthermore, if A is a diagonal
matrix then By is also diagonal and z"e; is an eigenvector corresponding to (m, \) — A
(e;,7=1,...,n denote the elements of the standard basis of C").

Following the terminology from | ] we will say that A is nonresonant if 0 ¢ o (By,)
for all k (i.e. if the eigenvalues of A are nonresonant; see | , p 180]). Otherwise we

say that A is resonant.

Remark 1.6.10. 0 ¢ o (By) for all k£ > ng (i.e. there are no resonances of order greater
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than ng). Indeed, if m € N*, |m| = k and X is as above then
Re ((m, A) = As) = (no +1) k- (A) — k. (A) > 0

where k_ (A) = min{Rel: A € 0 (A)}. For the last inequality we used the fact that
k_(A) > m(A) and the definition of ng (which implies that k; (A) < (ng+ 1) m(A)).
In particular note that if ng = 1 then A is nonresonant.

We will use P}, P,;, P to denote the projections associated with By. For Q € P* (C)

we will let Q* := P/ Q, Q< := P=Q and Q° := PYQ.

Theorem 1.6.11. The equation (1.1.1) always has an A-normalized polynomially bounded
Loewner chain solution that is uniquely determined by the values of F,f (z’ﬂO), k =
2,...,ng, which can be prescribed arbitrarily. Furthermore, if A+ A is nonresonant then

the solution can be chosen to be bounded.

Proof. This is an immediate consequence of Theorem 1.6.8 and of the considerations on
solutions of ordinary differential equations from above. Note that A + A is nonresonant

if and only if o¢ (By) =0, k > 2. O

Remark 1.6.12. It is not hard to see that if A + A is resonant, in general, one cannot
find a bounded solution (though it will be possible to do this for particular choices of the
infinitesimal generator h). For example, one can choose A such that oy (B2) = {0} and 0
is a simple eigenvalue for By. In this case we would have e??| Po(p2(cny) = Ipo(p2(cny) and
SO
t
Fy <z2,t) = Fy (22,0) +/O HY) (zQ,s) ds.

In order to get a solution that is not bounded it is enough to choose h such that ¢ (t) :=

J HY (22, 5) ds is not bounded on [0, c0).

Definition 1.6.13. Let F C [}, P (73”C (C”)) We define S7 (B") to be the family of
mappings [ (z) = z + Yoy L (zk> € S (B™) that can be embedded as the first element

of a polynomially bounded Loewner chain and such that (F kg)k e F.

=2,...,n0
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We want to study the compactness of the class S (B"). For this we need the following
lemma that can be proved using similar arguments to those in the proof of | ,

Lemma 2.8] (cf. | , Lemma 2.14])

Lemma 1.6.14. Every sequence of Loewner chains {fi. (z,t)} such that Dfy (0,t) = 4
and

le ™ fu (20| < CoP @), 2l <7 <1, 8> 0,

where P (t) is a polynomial, has a subsequence that converges locally uniformly on B™ to

a polynomially bounded Loewner chain f (z,t) fort > 0.

Theorem 1.6.15. If F C [}, P (Pk ((C")) is bounded (compact) then S (B™) is

normal (compact). Furthermore, given € > 0 there exists a constant Ce s r such that

OG > n
1f ()l < 1o |’|’)“2Z(A>+ , fesiB).
1—||z|)" ™

Proof. Let f € S} (B™) and f (z,t) be a polynomially bounded Loewner chain such that
f(2,0) = f(z). Suppose that

fzt)=e" (2 + i F, (zk,t)> :

k=2

We know that (see (1.6.2) and (1.6.16))
Fy, (zk,t) = e!Brps (zk,O) +/O Gg, (t —s) Ny (zk,s) ds.

Now it is straightforward to check that if F is bounded then Fj, k = 2,...,ng can be
bounded by a polynomial F' that doesn’t depend on f (it depends only on F and A). By

Theorem 1.6.8 we have

QE,A,F (t)

He*tAf (z,t)H < - ||Z||)2km+(7(AA))+e'

When ¢ = 0 the above inequality proves the fact that S% (B") is normal. Furthermore,
if F is also closed we can now argue by contradiction using the previous Lemma to see

that S (B") is also closed. O
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Remark 1.6.16. It is not hard to see that the results of this section (except for 1.6.5)
remain true for any norm on C". Furthermore, with appropriate modifications (see
Remark 1.6.9 and | ]) the results can be extended to reflexive complex Banach

spaces.

1.7 Spirallikeness, parametric representation, asymp-
totical spirallikeness

We now consider what happens to the various classes of univalent mappings that are
related to Loewner chains. For convenience we recall the definitions of the classes that
we are considering, as given in | |, where the case ng = 1 is treated.

Let Q C C" be a domain containing the origin.

Definition 1.7.1. We say that 2 is spirallike with respect to A if e7*w € € for any

w e Nand it > 0.

Definition 1.7.2. We say that () is A-asymptotically spirallike if there exists a mapping

Q=Q(z1t): Q2 x[0,00) = C" that satisfies the following conditions:

(i) @ (+,t) is a holomorphic mapping on €2, @ (0,t) =0, DQ (0,t) = A, t > 0, and the

family {Q (-,)},5 is locally uniformly bounded on €;
(ii) @ (z,-) is measurable on [0, 00) for all z € Q;

(iii) the initial value problem

0

8—1: =—Q(w,t) ae.t >s, w(zss) =2 (1.7.1)
has a unique solution w = w (z, s,t) for each z € Q and s > 0, such that w (-, s, t)
is a holomorphic mapping of €2 into Q for t > s, w(z,s,-) is locally absolutely

continuous on [s,00) locally uniformly with respect to z € Q for s > 0, and

lim_,o 4w (2,0,t) = z locally uniformly on .
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Let f : B® — C" be a normalized univalent mapping, i.e. such that f (0) = 0 and

Df(0)=1. S(B") will denote the class of all such mappings.

Definition 1.7.3. We say that f is spirallike with respect to A if f(B") is spirallike.
We will use S4 (B™) to denote the class of mappings that are spirallike with respect to
A.

Definition 1.7.4. We say that f is A-asymptotically spirallike if f (B") is A-asymptotically

spirallike. S% (B™) will denote the class of A-asymptotically spirallike mappings.

Definition 1.7.5. We say that f has A-parametric representation if there exists a map-
ping h € Ha (B") such that f(z) = lim;_,o v (2,¢) locally uniformly on B", where v

is the unique locally absolutely continuous solution of the initial value problem

?;; = —h(v,t) a.e.t >0,v(2,0) =z, z € B"™. (1.7.2)

S9 (B™) will denote the class of mappings with A-parametric representation.
We start by answering | , Open Problem 6.4.13].

Theorem 1.7.6. S, (B™) is compact if and only if A is nonresonant.

Proof. If f € S, (B") we know that
F(zt) = f (z) = e <z + i F (J)) (1.7.3)
k=2

is a Loewner chain (this follows easily from the definitions). It is clear that Sa (B™) C

S% (B™), where

.....

It is easy to see that Sy (B™) is closed by using the analytic characterization (1.7.4) and
the fact that A4 is compact. Now, by Theorem 1.6.15, if the coefficients F,, k = 2, ..., ng
can be bounded independently of f then Sy (B™) is compact. For our particular Loewner

chain (1.7.3) the coefficient equations (1.6.2) take the simple form 0 = By F} + N.
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If A is nonresonant then the operators By are invertible and hence Fy = —B, INL.
Now it is straightforward to see that we can choose bounds for Fy, k = 2,...,ny that
don’t depend on f, thus yielding compactness of Sa (B™).

