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Logarithmic singularity of specific heat near the transition point is studied in the case of 

the Ising model with ferromagnetic nearest neighbor interaction. The parameter appearing 

in high temperature expansion is extended to the whole complex plane and the analytical 

behavior of thermodynamic functions is examined. A distribution of roots which are derived 

from a certain algebraic equation plays an important role of determining the singularity of 

specific heat. A strikingly simple distribution of roots is shown to lead to the singularity 

consistent with experiment. Comparison of the theory with experiment on the liquid-gas 

transition at the critical point is discussed. 

§ 1. Introduction 

Recently, the behavior of specific heat in the immediate VlCimty of transi­

tion point has been studied both experimentally and theoretically, in particular 

for the phase transition of second order. In most cases, the experimental results, 

are well described by the equations 

C= -a ln[T-Tcl +Lf+, (T>Tc), 

=-a ln[T-Tcl +Lf_, (T<Tc), 

(l·la) 

(l·lb) 

where T is the absolute temperature, Tc the transition temperature, and usually 

an inequality J+<Lf- holds. For instance, Cp for the A-transition in liquid 

helium/) Cv near the critical point of argon,2
) oxygen3

) and helium/) CP of 

CoCl2 • 6H20 near its Neel poine) are all expressible in the form of Eq. (1·1). 

Other examples are found in the work of Yamamoto et al. 6
> 

On the other hand, several authors7
> have developed diagrammatic methods 

for the study of logarithmic singularity of specific heat. Unfortunately, however, 

these theories cannot reproduce the known exact results when applied to the 

two-dimensional Ising model. Since the above methods are too complicated to 

*) Part of this work was carried out at the Institute for Solid State Physics and published in 

Technical Report of ISSP, No. 220, September 1966. 
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Logarithmic Singularity of Specific Heat 1071 

overcome this difficulty, we will take here quite a different approach to the 
problem which is originally due to Fisher. 8

) 

This paper is devoted to a simple and concise explanation of where the 
above anomaly of specific heat comes from. We will restrict ourselves to a 
study of the Ising model with ferromagnetic nearest neighbor interaction. In 
§ 2 we extend the parameter w appearing in high temperature expansion to the 
whole complex plane and study the analytical behavior of thermodyEamic functions. 
A distribution of roots which are derived from a certain algebraic equation is 
shown to play an important role of determining the singularity at the transition 
point. Examples are demonstrated for one- and two-dimensional models. We 
show in § 3 that a very simple distribution of roots can lead to the singularity 
of Eq. (1·1). In order to get some relevance of this distribution with the known 
facts of the three-dimensional Ising model, we study in § 4 low temperature 
series expansion for the simple cubic lattice. On the basis of the results obtained 
in § 4, we discuss in § 5 a comparison of the theory with experiment. 

§ 2. Phase transition of the Ising model 

We consider a crystal composed of N lattice points, each occupied by an 
Ising spin taking values ± 1. We assume nearest neighbor interaction and in­
troduce the following notations: K=(3J, (3=1/kT, where J is the exchange 
energy, k the Boltzmann constant. On the basis of high temperature expansion, 
the partition function Q is written as9

) 

Q=2N(chK)MF(w), (2·1) 

where M is the total number of nearest neighbor pans, 1.e. M = zN/2 with z 
the coordination number, and F(w) is expressed as9

) 

Here w is defined by w = thK, and an is the number of closed diagrams con­
structed with n nearest neighbor lines in the lattice (a0 = 1). In these diagrams, 
each vertex should receive even number of lines. 

If N is finite, n in Eq. (2 · 2) should terminate at some finite value. In 
other words, F(w) is a polynomial in w of finite degree in this case. Therefore 
we can factorize it and write 

F(uJ) = U(l- ~), 
t (J)i 

(2·3) 

where wi is a root of the algebraic equation F(w) = 0, and the product extends 
over all roots of F(w). It is evident that none of these roots can be real and 
positive, since all the coefficients in the polynomial F(w) are positive. It is 
also clear that if wi is a root, so is its conjugate complex wi*. 

