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Abstract

In this thesis, we develop quantitative performance analyses for a variety of quantum com-
munication/computation systems that have the common feature of employing neutral atoms
for storage/processing and photons for qubit transmission. For most of these systems, there
is a lack of a precise performance analysis to enable a comparison between different scenarios
from a top-level system standpoint. One main goal of this thesis is to fill that gap, thus
providing quantum system designers with realistic estimates of system performance that can
guide and inform the design process.

For many applications in quantum communication and distributed quantum processing,
we need to share, in advance, an entangled state between two parties. Thus, entanglement
distribution is at the core of long-distance quantum communication systems. It not only
includes generation and transmission of entangled states, but it also requires storing them
for further processing purposes. Whereas the photons are the prime candidate for the former
task, they are not appropriate for long-time storage and processing. Metastable levels in
some alkali atoms, e.g., rubidium, are attractive venues for quantum storage. In this thesis,
we study several basic quantum memory modules—all based on single trapped atoms in
high-finesse optical cavities—and analytically evaluate how efficiently they can be loaded
with (entangled) quantum states. We propose a non-adiabatic mechanism for driving off-
resonant Raman transitions that can be used in loading trapped-atom quantum memories.
Our method is more flexible than its adiabatic counterpart in that it allows use of larger
cavities and a larger class of driving sources.

We also describe two proposed implementations for long-distance quantum commun-
ication—one that uses trapped atoms as quantum memories and another that employs
atomic ensembles for quantum storage. We provide, for the first time, a detailed quan-
titative performance analysis of the latter system, which enables us to compare these two
systems in terms of the fidelity and the throughput that they achieve for entanglement
distribution, repeater operation, and quantum teleportation.

Finally, we study quantum computing systems that use the cross-Kerr nonlinearity be-
tween single-photon qubits and a coherent mode of light. The coherent beam serves a
mediating role in coupling two weak single-photon beams. We analytically study this struc-
ture using a continuous-time formalism for the cross-Kerr effect in optical fibers. Our results
establish stringent conditions that must be fulfilled for the system’s proper operation.

Thesis Supervisor: Jeffrey H. Shapiro
Title: Julius A. Stratton Professor of Electrical Engineering
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Chapter 1

Introduction

Possibilities for revolutionary improvements in computation, measurement, and secure com-
munication have motivated physicists, mathematicians, and engineers to work towards har-
nessing the mysterious features of quantum mechanics to build a real functional Quantum
Computer. A quantum computer, by definition, is an apparatus that controls quantum fea-
tures of a system and uses them for the sake of computation. Whereas a classical digital
computer works in the discrete space of binary numbers, a quantum computer is allowed to
use any superposition state in the complex vector space that describes its underlying phys-
ical system. Since the initial speculations on the computational capability of fundamental
quantum systems [1, 2, 3], such as atoms, molecules, and photons, many efforts have been
taken to implement a scalable quantum computing system. This is required to perform the
first promising applications of quantum computers, the Shor’s [4] and the Grover’s [5] al-
gorithms, which outperform, respectively, any known classical algorithms for factoring and
searching. Practical applications of these algorithms will require large quantum computers—
measured in terms of the number of quantum bits (qubits) they can process—which are still
years away from realization. There are other quantum information applications, however,
that may not need a large quantum computing system, and hence may be realized fairly
soon [6, 7, 8, 9]. Among this latter group, distributed or networked applications of quantum
information processing may provide an excellent route for the initial deployment and atten-
dant continuing development of this new technology. These applications mostly rely on our
ability to transport a quantum state, i.e., they depend on Quantum Communication.

Quantum communication is the transferring of a quantum state from one place to an-



other. Over short distances, quantum communication becomes the quantum wires of a
quantum computer. Over long distances, quantum communication enables the networking
of quantum computers. This allows us to employ several few-qubit processors, possibly
based on different technologies each offering its own distinct capabilities, to handle more
challenging computational tasks.

Quantum communication is not, however, as easy as it sounds. Physical transportation
of the quantum system is not a viable solution for long-distance quantum communication
because the interaction of the system with its environment changes the system state. The
only feasible physical elements that can carry quantum information over long distances are
electromagnetic waves, or their constituents, photons. Photons may be lost, however, en
route to the channel output. It is also impossible to send an unknown quantum state via clas-
sical communications, because any measurement on that state destroys it without providing
enough information to reproduce it [10]. Furthermore, quantum mechanics does not permit
cloning of an unknown quantum state [11, 12, 13|, thus precluding a multi-measurement
experiment to completely determine information sufficient to reconstruct an input quantum
state for transmission via a classical channel. Long-distance quantum communication does
have a solution, first derived by Bennett et al. [14], one that is based on one of the most
mysterious features of quantum mechanics, namely, Quantum Entanglement.

Entanglement is a quantum resource by which two parties share a joint state that cannot
be written in a tensor-product form. This state provides a stronger-than-classical correlation
between two quantum systems by which one can perfectly infer quantum measurement
results made on one system by observing the results of quantum measurements made on the
other. This quantum correlation is the main idea behind teleportation: the Bennett et al.
protocol for quantum communication. In this protocol, entanglement serves as a quantum
wire; once established, it can be used for a one-time communication between the transmitter
and the receiver.

Let’s review the teleportation protocol for the simplest quantum data unit to be trans-
ferred, i.e., a qubit. A qubit is a vector in a 2-dimensional Hilbert space. An arbitrary qubit in
the space spanned by the orthonormal basis {|e), |g) } can be represented as |¢)) = «a|e)+[]g),
where a and 3 are complex numbers that satisfy |a|? + |32 = 1. The purpose of the qubit
teleportation is to transfer the above state from point A, which stands for Alice, to point B,

for Bob, as shown in Fig. 1-1. The first step toward this end is Entanglement Distribution:
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Figure 1-1: Schematic diagram for qubit teleportation. Charlie has an arbitrary unknown
quantum state o |e)~ + 5|g) to be transferred from Alice to Bob. Alice and Bob have
initially shared a singlet state. Alice performs a Bell state measurement on her own and
Charlie’s systems, and sends the result to Bob via a classical communication system. Bob
then performs a unitary transformation on his own system, selected in accord with the
classical information that he receives from Alice, to reproduce Charlie’s initial state.

providing Alice and Bob with an entangled state to share. This state can be any of the

following four maximally-entangled Bell states:

Wi> _ 9 ale)pEle)alg)p and |¢j:> _ 9 alg)p £le)ale)p (1.1)
AB \/Q AB ﬁ
Suppose we have provided Alice and Bob with the singlet state [)7)ap for their use
in accomplishing teleportation. Then the initial state of the system comprised of the joint

state of Alice, Bob, and Charlie’s unknown qubit (to be transferred) is as follows:

) ape = (ale)e + B19)c)(9)ale) s — 1) ala) p)/ V2. (1.2)
Using
+ - N
9ha = 2 >CA\%|¢ 08 and [egep = 2 MA\@W Joa (1.3)

and two other similar relations for |ee)c4 and |ge)c 4, one can rewrite (1.2) in the following

form

_

[‘1/’+>CA (ale)p = Blg)p) — ‘¢7>CA (ale)p + |9>B)]
(67 )ca Ble)p +lg)p) + |67 ) s Bleyg —alg)p)] - (1.4)

[Yiape = 3

n 1
2
It is now clear that when Alice performs the Bell-state measurement (BSM), governed by
the states {|vF)ca,|0¢T)ca}, she projects Bob’s state to one of four linearly transformed

versions of Charlie’s initial state. Thus when Alice performs the BSM and sends her mea-
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surement result to Bob via classical communications, he knows exactly which transformation
(single-qubit rotation) to apply in order to reproduce Charlie’s qubit. These last three steps
comprise the processing stage of teleportation, all shown schematically in Fig. 1-1.

The main trick in the teleportation protocol is that we have connected Alice and Bob, via
entanglement, before sending Charlie’s qubit. This way, we need not worry about the channel
loss or physical transportation of a qubit once we have established entanglement. This idea
can also be used for computational purposes, either within a quantum computer [15] or for
distributed quantum processing [16]. In the latter case, distributed entanglement serves as
a computational resource. In all these applications, we ought to worry, however, about how
to generate, distribute, and maintain entanglement over long distances, i.e., distances over
which our physical qubits undergo decoherence. (Short-distance communication has been
accomplished with trapped ions [8, 9].) We should also figure out how we can perform a
BSM or any other operations that we need on our physical qubits. Solving these problems
is crucial to any system that uses entanglement as a resource.

In response to the above concerns, we recognize that, for long-distance applications,
there are two inevitable elements to a communication system. The first is an element to
store and process the entangled state, which we call a standing qubit or a quantum memory
unit, and the other is a flying qubit, which can travel between these units and carries the
entanglement. The prime candidate for the latter is a photon in the infrared regime. In this
regime, we can use the parametric downconversion process to generate entangled photons
[17, 18, 19, 20], and we can transport them via either low-loss fiber or free-space optics. A
photon can carry a qubit either in the form of polarization, or photon number, and single-
qubit operations can then be realized using wave plates and beam splitters. Photons are not
necessarily good candidates for standing qubits, however. First of all, a photon may be lost,
in which case we are limited to conditional protocols. Even if we have lossless components, a
fully optics-based system may not be an ideal solution to quantum communication because
nonlinear interactions between two photons are so weak that we cannot easily perform a
full BSM or any other two-qubit operation. It is also impossible to come up with a linear
optical BSM device [21], unless we embed our Bell states in a larger Hilbert space, which,
unfortunately, reduces the generality and scalability of our BSM device [22, 23].

There are attractive candidates for quantum memory units in the metastable levels

of some atomic systems that can interact with the light, and store the photon number
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Figure 1-2: Schematic representation of rubidium-atom hyperfine levels. The lower levels
(528, /2) are attractive venues for standing qubits. Incoming light with an appropriate
wavelength (= 795 nm) can interact with a rubidium atom in its ground state (525 2, B =
1,mp = 0). The right-circular (o) and left-circular (0_) components of the light take the
atom to different excited states in 52P, /2 By the aid of a z-polarized control beam, we can
coherently transfer the state of the atom to the metastable levels at 5251/2, F=2mp=1
and 525’1/2, F =2, mp = —1, respectively. We may use a detuning A in order to mitigate
the decoherence effect due to spontaneous emission.

information or the polarization state. The two most popular choices are rubidium and
cesium. Figure 1-2 shows the hyperfine levels of a rubidium atom. The levels represented
by the 525, /2 orbital are the ground and metastable levels of the atom. Because of their
low energy and their stability, they have long lifetimes, which makes them appropriate for
quantum processing. The upper states, represented by the 52P /2 orbital are excited states
of rubidium, and they can be used for transitions between lower atomic states, as well as for
interactions between light and the atom. By means of dipole interactions [24], an atom can
interact with an incoming photon whose energy is almost equal to the energy gap between
the excited and the ground states. Because of the selection rules [25], light beams with
different polarizations can only drive certain transitions. For instance, if our rubidium atom
is in its ground state 52S1/2,F = 1,mp = 0, then a right-circularly (o) polarized light
of proper frequency, can only take it to the excited state 52P; 2. F = 1,mp = 1. If we
have a left-circularly (o_) polarized light of proper frequency, then it drives the transition
to the excited state 52P1/2,F = 1,mrp = —1. So, because the atom reacts differently
to two orthogonal polarizations it can store polarization information. The only problem
with our method so far is our leaving the atom in its excited state, whose lifetime is much
shorter than what needed for communication or computation purposes. The remedy to this
problem is a z-polarized control beam that drives a second transition from the upper states

to lower metastable levels; see Fig. 1-2. In order to avoid spontaneous emission from the
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Figure 1-3: Different atomic configurations for a quantum memory. Two-level and V-level
atoms are simplified versions of the more realistic A-level and double-A-level configurations.
The former can store photon-number information, while the latter can maintain polarization
information as well.

upper states, we may use a detuning A for the driving beams. This procedure is called an
off-resonant Raman transition and is at the heart of many proposals for atomic quantum
memories |26, 27, 28, 29, 30|.

In quantum communication, we are typically interested in the interaction of weak light,
e.g., a single photon, with an atomic system. The strength of this interaction is usually
expressed in terms of its Rabi frequency, which is proportional to the optical field amplitude
as well as some atomic parameters. For a single atom in free space, this interaction is
generally weak, and it can hardly be used for any practical purposes. There are two ways
to enhance this interaction. In one approach, based on cavity quantum electrodynamics,
a single atom is trapped in a small high-finesse cavity. The effective field amplitude for a
single photon is then increased because of confining its energy to the small volume of the
cavity. The resulted module is a trapped-atom quantum memory, whose response to single-
photon states will be discussed in detail in Chapter 2. Figure 1-3 shows different atomic
configurations that we will consider. This includes all possible configurations that can be
deduced from Fig. 1-2 for storing either photon-number information (two-level and A-level
atoms) or polarization states (V-level and double-A atoms).

The second approach to enhancing light-matter interaction is by increasing the number
of atoms that are interacting with the incoming light. Chapter 4 deals with a quantum com-
munication system that uses atomic ensembles for its quantum memories. This system—first
proposed by Duan, Lukin, Cirac, and Zoller (termed DLCZ, hereafter)—has the advantage
of not dealing with the difficulty associated with trapping and cooling a single atom and
can be realized and operate in the bad-cavity regime. It is not, however, without its own

drawbacks, as will be seen from our quantitative analysis of its performance in Chapter 4.
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Figure 1-4: Three architectures for entanglement distribution: (a) To-the-memory architec-
ture, in which two entangled photons, generated at the source, carry the entangled state to
the QMUs and load them with this state. (b) From-the-memory architecture, in which by
the use of a common source, each QMU generates a flying qubit entangled with itself. We
can swap the entanglement by performing a BSM on the photons, at the midpoint, which
leaves the QMUs in an entangled state. (¢) Memory-to-memory configuration, in which we
first generate a flying qubit entangled with one of the memories. We let this flying qubit
propagate and load the other QMU, i.e., transfer its state to that memory.

Having commented on possible standing and flying qubits, let’s return to our main
problem, i.e.; entanglement distribution. There are three commonly suggested approaches
for long-distance entanglement distribution. They are shown schematically in Fig. 1-4. In
the first approach, we produce a pair of entangled photons at an optical source, and let the
photons travel to and be stored in the quantum memory units (QMUs). This is how a group
of researchers from the Massachusetts Institute of Technology (MIT) and Northwestern
University (NU) have proposed distributing entanglement. Their system—termed MIT-
NU hereafter—uses the trapped-rubidium-atom quantum memories in conjunction with the
above to-the-memory scheme for entanglement distribution. In Chapter 3, we review the
results obtained for the MIT-NU architecture and extend our results in Chapter 2 to find,
for the first time, the entanglement loading probability, viz., the probability of transferring
the entangled state of photons to trapped rubidium atoms. In the second approach, we
use the idea of entanglement swapping [31]| to distribute the entanglement. According to
entanglement swapping, if bipartite systems A-C and D-B are each maximally entangled, we
can entangle A and B by performing a BSM on C and D. Suppose we generate entanglement
between a standing qubit and a flying qubit at location A and do the same at location B.
We can then let the photons travel to the midpoint between A and B at which a BSM
apparatus destroys them, leaving the QMUs at A and B in an entangled state. The DLCZ

14



scheme is an example of this approach; it will be described and analyzed in Chapter 4. For
the sake of completeness, in Fig. 1-4(c), we have shown the third approach to distributing
entanglement. In this approach, which is a combination of the previous methods, we generate
a single photon entangled with one of the QMUs, and let this photon propagate and load
the other QMU. There are several groups who are employing this architecture [26, 32|, and
we will refer to their work in different chapters.

Whereas the nonlinear interaction between single photons is weak, a single photon could
possibly induce a measurable amount of phase shift on a strong coherent beam. A group of
researchers in Hewlett-Packard (HP) Laboratories made this idea the foundation for their
proposed universal set of distributed gates [33, 34]. These gates are called distributed because
the coherent beam serves as a bus, which interacts with and couples different single-photon
qubits as it propagates. The main advantage of the HP Laboratories proposal is its viable
optics-based implementation with no need for quantum memory units. Ideal cross-Kerr
nonlinearity, which is another manifestation of light-matter interactions, is at the core of
their system. This kind of nonlinearity can be modeled from different perspectives. One may
consider the medium as an ensemble of atoms, which is illuminated by a single photon in one
spatial mode, and by a coherent beam in another spatial mode or polarization. The analysis
of this system requires the same type of analysis that we will employ in Chapters 2—4. The
medium can, however, be a bulk material, such as an optical fiber, in which case atoms are
bound to their environments, and the system behavior can better be understood through
input-output relationships. In Chapter 5, we employ such a quantum formalism for a cross-
Kerr medium [35| to analyze the performance of the HP Laboratories distributed parity
gates. Our results reveal some hitherto unexpected limits on the efficiency and practicality
of this approach.

Chapter 6 summarizes the principal original contributions that will be made in this

thesis. In brief, these contributions are as follows:

e We employ a system-reservoir approach to quantify the interaction of single photons
with single atoms trapped in high-finesse optical cavities. We propose a non-adiabatic
mechanism for loading such trapped-atom quantum memories, and compare this load-
ing mechanism to two previously known methods for adiabatic passage in terms of
their dependence on the atom-light coupling rate, input bandwidth, and cavity decay

rate.
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e We analyze the MIT-NU entanglement distribution problem in which two trapped
rubidium atoms are loaded by a pair of polarization entangled photons [30]. We obtain
analytical results for the loading probability in the cases of adiabatic and non-adiabatic

loading.

e We perform a Gaussian-state analysis of the DLCZ system [29] that takes the deteri-
orating effects of multiple excitations and loss into account. Our analysis also treats
the effects of other sources of error, such as asymmetry in the path loss and phase
offset. We compare the fidelity and the throughput achieved by the DLCZ entangle-
ment distribution protocol with that of the MIT-NU architecture. We also derive the
fidelity that can be achieved by the DLCZ repeater and teleportation protocols using

resolving and non-resolving photodetectors.

e We apply a quantum model for continuous-time cross-phase modulation to analyze
the distributed parity gate proposed by the HP Laboratories [33]. Our model uses
an input-output field-operator formalism that associates a non-instantaneous causal
response function with the nonlinear medium and a phase noise term with the output

field.

All the methods that we will employ in this thesis are based on our basic understanding
of physics, and they should be applicable to a range of other problems in quantum optics
and quantum computation. Some of these problems, which will constitute possible future

directions for extending the results of this thesis, will be described in Chapter 6.
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Chapter 2

Trapped-atom Quantum Memories:

Single Atoms in Optical Cavities

A quantum memory is a basic unit of a quantum computer that ideally has the following
three fundamental properties. First, it should reliably maintain its state for a period of time
that is much longer than that of a quantum gate operation. Second, it should be possible to
perform quantum gate operations inside the memory. Finally, it should be easily accessible
for writing quantum data into it and reading quantum data out of it. For all the methods
introduced and shown in Fig. 1-4 for entanglement distribution, the last task is of crucial
importance. In particular, in some realizations of the to-the-memory configuration [30] as
well as that of the memory-to-memory configuration [26], we are interested in transferring the
state of single photons to single trapped atoms. In this chapter, we study this problem—
which we refer to by the term loading (a quantum memory)—by considering each of the
quantum memories shown in Fig. 1-3. Of particular interest is finding a mechanism that
optimizes loading performance by choice of various system parameters, such as the input
photon bandwidth and the atom-light coupling rate. In this chapter we propose a new
non-adiabatic loading mechanism and find analytical solutions for its respective loading
probability. We also compare our proposed method with previously proposed adiabatic
loading mechanisms [26, 28|. Our analysis reveals a trade-off between the required coupling
rate and the input photon bandwidth, for both adiabatic and non-adiabatic mechanisms,
which is of practical importance.

A quantum memory, in general, is an open quantum system. Whereas for the purpose of
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storage, we desire a memory that does not interact with the outside world, for the purpose
of writing into the memory, we definitely need the memory to couple to an external source.
However, even in the latter problem, the system consisting of the quantum memory and its
driving source can be modeled as a larger closed system. To analyze such a large system,
we initially try to eliminate the external drive and find a series of equations that model the
evolution of our system of interest. The latter, in our case, is the cavity and its trapped
atom.

There are two methods for analyzing open quantum systems. In one approach, we write
down the most general state for the entire system, typically consisting of a reservoir of
harmonic oscillators that are linearly coupled to a field operator in the cavity, and solve the
Schrédinger equation for this state. In the other approach, we use Heisenberg equations
of motion to find out the evolution of system operators. In Section 2.1, we describe both
these methods for the simple case of a cold cavity, viz. an optical cavity which has no atom
therein, illuminated by a single photon. This also provides us with a general guideline for
dealing with decay processes into a continuum of modes that will be used in the forthcoming
sections.

Other problems that will be discussed in this chapter are related to loading a hot cavity—
which, as opposed to a cold cavity, is an optical cavity with a trapped atom therein!. In
each of these problems, we are trying to obtain an analytical solution to the system loading
probability, i.e, the probability of successfully transferring the state of the photon to the
atom. In Section 2.2 we analyze a two-level atom trapped in an optical cavity driven by an
external single-photon source. This is the most basic quantum memory of Fig. 1-3, and it
will turn out that most of other configurations in this figure have an equivalent two-level
counterpart. In Section 2.3, we consider the loading of a A-level atom, by first reviewing the
traditional adiabatic passage approach [36], and then, comparing it to a simpler approach
that we propose. Section 2.4 considers the last two quantum memories in Fig. 1-3, and
proves that they are equivalent to simpler configurations. In all these problems, we employ
a system-reservoir approach, based on the work of Gardiner and Collett [37], to find the

Schrédinger equations of motion for the system that includes trapped atoms, single-mode

'Our terminology for cold and hot cavities is in accordance with the language of the laser community
rather than that of atomic physics. Either way, neither of these terms refers to the actual temperature in
the cavity. In fact, in order to trap an atom in a cavity (hot-cavity case) we need to cool the atom to near
zero Kelvin, as opposed to what the term hot cavity suggests.
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single-ended optical cavities, and driving optical sources. It is possible to obtain the same
results using Heisenberg equations of motion. It turns out, however, that in some cases
this could be a very cumbersome task. In Appendix A, we show the equivalence of these
two methods, and outline alternative derivations for the problems that we consider in this

chapter using the latter approach.

2.1 A two-level system driven by a single-excitation source

Suppose we have a single-ended optical cavity illuminated by a single-photon source, through
the partially reflecting mirror, in a specific spatial and polarization mode matched to the
cavity’s mode of interest. We assume that the incoming light has such a narrow bandwidth
that only this particular mode of the cavity may be excited. The loading event in this case
is to have one single photon in the cavity mode. This is a special case of a more general
situation in which a two-level system is interacting with a reservoir of modes. The driving
source can be modeled by a set of annihilation operators a,,, each corresponding to a different
temporal (spectral) mode of frequency w, that satisfy [, dl,] =0(w—uw'), [38]. We assume

that the driving field is initially in the following single-photon state

o) = / dwd (@) 1), (2.1)

where [ dw|p(w)|> = 1, and |1,) = al,|0) g, where |0)z is the multi-mode vacuum state,
is the multi-mode state representing one photon at frequency w and vacuum state in all
other modes. Here and elsewhere in this chapter, we assume that the initial time is before
occurrence of any possible interactions between the source and the cavity. For simplicity,
and without loss of generality, we assume that this initial time is 0. We will relax this
assumption after obtaining our final result.

The Gardiner-Collett Hamiltonian for the above cold-cavity system can be written as
follows?:

H,. = h/dw wal dy, + hwobTh + hF/dw(dLE +blay,), (2.2)

2This is a phenomenological approach to modeling the cavity and its incoming/outgoing fields to capture
the idea that a photon in the cavity should leak out to a continuum of states representing each epoch of
time. In other words, we can associate a temporal, and, correspondingly, a spectral pulse shape with the
photon packet that leaves the cavity, and that leads us to defining a continuum of operators a,, to model the
reservoir. This model agrees with more rigorous models, up to the first order in the mirror transmissivity,
in the regime of high-Q cavities [39].
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where b represents the annihilation operator associated with the cavity mode of frequency
wp, initially in the vacuum state, and I' is the frequency-independent, but possibly time-
dependent?, coupling constant that connects the external world to the cavity. Because of
the source’s narrow bandwidth, we can and will assume that all integrals in (2.2) run from
—o0 to +00. Then, because there is exactly one excitation in the entire system, the system’s

quantum state as a function of time can be written as

() = /dwaw(t)llw)lo)b + B®I0)r[1)s, (2:3)

where |k);, represents the k-photon Fock state of the cavity mode. Using the Schrodinger
equation, ih|i)(t)) = He|p(t)), we derive

i1(6)) ——‘/dwwawﬁﬂhﬁm%+wmﬁ@N®RH%
" r@y/dwﬁ@»unmb+r@)/dwmxwmnanm (2.4)

which results in the following set of equations

Gu(t) = —i(wau(t) + T(HB(E)), (2.50)

B(t) = —i(woB(t) + T(t) [ dw o (1)) (2.5b)
Equation (2.5a) can be easily solved to give
a,(t) = e a,(0) —i / drD(r)e @t 3(7), (2.6)
0

where, in our case, o, (0) = ¢(w). By employing this result, as well as [ dw exp(—iw(t — 7)) =

27wé(t — 7) and fot drI'(1)B(r)o(t — 1) =T'(¢)B(t)/2, in (2.5b), we obtain

B(t) = —iwoB(t) —iv/26()(t) — K(1)B(1), (2.7)

where £ = 7I'? is the cavity decay rate, and ®(t) = [ dwe *“!¢(w)/v/27 is the temporal

pulse shape associated with the incoming photon. Equation (2.7) summarizes, in a compact

3Tt is not typically the case that T is a function of time. However, later in this chapter, we will encounter
a problem in which T is time dependent. In general, unless we explicitly mention this time dependence, we
assume that I and later xk are both time independent.
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form, the main characteristics of the interaction of a two-level system with a bath of field
operators. The first term on the right-hand side of (2.7) is the Hamiltonian evolution of
the two-level system in the absence of any decay to the reservoir. The second term models
the system evolution in the presence of a driving source, and the third term stands for the
cavity decay to the reservoir. Equation (2.7) provides us with a prescription to circumvent
the reservoir variables and just study our system of interest. For instance, suppose that there
is a single atom in the cavity, which interacts strongly with only one of the cavity modes
and weakly with all other non-cavity modes. The latter, in our context, can be modeled via
a decay rate v with no driving force. We will encounter this example later in this chapter.