If A is resonant then let kg < ngy be the largest k such that By is singular (by 1.6.10
By is not singular for k& > ng). Let h(z) = Az + Hy, (zko) € N4, where Hy, is chosen
such that By, Fy, + Hy, = 0 has a solution. Note that for our particular & we have N, = 0,
k=2,...,kg—1and N, = Hy,. Since By, k > ky are nonsingular there is no problem
in solving for Fj, k > ko and then, using Theorem 1.6.8, we get that

= e s £ o)

t—
° k=2

is a Loewner chain solution of (1.1.1) with h(z,t) = h(z). Since h doesn’t depend on
t we have v (2,s,t) = v(2,0,t —s) and this yields that f(z,s) = e*f(z,0). Hence
f(-,0) € 84 (B™) and by Theorem 1.6.8 its ko-th coefficient is Fj,.

This construction works with any Fj, that is a solution of By, Fy, + Hy, = 0. Since By,
is singular, the solutions of the equation form a non-trivial affine subspace of P* (C"),
so in particular there exist solutions of arbitrarily large norm. Now we can conclude that
there exist spirallike mappings with arbitrarily large ko-th coefficient. This proves that
S4 (B™) is not compact when A is resonant. O
Remark 1.7.7. Let h € N4. By the same ideas as in the proof of the previous theorem

we can conclude that if A is nonresonant then the equation
Df(2)h(z) = Af (2) (1.7.4)

has a unique holomorphic solution, which is in fact biholomorphic (because of Corollary
1.6.7). By 1.6.10 this generalizes | , Corollary 4.8]. On the other hand, if A is
resonant, there either is no holomorphic solution (for example if Hy ¢ By (P?(C"))) or

the holomorphic solutions (in fact, biholomorphic) are not unique.
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Remark 1.7.8. As a consequence of the proof of Theorem 1.7.6 and of Theorem 1.6.15

we have the following bound for mappings in S4 (B") :

CG n & n
If ()] < A 2€B" >0, feS4(BY

(A)
(1= |J2|)* =0 *

(cf. | , Theorem 3.1] and | , Theorem 12]). Furthermore, if A is normal the
above estimate holds with € = 0 (the case ki (A) /m (A) > 1 follows using 1.6.5, while

the case ki (A) /m (A) = 1 is covered by | , Corollary 3.1])
Remark 1.7.9. Let A = diag(A1,...,A\,) (ReX; > 0) and m € N” with m; = 0, i =
1,...,s, where 1 < s < n. Then it is easy to compute that for f (z) = z+ az™e, we have

h(z)=[Df (z)]_l Af(z) = Az +a(As — (m, \)) 2"es.

If A\ — (m, \) =0 we get that f € Sa (B™) for any a € C" generalizing an example from
[ , D 57]. If Ay — (m, \) # 0 then f € Sy (B™) for any a such that

This example suggests that in the case when A is nonresonant a sharp upper growth

bound on S4 (B") would have to depend on the entire spectrum of A.

Next we extend [ , Corollary 2.2]. For simplicity we only treat the 2-dimensional
case. S*(B") = S; (B"™) denotes the class of normalized starlike mappings. For a more

general result obtained by a different approach see | , Theorem 5.1].

Proposition 1.7.10. Let A = diag (1, \), ReX > 1. Define ®,5: S (B') = S (B?) by

0us (1)) = (£ (2 (Zl))a ) 2).

21

If a € [0,Re)] and B € [0,1/2] such that o+ < Re) then ®, 5 (S* (BY)) C S4 (B?).

Proof. We follow the proof of | , Theorem 2.1]. Let f € S* (B') and define

F (1) = 400 (f) (2) = <etf (), e (f”) (7 (=) ) .

21
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It is sufficient to check that F'(z,t) is a Loewner chain. Because of the particular form of
F and by Corollary 1.6.7 it is enough to check that F' satisfies a Loewner chain equation,

i.e. that
LoF

h(-t) == [DF (0] =

(,t) € Ha (BQ> ,a.e.t > 0.

Let p(z1) = f (21) / (z21f' (21)). Straightforward computations yield that

h(zt) = (z1p(21), 22 A —a = B+ (a+ B) p (1) + Bz1p' (1)) -

The same arguments as in the proof of | , Theorem 2.1] (we are using the fact

that f € S* (B') implies that Rep > 0) show that it is sufficient to check that
q(z)=Rer—a—p)2? —2Bz+a+p3
is non-negative on [0, 1]. This follows by elementary analysis. O

Remark 1.7.11. Let A be as in the above proposition. For & = Re\ —1/2, 5 = 1/2 and
f(2) = 2/ (1 —2)* we can see that ®n4(f) € S4(B?) attains the asymptotic growth

bound from 1.7.8.

Next we consider the class of mappings with A-parametric representation. Unlike the
class of spirallike mappings, the class S (B") is not compact when ny > 1, as we can see

from the following example.

Example 1.7.12. Let A = diag (A, 1), ReX > 2 and define
h(z,t) = ()\zl +a(t) 222,22) 2= (21, 2) € B
If for example |a ()| < 1, ¢ > 0 it is easy to check that h (-,¢) € N, t > 0. Then

v (o t) = (ﬂt <z1 _ ( /0 "0 (s) e<k—2>8ds> zg) ,a%)

is the solution of (1.7.2). When lim,_,o, /4 (z,t) exists locally uniformly on B" we get

that f(z2) = (zl - (fooo a(s) e(’\’z)sds) 22, 22) € S9 (B?). Since the second coefficient of
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the Taylor series expansion can be made arbitrarily large by an appropriate choice of
a (-) we conclude that SY (B?) is not compact.

This example can be generalized for any A by considering h (z,t) = Az+a (t) Hy (2?) €
H (B") such that H # 0.

Next we consider the class S4 (B™). The following characterization of A-asymptotically
spirallike mappings is derived from the proofs of | , Theorem 3.1 and Theorem

3.5.

Proposition 1.7.13. Let f : B" — C" be a holomorphic mapping and

f(z):z—i-]iFk(zk).

Then f is A-asymptotically spirallike if and only if there exists h € Ha (B™) such that

t—o00

ng
f(z) = lim e (v (z,t)+ Y Fi (v (z,t)k)> (1.7.5)
k=2
locally uniformly on B™, where v is the solution of (1.7.2).

Proof. First assume that f is A-asymptotically spirallike. Hence there exists a mapping
Q: f(B") x[0,00) — C" satisfying the assumptions from Definition 1.7.2. Let v be the

solution of the initial value problem (1.7.1). By definition it will satisfy

lim ey (f (2),0,t) = f (2)

t—o0
locally uniformly on B™.

Let v be defined by v (2,s,t) = f~' (v (f (2),s,t)), z € B", t > s. Also, let h(z,t) =
[Df (2)] " Q(f (2),t), z € B", t > 0. With the same proof as in | , Theorem
3.5] one sees that h € H4 (B™) and that v is the solution of (1.1.2).

We have

f(z) = lim v (f(2),0,t) = tli>n;> e f(v(z,0,1))

t—o00

locally uniformly on B™. Like in the proof of Proposition 1.6.1 we also see that

lim e f (v (2,0,t)) = tlgglo et (v (2,0,t) + i Fy (v (z, O,t)k>>

t—
* k=2
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yielding the desired conclusion (the fact that f is univalent follows from Lemma 1.6.6).

Now assume that (1.7.5) holds. The conclusion follows exactly as in the proof of

[ , Theorem 3.1]. O

Remark 1.7.14. From the above characterization of S4 (B™) it is easy to see that S4 (B"™) #

S% (B™) when ng > 1.

In Proposition 1.7.17 we obtain a partial result about the normality of the class

S4% (B™), but first we need the following lemmas.

Lemma 1.7.15. Let A = diag (\y,...,\,) and h € Ha(B"). Ifv = (v1,...,v,) is the

solution of (1.7.2) then

e~ Reit , Re\; < 2m (A)

[vi (2, )] < C (14 t)e BAt | Re); = 2m (A)

e~ 2m(A) , Re\; > 2m (A)

where C' is a constant that depends on A, \; and ||z||.

Proof. Writing h = (hy, ..., h,) and hi = hi — Nizi. (1.7.2) yields

CZ: = _>\ivi — iLl (U,t) .