From Eqs. (2 ·1) and (2 · 3), we find 
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1072 R. Abe 

ln 0 1 z ~ 1 h · 1 1 ( (J) ) . ---'-'- = n 2 + - ~- n ( c K) + --:E n 1 - - . 
N 2 N i (J)i 

(2·4) 

If we restrict ourselves to the ferromagnetic interaction (J>O), the qu_antity (J) 

is by definition real, taking a value between 0 and 1. But, in discussing the 
phase transition, it is convenient to extend (J) to the whole complex plane and 
study the analytical behavior of thermodynamic functions. Fishers) has already 
discussed the singularity of specific heat of the two-dimensional case along this 
line. It should be noted that this is analogous to the Yang-Lee theory of con­
densation10) in which the fugacity was allowed to take complex values. 

The last term in. Eq. (2 · 4) has a logarithmic singularity at (J) = (J)i· However, 
f9r a finite system, none of the roots lie on the real and positive axis in the 
(})-plane, so that no singularity appears on the physical domain, and· consequently 
no phase transition takes place. This is of course a well-known fact of phase 
transition. On the contrary, in the limit N~oo, it is possible to have a real 
root (J)e between 0 and 1. In this case, the phase transition should occur. Also, 
one would expect that in this limit a distribution of roots has some simple 
regularity. Since it will turn out that this distribution near (J)e determines the 
property of singularity of thermodynamic functions, let us discuss it in two 
exactly solvable examples. 

First, in the one-dimensional model, F((J)) is given by F((J)) = 1 + (J)N, so 
that all the roots lie on the unit circle. No phase transition occurs at finite 
temperature. 

Next, in the case of simple quadratic lattice, the distribution of roots was 
fully studied by Fishers) on the basis of the Onsager solution. 11

) Therefore, we 
are not going to enter into the details but quote only the results below. In 
this case, the loci of roots are two circles having the same radius .J2 whose 
centers are located at the points 1 and -1, respectively, on the real axis. Thus, 
in the neighborhood of (J)e ( = .J2 -1), the roots are continuously distributed on 
the line perpendicular to the real axis. We will hereafter call this line the 
singular line. It is convenient to write these roots a3 (})' = (J)e + iy, and introduce 
a distribution function g(y) which is so defined that the number of roots divided 
by N in the interval between y and y + dy be g ( y) dy. It is clear that a relation 

g(-y) =g(y) (2·5) 

IS valid. Then, neglecting all the terms regular at (J) = (J)c, we have from Eq. 
(2·4) 

y 

ln Q = ( In (1- ~)g(y)dy, 
N ~Y (J)e+zy 

(2· 6) 

where Y is an appropriate cutoff parameter. It will turn out that the final 
result is independent of Y. 
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Now, the energy E of the system is given by 

E=- (8/op)ln Q. (2·7) 

By the use of Eqs. (2 · 5) and (2 · 6), Eq. (2 · 7) is reduced to 

(2·8) 

Since we are interested in the vicinity of transition point, chK in Eq. (2 · 8) 
may be replaced by chKe, where Ke is the critical value of K. 

The function g ( y) plays an important role of determining how the energy 
behaves near the transition point. For instance, if g ( y) is constant, it is dis­
continuous at w =We. This is characteristic of the phase transition of first order. 
Therefore g (y) should vanish at y = 0 in order to have the phase transition of 
second order. As a matter of fact, for the system under consideration, g ( y) 
is shown to be 

g( y) =y/nw/, (y>O). (2· 9) 

Substituting Eq. (2 · 9) in Eq. (2 · 8), we find 

E _ 2(we-w)lnlwe-wl (2 ·10) ---
NJ nwe2 ch2Kc 

from which the specific heat is calculated as 

C = oEjoT = oEjow ·ow joT, (2 ·11) 

namely 

____!2__ 2Ke2 ln!T-Tcl 
Nk nwe2 ch4Ke 

(2 ·12) 

It is easily proved that Eq. (2 ·12) is exactly the same as the more familiar 

C/Nk=- (2/n) [ln cot(n/8)]2 ln!T-Tel. 

