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LONG TIME DYNAMICS FOR THE ONE
DIMENSIONAL NON LINEAR SCHRODINGER
EQUATION

by Nicolas BURQ),
Laurent THOMANN & Nikolay TZVETKOV (*)

ABSTRACT. In this article, we first present the construction of Gibbs mea-
sures associated to nonlinear Schrédinger equations with harmonic potential. Then
we show that the corresponding Cauchy problem is globally well-posed for rough
initial conditions in a statistical set (the support of the measures). Finally, we
prove that the Gibbs measures are indeed invariant by the flow of the equation. As
a byproduct of our analysis, we give a global well-posedness and scattering result
for the L? critical and super-critical NLS (without harmonic potential).

RESUME. Nous présentons d’abord dans cet article la construction de me-
sures de Gibbs pour I’équation de Schrodinger non linéaire associée & un potentiel
harmonique. Nous démontrons ensuite que le probléme de Cauchy correspondant
est globalement bien posé pour des données initiales trés peu régulieres (sur le
support de cette mesure). Finalement, nous démontrons aussi que ces mesures de
Gibbs sont invariantes par le flot ainsi défini. Nous obtenons comme conséquence
de cette approche que I’équation de Schrédinger non linéaire L2-critique et surcri-
tique sur R (sans potentiel harmonique) est globalement bien posée et diffuse pour
ces données initiales.

1. Introduction

The purpose of this work is twofold. First we construct Gibbs measures
and prove their invariance by the flow of the nonlinear (focusing and defo-
cusing) Schrodinger equations (defined in a strong sense) in the presence
of a harmonic potential. In the construction of these measures, most of the
difficulties appear for the focusing case (for which case our results are only
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true for the cubic non linearity while in the defocusing case we have no
restriction on the size of the non linearity). The non linear harmonic oscil-
lator appears as a model in the context of Bose-Einstein condensates and
our result gives some insights concerning the long time dynamics of these
models. The second purpose of this work is to prove global well-posedness
for the L? critical and super-critical nonlinear Schrédinger equation (NLS)
on R, with or without harmonic potential, for data of low regularity. Fur-
thermore, we also obtain scattering when there is no harmonic potential.
Such kind of result seems to be out of reach of the present critical regularity
deterministic methods.

1.1. The NLS with harmonic potential

Our analysis here on the NLS with harmonic potential enters into the
line of research initiated by Lebowitz-Rose-Speer in [23] and aiming to con-
struct Gibbs measures for Hamiltonian PDE’s. This program offers analytic
challenges both in the measure construction and in the construction of a
well-defined flow on the support of the measure. Usually the support of
the measure contains low regularity functions and this fact may be seen as
one of the motivations for studying low regularity well-posedness of Hamil-
tonian PDE’s. The approach of [23] has been implemented successfully in
several contexts, see e.g. Bourgain [4, 5], Zhidkov [42], Tzvetkov [37, 38, 36],
Burg-Tzvetkov [7], Oh [27, 26], and the references therein.

A very natural context where one may try to construct Gibbs measures
is the Nonlinear Schrédinger equation (NLS) with harmonic potential. In-
deed, in this case the spectrum of the linear problem is discrete and the
construction of [23] applies at least at the formal level. As we already men-
tioned this context is natural since the NLS with harmonic potential ap-
pears as a model in the Bose-Einstein condensates. As we shall see, it turns
out that the construction of [23] provides a Gibbs measure supported by
functions for which the corresponding Cauchy problem was not known to
be well-posed. In addition the density of the measure can not be evaluated
by applying only deterministic arguments such as the Sobolev inequality.
All these facts present serious obstructions to make rigorous the Gibbs
measure construction.

On the other hand, recent works as [7, 8, 36] showed that by applying
more involved probabilistic techniques in combination with the existing de-
terministic technology for studying these problems one may approach the
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above difficulties successfully. In particular, in [8, 9] an approach to han-
dle regularities for which the corresponding Cauchy problem is ill-posed is
developed. Our goal here is to show that the NLS with harmonic oscillator
fits well in this approach. In fact, the eigenfunctions of the linear operator
enjoy good estimates which is compensated by the bad separation proper-
ties of the spectrum. Such a situation is particularly well adapted for the
approach of [8, 9].

We are able to construct Gibbs measures and the corresponding flow for
the cubic focusing and arbitrary defocusing NLS in the presence of har-
monic potential. The analysis turns out to contain several significant new
points with respect to previous works on the subject. Indeed, it seems that
it is the first case where the construction and analysis of Gibbs measure
with a strong flow can be performed on a non compact phase space. Further-
more, taking into account the low regularity of the initial data, to develop a
nice local Cauchy theory at this level of regularity, one has to obtain some-
how a gain in terms of derivatives. In the context of wave equations, this
gain can be obtained (see [8, 9]) rather easily by first proving a gain at the
probabilistic level in terms of LP regularity, and then balancing this gain
on the non linearity and using that the non homogeneous wave propagator
itself gains one derivative with respect to the source term regularity. For
Schrédinger equations, the situation is much less well behaved. Indeed, no
such gain of regularity occurs for the non homogeneous Schrédinger prop-
agator, and the starting point of our analysis was precisely that a gain of
derivatives occurs at the probabilistic level in terms of L? regularity. How-
ever, this gain which would allow to perform the analysis for low power
nonlinearities (k < 7) falls well short of what is needed to obtain the full
range result (k < 4+o00) in Theorem 2.4. As a consequence, our analysis re-
quires a full bi-linear analysis at the probabilistic level (see (1.2)). Finally,
let us mention some previous works on the non linear harmonic Schrédinger
equation (1.1). The (deterministic) Cauchy problem for (1.1) was studied
by Oh [28]. We refer to Zhang [41] for blow up and global existence results
and Fukuizumi [18] for the stability of standing waves associated to (1.1).
See also Carles [12] for the case of time-dependent potentials and the book
of T. Cazenave [13, Chapter 9] for more references.

Let us now describe in more details our results and consider thus the one
dimensional non linear Schrodinger equation with harmonic potential

(1.1)

i0pu+ 02u — 2%u = Kolu" 'u, (t,z) € R xR,
u(0,z) = f(z),
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where k > 3 is an odd integer and where either ko = 1 (defocusing case)
or k9 = —1 (focusing case). Though we are not aware of physics models
involving other non linearities than cubic or quintic, (1.1) appears to be
an interesting models on the mathematical point of view. We now state
our result concerning (1.1). For more detailed results, see Theorem 2.3 and
Theorem 2.4 below.

THEOREM 1.1. — Consider the L? Wiener measure on D'(R), p, con-
structed on the harmonic oscillator eigenbasis, i.e. p is the distribution of

the random variable
> 2
a_ , 19n hn 9
3\ g o @@

where (hy,)22, are the Hermite functions (see (2.1)) and (g,,)22 is a system
of standard independent complex Gaussian random variables. Then in the
defocusing case, for any order of nonlinearity, and in the focusing case for
the cubic non linearity, the Cauchy problem (1.1) is globally well posed
for p-almost every initial data. Furthermore, in both cases, there exists a
Gibbs measure, absolutely continuous with respect to u, which is invariant
by this flow.

The equation (1.1) is a Hamiltonian PDE with a Hamiltonian J(u)
(see (2.2) below). As usual the Gibbs measure is a suitable renormalisa-
tion of the formal object exp(—J(u))du. Let us recall that the distribution
function of a standard (0 mean and 1 variance) Gaussian complex random
variable is

l€7|2|2dL,
7r
where dL is the Lebesgue measure on C.

Notice that the results above are not in the "small data" class of results.
Indeed, it follows from our analysis that the measure p is such that for
every p > 2 and every R > 0 u(u : |jul|lzr > R) > 0, i.e. our statistical
set contains “many” initial data which are arbitrary large in LP(R), p > 2.
Moreover, we use no smallness argument in any place of the proof.

We conjecture that our results hold when 2 is replaced with a potential
V € C®(R,R,), so that V(x) ~ 22 for |z| > 1 and |93V (z)| < C;{z)?>7 VI
(in particular in such a situation there exists C' > 0 so that A2 ~ Cn).

Let us define the Sobolev spaces H?, associated to the harmonic oscillator
—02 4 22 via the norm |ul|»s = ||(—=0% + 22)%/?u||z>. As can easily be
seen, for any s > 0, the Sobolev space of regularity s, H*(R) has zero
1 measure but for every s < 0 the space H® is of full 4 measure. As a
consequence, the initial data in our result is not covered by the present
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well-posedness theory for (1.1). What is even worse: according to Christ,
Colliander, Tao [14] and Burq, Gérard, Tzvetkov [6, Appendix] (notice that
these results do not apply stricto sensu to the harmonic oscillator, but
the proof can easily be modified), we know that as soon as k > 7 the
system (1.1) is supercritical and there exists no continuous flow on the
Sobolev spaces H?, for s € (0, % — %) As a consequence, even in the local
in time analysis we need to appeal to a bi-linear probabilistic argument.
The bi-linear nature of our probabilistic analysis can be seen through the

following statement
(1.2) VO<1/2, VteR, |(e ™ u)?|ys < 400, u almost surely.

In our actual proof we do not make use of (1.2) but it was the starting point
of our analysis for large k’s. We give the proof of (1.2) in the appendix of
this article.

1.2. Global well-posedness and scattering for the “usual” L?
critical and super-critical NLS on R

It turns out that the result described in the previous section has an inter-
esting byproduct. Thanks to the lens transform which has been introduced
in [25, 31] (see also [10, 33]), we are able to prove a scattering result for
the L? critical and super-critical equation

i0wu+ 0% = |u*tu, k=5, (t,r) ERxR,
u(0,2) = f(x)

for f(x) of “super-critical” regularity.

(1.3)

THEOREM 1.2. — The equation (1.3) has for y-almost every initial data
a unique global solution satisfying for any 0 < s < 1/2,

u(t,-) — e“’Af € C(R; ’HS(]R))
(the uniqueness holds in a space continuously embedded in C'(R; H*(R))).

Moreover, the solution scatters in the following sense. There exists p a.s.
states g+ € H*(R) so that

[[u(t, ) — eitA(f + 9+ )lsy — 0, when t — +oo.

The result of Theorem 1.2 is a large data result and apart from the very
recent result by Dodson [16] (global existence and scattering in L? for the
critical quintic NLS), as far as we know there is no large data scattering
results for the problem (1.3) for data which are localized (tending to zero

TOME 63 (2013), FASCICULE 6
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at infinity) but missing H'!, i.e. it seems that the result of Theorem 1.2 is
out of reach of the present deterministic results to get scattering. We refer
to [24] for deterministic scattering results for (1.3) in Sobolev spaces, H?,
s = 1. We also refer to [21] for an approach for obtaining scattering results
for L? critical problems.

The result of Theorem 1.2 is based on a transformation which reduces
(1.3) to a problem which fits in the scope of applicability of our previous
analysis. However (except in the scale invariant case k = 5), the reduced
problem is not autonomous which makes the arguments more delicate. In
particular there is no conserved energy for the reduced problem. However,
we will be able to substitute this lack of conservation law by a monotonicity
property which in turn will lead to the fact that, roughly speaking, the
measure of a set can not decrease along the flow which is the key of the
globalization argument. As a consequence, we are able to carry out the
global existence strategy whilst no invariant measure is available (see also
Colliander-Oh [15] for results in this direction).

1.3. Plan of the paper

In the following section, we present in details the construction of the
Gibbs measure and we give a detailed measure invariance statement. In
Section 3, we give the proof of the approximation property of the Gibbs
measure by “finite dimensional” measures. In the next section, we establish
a functional calculus of —92 + 22, fundamental for the future analysis. The
following two sections are devoted to establishing two families of linear dis-
persive estimates, namely the Strichartz and the local smoothing estimates.
Here we develop the very classical deterministic estimates but also the more
recent stochastic variants of them. The interplay between these two fami-
lies of estimates is at the heart of our approach. In Section 7, we use the
estimates of the two previous sections together with the functional calculus
to develop a local Cauchy theory. In Section 8, we present the global argu-
ments, leading to almost sure global well-posedness on the support of the
measure. Notice that the path followed here has been much clarified with
respect to our previous papers, and consequently is much more versatile.
In Section 9, we prove the measure invariance. Section 10 is devoted to the
proof of Theorem 1.2. Finally, in an appendix, we gathered some typical
properties of the measure u. These properties are not necessary for the
understanding of the proofs of our main results, but they are important in
view of understanding the scope of these results.

ANNALES DE L’INSTITUT FOURIER
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2. Hamiltonian formulation and construction of the Gibbs
measure

Set H = —92 + 2. Let us recall some elementary facts concerning H
(see e.g. [29]). The operator H has a self-adjoint extension on L?(R) (still
denoted by H) and has eigenfunctions (h”)n>o which form a Hilbertian
basis of L?(R) and satisfy Hh,, = A\2h,, with \,, = v/2n + 1. Indeed, h,, are
given by the formula

n z2/2 d” —z2 . 1 Ton 1
(2.1)  hu(z) = (-1)"cpe” P—(e*"), with — = (n!)222 77,
dan Cn
The equation (1.1) has the following Hamiltonian

_ LT e 2 ko /Oo k+1
(2.2) J(u) = 2/ |H“u(z)|* de + Fr1) [u(z)]" d.