Integrating we get

t
ey, = 2z, — / e h; (v, 5) ds.
0
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Hence

t
ot <l [ 0 (es) ) - Ao ()] ds
0
t
< Jal + g [ e oz ds
0
t
S |zi’+CA,||z/ es(Re)\ime(A))dS
0

Cazl , Re); < 2m (A)

IN

CA,HzH(]- + t) , ReA; =2m (A)

Ca, iz p €BAT2mD - Re\; > 2m (A)

(the second inequality follows from (1.6.12) and the third estimate follows from (1.6.1)).
[

Lemma 1.7.16. Let A € C such that ReX > 0, a € C and h : [0,00) — C such that
() <O t>0. If

t

lim [ e (h(s)+a)ds=0 (1.7.6)

t—o00 0

then |a| < C.

Proof. We argue by contradiction. Assume that |a| > C. Then

Re ((h(s) +a)a) > |af* — |a| [k (s)| > |al (la] = C) =: 6 > 0.

Re ((/OtesA (h(s) +a) ds) a) > 15

If ImA # 0 we can find 7 > 0 such that

If ImA = 0 we get

contradicting (1.7.6).

) 2km 2k
sA a) > - B ——_— > .
Re (e** (h(s) +a)a) > 5 5 € lImA,ImA +r] k>0, keZ
From (1.7.6) we get that
t+7
lim e** (h(s) +a)ds = 0.

t—o00 ¢
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This is contradicted by

Re ((/ttk+T e (h(s) + a) ds) C_L> > 527,

where t;, = 2kn/ImA. Thus we must have that |a| < C. O

Proposition 1.7.17. Suppose that A is normal, nonresonant and ng = 2. Then S (B™)
is a normal family. Furthermore, if f € S%(B™) has h € Ha (B") as an infinitesi-
mal generator (see Proposition 1.7.13) then f can be embedded as the first element of a

bounded Loewner chain with infinitesimal generator h.

Proof. 1f U is a unitary matrix, f € S% (B") and h € H4 (B") is an infinitesimal generator
for f then it is straightforward to check that U*fU € Sg.,, (B") and that U*hU €
Hy+av (B™) is an infinitesimal generator for U*fU. This allows us to assume without
loss of generality that A = diag(Ay,...,A,) and Re\; > ... > Re\, > 0 (note that
m (A) = Rel\,).

Let f be an A-asymptotically spirallike mapping and h € H 4 (B™) be an infinitesimal
generator for f. Let v be the solution of (1.7.2). Also, assume that f, h(-,t) and v (-, )

have the following Taylor series expansions:
f(z) = z+F2<z2)+...
h(z,t) = A2+H2(22,t)+...
v(z,t) = e_tAz+V2(22,t>—|—....

From (1.7.2) and then (1.6.6) one easily gets that
t 2
Ny (22t) = —/ eSAHQ( ez ,s) ds
() = = [ ()
¢
= —/ e*B2p, (2275) ds.

0

As a consequence of Proposition 1.7.13 | the above equality and (1.6.6) we have

Ey <z2) — tlgc{lo <€tAV2 (227]5) + €tAF2 <<€_tAZ)2)>
" <_ /ot e Hy (,5) ds + e (z2>> (17T
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We want to show that F;° can be bounded independently of f € S4 (B"). For this

k
ij

we will show that each of the coefficients of the monomials z;z;e; from FQS can be
bounded independently of f € S% (B™).
We know that
By (zizjer) = (N + Aj — \i)zizjex
and so

!B (zizjer) = et()‘i“‘j_’\’“)zizjek.

Projecting (1.7.7) on the subspace generated by z;z;e; we get

t
R T (_/ efs(Ai+,\jf>\k)hfj (5) dS_i_e*t()\ri’/\j*)\k) !?)
0

ij t—o0 t

t
= lim (— /0 e~ St A —Ak) (hfj (s)+ N+ A —Ag) z];) ds + 5)

t—o00

(hy;(s) are the coefficients of the monomials z;z;e), from Hy (2%, 5)). Hence

t

lim [ e N (B (s) + (A + Ay — M) fE) ds = 0. (1.7.8)

t—o00 0

For the coefficients of the monomials of 5y we have that Re (\; + A; — A\¢) < 0, hence
we can use Lemma 1.7.16 and the fact that A\; + A\; — Ay # 0 (since A is nonresonant)
to conclude that the coefficients of F5* are bounded independently of f (hfj are bounded
because Ny is compact).

Let f (z,t) denote the polynomially bounded Loewner chain with infinitesimal gen-
erator h and such that F (22,0) = Fj (22) (see Theorem 1.6.11). We will see that
f = f(-,0). This will show that S4 (B") C S% (B") where

F={F:f(a) =2+ R(3)+...€55(BY)}.

By Theorem 1.6.15 this yields the normality of S% (B").

It is enough to check that

0=f(2) = f(20) = lim e (Fg (v (z,t)2) - F (v (2,1)° ,t)) : (1.7.9)

t—o00
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We know that (see (1.6.2), (1.6.16), (1.6.17))

F, (22,25) = e!B2 s (22) + /OO Gp, (t —s) Ny (22, s) ds

0

_ ethF2§ (22) 4 /: e(t—s)BzHQS (22, S) ds — [OO e(tfs)BzH; (227 S) ds

_ F2§ (22) + etBe /t e—sB2 (H25 (zz,s) + BQF; (22» ds

0
— /000 e B2t <z2,5 —i—t) ds.

Substituting the above in (1.7.9) we need to verify that

Jim etetB /Ot e B2 (HQS (v (z,1)°, 5) + ByF5 (v (z,t)Q)) ds =0 (1.7.10)
and
lim et /000 e B (H; (v (z,1)°, s) — Hf (v (z,t)%, s + t)) ds = 0. (1.7.11)

Using (1.6.7), (1.7.10) becomes
¢

lim [ e P (H; ((etAv (z,t)>2 : 3) + ByFy ((etAv (2, t)>2)> ds = 0. (1.7.12)

t—o0 0

Let v = (vy,...,v,). Separating the monomials in (1.7.12) it is enough to prove that

t
tllglo e (z,t) v (2, t)/o e_s(’\i+)‘j_)"“)cfj (s)ds =0

c® (s) are the coefficients of the monomials in the polynomial H5 (-, s)+ By F5*) provided
( 7] y 2 2
that Re (A\; + A\; — A\;) < 0 and (because of (1.7.8))
t
lim [ e Witk () ds = 0.

t—o00 0 v

It is now enough to check that e"*iv; (z,t) and e"iv; (z,t) are bounded on {z} x [0, 00),
assuming that Re (A, + A; —A;) < 0. This follows from Lemma 1.7.15 provided that
Re);,Re); < 2Re),,. Assume that this is not the case, so for example Re\; > 2Re,,.
This implies that

Re ()\, +>\j — /\k:) > Re (3>\n — )\1) >0
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which contradicts Re (A; +A; — A;) < 0. For the last inequality we used the hypothesis
no = 2 which implies that 2 < Re);/Re), < 3.

Separating the monomials in (1.7.11) it is enough to prove that

t—o00

lim e, (2,t) v; (2, t)/o e *WFNTAIGE (5, ) ds = 0

provided that Re (A; +A; — Ax) > 0 (df; (s,t) are the coefficients of the monomials in
the polynomial Hy (-,s) — Hy (-,s +1)). Since Hy (-, 8) — Hy (-, s +t) can be bounded
independently of s and t we see that fooo e‘s(Ai“‘f_Ak)dfj (s,t)ds can be bounded inde-

pendently of ¢. Hence it is enough to check that

: tAg ) ) —_
Jim e, (z,t)v; (2,t) = 0.