Equation (2.7) can be solved to obtain

¢t (1) = =K 3(0) —i/t dr\/20(r)e KOO @, (7). (2.8)
0

where K (t) = fg d7k(T), and ®y(t) = e™0!®(t) is the baseband input pulse shape?. By using
B(0) = 0 and noting that Ploading(t) = (W(®)|bTblY (1)) = |B(t)]2, we obtain the following

loading probability for the cold-cavity case:

2

/t dr/2k(7)e KOTHED @, (1) (2.9)
0

Ploading (t) =

Here, we implicitly assume that the driving pulse shape is zero for ¢ < 0. This may not
be the case for many pulse shapes that we may encounter in practice or we will use in our
numerical results. In those cases we need to replace the lower limit in the above integral
with an appropriate time before which ®4(t) is effectively zero. Moreover, we have assumed
that there is no loss from the optical source to the cavity, i.e., the Hamiltonian evolution of
a,(t) is modeled by a,(0)e~*?. Therefore, we can model the photon’s propagation time, o,
from the source to the cavity by a time shift in ®(¢). From now on, we assume that ¢ty = 0.

Note that the set of equations in (2.5) is in the linear form X = —iAX, where X is a
column matrix representing all amplitude variables (here, «,(t) and ((¢)), and A is a square

matrix representing the mutual coupling rates (here, between |0)z|1), and |1,,)|0))5. That

“®,(t) is a baseband form of ®(t) if and only if the central carrier frequency of ®(t), wy, is equal to wp.
It is implicitly assumed that wy =~ wo and that the bandwidth of ®,(¢) is much less than the cavity free
spectral range, so that we can use a single-mode treatment for the cavity analysis.

®As a rule of thumb, if the interaction terms in the system Hamiltonian are of the form abt + B&T, then
the evolution of a probability amplitude a(t) associated with the state |A) is given by a(t) = —iFaa(t) —
i> .5 9aBb(t). Here, the sum is over all states | B), with probability amplitudes b(t), that are coupled to |A)
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makes the system behave linearly in response to its initial state. For instance, assuming that
d(w) = ¢1(w)+ Pa(w), B(t) will be equal to B1(t)+ B2(t), where §;(t), for i = 1,2, is given by
(2.8) if we replace @y (t) with its corresponding term for ¢;(w), i.e., [ dwe;(w)e " @=w0)t /\/27.
By the same token, we can think of the initial state in (2.1) as a superposition of its in-
finitesimal constituents dw¢(w)|1,). For 3(0) = 0, using (2.8), the probability amplitude

(. (t) associated with these unnormalized states is then given by

¢
03, (t) dw = —i/ dr /26 (1) KR gy (w)e = =w0)T /v /or. (2.10)
0

The original equation (2.8) can then be obtained by integrating the above formula over w.
The above equation will be handy when we deal with the more complicated problems that
we will encounter in Chapter 3.

We can alternatively model our loading problem in the Heisenberg picture in which field
operators are functions of time, and they are evolving according to the Heisenberg equation

A~

ihda/dt = [a, H.], for any operator a. We then obtain

dai, (1) /dt = —iway, (t) — iT(t)b(t)
= G, (t) = e ta,(0) — i dTr(T)B(T)e*Mt*f) (2.11)

db(t)/dt = —iwob(t) — iT'(t) [ dwa,(t
= db(t)/dt = —iwgb(t) — ir/2r(t) Ain(t) — K()D(E) (2.12)
where A, (t) = (1/v/27) [ dwa,, (0)e~™*. The last equation is the counterpart of (2.7) in the
Heisenberg picture. The driving source is now represented by a field operator flm(t), which
is historically called a Langevin operator [40]. Hence, (2.11) and (2.12) are usually called

Heisenberg-Langevin (HL) equations of motion. We can solve for b in terms of the Langevin

operator to find

e“oth(t) = e~ KMp(0) / dr/26(7) Ay (T)e KO+ET), (2.13)

where A, = €' A;, and b(0) and a,,(0) are respectively b and a,, in the Schrodinger picture.

with coupling rates gap, and RE4 is the energy associated with |A) with respect to a reference level.
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The loading probability is then calculated as follows,

<BT(t)l§(t)> _ /Ot dr /Ot dr'/26(T) /2 () e KO+ o~ K (O+K(7) <AZ(7)AI}(7/)>
0

: (2.14)

where, in the last step, we averaged over |¢) in (2.1) according to the the following formula

Anlt) [ dos() ) = —= [’ [ dopl)e o) 1)

= \/%/dw’/dwgb(w)e_wtés(w/ —w)|0)r

1 —iwt
- = [ dwowre = oy
= B(t)|0)y . (2.15)

As can be seen, both methods give rise to the same result. In the subsequent sections,
we will only use the simpler system-reservoir approach for the problems of interest. More

on the Heisenberg-Langevin treatment will be given in Appendix A.

2.1.1 The reverse problem: the cavity decay to the reservoir

So far, we have assumed that there is no excitation in the cavity, and that the cavity is
driven by an external source. We can also consider the inverse problem, i.e., that the cavity
mode is initially in its single-photon excited state, and find out the reservoir state after the
two systems have interacted for a time duration ¢. Because of the time reversibility of closed
quantum systems, the answer to this question provides us with the optimum pulse shape
for loading the cavity with a single photon. Using 5(0) = 1 and ®(7) = 0 in (2.8), and the

result in (2.6), we obtain for a time-independent I

e~ wt _ o—(k+iwo)t

ay,(t) = =il

K+ i(wy — w) (2.16)

We can see that the second term in the above equation vanishes at ¢ — oo; hence, ay,(t)
takes the form of a Lorentzian pulse shape. This shows that the ideal pulse shape for loading

the cavity with a single photon is exponentially rising.
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2.1.2 Exponential pulse shapes: numerical results

It is interesting to find the loading probability in (2.9) for a general, finite-duration expo-
nential pulse with rate A in the following form

2\

B(r) = 1| e
() o23T _

elTWtNT < < T (2.17)

[Note that we will allow A\ to be either positive (exponentially-rising pulse) or negative

(exponentially-decaying pulse).] The resulting loading probability for this pulse is as follows:

Ak (e)\t_efmt)Z
St 0sesT,
Ploading(t) =
672H(t7T)Ploading (T) ; t> T,
4(kT)(NT) (e(XT)(t/T)_e*(NT)(t/T))2
_ (/\T-‘rHT)z e2A\T _q 9 0 S t S T7 (2 18)
672(HT)(t/T71)Ploading (T) ) t>T.

It can be seen from the above equations that, using a finite-width input pulse, the system
evolution has two stages: the loading stage and the decaying stage. For t > T, i.e., after the
input pulse has ended, the system has a purely decaying behavior. Therefore, the system
loading probability peaks somewhere in the interval 0 < ¢t < T. The maximum success
probability is a function of AT" and kT. To find the optimum rate for the pulse, we can

apply the Cauchy-Schwarz inequality to (2.9) to show that

t 2 t
/ dr ‘ ke H(=T) / dr \CD(T)\Q
0 0

< e (2.19)

Ploading (t)

IN

where equality is achieved at t = T' by an exponentially-rising pulse shape with rate A = k.
This is intuitively correct: if we start with a photon in the cavity, it decays exponentially
out of the cavity. Now, if we move backward in time, we need an exponentially-rising input
pulse in order to load the cavity with the photon. From (2.18), with A = &, the loading
probability is a function of kT'. In this case, from (2.19), lower decay rates will require longer
pulses in order to realize near-unity loading probabilities.

It is interesting, however, that even an exponentially-decaying pulse can yield a loading

probability as high as 81%. In this case, A is negative, and the loading probability in (2.18),
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Figure 2-1: Loading probability, (bf(¢)b(t)), for a cold cavity illuminated by (a)
exponentially-decaying pulse shapes with different values of kT', and (b) exponentially-rising
pulse shapes with different rate ratios \/k.

for t < T, is comprised of two terms. The first term, —4Ax/(A+£)?, takes its maximum, viz.
unity, at A = —x. This condition, however, forces the second term, (e —e=)2 /(1 — &2,
to zero. This latter term actually takes its maximum for |\| < . Hence, for any fixed value
of KT, there must exist an optimum value for |\/x| that maximizes the loading probability.
One strategy then to maximaize the loading probability is to choose a small [A/k|, so that
the input pulse bandwidth is mostly determined by 7', and then try to find the optimum
<T. This way, numerically, it can be shown that (bf(T)b(T)) can be as high as 0.8145.
Figure 2-1 plots some loading probability examples. In Fig. 2-1(a), we have plotted the
loading probability for an exponentially-decaying pulse shape with A/x = —0.1 for different
values of kT'. It is clear from this figure that for this value of \/k there exists an optimum
value (close to one) for the product T, as predicted. Figure 2-1(b) shows the loading
probability for exponentially-rising pulse shapes with different positive rates A. It can be
seen that the case of A\/k = 1 eventually outperforms other cases as ¢t — T, although this is
not necessarily the case for ¢ < T'. Also, for our T = 1 example, an exponentially-decaying
pulse shape can be as effective in cavity loading as an exponentially-rising pulse shape. Ease

of implementation should then dictate whether to use one or the other of these pulse shapes.
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Figure 2-2: A single two-level atom trapped in a single-ended high-finesse optical cavity. A
single photon illuminates the cavity at the proper frequency to excite the atom to its upper
state.

2.2 A two-level atom in an optical cavity driven by a single-

photon source

Suppose there is a single two-level atom, with excited state |e) and ground state |g), inside
our single-ended high-Q) cavity. We assume that the frequency-w, atomic transition between
le) and |g) is coupled, at coupling rate g, to the cavity field operator b of frequency wp. This
implies a detuning A = wy — w,, which is assumed to be much less than wg. We also
assume that g and k are time-independent parameters. In analogy to the previous section,
we assume that this trapped-atom module is illuminated by a single photon, as shown in

Fig. 2-2. The Hamiltonian for this system is as follows
Hy = Hee + hwobee + hg(bT6ge + b6ey), (2.20)

where 6;; = |i) (4], i,j € {g,e}. Now, starting with the atom initially in its ground state

and with no excitation in the cavity, the system quantum state has the following form

(1) = /dwaw(t)|1w>|0>b\g>+ﬁ’(t)|0>R\1>b!9> + ¢ (1)|0)r[0)s]e), (2.21)

where we assume that the driving field is in the initial state prescribed by (2.1). The
goal of this section is to provide analytical results for the memory loading probability—the
probability of absorbing the external photon by the trapped atom—]|c,(¢)|>. Note that the
connection between the atom and the driving source is through the cavity mode. We can
assume, however, that the atom can spontaneously decay to modes other than the cavity

mode with an overall decay rate 7. Assuming® that v < x, g, and applying the Schrédinger

51t is not required at this stage to make this assumption. However, it is a reasonable assumption for a
quantum memory device, and we will use it later in all our numerical results.
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equation to (2.21), we obtain

B'(t) = —iwof(t) —igcl(t) — iv2®(t) — xB (1), (2.22a)

&L(t) = —iwad,(t) — igB () — v, (2), (2.22b)

where we have included the results of the previous section to model the decay processes.
The above equations can be simplified by defining slowly-varying probability amplitudes
ce(t) = €0t () and B(t) = €0t (t), for which we have

e

B(t) = —igeo(t) — ivV2rPy(t) — KB(L), (2.23a)
Ce(t) = iAce(t) —igB(t) — vee(t), (2.23b)

where A = wy — w,. Using the Laplace transform, f(s) = [ dte=5! f(t), we obtain

o) — —igée(S)S——:ﬁ\/ﬂ‘i)b(S) (2.24)

and

_\/ﬂgi’b(s)

~e = 5 2.2
ce(s) 2+ (k+7)s+ g%+ kY (225)
which results in
B(t) = —(ivV2k/€) fg dT@b(T)(nﬁre*’“r(t*T) — /ﬁ'_e*“—(t*T)), (2.26)
ce(t) = (9V2r/€) [y drdy(r)(e "+ (=7) — e=r=(t=7)), (2.27)
where
ke =K+ £8)/2, Ky =kt — 7,
=V (E+V)?2—4g + K7), A =7 —iA. (2.28)

Similar to what we stated in the previous section, and for further use in the next chapter,
we can think of the initial state in (2.1) as a superposition of its infinitesimal constituent

states dwo(w)|ly,), to which we can associate slowly-varying probability amplitudes c. . (t)
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given by
t
caw(tﬁﬂu::(g\/Zm/ﬁ)j/ drdwd(w)e " @woIT (e +(t=T) _ o=r=(t=7)) /\/orr (2.29)
0

We then have c.(t) = [ dwce(t) as obtained in (2.27).

This system-reservoir calculation gives a more compact form for the loading probability,
(6ee(t)) = |ce(t)]?, than what we will obtain later in (A.25) via the HL equations for the
case of on-resonance illumination at v = 0. The two results are nevertheless equivalent, and

their equivalence can be verified by a tedious algebraic manipulation that we shall omit.

2.2.1 The reverse problem: the atomic decay to the reservoir

Similar to the previous section, we can start with the atom in its excited state, the reservoir
unexcited, and observe the evolution of the reservoir state. In this case, using the initial

conditions $(0) = 0 and ¢.(0) = 1, we obtain from (2.23)

- _Zg
_ 2.30
S S ) P B (2.30)

which results in

B(t) = (ig/€) (e — e ). (2.31)
Plugging the above equation into (2.6), we obtain

—wt _ o= [r++i(wo—w)]t _ o= [r—ti(wo—w)]t
ap(t)y =19 |1 ” _loe? , (2.32)
13 Ky +i(wo —w) K +i(wo —w)

which results in a double-Lorentzian pulse shape as t — oo.

2.2.2 Numerical results

We learned from the cold-cavity loading problem that there is an optimum value of kT,
where k is the cavity linewidth and T is the width of an exponential pulse, that maximizes
the loading probability. That is, for every exponential pulse shape there is a cavity whose
linewidth best matches the input bandwidth. In the hot-cavity case, we may expect to
see the same filtering behavior modified by the additional effect imposed by the trapped

atom. A reasonable parameter to account for possible new effects is g/, which is the ratio
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between the atom-photon coupling rate and the cavity decay rate. In fact, in the ideal case
of v = A =0, (2.27) can be written in terms of dimensionless parameters kT, g/k, and t/T,

as follows

ce(t)

/9T t/T
= [ s

V(k/9)? =4 Jo

[e—nT(l—‘r\/m)(t/T—u)ﬂ _ e—nT(l—\/m)(t/T—u)/Z] : (2.33)

where ®y(t) = ®,(t/T)/VT, i.e., ®,(u) is a compressed /stretched version of ®,(t), which
has unity width, in its normalized time coordinate, and has been normalized to satisfy
[ dul @} ()2 = 1,

Parameters g/x and kT are of implementation importance as well. Assuming x is fixed (it
is determined by the reflectivity of cavity mirrors), the required value for g/« determines the
length of the cavity; the shorter this length, the higher g will be. Our general conception of
atom-light interaction would therefore suggest that higher values of g should result in higher
loading probabilities. This is not generally true, as we will see soon. Higher g values are
also not desirable from an implementation point of view: the smaller the cavity, the more
difficult it becomes to trap and cool the atom. For a fixed k, it is the bandwidth of the
input pulse shape, By, that determines x7; the higher the desired T, the lower the required
By. The value of By is determined by our single-photon source. If the source operation is
based on downconversion processes, it has generally a broad bandwidth, ~THz, unless we
use cavities for parametric amplification [41]. Thus it is desirable to work at a low value of
kT, which allows a larger bandwidth, and consequently, a higher flux of single photons to
enter the cavity.

Figure 2-3 shows the loading probability for the two-level atom of Fig. 2-2 in the ideal
case of no non-cavity decay (v = 0) and no detuning (A = 0) for a secant hyperbolic pulse
shape” @, (u) = v/2sech[4(u — 1)]. In this figure, we have fixed the value of kT to 2 and
varied the value of g/k. It can be seen that there exists an optimum value of g/, which
maximizes the loading probability. Higher ratios than this optimum value just increase the
Rabi oscillation between the two atomic levels, making it harder to find the atom in its

excited state with high probability. By keeping g constant, the process of loading/unloading

"Our choice of a secant hyperbolic pulse shape in this section is because of mathematical convenience
in the subsequent sections. We will show later that the loading probability is only slightly affected by the
choice of the pulse shape so long as different pulse shapes have the same bandwidth.
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Loading Probability

)
t/T

Figure 2-3: Loading probability versus normalized time for xT" = 2 and a secant hyperbolic
pulse shape at ¥+ = A = 0. Upon arrival of the photon, there is a peak in the loading
probability, which occurs at the time that the photon has most likely been absorbed by the
atom. This maximum loading probability is a function of g/k, and there exists an optimum
value for this parameter that maximizes the chance of loading.

the atom continues for several cycles until the photon decays out of the cavity. Hence, by
this method we cannot hold the atom in its excited state unless we drive the value of g to
zero at an appropriate point in the process, t = 1744, when the loading probability attains
its maximum. In the next section, we show how we can accomplish this turn-off of the
coupling in a A-level atom, in which we can use a control field to vary g.

Figure 2-4 shows the optimum value of g/k for different values of kT. It also shows
the maximum probability that we can achieve as well as the proper time for stopping the
process, T oad, using ®}(u) = v/2sech[4(u — 1)]. It can be seen that the maximum loading
probability is above 90% for kT > 2. It drops off somewhat for larger values of kT, but
it is still high. It can also be seen that the optimum value of g/k, at the highest loading
probabilities, is on the order of one. Its value can be driven below one by narrowing the
input bandwidth, but the price that we have to pay is an exponential increase in k7. For
instance (not shown on the graph), to get (g/k)opt = 0.1, we need kT to be approximately
100. Finally, we observe that 17,4 approaches a non-zero asymptote, close to the effective
width of our input pulse, as we increase kT

Figure 2-5 shows the loading probability as a function of time for g/x = 1 and kT = 2, for
different pulse shapes of approximately the same effective width. The four different shapes we
have used are: a secant hyperbolic pulse; a rectangular pulse; an exponentially-rising pulse;

and an exponentially-decaying pulse. The difference between their loading probabilities is
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Figure 2-4: Optimum value of g/k versus kT'. The maximum loading probability obtained
at (g/K)opt as well as the corresponding loading time are also shown. All points are obtained
for a secant hyperbolic pulse shape ®(u) = v/2sech[4(u — 1)] and at v = A = 0.
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Figure 2-5: Loading probability at kT = 2, g/k = 1, and v = A = 0 for various pulse shapes.
The baseband pulse shapes are shown on the right-hand-side graph, and they correspond,
with respect to the highest probability that they can achieve, to secant hyperbolic (with the
highest peak), rectangular, exponentially-rising, and exponentially-decaying pulse shapes on
the left-hand-side graph.
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seen to be very minor. It seems that so long as we have matched the input bandwidth to the
cavity parameters g and k, we can achieve high loading probability regardless of the photon

pulse shape.

2.3 Loading a A-level atom

In order to realize quantum memories with long lifetimes, one should store the quantum
information in atomic states that have low energy levels as well as low decay rates, e.g., the
525, /2 levels of the rubidium atom shown in Fig. 1-2. However, selection rules forbid any
direct optical transition between two such levels, and therefore, the two-level ground-excited
atomic system that we studied in the previous section is not a viable solution for quantum
storage. In order to drive a transition between two metastable levels, we need a three-level
atomic system. This forms a A-level atom as shown in Fig. 2-6. To induce the desired
transition between |g) and |e) in this figure, one may think of first driving the atom from
lg) to |r) by an optical beam on-resonance with the cavity, and then, driving it back to |e)
by another optical source, e.g., a z-polarized beam as explained in the caption of Fig. 1-2.
This two-step process can be performed without populating the third level by introducing
detunings in both transitions, resulting in what is called an off-resonant Raman transition
(ORT). In this section we study the ORT in the context of a A-level quantum memory being
driven by a single photon. Our principal contributions in this section are introducing a non-
adiabatic approach to ORT, evaluating its performance, and comparing it to two known
adiabatic mechanisms.

Figure 2-6 shows a trapped A-level atom and its corresponding driving beams. Here, we
assume that an external single-photon beam, in the initial state given by (2.1), is spatially
matched to a mode of cavity with annihilation operator b and resonance frequency wg. This
cavity mode drives the |g)-to-|r) transition with coupling rate g.. There may exist a detuning
A1 = wy — wyr in this transition, where w;; denotes the transition frequency between levels
|i) and |7), for i,5 € {g,r, e}. The second beam is assumed to be a z-polarized classical plane
wave with frequency w, and a possibly time-dependent phase ¢,(t). The field’s amplitude is
under our control and may vary with time, and it determines the Rabi frequency Q(t) that

couples |r) and |e) via the following Hamiltonian, which is obtained under the rotating-wave
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Figure 2-6: A A-level trapped atom illuminated by a single photon. The cavity mode
corresponding to the single photon drives the atom from its ground state |g) to the auxiliary
state |r). A z-polarized beam then shelves the atom in the metastable level |e). Here, g.
is the Rabi frequency associated with a single photon, which is proportional to Eppoton =
Vhwo/(2¢pV), where V' is the cavity mode volume. € is the Rabi frequency associated
with the control beam and is proportional to |Ez|. These transitions are off-resonant by
detunings Ay and A, respectively, as defined in the text. The control field may also include
a time-varying phase ¢, (t).

approximation [24]:

Hp = Hee + hwgr6rr + hwgeGee + Bg(6gr + 61g) + BQUt) (e~ lstH0:0l5 4 gilwst+e:05

(2.34)
where Q(t) and ¢,(t) are assumed to be real. The |r)-to-|e) transition may also be off-
resonant, by a detuning Ay = w, — we,. Similar to the previous sections, with no initial
excitation in the cavity and assuming that the atom is initially in the ground state |g), we

can write down the most general state of the system as a function of time as follows

[¥(t) = / dwars(1)[12)[0)slg) + e~ O B(1)|G) + e~ e, (8)| R) + e om0 We (1) B),

(2.35)
where
|G) = 10)r[1)s]9),
|R) = [0)Rr|0)s]7),
|E) = |0)r[0)s]e). (2.36)
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Applying the Schrodinger equation to (2.35), we get

B(t) = —igecr(t) — iv26®(t) — KB(1)
Er(t) = —igeS(t) +ilrerp(t) — iQ2(t)ce(t) — yrer(t)

Ce(t) = —iUt)er(t) — i(Ag — Ay + ¢-(1))ce(t), (2.37)

where we used (2.7) in the first equation and included a non-cavity decay rate -, for the
upper state. We assume that the corresponding decay rate to the state |e) is negligible for
the purpose of loading; it comes into play when we need to determine the storage time of
the quantum memory. The above equations are not analytically tractable for arbitrary ()
and ¢,(t). However, for our loading problem, we are looking for particular pulse shapes
for (t) and ¢,(t) that help the |g)-to-|e) transition occur with high probability. In this
section, we consider two of these loading mechanisms and provide approximate analytical
solutions in each case. The first approach is based on known adiabatic transfer techniques
[42, 36, 26, 28|, and the second one is based on the simple idea that we came up with in the
last section, i.e., turning off the coupling between |g) and |e) when the loading probability is
maximum. We conclude this analysis by comparing the loading probabilities for these two

methods as functions of ¢g./k and KT, and we examine their sensitivity to timing offsets.

2.3.1 Adiabatic loading of a A-level atom

It is a consequence of the Schrédinger equation that a system with a time-independent
Hamiltonian—initially in one of its eigenstates—does not evolve with time. This is not
necessarily the case for a time-dependent Hamiltonian, such as the one in (2.34), because
the eigenstates, themselves, are functions of time, i.e., at each time ¢ there exists a set of
eigenstates {|1;(t))}. Suppose that, at ¢ = 0, we start with the system in the eigenstate
|11(0)). Then, for a sufficiently slowly-varying Hamiltonian, we expect to be in the eigenstate
|11(t)) at time ¢, provided that ¢ is less than the time scale on which the Hamiltonian
changes®. This is the main idea behind adiabatic passage. To employ this idea in our
loading problem, we need to begin in a system eigenstate that resembles |G), and then, by

changing €2, gradually transform this eigenstate into one that resembles our desired final

8Here, we have assumed that we have labeled the eigenstates at time ¢ in accordance with the same
labeling at time t — 6t. That should be doable if the Hamiltonian, and, consequently, its eigenvalues change
continuously with time.
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state, |F). To find such an eigenstate, let’s have a look at the effective Hamiltonian that

(2.37) suggests for the intracavity system:

Hye = —hA|RY(R|— (A1 — Ay — ¢.(2))|E)(E]

+hge(|R)(G] + |G)(R]) + hQ) (| R)(E] + |E)(R]). (2.38)

Under the two-photon resonance condition, A; = Aj, and assuming that ¢,(¢) = 0, the

above Hamiltonian can be written as follows

Heg = —hA1|R)(R[ + W (|R)(B| + | B)(R]), (2.39)

where

|B) = sinf(t)|G) + cos6(t)| E) (2.40)

is called the Bright state, and we have cosf(t) = Q(t)/Qq, sinf(t) = g./Qo, and Qy =
V§2(t) + g2. It can be seen that we have reduced the number of orthogonal states in the
Hamiltonian by one. The missing state, orthogonal to both |B) and |R), is called the Dark

state (because it does not interact with the upper state |R)) and is given by
|D) = —cos6(t)|G) + sin0(t)|E). (2.41)

The dark state is a zero-eigenvalue eigenstate of ﬁeﬂr, and it has the nice property that we
are indeed looking for: for Q(t) > g., |D) ~ —|G), but for Q(t) < g., |D) ~ |E). This
implies that if we start with a high value of €2 when the photon arrives, and then, slowly,
reduce € to zero, we can adiabatically transfer the system from |G) to |E). The timing is of
crucial importance, because if we turn off the pump either before or long after the photon
arrives we lose the chance of absorbing the photon. There is also a slight chance of jumping
into states that are orthogonal to |D), i.e., |[E) or |B), in which case, the loading process
has failed completely.

To study the loading problem in the new dark-bright state picture, it is convenient to

change our basis from {|G),|E)} to {|B),|D)}. We can then rewrite 5(t)|G) + ce(t)|F) in
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the new form B(t)|B) + D(t)|D), where

D(t) = —cosO(t)3(t) + sinO(t)ce(t),

B(t) =sin0(t)5(t) + cosO(t)ce(t). (2.42)
In terms of our new variables, and assuming A, = Ay + ¢,(t), (2.37) becomes

B(t) = —0(t)D(t) — i (t) e, (t) — iv/26 sin O(t) Dy (t)
—rsin? O(t) B(t) + rsin O(t) cos 6(t) D(t)
D(t) = 0(t) B(t) — i~/2r cos? 0(t)®y(t) —  cos® O(t) D(t) + k cos O(t) sin O(t) B(t)
& (t) = =i (1) B(t) — (v — iA1)er (D). (2.43)

Now, it is the right time to apply our dark-state approximation, by which we assume that
during the loading process there will be no quantum jumps to the bright state |B), i.e.,
B(t) = 0 . This will automatically forces ¢,(t) and ¢.(t) to zero, i.e., there will be no
quantum jumps to the auxiliary state |R) either. With this approximation, the above

equations yield the following result for the dark-state evolution

D(t) = —i/2k cos 0(t)Dy(t) — K cos? O(t) D(t). (2.44)

This equation resembles (2.7) for the cold-cavity case (after transforming 3(t) to e®“°!3(t) ).
Therefore, the dark-state approximation has reduced our three-level problem to an equivalent
cold-cavity problem whose cavity decay rate is xcos? (t); see Fig. 2-7. In the cold-cavity
case, we found the loading probability in the general case of time-dependent cavity decay
rate, which thus applies to our current problem. Using (2.9), the loading probability for the

A-level atom is given by

2

t
/ drv/2k cos O(T)e KOFEN g, ()] (2.45)
0

]Dload'ing (t) -

where K (t) = /{fot dr cos® 0(r).
To maximize the loading probability, we need to find an optimum assignment for cos 6(t)
that not only maximizes the loading probability, but also satisfies our adiabatic conditions.