— 00

Write u = ZZOZO ¢nhy. Then in the coordinates ¢ = (¢,,) the Hamiltonian
reads

R ST ko * < k+1
I =5 S Real + 255 [ 1 ahala)
n=0 X n=0

Let us define the complex vector space Eny by Ex = span(hg, h1,- -, hn).
Then we introduce the spectral projector Il on En by

(o) N
Ty () enhn) =Y cnha.
n=0 n=0

Let x € C3°(—1,1), so that x =1 on [—1, 2]. Let Sy be the operators
- — (2n+1 H —

(2.3) SN(ZCnhn):ZX(m)Cnhn:X<2N+1)(chhn)-

n=0 0 n=0

TOME 63 (2013), FASCICULE 6
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It is clear that || Sy||z2—z2 = [[IIn]|z2—r2 = 1 and we have
(2.4) SyIly =TIxy Sy =Sy, and Sy = Sn.

The interest of introducing the smooth cut-off Sy is its better mapping
properties on LP, p # 2, compared to Iy (see Proposition 4.1).

Let us now turn to the definition of the Gibbs measure. Write ¢, =
@y, +iby,. For N > 1, consider the probability measures on R2(N+1) defined
by

AV 23 (a2 b2
djiy = H ﬁe*T(anJr » da,,db,,,
n=0

The measure iy defines a measure on Ey via the map
N

(2.5) (@ns b )N — D (an + ibp)hn,

n=0
which will still be denoted by fix. Notice that iy may be seen as the
distribution of the E valued random variable

N
(2.6) w —> Z \)\égn(w)hn(x) = on(w,x),
n=0 """

where (g,,))_, is a system of independent, centered, L? normalized complex
Gaussians on a probability space (Q, F,p).

In order to study convergence properties of oy as N — oo, we define
Sobolev spaces associated to H.

DEFINITION 2.1. — For 1 < p < +00 and s € R, we define the space
W3P(R) via the norm |[ullwer®)y = |H*?u|rs®). In the case p = 2
we write WS?(R) = H*(R) and if u = Y o cyh, we have ||Jull?,. =
ZZC:O A2 len .

For future references, we state the following key property of the spaces
W#P which is actually a consequence of the fact that H—° is a pseudo
differential operator in a suitable class (which ensures its LP boundedness)

PROPOSITION 2.2 ([17]). — For any 1 < p < 00,s > 0, there exists
C > 0 such that

1
@7 Gllulwerm < (Do) ullie@ + (@) ull Lo @) < Cllullwer@)-

Let ¢ > 0. Then (¢y) is a Cauchy sequence in L%(Q; H~°(R)) which
defines

(2.8) Pw,x) = D = gn(w)hn(@),

ANNALES DE L’INSTITUT FOURIER
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as the limit of (¢ ). Now the map w — ¢(w, z) defines a (Gaussian) mea-
sure on H~?(R) which we shall denote by p. Notice also that the measure
u can be decomposed into

p=p" @ fy
where p is the the distribution of the random variable on E+
— [2
n=N+1 "

e The defocusing case (ko = 1) and k > 3. In this case we can define
the Gibbs measure p by

(2.9) dp(u) = exp (= Il g ) dpw).
We also define its finite dimensional approximations
- 1 _
dpn (u) = exp (_mHSNUHIZ—IL_il(R))dMN(u)v
(2.10) j
don (u) = exp (=57 ISnull i ) duw) = du™ © dpn.

e The focusing case (ko = —1) and k =3. Let (: R —> R, ( >0 be a
continuous function with compact support (a cut-off). Define

(2.11) ay = E(|[Txull72),

and the measures py, py as

N )

dpn(u) = <(HHNU||%2(R) —ay)
dpn (u) = dp™ @ dpy .

We have the following statement defining the Gibbs measure associated
to the equations (1.1).

(2.12)

THEOREM 2.3. — (i) Defocusing case (ko = 1) and k < +oc. Let the
measure p be defined by (2.9).
(ii) Focusing case (ko = —1) and k = 3 : The sequence

1 ulx 4 T
(2.13) Gn(u) = C(ITMnulF2m — an)et Ji 1swu@ltde

converges in measure, as N — oo, with respect to the measure u. Denote
by G(u) the limit of (2.13) as N — oo. Then for every p € [1,00[, G(u) €
LP(du(u)) and we define dp(u) = G(u)du(u).

In both cases, the sequence dpy converges weakly to dp and for any
borelian set A C H™?, we have

(2.14) yim _ on(A) = p(A).

TOME 63 (2013), FASCICULE 6
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The result in the defocusing case is quite a direct application of the argu-
ment of [1]. The construction of the measure in the focusing case is much
more involved and is inspired by the work [36] of the third author on the
Benjamin-Ono equation. The main difficulty in this construction lies in
proving that the weight G(u) belongs to L*(du). A first candidate for the
weight G(u) would have been exp(||u\|‘z4(R)/4), but then the large devia-
tion estimates (see Lemma 3.3) are too weak to ensure the integrability of
this weight with respect to the measure du. A second guess would have
been ((||u||r2) exp(Hu||4L4(R) /4), as then the same large deviation estimates
and Gagliardo-Nirenberg inequalities (using the L? bound induced by the
¢ cut-off) would ensure this integrability. Unfortunately, on the support
of the measure p, the L? norm is almost surely infinite and this choice of
weight would lead to a trivial (vanishing) invariant measure. The renor-
malized (square of the) L? norm provides us with an acceptable substitute
to this latter choice. Let us also observe that if we vary ¢ then we get the
support of p (see Proposition 3.10 below). Notice also that this choice of
weight is reminiscent of Bourgain’s work [5] where a similar renormaliza-
tion is performed at the level of the equation itself rather than the level of
the Gibbs measure.

It is now a natural question whether the measure p constructed in The-
orem 2.3 is indeed invariant by a well-defined flow of (1.1). It turns out to
be the case as shows the following statement.

THEOREM 2.4. — Assume that k = 3 in the focusing case and 3 <
k < +o0 in the defocusing case. Then the Cauchy problem (1.1) is, for
u-almost every initial data, globally well posed in a strong sense and the
Gibbs measure p constructed in Theorem 2.3 is invariant under this flow,
®(t). More precisely,

o There exists a set ¥ of full p measure and s < % (for k = 3,
s < % can be taken arbitrarily close to % while for k > 5, s can be
taken arbitrarily close to %) so that for every f € ¥ the equation
(1.1) with initial condition u(0) = f has a global solution such
that u(t,-) — e ™ f € C(R;H*(R)). The solution is unique in
the following sense : for every T' > O there is a functional space X1
continuously embedded in C([—T7 T); H® (R)) such that the solution
is unique in the class

U(t, ) — eiitHf € Xr.
Moreover, for allc >0 and t € R
1
[u(t, Mipe-e@) < C(A(f,0) +In2 (1+t])),

ANNALES DE L’INSTITUT FOURIER
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and the constant A(f, o) satisfies the bound p(f : A(f,0) > X) <
Ce=N’.
e For any p measurable set A C X, for any t € R, p(A) = p(®(¢)(A)).

Notice that in this paper, we had to modify the definition of the finite
dimensional approximations measures py with respect to previous results
on the subject (see e.g. [4]). Indeed, the lack of continuity of the rough pro-
jectors Iy on our resolution spaces forbid the usual approximation results
(see e.g. [38, Theorem 1.2]). As a consequence, our new measures enjoy
better approximation properties (see (2.14)), but the invariance properties
we have to prove are stronger (see Corollary 8.4). We believe nevertheless
this new approach is more natural.

3. Proof of Theorem 2.3

In this section we prove Theorem 2.3. As we already mentioned, the
main issue is the construction of the measure for (1.1) with k¥ = 3 in the
focusing case. We fix once for all o > 0.

3.1. Preliminaries and construction of the density

First we recall the following Gaussian bound (Khinchin inequality), which
is one of the key points in the study of our random series. See e.g. [8, Lemma
4.2.] for a proof in a more general setting. Let us notice that in our par-
ticular setting, the random variable being a Gaussian variable of variance
Zn>0 |c,|?, this estimate is also an easy consequence of the growth of the
r’th moments of centered Gaussians (uniform with respect to the variance).

LEMMA 3.1. — Let (gn(w)), -,

L?- normalized Gaussian random variables. Then there exists C > 0 such
that for all r > 2 and (c,) € I2(N)

IS gu@) enllirey < VRS lenl?) .

n=0 n>=0

€ Nc(0,1) be independent, complex,

We will need the following particular case of the bounds on the eigenfunc-
tions (h,), proved for example by K. Yajima and G. Zhang [39] (see also
H. Koch and D. Tataru [22]) .

TOME 63 (2013), FASCICULE 6
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LEMMA 3.2 (Dispersive bound for h,). — For every p > 4 there exists
C(p) such that for every n > 0,

1Pnll ey < C(p)An

As a consequence, we may show the following statement. Recall that o > 0
was fixed at the beginning of the section.

o=

LEMMA 3.3. — Fixp € [4,00) and s € [0,1/6). Then
(3.1)
3C>0,3¢>0,VAZ1L,VN 21, u(u e H 7 : |[Snullwsrm > A) < Ce—N
Moreover there exists $(s) > 0 such that
(32) 3C>0,3¢>0, VA>1,VN >Ny >1,
plue M7 ||Syu— Snyullwserm) > A) < Ce—eNs A%
Proof. — We have that

/J/(U S H_J : ||SNU||Ws,p R) > )\)

= 2n+1 f
w X Gary) 3 9 (@) ey > )
n=0
> 2n—|—1 V2
Z oW 1) 3 (@) ey > ).
Set 5
L& 241 V2
f(w,:c) :;X(QN—i—l)an(w)hn(x)'

Then for ¢ > p, using the Minkowski inequality, we get
1f(w, 2)l[rgre < If(w 2)lzzrs -

By Lemma 3.1 we get

> 2n+1 2 o 1/2
[f(w,z)[[Le < C\/(j(nzzo (2N+1)W|h"(x)|)
=2
< OVA(Y =gl @F)"
n=0 \n

Since s < 1/6, using Lemma 3.2 and the triangle inequality, we get

If(w 2)llzare < CVa.

Using Bienaymé-Tchebichev inequality, we obtain

p(w : If (@2 >A) < AT f(w,2)llz22)? < (CAT1/Q)?.

ANNALES DE L’INSTITUT FOURIER
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Thus by choosing ¢ = d\?, for § small enough, we get the bound
p(w : If(w o)z > A) < Ce™N.

This in turn yields (3.1). The proof of (3.2) is very similar. Indeed, in this
case, we analyze the function

o0

P (@.2) = 3 (M) o)) s () (),
n=0

2N + 1 2Ny +177 )2

and we use that there is a negative power of Ny saving in the estimate.
Namely, there is v(s) > 0 such that

I v (@ @)l 2y < CvaNg ™,
which implies (3.2). This completes the proof of Lemma 3.3. d
With the same arguments one can prove the following statement.
LEMMA 3.4. — Let 0 > 0, then
(33) 3C>0,3¢>0,VA>1Lpu(ueH 7 |ullp-o@ >A) < Ce™

LeEmMA 3.5 (Gagliardo-Nirenberg inequality associated to H). — For
any s € (0,1/6), there exists p < co and 6 < 2 such that

”uHi‘l(R CHUHL2(R)HUH$/V~*m(R) :

Proof. — First we prove that for any s € (0,1/6), there exists p < o0
and 6 < 2 such that
(3.4) ||u||%4(]1§ C||UHL2(R)||U||WW(R)
where W*P is the usual Sobolev space.

Fix s € (0,1/6) and write
(3.5) lull ) < CllullZagy el Zoo vy -
Using [32, Proposition A.3], we get that there exists p > 1 and x > 0 such
that
(3.6) ull oo ) < CllllEo ey el gy
(indeed for large p the derivative loss tends to zero, i.e. we may assume
that it is smaller than s). Finally the Holder inequality and (3.6) implies
that for any g > p there exists o > 0 such that
B7) Nl < Cllullgalulbr, < Clulge i g

A combination of (3.5), (3.6) and (3.7) yields (3.4).
Finally, to complete the proof of the lemma use that thanks to (2.7)

lullyws.r®) < Cllullwsrm) -
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This completes the proof of Lemma 3.5. g
Denote by
Fy(u) = [MnullZ2g) — an.
As in [36], we need the following convergence properties of the sequence

(FN(“))N>O'

LEMMA 3.6. — The sequence (Fy(u)) is a Cauchy sequence in
L?(H~°(R),du). As a consequence, if we denote by F(u) its limit, the

sequence (Fy(u)) converges to F(u) in measure :

N0
Ve>0, lim p(ue M 7 : |Fy(u)— F(u)| >e)=0.
N—oo
Proof. — Let N > M > 0, then
1En (w) = Far (W)l 22 (30-7 ),dp)
2
= [ 1o = an) = (lomliage — anr) Fap(e)

where ¢y is defined in (2.6). By (2.11) we have

N

2
(3.8) lonlFom —an = )\7(|97«L(w)\2 - 1),
n=0"T"
and therefore
(3.9) [ Fn(u) — FM(U)H%Z(H*U(R) dw)
2
=1%ol - e
n=M+1

Now, as the random variables ( Gn (w)) are normalized and independent,

n>=0
for all ny # ny we have

/Q (1o @) — 1) (|gns ()2 — 1)dp(w) =0,

therefore from (3.9) we deduce

1 C
1w () = Fag ()32 (34 ) = Z ST
n=M+1

as A2 = 2n + 1. This proves the first assertion of the lemma.
By the Tchebychev inequality, L? convergence implies convergence in
measure, hence the result. This completes the proof of Lemma 3.6. O

The following result is a large deviation bound for the sequence (F N(u))
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LEMMA 3.7. — There exist C,c > 0 so that for all N > M > 0 and
A>0

(€ H ¢ [Fy(u) — Far(u)| > ) < CemcOT+DEA,

Proof. — The result can be viewed as a consequence of a smoothing
property of a suitable heat flow, but we give here a direct proof. Define the
set

BM7N = {u eEH 7 |FN(’U,) — F]w(u)’ > )\}
Then by (3.8) for N > M,

uBrw) = P |(lonlBa — an) = (lenlBa - an)| > A)
N
(310) = p(w: | D lm@-1]>A).
n=M+1"T

2
By the Tchebychev inequality, for all 0 < ¢ < %,

N

(311 plo: Y ool ~1)> )
n=M+1"T"
N

< e*/\t]E[eXp (t Z 2 (‘gn(w”z - 1))]

n=M+1"T"1
al 2L (g (@)*=1)
=e M H /e*% ' dp(w)
n=M+1 Q2

N oo
1
Pl 3 Glem@P -1 >0 <eMew (3 5)
n=M+1"T" g1
Ct?
Sexp(—/\t+M+1)’

as A2 = 2n+1. Choose t = ¢(M + 1)z, with ¢ > 0 small enough and deduce

N

2 1
Pl Y (gl —1) > A) < Ceme A
n=M+1"T"
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Using a slight modification of the previous argument, we can show that
N

2 1
P Y srllgm@)P —1) < -x) < Ceme iy
n=M+1"T"

and the result follows, by (3.10). This completes the proof of Lemma 3.7.
O

We are now able to define the density G : H~?(R) — R (with respect
to the measure p) of the measure p. By Lemmas 3.6 and 3.3, we have
the following convergences in the p measure : Fy(u) converges to F(u)
and ||[Syullpar) to [|ul|Lar). Then, by composition and multiplication of
continuous functions, we obtain

(3.12) G (w) — C(F(w))et J= @1 = Gy,

in measure, with respect to the measure u. As a consequence, G is measur-
able from (17 (R),B) to R.