If Re);, Re\; < 2Re),, then using Lemma 1.7.15 we have
Het’\kvi (z,t)v; (z, t)H < O (141)? e Beithi—Ae),
If ReA; > 2Re),, or ReA; > 2Re),, then using Lemma 1.7.15 again we get
He”"“vi (z,t)v; (2, t)H < CemReBAn=)

Since Re (A\; + A; — A\x) > 0 and Re (3\,, — A\x) > Re (3\,, — A1) > 0 the above inequali-

ties prove the desired limit. This completes the proof. O]

Remark 1.7.18. It is not clear whether S% (B™) is closed under the assumptions of the
above theorem. Suppose that {f;} is a sequence in S (B") converging to some f €
S (B™). Let {fr(2,t)} be polynomially bounded Loewner chains such that fi (z,0) =
fr (2). Then by Lemma 1.6.14 we have that up to a subsequence {fx (z,t)} converges
to a polynomially bounded Loewner chain f (z,t) such that f(z,0) = f(2). In order
to conclude that f € S (B™) it would be natural to have that f satisfies (1.7.5) with v
satisfying f (v (z,t),t) = f(z). Unfortunately one can find examples when this doesn’t

happen.
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Remark 1.7.19. (1.7.8) gives a necessary condition for a mapping h € H4 to be the
infinitesimal generator associated to some f € S% (B"). It is possible to choose h such
that (1.7.8) is not satisfied for any f € S% (B"). This means that unlike the ny = 1
case, there exist polynomially bounded Loewner chains for which the first element is not
from S4 (B™). We will give an example of such h in the case when A = diag (A, ..., \n),
ReA; > ... > Re), >0, Re (2\, — ) <0. Let

h(z,t) = Az + (ae'®M = ) 2¢, t >0

where a € C\ {0} is sufficiently small so that h € H4 (B™) (it is easy to see that such
a’s exist since we are assuming that Re (2),, — A1) < 0). Using the notation of the above
proposition it is straightforward to check that for our choice of A,

t

lim [ e Ot (Bl (s) 4 (Mg + Ao — M) £, ) ds # 0

t—o00 0

for any fl € C.



Chapter 2

Extreme Points

2.1 Introduction

Solving extremal problems for compact classes of biholomorphic functions has been one
of the main goals of geometric function theory in one variable. Starting in the 1970s
the application of linear methods to study the extreme points and support points of the
various classes began playing an important role. See | ] for a detailed account and

references.

In higher dimensions very little is known about the extreme points and support points
of the various classes of mappings. More specifically, in | | examples are given of
extreme points for the class of convex mappings on B and in | | a relation between
extreme/support points and Loewner chains is studied. The goal of this chapter is to

provide further examples of extreme points.

Consider the class P = {f € H(B",C):Ref(z) >0, f(0) =1} of Carathéodory
functions. In one variable this class plays a pivotal role due to its ubiquity in the analytic
characterizations of various subclasses and due to its relation to Loewner chains. The
main result on Carathéodory functions is the integral representation formula due to Her-

glotz. This formula is very important for solving various extremal problems for the class

o1
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P, which in turn contributes to solving extremal problems for classes of biholomorphic
functions. In particular, this integral representation easily yields that the extreme points
of the class P are the functions of the form (1 + ewg) / (1 — eieg“).

The class P has also been studied in higher dimensions, but with very limited success.
Of importance to us is the work of F. Forelli | , |, who found examples of
extreme points for the class P. Based on this we will be able to give a class of examples
of extreme points for the class M on B".

For geometric function theory in higher dimensions the role of the class P is played by
the class M. Thus, it is natural to study extremal problems and extreme points for this
class. It is known that in one dimension functions h from the class M can be written
as h(¢) = (p(¢) where p is a function in the class P. This justifies asking whether
mappings of the form (z1p1 (21), ..., ZaPn (22)), Where p; are extreme points for the class
P, are extreme points for the class M. We will see that this is indeed the case on the

polydisc but not on B™.

2.2 Extreme points on P"

We will be using the fact that for a convex set (such as the Carathéodory class) in order
to prove that a point h is extreme it is enough to show that there is no nonzero point
g such that h + ¢ is in the set. Indeed, suppose that there exist a € (0,1) and fi, fs
points in the set such that h = af; + (1 — «) fo. Suppose that o > 1/2. Then it is easy
to see that we can replace fy by another point on the segment between f; and f, (we are
using the convexity of the set), which we also denote by fs, such that h = (f1 + f2) /2.
Choosing g = (fi1 — f2) /2 we have that h + g = f; and h — g = f; are points in the set.
By the assumption it follows that g = 0, which implies that f; = fs, thus proving that h

is an extreme point.

On the polydisc P" = {z € C": ||z|| < 1,i=1,...,n} the class of Carathéodory
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mappings is defined by

J

h
M(P") = {hEH(P"): Re [JZ(Z)] >0, |2l =121>0,7=1,...,n; h(0) =0, Dh(O):I}.
The distinguished boundary of P" is 0P" ={z € C": ||z|| =1,i=1,...,n}.

Proposition 2.2.1. Let h(z) = (z1p1 (2i,) » - - - 20D (2:,)) where iy, ... i, € {1,...,n}
and p;, 1 = 1,...,n are extreme points for the class P. Then h is an extreme point for

the class M (P").

Proof. Suppose that g € H (P™) is such that h £ g € M (P™). We just need to show
that g = 0. Note that we necessarily have g (0) = 0 and Dg (0) = 0.
Let z € OP" and j € {1,...,n}. From the definition of the class M (P") we have

that

Re [hj (gz) + gj (Cz) 9; (Qz) >0,(€ B! \ {0} _

S e G

Since p;, (zzj) is an extreme point of the class P and g; (-z) / (-z;) is analytic on B!

(because g (0) = 0 and Dg(0) = 0) we can conclude that g; (-z) /(-z;) = 0. Since z
and j were arbitrarily chosen we have in fact that ¢ = 0. Note that we used the fact
that an analytic function which is zero on the distinguished boundary of the polydisc is

identically zero on the polydisc. This concludes the proof O]

Let X be either P" or B". We will denote by S* (X)) the class of normalized starlike
mappings on X, which can be defined as mappings which are spirallike with respect to I.
It is known that any starlike mapping f € S* (X) satisfies Df (2) h(z) = f (2) for some
h € M (X) called the infinitesimal generator. Conversely, given h € M (X) there is a
unique f € S*(X) satisfying Df (z) h(z) = f(z). Note that the class of Carathéodory

mappings on B" is defined by
M(B")={h e H(B"): Re(h(z),z) >0, z€ B"\{0}; h(0) =0, Dh(0) =1}.

We will use the notation M := M (B").
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Next we show that the starlike mappings that have as infinitesimal generators the

mappings from the previous proposition are also extreme points.

Proposition 2.2.2. Let f € S*(P™) such that its infinitesimal generator is one of the

extreme points from Proposition 2.2.1. Then f is an extreme point for the class S* (P™).

Proof. Suppose that there exist a € (0,1) and f!, f2 € S* (P") such that f = af! +
(1 —a) f?. We need to show that f! = f2 Let h* € M (P") , i = 1,2 be such that
Dfi(2)h' (z) = f'(z). Also let h € M (P™) be such that Df (2) h(z) = f (z). Equating
the degree two coefficients on both sides of the analytical characterizations for f, f! and

f? yields Hy = —F,, H} = —F; and H? = —F3}. Hence
Hy=aH; +(1—a)H. (2.2.1)

Let z € OP™ and j € {1,...,n}. From the definition of the class M (P") it follows
that p' (¢) = h; (Cz) /Czj, i = 1,2 are functions in the class P. If the j-th component of
Hj is denoted by Hj ; then p' () =1+ (Héjj (2) /z]) ¢+ ... . By the coefficient bounds
for the class P we get that

HS (=) /2] < 2 (2.2.2)

By the assumptions we have that h; (¢z) /Cz; = (1 + Zijeiejc) / (1 _ Zijewjg) for some
6; € [0,27]. Then the j-th component of Hy, denoted H, ;, is of the form 222, e’%i. On
the other hand, from (2.2.1), we have that Hy ; = aHy ;4 (1 — ) H3 ;. Since |Hy; (2)| = 2
we can now conclude (based on (2.2.2)) that Hy; (2) = Hy; (2) = Hj; (). Since z and
j are arbitrary we get Hy = Hy = Hj. Now we have that p’ (¢) = 1 + 2z;,¢®( + ...
which implies (see [ , Corollary 2.3]) that p’ (¢) = (1 + zijeiejg“) / (1 — zi].ewjg“) =
hj(Cz) /Czj. Since z and j are arbitrary we can deduce that i = h, i = 1,2 and hence
f! = f2 = f. This concludes the proof. O

In general it is not clear what the expression of the extreme starlike mappings from

the above proposition is. Nonetheless, in the particular case when the infinitesimal
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generatoris h (2) = (z1p1 (21) ;- - -, ZnPn(2,)) we have that the associated starlike mapping
is f(2) = (k1 (z1),...,kn(2,)), where k; are the Koebe maps associated to p;.