In order to achieve a maximum transfer of free-field photons into the cavity mode, we need
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Figure 2-7: The loading problem for a A-level atom driven—on the two-photon resonance—
by a single photon and a classical control field is adiabatically equivalent to the cold-cavity
loading problem. The cavity decay rate is a function of time, and is determined by the
control field.

to minimize the outgoing field components by destructively interfering the directly reflected
and the circulating fields. Fleischhauer et al. have shown that a necessary condition for
destructive interference is [28]:

d d )
% Incos 6(t) + pn In @y (t) = K cos” O(t). (2.46)

For our particular example of a secant hyperbolic pulse shape ®,(t) = /2/T'sech(4t/T), it
turns out that [28§]

B - sech(4t/T)
cosO(t) = /2/(kT) T+ tanh(44/T) (2.47)
and
) = gesech(4t/T) (2.48)

V/[1 + tanh(4¢/T)|[tanh(4t/T) + £T/2 — 1]
In order that the above relation for Q(¢) provides us with a positive real Rabi frequency, we
must satisfy the condition kT" > 4. This, on the other hand, implies that for a successful
adiabatic transfer, our input pulse must be long enough so that we can slowly change the
quantum memory state.

Employing (2.48) in (2.45), it can be shown that |D(t)|> = [1 + tanh(4t/T)]/2, which
approaches one as t — o0o. This result does not give us any information, however, about
the required values for kT and g./k. In fact, because cosf(t), as given by (2.47), is only a
function of kKT', our equivalent cold-cavity model does not have any dependence on g.. This
is a consequence of the dark-state approximation that we used to eliminate the bright state.
In order to reveal the dependence of the loading probability on the coupling rate, and also to
obtain more accurate results, we must return to the original differential equations in (2.37)

r (2.43), and try to solve them numerically. In order to simplify this numerical analysis,
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we first adiabatically eliminate the upper state |R) by assuming that ¢.(t) = 0. This is a
reasonable assumption provided that we have large enough detunings, i.e., A1, As > Q. g,
and it provides us with more accurate results than can be obtained under the dark-state
condition B(t) = ¢,(t) = 0. As a result of the adiabatic-elimination condition, é.(¢) = 0, we

obtain
Q(t)

ot = £ B0 + =

A~/
iy,

ce(t) (2.49)

where we used (2.37) and ~.. = v, — iA;. For large enough detuning, i.e., for Ay > 7,, we

can replace 77, with Ay. Plugging the above equation into the rest of (2.37), we then obtain

B(t) = —i(g2/A1)B(t) — igee(t) — iv2rPy(t) — KO(E),
Ce(t) = —igB(t) — i(Q2/Ar)ee(t) — i(A2 — Ar + ¢.(1))ce(t), (2.50)

where g = g.02/A; is the effective coupling rate between |g) and |e). The above equations
resemble the equations in (2.22), and therefore, they model the evolution of a two-level
system, with coupling rate g and detuning A = [g2 — Q2(t)]/A1 + A1 — Ay — ¢ (t), driven by
a single photon”. In the above equations, the effective coupling rate and detuning are both
generally functions of time. At the end of this section, we will investigate the performance

of adiabatic loading mechanisms by numerically solving the equations in (2.50).

2.3.2 Non-adiabatic loading of a A-level atom

The adiabatic-passage approach presented in the previous section is an elegant way to handle
atomic quantum memories. It, however, requires the input pulse shape to be several times
longer than the cavity decay time, 1/x [28]. We also need to use the appropriate pulse
shaping for the control field in accord with the input pulse shape. Here, we propose a
simpler approach for loading a A-level atom, which does not impose any restrictions on the
input pulse shape and does not need any adiabatic pulse shaping for the control field. As
was mentioned for adiabatic passage, however, this non-adiabatic approach to loading is also
sensitive to the photon arrival time. Our method is based on what we observed in Section 2.2
for a two-level atom with a constant coupling rate g. There, we realized that a maximum

loading probability of greater than 90% was achievable provided that we could turn off the

9Note that the new baseband pulse shape is given by eiggt/A“I)b(t). We will denote this new function by
®y(t) again for convenience.
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Figure 2-8: The loading problem for a A-level atom driven by a single photon and a constant
classical control beam is equivalent to the two-level hot-cavity loading problem. The new
coupling rate g is equal to ¢g.€2/A; and the detuning A (the difference between the optical
frequency and the atomic transition frequency) is A; — Ag + (g2 — Q2)/A;.

atom-light coupling at ¢t = Tr..q. Here, we show that this is indeed possible to do for a
A-level atom, by turning off the control field, which has a constant value otherwise, at the
right time. The mathematical analogy between loading a A-level atom and a two-level atom
both driven by single photons was shown in (2.50). Figure 2-8 illustrates this equivalence.
In the non-adiabatic case, where ) is time independent and ¢,(t) = 0, the effective coupling
rate, g = g.£2/A1, is proportional to the control field’s amplitude. By turning off the control
field at ¢t = Tpoqq, or, effectively, by imposing Q(t) = 0 for ¢t > T7q4, the coupling rate g
vanishes for ¢t > Ty ,,4. Hence, if we are in the state |e) at t = T 44, we will stay there until
a decay process returns the atom to its ground state. The loading probability is then given
by |ce(Troad)|? as obtained in (2.27). The effective detuning, A = (g2 — Q?)/A; + A1 — Ag,
can be forced to zero, by properly choosing A; and As, thus compensating for the induced
Stark shift and enabling us to obtain a higher loading probability.

It is worth mentioning that the only condition that we need to satisfy for our adiabatic
elimination is A1, As > 2, g.. This condition ensures that we never populate the upper
state. However, it is possible to go to the bright state, because, in the non-adiabatic case,

our control pulse shape is not matched to the input pulse shape.

2.3.3 Adiabatic versus non-adiabatic loading: numerical comparison

In this section, we compare our proposed non-adiabatic approach to loading a quantum
memory with those methods that use adiabatic-transfer techniques. Because of the equiv-
alence of the non-adiabatic loading of a A-level atom to the two-level atom problem that
we studied in Section 2.2, all the numerical results that we obtained in Section 2.2.2 are
applicable to the current non-adiabatic case provided that we employ the effective coupling

rate and detuning in our calculations. The adiabatic-transfer technique that we described
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in Section 2.3.1 is a well-studied problem in the literature. To make our comparison more
concrete, in this section, we will consider two particular examples of adiabatic loading, which
have been proposed in [26] and [28]. In [26], the authors have devised a method for trans-
ferring the state of a trapped-atom quantum memory to another trapped-atom quantum
memory. Their approach is based on adiabatically transferring the state of one memory to a
single photon, which will then propagate and load the other memory with the desired state.
Their loading process is facilitated by forcing the photon’s pulse shape to be symmetric, so
that, at the receiver end, we can employ the time-reverse of the control pulse shape that was
used at the transmitter. The desired pulse shape for the control field under the dark-state
condition at zero effective detuning can be found numerically by solving the corresponding
Schrodinger equations. However, the approach from [26] is not suitable for an incoming pho-
ton with an arbitrary pulse shape. In [28], the authors have employed the adiabatic-transfer
technique to load an atomic ensemble with the state of a single photon. Their approach can
be easily extended to the single-atom case, and that is what we did in Section 2.3.1. They
have employed the dark-state approximation under the two-photon resonance condition with
a constant-phase control field. Their approach sets certain limitations on the length of the
input pulse shape. In fact, in order to fulfill the dark-state condition, the input pulse shape
must be longer than a threshold value. As compared to these two adiabatic mechanisms,
our non-adiabatic approach puts no constraints on the input pulse shape.

Several issues make our work in this chapter, and the numerical results presented in
this section, distinct from the previous works reported in the literature. The first issue is
our accounting for a nonzero probability for populating the bright state. This probability
is neglected in all the methods that use the dark-state approximation, e.g, [26] and [28].
We will see in this section how the nonzero probability of being in the bright state affects
the loading performance. That also makes it possible to scrutinize the dependence of the
loading probability, in both adiabatic and non-adiabatic mechanisms, on the key system
parameters, e.g., g./k and k1. This evaluation is one of the original contributions of this
thesis.

As mentioned before, it is of practical importance to know at what values of input
bandwidth, represented by «T', and atomic coupling rate, represented by g./k, a desired
system performance can be achieved. For our non-adiabatic approach, at A = 0—which can

be achieved by setting Ay = (g2 — Q2)/A; + A;—system performance is governed by the
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Figure 2-9: The loading probability for the adiabatic method for different values of kT
versus g2/(kA1), at the two-photon resonance A; = Ay and for ¢, (t) = 0. These graphs
are obtained by numerically solving (2.50) for the control pulse shapes given in the inset
corresponding to a secant hyperbolic input pulse shape.

effective coupling rate g = g.2/A1, as shown in Fig. 2-4. The optimum value of g/x can
then be obtained by making appropriate choices for g., €, and A;. The only conditions that
we need to satisfy are Ay > v, and g., 2 < Aj. That leaves us some room to pick a smaller
value for g., which determines the cavity length, and larger values for €2, which is classically
applied. This is not the case for the adiabatic approach proposed in [28]. For instance, for
the secant hyperbolic pulse shape, using the optimum control pulse shape given by (2.48),
we have g.Q(t) = g?Q/(t), where /() is only a function of T and not g.. Therefore, for a
fixed value of T, the only way to increase the coupling rate is to use a shorter cavity, which
yields a larger g..

In this section, we consider two approaches to specifying the effective detuning in the
adiabatic case. The first case, employed in [28], is for the two-photon-resonance condition
for which Ay = Ag and ¢,(t) = 0. The second, used in [26], is for the zero-effective-detuning
case, which can be achieved by setting ¢ (t) = A; — Ay + [g2 — Q2(£)] /A1

It is interesting to find the dependence of the loading probability, for the adiabatic scheme
proposed in [28], on the coupling rate g.. For this purpose, we have numerically solved
the Schrodinger equations in (2.50), for 2(¢) given by (2.48) at the two-photon resonance
A1 = Ay and for ¢,(t) = 0. In Fig. 2-9 we have plotted |c.(57)|? versus an effective coupling
rate ¢’ = gg /A1. Choosing t = 5T ensures that the loading process has ended, and therefore
lce(5T)|? is effectively the loading probability. This figure shows that for the two-photon
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Figure 2-10: The optimum coupling rate and the maximum loading probability achieved
at this rate for both adiabatic and non-adiabatic approaches. (Non-adiabatic graphs start
from T = 0.5; Adiabatic graphs start from k7" = 4.5.) For all graphs, we assume that
b.(t) = Ay — Ay + [g2 — Q2(t)]/A1. A secant hyperbolic pulse shape has been used for the
incoming photon.

resonance case, higher g. values yield higher loading probabilities. The effective coupling
rate ¢’ that we need is about 2« for 90% loading probability at kT = 5. It can be seen that
there is an advantage for pulses with higher values of k7. This is because our adiabatic
scheme is more efficient for longer input pulses.

We can also solve the Schrodinger equations in (2.50), for Q(t) given by (2.48), at zero
effective detuning as proposed in [26]', i.e., when ¢.(t) = Ay — Ay 4 [¢2 — Q2(t)]/A;. In
this case, in analogy to the non-adiabatic case, we observe the existence of an optimum
value for ¢'/k. Figure 2-10 shows the optimum coupling rates and the maximum loading
probabilities achieved at these rates for the adiabatic and non-adiabatic approaches. Here,
(¢'/K)opt is almost constant, and close to unity, for all values of KT', whereas (g/K)opt goes
down gradually to zero as we increase k1. Again, we note that the non-adiabatic approach
has no constraint on the input pulse width, which allows a larger class of single-photon
sources to be used in quantum communication systems. The maximum loading probability
that can be achieved by the adiabatic approach asymptotically goes to one; this is not the

case for the non-adiabatic approach, however.

0The control field’s Rabi frequency given by (2.48) has been obtained under the two-photon resonance
and dark-state conditions, and it is not therefore the optimum pulse shape for the zero-effective-detuning
case. It can however be verified numerically that this pulse shaping for the control field provides us with a
close-to-optimum performance. This is in accord with the results reported in [28] implying that the loading
probability will only be slightly affected by small deviations from the optimum control field pulse shape.
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Figure 2-11: Loading probability versus normalized timing offset in the photon arrival. In
the adiabatic case (the graph on the left), this timing error results in applying the control
field earlier or later than the correct time. In the non-adiabatic case, it results in stopping
the control field earlier or later than T7,,,4. Both graphs have been obtained at gf)z(t) =A—
Ao + [g2 — Q%(t)]/A; for their corresponding optimum coupling rates for secant hyperbolic
input pulse shapes.

Finally, Fig. 2-11 shows the sensitivity of both schemes to timing offsets. Here, Tigeet
refers to the time that we stop the control field in the non-adiabatic approach, and it
represents a time shift in the adiabatic approach, i.e., using Q(t — Togset) instead of (¢).
Both cases may occur if we have an inaccurate estimate of the photon arrival time. This
figure shows that both schemes have almost the same tolerance against timing offsets. A
50% loading probablity (3 dB loss) is achievable even if we are about £7'/2 off from the
correct loading time. Although not shown on the graph, the same result holds if we use the

adiabatic approach under the two-photon-resonance condition.

2.4 Other single-excitation problems

The results we obtained in this section are directly applicable to several other problems.
For instance, consider the double-A atom in Fig. 2-12(a). Here, we are trying to load the

memory with a single photon in an arbitrary polarization state as follows:

o) = / (@) (@l 1)os + Bl ), (2.51)

where |a|? + |8]? = 1. Here, |1,)0, refers to a single-photon state at frequency w in the o

polarization. The goal of the loading process is to absorb this photon, by properly choosing
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Figure 2-12: (a) Loading a double-A atom driven by a polarization-state single photon.
Along the lines of Fig. 2-8, this system is equivalent to the V-level system shown in (b).
(c¢) Reduction of the V-level loading problem to two two-level loading problems by means
of linear superposition.

z-polarized control fields, and store its polarization information in the metastable levels |e. )
and |e_) corresponding to the o4 and o_ polarizations, respectively. The loading probability
is therefore determined by the probability of ending up in |e) = ale;) + [le—). In order
to calculate this probability, we can use the results of the previous subsection to reduce
each A-configuration leg of the atom to an equivalent two-level system, as shown in Fig. 2-
12(b). The resulting configuration is a V-level atom illuminated by a polarization-state
single photon. This latter problem can be solved by again noting that the full Schréodinger
equations—for the state of reservoirs, cavity modes, and the atom—that model the evolution
of this system are in the linear form X = —iAX, where X is a column matrix representing
all amplitude variables (such as «,(t), B(t), etc.), and A is a square matrix representing the
mutual coupling rates between |g), |ex), and |1,),.. These equations are linear in response
to the superposition state in (2.51), and therefore, each leg of the V-level atom is only
driven by the corresponding part in the initial state, as shown in Fig. 2-12(c). In fact, for
o [ dwg(w)|ly)s, as the input, the amplitude probability of being in the state |e_), c—(t),
will be zero. c¢_(t) is nonzero only for 8 [ dw¢(w)|l,),_ as the input. In the latter case, the

evolution of c_(t) is the same as that of a two-level system. For instance, if we are using
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the non-adiabatic loading mechanism, c_(t) is given by fBc. (), with c.(t) is given by (2.27).
The same argument holds for ¢y (t), so that the overall probability of ending up in |e) is
given by (|al? + |B]?)|ce(t)]> = |ce(t)|?. This proves the equivalence of loading a V-level
atom to the loading of a two-level atom when both are driven by single photons. This result
also extends to cases in which the two legs of the atomic system are nonlocal—e.g., when
a pair of two-level trapped-atom memories driven by a photon-number entangled state; see
Fig. A-2. Such a system is an example of the to-the-memory configuration for entanglement
distribution and can be used in teleportation systems. In Appendix A, we prove the above

equivalence using a change of basis in the Hamiltonian in conjunction with the HL equations.

45



Chapter 3

MIT-NU Hot-cavity Loading

With the results that we have developed for trapped-atom quantum memories in the previous
chapter, we can home in on quantum communication systems that use this type of storage.
Our focus on this chapter will be on the architecture proposed by a group of researchers
from the Massachusetts Institute of Technology and Northwestern University (termed MIT-
NU hereafter) [30] for quantum communication. The MIT-NU construct uses the to-the-
memory configuration in Fig. 1-4 to distribute and share polarization entanglement between
two rubidium atoms. Because the rubidium atoms can be treated as double-A quantum
memories (see Figs. 1-2 and 1-3), MIT-NU entanglement distribution is essentially a loading
problem, in which we are interested in transferring an entangled state to two trapped atoms.
All previous analyses of the MIT-NU architecture [43, 30, 44], however, have employed a
cold-cavity approach in which each optical cavity—that would hold an 3’Rb atom in the
actual implementation—is regarded as empty, and the loading probability is calculated by
determining the probability that the state of the intracavity photon fields at the end of a
loading interval is the desired singlet state. In this chapter, we provide a hot-cavity loading
analysis for the MIT-NU system. This is an extension of what we obtained for single atoms
in the previous chapter, and we will use similar ideas and techniques here. As a general
convention, we will continue to employ the notation and abbreviations that we used in
Chapter 2. In what follows, we first describe the MIT-NU architecture in more detail and
summarize its fidelity analysis. Then, we will describe the MIT-NU loading problem and
study its corresponding adiabatic and non-adiabatic loading mechanisms. We conclude with

some numerical results for the loading probability. This constitutes the first performance
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Figure 3-1: (a) MIT-NU architecture for long-distance quantum communications consisting
of a dual-OPA source that produces polarization-entangled photons, and two quantum mem-
ories, QM; and QMa, separated by 2L km. (b) Dual-OPA source of polarization-entangled
photons. OPAs 1 and 2 are coherently-pumped (7-rad out of phase), continuous-wave,
type-1I phase matched, doubly-resonant amplifiers operated at frequency degeneracy whose
orthogonally-polarized signal ({S;}) and idler ({Ix}) outputs are combined, as shown, on
the polarizing beam splitter (PBS). (¢) Notional schematic for the relevant hyperfine lev-
els of "Rb. Each quantum memory consists of a single trapped rubidium atom that can
absorb arbitrarily polarized photons, storing their coherence in the long-lived D levels. A
non-destructive load verification is effected by means of the A-to-C' cycling transition.

analysis for the MIT-NU architecture that includes the presence of atoms within the quantum

memory units, and is a major new result from this thesis.

3.1 MIT-NU architecture

The MIT-NU architecture is a singlet-based system for qubit teleportation that uses a novel
ultrabright source of polarization-entangled photon pairs [41], and trapped rubidium atom
quantum memories [45] whose loading can be nondestructively verified [30, 44|. Figure 3-1(a)
shows a schematic of this system: QM; and QMj are trapped rubidium atom quantum mem-
ories, each Lokm away—in opposite directions—from a dual optical parametric amplifier
(OPA) source. As the overall structure of this architecture and its preliminary performance
analysis have been described in considerable detail elsewhere [43, 30, 44|, in this section,
we shall provide only a brief description sufficient to enable comparison with other schemes
that will be addressed in the thesis. The results presented in this section are all based on
the cold-cavity approach to modeling quantum memories.

Each optical parametric amplifier in the dual-OPA source is a continuous-wave, type-I1
phase matched, doubly-resonant amplifier operating at frequency degeneracy wg = wy. Its
signal (S) and idler (I) outputs comprise a stream of orthogonally-polarized photon pairs

that are in a joint Gaussian state [30]. By coherently pumping two of these OPAs, m-rad

47



out of phase, and combining their outputs on a polarizing beam splitter, as shown in Fig. 3-
1(b), we obtain signal and idler beams that are polarization entangled [41]. These beams
are routed down separate optical fibers to the trapped-atom quantum memories.

A schematic of the relevant hyperfine levels of 8Rb is shown in Fig. 3-1(c). The memory
atoms are initially in the ground state A. From this state they can absorb a photon in
an arbitrary polarization transferring that photon’s coherence to the B levels. By means
of a Raman transition, this coherence is shelved in the long-lived D levels for subsequent
use. However, because propagation and fixed losses may destroy photons before they can be
stored, and because both memories must be loaded with a singlet state prior to performing
qubit teleportation, the MIT-NU architecture employs a clocked loading protocol in which
the absence of fluorescence on the A-to-C' cycling transition provides a non-destructive
indication that a memory atom has absorbed a photon. If no fluorescence is seen from
either the QM; or QMs atoms in a particular loading interval, then we assume that both
memories have stored photon coherences and so are ready for the rest of the teleportation
protocol, i.e., Bell-state measurement (BSM), classical communication of the result, and
single-qubit rotation [45].

A variety of error sources associated with the MIT-NU entanglement-distribution scheme
have been identified and their effects analyzed [44]. Some are due to imperfections in the
dual-OPA source, e.g., pump-power imbalance or pump-phase offsets between the two OPAs.
Others are due to the time-division multiplexed scheme—omitted from our brief description
of the MIT-NU architecture—needed to compensate for the slowly-varying birefringence en-
countered in fiber propagation. The most fundamental error source, however, is the emission
of more than one pair of polarization-entangled photons, in conjunction with propagation
and fixed losses. Multiple-pair emissions may lead to loading events (both memory atoms
have absorbed photons) that do not leave the memories in the desired singlet state. This
error mechanism is the primary one we shall consider here, in this summary, although pump-
phase offsets will also be included.

For a single trial of the MIT-NU loading protocol, let Peralq denote the probability
that both memories are loaded, and let Pysyccess denote the probability that these memories
have loaded the desired singlet state. Then, the fidelity associated with the entanglement

distribution can be defined as Fr = Payccess/ Pherald - From the work of Yen and Shapiro
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[44], we can obtain
N2 + T~l2[1 + COS(91 — 92)]

Psuccess = [(1 T ﬁ)Q — ﬁ2]4 5 (3.1)

and

N2 + ﬁ2[1 + COS(01 — 92)]
Fg = 2
E AN? + 272 ’ (32)
where

N=n(l+n)—n? n=1I —1I;, and A=1I_ +1I,, (3.3)

with

G

I, = e G| (3.4)

IT. (1+|G)1+]|G|+T./T)
In these expressions: the {f;} are the pump-phase offsets for the two OPAs; |G|? is the
normalized OPA pump gain (|G|?> = 1 at oscillation threshold); T' and v are the OPA
cavity’s linewidth and its output coupling rate; I'. and -, are the memory cavity’s linewidth
and its input coupling rate; and 7y is the transmissivity of the Lo-km-long source-to-memory
fiber propagation path.

The processing stage of the MIT-NU teleportation protocol is done via optically off-
resonant Raman transitions (ORTs) and sequential fluorescence detection; for details see
[45]. The MIT-NU architecture is capable of performing a full BSM on the joint Alice-
Charlie system. The latter two share an optical cavity to hold their respective trapped
atoms. Via a series of ORT pulses the joint state of Alice and Charlie can be transferred
to Alice’s atom, and then, using a method of sequential elimination, she can perform a
full BSM. By sending the measurement results to Bob, he can retrieve Charlie’s state by
using at most two additional ORTs [45]. The performance analysis in [44] assumes all these
atomic transitions and measurements can be done free of error. In that circumstance, the

teleportation fidelity, Frp, is as follows [44]
Fr=1[2—-2a+ (1—4a)cos(0; — 62)]/3, (3.5)

where a = N?/(4N? + 27?). This teleportation fidelity measures how closely Bob’s state—
after the teleportation protocol is completed—will replicate Charlie’s qubit. In particular,
Fr = g(¥|pB|vY) B, where 1) g is the Bob’s desired final state, pp is Bob’s density operator

at the end of the protocol, and the overbar denotes averaging uniformly over the Bloch
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Figure 3-2: Entanglement and teleportation fidelities for the MIT-NU architecture versus
distance 2L¢ in km.

sphere.

Figure 3-2 shows the entanglement and teleportation fidelities for the MIT-NU architec-
ture versus the total distance 2Ly. It can be seen that under normal operating conditions,
as given by the parameters shown on the figure, the MIT-NU system achieves a high fidelity
both in teleportation and entanglement distribution, regardless of the distance separating
Alice and Bob. Throughput, however, which is the number of entangled pairs per second
that could be loaded if Alice and Bob each possessed lattices of trapped atoms, is not inde-
pendent of the distance that separates Alice and Bob [44]. We note from Fig. 3-2, that Fp
is a little bit higher than Fr. This is because even when we have not loaded the cavities
with the singlet state, there is still a nonzero chance of getting the right state back at the

end of the teleportation protocol.

3.2 MIT-NU loading problem

The cold-cavity approach used in the previous section might suffice for determining the de-
teriorating effect of multiple-pair emission. It, however, cannot help us determine the actual
atomic and optical parameters that we must employ to successfully load the memories. As we
realized in the previous chapter, two of these parameters are of practical importance: source
bandwidth and atom-light coupling rate, where the former affects the system throughput
while the latter determines the cavity length. This section is devoted to finding analyt-
ical results for the MIT-NU loading probability when we consider a double-A-level atom

in each memory. To this end, we make several simplifying assumptions. First, we replace
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the OPA devices in the entanglement source with simple spontaneous parametric downcon-
verters (SPDCs). This is actually how most realizations of this system work [19, 20|, and,
except for their flux and their output bandwidths, SPDC systems have the same physical
characteristics as OPA sources. The second assumption is the biphoton approximation to
the SPDC output. The latter is mostly a vacuum state, plus a small biphoton component,
and a much smaller multi-pair contribution [30]. The vacuum term can be easily recognized
by our non-destructive loading verification technique, and can therefore be ignored. The
multi-pair case is of minor concern in the context of loading, because its degrading effect
has been accounted for in the previous analyses. So, in this section, we only consider the
case in which the type-II phase-matched SPDC output, operating at frequency degeneracy,

is a biphoton state in the following general form [46]

¥) :/de/dw1¢(ws7w)llws>s,<>|1w1>k<>a (36)

where [dws [ dwr|p(ws,wr)|? =1, and ¢ and & represent two orthogonal polarizations. For

the particular configuration in Fig. 3-1(b), the desired output state will then be

ous) = % / dwos / Ay $(ws, ) [ Tus) 1 Lor) o — [Lug)sielTur)11]
_ ¢1§ / dws / dw1d(ws, D) [Log)$rs | Lo ) 1o — [lus)so [Lur)ron]s (3.7)

where the last equality is due to the invariance of the singlet state with respect to the
polarization basis. Finally, we assume that there is no loss and no delay in the channel, and
therefore, the above state is the input state to the quantum memories.

