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1. Introduction and Main Results. Recently, there has been much attention to
stability of the solutions to the Navier-Stokes equations. Recent papers that consider
closely related topics are [Se, VS, W2]. Secchi [Se] utilized energy methods to prove
his instability result for the 3-dimensional case. Veiga and Secchi [VS] and Wiegner
[W2] studied stability in Lp (p > n) for strong solutions to the Cauchy problem. All
these papers establish very interesting results for n(> 3)-dimensional problems, without
employing any kinds of smallness hypotheses. Here are their stability results.

Proposition 1 ([Se]). Let u0 G H1, V • u0 = 0, / € Lx(0, oo;L2) n L2(0,oo;L2),
u G H1(0, oo; L2) fl L2(0, oo; H2). Then for each, G H, there is a weak solution corre-
sponding to the initial velocity and the external force /, such that ||m(<) — u(i)|| 0,
t —> oo, where V = {0 | div <f> = 0, (f> G L2} and H is the L2-closure of V.

Proposition 2 ([VS]). Let p > 3, a\ g L1 n Lp+2, a2 e L1 n Lp, V • ai = V ■ a2 = 0
and let u\ G L°°(0, oo; Lp+2) be a strong solution corresponding to a\. Then there is
a constant 8 > 0, such that if ||ax — 1|< 8, then there exists a unique solution
U2 G C(0, oo, Lp) with initial data a2, and

iiui(t)-u2(t)iitP <c(i+tr3/\

where 6, C depend on p, L1, Lp norms of ai, a2 and on the L°°(0, oo; Lp+2) norm of u\.

Proposition 3 ([W2]). Let p > n> 3, n/p+2/q = 1, a\, a2 G L2C\LP, V-ai = V-a2 = 0
and let u\ G Lq(0, oo\Lp) be a strong solution corresponding to ai. Then there exists
a constant 6 > 0 such that if ||ai — ci2||lp < <5, then a strong solution u2 exists with
u2 G Lr(0, oo; Lp) and 4p/(n(p — 2)) < r < oo.

In [V], Veiga proved that if a global solution of the n-dimensional problem fulfills
u G Lq(0, oo; Lp), then u G Loc(0, oo; Lp), where uq G L2 fl Lp, p > n > 3, n/p + 2/q =
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1. Unfortunately, the existence of a solution in the class Lq(0, oo; Lp) is still an open
problem for general data uo, but is at least valid for Wiegner's initial condition. In [W3]
he proved that if uq G L1 fl Lp, p > n, (1 + |x|)uo(x) G Ll, fRn uq(x) dx = 0, then
NOIloo = o(r("+1)/2).

For the 2-dimensional problem, it has been established that for any initial data uo G
Hz, there is a unique global strong solution. For the n(> 3)-dimensional case, it is known
that for small initial data, there exists a global strong solution. However, we can utilize
Veiga's hypotheses rather than the smallness condition to prove the uniform stability.
Then by utilizing Wiegner's L°°-decay result [W3], we can obtain the uniform stability
for pressure p.

In this note we study long time uniform stability with respect to perturbation of the
initial velocity for solutions to the Cauchy problem for the n(> 2)-dimensional incom-
pressible Navier-Stokes equations (NSE)

ut + u ■ Vw — Au + Vp = 0, V • u = 0, (1)
u{x,0) = u0(x), V-140 = 0, (2)

where x = {x\,... ,xn) G Rn, t > 0 are spatial and temporal variables, u — (u\(x,t),...,
un{x,t)) G Rn, p = p(x,t) denote the unknown velocity and pressure respectively, Ut —

V and A are gradient and Laplace operators respectively.
We also study long time asymptotic behavior of the solutions for the 2-dimensional

case and regularity for the n(> 3)-dimensional problem. In the whole paper, we assume
that uq and (u,p) of problem (1-2) satisfy V • uq = V ■ u = 0 and limi^-i^oo p(x, t) =

lim^i^oo 19 3^1 .."a"gn'f) 1 = 0, where on,... ,an are integers, a1  b an < 2, t > 0.

Lemma 1.1. Let n = 2, uq g H2. Then problem (1-2) enjoys a unique global solution
(u,p) 6 L°°(0, T; H2) H M/1'oo(0, T; L2), where T > 0 is any finite constant.

