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Abstract

In this paper, we investigate the long-time behaviour of some micro-macro models
for polymeric fluids (Hookean model and FENE model), in various settings (shear
flow, general bounded domain with homogeneous Dirichlet boundary conditions on
the velocity, general bounded domain with non-homogeneous Dirichlet boundary con-
ditions on the velocity). We use both probabilistic approaches (coupling methods)
and analytic approaches (entropy methods).
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1 Introduction

We are interested in the long-time behavior of some micro-macro models for dilute solutions
of polymers. Such models called micro-macro models couple a macroscopic description of
the flow with a mesoscopic description of the dynamics of the polymer chains. More
precisely, the motion of the polymer chains in the fluid is modeled by a kinetic equation
(Langevin dynamics) and an averaging procedure enables to derive the contribution of the
polymer chains to the stress tensor within the fluid. Then, the evolution of the velocity field
in the fluid is described by the classical laws of conservation of momentum and mass. The
physical and mechanical background can be read in the following textbooks: [5, 6, 11, 27].
Mathematically, the system reads (in a non-dimensional form):
ou .

Re <at(t, x) +u(t,x).Vu(t, :c)) = (1 —¢e)Au(t,x) — Vp(t,x) + div 7 (¢, ), (1)
div (u(t,z)) =0

r(t,x) = % </Rd(X ® VII(X))(t, z, X)dX — Id) , (3)
Zz;f(t,a:,X) +u(t,x).Vou(t,z, X) (4)
= —div x <(Vmu(t,:r;)X — ;%VH(X))w(t,w,X)> + QWeMAxw(t,w,X),

where the Reynolds number Re > 0, the Weissenberg number We > 0, ¢ € (0,1) and
M > 0 are the non-dimensional numbers in the system. The Reynolds number expresses
the ratio of inertial forces to viscous forces in the fluid. The Weissenberg number is the
ratio of the characteristic time of the polymer chain to the characteristic time of the fluid.
The non-dimensional number € is the ratio of the viscosity due to the polymer chains to the
total viscosity. The non-dimensional number M is the square of the characteristic length
of the domain where x varies to the characteristic length of the polymer chains.

We suppose that the space variable x varies in a reqular and bounded domain D of RY,
with d = 2 or d = 3. This system is supplied with appropriate initial conditions and with
boundary conditions on the velocity w and on the distribution ¥. We do not make precise
either of these at this stage of the exposition.

In the model we consider, the polymer chain is approximated by two beads linked
by their end-to-end vector X (it is the dumbbell model: see Figure 1). By writing a



Figure 1: In the dumbbell model, the polymer (in dashed line) is modelled by two beads
linked by a spring. The length and the orientation of the polymer are given by the so-called
end-to-end vector X.

Langevin equation on each bead, a kinetic equation on X which involves the velocity
field w can be derived, after some approximations (see the Fokker-Planck equation (4) on
the distribution ¥ of X at time ¢ and at point x). In return, the polymers influence the
flow field through an extra stress tensor 7, in the momentum equation (1) on the velocity
u.

The vector VII(X) in (4) is the force (of entropic origin) between the two beads. In
this article, we will specifically consider two forms of potential II:

e Hookean dumbbells:

() = 5 5)

e Finite Extensible Nonlinear Elastic (FENE) dumbbells:

2
H(X):—%ln (1_ ’jﬂ) (6)

where b is a non-dimensional parameter related to the maximal length of the polymer
chain. The FENE model (6) takes into account the finite extensibility of the polymer
chain, through an explosive force when |X| tends to vVbM.

Remark 1 (On the a-convexity of I1) Many results we present (for example those in
Section 3.2.2) are actually true for any potential which is a a-convex function (with o > 0)
i.e. a function satisfying, for all X and Y in R?, and for all X € (0,1):

aA(l—\)

MAX + (1= 0)Y) < AIX) + (1= NI(Y) - ==

X -YJ%, (7)
and which can be expressed as a function of the norm of X (i.e. a radially symmetric
function):

(X)) = =(|X]). (8)

The a-convexity of 11 can be shown to be equivalent to the a-convezity of m together with
7'(0) > 0. These properties on 7 can be easily checked for the case of Hookean and FENE
dumbbells (with o = 1 for both of these models). These two features of 11 (radial symmetry
and a-convezity) are some key properties used many times in this article. We here con-
centrate on the two potentials (5) and (6) since they are prototypical of those used in the
rheological literature.



The purpose of the present article is to study the long-time limit of the fields (u, v, 7).
It is of course expected that, under appropriate conditions, they converge, in a sense that
will be made precise in the sequel, to some fields (oo, Voo, Too) solution to:

Retuoo (). V() = (1 —€)Aux(x) — Vpoo(x) + div 7o (), 9)
div (us) = 0, (10)
rol) = 1o </Rd(x © VII(X)) o (2, X) dX —Id> S
oo () Vgthoo (2, X) = —div x ((kum(m)x _ ;%vn(X))%o(m,X))
1
e Ax (e, X). (12)

In order to prove this fact mathematically, we will mainly use the so-called entropy method.
Considering as an example the Fokker-Planck equation (4) for a null velocity field u = 0,

the idea is to introduce the relative entropy H(t) = / h (1/)) Yoo Of 9 with respect
R

¢ \ Yoo

t0 Yo where h is for example h(z) = zln(z) — (z — 1) and ¥ is defined as a stationary
solution to (4). By differentiating H with respect to time and using a so-called logarithmic
Sobolev inequality (see (39) below) for 1, an inequality % < —CH (with C > 0) can
be proven, which ensures the exponential decay of H to 0. We refer to Section 2.1 for the
details and to Sections 3.2 and 3.3 for the adaptation of this method to the coupled sys-
tem (1)—(2)—(3)—(4). The unusual feature when dealing with the coupled system is that ¢
may not satisfy the detailed balance (see (42) below) nor be explicitly known, contrary to
many cases considered in the literature. This does not prevent us from concluding, at least
in some cases.

As an alternative to the entropy method, we will use whenever possible a coupling
method. To use this method, we introduce the stochastic process X; solution to the
stochastic differential equation associated with the Fokker Planck equation (4):

_ (Vmu(t,m)Xt(w) _ 1VH(Xt(a:))> dt +

dW 1
2W€ ty ( 3)

1
vVWeM
where the law of Xo(x) is (0,2, X)dX. By considering a stationary stochastic pro-
cess X° with law 9o (X) dX which is coupled with X; (through the driving Brownian
motion), it is possible to show the convergence of (1) — 1) to 0 in some appropriate norm.
We refer to Section 2.3 for the details and to Section 3.1 for an adaptation of this method
in the coupled framework.

The results contained here are far from being complete. We hope to stimulate further
research in the same direction.

1.1 General setting

Henceforth, in order to simplify the notation, we take the following values for the non-
dimensional parameters: Re = %, We=1,e¢= % and M = 1. We are thus interested in



the following system':

( 881;(757 x)+u(t,x).Vu(t,z) = Au(t,x) — Vp(t,z) + div 7 (¢, x), (14)
div (u(t,x)) =0, (15)
T(t,x) = /Rd(X @ VII(X))(t,z, X)dX, (16)
(?;f(t, z,X)+u(t,x).Vao(t,xz, X)

= —div x <(Vmu(t, )X — ;VH(X))w(t,:c,X)> + %Axw(t,x,X). (17)

Note that we can alternatively consider a coupled PDE-SDE system, replacing (16)—
(17) by:

T(t,x) = E (X(x) @ VII( X (x))), (18)
dX () + u(t,x). VX (x)dt

_ <Vmu(t,m)Xt(a:) - ;VH(Xt(m))> dt + AW, (19)

where W, denotes a d-dimensional standard Brownian motion independent from the initial
condition (Xo(x))gep which is such that, V& € D, the law of Xo(x) is ¥(0,xz, X)dX.
In the following, we will mostly consider the coupled system of PDEs (14)-(15)-(16)-(17),
but also the system coupling the PDE with the SDE (14)—(15)—(18)—(19).

Let us now make more precise the boundary conditions on ¥, and some requirements
on the initial condition t(0,x,.). In any case, since (0, x,.) is a density, we require
that it is nonnegative with integral with respect to X € R? equal to 1. Then, at least
formally but this may indeed be shown mathematically, we have for any ¢ > 0 and for
any © € D, ¥(t,x,.) > 0 and [pat)(t,x, X)dX = 1. Note that by symmetry in the X
variable of (17), it is clear that for all (¢,z,X), one has ¥(t,z, X) = ¢(t,z,—X) if
(0,2, X) = (0, 2z, —X) (which we suppose in the following, since it is a natural physical
assumption).

In the case of Hookean dumbbells, it is natural to choose an initial condition ¥ (0, x,.)
which is Gaussian (Va € D) since X is an Ornstein-Uhlenbeck process (by the character-
istic method (see (33) and the beginning of Section 2), and considering the fact that the
drift term is linear). In this case, ¥(t,x,.) is also Gaussian (V¢ > 0 and Va € D). Notice
that if ¢(0,x,.) is not Gaussian, then the results of long-time convergence we will prove
on w and 7 still hold, as soon as uniqueness holds for the time-dependent problem, since
Jra X ® X9)(t, 2, X) only depends on [ra X ® X¢(0,2,X) and u. Therefore, one can
replace the non Gaussian initial condition by a Gaussian random variable with the same
covariance matrix, without changing the values of the macroscopic quantities (u,p, 7). In
the following, in the case of Hookean dumbbells, we suppose that the initial condition is
Gaussian and we complement Equation (17) on ¢ with a decay condition when | X| — oo.

In the case of FENE dumbbells, provided that b > 2, we know that the stochastic
process X solution to (19) does not hit the boundary in finite time (see [18]), so that X
is also the process killed or reflected at the boundary of B(0,v/b). On the other hand, if
b < 2, we know that the SDE (19) is ill posed since it admits many solutions (see |18]).
Thus, we suppose in the rest of the article that b > 2, and we complement (17) with a no flux

!Note that, again in order to simplify the notation, the expressions of the pressure p and of the stress
T have been changed going from the initial non-dimensionalized system (1)—(2)—(3)-(4) to (14)-(15)—(16)-
(17).



boundary condition: ((—Vzu(t, )X + $VII(X))(t, 2, X) + :V(t,z, X)) n(X) =0
(see Appendix B for a more rigorous statement of this no flux boundary condition). By
the considerations above, we also know that 1 is zero on the boundary 95(0, \/B) With
a slight abuse of notation, we denote by v the density defined on B(0,+/d) and also its
extension to R? by zero outside of B(0,v/b). Notice that for technical reasons, we will also
assume that 1y decays like exp(—II) on the boundary of B(0, V) (see (128)).

The boundary conditions on the velocity v will be made precise below. We will consider
either homogeneous or non-homogeneous Dirichlet boundary conditions.

As we are interested in the long-time behaviour of the velocity w and the stress 7 (which
are the physical quantities of interest), we introduce the stationary system associated

with (14)-(15)-(16)—(17):

o (@) Vus(x) = Aus(x) — Vpoo(x) + div 7o (), (20)
div (us) = O, (21)
(@) = /d(X © VII(X)) oo (, X) dX, (22)
R
o () Vb (2, X) = —div x <(Vmuoo(ac)X _ ;VH(X))%@,X))
%Axwoo(w,x*). (23)

This system is complemented with appropriate boundary conditions: for ¥, we impose the
same boundary conditions with respect to X as on 9(¢,.,.) (see above) ; concerning U,
we impose the same Dirichlet boundary conditions as on w (or, as in Section 3.1, their
limiting value when ¢ goes to infinity in case they are not constant in time).

We have not yet made precise the boundary conditions on 9 and 1~ with respect to
the space variable . We simply assume that they are such that Va € 0D,

wy [ o (wi) -0 24

where v denotes the outward normal to D. This equality holds for example if a no pene-
tration boundary condition on u is assumed (u.v = 0 on 9D) and then there is no further
condition on v, or that the dumbbells are at equilibrium outside of D (¢ = ¢ on 0D).

In the following, we refer to the special stationary state corresponding to u., = 0 as the
equilibrium state. Such a state can of course only be reached in the case of homogeneous
(or vanishing in time) Dirichlet boundary conditions on the velocity. In the equilibrium
case, a natural stationary solution to the Fokker-Planck equation is:

exp(— H(X))
fRd exp(—1I(X)) .

Notice that (oo, ¥so) is then a solution to the system (20)—(21)—(22)—(23) (with adequate
boundary conditions on 1, and homogeneous Dirichlet boundary conditions on w).

oo(X) =

(25)

Notation: Throughout the article, t € Ry, * € D and w € Q respectively denote the
variable in time, space and the underlying probability space. Moreover, we only consider
global in time LY spaces. For example, X(x) € L?(L3(L2)) means that X ¢ is a measurable
function of (t,x,w) and that HXt||L2(L2 12)) fR+fD (| X ¢(x)|?) de dt < co. In addition,
for any vector X, | X | denotes the Euclzdean norm of X, and for any matriz Kk, |K| denotes
the norm defined by |k| = sup|x|—1 [k X|. We denote by |D| the Lebesgue measure of the
domain D. For any matriz k, k* denotes the transposed matriz. Finally, we denote by
B(0,p) € R® the ball centered at 0 with radius p > 0.