The extreme points we obtained in Proposition 2.2.1 are not all the possible extreme
points. If this were the case then Choquet’s theorem (see | , Theorem 13.4.5]) would
imply that all the mappings in M (P") are of the form h(z) = (z1p1(2), ..., ZuPn (2))
where p; are some holomorphic functions. But this is clearly not the case. For example

(21 + az3, 29) is not of this form but for small enough «a it belongs to M (P™).

2.3 Extreme points on B"

We start by showing that the mappings from the previous section are not extreme on

B". For simplicity we will only consider some particular mappings on C2.

Proposition 2.3.1. Let h(2) = (z1 (1 +21) /(1 —21) , 20 (1 + 22) / (1 — 22)) and g (z) =
(az123,0) where a € C. If a is small enough then h + g € M.
Proof. Straightforward computations yield

1+21
]_—Zl

]_—I—ZQ
1—22'

Re (h(2)+ g (2),2) = |1) (Re + aRezg) + |z[?Re

To have that h + g € M it is sufficient to have that

1+ 1—|uf

Re = > lal|z|?, 2z € B2
1_21 ‘1_21’2 ’H2’7

This is equivalent to

’Zl|2‘|’ lal [1 — 21’2 |sz2 <1, ze B%

The above inequality clearly holds if |a| < 1/4. This concludes the proof. O

Proposition 2.3.2. Let f (z) = (21/ (1—2)", 2/ (1 — 22)2) and g (z) = (azlzg (14 2)° ,0)

where a € C. If a is small enough then f + g € S*.
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Proof. Let h(z) = [D (f +g) (2)] "' (f + g) (2). Straightforward computations yield

[D(f +9)( )]—1 1 (ffizzj)s —2az212 (1 + 22) (1 + 229)
9\ - 142 2 B 11z
(EEr+ad(+2)) =5 | 0 oy a1+ )

h(z)= , 2
" At +azd (14 2)° Ttz

((I_Z;)Q +and (1+2)° — 20222 (1 —2) (14+22)  1_ 22>

For h to be in M it is sufficient that Re[hy (z)Zz1] > 0 on B2 This is equivalent to

showing that

Re

((1—121)2 +az; (1+ z2)2 —2az; (1 — 29) (1+ 222))

EE=wwee) I

Note that

Re

I-20\—-2)")] N-al &3 -z 1+z [1-z

— 1
1 ( 1+ 2 )] L ey GO e R el 1

Now it can be seen (by separating the above term in (2.3.1)) that to have (2.3.1) it

suffices to have

1-— ’21|2 2 2 2 1+21
— > ‘azg (1+ 2) —2@22(1—22)(14—2@)‘ —
‘1—Zl| (1—21)
1
+‘(1Z)2+az§(1+z2)2—2az§(1—z2)(1+222) ’az§(1+22)2‘>.
-2

The left hand side can be bounded below by |25|* / |1 — 21|°, whereas the right hand side
can be bounded above by Ca|z|* /|1 — 2z |°. Hence we can choose small enough a for
(2.3.1) to hold. Thus we proved that for small enough a we have that f + g € S*. This
also holds if we replace a by —a and so we also have that f — g € S*, thus concluding

the proof. n

Next we will find examples of extreme points for the class M on B". Let f(z) =

22 + 22, F. Forelli | ] showed that ¢ = (1 + f)/(1 — f) is an extreme point for
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P. One of the key ingredients in the proof is the use of the particular form of the slice
functions ¢ ((z) for certain z € S?. It is natural to consider the mapping & (z) = ¢ (z) 2
as a possible extreme point for M. This is justified by the fact that the slice functions

associated to h are related to the slices of ¢ by

(h(¢z),2)

c =¢(C2), z € S,

which allows us to use some of Forelli’'s work.

Let g € H (B™,C") be such that h + g € M. We will show that such g needs to be
of a certain restricted form, though not necessarily identically zero (Proposition 2.3.3).
Thus, we will see that h is not an extreme point for M (Corollary 2.3.4), but we will be
able to take advantage of the restricted form of g to produce a family of extreme points
of M (Proposition 2.3.5).

Let ¢ = (c1,¢2) be a point in C? and let

1
e (Z) = 1—7]”(2)

(2 (Recy) 27 + Caz120 + €123, Cozi + Cr2122 + 2 (Recy) 23) .
Note that the dependence on c is real linear. Let

0= {c € C*: max | |sin ORecy + cos ORecsy| < 1/2} .

0elo,m/2

Note that the maximum from the definition of Q can be explicitly computed (the answer
depends on the sign of Rec;Recy). The mappings g. and the set 2 will appear naturally

in the proof of the following proposition.

Proposition 2.3.3. If a holomorphic mapping g satisfies h £ g € M then g = g. for

some ¢ € B> N Q. Furthermore h + ge 1s a mapping in M if and only if ¢ € B’ nQ.

In particular this proposition shows that h is not an extreme point of M. In fact now

we can completely characterize the extremality in M of mappings of the form h + g..

Corollary 2.3.4. If c € B> N then h + g. is not an extreme point of M.
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Proof. Since ¢ € B? we can choose a # 0 such that ||c+ a|| < 1. Furthermore we can
choose such a that also satisfies Rea; = Reay = 0. This guarantees that c £ a € B> N Q.
By the second part of Proposition 2.3.3 we have that h + gewq = (h+ gc) £ g € M.

Hence h + g. is not an extreme point. m
Proposition 2.3.5. If c € S? N then h + g. is an extreme point for M.

Proof. Assume there exists a holomorphic mapping ¢ such that h + g. + g € M. Since
—c € 5?2 N Q we know from the second part of Proposition 2.3.3 that h — g. € M. From

this we can easily deduce that
Re (2h (2) £ g(2),2) > Re(h(2) +g.(2) £g(2),2) >0, z € B*\ {0}.

Hence h + g/2 € M. Using Proposition 2.3.3 we get that there exists a € B’ N Q such
that ¢ = go2,. Now we have that h + g.40, € M. The second part of Proposition 2.3.3
implies in particular that we must have ||¢ = 2a|| < 1 which can only happen if a = 0

(since ||c]| = 1). This concludes the proof. O

Now we just have to prove Proposition 2.3.3. We start by discussing the basic tools
we need for the proof. The main idea is to notice restrictions on slice functions and use
them to get restrictions on the related mapping.

The slice functions that we are considering will be analytic with positive real part.
Suppose that ¢ (¢) = 322, cxC" is an analytic function on B! that has positive real part.
Then, necessarily, Recy > 0 and as a consequence of the coefficient inequalities for the
class P we have that |cx| < 2Recq for £ > 1. We will also need the fact that if ¢g = 1
and co = 2 then ¢y, = 2 and 9,1 = const for £ > 1. Indeed, we know that there exists

a positive Radon measure ¢ on the unit circle such that

ey,
¢<o—/|£:1€_<d (€.

Then having ¢y = 1 and ¢; = 2 is equivalent to 6 (0) = 6(2) = 1, where 6 (n) =

f\g|=1€nd‘7 (¢). Now it is known that the measure o is supported on the points —1
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and 1 (see | , Proposition 2.2]) hence cop = 0 ({1}) + 0 ({—1}) = 1 and cg1 =
o({1}) — o ({-1}) for k > 1.