Figure 3-3(a) shows a schematic of the MIT-NU loading problem with the above consid-
erations taken into account. Here, similar to the previous chapter, we assume that the signal
and idler photons are spatially matched to one of the cavity’s spatial modes. Their center
frequency, wy, is also matched to the resonance frequency of this cavity mode. Depending
on their polarizations, they can drive one of the transitions |g) — |s) (for op-polarization)
and |g) — |r) (for o_-polarization) with time-independent coupling rate g. and detuning
A1. The second transition is facilitated by a z-polarized classical field, which induces a Rabi
frequency €2 with detuning As. The goal of memory loading is to absorb the entangled

photons and store their coherence in the metastable levels of each memory, i.e., to end up in
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Figure 3-3: (a) Loading a pair of double-A atoms illuminated by a polarization-entangled
biphoton. This is a fair approximation to the MIT-NU loading problem. (b) Breaking the
loading problem in part (a) into two simpler loading problems for a pair of A-level atoms,
now, each illuminated by a biphoton state.
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Figure 3-4: A cold-cavity model for the systems shown in Fig. 3-3(b) using the adiabatic-
passage loading mechanism. Here, we have assumed that the only levels that can be popu-
lated are the dark states in each memory, which in this figure correspond to the cavity mode
operators bs and b;. Each cavity has a time-dependent decay rate governed by the Rabi
frequency associated with the control field.

the state |eq)sle—)r — |e—)g|e+)r, where the subscript S/I refers to the atom that is driven
by the signal/idler photon.

The above problem can be reduced to the two simpler problems shown in Fig. 3-3(b)
by using the linearity in the input superposition state. This is the same technique that
we used in Section 2.4 to reduce a V-level atom to a pair of two-level atoms. Now that
our problem has reduced to the loading problem for two A-level atoms, we can employ
the adiabatic and non-adiabatic loading mechanisms introduced in Section 2.3 to solve the
MIT-NU loading problem. The following two subsections provide analytical results for the
loading probability associated with either of the systems shown in Fig. 3-3(b), which can be
directly applied to the case shown in Fig. 3-3(a), or equivalently, to our approximation to
the MIT-NU loading problem. Because the two subsystems in Fig. 3-3(b) have essentially
the same loading behavior—independent of the polarization of the incoming photons—we

simplify our notation in the forthcoming sections by omitting the polarization information.

3.2.1 MIT-NU adiabatic loading

In this section, we assume that all the conditions required for adiabatic passage are satisfied
so that we can neglect the probability of populating the bright state. In this case, as we
showed in Section 2.3.1, each quantum memory can be modeled by a cold cavity with a
time-dependent coupling rate xcos? 0(t), where cosf(t) = Q(t)/1/92 + Q2(t). Then, our
loading problem reduces to the case of two empty cavities illuminated by a biphoton state,

schematically shown in Fig. 3-4. The driving state in this case is as follows

o) = [ dos [ dord(os, on)|Lus)sltu)r (3.8)
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where [ dws [ dwr|p(ws,wr)|? =1, and the subscripts S and I refer to the two independent
reservoirs that interact with our memory cells. The above state is a superposition of its
infinitesimal two-photon elements ¢(wgs, wr)|lwg)s|le, ) rdwsdwr. As was noted in the previ-
ous chapter, the governing Schrodinger equations that model the evolution of the reservoirs
and cavities are linear, hence the system behaves linearly in response to its initial state.
In particular, if we denote the probability amplitude of having one excitation in the sig-
nal cavity and one excitation in the idler cavity, both at time ¢, by [..(t), then we have
Bec(t) = [ dwg [ dwifugw, (t), where B, ., (t) is the probability amplitude for having one
excitation in each cavity associated with the input state ¢(wg,wr)|lug)s|lw,) 7. This input
state is a product state of two single photons each illuminating a separate cavity. As a
result, we have reduced the two-photon loading problem of Fig. 3-4 to two single-photon
single-cavity loading problems of the type studied in Section 2.1. In particular, from (2.10),

we obtain

. t t /
eQWOtﬂwS,wI(t)dwsdw[ = _ﬁ/o dT/O dr’ cos 0(1) COSH(T’)B_QK(t)+K(T)+K(T)

™

X p(wg, wr)dwgdwe Ws—wo)Tgiwr—wo)’, (3.9)
The loading probability is then calculated as follows:

]Dloading(t) = |/800(t 2

)
_ ‘ / dws / 01 Buog oy (1)
2

t t
R/ dT/ dr’ cos 0(r) cos O(7") e 2EKOTKM+E g, (7 71)| | (3.10)
T Jo 0

2

where @ (7,7') = [ dwg [ dwre@s=w0)Te=Hwi—wo)™ (g wr).

Similar to what we found in the single-atom case for €)(¢), as given by (2.48), cos6(t)
is independent of g., and therefore, our cold-cavity model for adiabatic passage, so long as
it prevails, does not reveal any information about the required value of g.. We can again
employ a numerical approach to finding the loading probability. This time, however, the
number of equations that model the system evolution is much larger than in the single-
atom case, which makes their numerical evaluation much more challenging. In the following

subsection, we will provide analytical results for the loading probability in the case of a time-
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Figure 3-5: A two-level-atom model for the systems shown in Fig. 3-3(b). Here, we have
assumed that the Rabi frequency €2 is a constant and we have adiabatically eliminated the
upper state in the A-level atoms. The effective coupling rate is g = g.£2/A;. The effective
detuning A can be made zero by a proper choice of other parameters, as described in Fig. 2-8.

independent €2, and we will demonstrate how the loading probability changes as a function

of system parameters.

3.2.2 MIT-NU non-adiabatic loading

As we showed in Section 2.3.2, for a time-independent 2, each A-level atom can be approx-
imated by a two-level atom with an effective coupling rate g = ¢.2/A; and a detuning A
that can be made zero by a proper choice of parameters. This reduces the loading problem
in Fig. 3-3(b) to the one shown in Fig. 3-5, in which a pair of trapped two-level atoms are
illuminated by a biphoton state |1g) as given by (3.8). Here, the loading event corresponds
to populating both atomic excited states, i.e., to ending up in the state |e)g|e)s.

To analyze this loading problem, we can again use the superposition trick that we used
in the previous subsection to find Fee(t), the slowly-varying probability amplitude at time ¢
associated with |e)g|e);. Denoting the slowly-varying probability amplitude at time ¢ asso-
ciated with |e)g|e); in response to the two-photon state ¢(ws, wr)|lwg)s|lw, )1 BY Bugw; (1),

we have

Bee(t) = /de/dWIBws,wI(t)a (3.11)

where, from (2.29),

2 gt t . ' )
Bug w; (t)dwsdwy = /{22/ dT/ dT’dedqub(ws,wj)e_’(”S_WO)Te_l(“’I_“’O)T
T 0 0

X(6_5+(t—r) _ e_"*(t_T))(e_"“f(t_T,) _ e—“f(t_T/)), (3.12)

The above equation results in the following expression for the time-dependent probability
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amplitude for being in the state |e)gle)s:

_ kg
-

t t
Bee(t) / dr / dr'®y (7, 7') (e 7+ ET) — ey (e R (T g (2T 1 (3.13)
0 0

Note that in the above integral only the symmetric part of the pulse shape, [®y(7,7") +
Oy, (7', 7)]/2, results in a nonzero value for [e.(t). Also, it has been implicitly assumed that
the pulse shape ®p(7,7’) is nonzero only for 7,7 > 0, otherwise we have to change the lower

limits of the above double integral.

3.2.3 Numerical results

In this section, we present some numerical results for the performance of MIT-NU non-
adiabatic loading mechanism. Our goal is to find the dependence of the loading probability
on the bandwidth of the input pulse shape as well as on the atom-light coupling rate. This
loading probability is given by |Be.(t)|> as obtained in (3.13). The input pulse shape that

we consider here corresponds to the output of an SPDC, which is given by [46]

P(ws,wr) = Ap4(ws,wr)p—(ws,wr)- (3.14)

In this expression, A is a normalization factor, and

br(ws,wr) = — g (wg + wy)
ns(ws)nr(wr)

_w
ns(wo)nr(wo)

1

op(ws +wr), (3.15)

where ng/; is the downconversion crystal’s refractive index for the signal/idler beam and
¢p(w) is the pump spectral pulse shape. The other term in (3.14) is the phase-matching

function,
sin[Ak(wS, w[) L/Q}
Ak(ws,wr)/2

d—(ws,wr) = (3.16)

where L is the crystal length, and Ak(ws,w;) = kp(ws + wr) — ks(ws) — kr(wy), with
ks/r/p being the wave number of the signal/idler/pump beam. We assume that the crystal
is phase matched at degeneracy, i.e., kp(2wo) = ks(wo) + kr(wp), and that it also satisfies
the extended phase-matching condition, k' (2wg) — kg(wo) = Kk} (wo) — kp(2wo) = 0k, where
Ky (w), X = S,I,P, is the derivative of kx with respect to w. We then get the following
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Figure 3-6: (a) MIT-NU loading probability for different values of g/x at kT = Ty = 2.
The maximum probability in each graph is a function of g/, which implies the existence
of an optimum value for g/k. (b) MIT-NU loading probability for different values of kT at
g/k =1 and KT = 2. In all graphs, we have used a secant hyperbolic pulse shape for the
pump beam with 7/ = 0.

linear approximation to Ak(wg,wr), for dw = wg — wp and dw’ = w; — wp:

Ak(ws,wr) = Ak(wp + dw,wy + dw')
= kp(2wy + dw + 5&)/) — ks(wo + dw) — kr(wo + 5(,(}/)
= kp(2wo) + (0w + dw')kp(2wo) — ks(wo) — dwkis(wo) — kr(wo) — 0w’k (wo)

= (6w — 6w')ok = (wg — wy)Ok. (3.17)

Consequently, ¢4 (wg,wy) is only a function of the sum/difference frequency wg+wy. Denot-
ing ¢4 (ws,wr) by ¢+ (ws = wr), the temporal baseband pulse shape needed for our loading

probability calculation is therefore

Qp(t,u) = A/déw/d5w’¢+(5w+5w’+2w0)¢_(5w—5w’)eM‘”ei&”/“

Al t+u t—u
= —¢p( —— | D_ 1
(590 (15) -

where A’ = Awg/[ns(wo)ns(wo)], ®p(t) = €20t [ dwpp(w)e ™! is the baseband pump pulse

shape, and ®_(t) = [dwo_(w)e™ ™! = (21 /6k)[u(t + To/2) — u(t — Tp/2)], for Ty = 5k L.
Figure 3-6 shows the loading probability for the architecture in Fig. 3-5 using a secant

hyperbolic pulse shape! ®;(t) = /2/Tsech[4(t — Ty — 2T)/T]. We have shifted the pump

! As we noticed in Fig. 2-5, the choice of pulse shape has a minor effect on the loading probability so long
as different pulse shapes have similar bandwidths.
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Figure 3-7: (a) The optimum value of g/x versus kT and kTj for the MIT-NU non-adiabatic
loading problem. (b) The corresponding maximum loading probability at (g/k)ep:. In all
graphs, we have used a secant hyperbolic pulse shape for the pump beam with 7/ = 0.

pulse shape by 27" + T so that, effectively, ®p(t,u) = 0 for t < 0 or u < 0. Now, in
addition to its dependence on g/k and kT, the loading probability also depends on kT,
which represents the bandwidth of our downconversion process. In Fig. 3-6(a), we have
plotted the loading probability for different values of g/k for fixed values of kT and KT} at
~" = 0. Similar to what we found in the single-atom case, this figure shows that there exists
an optimum value of g/x whose corresponding peak loading probability is maximum. Hence,
if we turn the control field off at this particular time, the chance of finding both atoms in
their excited states is maximum. Figure 3-6(b) shows the same property from a different
perspective. It plots the loading probability with kT and g/k fixed for several values of
kTy. Here, we see that there is an optimum value of KTy for which the loading probability
is maximum.

Figure 3-7 shows the optimum value of g/ and its corresponding loading probability as
a function of kT and kTj at 4" = 0. From Fig. 3-7(a), we observe that higher values of kT or
KTy, lead to lower values of g/k. This is another manifestation of the trade-off between the
input pulse bandwidth and the required coupling rate. The lower the bandwidth is the lower
the optimum coupling rate will be. Note that this regime of operation is not applicable to the
adiabatic-passage approach on the two-photon resonance, in which the higher the coupling
rate is the higher the loading probability will be; see Fig. 2-9. As a result, the non-adiabatic
loading mechanism has an advantage in that it allows us to use larger cavities with higher
input bandwidth. The price is, however, in the value of loading probability that can be
achieved, which as shown in Fig. 3-7(b), is typically on the order of 70%-80%—rather than
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100%. From this figure, we achieve higher loading probabilities for xTy, kT > 2, where the
cavity linewidth is wider than the bandwidths associated with the input pulse.

The initial plan for the MIT-NU architecture calls for cavities with x ~ 5 MHz and
ge =~ 10 MHz. That leaves a lot of room for choosing 2 and A; to operate at the optimum
coupling rate g = ¢.£2/A;. On the other hand, in order to have a high-throughput system
it is required to have optical sources with narrow bandwidths comparable to x. This can be
achieved with the recent progress in building cavity-enhanced SPDCs [47]. Overall, although
the loading probabilities that we have obtained in this chapter are under somewhat idealized
conditions, their values are high enough to make the 5dB fixed loss used in Fig. 3-2, not an

unduly optimistic, but a conceivably conservative assumption.

29



Chapter 4

Quantum Communication with

Atomic Ensembles

As we mentioned earlier in Chapter 1, a key challenge of trapped-atom quantum memories
is the loading problem, which is due to the weak coupling between a single atom and a single
photon. On the photon’s side, this interaction can be enhanced by confining the photon’s
energy in the small volume of an optical cavity. On the atom’s side, this coupling can be
enhanced by employing a many-atom system, i.e., an atomic ensemble. In the last two
chapters, we considered quantum communication systems that employed trapped atoms in
optical cavities as quantum memories. In this chapter, we switch gears and describe one of
the systems that uses atomic ensembles as quantum memories and study its mechanism for
entanglement distribution, as well as its repeater and teleportation schemes. This system,
first proposed by Duan, Lukin, Cirac, and Zoller (termed DLCZ, hereafter) [29], uses the
from-the-memory configuration in Fig. 1-4 to accomplish entanglement distribution. It is
based on weak coherent pumping of a Raman transition in each ensemble followed by path-
erasing photodetection. More specifically, collective excitation of an ensemble will radiate
a single photon in a well-defined spatial mode. The output modes from the two ensembles
are then routed to a common location, e.g., via optical fiber, combined on a 50/50 beam
splitter, and detected by a pair of single-photon counters. Because the ensembles are coher-
ently pumped, because the probability that both will emit Raman photons will be very low
compared to the single-ensemble emission probability, and because the beam splitter com-

bining erases any which-way information, observation of a photocount on one—and only
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one—detector heralds the entanglement of the two ensembles.

In the following sections we provide a detailed performance analysis for the DLCZ system,
and compare it to that of the MIT-NU architecture. We consider the fundamental limitation
on the entanglement-distribution performance—throughput and fidelity— that exists for
both the DLCZ and MIT-NU architectures: multi-excitation Gaussian input states. For the
DLCZ architecture, the input states in question are the joint state of each atomic ensemble
and its Stokes-light output. For the MIT-NU architecture, the entangled-Gaussian input
states are those for the signal and idler beams of its dual optical parametric amplifier photon
source. We also examine the fidelity achieved by the DLCZ teleportation and repeater
protocols, under the assumption that successful entanglement distribution has occurred.
These results, which are original to this thesis, constitute the first complete performance

analysis of the DLCZ system.

4.1 DLCZ entanglement distribution

The DLCZ protocol for entangling two nonlocal atomic ensembles is shown schematically
in Fig. 4-1(a). The two ensembles—each consisting of N, identical atoms with A-level
configurations, as shown in Fig. 4-1(b)—are coherently pumped using a weak, off-resonant
laser such that the probability of occurrence of a Raman transition from the ground level
|g) to the metastable level |s), is very low. Because each atom in the left (L) or right (R)
ensemble is equally likely to undergo a Raman transition, the resulting Raman photon is
matched to the symmetric collective atomic mode represented by the operator

Naq

LS )l (4.1)
1

VNo 2=

Sa=

where the sum is over the atoms in ensemble A, for A € {L, R}. The forward-scattered
Stokes light from such a Raman transition in each ensemble is routed over an Lg-km-long
path to the midpoint between the locations of the two ensembles. There, the outputs from
these optical channels are combined on a 50/50 beam splitter (BS) prior to measurement
by a pair of single-photon detectors, D1 and Do, whose dark-count rates will be assumed
to be negligible. Assume that the setups for the generation, distribution, and detection of

Raman photons are completely symmetric. Furthermore, suppose that only one ensemble
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Figure 4-1: (a) DLCZ architecture for entanglement distribution. A coherent laser source,
located at the midpoint between two atomic ensembles, induces Raman transitions in these
ensembles. Occurrence of a single click on one—and only one—detector heralds the pro-
tocol’s success, i.e., the atomic ensembles are then expected to be entangled. (b) A-level
structure for the atoms in the ensembles: 2 is the Rabi frequency associated with the off-
resonant (detuning A) pumping of the |g) — |e) transition; and g, is the coupling coefficient
for the |e) — |s) transition.

undergoes a Raman transition, and this transition is detected by detector D; registering
a count. Then, because the pumping is coherent and the beam splitter erases which-path

information the two ensembles will be left in the entangled state

[¥5) = (10) LIV g + (=1)[1)L[0)r)/V2, for j=1,2, (4.2)
where
N
O)AE®|g)An and |1)AESL|O>A for A= L,R, (4.3)
n=1

are the atomic ground state and symmetric collective excited state of ensemble A.

There are a variety of ways by which DLCZ entanglement distribution can err. First,
there is the possibility that more than one Raman transition has occurred, e.g. two tran-
sitions in one ensemble or one transition in each. A single detector click might still occur
in this case. For example, all but one of these multiple Raman photons might be lost
en route to the detection setup, or all but one might fail to be detected because of sub-
unity detector quantum efficiency. Alternatively, if the single photon detectors in Fig. 4-
1(a) are Geiger-mode avalanche photodiodes (APDs)—which are incapable of distinguishing
multiple-photon pulses from single-photon pulses—then the clicking of one and only one of
the two detectors would not guarantee that only one Raman photon had been seen. In all
of these circumstances the DLCZ protocol would announce that the ensembles were now

entangled, according to (4.2), when in fact the joint state of these two ensembles would not
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be given by this expression. Hence any reliance on (4.2), say for the performance of qubit
teleportation, would be unwarranted.

Another reason that the DLCZ ensembles might not be left in one of the maximally
entangled states from (4.2) is due to asymmetries in the system. For example, an imbalance
between the total loss seen by each Raman photon and/or different pump power at each
ensemble will strengthen the |1)1]|0) g component of (4.2) relative to its |0)1|1) g component
or vice versa. Phase mismatch, arising from different pump phases and/or unequal accumu-
lated phases en route to the detectors, can also severely degrade the fidelity of entanglement
distribution. We will assume that any systematic (deterministic) phase mismatch has been
compensated by means of additional phase shifters, but we will include a random phase
offset to account for possible errors in this process.

Other error mechanisms for DLCZ entanglement distribution include detector dark
counts, which can masquerade as Raman photon detections, and the spatial-mode mis-
match, which arises in a 3D treatment of the atomic ensembles [48]. The dark-count rates of
silicon Geiger-mode APDs are sufficiently low, at wavelengths of interest for several atomic
species, that we shall neglect dark counts in our analysis. Moreover, we neglect the sub-
tleties that arise in a 3D treatment of the problem by assuming a pencil-shaped ensemble
with almost unity Fresnel number (ensemble cross-sectional area divided by the product of
its length and the pump-laser’s wavelength) [49]. We also neglect the effects of spontaneous
emission, whose significance is reduced by the off-resonant pumping and the signal-to-noise
ratio enhancement afforded by the collective atomic behavior [29]. Finally, we assume that
the coherence time of the ensembles is long enough to allow for a few runs of each protocol
in a long-distance scenario [50, 51].

In what follows, we will derive the performance of DLCZ entanglement distribution
when it is limited by the possibility of multiple Raman-transition events. We start from
the Gaussian entangled-state characterization of the atomic ensembles and their associated
Stokes light, allowing for pump phase/amplitude errors. The Stokes light is then propa-
gated through to the detection system, considering propagation losses as well as sub-unity
quantum efficiencies. The resulting transformed Gaussian state is then used to evaluate the
fidelity and throughput of the DLCZ protocol when we employ either non-resolving photon
detectors (NRPDs), i.e., detectors that are incapable of distinguishing single-photon from

multiple-photon events, or photon-number resolving detectors (PNRDs) that can draw such
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distinctions.

4.1.1 Atomic-photonic initial joint state

Neglecting spontaneous emission, the joint state of a A-level atomic ensemble—held within a
ring cavity of decay rate k and pumped for £ sec at Rabi frequency €2 and detuning A—and

its associated Stokes light is the entangled (two-mode squeezed) state [29]:

) =

Ng ST A 7 n
1 Z (Shaf et tanh 7)™ |0,) ‘Op>' (4.4)

coshr n!
n=0

In (4.4), S, and ayp are the annihilation operators for the symmetric collective atomic mode

and the effective mode for the Stokes light, respectively, 6 is the pump-phase offset, and
cosh 7 = exp(2N, [Qge|? ta/A%K), (4.5)

specifies the squeeze parameter, r, for this state. Our calculations below will rely on an

equivalent specification for this joint state, i.e., its antinormally-ordered characteristic func-

tion [52]:
VG G) = (DalSar ) Dl &)
= oxp | =l (Gl + GI%) = 2Re(urGiG)| (4.6)
where v = — sinh r exp(i6), u = coshr, and D a(a, Q) = e=¢" e’ is the antinormally-ordered

displacement operator. Because x{* is a Gaussian form, we say that [) is a Gaussian state.
Using (4.6), we have that the joint state, pin, of the two atomic ensembles and their
Stokes light at the optical channel inputs in Fig. 4-1(a) has the following antinormally-

ordered characteristic function:

Xom(¢h Bl By = el xR, (4.7)

where va/pa = \/pe, exp(ifa) and A € {L, R}. Here, 0, and 6 model the phase offsets
for the left and right ensembles, respectively. They include the pump-phase jitter as well as
the residual phase shifts accumulated by the Stokes photons along the optical channel. We

will ultimately treat these phase shifts as zero-mean random variables by assuming that a
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Figure 4-2: Notional model for the optical channels shown in Fig. 4-1(a). Fictitious beam
splitters are used to account for the loss of Raman photons and the quantum noise introduced
by propagation from the atomic ensembles to the 50/50 beam splitter in Fig. 4-1(a), and by
the sub-unity quantum efficiencies of the detectors appearing in that figure. The detectors
in Fig. 4-2 have unity quantum efficiencies.

phase-compensating mechanism is being employed. For now, however, we will regard them as
known constants for a single round of entanglement distribution. From (4.4), the probability
of exciting a single Raman transition in ensemble A is p., (1 — p¢, ), which becomes p., < 1

under weak pumping conditions.

4.1.2 Optical channel output

Figure 4-2 depicts our model for the optical channels shown in Fig. 4-1(a). Here, propagation
losses between the atomic ensembles and the 50/50 coupling beam splitter from Fig. 4-
1(a) are represented by fictitious beam splitters whose free input ports inject vacuum-state
quantum noise. Additional fictitious beam splitters are placed after the 50/50 coupling
beam splitter—again with vacuum-state quantum noise injected through their free input
ports—to account for the sub-unity quantum efficiencies of the detectors shown in Fig. 4-
1(a). Thus, detectors Dy and Dj in Fig. 4-2 are taken to have unity quantum efficiencies.
The transmissivity, vacuum field, and output field associated with each beam splitter have
been shown in the figure. We assume that any phase offsets accumulated in propagation for
the left and right arms have been incorporated into 7, and 0 in (4.7). The optical channel
consists of linear optical elements for which we can write input-output operator relations.
Doing that, we then have that the annihilation operators for the fields reaching the Fig. 4-2

detectors are 53]
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= /(R + VT )

—\/g(\/anL + /1 =npav,) + /1 —may, (4.8a)
= B (R + VT )

+\/?(\/n7aL + /1T —nrav,) + /1 — may,, (4.8b)

where ay, . and ay, , are in their vacuum states, and az, and ag are, respectively, the asso-
ciated field operators for the Raman photons originating from the left and right ensembles.
These linear transformations preserve the Gaussian-state nature of their inputs. In partic-
ular, using (4.8), we have that the joint state, pout, of the two atomic ensembles and their
Stokes light arriving at the Fig. 4-2 detectors has an antinormally-ordered characteristic

function given by

GG G Go) = (DalS1, G DA(SR G Dalar, Gu)Dalan, Go))
= pm (Ca 7Ca ) \/ﬁgp ’ \/ﬁ(p )
xexp [—(1=m) I = (1= 1) Gal”]

xexp [=(1 =) [ [* = (0 =nm) |G ] (4.9)

where

C;:;t = %CpQ + %Cpl . (4.10)

Then, by employing (4.6) and (4.7) in (4.9), we get

N e A A
i Re{e (LG TY = GRe{( ¢ 7Y

—yrRe{e?m ¢l ¢y %R ’Cﬂg - %% GHP (1)
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where

ag=2pal> =2/(1 - pe,), (4.12a)
Ba =napesaa+ (m+mn2)/(mn2), (4.12b)
YA = /TADer @A (4.12¢)

6 = (m —m)/(mmn), (4.12d)

for A = L,R. Therefore, we can think of the complex vector [Cf,(; Nes , ¢l as a zero-
mean Gaussian random vector whose covariance matrix can be determined from (4.11),
see Appendix B for details. In our subsequent analysis we will use this fact to evaluate
probabilities of interest via Gaussian moment relations.

The output density operator can be written in terms of its respective antinormally-
ordered characteristic function via the following operator-valued inverse Fourier transform

relation:

2L a2/R o
o = [ [ D81 ¢ DS )
201 (A2 . .
X /i’ﬂ /7?02 X (G Gy Ga) D (a1, Gp1) Div (g, Qo) (4.13)

where ﬁN(d, () = eCa' ¢ g the normally-ordered displacement operator, and [ d*¢ =
[ [d¢,d¢;, where ¢, and ¢; are, respectively, the real and imaginary parts of (. We use this

convention throughout the paper.