3.2. Integrability of Gy (u)

We now have all the ingredients to prove the following proposition, which
is the key point in the proof of Theorem 2.3.

PROPOSITION 3.8. — Let 1 < p < oo. Then there exists C > 0 such
that for every N > 1,

HC(||HNU||2L2(R) _ aN)e% [ ISnu(@)|*de w) S ¢

HLP(d,u,(

Proof. — Our aim is to show that the integral [5° AP~!u(Ax v)dA is
convergent uniformly with respect to N, where

4
Ay ={uern ™ ((I0nulFem) — ay)ed Julsvu@rtas o 5y
Proposition 3.8 is a straightforward consequence of the following lemma.

LEMMA 3.9. — For any L > 0, there exists C' > 0 such that for every
N and every A > 1,
u(Axn) < CXTE

We set

NO = (log >‘)l7
where [ is fixed such that [ > max(2, ﬁ + 1) with B(0) defined by
Lemma 3.3.
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Let us first suppose that Ny > N. Using Lemma 3.5 and that ||Syul/rz <
IIInul L2, we get for u € Ay w,

[Isvu@ltae < ClsnulizfyISwullye)

< Cloglog )72 || Snull§yen gy -
Therefore there exists § > 0 such that
p(Axn) < Culu € H || Snullwswm > (log A)V/22),

and using Lemma 3.3, we obtain that for every L > 0 there exists C such
that for every N and A such that (log\)! > N one has

(3.13) w(Axn) < CpAE.
We next consider the case N > Ny. Consider the set
Ban ={ueH 7 [(Mnullfee —an) = (IMngullFem) — ang)| > 1}
By Lemma 3.7, we get
(B n) < Cexp(—c(log \)'/?) < Cpa™".
Hence it remains to evaluate p(Ax n\Bx n). Let us observe that for u €
Ax n\Bx,n one has
Mngullze = (Mvule —an) = [(yulz: — ay)
— (M ullF — ang )] + ang
< C + Clog(Ny) < Cloglog \.
Therefore Ay y\Bxn C Cx,n where
Canv={ueH 7 :|Syullp: > cllog \|Y/4, Ty, ull2: < C'loglog A}.

We next observe that thanks to the triangle inequality Cx v C D, nUE N,
where

Din={ueH 7 |[Snulrs > ~[log\]'/*, |y, ul2 < Cloglog A},

c
4
and

Exn={ueH 7 |Svu— Snyullps > z[bg/\]l/‘l}.

The measure of Dy y can be estimated exactly as we did in the analysis
of the case Ny > N. Finally, using Lemma 3.3, thanks to the choice of Ny,
we get

w(ExnN) < CeeNg ¥ log 1)/2 <ot
This ends the proof of the lemma, and Proposition 3.8 follows. O

We are now able to complete the proof of Theorem 2.3
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Proof of Theorem 2.3 (ii). — According to (3.12), we can extract a sub-
sequence Gy, (u) so that Gy, (u) — G(u), p a.s. Then by Proposition 3.8
and the Fatou lemma, for all p € [1, +00),

[ 16 <timin [ (Gx ()Pdun) < C.
H=(R) H=(R)

k—o0

thus G(u) € LP(du(u)).
Now it remains to check that for any borelian set, A C H~7, we have

(3.14)  lim LueaGy (w)dpu(u) = / LueaGw)dp(u),
N—=+oo Jo—o(w) H—o (R)

which will be implied by

(3.15) yim o) [Tuea(Gn(u) — G(u))|dpu(u) = 0.

For N > 0 and ¢ > 0, we introduce the set
By, = {u EHR) : |Gn(u) — G(u)| < 6},

and denote by By . its complementary.
Firstly, as 1,c4 is bounded, for all N >0, > 0

[ LuealGtn) — Gw)autu)] <=

Secondly, by Cauchy-Schwarz, Proposition 3.8 and as G(u) € L*(du(u)),
we obtain

| . Luea(Gr(w) = G(w)dp(u)| < [|Gn = G(u)|| 2y By.o )?

< Cu(By.)?.
By (3.12), we deduce that for all € > 0,
w(By.) — 0, N — +oo,

which yields (3.15). This ends the proof of Theorem 2.3 (ii). O
Notice that (3.15) with A = H ™7 gives
(316)  p(HU(E) = lim pn(HO(R) = Jim jx(Bw).

Proof of Theorem 2.3 (i). — By the argument giving (3.1), |lu r+1(r)
is ¢ almost surely finite. As a consequence, the measure p in the defocusing
case is nontrivial. The proof of the weak convergence of dpy to dp can be
deduced from the proof in the focusing case. This completes the proof of
Theorem 2.3. ]
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In the focusing case, the measure p = p we have constructed depends on
¢ € C°(R). We now check that it is in general not trivial. Indeed we have
the following result

PROPOSITION 3.10. — The supports of the measures satisfy
U supppc = supp p.
CeCse (R)

Proof. — By construction, it is clear that for all ¢ € C§°(R), the support
of p¢ is included in the support of f.
Let R> 1 and ¢ € C°(R) so that 0 < ¢ < 1 with ( =1 on |z| < R, and
consider the associated measure p¢. Let ¢ > 0. We will show that if R is
large enough

(3.17) plue 7 : [F(u)| <K R) >1—c¢,

which, as the density p¢ does not vanish on the set {u € H? : |F(u)| < R}
will yield the result.
Write

(318) {ueM 7 :|F(u)|>R}C

{fueHn ™ |[Fy(uw)|>R—-1}U{ueH 7 : |[F(u) — Fy(u)| > 1},
and
{Fx() > R—1} € {|Fx(u) - Bo(w)] > )0 {|Fo(u)] > o2,

By Lemma 3.7 and by the direct estimate

R-1
wlu € H™7 ¢ |Fo(u)| > 5 ) < Ce R,
we obtain that (uniformly in N)
(3.19) plu € H 7« |Fn(u)| > R—1) < CeF < /2,

if R is large enough. By Lemma 3.6, if N is large enough, we also have
(3.20) wlu € H™7 : |F(u) — Fn(u)] > 1) < /2.

Hence from (3.18)-(3.20) we deduce (3.17). This in turn completes the proof
of Proposition 3.10. O

Let us remark that in the construction of the measure p in the focusing
case one may replace the assumption of compact support on ¢ by a suf-
ficiently rapid decay as for example ((x) ~ exp(—|z|%), |z| > 1 with K
large enough (see [23]).
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4. Functional calculus of H

We recall the classical Mehler formula for |t| < /2, f € L'(R), (see e.g.
[12] and references therein)

—i 1 Rl 1 &2/2492/2) cos(2t) —wy)
(4.1) e tH(f) = W /_OO e sin(2t) f(y)dy.

One may check (4.1) by a direct computation. The explicit representation
of the kernel of exp(—itH) given by (4.1) will allow us to develop the func-
tional calculus of H which will be of importance in several places of our
proof of Theorem 2.4. The representation of e~ given by (4.1) is also the
key point of the proof of the local in time (deterministic) Strichartz esti-
mates of the next section. The goal of this section is to prove the following
statement.

PROPOSITION 4.1. — Consider for ¢ € S(R) the operator ¢(h*H).
Then, for any 1 < p < 400 and any |a| < 1, there exists C > 0 such
that for any 0 < h < 1, [[{z)~*@(h?H)(z)*|| £(1r r)) < C-

One may prove Proposition 4.1 by using a suitable pseudo-differential
calculus. We present here a direct proof based on the Mehler formula. The
result of Proposition 4.1 is a consequence of the following lemma.

LEMMA 4.2. — Let K(x,y,h) be the kernel of the operator ¢(h*H).
Then there exists C' > 0 such that for any 0 < h < 1, we have
C
h(l + (|I|;2|Z/D2) ’
Let us now show how Lemma 4.2 implies Proposition 4.1. By duality, it
suffices to consider the case o > 0.
For a > 0, we have

oo

(4.2) |K (2, y,h)| <

“1+uP+Hﬂ—yP
20/ - <\x| B+ Uy 20/ N y>2) 4y
“+20 | ”x‘_yla Yy cyoc [0
h + B 1+ 22)
< O ()

On the other hand,

/ |K(‘T,y7h)‘<z>*0¢d:p§/ _|_/ e
o lel=lyll<lyl/2 | =lylI>]yl/2
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The contribution of the first term is bounded by C(y) ™%, whereas, noticing
that in the second integral we have (|z| — |y[)? > c(z? + y?), the con-
tribution of the second term is also easily bounded by C(y)~%. Finally,
Proposition 4.1 follows by the Schur Lemma. Thus in order to complete
the proof of Proposition 4.1, it remains to prove Lemma 4.2.

Proof of Lemma 4.2. — We start from the representation
ottt = (2m)7t [ e
TER

and thus according to Mehler’s formula, we have

1 ,
K(z.y.h)| <C - iW(rhay) 5
|K(z,y,h) | o Tz o(7)

where
1 (:c2 + y?
sin(2h27) 2

(1, hyx,y) = — cos(2h27) — xy)

Next, we decompose

1 . R
|K(z,y,h Z|/ 7|1/26W(T»h7r,y)<p(7.)d7_|’

ez T 4kn<h2T<Z4km |Sm(2h2 )

we make the change of variables t = h?7 — km and use that |p| < C(z)~2,
since ¢ € S. Thus

|K(w y,h)|
1
h + / ,76“1’(””671/ )|dr
ke%\:{o} ’ Z+kn<h?7<Z+knm |Sln(2h27-)|1/2 |
C 1 k77+t c
E Z /fr | sin(2t |1/2’90( ‘dt <5
kGZ\{O}

As a consequence, it is enough to prove
Ch
(lz] = ly)*

The key point of the analysis will be the following estimates on the phase

(4.3) [K (2, y,h)| <

function.

LEMMA 4.3. — There exists C > 0 such that for any x,y € R and any
0 < h <1 we have
2 22 4 42

87—w("1:7y7 T7 h) 2 2
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Proof. — Indeed,

2h2 I2+ 2

(44) (97—7,[1($, Y, 7, h) = sin2(2h27') ( 2

— zy cos(2h3T))

and minimizing with respect to = the expression above gives

Ortp(x,y,7,h) > L(y2 sin?(2h271)) = h%y?
T Y, T /Sll’l (2h2 ) = Y.
Similarly
2h? x? 5 5 o
a—,—’(/J(I‘,y,T, h) 2 m( Sll’l (2h T)) = h €T
and the result of Lemma 4.3 follows. O

LEMMA 4.4. — There exists C' > 0 such that for any z,y € R, any T,
and 0 < h < 1, we have

R (x| — lyh)?

O-Y(x,y, 7, h) 2 —
V(@,9,7:h) sin?(2h27)

Proof. — Indeed, this estimate is a straightforward consequence of (4.4)
and

2 2 9 9 B )
riy xy cos(2hT) > Yy lzy| = (= = lyD*
2 2 5
This completes the proof of Lemma 4.4. 0

Let us now complete the proof of Lemma 4.2. To estimate K we integrate

by parts using the operator T = W@ Notice that according to

Lemma 4.4, the singularity of W is harmless and we obtain
1 1
<C ’L (z,y,7 h) d
K (2,y,h }/ (|sin(2h2 V72 0,4 ¢ (m))dr].

In the expression above, we have three contributions according whether the
derivative falls on either terms. If the derivative falls on the last term, we
obtain a contribution which is, according to Lemma 4.4, bounded by

c / sin?(2h%7)
¥ Jre [sin(2h2r)[2R2 (] — Jy])2

h3|7'|3/2
<C / (14 |7 Ndr <
N | o e =z LI

(1+|r)"Ndr

Ch
(Il =y
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If the derivative falls on the first term, we obtain a contribution which is
bounded by

1@ (r)|dr (sin|V/2(2h27)
¢ < Ch el I Sl L
e R e e
|2 Ch
———|(7)|dT <
r€R (Ifﬂl—\yl)2| Sl (Jz[ = Jyl)2 "

Finally, the last case is when the derivative falls on the second term. In this
case, using the relation

0% 4h?cos(2h?T) 4htxy

@0 sm(ehtn)dg | sm(2hEn) (0, 9)2

Lemma 4.3 and Lemma 4.4, we obtain a contribution which is bounded by
( h? + h4|:vy| )

rer | Sin(2h27)[3/2(0:4]  |sin(2h2T)[3/2(0:4))?

|sin |Y/2(2h%T) Ch

C’/ on)|dr € ——m

=t 2 < e

hta

where to estimate W we used Lemma 4.3 to estimate one of the
0,1 factors and Lemma 4.4 to estimate the other one. This concludes the
proof of (4.3) and hence of Lemma 4.2. O

dr

<C

C

|p(7)ldr

5. Strichartz estimates

We state the Strichartz inequality (local in time) satisfied by the linear
evolution of the Schrédinger equation with harmonic potential.