Lemma 1.1 can be proved by the fixed point principle together with some of the
estimates displayed in Lemmas 2.2, 3.1-3.4.

Let (u,p) and (v,q) be the solutions of problem (1-2) corresponding to uq, vq. Let
(w,n) = (u — v,p — q). Then they satisfy the equations

Wt + w ■ Vw + v ■ Vu> — Aw + V7r = 0, V ■ w = 0, (3)

w(a;,0) = w0(x) = u0(x) - v0(x), V ■ wo = 0. (4)

Definition. If there exists a constant C > 0, which may depend on ||uo||x, Nil X,
but which does not depend on t > 0, such that

(1 -M)Q||(u;,7r)(f)||y- < C||u>0||a', for any 0 < t < oo,

then the solutions of problem (1-2) are called uniformly stable, where X, Y are certain
Sobolev spaces and a > 0 is a constant.

It is very interesting and important that the upper bounds of certain norms of (w,n)
depend explicitly on uo — i>o, but do not depend on t > 0. Although it is very difficult to
study the uniform stability of the solutions to problem (1-2), we can at least establish the
best rates of decay in different Sobolev spaces respectively for the 2-dimensional problem.
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Many mathematicians have studied the asymptotic behavior of solutions to (1) and
have made significant progress in this area [H, K, KM, Wl, W2, W3, S, V, Z3]. They
verified that solutions to the n(> 2)-dimensional problem have the same rates of decay
as those of the heat equations, provided the initial velocities are in the same class.

The decay estimates do not automatically lead to the uniform stability of the solutions
to (1). In fact, solutions to the n(> 3)-dimensional problem have the decay estimate
||w(£)|| — C(l+£)_n//4, if uo £ L1 ftH2. But if u $ Lq{0, oo; Lp), i.e., /0°° ||ii(£)||'P ^ = 00>
where p > n > 3, n/p+2/q = 1, nobody has proved the uniform stability yet. If n = 2, the
proof of the uniform instability ||iw(t)|| < C||iuo||> where C is a constant depending only
on ||uo||, relies only on some elaborate energy estimate, i.e., ||«(£)|| < ||«o||, l|Vw(£)||2 €
L1[0, oo). If n > 3, the proof depends only on the assumption uq e L2 fi Lp, u e
L9[0, oo; Lp), p > n > 3, n/p + 2/q = 1. It can be clearly seen that the establishment
of this elementary stability is quite independent of all the asymptotic behaviors. We do
not necessarily require that any norm of the solution of problem (1-2) tends to zero as
£ —> oo to justify this basic uniform stability. On the other hand, the algebraic rates of
decay suggest that certain norms of w have some algebraic rates of decay.

We will study the optimal decay rates of various norms of (w, 7r) corresponding to wq,
which may be in the Sobolev spaces H2 or Ll fl H2. We employ the method of energy
estimation. We also employ various inequalities. The comprehensive use of Holder's
inequality, Gagliardo-Nirenberg's inequality, Gronwall's inequality and the relation V ■
u = 0 is very important and is used almost everywhere to establish the L2 and L°° long
time uniform stability.

For the 2-dimensional problem (1-2), if Uo € L1 fl H2, Wiegner [Wl] obtained

(1 + £)V2||«(£)|| + (1 + £)3/2||Am(£)|| + (1 + oimoiu < C.
if mo e Ll nH2, JR2 uo dx ^ 0, then

0 < Ci < (1 + £)1/2||m(£)|| < C2 < oo.

For the 2-dimensional problem (3-4), we have similar results to these displayed decay
estimates.