The following two results will be used to get restrictions on the mapping based on the
restrictions obtained for the slice functions. Let ST = {2z € S": 2, >0,i=1,...,n}.
Let P* (C",C™) denote the space of homogeneous polynomials of degree k on C" with

values in C™. Then from | , Corollary 3.2] we get the following proposition.
Proposition 2.3.6. If P € U2 P*(C",C) and if P =0 on S then P = 0.
We will need the following consequence of the above result.

Corollary 2.3.7. If P € P*(C? C?) is such that (P (z),z) = 0 for z € 52 then there
exists Q € P*1(C?,C) such that (P (2),2) = Im (Z120) Q (2) for all z.

Proof. Let P = (Py, P5) and P (2) = 34 = ¢42"

Since z =z on S% we have that (P (z),z) = 0 on S7. Applying Proposition 2.3.6 to
(P(2),7) € P*(C*C) yields (P (2),%) = 0, hence cfyq = 0, cfyp = 0 and if o +e; =
B+ ey then ¢}, + ¢ = 0. Now it is easy to check that (P (2),2) = (Z1za — 21%2) X €10, 2"

and the conclusion follows immediately. O

One important feature of f with respect to the above results is that f =1 on S3. For
example, suppose that P, € P¥(C? C?) and P, € P**2(C?, C?) are such that P, = P,
on Sy . We cannot apply Proposition 2.3.6 directly because P, — P; is not a homogeneous
polynomial. We need to first notice that we also have that Py f = P, on S7 and then we
can apply Proposition 2.3.6 to get that P, f = P;.

We now begin the proof of Proposition 2.3.3 by showing that we must have

(G (2),2) +1m (z25) ¥ (2)
1—71(z)

where G € P?(C?,C?) is the degree two term in the Taylor series expansion of g and

, 2 € B,

{g(2),2) =

Y € H (B? C) is such that ¢ (0) = 0 and D (0) = 0.
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The proof is a straightforward adjustment of the ideas from | , Proposition 3.12]
and | , Proposition 2.3] based on Corollary 2.3.7.
Let pf(¢) = (h(¢2)+g(C2),2) /¢ for all ¢ € B! and all z € S?. 1If g(z2) =

>0 G (2) is the Taylor series expansion of g, then

=+ Z ( (Gar (2),2) 7+ (2f (2)" £ (Garea (2). >) CQk)

Since p= € P we have that |2f (2) & (Gapi1 (2),2)] < 2 for all k > 1. But f(z) = 1
on S% so we can conclude that (Gopi1(2),2) = 0 on Sy for all & > 1. Corollary 2.3.7

implies that

(Gogy1(2),2) =Im (Z120) Qax (2) , k > 1.

If we let pi (¢) = 352 c..xC* then we have that ¢,g =1 and ¢, = 2 for z € S2. Hence,
for z € S% and k > 1 it follows that ¢, o541 = ¢.1, that is (Gapi2 (2),2) = (G2 (2), 2).

This implies that for z € S% we have

(Garsz (2) = £ ()" Ga(2),2) = 0.

Now we can apply Corollary 2.3.7 to get

(Gorya (2),2) = (G2 (2),2) f (Z>k + Im (Z722) Qar41 (2) , kK > 1.

The conclusion follows immediately by setting 1 = (1 — f) >3, Q.
Next we will obtain some further restrictions using the same idea as | , Proposi-
tion 2.4]. We have that

L+ f (=) 12]° £ (G () 2) + Im (Z122) ¥ (2))

(
Re(h(z2)+g(2),2z) = Re 1—f(z)

(1= 1£ @P) 121* £ Re [ (1= F (2)) (G (2) , 2) + Tm (F722) ¥ (2))]
- f @) '

Let g% (z) = (1= [f )P) |2)* £ Re [(1 = T (2)) ({G (2) ,2) + Im (F22) ¢ (2))]. Then

for z € B%\ {0} we have that ¢ (z) > 0. The slice functions ¢* (¢z) are not harmonic
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(we want to use properties of positive harmonic functions). We want to find harmonic

functions r= such that r= (¢) = ¢* ((2) when |¢| = 1. If |[{| = 1 then

(6 = (1= [T OF) a4 | (1T T) (G 6,2 ¢+ iz 3 s (¢

k=2

| ES—

= FRe [[(2) (G (2),2) ] + (L= If (2)°) |2)* F Re [F () Im (z125) W (2)]
+ Re [((G(2),2) = T (2) Im (z122) U3 (2) ) ¢]
+ Re Li Im (ZF722) (W (2) = T (2) Wry2 (2)) g’f] .

So

rE(0) = (1= £ @) [12]° F Re [f (2) Im (7722) Wa ()]
+Re |((G(2),2) = f(2)(G(2),2) = [ (2) Im (5722) U3 (2) ) (]
o |3 T ) (90 2) = 7 (2 Wi () ¢

are the functions we are looking for. Since r=(¢) > 0 when [¢| = 1 it follows that

r¥(¢) > 0 when |¢| < 1. For this it is necessary that
(1= 1f (2)F) lI2]° F Re [£ (2) Im (7122) W2 (2)] > 0

and therefore we have

(1= 1F @F) I=I* F Re [J () Im (z722) 2 ()] <2(1 = 1f )P) =*. (232)

Using the above and coefficient inequalities we get that for z € B?\ {0} and k > 2 we

have
(G (2),2) = F()(G(2),2) = F () Im (7720) U3 ()| < 4 (1= |f (2)) |2]*
[ (z122) (W (2) = T (2) Wrz (2))| < 4 (1= £ ()P [121°
Letting z converge to points from S? in the above inequalities yields
(G (), 2) = [((C().2) = T (2) I (7) Ws (2)| <4 (1= |f (2)) 2 € 5% (233)

tn (772) (Wk (2) = £ (2) U2 (2))| <4 (1= |f (2)F) 2 €S2k > 2. (2.3.4)
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Let z = (rlewl , rgew?) be a point from S?. Then a straightforward computation using
the fact that rd + 2 + 2r2r2 = 1 yields 1 — |f () = 4r2rZsin? (6; — 6,). Indeed
1—f(2)) = 1- (ri‘ + 75+ 2riri cos 2 (6, — 92)>
= 1- (rf + 75 + 2rirs + 2rir; (cos 2 () — 63) — 1))
= dririsin® (6, —0,).

Also note that Im (Z7z0) = rirgsin (0 — 61). After we simplify by |sin (0, — 6,)] the

inequality (2.3.4) becomes

’\Pk (z2) = f(2)Ukia (z)’ < 16r179 [sin (01 — 62)], k > 2.
Since f(z) =1 on S7 the above inequality implies that W f = Wy, on S3 and hence
\Ijkf = \Ifk+27 k Z 2 (235)

The next step is to show that the even coefficients of ¢ are zero. Note that

¢ (2)+q* (=2) =2 (1= | (2)]°) ||2l*+2Re [(1 — 7 (2)) Tm (72) kf: Wop (2)| >0, z € BA\{0}.

Let Sy = {2z € 5?: f(z) =1}. Using (2.3.5) and letting z converge to points from 52\ S,

yields B
Re [Im (Z122) Vs (2) 1:;22

Let Wy (2) = azi+bz129+c25. Alsolet U (2) := (21, —22). Note that foU = f. Replacing

<1-|f(2)], z€ 8%\ S;. (2.3.6)

z by U (2) in (2.3.6) gives

Re [—Im (Z129) (azf —bz120 + czg) L= 7 <1—|f(2), z€ 8%\ S;.  (23.7)

1—f(2)
Using (2.3.6), (2.3.7) and the triangle inequality we get

1-f(2)

If z = (Tleiel,rzei(’Q) then the above becomes

Re [Im (Z122) b21221_f<Z)H <1—|f(2), z€ 8%\ S;.