4.1.3 Measurement modules

The occurrence of a detection click on one, and only one, of the photodetectors D; and
D3 is used to herald entanglement distribution in the DLCZ protocol. We shall consider
both non-resolving single-photon detectors (NRPDs), which are incapable of distinguishing
multiple-photon pulses from single-photon pulses, as well as photon-number resolving de-
tectors (PNRDs), which are capable of making such distinctions. The latter, which were
not considered in the original DLCZ protocol, allow suppression of error events that were
undetectable with NRPDs, i.e., the PNRD version of the entanglement-distribution proto-
col heralds entanglement distribution when exactly one photon is detected by the {Dy, Dy}

pair.
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Let Ml and Mg be measurement projectors on the joint state space of the a; and ao
modes that represent DLCZ heralding events in which detections occur on D; and Do,
respectively. For example, M, in the NRPD case, implies the detection of a single click
(one or more photons) on detector D; and none on detector Do; in the PNRD case this
operator implies the detection of exactly one photon on D; and none on Ds. From these

descriptions we get the following explicit forms for M, and Moy:

. 1)1 (1] @ 10)55(0] , PNRD
My = (4.14)

(jl - ’0>11<0D ® |0>22<0’ , NRPD,

011 (0] @ [1)5 (1], PNRD
My = (4.15)
’0>11<0‘ ® (I2 - ‘0>22<0|)a NRPD,

where I 1 and .fg denote the identity operators for the a; and ao modes, respectively.
Suppose that the DLCZ protocol (with either NRPDs or PNRDs) has heralded entangle-

ment distribution, based on observing a click from D; and no click from D;, where 7,5 = 1,2

and ¢ # j. The post-measurement joint density operator for the two atomic ensembles, ﬁpmj,

can be found by projecting with M j, tracing out the photonic variables, and renormalizing,

viz. .
. tr1 9(Pout M ;
Ppm,; = 172(??” ])7 (4.16)
J
where
P; = tr(pout M) (4.17)

is the probability that the conditioning event Mj has occurred. The total probability that
the DLCZ protocol heralds an entanglement distribution is then Pheraiq = P1 + P». Note
that Pyerald 18 not the probability that the atomic ensembles have been placed into the
entangled state |1);) if Mj has occurred. The success probability, Psyccess, for creating this

entanglement is

Psuccess = Pl <ﬂ)1|ﬁpm1 |?/11> + P2<¢2|ﬁpm2|w2>a (418)

i.e., the heralding probabilities, P;, must be multiplied by their associated fidelities, I} =
(1j]ppm, [1;), for successful entanglement distribution. These fidelities will be less than

unity, because of higher-order (multiple-photon) components in the input state piy.
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In the remainder of this section, we shall find the post-measurement states, {ﬁpmj}, the
heralding probabilities, {P;}, and the fidelities of entanglement, {F}}, for DLCZ entangle-
ment distribution. Both PNRD and NRPD systems will be considered.

Photon-number resolving detectors

It can be easily verified that for any single-mode annihilation operator a and complex variable
¢, we have

(0D (@,¢)|0) =1 and (1|Dp(a,¢)[1) =1 —[¢[>. (4.19)

Using these results, together with (4.13) and (4.16) plus the PNRD cases from (4.14) and
(4.15), we get

, 1 oraxgtk rarckt .o, .
Ppm; = pj/; /fDN(SLva)DN(SRny)
d? d2 R
X/?/%xﬁut(ca[j7€fvgpl)gp2) (1_|ij‘2), (420)

whence, by means of (4.17) and the identity tr(Dy(a,¢)) = 70(),

™

d2 d2 N
p= [ [ 0.0.Gn. o) (1= 16f?): (121)

The above integral can be evaluated from moments that are directly identifiable from the

Gaussian characteristic function in (4.11), and we obtain (see Appendix B for details)

4 (1_ AL+ Br —2(=1)/%

b BB — ) 1 (BLBr — 62) ) , forj=1,2. (4.22)

In the special case of a symmetric setup, in which ny = ngr, m = 1n, 0 = 0r, and

Pe;, = Per = Pe, the preceding expression reduces to

o (1- pc)277$pc
! (nspc +1-— pc)g’

for j = 1,2, (4.23)

where ns = nrn1 is the system efficiency. In this case P; = P» holds, owing to the symmetry
of the optical channels and the measurement modules. More generally, 11 = 72 implies
P, = P,, because this condition suffices to make D; and Ds photon detections equally

likely.
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Non-resolving photon detectors

Similar to the PNRD case, we start from
tr[ Dy (@,€) (1 = 10) (0])] = wo(¢) ~ 1 (4.24)

along with (4.19), (4.13), (4.16) plus the NRPD cases from (4.14) and (4.15), and obtain

R . 1 d2<£ d2§f . A Lo R .
P Pj/ ES / " D (526D (Sr: 6)
d? d2 X
X / % / % XA (G G o G2) (6(Gpg) — 1), (4.25)

where

d2 d2 .
P = / o /7%2 Xr (0,0, Cpr, Gp2) (76 (Cpg) — 1)

s
4 4
_ _ 1o it (4
(8L + Br — 2(—1)30)  mm(Bfr —02) O Y 1,2, #j. (4.26)

For the symmetric setup, the above probability simplifies to

(1 - pc)ﬁspc
(nspc +1- pc)27

P = for j = 1,2. (4.27)

As was the case for PNRDs, 1 = 19 is again enough to ensure that P, = P». Comparison
of (4.23) and (4.27) reveals that P; for the NRPD case is higher than P; for the PNRD
case. This is to be expected, because the heralding events included in the latter probability
are a proper subset of those included in the former. None of the heralding probabilities
depends on the phase offset, because our measurement modules are only sensitive to the
photon number. The impact of phase offset will appear when we calculate the fidelity of

entanglement.
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4.1.4 Fidelity of DLCZ entanglement distribution

The DLCZ fidelities of entanglement realized with PNRD and NRPD systems are

F = ¢J|ppm W’]
az¢t a3t .
B p/ = = o (12 ¢k + (-1 ¢t 2)
d? d2 )
x/?/ﬁxgout(cé,cf,cpl,cm (1 IeP) s,
for j = 1,2 in the PNRD case, and
LR R
boo Pj/ ™ /W<1—’<a+<—1>34a! 2)

d? d2 )
- / TC / TC XA (G Gt Gt Gp2) (m6(Gpg) = 1), (4.29)

for j = 1,2 in the NRPD case, where we have used

[¢E+ (iR

;] DN (S, ¢ D (Sr, By = 1 (4.30)

Both (4.28) and (4.29) can be evaluated via moment analysis from the Gaussian nature of

(4.11), yielding

Fy = nj(1 = pe, )(1 = peg)/(4F5)]

X (NLPey + NRPer + 2y/MLDey TRPer c08(0r, — Or)), for j =1,2, (4.31)

where for each detection scheme we use its corresponding heralding probability P;. Note that
F;P; is identical for both PNRD and NRPD systems. This can be qualitatively justified
as follows. Fj is the conditional probability of a successful entanglement creation given
that a heralding event has occurred. Hence, F;P; is the joint probability of successfully
loading the ensembles in state [¢;) and the occurrence of the Mj event. This joint event
occurs when one—and only one—of the ensembles undergoes a single Raman transition to
produce exactly one photon, and this photon is detected by photodetector D;. Photon-
number resolution is not required for detecting a single photon, therefore both PNRD and

NRPD systems have the same likelihood of a loading success. It follows that the success
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probability, Piuccess, is the same for the PNRD and NRPD systems, so in Appendix B we
will only present a derivation of (4.31) for the PNRD case.

The fidelity in (4.31) is independent of which detector has clicked, provided that the
detectors have the same efficiency, viz. 11 = n2. In this case, we have Pyyccess = FEPherald,
where Fp = Fy = F,. (Here, the subscript E emphasizes that we are concerned with the
fidelity of entanglement.) This means that the lower heralding probability of the PNRD
system, relative to that of its NRPD counterpart, is exactly compensated by its higher
fidelity of entanglement.

It is interesting to compare the behavior of the NRPD and PNRD fidelities of entan-
glement as we vary key system parameters. For this purpose, it is easier to consider what
happens in the symmetric case, when everything is identical for both ensembles and their

corresponding Raman photons. We then have
FPiyccess = 277$pc(1 - pc)27 symmetric setup (4'32>

and

(nspc +1- pc)3a PNRD
Fgsym = (4.33)

(1 = pe)(nspe + 1 —pc)?, NRPD.

The success probability of a symmetric setup, given by (4.32), can also be obtained by the
following simple argument. A success occurs whenever one—and only one—of the ensembles
produces a Raman photon and this photon is detected. In (4.32), Pyyccess 18 the product of
pe(1 —pe) (the probability of one excitation) times 1 — p, (the probability of no excitations)
times 75/2 (the survival probability for one photon) times 4 (the number of possibilities, all
equiprobable, for emitting a single photon and getting a detector click).

From (4.33), we see that both the PNRD and NRPD Ff, expressions approach (1—p,)? ~
1 — 3p. for p. < 1 as the system efficiency ns approaches zero; this limit is in accord with
preliminary results reported in the DLCZ paper [29]. In Fig. 4-3(a), we have plotted Fg
versus 7)s for the PNRD and NRPD systems. From this figure we see that the PNRD system
realizes perfect fidelity in the absence of loss (ns = 1), whereas Fgr = 1 — p, for lossless
operation of the NRPD system. Figure 4-3(b) shows that the NRPD system is more sensitive
to excitation probability (p.) variations than is the PNRD system. For p. < 1, both systems

approach perfect fidelity, but significant fidelity degradations occur for larger values of p..
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Figure 4-3: Fidelity of entanglement, Fg, versus (a) system efficiency, 7s, and (b) excitation
probability, p., for DLCZ entanglement distribution. In both (a) and (b), we assume that
the system setup is symmetric.

Indeed, from (4.33), we find that the NRPD system has zero fidelity at p. = 1, whereas the
PNRD system achieves Fp = n2. Overall, in a practical operating regime in which p, ~ 0.01
and n; = 0.01 — 0.1 prevail, the PNRD and NRPD systems have very similar entanglement-

distribution performance. This is important because NRPD technology is more advanced

than PNRD technology.

4.1.5 Asymmetric setup and state preparation

DLCZ entanglement distribution in an asymmetric configuration can be looked at in two
different, but interrelated, ways. The first, which is the approach we have taken in deriving
(4.31), is to quantify the asymmetry-induced fidelity loss with respect to the maximally-
entangled (singlet or triplet) states. Deviations from complete symmetry, however, will
make one path more probable than the other, and/or introduce relative phase terms. Hence,
the pure state for the two ensembles that is the best fit to their post-heralding joint density
operator is, in general, a partially-entangled state of the form dr|1)|0) g +dRr|0)1|1) g, where
dr, and dg are functions of system parameters. This leads us to the second point of view,
i.e., finding the most-likely (maximum-fidelity) pure state for the asymmetric setup. The
answer to this question provides us with a prescription for preparing the two ensembles in

an arbitrary partially-entangled state. In Appendix B we show that the fidelity-maximizing
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state is

V1LPcy, i i(0rR—0r)
; = Drl0)g + (—1)7e"Vr77F
Vi = e 11l0) + (-1)

VIRPR 10y, 1) g, for j = 1,2, (4.34)
V NLDcy, + TRPcRr

X

and the fidelity maximum that it achieves is

Fj,max = maX<¢j’pApmj |¢j>max

_ (1= pey )X = Peg) (MLPey, + NRPer) (4.35)
2P, ’ '

for 5 = 1,2. This is an intuitive result. The joint probability that D; clicks and that
this click heralds successful loading of the state |t);)max i P;F)jmax, which is given by the
probability, pc, (1 =pe;)(1 = pey), of having exactly one excitation in only the left /right
ensemble times the probability, 1;17,/r/2, that the associated Raman photon is detected by
D;.
A similar argument holds for the maximum-fidelity state in (4.34). Here, the ratio be-
tween the probability of being in state |1)1,|0) g rather than in state |0)|1) g is n.pc, / (NRPcR),
as expected. This ratio does not depend on the detector efficiencies, because the 50/50 beam
splitter gives Raman photons an equal chance to be directed to D7 or Ds. On the other
hand, the coherence between states |1)1,|0)r and |0)1|1)g is impacted by the phase offset
difference between the two ensembles, as accounted for by the term exp[i(0gz — 01,)].

Figure 4-4(a) plots the maximum fidelity versus 1z and ng for the PNRD case. Here, we
assume all other parameters are the same for both ensembles. We see that the maximum
fidelity degrades in response to decreasing either 1z, or nr. Path loss affects fidelity in a
PNRD system when multiple-excitation events are possible because loss allows multiple-
photons events to masquerade as single-photon events, which can erroneously herald for
success. Therefore, when there is no path loss in a PNRD system its fidelity is unity.

The degradation in the fidelity of entanglement arising from path-loss asymmetry, from
(4.31), is shown in Fig. 4-4(b) to be increasingly severe as either 7y, or ngr tends to zero. In
this extreme case, we have almost complete which-path information on a photon detection;
hence, noting that F; = \(%Wj)max’zf},max, the fidelity becomes approximately 1/2. The

asymptote is slightly less than 1/2, owing to multiple-excitation errors. Greater tolerance
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Figure 4-4: (a) Maximum fidelity, Finax = F1max = F2max, for a DLCZ system with asym-
metric path loss. In this case, the fidelity-maximizing state is partially entangled. (b) and
(c) Fidelity of entanglement (for a singlet/triplet state) versus left-path and right-path ef-
ficiencies, for DLCZ entanglement distribution. In all plots the only system asymmetry is
nr # Mg, and p. = 0.01, n; = ny = 1 are assumed.
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for path-loss asymmetry occurs at high values of 17, and ng, with asymmetry sometimes
increasing the fidelity. Figure 4-4(c) shows this effect in the vicinity of n;, = ng = 0.7: for
nr = 0.7 the peak fidelity occurs at i ~ 0.78. This is due to the fact that the projection
|(¥5]%;) max| is still very close to one for {1z, = 0.78,nr = 0.7}, and that the value of F} nax
evaluated at {n; = 0.78,nr = 0.7} is higher than its value for n;, = ng = 0.7. On the other
hand, fidelity always decreases if we degrade the system efficiency in either path.

Now let us examine the effect of phase asymmetry in the absence of any other sources
of asymmetry. Equation (4.31) assumes that 67 and 0r are deterministic phase shifts.
Although systematic (deterministic) phase shifts may be present in a real system, it is
more important to study the effects of random phase errors. Presuming 6; and 6 to be
independent, identically distributed, zero-mean, Gaussian random variables with common
variance 03, we obtain

Fg = Figym[l + exp(—03)]/2, (4.36)

by averaging (4.31) over these phase-offset statistics. It follows that 05 < 1 is a necessary

condition for achieving high fidelity of entanglement in the DLCZ protocol.

4.2 MIT-NU versus DLCZ entanglement distribution

Using (4.32) and (4.33) for the DLCZ protocol, and (3.1) and (3.2) for the MIT-NU archi-
tecture, let us compare the behaviors of the fidelities and throughputs of entanglement for
these two systems. The latter, defined to be RPsyccess, where R is the rate at which either
protocol is run, presumes that there are arrays of atomic ensembles (for DLCZ entanglement
distribution) or trapped-atom quantum memories (for the MIT-NU architecture) that are
loaded in succession. In Fig. 4-5(a) we have plotted the fidelities of entanglement versus
the total distance 2L¢ (in km) between the two atomic ensembles (DLCZ) or the two quan-
tum memories (MIT-NU), and in Fig. 4-5(b) we have plotted the associated throughputs.
The DLCZ curves assume the following parameter values: zero phase offsets; p. = 0.01
excitation probability; 7, = ngr corresponding to 0.2dB/km fiber loss; 171 = 172 = 0.5, and
R = 500kHz. The MIT-NU curves assume: zero pump-phase offsets; |G|? = 0.01; 5y corre-
sponding to 0.2dB/km fiber loss; ¥y./TT. = 107 (5dB fixed loss per source-to-memory
path); I'./T" = 0.5; and R = 500kHz. [Note that p. = 0.01 for the DLCZ protocol is an

equivalent source rate to |G|? = 0.01 for the MIT-NU architecture.]
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Figure 4-5: Performance comparison of the MIT-NU and DLCZ entanglement-distribution
architectures. (a) Fidelity of entanglement versus total distance between quantum memo-
ries in km. (b) Throughput (entangled pairs/sec) versus total distance between quantum
memories in km. The parameter values assumed in these plots are given in the text.

Figure 4-5(a) shows that the DLCZ protocol has a slight advantage in fidelity of en-
tanglement as compared to the MIT-NU architecture. This advantage, however, may well
disappear due to random phase offsets. In particular, if we let 6; and 65, in the MIT-NU
architecture, be independent, identically-distributed, zero-mean Gaussian random variables
with common variance 03, then averaged over this randomness the fidelity of entanglement

from (3.2) reduces to
NZ% + @21 + exp(—03)]
Fg = ~ )
AN? + 21?2

(4.37)

which should be compared with (4.36). Superficially, it would seem that both the DLCZ
and MIT-NU systems suffer similar phase-offset degradations. However, the MIT-NU ar-
chitecture needs to stabilize the pump phases for two co-located OPAs, whereas the DLCZ
protocol must stabilize the phases at a pair of atomic ensembles that are separated by a
long distance (2Lg). The latter task will surely be far more difficult than the former.

Figure 4-5(b) shows that the DLCZ protocol has better throughput-versus-distance scal-
ing than does the MIT-NU architecture. This behavior has a simple physical explanation.
The DLCZ protocol relies on one Raman photon successfully traversing a distance Lg and
being detected, whereas the MIT-NU architecture requires two photons—a signal photon
and an idler photon—to successfully traverse a distance Ly and be stored. It should be
noted, however, that all applications of the DLCZ scheme require two pairs of entangled
ensembles [29]. That reduces the effective throughput of the system by a multiplicative
factor of 1/2.
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Figure 4-6: (a) DLCZ quantum repeater protocol. {L1, R1} and {L9, Ry} are singlet states.
By pumping R; and Lo with strong retrieval pulses, we interfere any resulting anti-Stokes
photons at a 50/50 beam splitter. Observing one—and only one—photon at one of detectors
heralds protocol success, viz. L; and Ry are now entangled. (b) Notional model for the
measurement modules in (a): beam splitters with vacuum-state quantum noise injected
through their free input ports account for all loss and inefficiency effects; the single-photon
detectors are assumed to have unity quantum efficiencies.

4.3 Quantum communication with atomic ensembles

In this section, we study some quantum communication applications of entangled atomic en-
sembles, as proposed in [29]|. Given that the prescription described in Sec. 4.1 provides high
fidelity of entanglement ensembles, we will assume that ideal, maximum entanglement has
been established between any two ensembles of interest in the quantum communication anal-
yses that follow. We could, instead, start our quantum communication studies from the joint
density operator for the post-heralded state—found by accounting for multiple-excitation
events by means of Gaussian-state analysis—for each pair of ensembles that has undergone
DLCZ entanglement distribution. It can be shown, however, that such an approach is un-
necessary so long as the overall quantum communication performance is dominated by other

parameters, such as loss in the measurement modules.

4.3.1 Quantum repeaters and entanglement swapping

Truly long-distance quantum communication, e.g. for transcontinental applications, will
require quantum repeaters to enable entanglement distribution over such extraordinary dis-
tances. This can be done by performing entanglement swapping [31] on two pairs of entangled
ensembles in the cascade configuration shown in Fig. 4-6(a). Here, ensembles L; and R;
are entangled and L km away from each other, as are Lo and Ro, with Ry and Lo being
co-located. Entanglement swapping can be done by performing a Bell-state measurement
(BSM) on ensembles R; and Ly. This measurement entangles the L; and R ensembles—

separated by 2L km—in a Bell state that is determined by the result of the BSM.
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To perform a BSM on two atomic ensembles, we use detection of the anti-Stokes photons
that can be produced by pumping the |s) — |e) transitions in the {R1, Lo} ensembles. With
strong retrieval pulses we can guarantee the emission of anti-Stokes (|e) — |g) transition)
photons from every ensemble that was in its symmetric collective atomic state. Because
these photons will be emitted in well-defined spatial modes, they can be routed to a 50/50
beam splitter—as shown in Fig. 4-6(a)—which is followed by two single-photon detectors
(either NRPDs or PNRDs). Full BSM is not possible using only linear optics [21], so the
Fig. 4-6(a) measurement scheme can only provide a partial BSM determining only two—out
of four—Bell states. Observation of a single click on one, and only one, of the detectors
{D1, D32}, heralds completion of the DLCZ quantum-repeater protocol. It is therefore a
conditional protocol, whose fidelity and probability of success will be derived in this section.

Without loss of generality, we shall assume that {L1, R;} and {L2, Ra} have been placed
in singlet states, and focus our attention on the losses and detector inefficiencies in the
measurement module shown in Fig. 4-6(a). As we did in our treatment of DLCZ entangle-
ment distribution, we shall model the losses and detector inefficiencies by beam splitters, of
transmissivities 7. and 7y, that inject vacuum-state quantum noise through their free input
ports, and take the detectors to have unity quantum efficiencies, see Fig. 4-6(b). The initial

state of all four ensembles is thus

|1>L1‘0>R1 — |0>L1|1>Rl ® |1>L2|O>R2 - |0>L2|1>Rz.

(4.38)

The above state consists of four orthogonal-state terms, each producing an orthogonal state
after passing through the linear module of Fig. 4-6(b). To find the heralding and success
probabilities of the repeater it therefore suffices to find the corresponding figures of merit
for each of these terms. Then, because of symmetry in the measurement module, the re-
peater fidelity, Fr, is just the ratio Psyccess/Pherald- We will use Pj; to denote the heralding
probability—i.e., having a click on either D; or Dy but not both—that is due to state

|i)Rr,|7)L,- Then, defining n,, = n.nq to be the measurement efficiency, we have

Poerala = (Poo + Pio+ Po1 + Pi1)/4
Nm(2 = 1Mm)/2, PNRD
_ (4.39)
Nm(2 = 1Mm/2)/2, NRPD
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and

Psuccess — (P(Jl + PlO)/4
= Nm/2, (4.40)
where we used
POO = 0, (441&)
P01 = P10 = Nm, (4.41b)

277m(1 - 77m), PNRD
P = (4.41c)

20 (1 — 11 /2), NRPD.

The preceding results show that the main source of error in the system is due to Pi1,
i.e., when we have two indistinguishable photons at the input of the 50/50 beam splitter.
In this case, the L1 and R ensembles are in their ground states after the herald occurs,
and thus the heralding event does not imply a successful entanglement swap. That such
an erroneous heralding can occur is due to quantum interference. When a pair of indistin-
guishable photons enter a 50/50 beam splitter—one through each input port—they undergo
quantum interference that makes both exit from the same output port [54]. Now, if we are
using NRPDs, these two photons will reach one of the detectors with probability 72, and
erroneously herald for success. Note that a PNRD system can identify this type of error.
However, if one—and only one—of the two photons is absorbed en route to the PNRDs,
then they too can be fooled into heralding an entanglement swap when no such swap has
occurred. This loss event occurs with probability 2(1 —n¢)7m +21214(1 —n4) for both NRPD
and PNRD systems. The sum of these probabilities results in (4.41c). It follows that the
maximum fidelity, achieved at 7, = 1, of a PNRD-based repeater is unity, whereas for an

NRPD-based system it is only 2/3. In general, from (4.39) and (4.40), we obtain

F R = P, success / B herald
1/(2 =),  PNRD
_ (4.42)
1/(2 = nm/2), NRPD.
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Figure 4-7: DLCZ scheme for conditional teleportation. Two pairs of entangled atomic
ensembles { L, Ry} and { Lo, Ro} are used to teleport the quantum state of ensembles {I1, I2}
to ensembles { Ry, R2}. Strong retrieval pulses, which are near-resonant with the |s) — |e)
transition, are used to pump ensembles {L1, Lo, I, Is}, recovering anti-Stokes photons from
every ensemble that was in its symmetric collective atomic state. Detection of a photon
by one, and only one, of the single-photon detectors in each measurement module heralds
completion of the protocol.

4.3.2 DLCZ teleportation

The DLCZ teleportation scheme is a conditional protocol for teleporting a qubit from one
pair of atomic ensembles to another, see Fig. 4-7, [29]. It assumes that ensembles {L1, R;}
and {Ls, Ry} have each been entangled in singlet states by means of the entanglement
distribution protocol described in Sec. 4.1—perhaps augmented by quantum repeaters to
achieve even longer distances than can be realized by entanglement distribution alone—
where ensembles {L1, Lo} are co-located, as are ensembles {R;, R2}, with the latter pair

being a distance L away from the former. The qubit to be teleported is the state
[Yin) 11, = do|1)1,10)r, + d1[0)1, 1)1, where |do|? + [di|* =1, (4.43)

stored in two other ensembles, {I;, 5}, which are co-located with {L;, La}. Such a state
can be prepared by using the asymmetric setup as discussed in Sec. 4.1.5. Our objective
is to make a measurement that transfers the {dp,d;} coherence to the remote ensembles
{R1, Rs}.

To accomplish this teleportation, we need two simultaneous entanglement swaps: a
BSM on L; and I, and a BSM on Lo and I5. As depicted in Fig. 4-7, the required BSM is
performed by the same measurement module used in the DLCZ quantum repeater. Thus,

DLCZ teleportation is conditional, hence it can only be used if {I1, 5} can be restored to
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the state [iin) when the heralding event fails to occur. In what follows we will sketch a

derivation of the fidelity of DLCZ teleportation,

Fr = P—‘r R1Ro <wjut|ﬁjut|w$t>R1R2 + P R1Ro <¢o_ut‘pA(;ut’wo_ut>R1R27 (4'44)

where Py is the probability of heralding on {Df, DI} or {D{, D}, P_ is the probability of
heralding on {D¥, DI} or {DI, DL},

V&) Rk = do|1) R, [0) Ry £ d1]0) Ry 1) Ry, (4.45)

are the desired output states for the {Ry, Ro} ensembles, and p, are their actual output
states, conditioned on there being a Py heralding event.