1.2 The case of a shear flow
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Figure 2: Velocity profile in a shear flow of a dilute solution of polymers.

A simple setting we will consider in Sections 3.1 and 3.3.2 is the coupled system (14)—
(15)—(16)—(17) in the special geometry of a plane shear flow in dimension d = 2 (see
Figure 2). In this case, u(t,z) = (u(t,y),0), where = (0,y) and all the unknown fields
only depend on y. We suppose that y € D = (0,1)2. System (14)—(15)-(16)—(17) then
writes:

u 2U T
G = 5Etn+ ), (26)
oIl
o) = [ (X550 ) vl X)ax, 7
%tb(uy?X) = _£< <<gZ(t,y)Y—;g;(X))w(t,y,XO
o (3o XN X0) + JAxun X), (9

where X = (X,Y) and 7 denotes the (z,y) component of the stress tensor 7. The
stochastic form of (27)-(28) reads:

) = B (X g (X Vi) ) (29
) = (G0¥it) - § gy (X Vi) de +avi (30
| %) = 5o (Xulw). Yily) dt + W, 1)

where X (x) = (Xi(y), Yi(y)) and W = (V;, Wy).

One interest of this particular setting is that a stationary solution such that u is affine,
and 1 does not depend on space can be considered, so that the equations on us and e
are decoupled (it is actually an example where u, can be defined as a homogeneous flow
(i.e. with a constant Vu): see Section 3.3.2 for more generality).

In addition, in the particular case of Hookean dumbbells, the second component Y;
does not depend on space and evolves independently of (u,7,X;). This particular case
of Hookean dumbbells in a shear flow enables us to perform some specific computations,

2The domain D denotes in this case the domain where the second component y of = varies, and is
therefore bounded and regular.



which we cannot generalize to a nonlinear force VII such as the FENE force, or to another
geometry. However, we present in Section 3.1 and Section 3.3.2 some results in this special
case, since we think they have their own interest.

1.3 Outline and summary of the results

We present in the following some results of exponential long-time convergence towards a
stationary state for the velocity w and the stress 7. As a preliminary, we first consider in
Section 2 the long-time behaviour of the stress tensor obtained by (16)-(17) or (18)—(19), for
a given vanishing or constant velocity field. Then, we generalize in Section 3 the methods of
Section 2 to deal with the coupled problem. We first consider in Section 3.1 the long-time
behaviour of the coupled PDE-SDE system (26)—(29)—(30)—(31) for Hookean dumbbells in
a shear flow. We show the exponential convergence of v and 7 towards some stationary
state, under the assumption that the boundary conditions on w converge exponentially fast
to their limiting values (see Lemmas 2 and 3)3. Then we turn to the long-time behaviour of
the coupled system of PDEs (14)-(15)-(16)—(17), in a general geometry and for Hookean or
FENE dumbbells. We first consider the case of homogeneous Dirichlet boundary conditions
on u in Section 3.2, and then the case of non homogeneous Dirichlet boundary conditions
on u in Section 3.3. In the case of homogeneous Dirichlet boundary conditions on u, a
classical entropy method enables us to show the exponential convergence of the velocity u
and the density 1 to their equilibrium values (see Proposition 5). We can deduce from this
the exponential convergence of the stress tensor for Hookean dumbbells (see Proposition 7),
but only a weak convergence of the stress tensor for FENE dumbbells (see Proposition 6).
In the case of non homogeneous Dirichlet boundary conditions on the velocity u, the
situation is more intricate. We have obtained convergence results for (u, ), but we have
not been able to deduce from them any convergence result for the stress tensor. Moreover,
we have only obtained complete results in the case of a homogeneous stationary flow (i.e.
if uso(x) = Vuoox)). If Vue is antisymmetric, the results regarding the exponential
convergence of w and 1 are the same as for homogeneous Dirichlet boundary conditions on
u. On the other hand, for FENE dumbbells and a sufficiently small homogeneous stationary
flow, it is possible to prove the exponential convergence of w and v (see Theorem 2), but
we have not been able to obtain the same result for Hookean dumbbells, nor in the case
of a non homogeneous stationary flow. We have presented in Table 1 a synthetic view of
the main results.

We would like to emphasize that our arguments are partially formal: we assume that
there exists a unique global-in-time solution, regular enough so that the computations are
valid. Moreover, we assume that the density of the process X solution to (19) is regular
enough so that it is the classical solution to the Fokker-Planck equation (17). Concerning
the stationary state (o, Vo), three different situations will occur in the following:

o cither we define uo and 9o explicitly, satisfying (20)—(21)—(22)—(23),

e or we define uy as an homogeneous flow (i.e. with a constant Vu,), compatible
with the boundary conditions on the velocity, and we then define 1~ as a solution
to (23) which does not depend on @, so that (U, 1) satisfies (20)—(21)—(22)—(23),

e or we have no explicit expressions for any stationary state (teo, Yoo) 80 that (Ueo, Yoo)
is defined as a solution to (20)—(21)-(22)-(23).

30f course, if the convergence of the boundary conditions on u to their limiting values is slower, then
it slows down the rate of convergence of u and 7 to their stationary state.



In any case, we again assume that (U, o) are sufficiently regular, and we may require
some bounds on some norms of these functions to obtain the results of long-time con-
vergence of (u,1) t0 (Uso, V¥o) (see in particular (126)). Notice that we however do not
require a priori any uniqueness result on (U, ), but that the uniqueness of a regular
stationary state (Uoo, Vo) t0 (20)—(21)—(22)—(23) will follow a posteriori from our deriva-
tions. With this limitation in mind, our aim is to prove the convergence to a stationary
state under adequate assumptions.

In this article, we alternate some probabilistic proofs based on some coupling methods
associated with the system coupling the PDE with the SDE (14)—(15)—(18)—(19), and
some analytic proofs based on the coupled system of PDEs (14)-(15)-(16)-(17). Even
if the results we obtain by the probabilistic approaches are less general than the results
derived by using some analytic tools, we think they are interesting since one can see how
the basic assumptions required to obtain exponential convergence to equilibrium (such as
the a-convexity of II) are used differently in the two approaches. Moreover, we think
that the probabilistic proofs which use only the process X are likely to be generalized to
study the long-time behaviour of the discretized problem (by Monte Carlo method, see the
CONNFFESSIT method [27]), whereas the analytic proofs use some nonlinear functionals
of the density of X; which cannot in general be easily expressed in terms of X;.

Let us recall what is known in the mathematical literature either about these micro-
macro models of polymeric fluids, or on the long-time behaviour of kinetic models.

Concerning existence results for micro-macro models of polymeric fluids, they are usu-
ally limited to small-in-time existence and uniqueness of strong solutions (except in the
very special case of Hookean dumbbells in a shear flow [19]): on the coupled PDE-SDE
system (14)—(15)—(18)—(19) let us mention [20] (FENE model in shear flow, b > 2 or b > 6),
[13] (for a polynomial force), [33] (FENE model, b > 76 in dimension 3); on the PDE cou-
pled system (14)—(15)—(16)—(17), let us mention the early work [29] (not for FENE), and
also [21] (for a polynomial force). However, in a recent work [4], the existence of a global
weak solution to the coupled PDE system for the FENE model with b > 10 is proven, with
a smoothing operator applied both on the velocity in (17) and on the stress tensor in (14).

Concerning methods to analyze the long-time behaviour of kinetic models, there are
many works, especially devoted to the analysis of the Boltzmann equation (which is much
more complicated than the Fokker-Planck equation (17)). We would like to mention the
survey [14] on entropy methods for PDEs, and also [24, 10, 2|. See also [3| for a dis-
cretization in time which preserves the exponential convergence towards equilibrium. In
many of these works on the Fokker-Planck equation, it is assumed that the stationary
state satisfies the detailed balance (see Section 2.1 for a definition), or at least that ¥
is explicitly known, while in our framework, this is not necessarily the case (in particular
if the stationary flow is not zero, see Section 3.3). Concerning probabilistic methods to
study the long-time behaviour of such systems (coupling methods), we refer to [1] and also
to [22, 25, 26].

Concerning the long-time behaviour of micro-macro models of polymeric fluids, let
us mention the paper [12] (which contains some remarks on the long-time behaviour of
the decoupled system for FENE dumbbell) and also many works about liquid crystal
polymers [8, 7, 23| (decoupled system) and [28] (coupled system).



2 The decoupled case: long-time behaviour for a given ve-
locity field

In this section, we consider that the velocity field is given and regular enough so that the
vector field u (¢, x) can be integrated, i.e. there exists a unique solution x(t,xo) to:

dxz(t)
o u(t, x(t)),
x(0) = xo.

It is then easy to check that, for a given @y, if 1) and X satisfy respectively (17) and (19),
then ¢(t, X) = ¢¥(t,z(t,xp), X) and X; = X(x(t, x9)) satisfy respectively:

%f(t, X) = —div <<G(t)X — ;VH(X)> W(t, X)) + %A@Z(t, X), (32)
- - 1 -
dX; = <G(t)Xt - 2vn(xt)> dt + dW, (33)
where
G(t) = Vu(t,z(t,zo)) (34)

and with initial condition 1/;(0, X) =¢(0,z9, X) and X, = Xo(xp). We fix g and omit
the tilde in the remaining of this section. Note that the same Brownian motion W drives
X; and X since W does not depend on the space variable x (see [16] for a discussion
of the modelling, mathematical and numerical issues raised by the dependency of the
Brownian motion on ).

Remark 2 (On homogeneous flows) If the boundary conditions on the velocity in (14)-
(15)-(16)-(17) are such that w is a so-called homogeneous flow (i.e. there exists a tensor
K(t) such that u(t,x) = Kk(t)x), it is indeed natural to consider a solution v (resp. Xy)
to (17) (resp. to (19)) which does not depend on space. Classical examples of homogeneous

flows (see for example Chapter 3 in [5]) are shear flows for which k(t) = [ 0 4() },

0 O
ét)y 0 0
and elongational flows for which k(t) = 0 mé(t) 0 , with typically
0 0 —(14+m)é(t)

m € {-0.5, 0, 1}.

If ¥ or Xy do not depend and space, then the stress tensor T does not depend on space
either, so is divergence free and (u, ) (resp. (u, X¢)) is a solution to (14)—(15)-(16)-(17)
(resp. to (14)-(15)-(18)-(19)). Therefore, if the boundary conditions on the velocity are
compatible with a homogeneous flow w, it is indeed natural to suppose that the velocity field
s given independently of ¥ or Xj.

We are especially interested in the long-time behaviour of the stress tensor T defined
either by (16) or (18). In Section 2.1, we recall how entropy methods allow to obtain
some information on the long-time behaviour of ¢ solution to (32). We then show how the
long-time behaviour of 7 can be deduced from that of ¢ (Section 2.2), or studied using
only the SDE (33) satisfied by X, and not the density 9 (Section 2.3).

The aim of this section is to introduce the methods that will be used in the coupled
case (namely the entropy methods, and the coupling methods), and to illustrate the role
of the a-convexity of II.
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2.1 Entropy methods on the Fokker-Planck equation: convergence for
a constant Vu

In this section, we consider the special case of a steady homogeneous velocity field (G(t) =
K is constant) and we recall some classical analytic methods based on the Fokker Planck
equation (32) to show the exponential convergence to 0 of (1) — 1)), where 1o, is defined
as a stationary solution to (32). This section is based on [2].

2.1.1 Definition of the relative entropy
A natural tool to analyze the long-time behaviour of v solution to (32) is the relative

entropy
0= [ (2R v ax, (33)

where h : R — Ry is a strictly convex C? function, such that h(1) = 0 (see [2]). The
following functions are typical examples of entropy functions:

h(z) = zln(z) — (x — 1), (36)
hz)=2P —1—p(z—1) with 1 <p <2. (37)

Notice that since by convexity h(z) > h/(1)(x — 1) with equality if and only if x = 1,
H(t) is nonnegative and, if 1(t,.) # 1o, positive. Using (32) and that 1) is a stationary
solution to (32), H can be shown to satisfy:
2
B <¢> Yoo, (38)

dd 1 K3

thus is a decreasing function. Notice that (38) does not require more than 1., is a sta-
tionary solution to (32): no explicit expression for 1), is needed. For a rigorous derivation
of (38), we refer to Appendices A and B.