In this way, we. are led to the logarithmic sin­
gularity of specific heat at the transition point. The 
reasons why we have such a singularity are very 
simple: first, the roots are distributed on the singular 
line, and secondly, the distribution function is pro­
portional to. y. 

If the roots in the immediate neighborhood of 
Fig. 1. A two-dimensional We form a two-dimensional distribution (Fig. 1), this 

distribution of roots. would correspond again to some sort of phase tran-
sitiOn. It is generally believed, however, that the line distribution is more natural 
than the two-dimensional one. 8) Therefore, let us assume the former distribution 
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1074 R .. Abe 

in the following, retaining the discussion of the latter distribution to another 
paper. 

§ 3. Asymmetric distribution of roots 

One of the characteristic features of the two-dimensional Ising model dis­
cussed in § 2 is that the specific heat near the transition point is symmetric 

Fig. 2. Asymmetric distribu-
tion of roots. 

about Tc. In other words, in this case a relation 
Li+=Li_ holds in Eq. (1·1). However, this relation 
is expected to be no longer applicable to the three­
dimensional Ising model, where the method due to 
series expansion yields an asymmetric form of specific 
heat. In this section, we are going to discuss a 
plausible situation in the three-dimensional case, in 
particular a condition under which a relation J+<.d-
can be derived. 

The symmetric behavior of specific heat in the 
two-dimensional case is due to the fact that the 

singular line is perpendicular to the real axis; there is no distinction between 
the case w>wc and that co<wc. Therefore, in order to differentiate these two 
cases, it is necessary to introduce some asymmetric distribution of roots. One 
of the simplest ways of doing so is to assume that the singular line makes 
an angle ({J different from 90° with the real axis (Fig. 2). 

Let the point on singular line be w'. On the upper half plane, it is ex­
pressed as 

(3 ·1) 

We further assume that the distribution function IS still proportional to y and 
put 

g(y) =Ay. (3·2) 

Under these assumptions, it is proved that the specific heat has precisely the 
same anomaly as in Eq. (1·1). 

Repeating the procedure which led to Eq. (2 · 8), we find 

(3·3) 

The right-hand side is easily calculated by means of elementary integration. 
The parameter Y is allowed to tend to infinity if the relevant integral converges 
in this limit. Such a procedure yields either a constant term or small correc­
tion terms to the final result. In this way, the integral in Eq. (3 · 3) is shown 
to be for w =we 
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(we-w)cos 2cp ln!we-wl- (we-w)cp sin 2cp, (we>(l)), 

(we- w) cos 2cp lnl We- w I - (w- We) (7C- cp) sin 2cp, ((l)e<w). 

Therefore we have for the specific heat 

C 2AK 2 
• 

--= (cos2cpln!T-Tel-cpsln2cp), (T>Te), 
Nk ch4K 

2AK 2 

= (cos2cplniT-Tel+ (7C-cp)sin2cp), (T<Te). 
ch4K 

Thus the specific heat is expressed as 

C/Nk= -a ln!T-Tel +.1±, (T<:_Te), 

which is the same as Eq. (1·1). 
It is convenient to introduce a quantity r defined by 

From Eq. (3 · 4) we have 

1075 

(3· 4a) 

(3. 4b) 

(3·5) 

(3·6) 

y = -TC tan 2cp, (3 · 7) 

that is, the quantity r depends on a single parameter cp in our treatment. From 
the conditions that a>O and r>O, we find an inequality for cp 

n/ 4<cp<n/2. (3 · 8) 

If one puts cp = n/2, the results obtained here are naturally reduced to those 
found in § 2. 