The initial state of all six ensembles is

[in) = (do 1), 10}y, + [0}, [1),) ® (10),, D)g, = 1)y, [0)5,) /V2
@ (0)g, g, = 1)1, 100R,) /V2 . (4.46)

We can quickly home in on the output state pout by multiplying out in (4.46), throwing away
all terms that cannot lead to heralding, and then renormalizing. The resulting “short-form”

input state is

do
|win>sh0rt = _ﬁ |0>L1 |1>I1 |1>L2 |O>12 |1>R1 |O>R2

dq

7 L)1, 10, 0}, (1), [0) R, [1) R,
do

+\ﬁ Dz, D7 17, 1007, 10, [0)g,

+31§ 112, 007, D)z, D g, [0)5, [0)g, - (4.47)

The success or failure of DLCZ teleportation—given that a heralding event has occurred—
can be understood by scrutinizing |¥in)short- A heralding event generated by the first two
terms (the good terms) on the right-hand side of (4.47) yields the desired teleportation result,
but a heralding event that is due to the last two terms (the bad terms) in this equation leaves
the {R1, Ry} ensembles in their ground states. Physically, it is easy to see what leads to this

behavior. Heralding that is due to the good terms results from exactly two photons being
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detected: one from ensemble L; (or I;) in the upper measurement module of Fig. 4-7(a),
and one from ensemble Iy (or L) in the lower measurement module in that figure. The
measurement-module beam splitters erase which-way information, and thus teleportation is
completed. Now, suppose that we have perfect measurement efficiency (7, = n.ns = 1) and
consider what happens when the heralding is due to one of the bad terms. In this case three
photons enter the measurement modules: either one each from L, and I; plus one from Lo,
or one from L; and one each from Ly and I5. In either case the {R1, R} ensembles are left
in their ground states, hence the resulting pout will be outside the Hilbert space spanned by
|¢§Eut> Ry Ry- S0, whether or not the bad terms degrade DLCZ teleportation fidelity depends
on whether the measurement modules can distinguish the good terms in (4.47) from the bad
ones.

To evaluate the teleportation fidelity, we can use the heralding probabilities we obtained

in Sec. 4.3.1 along with the distinction we have drawn between good and bad terms to obtain

1/(3 = 25), PNRD
Fr = (4.48)
1/(3 = nm), NRPD,

where we used

Psuccess = P01P10/4 = 777%1/4 (4-49)

and

Poeralda = (Po1Pio+ Pi1Po1)/4

n2,(3 — 2nm)/4, PNRD
_ (4.50)
n2,(3 = nm)/4, NRPD.

It follows that with perfect measurement efficiencies, the teleportation fidelity of the PNRD-
based system is Fr = 1 and that of the NRPD-based system is Fip = 1/2. In Fig. 4-8 we
have plotted Fr versus n,, for the PNRD and NRPD cases. The NRPD system never attains
high fidelity because of its inability to suppress heralding from the bad terms in |¥in)short-
The PNRD does realize high teleportation fidelity, but only when its measurement efficiency
is similarly high.

DLCZ teleportation is rather different from MIT-NU teleportation. The DLCZ approach
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Figure 4-8: Fidelity of DLCZ teleportation, Fr, versus measurement efficiency, 7.

is conditional, hence it can only be used if the {I;,I>} ensembles in Fig. 4-7(a) can be
restored to the state |1i,) when the heralding event fails to occur. The MIT-NU approach
is unconditional, and there seems to be no fundamental problems in achieving a close-
to-unity fidelity. On the other hand, the measurements required by the DLCZ scheme—
high measurement-efficiency PNRD modules—seem significantly less challenging, given the

current state of technology, than what is needed by the MIT-NU system, viz. BSMs on

trapped atoms.
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Chapter 5

Continuous-time Cross-phase
Modulation and Quantum

Computation

Despite all the interest in developing an atomic quantum memory suitable for quantum
computation [30, 29, 8, 9|, none has succeeded in providing such a basic computational unit.
The trapped-atom approach is far more demanding than can be implemented on a large scale.
Atomic-ensemble memories are still plagued with short coherence times, and they are not
the best candidates for two-qubit operations. Trapped ions are the most promising atomic-
memory technology, but it has been difficult to couple a single photon to a single ion in free
space. These challenges keep the optics-based approaches to quantum computation, which
enjoy the well-developed technology of photonics, still promising and attractive. Photons can
carry quantum information either in the form of polarization or number of excitations. Using
beam splitters, phase shifters, and wave plates it is possible to generate entangled states, to
perform interferometric measurements, and to apply single-qubit rotations. To complete a
universal gate set for quantum computation, all that is then needed is an appropriate two-
qubit quantum gate such as a controlled-NOT (cNOT) gate. For quantum communication
purposes, it is also crucial to build a full Bell-state measurement (BSM) device. These are
major obstacles facing optics-based solutions to quantum computing, because the interaction
between two single photons is generally quite weak.

There are several proposals for realizing an optical CNOT gate. In one approach, we post-
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pone the interaction between two photons until the very end, when a measurement provides
us with the required coupling [55, 56]. To achieve high fidelities, these approaches either
require highly efficient (number-resolving) photodetectors, and/or their desired operations
are conditional on observing certain measurement outcomes. It is also possible to use hy-
perentangled photons—where each single photon is entangled in two degrees of freedom—to
implement a CNOT gate [57]. The hyperentanglement approach, however, is not scalable,
hence it is only useful for few-qubit applications. There is another method, proposed by
Chuang and Yamamoto [58|, which relies on a strong nonlinear interaction between two
single photons via a Kerr medium. They proposed to use this Kerr interaction to construct
a quantum phase gate from which a CNOT gate can be realized. With recent advances in
cavity QED [59], photonic crystals [60], as well as hollow fibers [61], it may be possible
to provide the very strong nonlinearity demanded by these gates, however, their fidelity of
operation needs to be scrutinized. A recent work by J. H. Shapiro [35], which employs a
continuous-time field-operator approach to modeling the input-output relationship of a Kerr
medium, shows that the phase-gate fidelity is at most 2/3.

One last idea for implementing an optics-based CNOT gate, which will be the focus of
this chapter, is to use a distributed gate in which a single photon interacts with a bus, which
is carrying a strong coherent beam, via a weak nonlinear Kerr medium. The bus can interact
with other qubits along its way to accomplish a multi-qubit gate. Using this idea, a group
of researchers from HP Labs have described a distributed parity gate, and shown how it can
be used to implement a deterministic CNOT gate [33]. This parity gate can also be used to
realize a full BSM device. Ideal performance of this gate is achieved under a single-mode
treatment of cross-phase modulation (XPM). It has been shown, however, that to properly
account for the quantum behavior of self-phase modulation (SPM), a continuous-time multi-
mode theory must be employed [62]|. In this chapter, we introduce a similar theory for the
XPM case [35], assuming that there is no SPM, and we use our new theory to find the fidelity
of the parity gate proposed in [33]. The main features of our theory are a non-instantaneous,
causal response function for the medium, and a corresponding phase noise that accompanies
the output fields. This phase noise is responsible for the degradation of fidelity because its
mean-squared strength is proportional to the response function’s amplitude.

The rest of this chapter is organized as follows. Section 5.1 describes our model for the

Kerr nonlinearity, in which we discuss different regimes of operation. It turns out that in
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order to observe a significant nonlinearity imparted by a single photon, we need to operate
in the slow-response regime, i.e., the temporal pulse shape of the photon should be much
shorter than that of the response function. In Section 5.2, we consider a simple gate in
which a single-photon pulse induces some phase shift on a coherent-state probe beam. We
then describe the parity gate operation and find, for the first time, its fidelity in the ideal

case of no loss, no dispersion, and no SPM using our continuous-time multi-mode model.

5.1 Continuous-time cross-phase modulation

In this section, we describe the continuous-mode model for XPM, first introduced in [35].
This model applies to the Kerr interactions that occur in a length of a macroscopic material,
e.g. an optical fiber. Hence, input and output fields are best modeled by traveling waves.
Whereas discrete modes are used to model the light confined in a cavity, for a traveling
beam, or, equivalently, when the length of the cavity tends to infinity, it is more appropriate
to employ a continuous-time formalism [38]. In this formalism, we associate with each

frequency w an annihilation operator a(w) for which we have
a(w), 6 ()] = 6w — o). (5.1)

The positive-frequency field operator associated with a +z-going plane-wave electric field,

in a well-defined polarization, can then be written as follows [38]

. hw ,
_ . A —iw(t—z/c)
E(z,t) z/dw1/4ﬂ_€OCAa(w)e , (5.2)

where A is a finite cross-sectional area of interest. The limits of integration in (5.2) are from

0 to co. However, assuming that our optical source is narrowband, with central frequency
wp, we can extend the integral’s limits to run from —oo to +00. Moreover, we can normalize

E(z, t) by iv/hwp/(2€pcA) to obtain a photon-units positive-frequency field operator

B(t) = j%a(w)e—iwt, (5.3)

where we have replaced ¢t — z/c with ¢. For any constant value of z, using the narrowband-

source assumption, there exist an extra phase factor exp(iwgz/c), which will be taken into
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Figure 5-1: Modeling the cross-Kerr nonlinearity using input-output field operators. Here,
s and {p represent phase noise operators, and fig, p is a function of the probe/signal beam’s
flux operator as well as the medium’s response function.

account when needed. E(t) is the inverse Fourier transform of a(w), and therefore, using

(5.1), it can be seen that it has the following commutator with its adjoint
[E(t), ET()] = o(t = t'). (5.4)

For our later calculations it will be useful to write our field operators in terms of a discrete

set of basis functions:

Bt) = &ilt)a (5.5)

where {¢;} is a complete orthonormal set of functions satisfying

[ dti(t)¢s(t) = iy, (5.6)
> 0 ()d(t) =6t — 1), (5.7)

and a; = [ dt¢:(t)E(t) is a discrete-mode annihilation operator, which satisfies [d;, &}] = 0jj.
Equation (5.5) provides us with a prescription for converting a continuous-time field operator
to a sum of discrete-mode operators, where each mode has a pulse shape orthogonal to that
of the other modes. We will use this formalism frequently in forthcoming sections.

Now, let us begin consideration of the Kerr medium. We will assume that there is no loss,
no dispersion, and no SPM in this medium. Furthermore, we denote the input field operators
by Eg(t) for the signal beam and Ep(t) for the probe beam, whose respective output field
operators are E(t) and F's(t); see Fig. 5-1. Then, the input-output relationship for this

material is as follows [35]:

~

Bl (t) = e x Wi p (1), K =8, P, (5.8)
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where we have suppressed the group delay, and

~

fs(t) = w [ drh(t — 7)EL(T)Ep(7)
T
S

fip(t) = k [ drh(t — 7)EL(T)Es(T) (5.9)

give the XPM phase shifts on the signal and the probe beams, respectively. k is the XPM
coupling coefficient, and h(t) is a causal response function, which has been normalized to
satisfy [dth(t) = 1. Equation (5.9) is in accord with our semiclassical understanding of
the Kerr effect, in which we assume that the nonlinear operators responsible for the Kerr
effect are proportional to the photon-flux operators. However, in order to make the theory

self-consistent and to preserve the following output commutation relations

[E,(t), Bl ()] =0, J,K=S,P,

[E(t), EL()] =6(t—t), K=S, P, (5.10)

we need to consider two Langevin noise operators. These noise operators stand for the cou-
pling of the traveling light to the localized oscillators that typically represent the molecular
vibrations in the medium, and result in Hermitian phase-noise operators £g(t) and £p(t).
The coupling coefficient between the light and the corresponding reservoir mode at frequency

w turns out to be proportional to /H;(w), where

Hi(w) = / dt h() sin(wt) (5.11)

should be non-negative for w > 0, so that all the damping coefficients are positive. Further-

more, (5.10) requires that [35]

(Es(t).Ep(w)] = inlh(u — 1) — h(t — u). (5.12)

In thermal equilibrium, s(t) and £p(t) can be taken to be in zero-mean joint Gaussian
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states with the following symmetrized correlation function

(Ex () + Ex(wéic(0) = x [ %2 Hi(w) cothlho/ 2kaT)] coslo(t - w)], K =5.P.
(5.13)
where T is the absolute temperature in Kelvin.

The above model for XPM raises several questions. First of all, why do we need a non-
instantaneous response function? What happens if we assume h(t) — 6(¢)? Secondly, why
is the phase-noise variance nonzero even if T' — 07 Finally, how strong is the nonlinearity
imparted by a single photon? In the next subsections, we provide answers to the above

questions.

5.1.1 Instantaneous response function

When two classical fields co-propagate through a cross-Kerr effect medium, each induces a
nonzero phase shift on the other that is proportional to the inducing field’s strength. To
understand this classical behavior in the context of the quantum theory for XPM suppose

that

1/A, 0<t<A,
h(t) = (5.14)

0, otherwise,

and assume that the input fields are in coherent states |Eg(t)) and |Ep(t)), for which
Ex(t)|Ex(t)) = Ex(t)|Ex(t)) and |Ex(t)|? < oo, for K = S, P. The phase noise term in
(5.8) is not affected by the input pulses, but we expect that an XPM signature from the
input signal beam should appear in the (e/#?®)) term of the average output probe beam.

However, this is not the case for an instantaneous response function as shown below

@i = exp | [ arlEs(oP e - 1)

t
= exp U dr|Es(1)|* (™2 — 1)]
t—A
— 1, as A —0, (5.15)

where we have used the following formula [38|

exp [ / dtg(t)ET(t)E(t)] - % {exp [ / dt(e9®) — I)ET(t)E(t)} } , (5.16)
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Figure 5-2: Photon-number preserving Feynman diagrams contributing to the phase noise in
a Kerr medium. In these figures, dashed lines represent matter excitations with frequencies
Q close to a resonance of the medium.

where R{ f(E1, E)} is the normally-ordered form of operator f in which all creation operators
stand to the left of all the annihilation operators. This result is in conflict with experimen-
tally observed data for XPM, and therefore, an instantaneous XPM is not possible. The
expected delay for XPM in optical fibers is on the order of 1-10 fs [62].

5.1.2 Phase noise at T'=0K

If the phase noise is due to molecular vibrations, we may expect that at T' = 0 K, there

should not be any noise. However, from (5.13), we can see that in this limit we have
(@) = (/) [~ dwHiw) >0, K=S.P, (5.17)
0

where the inequality follows because the frequency response associated with a real-valued
causal impulse response cannot be purely real, and H;(w) > 0 for w > 0 is intrinsic to our
quantum model for XPM.

The reason for this behavior can better be understood by considering the three photon-
number preserving Feynman diagrams, shown in Fig. 5-2, that are responsible for molecular
vibrations in our Kerr medium [62]. At high temperatures, all these processes contribute
evenly to the phase noise term. At low temperatures, however, the first process is the most
significant scattering process, and it gives nonzero noise variances for gg(t) and & p(t) even
at T = 0 K. Nevertheless, we expect that the optimum performance of any XPM-based

system will be achieved in this low-temperature limit.
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5.1.3 Slow versus fast response regimes

An essential figure of merit for the application of Kerr-effect XPM to optics-based quantum
computation is the amount of phase shift induced by a single photon. In the field-operator

formalism, a single photon in the signal pulse can be represented by the following state

1)s = [ dts(olLs. (5.18)

Here, |1;)s is a multi-mode state that represents a single photon at time t; it satisfies
Es(t)|1)s = 6(t —t')|0) g, where |0)g is the multi-mode vacuum state for the signal beam.
|p(t)|* is the probability of observing this photon at time ¢, and therefore [ dt|¢(t)|? = 1
Equivalently, we can use the non-continuous formalism introduced in (5.5). We just need to
build up a complete orthonormal basis, for which ¢1(t) = ¢(t), using well known methods
from linear algebra. Given that we have such a basis, |1)g represents a state for which a; is
in the number state |1),,, and all other operators in (5.5) are in their vacuum states. Now,

the average phase shift introduced by this single photon on the probe beam is given by
(@) = [ drlo(rpero), (5.19)

where we have again used (5.16).

It is interesting to study the phase-shift behavior in two extreme cases. The first regime,
which we call the fast-response regime, is for photon pulse shapes whose full-width at half
maximum (FWHM), 79, is much longer than that of the response function, A. In this case,
the response function, h(t), behaves like an impulse function that picks a small portion of
the pulse shape and produces a phase shift proportional to that part. To clarify this point
let’s consider an example. Suppose h(t) is given by (5.14) and 79 > A. Then, from (5.19)
and Fig. 5-3(a), we have

()~ 1= Alp(t) + Ae™Ae(t)]?
= 1 Afp)]P(L - e™2)
~ 1—iklpt)]?, k/A<1

~ e WPOP kg2 < 1. (5.20)
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Figure 5-3: A schematic of (a) fast (A < 79) versus (b) slow (A > 7y) response regimes.
In the slow-response regime, we can impose a time separation ¢; between the signal and the
probe pulses in order to maximize the nonlinear effect.

Now, if the probe pulse has the same duration, 7y, as the signal pulse, the above result
implies that the average phase shift would not be uniformly present over the pulse shape.
Even worse, if we consider the point-process picture introduced in [35], we realize that the
point in time on the probe pulse that receives the nonzero phase shift is randomly distributed
with probability density function |¢(¢)|?. This property of the fast-response regime precludes
its being used for any computational purposes.

Let’s see how things change when we operate in the slow-response regime, i.e., when

10 < A. In this case, |¢(t)|* behaves like §(t — to), where tg is the time around which the

pulse shape is centered. From (5.19), we then obtain
<eiﬂp(t)> — eiffhu(t—to)7 (5.21)

where we have assumed that h(t) does not change appreciably over a time scale 7y [see
Fig. 5-3(b)|. Now, if the probe pulse shape is ¢(t — t’), then the phase shift induced by our
single photon on the probe’s pulse is xh(t'). We can maximize this phase shift by choosing
t' = tp,, where h(ty) = max;[h(t)].

Given that A ~ 1 — 10 fs for optical fiber, it may seem impractical to work in the slow-
response regime in such a medium. However, this is the only regime in which a useful
quantum interaction may be seen. Therefore, in our subsequent sections this regime of
operation is presumed. If promising results are obtained, it will then behoove us to find a

Kerr medium with a more useful response time!.

In the above analysis, we have assumed that there is no SPM in our nonlinear material. It turns out
that even if the SPM effect is present in the medium, it can be suppressed by operating in the slow-response
regime. This SPM suppression occurs when h(tp) > hspm(0), where hgpm(t) is the SPM response function
for the probe beam.
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5.2 Kerr nonlinearity between a single-photon pulse and a

coherent-state pulse

Suppose we have a Kerr medium with XPM coupling constant x and a response function
h(t). Moreover, suppose that there is no loss, dispersion, or SPM in this material. We
illuminate this medium by two pulses, a signal pulse in a superposition of a vacuum state

and a single-photon state with pulse shape ¢(t + t3), as given below

[in)s = al0)s + 3 / dt(t + th)[1)s, (5.22)

where |a|? + |3|2> = 1, and a probe beam in a coherent field state |app(t)). In the mode-
decomposition formalism, we can think of the signal pulse as being in the superposition state
[vs) = a|0)ag + B|1)ag, Where [n)qq is the Fock state associated with the discrete operator
as = [dte*(t + tn)Es(t). Similarly, the probe beam can be taken to be in a coherent state
lp) = |ap)a, associated with the discrete operator ap = [ dt¢*(t)Ep(t). All other input
modes are in their vacuum states. The time shift between the signal and probe pulses results
in the signal’s inducing the maximum nonlinear phase shift on the probe pulse in the slow-
response regime. The goal of this section is to determine the output density operator for
this simple gate, which is a building block for the parity gate that will be introduced in the
next section.

In order to find the density operator, we pursue the same procedure that we used in
the previous chapter by first finding the normally-ordered characteristic function for the
output fields. Here, however, the situation is more complicated because we are dealing with
continuous-mode operators, and therefore, the parameter ¢ should in general be a continuous
function of time. However, for operation within the slow-response regime, it is sufficient to
employ the non-continuous picture, characterized by the ag and ap modes, for the input

field operators, i.e.,

~

Es(t) = ¢(t + tp)as + vacuum-state modes (5.23)

Ep(t) = ¢(t)ap + vacuum-state modes (5.24)
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because the slow-response condition ensures that the output field operators will then obey

Eg(t) =o(t+ th)eiES(_th)emS(_th)dg + vacuum-state modes (5.25)

EL(t) = qu(t)eiéP(O)eiﬂP(O)&p + vacuum-state modes. (5.26)

The joint normally-ordered characteristic functional for the output field operators E’S(t)

and Fls(t) is
v (Cs(b), Cp(t)) = <€fdtCs(t)Eg(t)efdth(t)Eg(t)e—fdt(;;(t)E;,(t)e—fdth(t)E’S(t)>. (5.27)

However, if [dtC5(t)¢(t+tn) = 0 or [dit(5(t)¢(t) = 0, then we are averaging over the
vacuum modes, whose normally-ordered characteristic function is unity. Hence, the only
parameters for which the value of xn((s(t),(p(t)) is nontrivial are (g(t) = (so(t + tp) and
Cp(t) = Cpo(t). An equivalent characteristic function to (5.27) can then be obtained using

discrete-mode operators

iy = eiés(—th)eiﬂs(—th)ds (5.28)

il = 6P 0)einr (0, (5.29)
where

fis(—tp) = m/dv-h(—th — 1)EL(r)Ep(T)

kh(—th) / drEL (1) Ep(r)

= kh(—tp)abap =0, (5.30)

%

and similarly,

ip(0) ~ fakas, where 6= kh(ty), (5.31)

where, in both (5.30) and (5.31), we have omitted number-operator terms for modes that
are in their vacuum states. Equation (5.30) reflects the fact that the probe beam does not
phase shift the signal pulse, because it lags the signal pulse in time and the cross-Kerr effect

is causal. On the other hand, the signal pulse induces a phase shift 8 on the probe beam,
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as shown in (5.31). Our new characteristic function will then read
xn(Cs,Cp) = (LsLpLpLs), (5.32)
where

Lg = e (s = e=Chexplis(—ta)las

Afg = eCs&g _ eCSCA"Tg ex];fi[*ié@(*?fh)]7

ot
w
=~

Lp = e $hip — ¢ Chexpliép(0) explifalaslap

ot
wo
&

L, = ebraf = Cpalexpl=iép(0)] expl—ifafas]

Our strategy for calculating xn (s, (p) is as follows. We first take the average over the
initial signal and probe states by finding LpLg|ts)|¢)p). Then we convert the phase noise
operators into classical random variables, which remain intact until we average over them
in the next section, when we calculate the fidelity. Finally the output density matrix is
obtained by finding the inverse Fourier transform of the characteristic function. Given that

|ths) has at most one photon, we have

Lls) = (1= ¢z Tag) (al0)ag + Hl1)as)
= (o= ¢G5BS [0)0g + Bl1)as, (5.37)
which results in
P —(3 expli€p(0)] explifakas)a 7
LpLslvp)lvg) = e Cp expli€p(0)] explifagas] Plapyap Ls|tbs)

= e hemlicrOlexlioalasior [ (o - cxaeitsC)) [0),y + B1)ag | 10p)
_ e_g‘;;ap eXp[iéP(O)] (a — C;ﬂeiéS(_th)) |0>a5|¢P>

+  Be~Sparexpliep(O)]expliol| ]y jyp). (5.38)

Similarly, by finding the Hermitian adjoint of the above equation and replacing (x with
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—(g, K =25, P, we find

(Wpl(Ws|Lslp = ag(0l(wp| (" + e s ) etrapexpl=itr (O]

+ ag (1 {ep|BFelrak expl=ier O] expl—id] (5.39)
From the preceding equations, we obtain

(Wpl(s|LsLpLpLslup)vs) = |affe-2imiarcheplicrOl)

— |¢s || B|2e s (—th) g~ 2ilm{anCh expliep (O]} i (~th)
+ ||2e2imlarch expliép(0)] explio)}
+ aﬁ*gse*iés(*th)6*2ﬂm{aPC}*> exp[iép(0)]}

_ a*ﬁgge—%lm{ap(}‘: expli€p (0)]} pi€s(—tn) (5.40)

Now, using AeBA-1 = exp(ABA™1) (see (3.13) in [63]), we have

e—ifs(—th)e—QiIm{OéPC}f—:eXP[iép(O)]}eiés(—th) = exp [e_iés(_th)(_2i1m{ap<:;‘;eiéP(0)})eiés(_th)

e~ 2ilm{ap(p eXI)[iEAP(O)]exp[iﬂ}7 (5.41)
where in the last equality, we used the following well-known formula (see (3.20) in [63])

eATB = eABem121AB] _ (BAAB] g (4 [A, B = [B,[A, B] =0, (5.42)
to interchange the order of e~is(=th) and eiér(0), Plugging (5.41) into (5.40), we find

Y (Cs,Cp) = |af?(e2imiarch exp[iép(0)1}>
+ ’6‘2(1 N |CS’2)<6—2iIm{ap§}§ expli€p(0)] exp[iG]}>
+ aB(s <6_iés(_th)6_2“m{an§ exp[ifp(o)}}>

_ a*ﬁgg@*?ﬂm{apgseXp[iéP(O)]}eiés(*th)% (5.43)
where the averaging is taken over the phase-noise terms £g(—t;) and £p(0). In order to

perform the averaging in (5.43), we will rewrite the phase-noise terms in a normally-ordered

form by introducing an annihilation operator lA), whose quadrature components are the Her-
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mitian operators b = Re{b} = £g(—t3)/v20 and by = Im{b} = £p(0)/v/20. Because
[€5(—=t1),Ep(0)] = i, we see that b satisfies [b, bT] = 1. Moreover, because g and £p are in

a thermal state, that will be the case for b as well. As a consequence, if N = <5TB>, then

o’ (E&(—tn)) = (€3 (0))
= (2N +1)0/2 (5.44)

~ ok / Z—:Hi(w) coth[hw/ (2k5T)]. (5.45)

In our new formalism, we can replace (f(b!)g(b)) with (f(B*)g(B))s, where (e)g denotes
statistical averaging over 3 = (1 + i02, which is a classical, zero-mean, circular-complex
Gaussian random variable with variance N. Using this fact along with (5.42), we obtain for

arbitrary complex parameters A and 7

<6Aifs(—th)enifp(0)> —

N (6481 gt (b= bT)}, where X = Xi\/0/2,1' =n\/0/

N bt )\’b x2/2 —n'bt nb —n'2/2>

=) (Vb N2 202X

)\zﬁsemﬁpef)\20/4 n%0/4— Am@/?)ﬁs By ﬁS _ /29/81, ﬁP _ /20ﬁ2

(e

(

(e

= <e )8 (N1 )B N2 /2= 2= N /)g
(e

<eM Bs+7s) gni(Bp+7p) o fAme/2>

Bs,Bp,vss TP

e*/\nw/?<€/\i£s€ni£1>>5s’§P’ (5.46)

where vg and yp are independent, identically distributed, zero-mean Gaussian random
variables with variance /2, that are statistically independent of s and Bp. In (5.46),
¢k = PBr + VK, for K = S| P, are independent, identically distributed, zero-mean Gaussian

variables with variance N+ 6/2 = 0. An interesting observation is that for nonzero values

nif/2 2

of A and n, there exists a nontrivial phase shift e~ even if the phase noise variance o

approaches zero. This is a consequence of the non-commuting phase noise operators é s(—tn)
and £p(0).