As soon as a functional inequality of the type: V¢ s.t. ¢ > 0 and fRd o=1,

e LR @ @

Voo

holds for some constant C' (which of course depends on 1), Equation (38) then implies:

10 < HOew (- 55). (10)

with the same constant C', thereby showing the exponential decay of H to zero, which
is a measure of the convergence of 1 to 1. More precisely, in the special case h(z) =
xIn(x) — (x — 1), using then the Csiszar-Kullback inequality: V¢, oo S.t. @, 1o > 0 and

Jra ¢ = Jpi oo =1, 2
</Rd|¢—woo) §4/w¢ln(@zﬁo>’ m

we obtain the convergence in Li-norm of (¢, X) to 1oo(X) at an exponential rate.

Actually, as soon as h is a strictly convex function, such that hA(1) = 0 and (#)H <0
(which is true for (36) and (37) and will be a natural requirement, see below), an inequality:

Vo, thoo St @000 > 0 and [ga @ = [ga Voo = 1,

(o) < L)

11



holds for some positive constant C' (see Equation (2.26) in [2]). We will see in Section 2.2
(see Propositions 2 and 3), how the exponential convergence of the stress tensor to its
equilibrium value for Hookean or FENE dumbbells can be deduced from the exponential
convergence in L norm of ¥ (¢, X) to ¥ (X).

We therefore see that the crucial ingredient to prove the exponential decay (40) of H
to 0 is the functional inequality (39). Let us now consider two cases: kK = 0 or K # 0.

2.1.2 The case k = 0: a direct proof of (40)

If kK = 0, then, as already mentioned in the introduction, ¥, o exp(—II) is a stationary
solution to (32). In this case, 1« satisfies the detailed balance in the sense that it solves
not only (32) but indeed:

<—nX + ;VH(X)> Voo (X) + %Vwoo(X) — 0. (42)

In this case, one way to prove (39) is indeed to prove first (40) for any initial condi-
tion (0, .), choose 1(0,.) = ¢ and next consider an expansion of H around 0.

Remark 3 The functional inequality (39) is actually equivalent to the fact that the in-
equality (40) holds for any initial condition 1 (0, X). To be more precise, the fact that (39)
holds for any density ¢ is equivalent to the fact that the inequality (40) holds for any initial
condition ¥(0,.) = ¢, where H(t) is defined by (35), with ¥ solution to (32), with G =0
and IT = — In(¢o).

In 2] (see Theorem 2.16), it is proven that (40) holds under the following assumptions:
. (%)” < 0 (which we assume henceforth, and which is true for (36) and (37)),
e IT is a-convex,

o 1) satisfies the detailed balance (42).

The proof consists in computing ‘{jT’j and uses in particular the fact that H(¢(t)) converges
to H (1) as time goes to infinity, a fact that can be independently proven under the same
assumptions as above (see Lemma 2.11 in [2]). Therefore, we have both proven that
if kK = 0, then H(t) converges exponentially fast to 0 and the following general result:
for any density ¢, if —In(¥)s) is a-convex, then (39) holds for 1. More precisely, if
—In(vso) is a-convex, (39) holds with a positive constant C' such that (see [2] Corollary
2.18):

C< (43)

1
200
2.1.3 The case k # 0: a perturbation result to prove (39)

Let us now consider the case of a constant non zero x. Compared to the case K = 0,
Equation (38) still holds but ¥ may now not satisfy the detailed balance (42), nor be
explicitly known. Then, the natural way to prove (40) is to prove first (39). The fact
that —In(¢s) is a-convex is a sufficient but not necessary condition for (39) to hold.
In the case when —In(¢) may not be a-convex, a perturbation result can be used to
prove (39). Let us concentrate on two functions h: (36), and (37) for p = 2. In the case
h(z) = xzln(z) — (x — 1), the functional inequality (39) is called a logarithmic Sobolev
inequality with respect to 1o (and we denote Crsi(¢s) the constant C' for which (39)
holds). In the case h(x) = 22 — 1 — 2(z — 1), the functional inequality (39) is called

12



a Poincaré inequality with respect to ¥« (and we denote Cpi(¢oo) the constant C for
which (39) holds). In both of these cases, we have the following perturbation result (see [1]
Theorem 3.4.1 p. 49 and Theorem 3.4.3 p. 50, see also Theorem 3.2 in [2] for a generalization
to any function h):

Lemma 1 If a logarithmic Sobolev inequality (resp. a Poincaré inequality) holds for o o
exp(—II) with a constant Crsi(Yeo) (resp. Cp1(Vso)) and if I is a bounded function,
then a logarithmic Sobolev inequality (resp. a Poincaré inequality) holds for the density
Voo exp(—II+11) with a constant CLSI(i;) < CLsi(¥eo) exp(20sc(I)) (resp. a constant

Cp1(thoc) < Cpi(thso) exp(20sc(I)) ) where
osc(II) = sup(II) — inf(IT) (44)
denotes the oscillation of I1.

Let us show how this result can be used to prove the exponential decay of H to 0 in
the case of a constant G = Kk # 0. As already mentioned, Equation (38) still holds, but
the point is (39). These are three situations where we are able to prove (39) and therefore
the exponential decay of H to 0:

e The tensor k is antisymmetric, II is a-convex and we choose ¥ o exp(—II) as
a stationary solution to (32). Then by the a-convexity of —In(¢s), (39) holds.
Therefore one obtains the exponential decay of H to 0. Note that in this case, ¥
does not satisfy the detailed balance (42).

e The tensor K is symmetric, II is

— the FENE potential,

— or the Hookean potential and then we assume that the eigenvalues of Kk are
strictly smaller than 1/2,

and we choose 9o (X) o exp(—II(X) + X.k X)) as a stationary solution to (32) (in
this case, ¥ satisfies the detailed balance (42)). In the case of FENE dumbbells,
Lemma 1 shows (39) since osc(X.kX L xi< v5) < 0. Therefore we have proven the
exponential decay of H(t) to zero for FENE dumbbells and for any symmetric k.
For Hookean dumbbells, (39) holds for some constant C' as soon as [ exp(—II(X) +
X.kX) < co. Indeed, this is equivalent to the fact that the eigenvalues of Kk are
strictly smaller than 1/2, and implies that —II(X) + X.kX is a-convex.

e The matrix k is arbitrary, and 1 is defined as a stationary solution to (32) which
satisfies osc (ln (exgj(%n))> < 0o. Then by Lemma 1, (39) holds and therefore H
decays exponentially fast to zero. A natural question is then: is it possible to build a
stationary solution to (32) which satisfies osc (ln <exff%n>)) < 00. This can actually

be done in the FENE case, under the additional assumption that the symmetric part
of Kk is small enough (see Proposition 10 below).

Let us summarize the results of this section in the following:

Proposition 1 If1) is a solution to (32) with G(t) = k = 0 and II is a a-convex potential,
then the entropy H defined by (35), with ¥ o exp(—II) converges exponentially fast to 0.

Moreover, we have shown that the exponential decay of H to 0 also holds in the following
cases:

13



e for any a-conver potential: if Kk is antisymmetric and oo o exp(—II),

e for any a-convex potential, any matriz K, and Vs s a stationary solution to (32)
such that osc (111 (%)) < 00,

e for FENE dumbbells: if k is symmetric and oo < exp(—II + X .k X),

e for Hookean dumbbells: if k is symmetric with its eigenvalues smaller than 1/2 and
oo o exp(—II+ X .k X),

o for FENE dumbbells: for any & such that the symmetric part of & is small enough, for
a regular Voo built in such a way that osc <ln (%)) < 00 (see Proposition 10).

In all the above cases, by the Csiszar-Kullback inequality (41), the exponential con-
vergence of the entropy H implies the exponential convergence to 0 of the L& norm of

(¢(tv ) - ¢oo)

Remark 4 In any case, the convergence of H to 0 implies the uniqueness of a reqular
stationary state Voo, by uniqueness of the limit.

2.2 Long-time convergence of the stress tensor
2.2.1 Polynomial growth of X, ® VII(X,)

We first show that under some assumptions on G(t), the growth in time of the L}, norm
(1 <r <o0)of X;® VII(X,) is at most affine, for Hookean and FENE dumbbells.

Proposition 2 (Polynomial growth of X; ® VII(X,)) In the case of Hookean dumb-
bells, if G(t) is in LY for some p € [1,00), then, for all v € [1,00), IC, M >0, Vt > 0,

30, M >0, Vt > 0, (E|X, ® VII(X,)|)"" < C + Mt. (45)

0 V()

In the special case of a shear flow for which G(t) = [ 0 0

}, a sufficient condition is

that V € LY for some p € [1,00].
In the case of FENE dumbbells, if G(t) is in L? + L$°, then (45) holds for all v €
p

(1,b/2 — 1) provided that there exists ap > r, s.t. E (m) < 00.

Proof : For the Hookean case, since VII(X) = X, one only needs to estimate IE|X|?"
and since X is Gaussian, it is enough to estimate IE|X|?. The result then follows from
Ito’s calculus on | X¢|?: Vt > 0,

t
E|X? < E| X, +/ (2|G(s)| — D)E|X,|*ds + td.
0

Therefore, E|X;[> < E|Xo[2e*®) + d [} D) ds with A(t) = [ 2|G|(u)du — t. The
fact that supgcscicoo(A(t) — A(s)) < oo if G(t) is in LY for a p € [1,00) concludes the
proof. The special case of a shear flow can be treated straightforwardly.

For the FENE case, the proof is contained in Lemmas 2 and 3 in [20]. It is based on
a Girsanov transform to treat the L? part of G(t), and on an adaptation of the proof of
Lemma 2 to deal with the L§® part of G(t). &
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2.2.2 Exponential long-time convergence of the stress tensor

In Section 2.1 (see Proposition 1), we have shown that if G(t) = k = 0, ¥(t, X) solution
to (17) converges in Li-norm to 1o0(X) exponentially fast (for any a-convex potential I
and therefore for Hookean and FENE dumbbells). By Proposition 2, we know that for
FENE or Hookean dumbbells if G(t) = k = 0, then the L], norm (1 < r < o0) of
X ® VII(X) has a polynomial growth (under adequate assumptions on the initial condi-
tion and b). We now prove the exponential convergence of the stress tensor under these
assumptions by using the following result:

Proposition 3 (Exponential convergence of the stress tensor) We suppose that ¥ (t, X)
solution to (17) converges in L}X—norm to Voo (X)) exponentially fast (or equivalently that

the law of Xy solution to (19) converges exponentially fast in variation to Veo(X)dX ). In
addition, we suppose that there exists some q¢ > 1 such that

/ X @ VII(X)| % (X) dX < o0,
Rd

and that the growth in time of the LL, norm of Xy ® VII(X,) is polynomial: there exists a
polynomial P, ¥t > 0,
E|X,; ® VII(X,)|? < P(t).

Then the stress tensor T(t) defined by (16) or (18) converges exponentially fast to

Proof : 'This simply results from the Holder inequality:

‘ X VIIX)(6(t, X) - %(X))\ < [ 1X VIO[ (0 X) - 6 (X)
R R

< ([ xevmeop e —ueol) ([ wex) )

1/p

1/p

< (exemmer s [ xemneome. o) ([ wex) - uwx)

Since the first term in the right hand side has polynomial growth in time, and the second
term decays exponentially fast to zero, then 7(¢) converges exponentially fast to T7oo.

Notice that by combining the results of Propositions 1, 2 and 3, we have also shown
the convergence of the stress tensor for FENE dumbbells if G(¢) is constant, for example.

2.3 A coupling method on the SDE: convergence for a vanishing Vu

In this section, we want to briefly mention a coupling method to study the long-time
behaviour of X solution to (33), that we will then extend to the coupled problem, at
least in a simple case (see Section 3.1). We here refer to [17]. We suppose! that |G(t)| <
Cexp(—at). The idea is to introduce the stationary process X7° solution to:

1
dX5° = <—2VH(X§°)> dt + dW, (46)

“If the convergence of |G(t)| to zero is slower than exponential, our arguments show the convergence of
[X:— XLk to 0, but with a slower rate.
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with X3 a random variable independent from W, with law exp(—II(X))dX. Note that
the Brownian motion W is the same than in the SDE (33) satisfied by X ;. By substract-
ing (46) to (33), one can then show the exponential long-time convergence of || X —X7°|[
to 0 (for any k > 1). The key inequality in this approach is:

(X — X7).(VII(X,) = VII(X(9)) > al X — X, (47)

which is the a-convexity of II. We refer to [17] for the details, and the proof of the
convergence of the stress tensor by this approach.

Remark 5 Notice that by this simple coupling method, the convergence of the law of Xy to
exp(—II(X)) dX is obtained in the Wasserstein distance Wy, for k > 1, but not in variation
(i.e. for k=0).