Denote by C any positive constant appearing in our paper, which may be different
from line to line, and which may depend on the L1, L2 and H2 norms of uq, vq, but
which never depends on £ > 0. Moreover, denote by Lp = Lp(Rn), L°° = L°°(i?n),
Hm = Hm(Rn), L = L\R") n L2{Rn), H = L\Rn) n H2(Rn), where p,m > 1 are
integers, and denote by

/ u(x)dx= / u(x\,... ,xn) dxi ■ ■ ■ dxn, [Vu|2 = \Vuj\2,
Jr» J iv i=1

||u(£)|| = ||w(£)||L2, ||«(£)||oo = ||w(£)||l~, IKOIIm = \\u{t)\\Hm,

IkolU = IkoIlL1 + II^oIIl2, 11^01| H = Ikolli1 + |ko||/f2.
For a weighted Sobolev space W, denote by

IMI w= \x\\u(x)\dx, ||w0||m = llwollw + II^oIIli + ||w0||H2.
Jr"
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Let f(x) 6 Ll fl L2 and define its Fourier transform

F[f](Q = f(0= [ f(x)exp{-ix-£)dx.
J Rn

The definition can be extended to the Hilbert space L2 by continuity.
In Section 2, we present a series of elementary estimates relating to problem (1-

2) or (3-4). Some other inequalities are also listed here. Section 3 is dedicated to
temporal asymptotic behavior of solutions of the 2-dimensional problem (1-2) for the
case Uq € H2. After having established all the necessary asymptotic behaviors with
uo € H2, we can prove our uniform Lr and L°° stability for the 2-dimensional problem
(1-2) with uo,vq e H2 and Ll fl H2. This is done in Section 4. In Section 5, we deal
with n(> 3)-dimensional problems. We find that if uq £ L2 fl Lp, u e L9(0,oo;Lp), for
some p > n > 3, n/p + 2/q = 1, then u has more regularity, namely

u e fl L&(0,oo-,Lr) n fl £°°(0, oo; L2)
tp<r<oc / \2<s<oo

Let us state our long time uniform stability theorems.

Theorem 1. Let (u,p) and (v,q) be the solutions of the 2-dimensional problem (1-2)
corresponding to the initial velocities uq and vo- Let (to, n) = (u—v,p—q). If uo, vo € H2,
then we have the uniform stability estimate

IK*) If + (1 + t)1/2\\Vw{t)\\ + (1 + t)\\Aw(t)\\
+ (i + t)1/2IKt)lloo + (i + «)IN(*)II + (i + *)1/2 Mt)\\

\ /+ (1 + ^) II V7r(i) || + (1 + t)3/21| A7r(£) ||

+ (1 + OIKOIIoc + (1 + tf/2\\nt(t)\\ < Clhollff-

If ito,vo 6 H2, u>o G L1 fl H2, ||u(i)|| + ||^(<)|| < C/ln(e + t), then we have the uniform
estimate

(1 + t)1/2{\\w(t)\\ + (1 + £)1/2||V^(£)|| + (1 + t) || Atx»(£) ||

+ (1 + *)1/2H«'Wlloo + (1 + OII^WII + (1 + t)1/,2|l7r(<)ll
+ (1 + *) II V7r(£) || + (1 + <)3/2||A7r(i)||

+ (1 + ̂ Ik^Hoo + (1 + *)3/2|M*)||} < C||«;o||//.

If uq,vo € L1 fl H2, fR2wodx ^ 0, we also have the lower bound uniform stability
estimate

C5

C8

[ wo dx - ^ 1/^T-T~ll^oiu < (! + f)1/2lM*)ll < C7\\w0\\l,
Jr2 v 1 + t

[ wQ dx - Cgln(±l-^\\Wo\\H < (1 + t)3/2||w(t)|| <Cio||^o||h-
Jr2 vl+i

(7)



ra-DIMENSIONAL NAVIER-STOKES EQUATIONS 287

If uo, vq € Ll C\H2, fR2 wo dx = 0, fR2 |x| |u>o| dx < oo, then we have the uniform stability
estimate

(i+«){iKt)ii + (i+t)1/2ir^wii + (i+oiia^wh
+ (1 + t)1/2|M«)||oo + (1 + *)IK(«)II + (1 + <)1/2lkWH

+ (l + i)||V7r(t)|| + (l + i)3/2||A7r(i)||

+ (1 + i)lk(i)lloo + (1 + «)3/2IM*)ll> < C\\w0\\m.
Theorem 2. Let (u,p) and (v,q) be the weak solutions of the n(> 3)-dimensional prob-
lem (1-2) corresponding to the initial data uq and vq. Let (w, n) = (u — v,p — q). If
uo 6 L2(lLp, u E Lg(0,oo; Lp), for some p > n > 3, n/p+2/q = 1, thenu € L°°(0, oo; Lp).
If vq e L2, we also have the uniform stability estimate