LEMMA 5.1. — Let us fix s € R. For every p > 4,q > 2 satisfying
= + = , every T' > 0, there exists C' > 0 and such that

(5-1) e || as )= e ((0,2m) W (R)) < C-

There is also a set of inhomogeneous Strichartz estimates which will not
be used here. This result is well-known (see e.g. [13]), but let us recall the
main line of the proof.

Proof. — Coming back to the definition of the spaces W*P(R), we first
observe that it suffices to consider the case s = 0. We have that
||€_itH||L2*>L2 =1.
L1 < CJ|t|M? for t close to
o for t ~ 0 is the same as for

Next, as a consequence of (4.1), |le”®H|| .

zero, i.e. the singularity of |e=H ||
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exp(itd?) and thus (see e.g. [19]) e~ enjoys the same local in time
Strichartz estimates as the Schrodinger equation without potential, which is
precisely the statement of (5.1). This completes the proof of Lemma 5.1. O

We need some stochastic improvements of the Strichartz estimates. The
following lemma shows that there is a gain of regularity in L? spaces for
the free Schrodinger solution.

LEMMA 5.2. — Let ¢ < %. For any p,q > 4, there exist C,c > 0 such
that
VA>T, plue H o : |le ™yl Wea(®) > A) < Ce=N

(0,27

YA>1,VN > 1, jin(u€ Ex : |le "l

(0,27)

We.4(R) > )\) < CB_C/\2 .

Proof. — Let us prove the first estimate, the proof of the second being
similar. By the definition of u, we have to show that

. 2
(5.2) pweQ: ey e,

(0,27)

We.a(R) > )\) < Ce

Now by Lemmas 3.1, 3.2 and Minkowski’s inequality, for > p, ¢, we obtain

||eiitH<P(Wv')”LT(Q)L%’O’M)WH(R) < CH<H>%eiitHQDHL‘("O,%)Lq(R)LT(Q)
oo
1
< OV XY hnll7a)
n=0

(5.3) < oSN
n=0

Coming back to the definition of A,, we get that the sum (5.3) is finite.
The estimate (5.2) then follows from the Bienaymé-Tchebychev inequality:

(0,2m)

A

, ”eiitH@”Lr(Q)Lp We-a(R) '
p(we: ||e_ltH%0||Lfov2ﬂ)W5*q(R) >A) < (

<(48).
A
and the choice r = eA? with € > 0 small enough. This completes the proof
of Lemma 5.2. g

We shall in practice need the following consequence of Lemma 5.2
and (3.3).
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LEMMA 5.3. — Let 0 > 0,0 < ¢ < & and p,q > 4. Then there exist

C,c > 0 so that for every A > 1, every N > 1,

p(u €M™ : |ullgo >A) < Ce,

(5.4) .
pn(u€ By : |lullg-- >X) < Ce™®
and
—o —1 —cA?
55 p(ueH™7 : |le tHu||L€012W)Ws,q(R) >A) < Cem N,

- . _ 2
pN(u €En : |e ’tHuHLfO’%)WE,q(R) > /\) < Ce .

Proof. — In the defocusing case the proof is a straightforward conse-
quence of the bounds for u, iy we have already established. Namely, in
this case it is a straightforward consequence of the inequalities

p(A) < p(4),  pn(A) < fin(A).

We thus only consider the focusing case which is slightly more delicate. We
prove (5.4). By the definition and the Cauchy-Schwarz inequality, we have

pn(ue M7 ¢ ully-- > N) = /H Ljuf,, -0 >AG N (w)dp(u)

N

< NGN (W)l 2(apeuy) 1w JJullg— > X)2,

and we obtain
pn(ueH : ully-» > A) < Ce=N,

and the first claim follows by using (2.14). The proof of the three other
claims are similar. This completes the proof of Lemma 5.3. 0

6. Local smoothing effects

The next result is based on the well-known smoothing effect.

LEMMA 6.1 (Deterministic smoothing effect). — Let us fix two positive
numbers s and o such that s < o < 1/2. Then there exists C' > 0 so that

(6.1) )™ VI e £ 2o 2mpy < CF Nl

Proof. — Inequality (6.1) is a slight variation of the “usual” local smooth-
ing effect for the harmonic oscillator, namely for o > 1/2,

1 .
(6'2) H<$>—a \/ﬁz e_ZtHfHLz([O’Qﬂ]XR) < CHf||L2(R)
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We refer to [39, 40] for a proof of (6.2). Let us fix a > 1/2 such that
1 <2a < o/s. Take 6§ € (0,1) such that o = fc. Then thanks to our choice
of a, we have that s < g. Applying (6.2) to h, gives that

[{2) ™ ho (@) || L2 ) < CAn? .

Interpolation between the last inequality and the equality ||A,|[z2®) = 1
yields that

_6
[(z) ™7 hn(@) |2y < CAn 2.

Since s < &, we obtain that there exists d(s, o) > 0 such that
(6.3) (2™ Bnll L2y < CALPD7,

The last estimate in conjugation with [35, Corollary 1.2] implies (6.1) (no-
tice that here we do not need the (s, o) saving in (6.3)). This completes
the proof of Lemma 6.1. ]

We also have the following stochastic improvement of the smoothing
effect.

LEMMA 6.2 (Stochastic smoothing effect). — Let s,0 be two positive
numbers such that s < o0 < 1/2 and q > 2. Then there exist C,c > 0 so
that for every A > 0, every N > 1,

p(ueH™7 : || (x)~7 vVH e_”HuHLq A) < Ce N,

(0,2m)

L2R) =
(6.4) s >
pn(ue Ey : H(:r)‘U\/H e_”HuHLq LZ(R)>)\)<Ce_”\ .

(0,27)

Proof. — Again we only prove the first claim. We compute

(@) VE e p(,0) = 3 Y2 e g, )

1-s
n>=0 )\n

e ho(x).

Then by Lemma 3.1

@)= VE e ip(w,2) || (g < OV (Y
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An application of the Minkowski inequality and (6.3) give

[ {2)= VH e" ™ p(w, ) |

L7 (L% L2(R))

1 hn (12 1
<OV (L s | s )

n>=>0

1
<OV () ryeveea)

n>0
< COVF.
Using the Tchebychev inequality, as we did in the proof of Lemma 5.2 yields

(65) p(ueH ™ | (x)7 VH ey HLq > \) < Ce=N"

(0,27)

[N

L2 (R)

Finally we deduce (6.4) from (6.5) as we did in the proof of Lemma 5.3.
This completes the proof of Lemma 6.2. g

7. Local in time results for the nonlinear problem

In this section, we use the linear dispersive estimates established in the
previous sections to develop a local Cauchy theory. As the solution we
are looking for, will be the sum of the linear solution associated to our
initial data and of a smoother term, our functional spaces are naturally the
sum of two spaces: one which corresponds to the properties of the linear
probabilistic solutions, and the other one corresponding to the properties
of the deterministic smoother solutions. Fortunately, it turns out that these
two spaces have a non trivial intersection which is sufficient to perform the
analysis and hence avoid the technicalities involving sum spaces. In the
sequel, for conciseness, we shall denote by L% the space L?(0,T).

7.1. Initial data spaces

For o € R, we define the spaces H?m)a(R) equipped with the norm

lullaes,,.. = I(2)*VH 2 .

zye

Recall that e *H defines the free evolution. We define the spaces for the
initial data Y*

ste

Vo= {ue W0 s emM () € Lyt TV WERT LR 1Y )
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where s is a positive number satisfying

k—3 1 k-1
(7.1) =2 < s < min (i,T)7
€ > 0, is a small number and r is a large number all depending on s to
be fixed. The values of €, r in the definition of the space Y* (and also the
space X5 defined in the next section) will be fixed by the analysis of the
next two sections. Note that since e=®# is 27 periodic the interval [0, 27]
in the definition of Y* may be replaced by any interval of size 2. We equip

the spaces Y° with the natural norm

lullys = l[ulla—e/0 + le™*ul|

—itH
ngk*”“wif?”' + [le U||Lgﬂ7{:‘m>7575/4 .

Thanks to Proposition 4.1, we obtain that ||Sy||ys—y+ is bounded, uni-
formly in N, provided ¢ is small enough. The main property of the space
Y?® we use, is the following Gaussian property.

LEMMA 7.1. — For every s satistying (7.1) there exists 9 > 0 and two
positive constants C' and ¢ such that for every N > 1, every X\ > 1, every
e € (0,e0), every r > 4, every N

p(u e H™0 ¢ flullys > \) < Ce=N
pn(ue By ¢ fullys > \) < Cem
(recall that the dependence on € and r of Y* is implicit).

Proof. — As before, we only prove the first claim. As a consequence of
Lemma 6.2, we get that for every s € (0,1/2) and every € > 0,

— —q7 — 2
p(ueH /0, le ”HUHL%”H?IF&EM >\) < Cem .

Next, using Lemmas 3.4 and 5.3, we obtain that for every s € (0, (k—1)/6)
and € > 0 such that s + & < (k —1)/6, every r > 4,

p(u €M1 ullgepo + le™ ]| sy - > ) < G

™

This completes the proof of Lemma 7.1. g

7.2. Solution spaces and linear estimates

We define the solution spaces of functions on [-T,7T] X R, by
X5 = {ue LFpH /O n L3 VT WET T A L3 0
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where s satisfies (7.1), € is a small positive number and r > 1 is a large
number, to be chosen in function of s. We equip X7 with the norm

lullxs. = llull Lgeag—erro + llull et llullzgae

2(k—1)+e ==, —s—e/a
pt Wk—1 /4

In the next lemma, we state the linear estimates.

LEMMA 7.2. — For any T' < 2,

lle™  ullxs < Jullys,

and for any fixed T € R,

—iTH

le™ ™ ullys = [lufly-.

Moreover, if s satisfies (7.1), there exist g > 0 and ¢ > 2 such that for
g,n € (0,&9), > 10,
¢
(1.2 I [ e e < Pl
and fort € [-T,T)
¢
(7.3) | ; e DR (E(r))drlys < ClIF |l ae-
(recall that the dependence on € and r of X3 and Y* is implicit).

Proof. — The first estimate is a direct consequence of the conservation
of the #~¢/"%-norm by the flow and the definition. The second estimate
is a consequence of the time periodicity of the flowthe definition. Let us
prove (7.2). We first observe that if s satisfies (7.1) then thanks to the
Sobolev inequality and (2.7) we have

(74)

2(h—1) 4o BT < C(||UHL§?HS—" + ||u||L§WS—’7‘m)a
T

provided the positive numbers ¢ is small enough and r is large enough.
Indeed, thanks to the Sobolev embedding, we have that

ak—442
2T(k*1)+fwzti RS =

Il 15y < il

provided
2k —6+¢ 1

77 M4+ 1
Observe that the couple (p,q) = (2(k —1) +¢, %) satisfies p > 4 and
2+ ¢ = 3. Therefore, (7.4) holds, if we can assure that

2k —6+¢ 1 s+e

" k—dt+2e r k-1

s —
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But the last condition follows from (7.1), provided 0 < e, < &, if &g
is small enough and r large enough. This proves (7.4). Using (7.4), the
Strichartz estimates of Lemma 5.1 and the Minkowski inequality, we obtain
that

t
—i(t—7)H
||‘/0 e ¢ i (F(T))dTHLifkilH»EW%m
< CI™H F@) gy grmn = CIFl g e

We next observe that as a consequence of Lemma 6.1, for every s satis-
fying (7.1) there exists ¢ such that for € € (0, &),
(7.5) le™ Ml g <C.

(z) —5—2/4

Using (7.5) and the Minkowski inequality, we obtain that

I [ e i

The proof of (7.2) is completed by the straightforward bound

SCOFLy e < ClF[ L1 ags—n -

—s—e/4

t
||/0 e T () dr || g u-<o < CIF | pypi-cno < CIF |y pien -

Let us now prove (7.3). Using (7.4), (7.5) and the Minkowski inequality, we
obtain that for ¢ € [0, T,

t
I /0 e T (F(7))drllys < Clle™ " (x(r, ) F (7)) | L1pge—n
< COF[ pr s,

where x(7,t) denotes the indicator function of 7 € [0,¢]. This completes
the proof of Lemma 7.2. O

7.3. Multilinear estimates

PROPOSITION 7.3. — Assume that s satisfies (7.1) and let n > 0. There
exist ¢g > 0 and r9 > 2 such that the following holds true. For every

€ (0,¢9), and every r > rq satistying 3er > 4(k — 1), there exists k > 0
such that for T' < 2w we have the estimates

k
(7.6) [us - unll prgge—n < CT* I llwsllxs
j=1
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and, uniformly in N,
k
SN ((Snvur)(Snuz) -« - (Snuk))ll Ly pgs-n < CT” H 1SN u;llxs,

j=1

k
<CT [ llujllxs -

j=1
(we recall again that the dependence on € and r of X3 is implicit).

Proof. — Recall that by (2.3), Sy = X(%) Therefore the second
inequality is a consequence of the first as thanks to Proposition 4.1 the
map Sy is bounded on X4 uniformly in V.