3 The coupled case

We now are in position to study the long-time behaviour of the coupled system (14)-
(15)-(18)—(19) (in Section 3.1) or (14)—(15)—(16)—(17) (in Sections 3.2 and 3.3). We shall
consider three settings. In Section 3.1, we use the coupling method introduced in Sec-
tion 2.3 to prove the exponential convergence to equilibrium in the simple case of Hookean
dumbbells in a shear flow. This method does not seem to apply to a more general frame-
work. In Section 3.2, the entropy method introduced in Section 2.1 yields the exponential
convergence to equilibrium, in the case of homogeneous Dirichlet boundary conditions on
the velocity u. We then consider the case of non homogeneous Dirichlet boundary con-
ditions on w in Section 3.3 and show how for the FENE model, an appropriate estimate

on V (ln (%)) allows to conclude. The latter holds for the FENE model under the

additional assumption u« is homogeneous (see Proposition 10).
3.1 Long-time behaviour for the Hookean dumbbells model in a shear
flow by a coupling method

In this section, we consider the coupled system (26)-(29)-(30)-(31) for Hookean dumb-
bells (5) in a shear flow. The process Y;(y) is here defined independently from (u(t,y)), X¢(v)),
and there is only a coupling between u(t,y) and X¢(y). We complement (26)—(29)—(30)-
(31) with the following initial conditions: u(0,y) = uo(y) and (Xo(y), Yo(y)). We suppose
that (Xo(y))o<y<1 and (Yo(y))o<y<1 are independent random fields belonging to L3 (L2).
We assume in addition that (Xo(y), Yo(y))o<y<1 is independent from the two dimensional
Brownian motion (V;, W;). We also complement this system with Dirichlet boundary con-
ditions on u: u(t,0) = fo(t) and u(t,1) = fi(t). We suppose that

lim fo(¢) = ao lim f1(f) = a1, (48)
t—o0 t—o0
so that the asymptotic state for the velocity is expected to be
Uso(y) = ao + y(a1 — ap). (49)
Correspondingly, we introduce the processes (X;°,Y,>°) solution to the following SDE:
1
dX° = ((a1 —ag)Y™ — §Xt°°) dt + dV;

1
AYp© = —SY70dt+dW,
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with initial condition which ensures that (X7°,Y,>°) is a stationary Gaussian process not
depending on y:

— 2 _
(X(°,Yy) is independent from (V;, W) with law N 0 , L+ 2(a1 = a0)” (a1~ ao) .
0 ((11 — CLo) 1

In addition, we choose (X§°, Y;°) such that
(X§°, Yy©) is independent from (Yy(y))o<y<i- (50)

The stress IE(X;Y};) is expected to converge to 7o = E(X§°Y;®) = a1 — ap. The triple
(Uoo, X°,Y™®) is a solution to the following system:

0 — 0% Uoo n O0To
o Oy2 oy’
Too = E(X°Y),
0
AX® = &YOO——X dt + dV;,
8y

with boundary conditions us(0) = ag, us(l) = a1, and where 7o does not depend on
time and space, since (X°°,Y ) is a stationary process not depending on space. We are
able to prove the convergence to the stationary state (tso, Too) Where uq is defined by (49)
and 7o = a1 — ag:

Lemma 2 By construction, ||Yi(y) — YtOOHL2(L2) converges exponentially fast to zero. We

assume in addition to (48)-(50), that fo, f1 € loc "(Ry) and
Jim folt) = Jim fi) =0, (51)

where f denotes the derivative of f with respect to time. We have then convergence of
(u, X) to (Uoo, X°) as t — 00 in the following sense:

—00
Jim [ X (y) = XN Lz ) = 0,
In particular, the stress IE(X;(y)Yi(y)) converges to Too = a1 — ag in LzlJ as t — 00.

Proof : In this proof, C' denotes various positive constants independent from the data.
Using the explicit expressions of Y;(y) and Y,*, it is easy to check that

1Yily) = Ylliaez) = IYo(y) = Yeolloacuzye /2 (52)

We introduce
a(t,y) = fo(t) +y(f1(t) — fo(t))
and X; defined by:

l\D\H

Xt:X(C))OJF/Ot ((fl(s)—fo(s)) ) ds + Vj.

We clearly have:
[ — ool Lz < C ([ fo(t) — aol + [f1(t) — ar]) . (53)
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Moreover, it is easy to show that
d s 0|2 % 00 % 00 (|2
21X = X3y < (20/6(8) = aol +1£1(8) — aa)|1X = X¥|lzz — 1% = X3, ).
so that
d s 9] L5 00
21X = X%z < ( (fo(®) = aol +|£1(t) — ar]) = S IX = X¥zz |,
and .
IX = X% e < /0 (Ifo(s) = aol + [ f1(s) — a1]) exp(—(t — 5)/2) ds. (54)
By Lemma 3-(ii) below, we therefore obtain:
lim |X — X2 = 0. (55)

It remains now to compare X with X: and u with @. Notice that, since X and Y do not
depend on space, (u — @) and (X — X) are solution to:

u—1i 2 U — 1 T—7 . . .
XDy = a%ﬁ&m " W(t,m — (folt) + y(A(H) = folt))), (56)
T(ty) = E(X(y)Yiy), (57)
Ft) = E (XthOO> , (58)
| =R (S - Grove) - 000) - X, (59

We multiply (56) by (u — @) and (59) by (X — X). Using that (u — @) is zero both for
y =0 and y = 1, and the fact that fy and f; are bounded functions, we obtain:
1d . ~
Sq (HU - UHQLg + [| X — Xt||%5(Lg))

—a 2 ~ . ‘ .
- _Ha(uﬁy) _;HXt_Xt”%z(La)—/(fo(t)+y(f1(t)—fo(t)))(u_a)

Ly
- [ (xiwme - x) 2D [E (Geavio) - SO ) - %)
O (=l =ity = 11X = KuliEg iz + (ol + Lfal)llw =l )

+ B (00 - 00 - 1) G0+ [ B (it - v79) L 0.)

< C (‘Hu - @H%g — || X¢ — Xt”%%(La) + (| fol + [AiD e — @l 2 + e 2 X; - XtHLZ(LE,)) ;

IN

where we have used the fact that,

[ B (i) - v) L)~
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This holds since E (Xt(Yt(y) — Yt°°)> does not depend on y, which can be checked us-
ing (50) and the explicit expressions of Y, ¥;>° and X,. Therefore,

d B ~
= (= a2 + 1% = Xl 1z )

~ 12 v |12
< O = llu—allzs = 1Xe = Xellzzz2)
+(lfol + 1A+ e (lu = il g + 1 — Kellzz2)))
~ 12 v |12
< O( ==l — 1% - Kellz e

. . i . _
+V2(fol + | fil + 7 )\/Hu - UH%; + 1 X - XtH%;(L%))'

We then obtain that

t
\/HU — |2, + 1 X — Xil20 12y S C | (ol + A+ e ) exp(=C(t — 5)) ds.,  (60)
Yy y( w) 0
thus, using Lemma 3-(ii) below:
Jim flu —af| gz + 1% = Xill 2222y = 0. (61)
For the stress, we have:
[ IECwYiw) - By
< [EN@EE - X+ [ BXETGE) - 1)
< Yillpzre)1Xe = X0l rz 2y + 1X° 22 1Ye — Yol 2 (r2),

and the right-hand side converges to zero by (52), (55) and (61). &

Lemma 3 Let k € L] (IR.) be a positive function, o > 0, and h a function defined by:

loc

h(t) = /0 exp(—a(t — 5))k(s) ds.

(i) If we assume that k € LP(R,), with 1 < p < oo, then h € WYP(IR,) and therefore

(11) If we assume that limy_, k(t) = 0, then lim;_,o h(t) = 0.

C
wi) If we suppose that 0 < k(t) < Ce™Pt with > 0 and a # (3, then h(t) < ———e 0t
la — |

Proof : 'To prove assertion (i), one can check, using Holder inequality and Fubini Theorem,
that h € LP(Ry) if k € LP(R, ). Therefore, h(t) = —ah(t) + k(t) is in LP(IR). The fact
that h € WHP(IR) then implies that lim; .o, h(t) = 0. For assertion (ii), let us introduce
€ > 0. There exists T' > 0 such that Vs > T, 0 < k(s) < e. Dividing the integral defining h
into two parts (on (0,7") and on (7', t)) and letting ¢ go to co allows to conclude. Assertion
(iii) is obtained by a simple computation. &
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Remark 6 (On other assumptions on fy and f1) Using Lemma 3-(i) and the esti-
mates (52)-(53)-(54)-(60), one can also show that the results of Lemma 2 hold under the
following hypothesis alternatively to (48)-(51): (fo(t) —ag) € WHP(RL) and (f1(t) —a1) €
WIP(R,), for some 1 < p < oo.

In addition, by the same arguments and Lemma 3-(11i), it can be shown that if fo, f1 €
VVIOC (Ry) and (fo(t) —ao), (f1(t) —a1), fo(t) and fi(t) converge ezponentially fast to 0,
then the convergences stated in Lemma 2 are also exponentional.

We are not able to extend the above arguments to the case of a nonlinear force (like
the FENE force for example) or that of a geometry which is not a shear flow. In the next
section, we present a more general approach, which requires to manipulate the density
¥(t,.) of the process X.

3.2 Convergence to equilibrium by the entropy method for homogeneous
Dirichlet boundary conditions

In this section, we focus on the convergence to equilibrium (uoo = 0, oo (X)) o exp(—II(X)))
in a more general setting than in Section 3.1: we consider the long-time properties of the

system (14)-(15)-(16)—(17) in a general geometry D and for any radially symmetric a-

convex potential IT (8). However, we restrict ourselves to homogeneous Dirichlet boundary

conditions on the velocity: w = 0 on dD. The case of non homogeneous Dirichlet boundary

conditions is postponed to Section 3.3.

3.2.1 An energy estimate

The energy estimate we have used to study the coupled PDE-SDE system in the case of
a shear flow (see [19, 20]) can be established formally for any geometry. Multiplying (14)
by u, we have (using w = 0 on 9D):

2dt/| /'v“‘2 /]EXt®VH 1) : Vu (62)

On the other hand, by Ito’s calculus,

d

th(H(Xt))+u'va(H(Xt)) E(VII(X¢). VUXt)—1 E(|[VII(X t)”Q)‘F%]E(AH(Xt))'

(63)
We thus obtain the following energy estimate:

i (5 L [maxa)+ [ var g [ Eqvncor - [ eanx
>

Notice that we have supposed that V& € D, Vt > 0, f(f (IVII(X)||?) ds < oo to erte

that the local martingale fot VII(X;).dW 4 has zero mean, and that we have used the
symmetry of the stress tensor to write: vVt > 0,

E(X,® VII(X,)) : Vu = E (VII(X,).Vu X,) . (65)

The latter symmetry holds by construction for a radially symmetric potential II. To get
rid of the advective terms, we have also used the fact that divu =0 and u = 0 on 0D.

In the case of a shear flow, both for Hookean dumbbells (see Section 3.2 in [19]) and for
FENE dumbbells (see Lemma 4 in |20]), we have checked that these formal computations
can be rigorously justified. In the case of a more general geometry and a general potential,
they hold true as soon as we assume we manipulate a regular enough solution.
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It is not clear how to use the a priori estimate (64) for studying the long-time behaviour,

1
since the term 2/ E(AII(X,)) on the right-hand side is positive by the strict convexity
D

of IT (it is equal to @ for Hookean dumbbells). This term “brings energy” into the system.

In Section 3.1, we had been able to get rid of this Itd term by using a coupling method
that we are not able to generalize here. The aim of this section is to show that the use
of a free energy (see (70) below) instead of the energy (64) also enables to eliminate this
term and allows to study the convergence of the system to equilibrium. However, contrary
to the energy inequality (64) that can be stated either in the stochastic form or using the
probability density function v, the free energy tool seems to be restricted to the analysis of
the system in the Fokker-Planck form (14)-(15)-(16)—(17) since we introduce an entropy
of the probability density function ¢. The latter cannot be simply expressed in term of
the stochastic process X;.

3.2.2 Entropy and convergence to equilibrium

Let us first introduce the kinetic energy:
1 2
Bty =5 [ lu? (66)
D

As we have already mentioned, we have (see (62)):

% — _/D|Vu|2_/D/Rd(X®VH(X)) : Vu. (67)

We now introduce the entropy of the system (in fact the relative entropy with respect
t0 Yo ), namely:

H{t) = /D Rd¢(t,m,X)ln(W> (69)

_ //dH(X)w(t,a:,X)—i—/ (b, X) (@, X)) + C
D JR D JR

with
exp(~TI(X)

" Jpaexp(—TI(X))’

Voo (X)) (69)
and C' = In( [pa exp(—II(X)))|D|.

After some computations (which will be detailed in Appendix A for a more general
case), we obtain:

WL e

dt 2 Jp Jrd Voo
Remark 7 (Boundary terms) While deriving this estimate, some boundary terms ap-
pear due to integrations by parts (see (124) and (125) in Appendiz A). To justify (70), we

need these boundary terms to be zero. This is clear for Hookean dumbbells, but it requires
in the case of FENE dumbbells some assumptions on 1o and on Vu (see (128) and (129)).