/•OO

M*)||<C|KH, / \\Vw(t)fdt<C\\w0\\2, ||7r(t)||oo < Clkoll. (9)
Jo

where constant C depends only on the Lq(0,oo; Lp) norm of u.
If uo, vq e L2 n Lp, u € Lq(0, oo; Lp), for some p > n > 3, n/p + 2/q = 1, then there

exists a constant 5 > 0, such that if ||uo — voIIlp < a strong solution v exists with
v € Lr(0, oo; Lp), 4p/(n(p — 2)) < r < oo, and

roc

/ IK*)IIL> dt < C < oo,
Jo

II u{t) - v{t) \\LP < C\\uo - Vol I LP,
nOO r rOO f

/ / \u — v\p~2\V(u — v)\2 dx dt + / / \\7(\u — v\p/2)\2 dx dt < C\\u0 — Vq\\plp,
Jo JRn Jo Jr"

(10)
where C depends on ||u(i)||®P dt.

If uo, € H2 n L°°, u € Lq{0, oo; Lp), for some p > n > 3, n/p + 2/q = 1, then for
any r > p, there exists a constant 6(r, n) > 0, such that if ||uq — t>o||Lr < ^(r,n)> then

||u(i) - v(t)\\Lr < C(n,r)\\u0 - v0\\Lr,
rOO r r OO r

/ / | u — u|r~2|V(u — i/)|2 dxdt + / / \V(\u — v\r/2)\2 dx dt < C\\uo — v0\\rLr,
Jo J Rn Jo J Rn

(11)

where C(n, r) depends on the norm /0°° ||M(i)||2r/(r_'!' dt.
If u0,v0 € Ll n Lp, (1 + |x|)[|u0(a;)| + |vo(a=)|] € JR„ u0(x)dx = fRn v0(x) dx = 0,

then

t{n+1)/2\\n(t)\\ < C||t^o||. (12)

Theorem 3. Let (u,p) be the solutions of the 2-dimensional problem (1-2) correspond-
ing to the initial velocity uq. Then we have the decay estimates for the solutions (u,p)

sup
ll«o—"olliP<i5.

2]

lim [(1 + *)||p(*)H2 + (1 + *)2||Vp(i)H2] = 0,
£—►00

lim[(l + t)||Vu(t)|| ] = 0,
t—* OO
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(l + ̂ {Ni)ll + (l + 01/2||Vu(i)l!
+ (l + i)||Au(t)|| + (1 + t)1/2||u(t)||oei

+ (i + 0IM0ll + (1 + 01/2lb(0ll (13)
+ (l + t)||Vp(t)U + (l+i)^2||Ap(0H

+ (i + OIIpWIIoq + (i + i)3/'2llpt(^)||} < c.

If uq e H2, then (3 = 0. If Uq € Ll OH2, then 0 = 1/2. If u0 G L1 C\H'2, JR2 u0 dx = 0,
fR2 [a;| |wo| dx < oo, then 0=1. If uo E H3, then 0 = 0. We also have

(1 + £)3/21| V Atx(£) || + (1 + t)||Vu(t)||oo /
(14)

+ (1 + £)3/~||Vw((i)|| + (1 + t)2 Vpt(t) '., < C.

Theorem 4. Let uo E L2 fl L°°, u E Lq(0, oo; Lp), for some p > n > 3, n/p + 2/q = 1.
Then u e (np<,<oo i2r/(r-n)(0, oo; V)) n (n2<,<oo ^(0, oo; L')).

2. Elementary Estimates. In this section we present some elementary estimates
that will be very useful in demonstrating our uniform stability.