Let us now prove the first inequality. Consider a classical Littlewood-
Paley decomposition of unity with respect to H,

(7.7) Id=Y" Ay,
N

where the summation is taken over dyadic integers N = 2F, Ay = ¢o(vVH )
and for N > 1, Ay = (v H/N), where 1, ¢ are suitable Cg°(R) functions
(the support of ¥ does not meet zero). Estimate (7.6) is a consequence of
the following localized version of it.

LEMMA 7.4. — For any 0 > 0, there exists C' > 0 such that for N1 <
.- < Ny,

k
AN, (u1) - Ay () |12 < CTENS T Il -

j=1
Let us now explain how Lemma 7.4 implies Proposition 7.3. Using the
definition of H*, after performing (7.7), we can write

[Jur - ukll L1 gs—n <
CY D Y A+ My AM (AN, (o) - A (o)) llzsze -
M N1<---<Np oc€Sg

We now observe that Proposition 7.3 is a consequence of Lemma 7.4 (with
the choice § = 7/2) and the following statement, applied with o > 0 small
enough.

LEMMA 7.5. — Let a > 0. For every K > 0, there exists C' > 0 such
that for M > N}t Ny < -+ < N,

k
(7.8)  NAn(Aw, (ur) - Aw (i) oy 22 < OT(L+ M) T lluglixs. -
j=1
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Let us observe that in [6], a similar stronger property (assuming only
M > DNy, D > 1) in the context of the analysis on a compact Riemannian
manifold is proved, the projectors Ay being replaced by the corresponding
objects associated to the Laplace-Beltrami operator. In the context of our
analysis below the argument is much simpler compared to [6].

Proof of Lemma 7.5. — Since the space X3 is embedded in LH /10
(which is the only L? type component of our resolution space), by duality
and summing of geometric series the bound (7.8) is a consequence of the
eigenfunction bound

(79) VK >0,3Ck : Vn; <ns < L <n 1+O‘ <m,

\/ P ]| < Crcl1 )

(the argument is trivial in the time variable). By writing

1

hip = ——
(2m +1)J

Hih,,,

we make integrations by parts in the left hand-side of (7.9) and obtain

1 .
—— | H (hp, - hpy ).
Starting from the definition of h,, (2.1) we have the relations
, n n + 1
(710) h"(l') = 5 hn_l n+1

and
x hp(2) ) +/2(n+1)hp(z
which implies the bound (for p = 2),

1+’€2

(7.11) 2% 032 | oy < Cy ez (1 + [])

Using (7.11) (applied when extending the powers of H) we obtain that
the left hand-side of (7.9) is bounded by C;(ny/m)? which implies the
needed bound thanks to our restriction on M. This completes the proof of
Lemma 7.5. |

It remains to prove Lemma 7.4.

Proof of Lemma 7.4. — We take the parameters € and r in the scope of
applicability of Lemma 7.1 and Lemma 7.2. By introducing artificially the
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weight (z)*te/4, using the Holder inequality and Proposition 4.1, we can
write

(7.12)  [[An, (u1) -+ AN, (uk)ll L1 22

k—1 e
e =
< C”<$>757€/4ANk(uk)”L%L2 [T 1K) = g o o -
T
j=1

We now estimate the right hand-side of (7.12). First, we observe that there
exists k > 0 such that for j = 2,---k, using the Sobolev inequality, and
the boundedness on L™ (1 < r < o0) of zero-th order pseudo-differential
operators, we can write

ste/4 n
(7.13) @) 5] o < CT" ]

ae . < OT" x5,

2(k—1)+eyr, 5T
T w

provided ﬁr > 1. Next, using similar arguments as in the proof of
Lemma 7.5, we obtain the following statement.

LEMMA 7.6. — For any x > 0 and any K, there exists C' such that for
any M satisfying M < N'=*, we have

[An ()~ An(u)ll 2.2 < C(1+ M + N)™ 5 |ul x; .

As a consequence of Lemma 7.6, we obtain for arbitrarily small x > 0,

1) =~/ A (un) | 2. 12

< D IAM(a) T Ay (w)llp2 2 + CNy sl xs
M>N. "

\/ﬁs
M S

<C Z | An

M>N™"

SON* T IVH ((2)7*7* A (u)) | p2 22 + ONylue]l x;. -

(@)=~ A, (un))ll 2 2 + CNy k| x,

Using Proposition 4.1, we can write

IVE" () == A, (i) 2 12

< Cllugl| + IVH @)™ A, () | r2.r -

2 s
LT’H(m)fsfs/ék

In order to estimate the commutator contribution, we shall use the Weyl-
Hormander pseudo-differential calculus associated to the metric

d¢?

7.14 de? + ————.
(7.14) 1 + a2+ &2
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The symbol classes S™ associated to (7.14) are the spaces of smooth func-
tions on R? satisfying the bounds

(7.15) 10507 a(w, €)] < Ca,p{lal + €)™ 7.

We refer to [20], Section 18.5, [30] or [3] for a background concerning
the analysis we perform now. First, using the functional calculus associ-
ated to the operator H, we obtain that for o € [0,1] the operator vH
is a pseudo-differential operator with symbol in S (in fact even better
bounds than (7.15) are enjoyed by the x derivatives of the symbol of
VH’) . We have that (z)~*~</% is in S° and therefore the commutator
[VH’, (z)=*=¢/4] is a pseudo-differential operator with symbol in $*~1. As
a consequence H/8[/H", (z)~*~¢/4] is a pseudo-differential operator with
symbol in §5/8+5=1 ¢ §9 provided & < 1. Therefore, using the L? bound-
edness of zero order pseudo-differential operators, we obtain that

IVEH, (2) >~/ AN, (we) || p2.3ger0 < ClAN, (wr) ] 2 12
and by duality
IVE" (2) =~ Ax, (un)llz2 22 < CllAN, ()l 25—+ < CT urx

Therefore, we obtain the bound

(7.16) ()=~ * A (w2 L2 < CN*F g x5,

We now collect (7.12), (7.13) and (7.16) in order to complete the proof of

Lemma 7.4. g
This completes the proof of Proposition 7.3. |

7.4. Further properties of Y° with respect to the measure p

From now each time we invoke the space Y*, we mean that s satisfies
(7.1) and € and r are in the scope of applicability of Lemma 7.1, Lemma 7.2
and Proposition 7.3. Let us next define some auxiliary spaces. Let Y* be
defined by

Vo= {ueH e (w) € Lyt TIWER T ALY My s )

equipped with the natural norm. The remaining part of this section is
devoted to three lemmas needed in the proof of Theorem 2.4. Using the
density in LP, 1 < p < oo of the Schwartz class S(R), as a consequence of
Proposition 4.1 (and the fact that the result is straightforward if f € S),
we have the following statement.
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LEMMA 7.7. — For every f € Y*, ||(1 — SNn)()llys = o(1)Nsoo- A
similar statement holds for Y.

One can easily see that the analysis of Lemma 5.2 and Lemma 6.2 implies
that ¢y, defined by (2.6) is a Cauchy sequence in L?(£2;Y*) and thus we
may see the measures i and p as finite Borel measures on Y?. We deduce,
thanks to Lemma 7.1

LEMMA 7.8. — There exist C,c > 0 such that
2
plu s ullye > X) + plu : flullg. > X) < Ce™.
We also have the following statement.

LEMMA 7.9. — Assume that s < s < s+ 55. Then we have that Y*s C
Y® and the embedding is compact. In particular, thanks to Lemma 7.8, for
every 0 > 0 there exists a compact K of Y*® such that p(Y*) — p(K) < 9.

Notice that as soon as we gain some positive power in H, we gain com-
pactness because powers of H controls both powers of |D,| and of z. As a
consequence, the assumption s’ > s ensures that we have compactness in
terms of x derivatives and weights in (x) for the second norm, whereas it
ensures compactness in terms of derivatives in the third norm, while the
assumption s’ < s + o5 = s’ + £ < s+ § ensures compactness in terms
of weights in (x) in this last norm. Finally, since the second and the third
term in the definition of Y* are defined in terms of the free evolution, we
may exchange some saving derivatives in H for some compactness in time.
We omit the details.

7.5. Local well-posedness results

Using the results of the previous subsections, we can now get local well-
posedness results (uniform with respect to the parameter N) for

(7.17) (i — H)u = roSn (|Snvul"'Snu), u(0,2) = ug(z) € Ey.
Here is a precise statement.

PROPOSITION 7.10. — There exist C > 0, ¢ € (0,1), v > 0 such that
for every A > 1 and every N > 1, every ug € En satisfying |Jug|lys < A
there exists a unique solution of (7.17) on the interval [—cA~7,cA™7] such
that ||u||X§-A_7 < A+ AL In addition for t € [0,cA™7],

(7.18) lu@®)|ys <A+ AL

TOME 63 (2013), FASCICULE 6



2172 Nicolas BURQ, Laurent THOMANN & Nikolay TZVETKOV

Moreover, if u and v are two solutions with data ug and vy respectively,
satisfying ||uollys < A4, ||vo]lys < A then ||u — UHX‘;A—W < Cllug — vo|
and for t € [0,cA™7],

Ys

[u(t) —v(t)|lys < Clluo — volly- -
Proof. — We rewrite (7.17) as the integral equation
t
u(t) = e_itH(u0)+/$0/ e_i(t_T)H(SN(|SNu(T)|k_1SNu(T)))dT =D, (u).
0

Using Lemma 7.2 and Proposition 7.3, we infer the bounds

(7.19) [[Pug (w)l x5 < [luol

v+ OTull,
and (after some algebraic manipulations on |u[¥~1u — |v|F~10)
(7.20) [ Pug (1) = Pug ()l x5 < CT"[lu — vl x5 (Jullsc" + llullk: -

Therefore if we choose T as T = cA~¥ with ¢ < 1 and K > (k + 10)/x,
the estimates (7.19) and (7.20) yield that the map ®,,, is a contraction on
the ball of radius 24 and centered at the origin of X. The fixed point of
this contraction is a solution of (7.17). The uniqueness and the estimate on
the difference of two solutions is a consequence of Proposition 7.3. Finally
coming back to (7.19), we infer that the solution satisfies

(7.21)  Jullxy = [@ug ()]l xg < A+ Ce™(14+A) KA < A4 A7,

for ¢ small enough and by possibly taking K slightly larger (replacing K
by K + 1/ for instance). Let us now prove (7.18). Using Lemma 7.2 ( 1 in
the scope of its applicability), Proposition 7.3 and (7.21), we obtain from
Lemma 7.2,

[u)lly= < lluollys + CT*|[[ul*'ull Ly 30—

<A+ CT"||ull’

<A+AL

This completes the proof of Proposition 7.10. |

Let us remark that the existence statement in Proposition 7.10 is not of
importance (indeed see the next section for a global existence statement).
The important point is the uniformness with respect to N of the bounds ob-
tained. Similarly, we can also obtain a well-posedness result for the original
problem

(7.22) (i0y — H)u = kolul*u, u(0,2) = uo(z) € Y*.
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PROPOSITION 7.11. — Then there exist C > 0, ¢ € (0,1), v > 0 such
that for every A > 1 if we set T = cA™"7 for every ug € Y? satisfying
|luollys < A there exists a unique solution of (7.22) on [—T,T] such that
[ullxs < A+ A~ In addition for t € [0,T],

lu(®) |y < A+ AL,

Moreover, if u and v are two solutions with data ug and vy respectively,
satisfying |luoly« < A, [vo

ys <

The proof of Proposition 7.11 is essentially the same as that of Proposi-
tion 7.10 and hence will be omitted.

8. Global well-posedness

In this section, we prove the global existence results for a full measure
set for (1.1). Moreover this set will be reproduced by the flow which is a
key element in the measure invariance argument of the next section.

8.1. Hamiltonian structure of the approximate problem

Here we consider again the problem
(8.1) (i0y — H)yu= I{OSN(|SNU|k_1SNU), u(0,2) =Ix(u(0,z)) € En,

with ko =f1if k=3 and kg=1ifk>5
For u € Ey, write

N
u—ch n:Zan—i—ibn)hm an,b, € R.
n=0

Then we have the followmg result.

LEMMA 8.1. — Set

N

J(GOM"' aNabOa"'abN)
. k
,Z,\z 202+ k+1 (g(anﬂbn)hn)HLﬁl(R).

The equation (8.1) is a Hamiltonian ODE of the form
oJ oJ

8.2 iy = o bpy=——" 0<n<N.
(8.2) RO T dan, "
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In particular J is conserved by the flow. Moreover the mass
N

(8.3) lallfe@ =D (ah +57)

n=0
is conserved under the flow of (8.1). As a consequence, (8.1) has a well-
defined global flow ® .

Proof. — The proof of (8.2) is straightforward. Let us next show the
L? conservation. Multiply the equation (8.1) with u and integrate over R.
First, by an integration by parts, we have

(8.4) —/UHuz/\H1/2u|2 eR.
R R
Then by (2.4), we deduce that

(8.5) /SN(|SNu|k_1SNu)ﬂ:/SN(|SNu|k_lSNu)SNﬂ
R R

:/ (1Svul*~1Sxu) Sy € R,
R

Hence, from (8.4) and (8.5) we infer that
d

&Huniz(m) =0.

This completes the proof of Lemma 8.1. g

Denote by ®n(t) : Exy — Ey the flow of the ODE (8.1). We now state

an invariance result which holds both in the defocusing and in the focusing

cases.

PROPOSITION 8.2. — The measure py defined by (2.10) (or (2.12)) is
invariant under the flow ®x of (8.1).

Proof. — The proof is based on the Liouville theorem which we recall
below. See e.g. [2, page 528].