2
" /p /Rd(X ® VII(X)) : Vup. (70)

Therefore, if we consider the free energy of the system F'(t) = E(t) + H(t), we have:

L ] fon () et f L)
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= 0. (71)




The comparison of (71) with (64) reflects the fact that the free energy rather than the
energy is the quantity to consider.

On the basis of (71), we now proceed further. First, we are able to prove the uniqueness
of the stationary state:

Proposition 4 The unique stationary solution to the coupled problem for homogeneous
Dirichlet boundary conditions on the velocity is:

U= U =0 and 1 = oo o exp(—II).

Proof : 1t is easy to check that (#so,¥x0) is a stationary solution to the coupled problem
for homogeneous Dirichlet boundary conditions. Equation (71) implies that any stationary
state is equal t0 (Yoo, Vo). %

In addition, we may prove the convergence to equilibrium:

Proposition 5 Consider a solution to the coupled system (14)-(15)-(16)-(17) in the case
of homogeneous Dirichlet boundary conditions on the velocity, and for some a-convex po-
tential II. Then w converges exponentially fast in L2 norm to us = 0 and the entropy

/ / Yln <1;p>, where oo o exp(—II), converges exponentially fast to 0. Therefore 1
D JR? oo

converges exponentially fast in L?B(L}X) norm to Peo.
Proof : Inserting in (71):

e the Poincaré inequality®: Vu € HJ (D),
[ 1uP <) [ 1vup (72)
D D

e and the Sobolev logarithmic inequality for 1., which holds since the potential II is
a-convex (see [1, 2] and Section 2.1): V¢ s.t. ¢ >0 and [¢ =1,

() <omon ()

dF
we obtain o < —CF, with C = min (CPIQ(D)ﬂ ZCLSIl(woo)> and therefore exponential con-

2
; (73)

vergence of F' to 0. This also implies the exponential convergence of |[ul/z2 to 0.
The Csiszar-Kullback inequality (41) allows to obtain the exponential convergence of ¢
t0 Yoo in L2(L%)-norm. &

Remark 8 (On other possible entropy functions) In Section 2.1, we have shown that
the entropy method can be applied to study the long-time behaviour of the Fokker Planck
equation, with different forms of entropy (i.e. different functions h with the notation of
Section 2.1). The question might be asked whether it is also possible to study the coupled
system (14)-(15)-(16)-(17) with another entropy that the one we have chosen to consider,
namely h(z) = zln(z) —z + 1.

5To be consistent with the notation of Section 2.1, this inequality is a Poincaré inequality with respect

to the density ‘1,% and Cp1(D) = 2Cp1 \%)\ .
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In order to clarify this, we consider the case of a shear flow with homogeneous Dirichlet
boundary conditions on the velocity (see Section 1.2), and perform the same computation
as above in the case of a general entropy function h. We thus obtain:

2
h' <¢> P
Voo )

OCHIRNEREIEEIIE

e (-0 (L) )
instead of (71).

The right-hand side of (74) does not identically vanish nor has a sign, unless h'(x) —
h(z)/xz =1, which yields, with h(1) = 0, h(z) = x1n(x). Notice that this function h defines
the same entropy H as for our choice h(x) = xIn(z) —x + 1. Therefore, it seems that the
“adapted” entropy function for the coupled system is indeed h(x) = xzln(x) — x + 1. Such
an argument, illustrating the coupling between the momentum equation on the velocity and
the Fokker Planck equation through the stress tensor, determines the entropy to consider.

One could argue that the expression (16) of the stress tensor has actually been derived
from the entropy function h(x) = x1n(x) —x+1, by the principle of virtual works (see [11],
Section 3.7.5 page 75). But the Kramers expression (16) for the stress tensor may also be
obtained independently from a specific choice of entropy using simple physical arguments
(see [11], Section 3.7.4 page 72, or [27], Section 4.1.2 page 158). In the latter case, the
consideration of (74) somehow determines the entropy.

3.2.3 Convergence of the stress tensor
In this section, we would like to extend the results of Section 2.2 in the coupled framework.

Additional difficulties appear since ¢ now depends on the space variable x.

The case of FENE dumbbells Let us start with the FENE model. We have only been
able to show the “convergence” of the stress tensor in a very weak sense:

Proposition 6 In the FENE model, if b > 2, for homogeneous Dirichlet boundary condi-
tions on the velocity w, we have

oo
/ / |T(t, ) — Too(x)| < 0. (75)
o Jp
To prove Proposition 6, we will need the following Lemma:

Lemma 4 Let us consider the FENE potential I1(X) = —% In ( - %) Then, if b > 2,
there exits n < 1 and C;, > 0 such that,

VX € B(0,Vb), 0 < ATI(X) < 5|VII(X)|? + C,. (76)
Proof :  Simple computations give: Ve > 0,
d+|X|?(2—d)/b

A= T e
_ A IXPR-d)fb, L AHIXPR-d)/b,
(U= [XPp2 e T X
_ A+ @—d)(b—¢)/b | X |2 L4
- b (- IXPR T (/b
2—¢€2-d)/b d
< b(_)/yvn(x)\%r (02
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When € goes to 0, M

goes to 2/b < 1 and this concludes the proof. &
Remark 9 Using Lemma 4 and a localization argument, it is possible to rigorously prove
that (64) holds for FENE dumbbells, without assuming a priori that Y& € D, ¥Vt > 0,
JYB(|VII(X,)|?) ds < .

We are now in position to prove Proposition 6.
Proof : In this proof we denote by B the ball centered at 0 with radius v/b. Using
Hoélder inequalities, we have: Vt > 0,

//|rsa: @l = [ ] e s X0 - vn(X)
< N /b\ (s, X) — Vel X))
< / / ( f@ff/b2|w<s,w,x>—ww<x>|>l/2 ([ 1230 ~w0)
3/4
<[ /D<Bm2|w<s,x,X>—wm<X>|)g/3 (L(/BW(&%X)—%(X)OZ)

We know by Proposition 5 that there exists 8 > 0 such that Vs > 0,

/p </B [ls, @, X)) — %o(X)I)z < Ce P,

For the first term in the right-hand side of the inequality, we have:

Ay

XX |?

2/3
T X[2/b (s, x, X) — %o(X))

2

2/3
XX X
< |DI/3 X) — oo(X
X, 0 X, |? XoX | 28
< |pV/3 / E Poo(X .
& ( o [T XL/ T x| X
XoX |
If b > 2, it is easy to check that % Yoo (X)) < 00. Therefore, we have:
s|1—[X]2/b

o\ 1/2
) e P/t s |,

/Ot/ph'(s,w) —Too(z)| <C 1+/0t (/D]E 1{5\;8257(2—;5

where C' is a constant which does not depend on time.
Let us estimate the second term of the right-hand side:

¢
(el
o \Jp [1—|X[?/b
t X2 1/2
b1/2/ (/ E< | )6—,65/4> 6—,6’3/8d5
p  \(1—[Xs?/b)
X, |2 - 1/2 t - 1/2
bl/2 (/ / < | >e 53/4ds) (/e ﬁs/4ds> )
(1—]X[?/0)? 0
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2\ Bs/4 ' Rl 2 e
e P8 dsg/ </E<S>> e P%*ds
0o \Jp (1 —|X[2/b)?

1/4



Now, since (64) together with (76) in Lemma 4, implies: V¢t > 0,

/ / ( 1—’5(5‘22/19) > <CO@+1),

one easily derives by integration by parts that

[ e (e ’r i) ¢ e <20

which concludes the proof. &

The case of Hookean dumbbells In the case of Hookean dumbbells where X is a
Gaussian random variable, a more precise result than Proposition 6 may be proven.

Proposition 7 In the Hookean model, for homogeneous Dirichlet boundary conditions on
the velocity w, there exists C, 3 > 0, such that ¥Vt > 0,

/ IT(t, @) — Too(x)| < Ce™PL (77)
D
Proof : Using the fact that X, is Gaussian with zero mean (since for almost all (¢, z, X),
Y(t,x, X) =¢(t,x,—X)), we know that ¢(t,x, X) is of the following form:
1 ( X.r;1X>
exp | —————
(2m)4/2/det(T;) 2

where I'y = BE(X;® X;) = [« X ® X ¢(t,, X) dX denotes the covariance matrix of X,
which depends on time and also on the space variable . The following explicit expression
of the relative entropy can then be derived:

Y(t,x, X) =

Y(t,x, X) —l—n . B .
/wt:cX <¢Oo( )>dX_2( In(det(Ty)) — d + te(T,)) .

The covariance matrix I'y is symmetric and nonnegative. Moreover, since for almost all

t >0, fD fRd"L/J (t,z, X)In (%) < o0, then for almost all ¢ > 0 and for almost all

x € D, I'; is positive. Let us denote \;(¢,x) > 0 its eigenvalues (1 < i < d), and h the
function defined on RY by h(x) = —In(xz) — 1 4+ 2. Then it is easy to check that

/Rdw(t,a:,X)ln (wq(pi:(: X) ) dX = - Zh

The function h is such that dc > 0, Vz > 0,
h(z) > cmin((z — 1)2, |z — 1]),

and therefore, V1 < i < d, [,min((Xi(t,z) — 1), |A\i(t, ) — 1|) converges exponentially
fast to zero. By Cauchy Schwarz inequality, it is then easy to prove that V1 < ¢ < d,
Jp |Xi(t, &) — 1| converges exponentially fast to zero. Now, using the fact that

X @X (Ut z, X) — oo (X))| ,

Lirta) —ru@l = [ ]
= [m-.

d
C/DZ; Ni(t, @) —1
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we have proven the exponential convergence of [, ’fRd XX Wtz X)— ¢OO(X))‘ to
Z€r0.

¢

3.3 Generalization of the entropy method to the case of non homoge-
neous Dirichlet boundary conditions

The entropy method we have used in Section 3.2 is well suited for the convergence to
equilibrium (i.e. us = 0). In Section 3.2, the asymptotic regime was equilibrium since
we considered homogeneous Dirichlet boundary conditions on the velocity w. When the
asymptotic state is not equilibrium, the entropy method is more difficult to employ. In
the present section, we show how it can be adapted to treat the case of non homogeneous
Dirichlet boundary conditions, and therefore to non zero stationary state. More precisely,
we assume that w = g on 0D, where g is a function defined on dD and not depending on
time (°).

Since we have non zero boundary conditions on the velocity u, we do not have in general
an explicit expression of us, and 1)o,. Therefore, unless otherwise mentioned, (oo, Vo) is
defined as a solution to the system (20)-(21)-(22)-(23). We will see that we are able to
derive an estimate of the same kind as (71). However, two difficulties appear:

e in comparison to (71), some additional terms appear in the right-hand side of the
free energy equality, and these need to be controlled,

e a logarithmic Sobolev inequality for 1) is not known to hold a priori.

We explain in this section how to circumvent these problems.

3.3.1 Estimates for non-zero boundary conditions

Let (%oo, Poo) be a solution to the system (20)—(21)—(22)—(23). We do not assume here an
explicit expression for (oo, ¥oo). In the following, we set u(t,x) = u(t,x) — u(z) and
Y, x, X) =¢(t,x, X) — oo(x, X). We also introduce the following quantities:

B) = 5 [ [Pt (78)
H(t) = // b(t,z, X)1 <z:(i i;) (79)
F(t) = H(t). (80)

By considering the derivative of F' with respect to time, we obtain after a lengthy
computation that we display in Appendix A, the following free energy equality:

i (o e [ foom (i) e [ [, ¢'vxln<%>

= —/Du.Vuoou—/D/du.Vx(lnwoo)z/)—/D/Rd (Vx(Inys) + VII(X)) .VuX .

(81)

We thus obtain three additional terms in the right-hand side compared to the case uso =0
contained in (71). As already mentioned in Remark 7, the rigorous derivation of (81) for

In the following, we use the fact that @ = u — U is zero on 9D to ensure that boundary terms vanish
when performing some integrations by parts (see Appendix (A)).
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FENE dumbbells requires some technical assumptions on 1y, on Vu and also on 1), (see
Appendices A and B for some details).

In order to check that the exponential convergence to the stationary state again holds
in the present situation, we need to estimate these three additional terms and to prove
that a logarithmic Sobolev inequality holds for ¥s.

The first term

- /D AT (82)

may be bounded by the left-hand-side of (81) if Vs, is small enough (in some norm to
be made precise).
Similarly, the second term

—/D/Rdu.vm(lmpoo)w, (83)

may be bounded by the left-hand-side of (81) if V4(Int) is small enough (in some norm
to be made precise), using the Csiszar-Kullback inequality (41).
To estimate the third term

_/D/Rd (Vx(lnwoo)—i-VH(X)).VuXw:_/D/Rdvx <ln ((m;p(ojm)) vaxT,
(84)

an estimate of ’VX (ln ((ﬂ([ﬁﬁ))
is related to a logarithmic Sobolev inequality for 1., since the latter holds with a constant
C which depends on osc (ln (w&ﬁ)) < o0 (see Lemma 1). All this is the purpose of
Section 3.3.3.