Lemma 2.1. The following preliminary estimates are valid for the 2-dimensional problem:

|F[w ■ Vu]| < |£| ||u(t)|| |H*)||,

|tt| < [||«WII + H0ll]IH*)ll>
hm<[\\umoo + Mt)u\\wm~

||A7T(t)|| < C[||Au(f)[|1/2 + [|Av(0||x/a]||Aw(t)||

+ C[||Au(t)||3/-2 + ||A«(t)||3/2iH*)lk
IM«)ll<IMt)IUIIVu(t)|[

+ HfWIIoollVwWII + II Aw(<)|| + II Vtt(«) II,
jktWII < WMm [l«(0ll°o + IKt)IUM0ll>

[ f -{g-Vf)dx=*0, f [f ■ {g ■ Vh) + h ■ (g ■ Vf)]dx == 0,
Jr2 Jr2

[ f-(g-Vh)dx < f |g| \h\\Vf\dx,
Jr2 Jr2

where f,g,h £ Hl with V • g = 0 are arbitrary vector-valued functions.

The first, two estimates are necessary to bound |w)| in Lemma 2.3, which is a very
important step for obtaining some of the main results. See Lemmas 4.2, 4.3, and 4.4.
Some other estimates follow by taking the divergence of (1) and integrating the results
appropriately. They play significant roles in establishing Theorem 1. The last one is
important in some simplifications. The first three and the last two estimations are also
valid for the n-dimensional case, n > 2.
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Proof. It is easy to get the following identities by using V • w = 0:

■v»-
P 1 / l<i<n

F[w ■ Vu] = y/—I J ijUjWj
1 <i<n

Thus we get

2

|i>-Vu]|2 = E
2=1

E&wi=i
n / n

i=i \j=i / Vj=i
12

< lfl2EE IM*)II2IK(*)II2 - KI2ll«(t)ll2IK0ll2,
i=l j=l

where we have used \ fg\ < ||/(f)|| HffWII-
The following identity follows from (1):

n n o2

1=1 J = 1 J

The Fourier transform yields

if 12p = -EE^ii=i i=i
Thus we get the identity

j=i j=i

and the estimates

n n

kivi <EE^i laiwoii ikwii + ii«iWii ikiWii]i=i j=i
= E i6i ikiWii E &i ik-wii + E &i inwii E foi ik<

z=l j=l i= 1 j=l

<iei2[||«(i)ll + H«)ll]IKt)ll-
Therefore we get

W<Ht)li[||«(«)|| + IKi)ll].
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We can easily get the identity

l£l M = ^ iwiuj+viwj)
i=1 j=l
n n

or

2— 1 j= 1 2=1 j=l
n n

i=i j=i

n n

f" < EE I WiUj + Villij | .
i=1 j=1

Moreover, we have

IkWII = IkWII < J2Y1 W(wiuJ + viwj)(t)\\
i=1 j=1

n n

< EEiimoiuikwii + imoiIooKwii]«=i j=i
< KOIWM*)!! + HOIUKOII
<[||u(t)||oc + IKi)lloo]|K«)ll-

Taking the divergence of equations (3) we get

A-7T = —V(w ■ Vw + v ■ Vw).

By using this identity we get the following:

||A7r(i)||2 = ||V(io -Vu + v Vu>)(£)||2

<C f \Wu\2\Vw\2dx + C [ \Vv\2\Vw\2dx
Jrz Jr*

+ C||^)||200||AuW||2 + C||^)||^0||A^)||2,

C [ |Vw|2|Vw|2 da; < C||Vw(i)|||4 ||Vw(t)|||4
J R2

< C\\u{t)\\1/2\\Au{t)f/2\\w{t)\\1/2\\Aw(t)\\3/2

< C||Au(t)|| IIA^WH2 + qKt)||2||Au(t)||3||«,(t)||2.

Similarly, we have

C [ \Vv\J\Vw\2 dx < C|| Ai>(£)|| || Ato(t)||2 + C||u(£)||2||Au(i)||3||w(i)||2.
Jr2
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We also have the estimates

C|Kt)OA«(*)ll2 < C\\w(t)\\ ||At«(t)|| ||Au(i)||2
<C\\Au(t)\\ ||A^)II2 + C||AuWH3|K^12

C|kWll^ollAwWI|2 < C|K*)|| l|Au(<)|| ||Aw(*)||2.