In closing this section, we would like to mention some remarks on the 
assumption of Eq. (3 · 2). An additional term By2 to Eq. (3 · 2) is shown to 
yield a correction of the order of (T- Te) ln IT- Tel to Eq. (3 · 5). This is 
negligible near the transition point. Therefore, the present assumption may 
be replaced by an alternative statement that g ( y) can be expanded in powers 

of I yl. 

§ 4. Low temperature series expansion 

In order to find some connection between the distribution of roots discussed 
in § 3 and the known facts of the three-dimensional Ising model, let us examine 
here low temperature series expansion, restricting ourselves to the simple cubic 
lattice. It will turn out in § 5 that the analytical behavior of thermodynamic 
functions deduced from this expansion yields a rough estimate of cp. 

In low temperature expansion, all the thermodynamic functions are expanded 
in powers of u defined by u = exp (- 4K). For example, if we express the free 
energy per sp1n In the form - (zJ/2) - kT ln A, ln A is expanded as 
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(4·1) 

Recently, Sykes, Essam and Gaune2
) have calculated the above series up to the 

term of the order of u 18
• It is easily seen that the u is related with the w by 

an equation 

w= (1- V'u)/(1+ vu) or u= (w-1Y/Cw+l)2
• (4·2) 

Let us now denote the value of u corresponding to the real phase transi­
tion by Uc and the radius of convergence of ( 4 ·1) by r. It should be stressed 
that r is not necessarily equal to uc. This is a well-known fact since the work 
of Wakefield, 13

) but let us discuss it below in some detail. 
The c.ritical value of w estimated from high temperature expansion14

) is 
given by Wc=0.218, or we get uc=0.412 by Eq. ( 4 · 2). On the other hand, 
when A is expanded in powers of u 112

, its radius of convergence is about 0.57 
according to Domb's estimate. 15

) Thus, we find r=0.572 = 0.325, and it follows 
that r<uc. In order to check this point further, we have applied the Cauchy­
Hadamard formula 

By using the results of Sykes et al.,12
) we have calculated lbnl-l!n up to n=18 

and plotted them against 1/n. The plots show a fairly good linear relation 
between these two quantities, and an extrapolation to n-7oo leads to r=0.296. 

Furthermore, an application of the Pade approximant method reveals the 
state of affairs more clearly. We have calculated the Pade approximants P 2

2
, 

P33
, • • • up to P/ for ln A/u3

, and found the locations of singular points. The 
results are: (a) there is a singular point on the real and positive axis which 
appears to correspond to uc, and (b) there are always singular points on the 
real and negative axis for each Pade approximant. We have studied the singular 
pqint with the least absolute value among these, and the results are shown in 
Table I. It is then clear that this singular point determines the radius of con­
vergence, and we get r=0.308 from P/. 

Table I. Location of singular point on the real and negative axis derived from Pade approximant. 

-------------··---- ·--- -----~---- -------

-0.388 -0.311 -0.334 -0.322 -0.306 -0.308 

From these considerations, we can conclude that the analytical property of 
ln A in the u-plane is as such as shown in Fig. 3, where crosses are singular 
points. That is, the convergence of power series in Eq. ( 4 ·1) is limite'd by 
the unphysical singul~r point at - r, but not by the physical one at uc which 
IS outside the circle of convergence. 

The fact that there is a singular point at - r can be seen from the general 
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Fig. 3. Singular points 
of free energy in the 
u-plane. 
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features of Eq. ( 4 ·1), without recourse to the detailed 
calculations. We need, however, Pringsheim's theorem :16

) 

if all the coefficients in a given power series P(z) are 
positive, then there should be a singular point Zc on 
the real and positive axis, ze being equal to the radius 
of convergence. As a corollary, if the coefficients in a 
given power series are alternate in sign, then there 
should be a singular point on the real and negative axis, 
whose absolute value is equal to the radius of conver­
gence. Since the coefficients in Eq. ( 4 ·1) so far calcu­

lated are alternate in sign except for the first few terms, the above corollary 
applies and it follows our result. In connection with this, it should be noted 
that all the coefficients have a d~finite sign in low temperature series for the 
two-dimensional case or in high temperature series so far known for the three­
dimensional case. Therefore, by means of Pringsheim's theorem, the convergence 
of these series is limited by the physical singular point. 