In the rest of the article, we mainly focus on the case when uo, is a homogeneous flow
(i.e. with a constant Vus) and the potential is the FENE potential, since it is the only
case for which we can control these three terms in function of the datas.

| X | from above is needed. Notice that such an estimate

3.3.2 Homogeneous stationary flows

In this section, we show how the problem we consider is simplified for homogeneous sta-
tionary flows. More precisely, we assume that the boundary conditions on w are such that a
homogeneous flow Uy, (i.6. Uso() = k) satisfies the momentum equation (20)—(21) with
div (7o) = 0. Notice that this imposes that tr(k) = 0 and &2 is symmetric’ since (20)
writes then k?x = Vpgo thus curl(k?zx) = 0, and, for any matrix M, curl(Mz) = 0 if and
only if M is a symmetric matrix. Then, if we now define 1o, as a solution to (23) which
does not depend on space, (%o, ¥o) is a solution to (20)—(21)-(22)-(23). Notice that the
fact that 1o, does not depend on space implies that the term (83) vanishes.

The case k antisymmetric The term (82) then vanishes while 95 (X)) oc exp(—II(X))
is a solution to (23). Then, using the fact that the term (84) is also zero, and that a
logarithmic Sobolev inequality holds for ¥, we obtain the exponential convergence of F
to 0. Therefore, we have proven:

Proposition 8 (The case k antisymmetric) Let us consider a solution to the coupled
system (14)-(15)-(16)-(17) in the case of non-homogeneous stationary Dirichlet boundary
conditions on the velocity, and for a a-conver potential IL. We assume that a homogeneous

"In dimension d = 2, the fact that & is traceless actually implies that the off-diagonal terms of k* are
zero, and a fortiori that k2 is symmetric.
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flow uso(x) = KX with K antisymmetric satisfies the boundary conditions on w. We set
Yoo (X)) ac exp(—II(X)). Then (o, Vo) s a solution to (20)—(21)-(22)-(23).

Moreover, u converges exponentially fast in L2, norm to us, and the entropy/ / ¥ In (JJ >
D %)

converges exponentially fast to 0. Therefore 1 converges exponentially fast in L?B(LX) norm
10 Yoo

The case k symmetric If [psexp(—II(X) + X .kX) < oo, it is easy to check that
Yoo(X) o exp(—II(X)+X .k X)) is a solution to (23). In this case, the term (84) becomes:

—2// kX .VuX 1.
D JR?

This will enable some specific computations for FENE dumbbells in Section 3.3.3. The
fact that & is symmetric is equivalent to curl(us) = 0 (such a flow is called a potential
flow).

The case of a shear flow The shear flow is a simple case where ux () = (uco(y),0)
may be assumed to be homogeneous, with Kk neither antisymmetric nor symmetric. Let
us rewrite the free energy estimate in this special case. We choose the following boundary
conditions: u(t,0) = ag, u(t,1) = a1 (which corresponds to fo(t) = ap and f1(t) = a1 in
Section 3.1). The expected stationary state is then

uoo(y) = ao + y(a1 — ao).

The function 1 is defined as a solution to:

0

0 (a1~ a0)Y ) — div xy <—;¢mvn> Ay vt =0. (85)

Notice that the couple ((uso,0), o) is then a solution to the system (20)—(21)—(22)—(23).
In this particular geometry, since u(t,x) = (u(t,y),0), Equation (81) reduces to:

ERIAT TN ¢iVXln(ﬁo>2
(ndoo) | ALy ) Py (86)
- L (e axeem) 5

Due to the particular geometry, both advective terms (82) and (83) indeed vanish.

The case of Hookean dumbbells in a shear flow Let us elaborate further on the
shear flow described above assuming in addition Hookean dumbbells. This case has been
already studied using a coupling method in Section 3.1 in a more general framework (since
the Dirichlet boundary conditions were allowed to vary in time), but we want to show how
to deal with it using an entropy method. Since the densities are Gaussian, an explicit
solution to (85) is

1
2(1 + (a1 — ao)?)

Yoo (X, Y) o exp <— (14 2(ar — ap))Y? = 2(a; — ag) XY + X2)> .

Notice that, contrary to the case of a stationary homogeneous flow with a symmetric Vuoo
(see above), 1o, does not satisfy the detailed balance (see Section 2.1).
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The explicit expression of 1~ can be used to provide an alternative proof of convergence
to that of Section 3.1, by modifying the definition of the free energy F'. Indeed, considering
the following free energy: F'(t) = E(t) + MH (t), for some A > 0, the term (84) becomes:

J fox (v (i) v

where A and C are two constants which can be arbitrarily chosen. Then, by considering
A =1+ (a1 — ap)?, the term (84) reads in our special setting of Hookean dumbbells in a
shear flow:

(1hoo) (01— —ao)? ou ,— ou 9=
//R aX( ( C exp(—T0) ayw‘_(‘”_“”)/pay e U

The exponential convergence of I to 0 can then be deduced from Lemma 3-(iii), using
the fact that fRz Y2y = E(Y?) — fRz Y24, does not depend on space and converges
exponentially fast to 0, and the following Young inequality:

oo [ G [ | [ ] gt v

Remark 10 (Some remarks on the case of Hookean dumbbells) We consider in this
remark the Hookean dumbbell case for a general homogeneous stationary flow. It is easy to
derive by Ité’s calculus that T = E(X, ® X) is solution to the following ODE:

dr

ar +u.VT = Vur + 7(Vu)! — 7 + Id. (87)

By the characteristic method (see (33) and the beginning of Section 2), one can rewrite (87)
in the following form:

dr

dt
Since Vuso = K does not depend on space it is natural to look for a stationary stress Too
which does not depend on space, and which therefore is such that

=G+ 717G — T+ Id. (88)

KToo + Took! — Too + Id = 0. (89)

One can deduce from [30] that (89) admils a nonnegative solution if and only if the eigen-
values of Kk have their real parts strictly smaller than 1/2. In this case, the solution is
unique and Too admils the following explicit expression:

Too = / e texp(kt)exp(k?l t)dt. (90)
0

Moreover, Too is symmetric and invertible. If [k, kT] = 0, then Equation (90) simplifies
into Too = (Id— k — k1)L

We now suppose that the eigenvalues of k have their real parts strictly smaller than 1/2.
If ¥(0,2,.) is Gaussian (with zero mean), so are Y(t,x,.) and V¥oo(.). Let us denote
by T'y(x) (resp. T'c) the covariance matriz of (t,x,.) (resp. of Yoo(.)). Notice that
T(t,x) =Ti(x) and Too = T'so. Then, (84) equals to —/ tr(Va! (Do — Id) (TLITy — Id)).

D
On the other hand,

¢(tv , X) _ 1 - _
/D R 1/}(t7 Zz, X) In <M> dX = /D 5 (— ln(det(Fooll“t)) —d+ tr(Foolrt)) ,
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and

/D L VE®X) \vx In <w>

2

dX = /tr((r;}rt—Id)2(rgolrt)—1rgol).
D

IfT M1y is too large (for example if we start far from the stationary solution), it seems

unclear to us how to control the term (84) by the left-hand side of (81). Indeed when
(z=1)*

1
T

z— 00, 3(—In(z) — 14+ 2) ~ % and ~ x, while the term (84) is quadratic.

3.3.3 The case of FENE dumbbells

In this section, we denote by B the ball centered at 0 with radius vb. In the FENE
model, we know that (¢, 2, X) and s (x, X) are zero if | X|? > b. This will be useful in

estimating the term (84) and osc (hl (%

We restrict ourselves to the case of a stationary homogeneous flow (see Section 3.3.2):
U () = KT, where k is a traceless matrix such that k2 is symmetric.

We recall that if k is antisymmetric, exponential convergence to stationary solution

holds (see Proposition 8). If k is symmetric, then we have the following result:

Theorem 1 In the case of a stationary potential homogeneous flow (which means that
Uso () = K with K a symmetric matriz) in the FENE model, if

Cp1(D)|k| + 4b%|k|* exp(4b|k|) < 1, (91)

then w converges exponentially fast to U in L2, norm and the entropy / / ¥ ln (f) ,

DJB 00
where Yoo o exp(—II(X) + X .kX), converges exponentially fast to 0. Therefore 1) con-
verges exponentially fast in L2(LY) norm to ¢s.

2
—/u.mu—Q/ /mX.VuXw,
D DJB

Proof : In this case, for any € > 0, we have

- e fefeen ()

IN

—(1— 4h2| k|2 —4b
< ( E) -|—|KZ|>/ |’U,’2+< b |K’| o exp( |K’|) )//1/]11’1 (¢>’
Cpi(D) D € 2Csi(exp(—10)) ) Jp Js Yoo
where we have successively used the Csiszar-Kullback inequality (41), the Poincaré in-
equality (72), the logarithmic Sobolev inequality (73) and the fact that (see Lemma 1)

Crsi(¥so) Crsi(exp(—1II)) exp(2 0sc(X .6 X 1| x23)),

Crsi(exp(—1I)) exp(4b|k|),

IAINA

where osc(.) is defined by (44). We know that Crsi(exp(—II)) < 1/2 (see (43)) and
therefore, exponential convergence of F' to 0 holds if

Je >0, e < 1 — Cp1(D)|k| and € > 4b*|k|? exp(4b|k|), (93)

since in this case, the two terms between parenthesis in (92) are negative. The fact that (93)
is equivalent to (91) concludes the proof.

¢
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Let us now turn to the case of a general homogeneous flow. We decompose k into its
symmetric and antisymmetric parts:
k+ kT K—K

K’ = 5 K = . (94)

The function ¥ is now defined as a solution to (23).
To obtain an exponential convergence of F' to zero, a sufficient condition is to obtain

some L estimate on V (ln (%)) (see (84)). Indeed, this alo yields an estimate on
osc (ln <eng(7°jn))) which gives a logarithmic Sobolev inequality on 1 (see Lemma 1).

This is the following result:

Proposition 9 In the case of a stationary homogeneous flow (which means that weo(x) =

kx) for the FENE model, if
M?b? exp(4bM) + Cp1(D)|K°| < 1, (95)

where M denotes the non-dimensional number:
Yoo (X) ))
Vi ih|—W—
< <exp<—H<X>>

then u converges exponentially fast to us in L2, norm and the entropy / /zl)ln (f)
DJB o0

converges exponentially fast to 0. Therefore 1 converges exponentially fast in Li(L}X)
norm 0 Yoo.

1
M = — sup

\/l; | X|2<b

)

Proof :  We have, for any € > 0:

£t fefoen ()] fuwe
i (o)) v
2
+‘]\ib2/p</8w\> N
(Gomr + 1) o+ (5 - stratemery) o v (52

where we have used the fact that (see Lemma 1)

IN

Crsi(Yoo) < Crsi(exp(—1II)) exp <2 osc (ln <exﬁ(ojn)>>> :

7 ()|

and

Voo
ose (i (o)) < 20 s
20M .

IN
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We know that Cpsi(exp(—II)) < 1/2 (see (43)) and therefore, exponential convergence of
F' to 0 holds if

Je >0, e < 1—Cpi(D)|k*| and € > M?b* exp(4bM), (97)

since in this case, the two terms between parenthesis in (96) are negative. The fact that (97)
is equivalent to (95) concludes the proof.

¢

%)) for a stationary

solution ¥ of the Fokker-Planck equation, by assuming that |k*| < 1/2:

It is actually possible to obtain an L% estimate on V <ln (

Proposition 10 (Estimate on V <1n (%))) Let I1 be the FENE potential: 11(X) =

2
—% In <1 — %) and k be a traceless matriz such that
|k®] < 1/2,

where K° is defined by (94). There exists a unique non negative solution Vo € C>(B(0,v/b))
of

~div (<nx - ;VH(X)> %O(X)) + %A%(X) — 0 in B(0, V), (98)

normalized by

| et (99)
B(0,v/b)
and whose boundary behavior is characterized by:
mf Yoo (100)
B(0,v5) exp(—1I)
Yoo
sup |V —F—— || < . (101)
B(0,V/b) exp(—1I)

Furthermore, it satisfies: VX € B(0, Vb),

where [.,.] is the commutator bracket: [k, k'] = k! — KTk ().

Proof : Let us start with the uniqueness part. To this aim, we introduce three functions
w, &€ and f defined by: VX € B(0, V),

o3 =esp(-11(x)) = (1= FE)
§(X) = kX,
f= 1/}%’0
exp(—II)’
®In dimension 2, tr(k) = 0 and [k, k"] = 0 implies that & is either symmetric or antisymmetric. This
0 0 1
is false in dimension 3, by considering for example k = | 1 0 0 ] .
0 1 0
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Since, VX € B(0,Vb),
(0 (JOOEX) = 3910 ) = KX lX) = FVT) 0 (X) — Vi (X).