LeMMA 8.3. — Consider the ODE (t) = F(t,x(t)), (t) € R™ with a
local flow ®(t). Suppose also that F' is divergence free, i.e. Z?zl 0;F; =
0 (0; being the derivative with respect to the j’th variable). Then the
Lebesgue measure of R™ is invariant under the flow ®(t).

Observe that the ODE’s in the scope of applicability of the Liouville
theorem are not necessarily autonomous. Let us now return to the proof
of Proposition 8.2. By Lemma 8.3, the measure dadb = ngo anby, is in-
variant under ® 5. Then, as the Hamiltonian J is conserved, the measure
dyte™’ ngo da,db, is also invariant by the flow of (8.1). This completes
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the proof in the defocusing case. A similar argument applies in the fo-
cusing case by invoking the L? conservation. This completes the proof of
Proposition 8.2. g

Let us now df:compose the space H 7 (R) = EI%, @ Ey, and denote by
O (t) = (e D x(t)) the flow of the equation
(i0y — H)u = ROSN(|SNu|kflSNu),
(8.6) u(0,2) = (ud,uo.n) € Ex ® En.
COROLLARY 8.4. — The measure py Is invariant under the flow @y (t).

Indeed, it is clear for product sets A = AN x Ay, AN C Ex, Ay C Ex
and these sets generate the Borelian o-algebra.

8.2. Global existence

Here we show that the problem (1.1) is globally well-posed on a set of
full p measure. Our first result gives bounds (independent of N) on the
solution of the approximate equation (8.6).

PrOPOSITION 8.5. — There exists a constant C' > 0 such that for all
m, N € N*, there exists a py measurable set ¥y C En so that
i) The following estimate holds true
pn(EN\ER) <27
ii) Forall f€ X% andt € R

- 1
(8.7) [P (8) fllys < C(m+log(1+ [t]))?;

iii) There exists ¢ > 0 such that for every tg, every m > 1 and N > 1,
(88) @N(to)(i%) c i%+[610g(\t0|+1)]+3.

The property (8.8) allows to simplify the construction of a set invariant
by the limit flow, compared to a similar situation in [38, 7].

Proof. — We set, for m, j integers > 1,
By (D) = {u € Ex : |lully- < D(m + )%},
where the number D > 1 (independent of m,j, N) will be fixed later.

Thanks to Proposition 7.10, there exist ¢ > 0, v > 0 only depending on s
such that if we set 7 = ¢D~7(m + j)~7/2 then for every t € [—7, 7],

(8.9) &n(1)(By7(D))
c{u€ By : Jully: <D(m+j)? + D™ (m+j)"> < D(m+j+1)

=

I
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provided D > 1, independently of m, j. Following [4], we set

(27 /7]
SNi(D)= (] en(—kn)(BRI(D)),

k=—1[27/7]

where [27 /7] stands for the integer part of 27 /7. Notice that thanks to (8.9),
we obtain that the solution of (8.6) with data f € 3/ (D) satisfies

(8.10) [2x @) (). <D(m+j+1)z, [|t|<2
Indeed, for |t| < 2/, we can find an integer k € [—[27/7],[27/7]] and 71 €
[-7,7] so that t = k7 + 71 and thus u(t) = @N(Tl)(i)N(kT)(f)). Since
f € 279 (D) implies that &y (k7)(f) € By’ (D), we can apply (8.9) and
arrive at (8.10).

By Proposition 8.2, the measure gy is invariant by the flow ® . Hence

pn(EN\ERY(D)) < (227/7]+ 1)pn (En\By (D))
< 02D (m+ )" pn (EN\BY (D)) .

Now, by the large deviation bounds of Lemma 7.1
(8.11)  fw (Ex\S57 (D)) < C20D7(m + )72 P me9) < g-(mb),

provided D > 1, independently of m, j, N.
Next, we set

SR= () EN(D).
j=1

Thanks to (8.11), pn(Ex\X%) < 27 . In addition, using (8. 10), we get
that there exists C' such that for every m, every N, every f € X7 N, every
teR,

125 (B(Dly. < Clm+2+log(1+[t]))* .
Indeed for ¢ € R there exists j € N such that 2771 < 1+ [¢| < 27 and we
apply (8.10) with this j. This proves (8.7).

Let us now turn to the proof of (8.8). Consider f € i’l(} Denote by jo
log(1+]to|)
log(2)
we have |to] < 277!, and for any |t| < 2771

(8.12) S (DN (to)f € By~ (D) c BptotI~1(D),

the integer part of 2 + . According to (8.10), as soon as j = jo,

which implies that
D (to)f € SHHTITHD), Vi = o
On the other hand, the trivial relation (for jo—k > 0, i.e. k = 1,2, -+ jo—1)
B}vv%-i-?,jo (D) _ B}vvl+2+k7jo—k(D) c Ex+j0+27j0_k(D)
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and (8.12) (applied with j = jo + 1) implies that for j < jo and [t| < 27 <
2j0*1,

Sy (DN (to)f € By7°TI(D), V1< j<jo,
and consequently
Dy (to)f € ZRTT2I(D), Vi1

This proves (8.8) and therefore the proof of Proposition 8.5 is completed.
O

For integers m > 1 and N > 1, we define the cylindrical sets
={ueH 7 : In(u) € 27}
Next, for m > 1, we set
m o= {u EH HNk,kETOONk =00
Jup, € E}(}k%ginoo 1SN, un, — ullys = O}.

Observe that ¥™ is a closed subset of Y*. Indeed, assume that there exists
up, € X%, such that limy, o [|Sn,un, — ullys = 0. Then for any P € N,
as soon as N > P, we have

ISP (un, — u)llys = (ISP (Snyun, —u)llys < CllSy,un, — ullys = 0.
As a consequence, using (8.7) (with ¢ = 0), we deduce
II1Sp(u)|lys < limsup ||Sp(un, )|y = limsup ||Sp(un,)|lv-
k— 400 k— o0

< Coup Sqllecer yym' >

and passing to the limit P — +oc0, we deduce
ueY? ||ullys < C'm'/?

The closeness property is clear. Notice also that we have the following
inclusions

(8.13) lim sup X3 = n U Yy, cxm
N—+o0 N=1N;=

Indeed, if u € limsupy_, , . X7, there exists Ny — +oo such that
HNk (u) S i%k,
and the same proof as above shows that

we Y |ullys < C'mt/?
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Now, we clearly have
[1Snu = ullys = o(1)n—+oc,

and since S, (II,(u)) = Sp(u), the sequence uy, = Iy, (u) is the one
ensuring that u € ™. This proves (8.13). As a consequence of (8.13), we
get

(8.14) p(X™) = p(limsup X7}).
N——+oc0

Using Fatou’s lemma, we get

(8.15) p(limsup X3) > limsup p(XYy) .

N —o0 N—o0

In the defocusing case, consider Gy (u) = exp(—%ﬂ||SNu||§til(R)) and

G(u) = eXP(*ﬁ_l”UHlEﬁl(R))- In the focusing case, let Gx be defined by

(2.13) and G by Theorem 2.3. We have that

p(EN) = G(u)dp(u),

X%

and

pn(ER) = [ Gn(u)dpn(u) = [ Gn(u)di(u) = pn (E5)-

sm Sm
Therefore, thanks to (3.15), we get

3 my __ m —
A}E}noo (p(ZR) — pn(ZR)) =0.
Therefore, using Proposition 8.5 and (3.16), we obtain
lim sup p(X73) = limsup py (X3) = lim sup ﬁN(iﬁ)
N—o00 N—o00 N—o0
> limsup (pn(Y®) —277) = p(Y*) — 27,
N —oc0
Collecting the last estimate and (8.14), (8.15), we obtain that
(8.16) p(E™) = p(Y?®) —27™.

Now, we set
(8.17) s=Jz=m
i=1

Then, by (8.16), the set X is of full p measure. It turns out that one has
global existence for any initial condition f € 3.
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PROPOSITION 8.6. — For every integer m > 1 the local solution u of
(7.22) with initial condition f € ¥™ is globally defined and we shall denote
it by uw = ®(t) f. Moreover, there exists C > 0 such that for every f € X™

and every t € R,
1
la(®)lly+ < C(m + log(1 + [t))*.

Furthermore, if f, € XN, and N, — 400 are so that

pggnoo SN, fp = fllys =0,
then

(8.18) lim |Ju(t) = Sn, (PN, (t)(fp))|lys = 0.

p—r—+o0
Finally, for every t € R, ®(t)(X) = 3.
Proof. — The key point is now the following lemma.

LEMMA 8.7. — There exist Ag > 0, C > 0, K > 0 such that the fol-
lowing holds true. Consider a sequence uo,N, € En, and ug € Y°. Assume
that there exists A > Ao such that

ye = 0.

ve <A, uo]

l|luo, N, | ys <A, pEToo | SN, w0, N, — ol

Then if we set 7 = CA™5, Oy (t)(uo,n,) and ®(t)(ug) exist for t € [0, 7]
and satisfy

@, () (uo,n,)l|Leysnxs < A+1, |®(t)(uo)l|Leysnxs < A+ 1.
Furthermore

hrn ||SNPCI)NP (t)(uO)Np) — (I)(t)(uO)HLoo((O’T);ys) = 0

p—+oo

Proof. — The first part of this lemma is a direct consequence of our local
well posedness results of Propositions 7.10, 7.11. For the second part, let
us write

®(t)(uo) = w=e"(uo) v, B, ()(uon,) = up = (ug,n,) +vp,
and w, = v — Sn,v,. We have

_—itH
u—uy,=e (uo — SN, uo,N,) + wp

and by assumption,
—itH(

e (uo — Sn,uo,n,)lys = lluo = S, uo,n, lys = 0(1)p—to0-
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Therefore it remains to show that [|wy | L=ys = 0(1)p— 400, for 7 chosen as
in the statement of the lemma. Observe that w,, solves the problem

(10 — H)wy, = rolu*'u — KOSJQVP(|SNpup\k_1SNPup)
(8.19) = RO(IdeJQVp)(|u|k71u)+/€05]2Vp(|u|k71uf 1S, upF S, uy)

with initial condition w, |;=o= 0. Using Proposition 7.3 and Proposi-
tion 7.11, we obtain that for n > 0

ul* ull o,y < OT"[lullk, < OT"(A+1)"
and consequently,
(8200 14— 83 )(ul" ) orypeny — 085 p— +00.
We estimate the second term in the r.h.s. of (8.19) by using a direct manip-
ulation on the expression |z;|*~12; —|22|¥~125 and invoking Proposition 7.3.
This yields
(8:21) lJulu — S, S, tpll g2 0 m) <
< Jullit + 118w, upll5:t)
SO A+ DR (lle™ ™ (ug — S, (uo,, )|

< 0(1)pstoo + CTH(A + 1)y x: -

We deduce from (8.20), (8.21), (8.19) and Lemma 7.2 that if n < 1,

C7"Ju = Sn, up| xs (

ve + [Jwpllx:)

lwpllx; < CT(A+ 1) Hlwp[lx; + 0(1)psos -

By taking C7%(A + 1)F~1 < 1/2, we infer that ||w,||xs = 0(1)p—4oo. Next
using (7.3) of Lemma 7.2, we obtain that ||wp||z=ys = 0o(1)p—s4oo. This
completes the proof of Lemma 8.7. g

Let us now finish the proof of Proposition 8.6. By assumption, we know
that there exist sequences N, € N,uy, € X% (i.e. Iy, (un,) € X7, ) such
that

PBI—&I}OO HSNPuNp - UOHYS = O

Consequently, by Proposition 8.5, we know that
(8.22) @, () (Ty, un,))|

The strategy of proof consists in proving that as long as the solution
to (7.22) exists, we can pass to the limit in (8.22) and there exists a constant
C' (= supg ||Sq|l c(v+)) such that

< C(m+log(1+ [t)=.

Ys

(8.23) | @(t)(w)||y. < C'C(m +log(1 + [t])2
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which (taking into account that the norm in Y controls the local existence
time), implies that the solution is global and satisfies (8.23) for all times.

Equivalently, let us fix T'> 0 and A > Ag (the number Ay being fixed in
Lemma 8.7). We assume

(8.24) |®n, () (Mn,un,))|y. <A, for [t <T
and we want to show
(8.25) [ @(t)(uo)]|,. < C'A, for [t| <T.

As a first step, let us fix t = 0. For Q € N, if N}, > @, Iy, 0 Sq = Sg and
consequently, using Proposition 4.1 and the definition of X", we obtain

ISauo)lly- = Tim_[ISqTly, (ux,)lv> < C'A
and passing to the limit Q — +o00, we deduce
s = 1 s é IA.
l[uolly ol S0 (uo)|lys <C

This implies that the sequences Iy, un, = uo and ug satisfy the assump-
tions of Lemma 8.7 (with A replaced by C'A). As a consequence, we know
that

lim {|®, (¢) (I, (un,)) = () (uo) || L= ((0.7):v) = 0

p——+oo
for 7 = ¢cA~K. This convergence allows to pass to the limit in (8.24) for
t = 7, using again Proposition 4.1. Indeed, fix @, then for N, > 2Q),

1S@®(7)(uo)|

ye = lim [[Sq@n, (), (un, )lly+,

and using first (8.24) and passing to the limit @ — 400, we deduce
i) s = i So® s < S, A
12(7)(uo)lly= = lim_[|S@®(7)(uo)lly Sng alleers)

Now, we can apply the results in Lemma 8.7, with the same A as in the
previous step, which implies that (8.25) holds for ¢ € [0, 27], and so on and
so forth.

Notice here that at each step the a priori bound does not get worse,
because we only use the results in Lemma 8.7 to obtain the convergence
of [[ @, (1) (I, (1)) — D(t)uol
the norm || ®(t)(uo)||y+ by passing to the limit in (8.24) (applying first Sq,
passing to the limit p — +oo, then to the limit Q — +00). A completely
analogous argument holds for the negative times ¢.