: 1—f
‘Re [be“m@z)f(z) < 41sin (6 — 65)]. (2.3.8)

L—f(2)
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If we choose ) = 0 = 6 then (2.3.8) yields

1— e—i29

_ 20
0 = Re lbe [ 20

] = —Reb.
Hence (2.3.8) becomes

i(61 2)1_7(2) in (6, —
|b‘ ‘Im [e 01+6 1_f(z)H§4‘S (91 82)‘

The above inequality and the following lemma imply that b = 0.
Lemma 2.3.8. Let z = (rlewl,rgew?) and r? +r2 = 1. If 01,0, — 0 such that 05/60, — 1

and 1 # —r?/r3 then

1 , 1—f(2) r? —Ir2
I 7,(91+92) 1 2 )
sin (0; — 65) o <€ 1—f(2) ” r? + Ir}

Proof. First note that
— i(01+62) _ 2)
et =T (4 (-7 ()
Im (e — | = 5 :
1= f(2) 1=/ ()
We want to factor sin (f; — 02) from the top of the right hand side. For this we expand

and explicitly compute the top and then eliminate r; (using r? = 1 —r2). After this the
top becomes
Im (ei(91+92) (1 — f (Z>>2> = sin (01 + 62) + sin (62 — 391) + 2sin ((91 — 02)
— 273 (sin (0 — 361) + 2sin (6; — 0y) + sin (6, + 65))
+ 7‘3 (sin (@2 - 3‘91) + sin (‘91 - 392) + 2sin (91 + 92)) .
Applying the fact that
r+y r—y

sinx + siny = 2sin 5 Cos— (2.3.9)

repeatedly, yields

Im <€¢(91+92) (1 —F (z))2>
= 2sin (0 — 6,) (1 — cos20; — 272 (1 — cos 26,) + 75 (cos 205 — cos 201))

s 2
= 4sin (0; — 0;) sin” 0, (1 — 215+ 1y (1 - 92)> '

sin2 (91
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Next we explicitly compute the bottom and eliminate r. This yields

11— f(2)]*= 2(1 — 0826 — 73 (1 — cos 20, + cos 20y — cos2 (0, — 65))

+ 75 (1 — cos2 (0, — 92)))

— 4Sin2 01 <1 . 'I"g (1 + Sin2 (91 - 92) o Sin2 92) 4 T§SH12(01—92>> ‘

sin? 6, sin? 6, sin? 6,

Now it is straightforward to get that

1 i(61469) | —f(z)) 1—2r2+r5(1—1?%)
sin(91—92)1m<6 1—f(2) —>1—7"§<1+(1—l)2—12)—I—T%(l—l)2
1—-Q+Dr3)(1—(1-10)r3) B r? —1Ir2

(1—(1—10)r2) i+ s

It will be convenient to use the following notation

L) — 61’(614—92)1_7?(«2)
P 1—f(2)

Note that |E (z)] <1 and E (z) = —1 when 6; = 6s.

If 2 = (rlewl,rgeiGQ) then (2.3.6) becomes
[Re [(ar}e® + crge’®) e OB (2)]| < dryry Jsin (61 — 62)]. (2.3.10)

If we choose #; = 0, in the above inequality we get that Re (ar? + cr?) = 0 whenever

r? +r2 = 1 and hence Rea = Rec = 0. Now we can write

Re Kar%eizel + cr%emz) e it (z)}
= —r?Imalm [ei(al_QQ)E (z)} — r2Imclm {ei(QQ_el)E (z)}

=— (r%Ima + r%Imc) cos (01 — 02) ImFE (2) — (r%lma - r%Imc) sin (0; — 02) ReE (2) .

From the above equality, (2.3.10) and Lemma 2.3.8 we get that r?Ima + r2Ilmc = 0 for

any 71 and ry such that r? + 72 = 1. Hence Ima = Imc = 0. Since we already have that
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Rea = Rec = 0 we can conclude that a = ¢ = 0. This ends the proof of the fact that the
even coefficients of ¢ are zero.

Next we will show that the odd coefficients of 1 are zero and obtain the restrictions
on the coefficients of G. Let

(G(2),2) = (alzf + byz129 + clzg) Z1+ (@zf + byzy 29 + czzg) Za. (2.3.11)

Replacing z by U (2) = (21, —22) in (2.3.3) yields

(G (2)),U(2) = F(){(GU (), U (2)) + F (2) Im (z722) W5 (U (2))|
<4(1-|f (), z €5

Using the triangle inequality, the above inequality and (2.3.3) we get

Gu (2) = £ (2) Gy (2) = F () Im (5720) U3 ()| <4 (1= |f (2)"), 2 € %, (23.12)
where

Gy (2) = (G (2),2) +{G (U (2),U (2))) = a12771 + 12371 + ba21 2073

DN | —

and
Uy (e) = 5 (Ws(z) ~ Wy (U () = jeten + ke

We will show that @3 = 0, which shows that two of W3’s coefficients are zero. The
same reasoning, but using V' (z) = (—z1, 22) instead of U will show that the other two
coefficients are also zero. From (2.3.5) we have that ¢» = W3/ (1 — f). So, by showing
that U5 = 0 we can conclude that ¢ = 0.

First note that (2.3.12) implies that for z € S% we have Gy (2) = Gy (z). Hence
(ay —ay) 25 + (01 + boy —a—b;) 2125 =0,2¢€ SJQr

and by Proposition 2.3.6 we can conclude that a; and ¢; + by are real. To simplify

notation, let a := aq, ¢ := 2ic; and d := ¢; + by. With this notation we have

Gu(z) = a22z1+ (b +c))nzz + o (zgzﬁ — 212272> )

= 2’7 +dunmF + ezl (F12) . (2.3.13)
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Let Gy (2) = a2?71 + dz129%;. With this notation (2.3.12) becomes

Gy (2) = () Gy (2) +1m (5122) (e22 = [ () ez = F (2) W (=) <4 (1= f (9)f) . 2 € 62
(2.3.14)

If z € S? is such that z = (7"1, rgew) then

Gu(z)— f(2)Gu(2) = (ari’ + drlr%) - <7‘1 +rie M) (ari’ + drlrg)
=73 (1 — em> (ar:f + d?"lrg)

= 2r3sinf (sin@ — i cos ) (ari’ + drlrg) :

Let z = (rl,rQew) in (2.3.14), simplify sinf on both sides, set § = 0 and use the fact

that 1 =72 + 73 to get
—2i (ari’ + dfrlrg) 73+ 11Ty ((c — )7y (r% + r%) — jriry — krg’) =0.
Using Proposition 2.3.6 we can conclude that
2ia+j=2id+k=c—c (2.3.15)

In particular we see that 7 and k are imaginary numbers.

Next note that

q(z) +q(U(2))

—2(1- 1 @F) a1 42Re | (1= T 2)) (G0 (0 + T () 12 )] >0, € B0

(we used (2.3.5)). Letting z converge to points in S?\ S} yields

<(1-1f (), z€ 82\ 8y,
(2.3.16)

Re l(l -7 (2) (GU (2) + I (z129) 133}2))

Let z € S? be such that z = (rlewl, r26i92). Note that

Re (1 —f(z )) Im (2122)

3 (2) = 117y Sin — e 2)e MOt gy
L) rssin (0 00 Re [ ()8 o)

= ryrysin (fy — 6q) ( [\Ijg (z) e7(01+62) } ReFE (z) — Im [@3 (2) e_i(91+92)] ImE (z)) :
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Now we can deduce from (2.3.16) that

Re [GU (2) (1 - ?(z))} Re {\113 (2) e*’wl*e?)} ReFE (z) Im |:\i[3 (2) e*i((’l*a?)} ImFE (2)
riro sin? (6 — 0y) + sin (6 — 6;) B sin (6 — 6;)

S 4’/“17’2.

Let [ <0 be a real number. We claim that if 6;, 8, — 0 so that 65/6; — [ then the first
two terms on the left-hand side of the previous inequality can be bounded independently
of I. Once we prove the claim we can use Lemma 2.3.8 for [ close enough to —r?/r2

(ro # 0) to conclude that we must have
0=ImWs (2) =1y (r%lmj + T%Imk)

(we used the fact that j and k are imaginary numbers). Since the above must hold for
any r; and 7, such that 72 +72 = 1 we can conclude that j = k = 0 (we already saw that
j and k are imaginary numbers) and hence Uy = 0.