&, w and f satisfy the assumptions of Lemma 5. In particular, (100) and (101) imply that
f BOE) oo > 0 exists, so that (99) removes the undetermined multiplicative constant.

We now turn to the existence part. By standard existence results for stationary mea-
sures, there exists for any 0 < p < v/b, a function %, with

Y8, € C*(B(0,p)) and £, > 0 in B(0, p)
solution of
{ —div (kX — $VII(X)) ¥5(X)) + $Ap5(X) =0 in B(0, p),

(103)
(= (KX + AVII(X)) ¥5(X) + $VY5(X)) .n(X) =0 on 9B(0, p).

The fact that ¥% is positive follows from the gradient estimate in Lemma 6. We normalize
the solution by

¥£,(0) = L. (104)

According to Lemma 6, we have:

v (ln (ngo(X) )) - K,SX‘ < 2V0lls w7l

500 exp(—11(X)) 1= 2Jr]

XeB(0,p)

In particular, 3C, Y0 < p < /b,

sup
B(0,p)

v (m (exf(gjm» ‘ <c (105)

Together with (104), (105) implies the existence of a constant 0 < C' < oo independent
of p such that, VX € B(0, p),

Let p € (0,v/b). Using (106), and

e

VQ/)go = exp(—H)V <€Xp(—H)

> — VIIyZ,

it is obvious that for any p € (p, Vb), VSl oo (B(0,p)) is bounded by a constant which
does not depend on p. By (104), [[¢5%]|ze(5(0,p)) is thus bounded by a constant which

does not depend on p € (p,Vb). Let a be a real in (0,1). For any integer k& > 0, we
denote C*(B(0, p)) the set of functions in C*(B(0, p)), such that any derivative of order k
is a-Hélder. Interior Schauder estimate for the strictly elliptic equation:

%A@b@o(X) = <l<aX —~ ;VH(X)> VYL (X) — div <;<X — ;VH(X)> PE(X) =0

yields that the functions {¢§o}ﬁ<p<¢5 are uniformly bounded in the Hélder space C**(B(0, p)),
where p € (p, Vb) is fixed (see Theorem 6.2, p. 85, in [15]).
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By Arzela-Ascoli theorem, there exists an increasing sequence p, — Vb and a function
Voo € C2%(B(0,v/b)) such that

loc

lim 922 = oo in Ciho(B(0, V).
n—oo
In particular, by passing to the limit p, — Vb into (103), (105) and (106), one obtains
that 1o is a non negative solution to the partial differential equation (98) and satisfies
the estimates (100), (101) and (102). In particular, (100) and (101) imply that 0 <
fB(O NG, oo < 00, 80 that we may normalize 1 to satisfy (99). O

Lemma 5 (Uniqueness to (98)) Let us assume that w is a function such that

w € CH(B(0, Vb)) NC°(B(0, Vb)), (107)
w > 0 in B(0,Vb), (108)
w =0 on OB(0,Vb), (109)
and & is a function such that
¢ e CH(B(0, Vb)) N C°(B(0, VD). (110)
Then, up to multiplicative constants, there exists at most one function f such that
feC?(B(0,Vb), inf f>0, sup |Vf]|< oo, (111)
B(0,vb) B(0,v/b)
with )
div <w <§f - 2w)> =0 in B(0, V). (112)

Proof : For any functions f, f € C2(B(0,vb)) with f, f > 0 in B(0,v/d), we have:
~ 2 ~ ~
AP -t ow () vroff
w(D) = (en(2) e (2)xs)
_ £\ (Lof_¢f Y (Lys_
= Vi (f) . <2Vf—§f> -V (f) . <2Vf §f>. (113)
Let us now consider two functions f and f which satisfy (111) and (112). By multiply-

ing (113) by w, integrating over B(0,p) for a 0 < p < Vb and using then some integrations
by parts, we obtain:

~ 2
1 ; f
— Vin | = w
Q/zz(o,p)f n(f)‘
f 1+ f 1 >
Vin|=|.[(=Vf - — Vi=].1=Vf- ,
/B(o,p) n(f) <2 d §f>w /B(o,p) (f) <2 foel)e

- N(ieioef) mo- [ L(L
= /{98(07/3)111(!}0) <2Vf §f>.nw /BB(OW)f(QVf—i—Q*f).nw, (114)

where n denotes the outward normal to B(0, p). According to (111), we have:

In (;) (7<)

1 -
3/

fr1
7 (2vf +£f)

< oo and sup
B(0,p)

sup
B(0,p)

< 00,
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so that, using (109),

. ! (1 : > . f (1
lim In{= ]| [(=Vf—-&f) nw=0and lim S| ZVf+Ef ] nw=0.
p—vbJaB(0,p) (f 2 p—VbJaBo,p) [ \2
-\ |2
Passing to the limit p — /b, (114) turns into / f|Vin A w=0. Because
B(0,V/5) f
of (108) and (111), this yields as desired V In <j:> =0 in B(0, VD). O

Lemma 6 (A priori estimate (102)) Let 0 < p < Vb and 1o € C%(B(0, p)) be positive
and satisfy

{ —div (kX — 3VII(X)) Yoo (X)) + 2 A¢h(X) = 0 in B(0, p), (115)
(= (kX + 3VII(X)) 1hoo(X) + A Vihoo (X)) (X) =0 on 0B(0, p).
If |k%| < 1/2, then, VX € B(0, p),
Yoo (X) oks 2vVb |[x, k"]
v (i (o)) 2% < g (16)

Proof : Letn(X) = % denote the outward normal to B(0, p). Let h(X) = In (J%%) -

X .k*X. Using the fact that In(¢oo(X)) = A(X) — II(X) + X .k*X and (121), it is easy
to show that h is such that

26X .Vh — 26X .VII + 46X .k°X
= VILVAh — |VII|> + 2VIL&*X + Ah + |Vh — VII + 26° X |2,

so that
Ah+|Vh]? + (VI 4+ 26.X).Vh = 2(—VII + 26° X ).k* X .

Using the fact that VII.k®*X = 0, which follows from the radial symmetry of II, and that
k*X.k*X = —1 X[k, k7] X we then obtain:

Ah + |Vh* + (=VII + 2T X).Vh = - X [k, kT] X. (117)

Moreover, for any X on the boundary of B(0, p), Vh.n = w%.o (Viboo + (VII = 26° X))o ) .12
so that, using the fact that kK*X.n = 0, the no flux boundary condition on ¥, and the
fact that 1o is non zero on the boundary, we have: VX, | X| = p,

Vh(X).n(X) = 0. (118)

We now introduce g = 5|Vh[%. Notice that Vg = D*hVh and Ag = V(Ah).Vh +
tr(D?hD?h), so that, taking the gradient of (117) and multiplying by VA, one obtains:

Ag — tr(D*hD?h) + 2V ¢.Vh 4 (=D 4 267)Vh.Vh 4+ D*h(—VII + 267 X).Vh = -2k, k7| X .Vh
and therefore

Ag+ (2Vh — VII + 27 X).Vg = D*TIVh.Vh — 2k°Vh.Vh + tr(D*hD?h) — 2]k, k7| X .Vh.
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We then obtain
Ag+ (2Vh — VII + 27 X).Vyg (1 —2|%)|Vh|]® = 2]k, k7] X .Vh
2(1 —2|x%|) g — 2v2b [k, k"] /5.
The function ¢ : g € Ry — 2(1 — 2|k*|) g — 2v2b|[k, k7] \/7 is convex on Ry and such

2
that ¢(g*) = 0 and ¢'(g*) = (1 — 2|k*|) where g* = (%) so that

¢(g9) > (1 —2[%])(g — g%)

>
>

Therefore, we have:

Alg—g") +(2Vh = VII+2:"X).V(g—g") = (1 —2x°|)(g — ¢*).  (119)
Moreover, for any X on the boundary of B(0, p), we have
. Vh(X)[?
V(g g")(X)n(X) = —’|§()‘ <0 (120)

Indeed, let us introduce an orthonormal basis (¢1(X), t2(X),n(X)) at point X such that
(t1(X),t2(X)) is an orthonormal basis of the tangent plane to B(0, p) at point X. More-
over, we can extend this basis in such a way that (¢1(X),%2(X),n(X)) is constant in
the n(X) direction. This can be easily done in spherical coordinates. Therefore, we have
Vit (X)n(X) = Vo (X)n(X) = Vn(X)n(X) = 0 and Vn(X)t;(X) = ﬁti(X).
Then, taking the tangential derivative of (118), we have (i = 1,2): VX, | X| = p,
0 = V(VA(X).n(X)).t:i(X),
= D*h(X)n(X).ti(X) + Vh( )-Vn(X)ti(X),

= D*n(X)n(X).t;(X +—Vh(X) +(X).

(
(X
)
It x]

Therefore, we have (using again (118)):

Vgn = D?hVh.n,
= Vh. ((Dth) tity + (D*hn).taty + (D*hn).nn),

1
- ‘X’Wh( )1 (X)|2—E|Vh(X).t2(X)\2,

_IvhX)P
x|
which yields (120).
Using the maximum principle on (g — g*) (see Equations (119)-(120)), if |«°| < 3, then
g —g* <0 (see [15] Theorem 3.5 p. 34), which is precisely the inequality (102).
¢

Combining the results of Propositions 9 and 10, we obtain:

Theorem 2 In the case of a stationary homogeneous flow (which means that us(x) = Kx)
for the FENE model, if |k*| < %, Voo 18 the stationary solution built in Proposition 10 and
M?b? exp(4bM) + Cp1(D)|6°| < 1,

T
where M = 2|k5| + i”_';’(;s}l, then w converges exponentially fast to us, in L2 norm and

the entropy / /wln <1;l)) converges exponentially fast to 0. Therefore 1 converges
DJB 00

exponentially fast in L2(LY) norm to tuo.
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Proof : 1f |k*| < %, then, by Proposition 10,

(o 88y ) e

e exp(—1I(X))

| X|2<b

where M = 2|k®| + M Therefore, if moreover M?b? exp(4bM) + Cp1(D)|k®| < 1,
1-2|k%|

Proposition 9 yields the results of the theorem. &

Remark 11 (Uniqueness of the stationary state) A corollary of Theorem 2 is the
uniqueness of smooth stationary states which satisfy the hypothesis of Theorem 2. In par-
ticular, the uniqueness of a Voo which satisfy the properties of Proposition 10 is also a
corollary of Theorem 2.

Remark 12 (General stationary flow) In the case of a general stationary flow for
the FENE model, we can prove exponential convergence provided the smallness of some

quantities depending on the stationary state. For instance, if HV <ln (%)) HLOO ,
x, X

[V In(oo)l|zee,, and [|(Vuc)®|lLge are small enough, by reasoning as in the proof of

Proposition 9, one obtains that w converges exponentially fast to us in L2 norm and the

entropy / /wln (f) converges exponentially fast to 0. However, we have not been
DJB oo

able to establish these bounds on (Uso, Vo) and therefore, we will not elaborate further in
that direction.

4 Conclusion and perspectives

In this paper, we have derived some a priori free energy and energy estimates to study the
long-time behaviour of a coupled system arising in the micro-macro modelling of polymeric
fluids. We have shown that unless in the special case of Hookean dumbbells in a shear flow,
the quantity to be considered need to account for an entropy term. Moreover, we have
checked that the “adapted entropy function” to study the coupled system is the “physical
entropy” h(z) = xIn(x). With this entropy function, we have been able to prove formally
exponential convergence to equilibrium in the case of homogeneous Dirichlet boundary
conditions on the velocity u. In the case of non-homogeneous Dirichlet boundary conditions
on the velocity, the situation is more intricate, and we have only obtained exponential
convergence to a stationary state for sufficiently small stationary solutions. We refer to
Table 1 for a summary of the main results we have obtained.

It seems that the FENE dumbbell model behaves better in the long-time limit than
the Hookean dumbbell model since:

e in the case of a stationary homogeneous potential flow, there always exists a station-
ary solution for FENE dumbbells, while this is false for Hookean dumbbells,

e in the case of a homogeneous flow, it seems unclear to us how exponential convergence
to the stationary state may hold for Hookean dumbbells, while we have been able to
prove it for FENE dumbbells, under adequate assumptions.

Acknowledgements: Claude Le Bris would like to thank Cédric Villani for en-
lightening discussions on the entropy methods. Thanks are also due to Marco Picasso for
pointing out [30]. Part of this work was completed while the four authors were visiting the
CRM (University of Montreal) on the occasion of the thematic year “The mathematics of
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Hookean

FENE

Shear flow
(Lemma 2, Remark 6)
(Section 3.3.2)

exp. CV of w and 7
if the BC on u converges
exp. fast to their stationary value.

same results as
Uso homogeneous

u=0ondD
DB, (Proposition 5, 6, 7)

exp. CV of w and ¥ In(1) /1)

exXp. convergence of T

exp. CV of u and ¢ In(¢) /1)

weak “convergence” of T

u # 0 (and constant) on 0D

Uso homog., Vs, antisymm.