It is easily seen from Eq. ( 4 · 2) that the circle of convergence in the u­

p lane is mapped to a circle in the w-plane. If we denote the real and the 
imaginary parts of w by ~ and YJ, respectively, the equation of the circle in the 
w-plane is given by 

(4· 3) 

X= (1+r)/(1-r), R=2Vr /(1-r). (4· 4) 

It is to be noted that all the thermodynamic functions are regular inside the 
above circle and that the point We is outside it. (In the two-dimensional case 
the we is on the circle.) We also express the point in the w-plane corresponding 
to - r in the u-plane by Wo. If we write Wo as w0 =~a+ i1j0, ~a and 1Jo are calcu­
lated to be 

~a= (1-r)/(1+r), 1j0 = ±2Vr /(1+r). (4· 5) 

It is clear that the point wa lies on the circle ( 4 · 3) and is a singular point of 
thermodynamic functions. 

§ 5. Discussion 

We are now in a position to discuss quite a rough estimate of ((J. In doing 
so, we notice that the singular line is subject to the following two conditions : 

' (a) the point ()) 0 should lie on the singular line, and (b) the singular line should 
be the tangent to the circle ( 4 · 3) at the point ()) 0 • The latter condition is seen 
from the following co:1sideration : if the singular line crosses the circle, the 
thermodynamic functions are singular inside the circle ; this is contradictory to 
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1078 R. Abe 

what we have seen at the end of § 4. 

If the singular line is a straight line, it is impossibl~ to satisfy simultaneously 
the above two conditions. However, if one assumes the singular line to be a 
_l)arabola represented by 

/ 
I 

/ 
X 

Fig. 4. A schematic representa­
tion of the behavior of 
singular line. Here the 
singular line is indica ted by 
a dotted one. 

(5 ·1) 

it IS possible to fulfil the two conditions (Fig. 4). 
In fact, we find 

c = 2r;o/ (~o-We) + (~o-X) /r;o, (5 · 2a) 

d=- (~o-X)/r;o(~o-wc) -r;o/(~o-wcY. (5·2b) 

If we put wc=0.218 and r=0.296, we have c=3.618 
and d=- 3.183. Since the relation c =tan (fJ holds, 
(fJ is estimated from the numerical value of c. In 
this way, r is calculated by means of Eq. (3 · 7), 
and we get r=l.9. If we adopt r=0.308 deter­
mined from the Pade method, we get a slightly 

smaller value of r, i.e. r=1.7. Since our calculation of r involves some 
uncertainty, we are satisfied by saying that the theoretical value of r is about 2. 

In comparing this result with experiment, we notice that the Ising model 
is mathematically equivalent to the classical lattice gas. 17

) Furthermore, as Yang 
and Yang18

) have shown, the specific heat at a constant volume near the critical 
point of lattice gas corresponds to that of the Ising model without magnetic 
field. Thus, it is appropriate to employ the liquid-gas transition at the critical 
point for comparison. In Table II, the results of r derived from the experimental 
data on argon,2l oxygen3l and helium4

l are shown. Experimental results are about 
two or three times as large as theoretical one. It would be interesting to see 
how the theoretical r changes with the crystal structure, and this is being under 
the way. It is also interesting to study the distribution of roots for a finite 
Ising model; this is being investigated by Suzuki, Kawabata and Katsura. 19

) 

Table II. Numerical values of r. 

A Theory (sc) 

5.9 5.8 5.6 5.0 

In our conjecture, the distribution function is assumed to be proportional 
to y. This assumption should of course be testified in some way or other. 
We hope, however, that some of the essential features of logarithmic singularity 
of specific heat associated with the phase transition are revealed by the present 
method. It is also possible to derive a singularity of the form IT- Tc r-a in a 
similar way. This will be a subject of a forthcoming paper. 
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