In order to prove the last statement in Proposition 8.6 we observe that,
according to (8.8) there exists ¢ > 0 such that for any ¢ € R,

@(t)(zm) c Em+[clog(|t\+1)]+3

ys to 0, and then obtain the estimates on
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which is a straightforward consequence of (8.18) and (8.8). As consequence
we have ®(¢)(X) C ¥ and thanks to the reversibility of the flow ®(t), we
infer that ®(X) = X. This completes the proof of Proposition 8.6. |

9. Measure invariance

In this section, we prove the last part of Theorem 2.4. Recall that we
see p as a finite Borel measure on Y*. Let ¥ be the set of full p measure
constructed in the previous section. This is the set involved in the statement
of Theorem 2.4. Recall that thanks to the last claim in Proposition 8.6,
®(t)(X) = ¥ and thanks to the reversibility of the flow ®(t), it suffices to
prove that for every p measurable set A C ¥ and every t € R, p(4) <
p(D(t)(A)). We perform several reductions which will allow us to reduce
the matters to compact sets A and small times ¢. First by the regularity
properties of p, we may assume that A is a closed set of Y*. Then thanks
to Lemma 7.9, it suffices to prove p(K) < p(®(t)(K)) for K a compact
set of Y*. Let us fix a compact K of Y* and a time ¢t > 0 (the case
t < 0 is analogous). Thanks to Proposition 8.6, there exists R > 1 such
that {®(7)(K),0 < 7 < t} C Bpg, where here and for future references Bp
denotes the open ball of Y® centered at the origin and of radius R. We have
the following statement comparing ®(¢) and @y (¢) for small (but uniform)
times and compacts contained in Bg.

LEMMA 9.1. — There exist ¢ > 0 and v > 0 such that the following
holds true. For every R > 1, every compact K of Br and every € > (
there exists Ng > 1 such that for every N > Ny, every ug € K, every
7 €[0,cR™], [|(7)(uo) — @n (7)(uo) |y <e.

Proof. — To prove this lemma, take two new cut off Sy, = Xi(QJ\?ﬁ)v
7= 1; 2, With X1X = X X2X1 = X1 SO that SNJSN = SN, SN,QSNJ = SN71.
Notice first that

18 (7) (u0) — @ (7) (o) lys < (1= Sn1) (®(7)(u0) — B (7)(uo0)) ||y

+ [1Sn1 (2(7) (o) — P (7)(uo))]
To bound the first term, we notice that
1(1=Sx) (v (7)) 1+ = [[(1=Sv,1) (e F )|

and

Ys.

ye = [[(1=Sn.1)(uo)|

Ys,

im0 = Swa) (2(7) (o)) s =0
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uniformly with respect to ug in a compact set of Y°. To bound the second
term, we notice that

1Sn.1(2(7) (o) = @ (7)(u0)) v+ = [[Sn.1 ((7) (o) = Snv,2@n (7) (u0)) |

Now to estimate this term we proceed as in the proof of Lemma 8.7, the
only additional point being the observation that Sy 2(u) converges to v in
Y® uniformly with respect to u in a compact of Y*. O

Ys.

We next observe that we only need to prove p(K) < p(®(7)(K)) for 7 €
[0,cR~7], where R and + are fixed by Lemma 9.1. Then we can iterate the
inequality on the same time intervals since we know that ®(7)(K) remains
included in Bp as far as 7 € [0,¢]. Using (2.14), Lemma 9.1 and the well-
posedness result of Proposition 7.10 (notice that, though only stated for the
flow @ (t) on Ey, the result holds clearly for the flow ®x = (e'*H, (1))
on Ey x Ey), we can write

p(R(T)(K) + Bye) = lim pn(S(7)(K) + Bsc)
> lim sup PN (PN (7)(K) + B:) 2 lim sup PN (Pn (7)(K + Bac)),

— 00
where « is a fixed constant depending on R but independent of . Next,
using the invariance of the measure py under the flow ®x(¢) and using
once again (2.14), we can write

p(®(7)(K) + Bse) = hj{fnSUPPN(K + Bae) = p(K + Bae) 2 p(K) .
—00
Using that ®(¢)(K) is closed and letting e to zero, the dominated conver-

gence theorem implies that p(®(7)(K)) > p(K). This proves the measure
invariance. The proof of Theorem 2.4 is therefore completed.

10. Proof of Theorem 1.2

We are looking fort a (global in time) solution v(s,y) of the system
(10.1) 1050 + 651} =" v, seR, yER, v |i—o=uo.
We define u(t, z) for [t| < 7, € R by

11 v(tan(%)’ x )e‘w .
cosz (2t) 2 7 cos(2t)

We then can check that v is a solution on R; of (10.1) if and only if u is a

(10.2) u(t,x) =

m T

solution on (=%, §)s of the system

s

(10.3) 0w — Hu = cos%(2t)|u|k_1u, t| < 1

,z €R,  ul|=0= uo.
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One also has that the map (10.2) sends solutions of the linear Schrédinger
equation without harmonic potential to solutions of the linear Schrédinger
equation with harmonic potential. We refer to [11] for a use of (10.2) in the
context of scattering for L? critical problems, i.e. quintic nonlinearities in
1d. The problem (10.3) has also the following Duhamel formulation
(10.4) t
u(t) = e H (y(10)) — z/ e_i(t_T)H(COS¥(2T)|u(T)|k_1u(T))dT

to
with tg,t € (=%, F). The local analysis of (10.3) will be applied to (10.4)
which fits well in the framework of Propositions 7.10, 7.11. By the transfor-
mation (10.2) we may link the solutions of (10.1) on R X R to the solutions
of (10.3) on (—7/4,m/4) x R.

Remark 10.1. — Notice that the lens transform reduced the proof of
global existence for the non linear Schrédinger equation without potential
to the proof of a local existence result (s € (=7, 7)) for an harmonic non
linear Schrédinger equation. However, this fact that we are only interested
in proving existence on a bounded time interval do not lead to any sub-
stantial simplification in the proof: indeed, in the previous section, we had
an invariant measure, p. As a consequence, any local well posedness on any
set of p mesure 1, S (with time existence T independent of the initial data),

implies automatically global existence on the set
S = Miez®(T)7*(9),

which, of course has also p measure 1. As a consequence, in our framework,
local and global existence results are are not essentially different, as long
as the time existence is uniform.

Let us now remark that thanks to (10.2) the H*® convergence in the
context of (10.3) implies the H?® convergence for the original problem (10.1),
as shown in the following Lemma.

LEMMA 10.2. — Let uw and v be related together by the relation

]_ €T _ ix? tan(7)
= 2
u(z) cost/2(T) v(cos(T) Je
Then for any 19 > 0 there exists C > 0 such that for any s € [0,1] and any

TO<T<%;

[oll3s < Cllullage.

Proof. — For s = 0, the inequality above is an equality with C' = 1. As
a consequence, it sufficies to prove the estimate for s = 1, the general case
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follows by interpolation.

(105) ulfe = [ o100 (o) + gy (el

cos3(T) cos

cos(T)

x iz tan (7)o ( )dx

z° v (m)"‘ZReCOS;(T) (a””v)(cos(T))

The three first terms in the equation above sum up to

| @ + 2P @),

cos?(7)

cos(T) cos(T)

while the last term is bounded (in absolute value) using Cauchy Schwarz
by
/mamv(x)ﬁ + cos?(r/2)22 o] (x)d.
O
The results of Theorem 1.2 will therefore be a consequence of the fol-
lowing result and the fact that the lens transform (10.2) maps the solution
to the linear Harmonic Schrédinger equation, e (f%) to the solution to
the linear Schrodinger equation eitd; (f5).

PROPOSITION 10.3. — The equation (10.3) has p almost surely a unique
solution in C([—7%,%];Y*). Moreover for any 0 < s < %, we can write the

solution as
u(t) = e~ (u fimo +/F) +wt (1),
with f* € Y* and where w* are such that
. +
im0 = 0.

Proof of Proposition 10.3. — The proof of this proposition is very similar
in spirit to the proof of Theorem 2.4. The local analysis is essentially the
same, if one is interested only in proving that the solution exists, with a
time existence depending on the initial data (see Proposition 10.6). There
is however a nontrivial modification in the globalization arguments (i.e. in
the proof of the fact that the time interval of existence is [-7, 7]) because
of the lack of energy conservation of (10.3), which implies that there is no
more any invariant measure. We consider the ODE

(10.6) i0iu — Hu = COS¥(2t)SN(|SNU|k_1SNU), u(0) € En.

One may multiply (10.6) by u and integrate over R to obtain that the
L? norm is conserved by the flow and combining this fact with the local
existence theory of ODE’s, we obtain that the ODE (10.6) with phase space
FE'n has a unique global in time solution. For two real numbers %1, t5 let us
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denote by @y (t1,12) the flow of (10.6) from t; to to. We have the following
monotonicity property for the solutions of (10.6).

LEMMA 10.4. — Set

En(t,u(t)) = %”\/ﬁu(t)”%m L o' F (20)

WHSNU(t)HIz—Hl(R) :

Then the solution of (10.6) satisfies
7r
En(t,u(t)) < En(0,u(0)), [t < -

Proof. — A direct computation shows that along the flow of (10.6) one
has

d (k — 5) sin(2t) cos "= (2t)
%(SN(tvu(t))) = - k+1 HSNU(t)HE—IL_J}%R) .
Therefore the function En (¢, u(t)) increases on the interval [—m/4,0] and
decreases on the interval [0, /4], and attains its maximum at 0. This com-

pletes the proof of Lemma 10.4. a

We shall prove that (10.3) is well-posed on [—m/4,7/4] p-almost surely
which in turn will imply the claimed well-posedness p. The result of
Lemma 10.4 implies the following key measure monotonicity property,
which is our substitute for the fact that we do not have an invariant measure
any more.

LEMMA 10.5. — For every Borel set A of Ex and every [t| < 7,
fin (®n (t,0)(A)) = pn(A).
Proof. — By definition

fin (B (1, 0)(A)) = dN/ o HIVA

2
L2(R) du’

PN (t,0)(A)

where du is the Lebesgue measure on Ey induced by CN+D by the
map (2.5). Let us perform the variable change u — ®x(t,0)(u). We can
apply the result of Lemma 8.3 to obtain that the Jacobian of this vari-
able change is one (the divergence free assumption can be readily checked
by expressing ®n(t,0)(u) in terms of its decomposition with respect to
ho, -+ -hn). Thus we get

i (Bt 0)(A) = dy [ &Iz gy
A

k-5
2

—LVH®N(t,0 2, cos 2 Y5 Ha(t,0 ki1
>dN/ o Al N (GO (W2 ) i — 1SN @~ ( )(u)HLk“(m)du,
A
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Using Lemma 10.4 we hence obtain
- _1 u 2 _ 1 u k+1
i By (1,0)(4) 3 i [ YT TR gy — g a),
A

This completes the proof of Lemma 10.5. |

For I an interval, we can define the spaces Xj similarly to the spaces
X3 by replacing [T, T] by I. We have the following well-posedness result
concerning (10.6).

PROPOSITION 10.6. — There exist C > 0, ¢ € (0,1), v > 0, kK > 0
such that for every A > 1 and for every N > 1, every to € [-7, §], every
ug € En satisfying ||uo|ly- < A there exists a unique solution of (10.6)
with data u(tg) = ug on the interval I = [tg — cA™7,tg + cA~"7] such that
[ull x: < A+ A~'. In addition for t € I,

(10.7) lu(t)|lys <A+ AL

Moreover, if v and v are two solutions with data ug and vy respectively,
satisfying |[uolly= < A, [[vollys < A then |lu — v||x; < C|lug — volly= and
fort e,

[ut) = v(@®)[ly+ < Clluo — volly= .

Finally, if J C I is an interval, then for n > 0,
(10.8) | / e TH (o527 (27) |u(r) | u(r) ) dr 3o < C|J|FA.
J

Proof. — The proof of this statement is completely analogous to that
of Proposition 7.10, one needs to observe that in Lemma 7.2 and Propo-
sition 7.3 one may replace [—T,T] by an arbitrary interval, T by the size
of this interval and one may add the factor COS%(QT) with the same
conclusion. The only additional point is the estimate (10.8). To prove esti-
mates (10.8), we use that

—i(t—7 k=5
| [ e (cos' @n)F()drlen < CIFyeees
J

and apply the estimates of Proposition 7.3. g

The rest of the proof of Proposition 10.3 is very similar to the existence
part of Theorem 2.4. We start by the counterpart of Proposition 8.5.

PrOPOSITION 10.7. — There exists a constant C > 0 such that for all
m, N € N*, there exists a py measurable set ¥%} C Ey so that for all
m, N € N*

pn(EN\XR) <277
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Forall f € S and t € [-Z, 7]
@ (t,0) fllys < Cm.

Proof. — We set, for m an integer > 1, BR(D) = {ueEx: |uly: <
Dm%}, where the number D > 1 (independent of m,N) will be fixed
later. Thanks to Proposition 10.6, there exist ¢ > 0, v > 0 only depending
on s such that if we set 7 = ¢D~Ym~7/2 then for every ti,ts, such that
[t1 —t2| < 7,

(10.9) Dy (t1,t2)(BR(D)) C {u€ Ex : ||uf

ye <D(m+1)%},
provided D > 1, independently of m. Set

[r/47]
SHD) = () @n(kr,0)7H(BR(D)).
k=—[m/41]

Notice that thanks to (10.9), we obtain that the solution of (10.3) with
data f € ¥%(D) satisfies

- 7r
(10.10) [ ®n(t,0)(f)] I

Indeed, for |t| < 7§, we can find an integer k € [—[r/47], [r/47]] and 7 €
[—7,7] so that ¢t = k7 + 71 and thus

‘i)N (t, 0) (f) = &)N(t> kT>§)N(kT7 0) (f)

Since f € X7(D) implies that &y (k7,0)(f) € BR(D), we can apply (10.9)
and arrive at (10.10). It remains to evaluate the gy complementary measure
of the set X3}(D). Using Lemma 10.5, we can write

AN (EN\ER(D)) < (2[r/47]+ 1)pn (Pn(kT,0) " (EN\BR (D))
< CD'm?fiy (Ex\BR(D)).