Now we just have to check the claim. First note that from (2.3.13) we get

Re {GU (2) (1 - 7(2))} = (ar% + dr%) Re [21 (1 — f (z))}

+ ryrgsin (6 — 64) (Rec Re {22 (1 — 7(7;))} — ImecIm [22 (1 — ?(z))D . (2.3.17)

Elementary computations using (2.3.9), 7% + r2 = 1 and

LTty . y—zx
cosx — cosy = 2sin sin
2 2
yield
Re [zl (1 - f(z))} = 2r7r2sin (0 — ;) sin 6, (2.3.18)
Re [22 (1 - ?(z))} = 2rorisin (6 — 0y)sin 6, (2.3.19)
Im {22 (1 - 7(7;))} = 2ry (sin 0y — % sin (6, — 0;) cos 91) (2.3.20)
Re [U; (2) e_’(eﬁeﬂ = —Ty (T% sin 0;1mj + 73 sin (205 — 6;) Imk) :

Note that when 61,6, — 0 so that 65/0; — | we have

sin (s6; + t6s) N +tl
Sin<91—¢92> 1—l
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Now the conclusion of the claim follows easily.

We proved that j = k = 0 and by (2.3.15) this implies that 2ia = 2id = ¢—¢ = 2ilmc.
Remembering that a = ay, ¢ = 2icy, d = ¢; + by we can deduce that a; = 2Rec; and
by = 1. At this point we have that ¢» = 0 and using the notation of (2.3.11) we also
have that

G(z) = (2 (Recy) 22 + byz12o + €123, a22s + Crz12s + c2z§) .

Repeating the reasoning that lead to this form of G | but using V' (2) = (—z1, 22) instead

of U, gives us that
G(z) = (2 (Recy) 23 + Gpz120 + €125, ag2s + Crz12p + Q(Reag)zg) :

So we proved that g = g, qs)-
To complete the proof we just have to prove that given ¢ = (¢, c2) we have that

h—}—gcej\/lifandonlyichEQﬂQ. Let

¢:(C) = ((h+gc) (C2) . 2) /¢, ¢ € B, 2] = L.

We have that h+g. € M ifandonly ¢, € Pforall ||z]| =1. Let Z = {z € S*: |f (2)| =1} =
{z €8%: 2= (7“167;9,7“261'9) ,0 €0, 27r)}. We will show that ¢, € P for all z € 5%\ Z if
and only if ¢ € B’ and that ¢, € P for all z € Z if and only if ¢ € 2. This yields the
desired conclusion.

Let

G(z) = (2 (Recy) 21 + Gaz120 + €125, Cozi + Crz1 2 + 2(R602)Z22> :

Then a short computation yields (provided that ||z|| = 1)

1= ()P +Re[H{G(¢2),2) (1= T (¢2))]
Re¢. (¢) = 1 7P : (2.3.21)

For z € S?\ Z we have that ¢. extends continuously to the boundary and hence it is

enough to have Reg¢, () > 0 for |(| = 1. By (2.3.21) it is enough to have

L= |f(C2) + Re [(G (¢2),¢2) (1= F(¢2))] = 0, ¢ = 1.
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From the definition of Z we can conclude that ¢, € P for all z € S?\ Z if and only if

L= |f @) +Re[(G(2),2) (1-F(2))] >0, z2€ $*\ Z. (2.3.22)
Let
Gu(2) = ;KG (2),2) +(G (U (2)),U (2))]
Gy (z) = ;[<G(z),z>+<G(V(z)),V(z>>]

where U and V are as previously defined. It is easy to see that (G (z),z2) = Gy (2) +
Gy (z). Let z = (rlewl,rge“’?) € S2. Then by using (2.3.17) (with a = d = Imc and

c=2icy), (2.3.18), (2.3.19) and (2.3.20) a straightforward computation yields
Re [GU (1 — ?(z))} = 4r?r2sin? (A, — 6,) Re (clrle_i91> :
Analogously one gets
Re {GV (1 —f (z))} = 4r%r3sin® (0, — 602) Re <02T26_i62) .
Now (2.3.22) becomes
4rirysin® (6 — 01) (1 + Re{c,2)) >0, z € S*\ Z.

We can conclude that for (2.3.22) to hold it is necessary and sufficient that 1+Re (¢, z) > 0
for all z € S? (we are using continuity to get that this holds on S? rather than a dense
subset). But this is easily seen to be equivalent to ||c|| < 1. Thus we proved that ¢, € P
for all z € S\ Z if and only if ||c| < 1.

When z € Z, ¢, doesn’t extend continuously to all boundary points and we cannot
use the same approach. Instead we will take advantage of the special form of points in

Z. To have that ¢, € P for all z € Z it is necessary and sufficient that

1—[CF+Re[((G(2).2) (1-CT(2)] >0, ¢e B 2€2 (2.3.23)
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(we used (2.3.21), the fact that f and G are homogeneous polynomials of degree two and
the definition of Z). Let z = (rleie,r26i9> € Z and ( = re® € B'. A straightforward

computation (using r? +r3 = 1) yields
(G (2,2)) = 2(riRec; + roRecy) €.
Hence

Re [C (G(2),2) (1 - 527(2))} = 2r (riRec; + roRecs) Re {eiww) (1 - rze_i2(¢+‘9))}
= 2r (rRec; + roRecy) (1 - 7“2) cos (¢ +0) .
Using the above equality (2.3.23) becomes
(1 - 7“2) (14 2r (riRec; 4+ roRecy) cos (v 4+ 6)) > 0.

Now we can easily argue that (2.3.23) holds if and only if 2|rRec; + roRecy| < 1 for
all r1, 7y > 0 such that r? + r3 = 1. The desired conclusion follows immediately. This
finishes the proof of Proposition 2.3.3.

We get further examples of extreme points by noticing that if h € M is an extreme
point and U is a unitary operator then U* o ho U € M is also an extreme point. Note
that for these extreme points we can choose a constant C' so that ||k (2)]| < C/ (1 —||z]])-
However there are mappings in M that have larger growth near the boundary of B".

One such example is

l—z 1oz — 22
H(z)= |z 21,22 o jl
142z (14 21)

as it can be easily seen that as z — —1, ||H(2)| = © ((1 — Hz||)_3/2>. This shows that
there are also other types of extreme points and that, unlike the one dimensional case,
not all extreme points optimize growth.

The mapping H appears in connection with a starlike mapping F' which is interesting
in its own right because it doesn’t satisfy the expected distortion bound for starlike

mappings. The mapping F' is defined by

F(z) = (k: (1), (’“”) (K (=)

N|=

21

ZQ),Z€B2
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where k (z1) = 21/ (1 — z1)%. Note that by properties of extension operators F is indeed
starlike and since H satisfies DF (z) H (z) = F (z) it automatically follows that H is a
Carathéodory mapping. We will check that F' doesn’t satisfy the upper distortion bound
IDF (2)]| < (14 ||z]) / (1 = ||z])®. Let e = (1,0) and 2z = « € [0,1). Then

2 2
IDF(z)elp = LEO B2

(1—2)°  (1-2)"(1—a?)

Let y = ||z||. Hence |z|* = 42 — 2. Also let ¢ (z) = (1+2)° /(1 —2)°. If the upper

distortion bound would hold for F', we must have that

o)+ _(?;)i ff 2 o (=) <00,
Hence
(3 + 2z)* ¢ (y) — o (x)
Ao (- TS

for all z,y such that 0 < x <y < 1. Letting y — = we get

21)? 1 2
i (3;‘;5) 2 e i = +<1x)< >jx)’ v el
- —x —
After simplifications we have
(34 22)% 2z

T sS40+ (2+2),z€01).

Letting x — 1 we get that 25 < 24. This is absurd, so F' cannot satisfy the distortion

upper bound for all z € B".
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