Thus we have

||A7r(i)||2<C[||A«(t)|| + ||A«(i)||]||Au;(t)||2

+ C[||Au(<)||3+||At;(t)||3]||«;(^112

The following estimates follow directly from equations (3) and |w • Vu| < |w| |Vu|:

IKWII < II(w ■ Vu)(t)|| + \\(v ■ Vw)(*)|| + ||Aw(t)|| + ||V7r(t)|[
< im<)lloo||V«(t)|| + ||v(i)||oo||Vu>(t)ll + ||Atu(t)|| + IIVtt

Further, we have

2 2

i«i2iF< = -EE«> (wuUj + WiUji + VitWj + VjWjt) •
i= 1 3 = 1

Thus

2 2 2 2

Ki4kii2<££i^i2EEI WuUj + WiUj~t + VttWj + ViWjt I
1=1 3 = 1 i=1 j = 1

2 2

= i«i'EEI WtfUj + WiUji + VitWj + ViWjt I ,
i=l j= 1

or equivalently, we have

2 2

l^|2 < EE IwZu~j + uvujl + vuWj + ViWjt I
i= 1 j = 1



292 LINGHAI ZHANG

Now by utilizing this inequality, we get

IMOII = \\n(t)\\
2 2

sEE II (WuUj + WiUji + VitWj + VjWjt) (f)||
i=1 j=1

2 2

-EE II(witUj + WiUjt + VitWj + ViWjt) (Oil
1=1 j=1

2 2

< EEOI^WHoolKtWII + IMOIUMOII
+ lkjWIU|]uit(t)ll + llvi.Wlloolkjt(OII]

< IK*)ll°olK(t)|| + IK*)ll°olM*)ll
+ IM*)lloolM*)ll + IHOIIoolMOII

< ||«Wlloolki(f)ll + IkWIIoolKMII
+ lkWlloo||(vt,Bt)(OII + INOII°olMOII

= lktWII[IKOIIoo + ||«(t)lloo]
+ IK*)lloo[IM*)ll + IIK.-Bi) Will-

Since
C n Tl TL A J

/ f-(g-Vh)dx= E E 0./JRn JR" 7 = 1 axi
dx

d
— dXj

n nr o r /»

= -/ Y]y2gjhi-K-L dx = - / h-(g-X7f)dx,
V/?n 7~7 ~| °xj J R"

we get

[ f-(g-Vf)dx = 0, [ [f-(g-Vh) + h-(g-Vf)}dx = 0.

In addition, since

n n rj «

EE»fcg
1=1 J — 1 J

1/2 / \ 1/2n n a, 2dft<(EEisAi2 EE
i=ij=i / Vi=ij=i

dxj = MN|v/|,

we have

/» p Tl 71 a /• /»

/ f-{g-Vh)dx = / YTg^dx < / |ff| |/j| | V/| rfrc.
Jr« i=1 i=1 CXj
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Lemma 2.2. The following preliminary estimates are valid for problem (1-2):

|F[u-Vu]|<K|||u(t)||2, |p| < \\u{t)\\2,

IIpWII < ll«(t)lloo||«WII, ||Ap(i)||<C||Au(i)||3/2,
\\ut{t)W < ||w(t)||oo||Vu(t)|| + || Au(i)|| -I- IIVp(£)||,

llPt(i)ll<2||«(0lloolk(i)||.
Proof. Let vq = 0. Then (v,q) = (0,0). By Lemma 2.1, we can get the estimates.

Lemma 2.3. Let uo,vq £ H2, wo G L1. Let (u,p), (v,q) be the solutions of problem
(1-2) corresponding to uq, vq. Then

rt

I til <

<

|S55| + 2|^| [ [||u(s)|| + |Ks)||]|Hs)||ds
Jo

lkoll/,1 + 2|£| f [||w(s)|| + ||«(s)||]|Hs)||ds.
Jo

Proof. Applying the Fourier transform to the equations (3) yields

ti>t + |£|2w + F[w ■ Vu -I- v ■ Vw + V7r] = 0.

It follows easily that

*]t + F[w ■ Vu + v ■ S7w + V7r]e'^ 4 = 0.