The above formula makes it possible to handle the phase-noise averaging in (5.43). In
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particular, for the first two terms in (5.43) we have

(e~2iIm{yexpli€p O}y — (=7 expli€p(0)] 7" exp[=itp (0)])

o0

S (—=)" i ()™ (e(n=m)iép(0))
—0

o (_,}/)n . (7*)m n—m)i
= ! > ml (eI,
n=0 ) m=0 )

. <e—2i Im{'yexp[ifp}}>£P’ (547)

where v = ap(}p for the first term, and v = ap(} exp(if) for the second term. Similarly,

for the third and the fourth terms in (5.43), we have

(e=ifs(—tn) 2 Im{yexpliép O]}y _ Z<*V>” > (7)™ eits(—ta) ln-m)iép (0}

o n! = m!
e (N O ity (nemite (nm)if)2
- 7;) TL' 7;) m‘ <€ Se Pe >§S:§P
— <€—i£se—2iIm{vexp[i(£P+9/2)]}>§S7£P’ (5.48)
and
<e*2iIm{'vexp[ifp(o)]}eiés(*th» — <eiés(*th)e*2iIm{vexp[ifép(0)+9)}}>
= (7% Im{y exp[i(£P+9/2)]}ei§s>ES7£P’ (5.49)

where v = ap(p in both cases. Then, it is easy to verify that the following density matrix

corresponds to the characteristic function xn((s,(p)

psp(a, 3) {Jaf210)ar (0] @ [apeiF)y (apeisr|
BP0 (1] @ lape € ), (apeierto)

a*ﬁeiﬁs |1>als <0‘ ® |O‘P€i(£P+9/2)>a§, <apei(5P+9/2)|

+ + o+

aBe”5|0)q (1] @ lape @02, (ape Pt )e ep (5.50)

The final averaging over the classical variables will be applied later, when we calculate
the fidelity of the parity gate. It is interesting, however, to note that the density matrix

predicted by a single-mode treatment of the XPM is not identical to the above density matrix
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Figure 5-4: An optics-based distributed parity gate that uses a weak cross-Kerr nonlinearity.
Alice and Bob encode their qubits (single photons) in horizontal and vertical polarization
modes. The polarizing beam splitters (PBS) guide the Alice’s horizontal beam and Bob’s
vertical beam to a Kerr medium in which they interact with a coherent-state probe beam.
As a result of this interaction, they may induce a phase shift 6 on the probe beam. The
—0 phase shifter deterministically changes the probe’s phase, and the final beam splitter
(BS), with near-unity transmissivity 7, models a displacement operator that we need before
performing a photon-number resolving measurement.

calculated at £ = £€p = 0, i.e., zero-variance phase noise terms. Whereas the first two terms
in (5.50) also appear in the density matrix associated with a single-mode treatment, this is
not the case for the last two terms. The reason for this difference is the extra phase term
that appeared in (5.46) because of the non-commuting phase noise operators for the signal

and the probe beam.

5.3 Parity-gate fidelity analysis

Using the interaction between a single-photon pulse and a coherent-state pulse, described
in the previous section, a group of researchers in HP labs have devised a distributed parity
gate, from which a CNOT gate can be realized [33|. A parity gate accepts two input qubits,
let’s say in the general form [¢y,) = Bo|11)an + B1]10) aB + B2/01) ap + (3|00) 4B, and it
gives us a classical outcome, which heralds whether the output state is the even-parity state
Bol11) 4B + (B3]00) 4 or the odd-parity state (31|10)ap + (2|01) 4. Figure 5-4 shows the
optics-based parity gate, proposed in [33], that uses a weak cross-Kerr nonlinearity. In this
scheme, Alice (A) and Bob (B) encode their qubits in two orthogonal polarization modes
of single photons, let’s say horizontal (H) and vertical (V'), but only Alice’s H mode and
Bob’s V' mode interact with a coherent-state bus mode. A single photon on Alice’s H mode
will impart a phase shift § to the probe beam, as will a single photon on Bob’s V' mode.
Because of the weak nonlinearity, # < 1. However, if we have a strong enough probe beam,

it may be possible to distinguish between even and odd parity states.
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To better understand how the parity gate operates, let’s first consider a single-mode
treatment of its operation, as presented in [33|. Suppose that the bus (probe) beam is in a
coherent state |ap)p, and Alice and Bob are initially in the state So|HH)ap + 51|HV ) 4 +
B2|lVH)ap + B3|VV)ap. Each of these terms induce a different phase shift on the coherent
mode. For instance, if Alice and Bob are in the state |HV') 45, that imposes a phase shift
260 on the probe beam and takes it to |Oép€2i9>P. After the phase shift —f and a —ap
field displacement provided by injecting an appropriate coherent state at the final (highly
transmitting) beam splitter, we end up with the state |ap(e? — 1))p. Doing a similar
calculation for all other input terms, we find that the following output state is present

immediately before performing the photodetection:

[Yout) = (Bo|HH)aB + B3|VV)aB)|0)p
+ A|HV) aplap(e® —1))p + Bo|VH) aplap(e™™ —1))p
~ (Bo|HH)ap + B3|VV)ap)|0)p

+ ﬂlfHV>AB’Z'9aP>P + ,32|VH>AB‘ — 1'90413>P, 0 < 1. (5.51)

Suppose that the number-resolving detector has unity quantum efficiency, and that the
coherent-state strength is such that exp(—602|ap|?) < 1. Then, if our detector’s output is

zero counts, we will assume that Alice and Bob are in the even-parity state

BolHH) ag + B3|VV) ap

VBol? + |83/?

because |(0] + ifap)|? = exp(—6?|ap[?) < 1. If we detect n > 1 photons, the post-

(5.52)

[Y0)aB =

measurement joint state for Alice and Bob is as follows

<n|¢out>

\/tI‘ n‘wout wout‘n> ]
_ Bup(mlibap)plHV) ap + B2 p(nl — 0ap)plVH)ap
\/tl" n|¢out wout|n> ] 7

VB2 + |52|2

|1/)n>AB —

where we have used p(n|a)p = ae~1**/2/\/nl . When n is an odd integer, we can apply a

m-rad phase shift to make all the n > 1 observations result in the odd-parity output state
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(B1HVYag + B2|lVH) aB)/\/ 101> + | B2]?.

As a figure of merit for system performance, we calculate the success probability, i.e., the

probability of being in the desired state |¢,)4p upon detection of n photons in the probe

beam for n > 0. The total success probability is then given by

Psyccess = Z‘P<n‘AB<wn’¢out>|2

n=0

= Peyen + Podd7 (554)
where m denotes the Bloch-sphere averaging,
Peven = ’P(O‘AB<w0’wout>’2
= [Bol> + 1632 = 1/2 (5.55)
is the average success probability for the even-parity case, and
o0
Pogq = Z | <n|AB<wn|w0ut>‘2
n=1
. (iap)re Flerlr2 (zifap)rePlarz [
= ; AB{¥n| ( i |HV ) aB + (2 i >AB)
oo
TG G 2 2
= (BP+182) Y libapPe 17l /n!
n=1
1 . _92|04P|2
- (5.56)

2

is the average success probability for the odd-parity case.

The above single-mode treatment of the cross-Kerr effect implies that by forcing 0|ap| >

1, we can achieve a near-unity success probability. In the opposite limit of §|ap| < 1, the

success probability approaches 1/2, because, in this case, we have no chance of distinguishing

between the odd- and even-parity states in |yy). The single-mode model, however, does

not account for the causality-induced phase noise that we described in our continuous-time

theory. To evaluate the fidelity of the parity gate, for the slow-response regime continuous-

time theory, we employ the formalism introduced in the previous section. For simplicity, we
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assume Alice and Bob are in a tensor-product state |1 4)|¢p), where

[Ya) = al0)a + B1)a and |¢p) = /[0)p + F'|1)s, (5.57)
and

0)k =10)k, K =A,B,

‘1>K = fdtgb(t—i—th)‘lt)[(, K=AB. (558)

Here, |1)k, K = A, B, represents the qubit that has nonlinear interaction with the probe

beam. Hence,

0)a=[V)a and [1)a = |H)a

’0>B = ’H>B and ‘1>B = |V>B (5.59)

The probe beam is in the time-shifted coherent state |ap@(t))p that receives the maximum
nonlinearity from Alice’s and Bob’s qubits. Then, the output density matrix for Alice, Bob,
and the probe can be obtained using the density matrix in (5.50) twice; once for the Alice-
probe interaction and once for the Bob-probe interaction. Note that the density matrix
for the state associated with field operators E,(t) and E(t) is given exactly by (5.50),
by replacing the S subscripts with A’s. From that point, the probe beam could possibly
be in four different coherent states, given by (5.50), where for each case we can employ
(5.50) again to obtain the output density matrix. The final step is to replace ape? with
« p(ei(“**e) —1) to incorporate the effects of phase shifter and the displacement operation. The
final density operator is then given by the following equation, in which all states correspond
to one of the output operators @'y = [ dt¢*(t +t,)E/\(t), dy = [ dte*(t +ty)Eg(t), or
' = [ dte*(t)Eb(t):

parn(o, 8.0/, 8) = (|aPI0)aal0lpip) + |82 aalLlofy
Tt Be A1) aa (0l + a e 0)aa (1150 ) (5.60)
£A7 B7§P
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where

AR = e PI0)as 0@ ape @D —1))  (ap(eér) —1)
12 ip i€p _
+ 18P s(1© |aper —1))  (ap(e - 1)
1% 3l iER i(€p—0/2) _ i(€p—0/2) _
+ a"pe ) (0| ® ’ap(e 1)>PP <ap(e 1)’
+ofremB|0) (1 ® ‘ap(e“fp—e/?) - 1)>PP <ap(ei<fp—9/2> ~1)], (5.61)
oy = la/PI0)ss(0l@ [ape 1)) (ap(esr - 1)
PB PP
/|2 i(Ep+o) _ i(€p+0) _
+ 18P es(1] @ |ap(e D), {ar(e D
+ o /ei£B‘1>BB<0‘ ® ‘ap(ei(£p+9/2) _ 1)>PP <ap(ei(£zv+9/2) _ 1)‘
+ a/ﬁ/*e—i§B|0>BB<1| ® ‘ap(ei(fP-i-G/Q) _ 1)>PP <ap(ei(§p+0/2) . 1) , (562)
pog =iy = 1P10ss(0]@ ap( € — 1)) (ap(e©=0/ 1)
+ 18P BE(1© [ap(e@ 0D —1)) | (ap(elEr o) — 1)
+ oo /ei£B’1>BB<0’ ® ‘ap(eiﬁp _ 1) o <aP<€i£P _ 1)’
+oaB e 0) (1l @ Jap(e 1)) (ap(e — 1), (5.63)

and the above average is taken over the phase noise terms £4, £p, and &p, which are

statistically independent zero-mean Gaussian random variables with respective variances

2 _ 92 _ 2 2 _ o2
04 =o0p=0"and op = 20°.

Using the above density matrix we can easily find the heralding probability for detecting
n photons in the probe beam:
P, = tr(p{nlpapsln)p), (5.64)

as well as the success probability upon detecting n photons in the probe beam:

P.F, = P<n‘AB<¢n’pAAPB’¢n>AB|n>P) (565>
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where, from (5.52) and (5.53), the desired state [¢,,) 4p upon detection of n photons is as

follows
Ba'[10)ap + af'|01)ap  Bo/|HH)ap + afB'|VV)aB
= = 5.66
VI = T+ A VBT3P (200
and
_ ﬂﬁ,|11>AB + (—1)”ao/|00)AB . ﬂﬂ/|HV>AB + (—1)”040/’VH>AB
‘wn>AB - = s n Z 1.
lac/|? + |BF'[2 lac/|? + | BB
(5.67)

F,, denotes the gate fidelity in the event of observing n photons. Using (5.64), the heralding
probability is given by

Py = (Jad PP +|86'7) fulap,0)
+ (|aB + [/ BP) fulap,0), (5.68)

where

fulap,0) = folap,—0) = <‘p<n|ap(ei(§p+0) — 1)>p‘2>§

_ <|ap(€i(§p+0) — 12 e—ap(ei(5P+9)—1)|2>
&p

n!

Q

<’C”3(§P—l_6)‘2ne041>(§P+9)|2

' > , op+0K1,
n: ép

2n ,—0%|ap|?/(1+20% |ap|?)
_ |op[™e i—e U (5.69)

nly/14 20%|ap|?

where Y is a Gaussian random variable with mean 6/(1 + 20%|ap|?) and variance 0% /(1 +

20%|ap|?). Similarly, using (5.65), we obtain

/14 1314 5112, — 0% /4
oy = S folar. 0) (5.70)

/14 /14 11302
PoFy, = {20000 fulap, 0) + (—1)me b/ 2000 s fu(ap,0), n>1. (5.71)

Now, assuming that the Alice’s and Bob’s initial states are independent and uniformly

distributed over their respective Bloch spheres, the average success probability for the even-
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parity case is given by

Peven = POFO

= fo(OéP,O)[

@B+ [B | 2aBdBP__. .,
B2+ B " o P + oA

1
\/ 14 20%|ap|?

>~

(A+ Be_oP/4), when op < 1, (5.72)

where

— | laf A8l | A
— | 2laBa’B2 | ~
B= [ 2l | = 0.06s, (5.74)

and [e] denotes Bloch-sphere averaging. Similarly, noting that >.°°, fu(ap,0) = 1 —

folap,0) and 300, (=1)"fn(ap,8) = fo(v2ap,0) — fo(ap,0), the average success proba-
bility for the odd-parity case is given by:

Podda =
lac/|* + 804
[|ao/|2 i R
g 2aﬁa’ﬁ’2
- R o) (V200 ffar.)
A1 e—0%lap 2/ (14203 |ap|?)
\/W
—02/4 1 1
L Be b , op+0<1. (5.75)

\/14—40%\0413\2 \/1+20%|ap\2

The total success probability of the gate is again given by Psyccess = Peven+ Podd- Psuccess
is a measure of how often our gate performs the required task. So, ideally it should be close
to one. That occurs when both of its constituents, Py, and P,yq, take their maximum
values of 1/2. For Peyen, from (5.72), that ideal condition occurs when o%|ap|?> < 1 and
0%, < 1. This is in contrast to what we obtained in (5.55) using the single-mode model, for
which Peyen is always 1/2. For P,q4, the second term in (5.75) vanishes for (7%3|0zp|2 <1

and for o%|ap|? > 1, and the first term is at its maximum when 6%|ap|? > 1, in which
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Figure 5-5: Success probability versus phase noise variance for |ap| = 100 and § = 20 mRad.
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Figure 5-6: Success probability versus 0|ap| for 0% = 107¢ and |ap| = 100.

case P,gqg = A = 0.43. Again, this is in contrast to what we obtained in (5.56) using
the single-mode model, for which P,g; approaches 1/2 for #%|ap|? > 1. The reason for
this difference could lie in what we noticed in equations (5.46) and (5.50) regarding the
extra phase terms due to the non-commuting nature of phase noise operators. Overall,
based on our continuous-time theory for the cross-Kerr effect, it seems that for the optimum

performance of the gate we have to satisfy the following three conditions simultaneously:
0|lap|?> > 1, odlap]? < 1, 0% < 1. (5.76)

In Figs. 5-5-5-7, we have plotted the success probability by varying one of the three
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Figure 5-7: Success probability versus the probe parameter |ap| for f|lap| = 2 and % =

10~%. By fixing f|ap| and changing |ap|, we are implicitly varying the nonlinearity of the
material.

variables 0%, |ap|, and f|ap|, with the other two fixed. Here, we have assumed that it is
possible to change the phase variance 0123 without affecting 6, even though both are related
to the material response function. Fig 5-5 shows that Peye, is very sensitive to the phase
noise, and it drops significantly if 0%|ap|> > 1. On the other hand, P,4q only drops slightly
for moderate values of 0%, and it achieves its maximum value again for large values of 0.
Its maximum, however, is bound to the value of A = 0.43. In Fig. 5-6, it can be seen
that whereas Peye, is independent of 0, P,gq requires 8|lap| > m/2 to achieve a reasonable
performance. That justifies the use of f|ap| = 2 in the Figs. 5-5, 5-7, and 5-8. Finally,
one may be interested in the effect of |ap|, as shown in Fig. 5-7. In the weak nonlinear
regime, we need a large value of |ap| in order to achieve a sufficiently high value of 62|ap|?.
That imposes a large amount of phase noise because the value of o%|ap|? also increases.
However, if we have a material with a large cross-Kerr coupling constant x and a low phase-
noise variance, then we only need a moderate value for |ap|. In the extreme case of |ap| < 1,
P,44 again goes to zero because fo(ap,d) — 1. In Fig. 5-7, we have calculated fy numerically
because the condition op + 60 < 1 in (5.69) no longer holds when |ap| =2/6 < 1.

So far, we have assumed that we independently vary 6 and 0123. This, however, is not
the case in our cross-Kerr effect model. Because of (5.44), both 0% and 6 are functions of

h(t). In order to increase the maximum of h(t) while keeping its area constant, we need to
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Figure 5-8: Success probability versus the probe parameter |ap| using the double-pole re-
sponse function for the medium at 7'= 0 K and ~y — 0.

make it narrower. That however increases the frequency content of h(t), which may increase
0%. On the other hand, 0% o< x and 6 o k. Therefore, in order to satisfy both 82|ap|? > 1
and o%|ap|? < 1 conditions, one needs a high ratio of % /0%, or equivalently, a large value
for k. This is not a desired behavior for a system that was designed to operate in the
weak-nonlinear regime.

To clarify the above points, let’s consider a concrete example. Suppose h(t) is the two-
pole response function associated with the frequency response

a5

H(w) = [ dth(t)e™t = 5.77
(@) = [ dehitye T (5.77)

where €2y is the vibrational resonance frequency of the medium and g is a damping rate.
It has turned out [35] that the best performance is achieved in the underdamped single
resonance regime 0 < 7yy/2 < Qg, for which

Q2e0t/2 sin (\/Q% — 8 /4 t)

h(t) = L t>0. (5.78)
QF —2/4

Moreover, the ideal performance is achieved when T' = 0 K and 9 — 0, in which case, we
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have

/0 " dwH (W) = 7h(ty)/2, where  h(ty) = Q. (5.79)

and therefore,

o2 = (25 /7) / " dwH, (w) = rh(ty) = 0. (5.80)
0

Figure 5-8 shows the success probability for the underdamped two-pole response at T'= 0 K
plotted versus |ap| at O|lap| = 2. It can be seen that the optimum performance of the system
is achieved at a low value of |ap|, for which Pgyccess is only about 0.55. This agrees with
what we observed before. For large values of |ap|, we have that o%|ap|? = 0|lap|? = 2|ap|
also has a large value, which, in turn, degrades the even-parity performance. For low values

of |ap|, Pygqqg — 0 as was seen before in Fig. 5-7.

5.3.1 Further discussion

The results shown in Fig. 5-8 demonstrate that our causal, non-instantaneous model for the
cross-Kerr effect precludes the distributed parity gate’s achieving high success-probability
operation. One should also bear in mind that the fidelity we have derived is for the ideal
case of no loss, no SPM, and no dispersion. Each of these issues can by itself significantly
deteriorate the system performance. Moreover, the above performance has been achieved
under the slow-response conditions, which makes its practicality and applicability question-
able. However, there are still two other issues that should be addressed before coming to a
definite conclusion about the parity gate’s feasibility. First, within the range of validity of
our model, we may still be able to do better if we choose an optimum response function for

our medium. The material’s response function h(¢) must satisfy the following conditions

h(t) =0, for t<0
[dth(t) =1

Hi(w)>0 for w>0, (5.81)

which define a convex set of functions. In this set, we are interested in finding the function
h(t) that maximizes the success probability of the gate. An easier problem is to find the
function h(t) that maximizes the ratio /op. Both these problems are analytically, as well as

numerically, difficult. Even if we knew such a function, it will be difficult to find a material
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which has the desired response function. Nevertheless, it would be interesting to find the
ultimate possible performance of the parity gate using our continuous-time model for the
cross-Kerr effect.

The second issue is the validity of our model when we are dealing with atomic systems,
possibly under electromagnetically induced transparency (EIT) conditions [64], illuminated
by single photons. There are several proposals that use such systems to provide an effective
cross-Kerr nonlinearity for single photons [59, 65, 66]. Our model may or may not be
applicable to such scenarios. In our model, we translate what we expect to occur classically
in a pure cross-Kerr medium into a quantum field-operator language, and then, we make it
self-consistent by introducing phase noise operators with appropriate commutators. This is
not necessarily what happens when a photon interacts with a single atom or a small ensemble
of atoms. In these atom-interaction scenarios we expect to get some pulse-shape broadening,
but how we can relate this effect to our medium response function, is yet to be investigated.
Moreover, if the physical reason behind the phase noise and the non-instantaneous response
function is molecular vibrations, it is logical to ask how much vibrational noise a single
photon may cause. In other words, if we don’t expect that atomic vibrations are at all
significant at a single-photon level, do we need to worry about phase noise or not? These
concerns prevents us from generalizing our assessment of the parity gate to all its possible
implementations. The relationship between our model and an atom-based model, such as
those we used for analyzing quantum memory units, is as interesting topic to be pursued,

and it is one of possible routes for extending the work done in this thesis.

111



Chapter 6

Summary and Future Work

This thesis has been devoted to analyzing the performance of various distributed quantum
architectures from a system-level standpoint, using analytical tools from physics and en-
gineering. The systems we are interested in all employ neutral atoms, and some relevant
metastable levels therein, to store and process quantum data. This can be accomplished with
single atoms trapped in high-@Q optical cavities, or with atomic ensembles in free-space or
low-finesse cavities. Depending on their energy-level configurations, the atoms can interact
with and store the photon-number or the polarization-state information from an incoming
light beam. Neutral atoms can also be treated as constituents of a nonlinear medium that

enable interactions between a pair of light beams.

6.1 Thesis summary

In Chapter 2, we studied the loading problem for a variety of trapped-atom quantum memo-
ries. We used a system-reservoir approach to model a quantum-memory system illuminated
by a single photon. We studied the cold-cavity and the two-level hot-cavity loading prob-
lems in detail, and we showed that other more complicated configurations, such as A-level,
V-level, and double-A-level atoms, could be reduced to these basic cases. In particular, for
the off-resonant Raman transition in a A-level atom, driven by a single photon on one leg
and a classical control field on the other leg, we studied and compared two loading mech-
anisms. The main goal of our investigation was to find out about the dependence of the
loading probability on the key system parameters, e.g., atom-light coupling rate as well as

the input photon bandwidth. In the first approach, based on known techniques for adiabatic
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transfer, we realized that the ideal system performance could only be achieved long enough
input pulses. If we are operating under the two-photon-resonance condition, then the higher
the coupling rate is the higher the loading probability will be. In this adiabatic scheme, the
coupling rate can only be increased, however, by using a shorter cavity, which results in a
more demanding implementation. We proposed and analyzed a non-adiabatic approach—in
which the control field was turned off at the peak of the loading probability—and showed
that, for a fixed input bandwidth, its performance was optimized at an atom-light coupling
rate that could be lower than what was needed in the adiabatic approach. This optimum
coupling rate approaches zero, although very slowly, as we decrease the bandwidth associ-
ated with the driving photon. A preliminary report of this work has been presented at the
2006 Quantum Electronics and Laser Science Conference [67], and a journal paper is under
preparation.

In Chapter 3, we analyzed the MIT-NU loading problem. The MIT-NU architecture uses
a pair of trapped-rubidium-atom quantum memories, which are illuminated by the signal
and idler outputs from an ultrabright doubly-resonant dual-OPA source of polarization-
entangled photons. By approximating these outputs as a general biphoton state, we derived,
analytically, the loading probabilities for adiabatic and non-adiabatic loading. In the latter
case, we again observed the existence of an optimum coupling rate as a function of the
driving pulse parameters. We showed that loading probabilities above 80% were achieveable
at these optimum coupling rates, provided that the bandwidths associated with the input
pulse is narrower than that of optical cavities. This work was also partially presented in
[67].

We also studied the DLCZ system, proposed by Duan, Lukin, Cirac, and Zoller, which
uses atomic ensembles as its quantum memories. We presented the first performance analysis
for the DLCZ entanglement-distribution, repeater, and teleportation schemes that carefully
treats errors arising from multiple-pair emissions and the use of non-resolving photon detec-
tors. Our results show that the DLCZ protocol for entanglement distribution has a better
throughput-versus-distance behavior than that of the MIT-NU architecture. Because of
the linear optical module used for performing a partial Bell-state measurement, the DLCZ
teleportation (repeater) protocol is a conditional scheme with maximum success probability
of 1/4 (1/2). The MIT-NU system is capable of performing a full Bell-state measurement

provided that we can successfully trap and manipulate single atoms in optical microcavities.
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The DLCZ teleportation/repeater system requires highly efficient photon-number resolving
detectors to achieve acceptable fidelity performance. These results have appeared in |68, 69].

Finally, in Chapter 5, we studied an optical solution to quantum computing based on the
cross-Kerr nonlinearity in optical fibers. This system, proposed by a group of researchers
in HP Laboratories, seeks to realize a universal set of quantum gates in the optical do-
main. We analyzed the cross-Kerr interaction between a single-photon pulse and a coherent-
state pulse—which is at the core of the proposed scheme for two-qubit operations—using a
continuous-mode formalism for the Kerr effect. The main features of our model are a finite
response time for the medium as well as an accompanying phase noise at the output. We
showed that, because of the response function’s being non-instantaneous, a quantum opera-
tion is only feasible in the slow-response regime, in which the durations of the optical pulses
are much shorter than that of the response function. Even in the slow-response regime, the
output phase noise—whose mean-squared strength is proportional to the response function’s
amplitude—precludes achieving a high fidelity of operation. These results will be presented

at the 2006 Conference on Quantum Communication, Measurement, and Computing |70].

6.2 Future work

There are several directions in which this thesis could be extended. Among them are:

1. The cavity-quantum-electrodynamic analysis given in Chapter 2 is applicable to a va-
riety of other problems in quantum optics and quantum computing. Strong coupling
regimes can be mimicked in quantum-dot systems embedded in semiconductor micro-
cavities [71, 72, 73| as well as in Cooper pair boxes in superconductor devices [74].
Furthermore, qubit teleportation is not the only protocol for quantum communication
[26, 27]. For instance, in [27], one can transfer a quantum state from one cavity to
another by local entanglement, operations, and measurements. In this scheme, there
are two atoms in each cavity; one serves as the main memory and the other as an aux-
iliary /backup qubit. The state transfer is done via a single photon traveling between
cavities. This system has been analyzed using quantum Monte Carlo simulation. It
would be interesting to study the system using the analytical tools we employed in

Chapter 2 to enable a fair comparison with other quantum communication systems.

2. Single atoms can be trapped in potential wells in free space much easier than in a
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Figure 6-1: A from-the-memory architecture for entanglement distribution using ensembles
of atoms with the level configuration as shown in (a). In (b), atomic ensembles L and R are
assumed to be polarization entangled if one photon is detected at each photodetector.

cavity. Such trapped atoms can be used in controlled single-photon sources [75]. Using
from-the-memory configuration, we can also employ them to distribute polarization
entanglement. It would be interesting to study such systems within our mathematical

framework.