<D(m+1)%, |t <

Ys

By the large deviation bounds of Lemma 7.1, we get

pn (EN\ER(D)) < CDYm)/2e=eP m < 9=m,
provided D > 1, independently of m, V. This completes the proof of Propo-
sition 10.7. O

Since we are only concerned with a well-posedness statement, we need to
prove less compared with Theorem 2.4 (we do not need to prove that the
statistical ensemble is a set reproduced by the flow). For integers m > 1
and N > 1, we define the cylindrical sets

n={ueY®  Iy(u) € XX}
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For m > 1, we set

XM= {u €Y® : AN eN, Ny — +o0,Jun, €Y, , SN, (un,) = u in YS}.
As in the proof of Theorem 2.4, we obtain the bound

(10.11) p(E™) = p(Y®) —27™.

Next, we set
(10.12) s=Jzm

and by (10.11), the set X is of full p measure. We now state a proposition
yielding the existence part of Proposition 10.3.

PROPOSITION 10.8. — For every integerm > 1, every f € 3™, the prob-

lem (10.3) with initial condition f has a unique solution in C([—%, F];Y®).

The proof of Proposition 10.8 is very similar (simpler) to that of Propo-
sition 8.6, by invoking the counterpart of the approximation statement of
Lemma 8.7. This implies the existence part of Proposition 10.3. Namely we
proved the well-posedness for data in ¥ (defined by (10.12)) and since ¥ is
of full p measure it is of full y measure too.

To prove the last statement of Proposition 10.3, we write the obtained
solution as

_ —itH Y /4 itH ) k—1
u(t) =e (u(O) 24 ; e (COb (27)|u(T)] u(T))dT)

w/4 ) s
+2i / e~ =D (o™ T (2 Ju(r)[F u(r) ) dr
t

and we apply estimate (10.8). A similar argument applies near —7 /4. This
completes the proof of Proposition 10.3, and hence of Theorem 1.2. O

Appendix A. Typical properties on the support of the
measure

In this section, we give some additional properties of the stochastic series

Zign hn )
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A.1. Mean and pointwise properties

PROPOSITION A.1 (LP regularisation). — Let 2 < p < 400 and denote

by
o) %—% if 2<p<4,
p =
%(%—F%) if 4<p<oo.
Then for all s < 6(p), there exist C,c > 0 so that

2
p(weQ : lo(w,)lwarm >A) < Ce .
In particular |@(w, )| ws»®) < 400, P a.s.

Proof. — The proof is essentially the same as the proof of Lemma 3.3,
using the precise L bounds on the Hermite functions h,, (see [39] or [34,

Theorem 2.1]). O
COROLLARY A.2 (Decay). — Let o < §. Then there exist C,c > 0 so
that for all x € R
A 2
pwe : |pw,z) > ) < Ce M.

(z)*

In particular, for almost all w € €,

p(w,z) — 0 when x — too.

Proof. — Let o« < %. Then choose s > 0 so that s +a < % and p > 4 so
that s > %. Then by Sobolev, there exists C' > 0 so that for all w € Q

@) (w; )o@ < Cll@)p(w, )llwer®)-
Now by [40, Lemma 2.4],

[{2)*p(w, lwer@) < Cllpw, ) werer @)

thus
o A
{weQ : (@)pw,z)] > A} C{weQ : low,)wsrarm) > 6}
and we can conclude with the Proposition A.1, as s + a < 6(p). O
PROPOSITION A.3 (Holderian regularity). — Let o < %. There exist

C,c> 0 so that for all x,y € R
p(we : pw,z)—pwy)| > Az —y|*) < Ce=N.

In particular, for almost all w € {, the function x — p(w,z) is a-
Holderian on R.
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Proof. — By Lemma 3.2, for all z,y € R we have
() = hu()] < O
By Lemma 3.2 again, we also have the bound (see (7.10))
5
(@) = hn (Y)] < [ [l @) [z =yl < CAR |z — g,

and we can deduce by interpolation that for all 0 < a < 1,
a1
[hn(2) — hn(y)| < CAn Bl — y|*.
Now, by Lemma 3.1, for all r > 2

[e%e] 1 1
le(w,2) = . 9)ller@ < OV 35 lhn(@) = ha(®)I?)
n=0""
a(N~ L4
< OVrlz -yl (Z 2(17a+é))
n=0 )\n
< O\/Hx - y|aa
forall 0 < a< %. We conclude with the Tchebychev inequality. O

The Proposition A.1 does not yield a gain of derivatives in H?® spaces for

the random variables (gn (w))n>0 (and it can actually be shown that no

such gain is indeed true, see [8, Appendix B]), however we can prove a
local gain of regularity.

PRrROPOSITION A.4 (Local smoothing). — Let v > 0 and define ¥(x) =
(z)=2~". Then for all s < 1, there exist C,c > 0 so that

2
pweQ : [To(w, )|um >A) < Ce™ .
In particular ||V o(w, -)||2s®) < +00, P a.s.
Proof. — By [35, Corollary 1.2] the following bound holds
_1
[ P || 2r)y < An 2.

Then we can perform the same argument as in the proof of Lemma 3.3. O

A.2. Spatial decorrelation

Define the function E for (z,y,a) € R x R x [0, 1] by
(A1) E(z,y,a) = Zan hn(2) h(y)-

n=0

Then we have an explicit formula for E.
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LEMMA A.5. — For all (z,y,a) € Rx R x [0,1]

1 l—a(z+y)? 1+a(x—y)?
A2) E = — — — .
(02) Blr0) = e (— o - e i
Remark A.6. — Notice that by taking a = e?*, one can see that

Lemma A.5 is equivalent to Mehler formula (4.1), which in turn implies
that the function defined by (10.2) satisfies (10.3). Actually, one could
probably extend Lemma A.5 to more general potential (with quadratic
growth) by precisely writing down a parametrix for ¢?(=9:+V (@)
the heat kernel e—t(~92+V (@)

, or for

Proof. — First we recall that the Fourier transform of the Gaussian reads

2.2 1 i &2
A3 T = Witz
(a3 g s
thus, for all n > 1,
d" 2 1 g
A4 = (e ) = —— [ (i) eimE=E /g,
(A.0) () = gz [ e

With (2.1) and (A.4), we deduce that
E(z,y,a)
— FI?)/QG(%’ZHI")/2 Z 2:‘7:;! /R(Z 3% e"“’g*g/‘*df/R(i )" =" /Ay
n>0
= F13/26(962+y(")/2 /]Rz Z% %( _ %M)"ei(m6+yn)*§2/4*n2/4d§ dn

1 2 2 . 2 2
=~ @ +y7)/2 —agn/2+iz (§+n)—£"/4—n"/4
473/2e /]R2 e dé dn.
To compute the last integral, we make the change of variables (¢/,n') =

%(ﬁ +1n,& —n) and use (A.3). This completes the proof. O

PROPOSITION A.7 (Spatial decorrelation). — There exists C' > 0 so
that for all x,y € R,

(z—1)?
4

(A.5) |E[p(z,w) e(y,w) ]| < Ce~

Proof. — Consider the function F' defined by

a2n+1
Flay,0) =230 S @) ha(y) =23

n>=0 n n=0
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for (z,y,a) € R x R x [0, 1]. Thanks to the bound (3.2) we have
a2n+1 1

1 2
ovE B (@) ha ()] < C%”hn”Lm(R) < CW’
hence F € C(R x R x [0, 1]; R)‘ Therefore,
(A'G) ﬂf Y, & —> Z ) = E[(p(:ﬂ,w) @(y,w)]v

n>=0 n

when v — 1.
Now observe that F' is smooth in « € [0, 1[. Thus (as F(z,y,0) = 0)

(A7) F(z,y,« / 0o F(x,y,8)dp.
By (A.2) we have
OuF(2,y,8) =2 B hn() hn(y)

n=0
2 1-8% (@+y)? 145 (@-y)?
e ]
D) 1+62 4 -5 4
Hence there exists C' > 0 so that for all z,y € R and 8 € [0, 1]
c (@=9)?

aaF(1'7y,ﬁ) < e 4 9

| <7
and this, together with (A.6) and (A.7) yields the estimate (A.5). O

A.3. Bilinear estimates

In this section we give a proof of (1.2). Observe that (1.2), applied with

= 0 implies that p?(w, ) is a.s. in HY for every § < 1/2 which is a
remarkable smoothing property satisfied by the random series ¢(w, x). The
key point in the proof of (1.2) is the following bilinear estimate for Hermite
functions.

LEMMA A.8. — There exists C > 0 so that for all 0 < 0 < 1 and
n,m €N

6

(A.8) [1hn Ao |30 (ry < C'max (n,m)_%r2 (log (min (n,m) +1))2.

1
2
Proof. — We give an argument we learned from Patrick Gérard. It suf-

fices to prove (A.8) for § = 0 and # = 1 (the general case then follows by
interpolation). The case 6§ = 1 can be directly reduced to the case § = 0
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thanks to (7.10). Let us now give the proof of (A.8) in the case § = 0. Con-
sider again the function E defined by (A.1) which can also be expressed by
(A.2). Let 0 < a, 8 < 1 and = € R. By (A.2) we have

1—a 2

E(z,z,a) = (1—a?) 2 THa®

7
Therefore, if we set

I(a,ﬂ)E/RE(x,x,a)E(x,x,ﬁ)dx

then we get

(1—a?)"3(1—p%)"2 o~ (F2+158)2% 4,
R

3=

I, ) =

(A.9) _ L
V2r

On the other hand, coming back to the definition

= > a",@m/h

n,m2=0

1

(1) (1 —ap) %

N

Hence to get a useful expression for the L? norm of the product of two
Hermite functions, it suffices to expand (A.9) in entire series in o and f.
Write

_1 (2p—1)!
(1—2)"2 P, cg =1, Cp = ST T p=1.
o AR

\

C
N EST

Therefore, by the Stirling formula, there exists C' > 0 so that |c,| <
for all p > 0. Now by (A 9) and the previous estimate

/hz )2, (z)dz = \/ﬂ Z Cp Cq Cr

p,q,720
ptr=n, gtr=m
1

<C Y -4l Emor+ ) D

0<r<min(n,m)

Without restricting the generality we may suppose that m > n. If m < 2n
then we obtain the needed bound by considering separately the cases when
the sum runs over r < m/2 and r > m/2. If m > 2n, then we can write
(m—r+1)"2 < ¢(14m)~2 and the needed bound follows directly. Therefore
we get (A.8) in the case § = 0. This completes the proof of Lemma A.8. O
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Denote by u(w,t,z) the free Schrodinger solution with initial condition
o(w, ), ie.

o, ) = () = 30 Y2 g, ) (0

n>0 "

Write the decomposition u = ug + Y 5 un, where the summation is taken
over the dyadic integers and for N a dyadic integer

un(w,t,x) = Z o (t) i () gn (W), an<t)—\/Eei(2n+l)t'

N<n<2N

Let us fix t € R and 0 < 6 < 3. To prove (1.2), it suffices to show that the
expression

J(t,x,w) = |ZZH9/2(uNuM)|
M N

belongs to L%(R x ) (here the summation is again taken over the dyadic
values of M, N). Using the Cauchy-Schwarz inequality, a symmetry argu-
ment and summing geometric series, for all € > 0 we can write

N

(A.10) J(t,z,w) < C( Z ME|H‘9/2(uNuM)|2)
N<M

Coming back to the definition we can write
He/z(UN UM) = Z Qp Om Gn Im HG/Q(hn hm)

N<n<2N
M<m<2M

We now estimate ||H%/? (un unr) | 22(0)- We make the expansion

|H9/2 (UN U]W) |2

= Z Ay Qg Oy Xy Gng Gnog Gmy Gmo HQ/Q (hnl hml) H9/2 (hng hmz)«
N<ny,na<2N
M<L<my me<2M
The random variables g,, are centered and independent, and consequently,
E[ 9ny Gny Ymy Gms | = 0, unless the indexes are pairwise equal (i.e. (n1 = ng
and my; = ma), or (n1 = mg and ngy = mq), or (ng = my and ny = Mmy).
This implies that

(All) / |H0/2(UN 7-LM)|2 < ¢ Z |an|2|am|2|H9/2(hn hm)‘2
Q2 N<n<2N
M<m<2M

TOME 63 (2013), FASCICULE 6



2196 Nicolas BURQ, Laurent THOMANN & Nikolay TZVETKOV

We integrate (A.11) in « and by (A.8) we deduce that for all € > 0

/ |H6/2(UN UM)|2 <C Z |O‘n|2|0‘m‘2/ |H0/2 (hn hm)|2dx
QxR R

N<n<2N
M<m<2M
<O Y (max(M.N) 0 o Pl

N<n<2N
M<m<2M

Therefore using that |oy,| < (n)~2, we get

/Q R(J(t“r’w)f <C Z Z M—%+9+26|an|2|aml2
X

NEM N<n<2N
M<m<2M
1
<C Y. Y MTEHTEMN)T < oo,
N<M N<n<2N
M<m<2M

provided ¢ is small enough, namely ¢ such that —% + 6 + 2¢ < 0. This

completes the proof of (1.2).
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