Integrating in time gives

w = e ^ ' w0
pt ^

— / F[w ■ Vu + v ■ Vw + V7r](£, s)e'^' s ds
Jo

Therefore by using the first two estimates in Lemma 2.1, we obtain

(u'l < ItSSI + I IF[w • Vu + v ■ Vw + Vtt]| ds
Jo

< |«5d| + 2|ei /f[llu(s)ll + llv(s)l|]llw(s)ll ds
Jo

<KIIli+2|£| A||u(s)|| + ||i>(s)||]||u;(s)||ds.
Jo

Lemma 2.4. Let g = g(x,t), h = h(x,t) € L°°(0, oo; H1 (Rn)) (a: € Rn,t > 0, n > 1)
satisfy the energy inequality

d
dt (l + t)1 [ \g\2dZ +(1 + t)1 [ |^|2|5|2

J Rn J J Rn

< C(1 + i)'-1 / \g\2dt + C(l + t)k [ \h\
J fV J Rn

2di,

where k, I are integers. Let B{t) = {( 6 R" | (1 + i)l£|2 < C}- Then we have the
estimate

d
dt (1 + t)1 f \g\2d£ <C(l + t)l~l [ \g\2dt + C(l + t)k [ \h\2dt

JRn J JB(t) J Rn
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Proof. Since Rn = B(t) U B(t)c, we get

(1 + 0Z [ lew # = (! + *)' [ le|2|5|2^ + (l + 0' [ ie|2|5|2^
JR" J B(t) J B(t)c

> C( 1 + t)1-1 [ \g\2 dS = C(l + ty-1 [ |y|2 dt - C( 1 + t)1'1 [ \g\2 d£.
JB(t)c J Rn JB{t)

Substituting this inequality into the original one, the lemma is proved.

Lemma 2.5 (Gagliardo-Nirenberg's inequality). For all 1 < p, q, r < oo and for all inte-
gers n > 1, m > k > 0, there exist two constants k/m < a < 1, C > 0 such that for all
u e CZ°(Rn)

\\Oku\\LP <C\\Dmu\\lr\\u\\l-a II Li '

n/p — k = a(n/r — m) + (1 — a)n/q,

lH H/3nj.mi, = £
01~\ h 0Ti—k dxf1 • • • dxn" LP

The only exception is that a ^ 1 if m — n/r = k, 1 < r < oo.

Lemma 2.6 (Generalized Gronwall's inequality). Let f(t), g(t) > 0, h(t) > 0 satisfy the
inequality

g{t) < f(t) + f g(s)h(s) ds, for any 0 < t < oo,
Jo

where h(t) satisfies /0°° h(t) dt < oo. Then we have the estimate

git) < f(t) exp
rOO

/ h(t)
Jo

dt for any 0 < t < oo.

3. Decay of solutions of problem (1-2), the case /3 = 0. Before we begin our
main work on problem (3-4), we need to establish some decay estimates on problem (1-2)
with uq g H2. These results are new.

The proof of Theorem 2, the case (3 = 0 will be given by the following three lemmas.

Lemma 3.1. Let Uo G H2. Then we have the following estimates:
/»OO

sup ||m(0H2 < IKH'2, 2/ \\Vu(t)\\2dt < ||uo||2, lim [t||Vu(t)||2] = 0. (15)
0<£<oo t—* oo

Proof. Forming the scalar product of (1) and the vector 2u and integrating in the
space Rn, we get

ft\\u(t)r + 2\\Vu(t)f = 0.
It follows from this identity that (15) is correct.
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Discussions given below are restricted to the 2-dimensional case. Let A = ulx2 — u2xi.
Since V • u = 0, we get

2

At — Ayl + ^ ' UiAXi = 0, A(x,0) = uqiX2 — uq2xi ■
i=1

Making the scalar product of this equation and 2A, integrating in the space R2, we get

jt\\A(t)\\2 + 2\\VA(t)r = 0.

It is obvious that ||Vu(£)||2 = ||.4(i)||2, ||Aw(t)||2 = ||\M(£)||2. Thus we have

d̂
||Vu(t)||2+2||AM(t)||2=0.

Therefore we obtain
roo

sup ||Vw(i)||2 < IIVwoll2, 2/ ||Au(£)||2dt < ||Vu0||2. (16)
0<i<oo J 0

Moreover we observe that

|||V^)||2 = -2||AM(f)||2eL1[0,oo).