3. Our treatment of the MIT-NU loading problem is only an approximation to the real
scenario in which the output of the dual-OPA source is in a Gaussian state. This im-
plies that, for a more complete analysis, we have to account for higher order terms, i.e.,
multiple-photon cases. This analysis of full Gaussian-state loading may be intractable,
but it should be possible to analyze cases with at most two photons each in the signal

and idler beams.

4. One major problem that makes the DLCZ teleportation scheme inefficient is its depen-
dence on the exact number of photons. We can circumvent this problem by switching
to polarization states. One way to do that is to use atoms with the atomic configu-
rations shown in Fig. 6-1(a). In Fig. 6-1(a), we drive the transition |g) — |e) by an
external field; the atom in the upper state can then undergo a Raman transition to the
state |0) or |1), which corresponds, respectively, to the emission of a photon in the hor-
izontal or vertical polarization. Now, by pumping two of these atoms coherently, and
combining their outputs at a polarizing beam splitter [76], as shown in Fig. 6-1(b),
one can show that both single-photon detectors will click whenever the two atomic
systems are in the singlet state [76]. Because this scheme requires both detectors to
register photocounts, it can be more reliable than the DLCZ system, which works on
the basis of a single photodetection event. It is foreseeable that this method has a

lower throughput.
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Alternatively, with recent advances in light-matter qubit conversion [50, 51, 32]—by
which we can transfer the state of a single photon to the collective state of an atomic
ensemble and wice versa—we can use a memory-to-memory configuration to generate
a photon, whose polarization is either H or V, entangled with an atomic ensemble,
and let this photon load the other party’s memory [32]. The entanglement between
these two memories can then be verified by a setup similar to Fig. 6-1(b). We can also
use the light-matter conversion technique to absorb a pair of polarization-entangled
photons. This entangled pair can either be produced by the downconversion process
or by two-photon processes in atomic ensembles [77]. In none of the above schemes,
however, are we capable of verifying the establishment of the entanglement without

destroying it.

. Another issue in dealing with atomic ensembles is the possibility of emitting or ab-
sorbing more than one photon. This precludes us from extending some well-known
techniques for treating single atoms to the atomic-ensemble case. There is a new
blockade mechanism by which we can prevent the atomic ensemble from absorbing
more than one excitation, thus treat the atomic ensemble as a two-level atom. This is
based on the light-shift imbalance in a Raman transition |78], and it has been proposed
for realizing quantum communication and computation systems with atomic ensembles
[79]. It would be interesting to employ the techniques that we learned in Chapters 2

and 4 to analyze these systems.

. As mentioned earlier, our treatment of the cross-Kerr effect in Chapter 5 is applicable
to the nonlinear media, such as optical fiber, whose constituent atoms or molecules are
bound to their environments, thus inducing photon-phonon interactions. This may not
be the case if we use single trapped atoms [59] or atomic ensembles [66] as the source
of nonlinearity. The relationship between our continuous-time formalism in Chapter 5

and the above atomic schemes is an interesting topic for future investigation.

Quantum information science is an emerging discipline whose theoretical progress to

date has far outstripped its experimental achievements. Although it has not fundamentally

changed our understanding of the physical universe, it has definitely motivated us to look

closer at it. This thesis was an attempt to dig deeper into some physical phenomena to help

us obtain a more accurate detailed understanding of their impact on neutral-atom based
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quantum communication and computation. Whether this refined knowledge will result in

concrete, useful applications is the main challenge of years to come.
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Appendix A

Hot-cavity Loading: A

Heisenberg-Langevin Analysis

In this appendix, we present alternative derivations to what we obtained in Sections 2.2 and
2.4 for, respectively, two-level and V-level atoms illuminated by single photons. Our new
approach is based on Heisenberg-Langevin (HL) equations of motion, which we introduced
in Section 2.1 for the cold-cavity loading problem. We can easily extend those results to
include any intracavity system that interacts with a reservoir of modes through the linear
coupling term AL [ dw(ai,b + bfa,) in its Hamiltonian!, where b is the cavity-mode operator
that connects the outside world to the internal system. Gardiner and Collett [37] have
shown that the Heisenberg equation of motion for any intracavity operator a can be written

as follows:
a=—(i/h)]a, Heys] — [a, bT](mb — \/ﬂAm) + (KbT — @Azn)[a, bl, (A1)

where all operators are evaluated at time ¢, Hyy, is the intracavity Hamiltonian, and A;,(t) =
(—i/V27) [ dwexp(—iwt)a,(0). Note that there is a factor —i in front of the integral as
compared to what we had in Chapter 2. This is only for the notational convenience and has
no effect on our final results. The above equation can be derived along the same lines of
derivation that we gave in (2.11) and (2.12).

In the following, we first consider a two-level atom inside a cavity illuminated by a

!(a) Because of the abundance of operators in this Appendix, we denote any quantum operator & by a.
(b) Unless otherwise noted, we use the same notation that we used in Chapter 2.

118



single photon. An HL loading analysis for this problem was performed by V. Giovannetti
and L. Maccone (GM) [80]. Their work provides the basis for the other problems that we
consider in this appendix. Thus we begin, in Section A.1, by rederiving the GM solution,
and then follow, in Section A.2, by extending the solution to the case of an atom in the V
configuration. In the latter problem, the two atomic transitions are excited by an optical
beam in an arbitrary polarization state. Finally, in Section A.3, we consider a pair of

two-level atoms illuminated by a pair of photon-number-entangled photons.

A.1 A two-level atom in a cavity with external single-photon

excitation

Consider the two-level atom in Fig. 2-2. In order to analyze the intracavity evolution, it

suffices to find the HL equations for b, o¢., and o.4. Using (A.1), these equations are as

follows:
b(t) = —(iwo + K)b(t) — igoge(t) + V2K Ain(t), (A2)
breelt) = igloge (D () — g (D), (A.3)
Geg(t) = iwaeg(t) + iglogy(t) — Uee(t)]bT(t)- (A.4)

For our loading problem, we assume the Langevin operator is initially in the state given
by (2.1). Then, the loading probability, i.e., the probability that, at time ¢, the photon has
been absorbed and the atom is in its excited state, is given by (oec(t)). To evaluate this
average, we can repeatedly use (A.2)—(A.4) until we obtain a closed set of linear equations
that can be solved by well-known methods such as the Laplace transform. The main issue
that helps us get to this point is the fact that there is only one excitation in the whole
system. As a result, there are only certain states that are possible for the intracavity system
as we saw in Section 2.2. For instance, knowing that the atom is in its excited state implies
that the field operator b is in the vacuum state. There is a little bit of subtlety, however, in

dealing with this problem, which can be formulated in the following lemma.

Lemma A.1. For any function f(t,t") = fo(t) fp(t) fin(t'), where fo(t) is an atomic operator,
[p(t) is a photonic operator (inside the cavity), and fin(t') is a function of the input Langevin

operator, all in the Heisenberg picture, we have
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(a) (f(t,t)) = ({fa®) fp(t)), fin(t))), and therefore, {fa(t)fp(t)), = 0 = (f(t,1')) = 0. Here,

(-)e denotes averaging over the intracavity system.

(b) (fa(t)fo(t)), is a function of Aw,. It is zero if (Y1|fa(0)fp(0)[2h2) = 0, where

[¥1) 5 [2) € {19) 10035 19) 1)+ [€) [0} }- (A.5)

The above three states represent all possible intracavity scenarios: mo photon absorption,
absorption by the cavity, and absorption by the atom. For example, b(0)o.e(0) takes all
these states to 0, and therefore, (b(t)oee(t) fin(t")) = 0.

Now, we can start finding a closed set of first-order linear differential equations from
which (oee(t)) can be obtained. The first equation comes directly from (A.3), which intro-
duces a new term W (t) = b(t)oeq(t) for which we have (hereafter, we may neglect to write

t explicitly in our expressions)

W = baeg + boey
= |—(iwy + k)b — igoge + \/2/@47;4 Oeg+ b [iwaaeg +ig(ogg — Uee)bJr
= —(i(wo —wa) + K)W —igogy + igbagng — igboeeb! + V2KAinCeq

= —(i(wo —wq) + K)W + ingaggb — igOee — ighToech + V2KAin0eg, (A.6)

where we used [b, bT] = 1 in the last step. Defining new terms

Ap =2Re(W) and A; = —2Im(W) = (W) — (W)™, (A7)
we have
Ag = —rAg — (wo — wa) A1 + Re{Fi(t,1)} (A.8)
and
Al = —kA1 + (wo — wa)A() + 2g<0’ee> +2gAs — Im{F1 (t, t)} (AQ)

where from Lemma A.1, <bTbaee> =0,

Ay = (B (00 = 04g)b) = — (blogyb) (A.10)
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and

Fi(t,t) = 2V2k (0eg(t) Ain(t)) . (A.11)

Repeating the same procedure for the above new terms, we obtain (using d4g + dee = 0)

dy = = (Haggb) — (bogh) + (Boecb) (A.12)
where using (A.2)
blogb = [(iwo — k)b +igoe, + \/%Ajn} Oggb
— (Wogb) = —(iwo — k) Az +ig(W) + V2r (Al 00D) (A.13)

plus

bogsh = blog |~(iwo+ k)b — igoge + V2r A

— <bTaggb> = (iwo + K) Az — ig(W)* + 2k <bTaggA,-n> (A.14)
and using <bTbbU€g>C = 0 along with (A.3), we have
(bloec) = ig (b1 (04eb! = oegb) b) = 0. (A.15)
Using the above results, we obtain
Ay = —2kAy — gA; + Re{Fy(t,1)} (A.16)
where

Fo(t,t') = 2v/2x <bT(t)(aee(t) - Ugg(t))Am(t’)> = —2v2x <b*(t)agg(t)Am(t’)> . (A7)

Among all new terms introduced so far, only F; and F5 explicitly include the input noise
operator. In fact, because Ay, A1, and As, are all initially zero, F} and F5 play the role
of driving forces for the other terms. For instance, if the noise operator is initially in the

vacuum state, then, F} and F, are both zero at all times, and there will be no evolution in

121



0ee(t) according to (A.8), (A.9), and (A.16). This is also the case for oy4(t), and we have
(0gg(t)) = (04¢(0)) =1 , no input photons. (A.18)

Now, we derive the evolution of the driving forces and show that they will close the set

of required equations. From (A.11) and (A.4), we have

%Fl(t, t) =iw Fy(t, 1) —igFy(t,t) (A.19)

Also, from (A.17), (A.2), and (A.3), we have

aatFQ(t, t') = (iwp — k) Fa(t, ') —igFy(t,t') — 4k <Ajn(t)agg(t)Am(t’)> (A.20)

where, from Lemma A.1, (b (£)(0ge(£)bT(£) — 0eg(t)b(t))Ain(t')) = 0. The last term in (A.20)
can be simplified further using (2.15). Now, using (A.18) and (2.15), we get

;Fg(t, t') = —igFy (t,t") + (iwg — k) Fa(t, t') — 4D () D*(t). (A.21)

Equations (A.8), (A.9), (A.16), (A.19), and (A.21) plus (Gee) = —gAi1, summarized in
Table A.1, comprise a set of linear equations that can be solved using Laplace transforms.
In particular, the driving terms F and Fy can be obtained from (A.19) and (A.21) using

the initial conditions F(0,t") = F5(0,¢") = 0. The results are as follows:

dar®(t t
Fl(t,t’):—z'gz/(t) / dr @ (r) (em+ (7= — =70 (A.22)
0

and

t
Fy(t, 1) = —4r®(t) / dr®*(7) (meaﬂf—“ +5feaf<f—t>) (A.23)
0
where

k—i(wy —we) £ &

a4 = —itw, + 5
1 k—i(wy — wa)
R E
¢ =k —i(wo — wa)]? — 4g2. (A.24)
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Moment Equations Moment Definitions

(Oee) = —gA1 ;

. Ag = (b'oge + boe
' Ao = —kAo — (wo — wa) A1 + Re{Fy(t,1)} o _2 <z;f7 +—Ubag> >
A1 =29 (0ce) + (wo — wa)Ao — KA1 + 2gA> — Im{F1(¢,t)} A <bT(O' ge_ i )ebg>

Ay = —gA; — 2kA F. N ce Tae

Az =—gA1 = 26ds 4 Re{Fa(t, 1)} Fi(t,)) = 2325 (0eg Ain ()
EFl(tat)_lwﬂFl(t7t)_ZgF2(tat) Pyt t/):—Z\/ﬂa)TU A, (tl)>
L Fy(t,t") = —igFi(t,t') + (iwo — K)Fa(t, ') — 4s@(t) D" (1) ’ 9945

Table A.1: The set of moment equations for a two-level atom in a cavity illuminated by a
single photon.

Now solving for (o), in the on-resonance case wy = w,, we find the following result for

the time-dependence of the absorption probability:

t
- -Z —h(t=7) (=€ (t=7) _ L€ (=)
(0ee(t)) 2 /0 drIm{Fy(r,7)}e (e . )
71 t —K(t—T
+2£/2/0 dr (QgQRe{Fg(T,T)}—g/—aIm{Fl(T’T)})e (t—T)
x (2 € ), (4.25)

Although it may not be clear at the first glance, the above equation is equivalent to the

compact result that we obtained in (2.27).

A.2 A trapped three-level atom in the V' configuration illumi-

nated by an arbitrarily polarized single photon

In this section, we extend our solution for the two-level atom to the case of a three-level
V-configuration atom, as shown in Fig. A-1. A photon in the cavity mode governed by field
operator b, corresponding to the o polarization, can stimulate the transition |g) — |2).
Likewise, a photon in the cavity mode associated with field operator b_, corresponding to
the o_ polarization, can stimulate the transition |g) — |3). The problem we are interested
in is how such an atom can absorb a photon with an arbitrary polarization. To answer
this question, we follow the same steps we took in the previous section starting with the

intracavity Hamiltonian

H. = hwy (b1b+ + bT_b_) + hwq (022 + 033)

+hg (biagg +byogg + bT_O'gg + b,Jgg> (A.26)

123



Figure A-1: A single V-configuration atom illuminated by a single photon with an arbitrary
polarization.

where the first two terms are, respectively, the field and the atom Hamiltonians, and the
last term models their interaction. We assume all intracavity operators are initially at rest,

and the input field is in a polarization state:

o) = 9) @ 10), 910}, ® [ dod(@) (al)p, + 81, ) (42D

where |1.,), . represents a single photon at the frequency w with the polarization o.
The parameter we are interested in is the probability of loading the atom with the
following normalized state

le) = af2) + 5[3) (A.28)

or, equivalently, (oe.). Using a similar treatment to the previous section, we can write a
system of HL equations based on (A.26), from which a set of linear differential equations
can be obtained. In this way, it can be shown that the V-level system behaves like three
two-level systems, one for each of transitions g «» 2, g < 3, and 2 < 3. There is a shortcut
to this approach by introducing a new basis for the problem consisting of |e), |f), and |g),

where

[f) = 67[2) — a7[3). (A.29)

Here, | f) is an unwanted state; it represents an atom loaded with an orthogonal state to the
desired state |e). We define the fidelity of loading by the ratio (coece) /((0ee) + (0ff)). The

Hamiltonian (A.26) takes the following form in the new basis:

Hc = hLLJ()bTb + hLUaU'ee + hg (bTO'ge + bO’eg)

ol b1 + haoyy + hg (bl oy +biog) (A.30)
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where

b=a"by + b and b, = by —ab_ (A.31)

represent two independent field operators, i.e., [b,b1] = [b, bl] =0and [b,b] = [by, bl] =1.
We can see that the Hamiltonian (A.30) is the sum of two independent two-level-atom
Hamiltonians. Thus we obtain the same HL equations, as in (A.2) and (A.3), for the

current definitions of b and o, respectively, where for the present problem
Agp = A 4 gl (A.32)

with

AP (1) = \/_2% / dwe “a (w) (A.33)

and a+ (w)[1y)oyr = 6(w—w")|0) g, where Ry denotes the reservoir corresponding to the o4
polarization. There are some additional terms to the HL equations for 0.4 and 044, however,

which arise from the ground state’s coupling to both |e) and |f). We have
ey (t) = a0 (1) + g0y () — el NV} () — bl (Bores (1) (A34)

and

G9q(1) = —igloge (DT (1) — 0eg(1)B(1)] — iglogs (V] () — o ()DL (1)), (A.35)

Using the same treatment as in the previous section, we can obtain the same set of
equations as in Table A.1 for (oc.). The reason that the (oe.) equations are unaffected by
the additional terms in (A.34) and (A.35) is that the new resulting moments from these
additional terms are all zero. For instance, (bbla6 #) = 0 because if the atom is in the state
le) or |f), then there is no photon left in any field operators including b. This results in
no changes in W, and therefore in (A.8) and (A.9). By the same token, (blaeﬂ = 0 which
results in no changes in (A.19). Similarly, <bTbbE_O'gf> =0 and (bTbiagﬁ = (blbyoys,) =0,
which leave (A.16) and (A.21) unchanged, respectively. This proves that these two problems
have the same dynamical evolution as far as average quantities are concerned. Moreover,
writing the HL equation for b, , we find that it involves a noise operator Af‘n = ,BAZ(-: ) —aAZ(; ),

which takes the initial state (A.27) to zero. This leaves no driving forces in (A.21) and results

in (o7¢) = 0. It follows that the fidelity of the loading process is unity, i.e., there is no chance
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Figure A-2: Two two-level single atoms trapped in two similar cavities illuminated by a pair
of photons in an entangled state.

[Ds

to load the atom with something outside the state space spanned by the desired state |e) and
the ground state |g). The results of this section are independent of o and 3, and therefore

they hold regardless of the polarization state of the input light.

A.3 Loading a pair of two-level atoms with a pair of entangled

photons

Teleportation protocols begin by preparing their two parties in an entangled state. For
scenarios in which two-level atoms are being used as QMUSs, this entangled state can be rep-
resented by a superposition of ground-excited states. In this section, we study the problem
of loading two atoms with such an entangled state by means of a pair of photons entangled in
photon number, here either zero or one. Figure A-2 shows a schematic of this architecture.
Each atom in Fig. A-2 can be individually modeled by a two-level atom Hamiltonian and
the set of HL equations (A.2)—(A.4). The Hamiltonian for the system of two cavities is then
simply the sum of these two (we label the atoms S and I corresponding to the signal and

idler beams of the photon source):
H.= Hg + Hj, (A.36)

where

Hy, = hwoblby, + hwaoly) + hg(blo'h) + brol)), (A.37)

where Ji(f) =) kr(jl, k € {S,I}.

The atoms, cavity operators, and input noise operators to each cavity, AS) and A;II),

are initially in the following state

o) = [1)s ® |1); ®[0),,, ®10),, ® /dw¢(w) (04 1w)s10) R, + B10) gy ‘1w>1>7 (A.38)
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where [1,,) g/ represents a single photon at the frequency w in the signal/idler beam. Here

we are interested in finding (oe.(t)) where
le) = al2)s[1)r + B1)s(2)1 (A.39)

Similar to the previous section, we start by rewriting the Hamiltonian in a new basis that
will simplify the analysis. We need the ground state |g) = |1)g|1);, the unwanted state
|f) = B%12)s]1)r — a*|1)s|2)1, and the inaccessible (because only one photon is available)

state |d) = |2)g|2)s to complete the basis. In this new basis, the Hamiltonian (A.36) satisfies
H.= H€g+Hfg+Hd (A.40)

where

Heg = hwob'b + hwaoee + hgboeg + hgogeb! (A.41)

represents a two-level system between |e) and |g),
Hyy = Tiwobl by + liwao s + ighyo sy + higog bl (A.42)
represents a two-level system between |f) and |g), and
Hy = 2hwaoaq + hg(bogy + o prab’) + hg(byogrm + o pugb!) (A.43)
represents the transitions to the two-excitation state |d). In these equations

') = 20" B%e) + (I8 = |al?)I f) = 5712)s]1)1 + a*[1)s]2)s
") = (18P = lal)le) — 2a8|f) = —al2)s|1)1 + Bl1)s[2)r (A.44)

and

b= Oé*bs + ﬂ*b[ and bL = ﬁbs - ab[ (A.45)

are the two independent intracavity field operators. From (A.40), we obtain the following
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HL equations for the above system,

b(t) = —(iwo+ K)D(t) — igoge(t) — igopra(t) + V26 Ain(t)
Gee(t) = igloge(t)bT(t) — oeg(1)b(1)] — 2ig[a* B oca(t)b (t) — aBoae(t)b(1)]
— (18P = la)igloca®bl (1) = 0ac(t)bL (1))
Geg(t) = iWaTeq(t) 4+ ig[ogy(t) — oee(t)]bT(t) + 20Bigoae(t)b(t)

+ (181 = lal)igoae(t)bL(t)

where

A = AP 4 grall)

with
—i
AR = ax(w)

and ag(w)[1y)k = 0(w — )|0)R,, k € {S,I}.

(A.46)

(A.47)

(A.48)

The rest of the game is the same as previous sections. We use the HL equations (A.46)

to find a closed set of linear equations from which (oe(t)) can be obtained. We use the

same tricks we used in the previous sections to meticulously manipulate all the moments of

interest. The main thing that simplifies this calculation is the fact that all transitions to the

upper state |d) are forbidden, in the context of the present problem, because there is only

one photon altogether in the input beams, and we start with no photons in the cavities and

both atoms in their ground states. Therefore, all moments of the form (fyo4,), where f, is

any photonic operator and |z) is any atomic state, vanish. Using this fact, we find that the

same set of equations as in Table A.1 is also applicable to the current problem, and (oce(t))

is still given by (A.25).
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Appendix B

DLCZ Fidelity Analysis

In this appendix, we derive the fidelity of entanglement for the DLCZ architecture. We
assume photon-number resolving detectors (PNRDs) are being used in the detection setup,
and we find the fidelity F}j 4 of being in an arbitrary pure state |1)q) = dr|1)1|0)r+dr|0)|1) R
after the occurrence of event Mj as defined in (4.14) and (4.15). From (4.20), and the fact
that (Ya|Dn(SL,CE) DN (Sr, CF)ipa) = 1 — |d} L + di¢F|?, we obtain

Fja

<¢d ’ﬁpmj Wd)
= o [ [ (1 andt + ancl)

s
d? d2 X |
X /7%)1 /ipﬁ X%ut(C£7Cf7Cpl)Cp2) (1 — |ij|2> , PNRD, ] = 1’2’<B.1)

where P; has been obtained in (4.21). The key technique to evaluating the above integral
lies in the Gaussian form of Xi"“((f, ¢l Cp1, Cp2), as described in (4.11). This function can

be written in the following form

X (G Gl o o) = (27) Vet K G(¢, K, (B.2)

where
C = [Cors Clis Gors o G G G, CHIT, (B.3)
G(z, C) = (2r)"™?(det C) "2 exp (—2" C 1 /2), (B.4)
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and © = [21,...,7,)7 is a real-valued column vector. The function G(zx, C) represents the
joint probability density function for n zero-mean Gaussian random variables Xi,..., X,
with covariance matrix C, evaluated at point . The covariance matrix elements are C;; =
Ex{X;X;}, where E,{-} denotes the statistical averaging over X1,...,X,. With this new

notation, the integral in (B.1) can be written as follows

16v/det K
AR O {

Fiq=
! mn2P;

)

Gl = |dECE + dCE P+ Gl |dicE + dpcl* . (B5)

where the factor 717 is due to the change of variables from {(p1,(p2} to {C; ,Cp } using
(4.10). The above moments can be written in terms of the elements of the covariance
matrix K. The latter can be found by inverting K—!, which can be easily obtained from
(4.11). The resulting symmetric matrix has been summarized in Table B.1. It can be shown

that vVdet K = n1m2/(4dapar). Now, we can simplify (B.5), by noting that

B {IGH1? +1¢, P +2(=1R{¢F ¢, ")
2n;
K5 + Ko + Kaz + Kug +2(—1)7 (K35 + Kus)]
2n;

Ee¢ {|ij‘2}

Also, by using the moment-factoring theorem for Gaussian variables, we obtain

B {1 |aict + dpcl*} = |[Be {Guldict +dpe}
+‘EC {ij dLCa +dj Qa H
+E {16} Be {|aict + dncBh . 1)

in which
Be {Goildi ¢+ dict)} = [ 2 (-1 vimperdie®™ — Jimberdie™)  (B.S)

and

Ee {Gi(di ¢y + dp¢ih} = 0. (B.9)

Plugging (B.6)—(B.9) into (B.5), we finally obtain
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Table B.1: The elements of the covariance matrix K.
K1 =Ko = (1 = pe;)/2 4+ n1pe, (1 +12) /4
Koy = Ky = —Ki3 = —K31 = (1 + 1m2)/NMLDey, cos 01, /4
Kis = Koz = K32 = Kq1 = —(m1 + 1m2)\/NLPe,, sin 0, /4
K5 = K51 = —Kas = ~Ke2 = (1 — 1m2)/NLDcy, cos 01, /4
Ki6 = Kos = Ks2 = Ke1 = (11 — 12)\/1LDcy, Sin 01 /4
Ki7 = Kog = K71 = Kgo = (12 — 1) \/NLPe, NRDcr, cos(0r — ORr) /4
Kis = Ks1 = —Ko7r = —Kr2 = (2 — 1) \/NLPe, MRPey Sin(0r — 01) /4
K33 = Kyy = Ks5 = Ko = (172 +11) /4
K35 = K53 = Kyg = Kgs = (12 — 1) /4
Ks7 = K73 = —Kug = —Ksa = (11 — 72)/NIRPcy, c0s Or /4
Kss = Kar = K74 = Kg3 = (11 — 12)\/NRPcy Sin O /4
Kes = Ksg = —Ks7 = —Kr75 = ()1 + 1m2)\/1RPey 08 ORr/4
Kss = Ko7 = K76 = Kss = — (11 + 172)\/1IRPcy Sin Or /4
K77 = Kgg = (1 = pep)/2 + Nrpey (n1 +m2)/4
Ko =Ko = K34 = Ky3 = Kig = Kg3 = Kys = K5y = K6 = K¢y = Krg = Kg7 = 0

I nj(l_pCL)(l_pCR)

. . . 2
id = 5P, VLD At + (=1) /Mrpegdie®®| ,  j=1,2. (B.10)
J

From (B.10), it can be easily seen that the maximum fidelity is achieved by the state given
by (4.34). Also, by assuming d;, = +dg = 1/v/2, we find the fidelities of entanglement for
the singlet and triplet states as given by (4.31). Although we only derived (B.10) for PNRD
systems, one can verify that it also holds for NRPD systems.

The heralding probabilities in (4.22) can be derived from (4.21) by noting that

WG (0,0, 61, o) = (27)° Vet K G(¢ K), (B.11)
where C, = [CI;_ruCp_ZaC;;HC;]Tv and
(6 0 -5 0 ]
1 0 Br 0 =0
K s (B.12)
LPR -5 0 B O
| 0 =0 0 pBr |

with vdet K/ = 1/(B18r — 62). The rest of derivation is straightforward; it parallels what

we have done for the fidelities and will be omitted.
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