(Proposition 8)

exp. CV of u and ¢ In(¢) /1)
CVoftT?

exp. CV of u and ¢ In(¢) /1)
CVofr?

Uso homog., Vs symm.
(Theorem 1, Remark 10)
DB

If Vuy is too large,

no stationary state for ¢ and 7.
?

exp. CV of uw and ¥ In(¢ /1))
for small Vus
CVofr?

Uso homogeneous
(Theorem 2, Remark 10)

If Vuy is too large,

no stationary state for ¢ and 7.
?

exp. CV of u and ¢ In(v)/1s0)
if (Vus)® and M are small.
CVofr?

Uso NoNn homogeneous

?

?
(see Remark 12)

Table 1: Summary of the main results obtained, regarding the long-time convergence of
the velocity u, of the density ¥ and of the stress 7. The question mark “7” means that it
is an open problem. The notation “DB” means that the detailed balance holds for 1.

stochastic and multiscale modeling”. It is our pleasure to thank the CRM and more specif-
ically A. Bourlioux and M. Delfour for their hospitality. Félix Otto acknowledges partial
support by the German Science Foundation (DFG) through SFB 611 at the University of

Bonn.

A Details of the computation of (81)

We give here the details of computations to obtain the free energy equality (81). We recall
that we suppose that (u,)) satisfies (14)—(15)—(16)—(17) while (%o, o) satisfies (20)—
(21)-(22)-(23). Moreover we assume steady Dirichlet boundary conditions on u and %e:
U = U = g on ID. The functions E, H and F' are respectively defined by (78), (79) and
(80), while w(t,z) = u(t,x) — uoo(x) and Y (t,x, X) = Y(t,x, X) — Yoo (x, X).
Note first that the equation on ¥ (23) can be rewritten in the following manner:
2Uoo (). Vg (In oo (, X)) + 2V ztoo (@) X .V x In(Yoo (z, X))
= AxI(X)+ VxI(X).Vx(Inty(x, X)) + Ax(In (2, X))
HVx (In oo (2, X)),

(121)
A¢

where we have used the fact that, for any smooth function ¢, A(ln¢) = —- — |V(In ¢)|?,

and the fact that div x(VgueX) = div zus = 0.
We first make the computation neglecting the boundary terms (see below for their
treatment). For the velocity, we easily obtain:

dE

— / [TAVAR IS TS
D
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g /D|un|2/D/Rd(X@)VXH(X)):Vwmb

(122)




Compared to the case of homogeneous Dirichlet boundary conditions on u (see (67)),
the additional term comes from the nonlinearity of the advection term in the Navier-Stokes
equations. Using (121), we have:

+/D/Rd;(Axn+vx(1nwoo).vxn_Ax(lnwoo))w—/D/Rdu.vm(mww)w,

= _1// |Vxln¢|21/f—// V x (In 90 ) V@ X 1)
// <_|Vx(ln¢1oo)|2 Ax( lnq/;oo> // Vo (10 o), (123

= 3L Ll (D) [ L extmvaaxe - [ [ ws.mr,

where we have used the fact that [}, [a @.Vg(Intpe)teo = 0 since div (w) = 0 and w = 0
on 0D. Adding up (122) and (123) and using (65), we obtain:

% - /|vmu|2_/ /Rd ‘Vxln (1#00) —/Rdu.vmuoou—/ /Rdu.Vm(lnwoo)w

/ VX(IIM/)OO) VeuX1) — / Rdvmu(t ) X .VxII( X)),

= /|ku|2 /D/qu/) VX111<1Z)>O) 2—/ukuoou //Rduv (In oo )b

= [ (i) + Vx(0) Voo + [ | 9xNX). Tt 2) X

= _/D|vmuy2_;/p Y VX1n< ) —/uvmuoou //Rduv (In4hoc)yp
).

_/D/Rd(vx(lnwoo)+VXn( ) - VauX 1,

where we have used the fact that
/ Vx(In thoy ) VoTi(t, ) Xty = / V x oo Vaii(t, 7) X
D JR? D JR?
= 0
since div x(Vgu(t,z)X) = div »(u(t,x)) = 0. This proves the free energy equality (81).

If we keep track of all the boundary terms, we actually obtain the following additional
terms in the right-hand side of (81):

e Boundary terms on 0D (with outward normal v):

By = /E)Du.(vmuu)—/(?Dpu.v—l-/aDu.(TV)—/aDu.V
;/BD |u\2u.u/8Du.1//Rdwln <1;io), (124)

e Boundary terms on dB(0, p) (with outward normal n), with p = v/b in the case of a
potential I1(X) which is finite if and only if | X'|?> < b (in the FENE case for example),
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and p — oo in the case of a potential II finite on IR%:

= [ (e jman) v dose) () o) [
3y [ poxntiin 9 [ noxe .

We see that that By = 0, since @ and w.v [pa 9 In (%) are equal to zero on 0D (see 24).
More rigorously, we need that u, ¢ and 1 are regular enough in the x variable so that
Vzuv <00, p<ooand Tv < oo on dD.

Concerning Bs, let us focus on the two prototypical potentials we have considered so
far: Hookean or FENE dumbbells. For Hookean dumbbells, using the fact that ¢ and 1w
are Gaussian, it is eay to check that lim, .o, B2 = 0. For FENE dumbbells, we need the
fact that ¢ and ¥ are regular enough in the X variable to define their value and their
normal derivative on the boundary 95(0, \/l;) Moreover, if we assume that they decay on
the boundary like exp(—II) in the following sense: V& € D, 3¢,C > 0, VX, | X|? = b,

Yoo, X)
Yol 2) < ) 126
= (X)) = (126)
and ¥t > 0, Vo € D, 3e,C > 0, VX, |X|2 = b,
1/’(75,53,X)
AT < (O, 127
S (X)) (127)

Then, the no-flux boundary condition on v yields that the first term in B is zero and
the fact that 1 is zero on the boundary give that the last term in By is zero. Using the
fact that |VII|exp(—II) is zero on the boundary if b > 2, one can deduce from the no-flux
boundary condition on ¥ (resp. on ¥s) that Vxtv.n (resp. Vxtso.n) is also zero on the
boundary. Therefore the second term in B> is also zero. For the third term, we write that
Ip f|X‘2:b YV x In(thoo).m = [ f|X‘2:b w%vxwoo.n which is also zero on the boundary.

We need now to justify that (126) and (127) hold. Concerning (126), we know that we
can choose a Y, which satisfies (126) in the following cases:

e homogeneous Dirichlet boundary conditions on w,
e stationary homogeneous flow, with Vus, symmetric or antisymmetric,
e stationary homogeneous flow and (u«o, o0 ) verify the assumptions of Proposition 10.

Therefore, (126) holds in all the long-time convergence results we have stated in Proposi-
tions or Theorems.

Concerning (127), we present in Appendix B a framework for the Fokker Planck equa-
tion in which (127) holds.

B A variational formulation for the Fokker-Planck equation
and a proof of (127)

We here consider the case of FENE dumbbells, so that exp(—II) = (1 — |X]2/b)b/2 and we
denote by B the ball centered at 0 with radius v/b.
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In this appendix, we would like to show that the boundary terms By do indeed vanish
by explaining why (127) holds if v is a solution to (17) in a natural sense and under the
following hypothesis:

Yo

exp(—II)
VT >0,Vu € Ly (LD). (129)

HV<e<C c< <C, (128)

Using (129), we can treat the advection term in (17) by the characteristic method (see
(33) and the beginning of Section 2), so that we neglect this term in the following. A natural

framework (see [4, 9, 2]) to look for a solution 1 to (17) is to consider f = ﬁ and to
consider the variational formulation: find f € LQ(Helxp( H)) such that, Vg € ngp( )
d
dt/ fg exp(—1I /Vng exp(— /G t)X.Vg f exp(—II), (130)
B

where G is the L], function defined by (34). We define the weighted Sobolev space
mep(_n) by: for m > 1,

€
1/2

iy =4 1 €D @,y = | X [1D27Pexp(-m) | <oc b,

and for m = 0,

1/2
H {fGD’( Ml = (157 exo(-m) <oo}.

These spaces are Hilbert spaces, such that C°°(B) is a dense subset. Notice that since
exp(—II) > 0 in B, Hemxp( M), Joc = H{” . For further properties on these spaces, we refer
to [32], Chapter 3.

Using either a Galerkin method, or the Hille-Yosida theorem, one can prove that there
exists a unique solution f to (130) provided that fy € ngp( ) Let us now turn to the
proof of (127).

Proposition 11 (Proof of (127)) Let us suppose that fo and w satisfy respectively (128)
and (129). Let f be the solution to (130). Then, VT >0, 3e,C,u > 0, Vt € [0,T], VX € B,

c exp(—put) < f(t, X) < C exp(ut). (131)

Proof : Let us fix T > 0. Let us consider f(X) = %@P/% for a positive A to

be precised. It is clear that fis solution of the following variational formulation: Vg €

1

Hexp(-mmy»

/ fg exp(— / Vf Vg exp(—II) = / (G + Ald)X.Vg f exp(—II), (132)

B
where II(X) = TI(X) + 21X 2. Notice that H;Xp(i ) H;Xp( _m- Let us now introduce a
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regular function « of time, with positive value, to be precised. Using (132), we have:

1d

2dt

IN

These computations can be justified using the fact that for any real 3, if g € H!

1 = a0 172 exol=TD)

O (F = )1y ex0(—TD) (1) [T~ )y expl-T0)

—/va a(t)15 ()exp(—ﬁ)—i—/B(G—i—)\Id)X.V(f— a(t)) f1 7y exp(~T0)

~a/() [ (F = o)1 x0T

—/|v —a(t)P1 i exp(—ﬁ)+/B(G+Md)X.v<f— ) (f = a®) 12y exp(-=TD)

+alt) [ (6 +NXV(F = o)1 7y x0T = ') [ (F= 0172, exp(-T0),

B
—/\V —a(t)]*1 F<a(t) P(— 1) + C(G, \) /]f—oz Gl F<alt exp(—ﬁ)
o) /d (@ + )X = ()1 7y exp(—TT) — da(®)) /B (F = al®)L gy exp(~1D)

+a(t) /B (G + NA)X VII(f = a(t)1 5y exp(-T1) — /(1) /B (f = )1 ey exp(-TD).

exp(—1I)’

then (g — 8) 14<p € Hexp( _mr), and using classical results for variational formulations of
PDEs (for example Lemma 1.1 p. 250 and Lemma 1.2 p. 260 in [31]).
We now choose A = sup;cjo 71 |G(t)°| (see (94)), so that, V¢ € [0,T], VX € B,

(G(t) + \Nld) X.X > 0.

It is then easy to check that, VX € 0B, (G(t) + A\Id)X.n > 0, and VX € B,

(G4 AId)X.VIL(X) = (G + A\d) X .VII(X) + A(G + Ald) X. X > 0.

Therefore, we have

331 JL 1T = aOF 1700, exp(-TD)

<

C(G,\) / \f—a ]2 F<a(t) exp(—ﬁ) — (da(t))\—i—o/(t)) /(f—a(t))l)—;<a(t) exp(—II).

B

By choosing a(t) = ming(j?(()))exp(—d)\t) and using Gronwall Lemma, one can then
obtain that Vt € [0,7], VX € B,

7t X) = min(F(0)) exp(~dAe)

which yields the lower bound in (131). The upper bound is obtained by a similar method.

&

Remark 13 (A rigorous formulation of the no-flux boundary condition) The so-

lution to (130) is much more regular than H:

exp(—1) at any time t > 0. Using a classical

procedure to recover Neumann type boundary conditions, it is then possible to give a sense
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to the following no flux boundary conditions on the solution f to (130): for any function

9 € Hep 11y
1
/ <2Vf - G(t)Xf> .n gexp(—II) = 0. (133)
oB
We suppose that foo = % is a stationary solution in the sense of (130) and also

satisfies the no-flux boundary condition (133), with some G
It is then possible to rewrite the boundary terms (125) in terms of f and fx:

[ [ (Gor-coxs)an(L)escm+ ] [ [ vrnep-m

—//BBfOOVfoonexp /Vmu /aBn®Xfooexp( 1) (134)

By considering (133) and the fact that constant functions are in Helxp(_n), it 1s now clear

that if (126) and (127) are satisfied, then By = 0, since (126)—(127) imply that In <f%o> €

Helxp( m and - € H(}Xp( - We recall that since b > 2, fexp(—1II) and foo exp(—II) are
zero on 0B.
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