Thus limt_00 ||Vu(t)||2 exists.
On the other hand, ||Vu(t)||2 e £*[(),oo). Thus lim^oo ||Vu(i)||2 = 0. Because

||Vu(t)||2 is monotone decreasing, if 0 < s < t < oo, we have
pOO r>t

/ l|Vw(r)||2rfr > / ||Vu(r)||2 dr > {t — s)||Vu(<)||2.
J s J s

Thus we obtain
poo
/ ||Vu(t)||2 dr > limsup[(i - s)||Vw(i)||2] = limsup[£||Vu

J s t—>oo t—+ oo

If we choose s large enough, the quantity in the left-hand side can be made as small
as desired. Therefore

lim [£||Vm(0||2] = 0.
t—>oo

Lemma 3.2. Let u be the solution of problem (1-2) corresponding to the initial data
uq £ H2. Then

||A«(t)|| <C(l + t)~\ (17)

Proof. If we form the scalar product of Eqs. (1) and 2A2u and integrate in the space
R2, we get

d ||Au(<)||2 + 2||VAit(£)||2 = 2 [ VAu ■ V(u • Vu) dx,
Jr2dt

where

LA u ■ Vpdx = 0.
R2
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We have the following simplifications:

VAw • V(w • Vu) dx < ^||VAit(i)||J + 2 f \V(u ■ Vu)|2 dx,
2 Jr2

[ |V(u-X?u)\2dx < C [ |Vu|4 dx + C||u(f)||^c||AM(f)||2
Jr2 Jr2

< C||V-u(t)ll^oIIv«(t)||2 + CH*)|£,||A«(t)||2
<C\\u(t)\\ ||Au(t)|| ||VU(OIII|VAu(t)||

<i||VAU(t)||2 + C||^)||2||Vu(|)||2||A^)||2.

Therefore we get

|||A^)||2 + ||VAu(t)||2<C||^)||2||VW(i)||2||Au(<)||2.

Applying Parseval's identity to the last energy inequality yields

d [ Au2 d£+ [ |£|2 Au2 d£< C||M(t)||2||Vw(<)||2 /
Jr2 Jr2 Jrdt

or we have the inequality

d

Au dt,

dt (1 + t)3 f
Jr2

< 3(1 + t)2

A u

I
Jr2

dt + (i + ty ler
R2

A u dt
_ 2

A u

A u< C(l + t)2
Ir2

where we have used the fact that

i.

d£ + C(l + 03||u(i)l!2l|Vu(t)ll2

dt,

lR2

 i2
Au dt;

lim [(1 + i)||Vu(£)||2] = 0.

More clearly, we have

d
dt (1 + t)3 [ Au 2 dt + (1 + t)3 [ lei2 |Au 2 dt < C(1 + t)2 f

Jr2 J Jr2 1 Jr2
Au d^

By means of Lemma 2.4, we now obtain

d
dt Au dt(1 + t)3 [ Au2 dt <C{l + t)2 f

J R2 J J By ,

<C(l + t)2 [ \t\4\u\2dt<C [ \u\2dt<C ( \u\2dt<C.
J B(t) J B{t) Jr2

Integrating in time t yields

(1 + t)3 [ Au dt < [
Jr2 J r2

Aui dt + Ct,

or we get

I r2
Au dt < C( 1 + t) -2
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Lemma 3.3. Let (u,p) be the solutions of problem (1-2) corresponding to the initial
velocity u0 € H2. Then

lim [(1 + i)||p(i)||2 + (1 + t)2\\Vp{t)f] = 0. (18)
t—> oo

Proof. It can be proved by using the estimates in Lemma 2.2 that

IIpWII < ll«(0lloo||«WII, l|Ap(t)|| < C||A«(i)||3/2,
l|Vp(«)ll2 < IbWII l|Ap(t)||.

Lemma 3.4. Let (u,p) be the solution of problem (1-2) corresponding to the initial ve-
locity w0 € H2. Then (3 = 0 in Theorem 3.

Proof. By using Lemma 2.2, it is very easy to prove.
If Uo has more regularity, then we can demonstrate the following.

Lemma 3.5. Let u be the solution of problem (1-2) corresponding to the initial data
Mo € H3. Then (3 = 0 in Theorem 3.

Proof. If we form the scalar product of Eqs. (1) and 2A3u and integrate in the space
R2, we get

-^-||VAu(0||2 +2||A2w(i)||2 = 2 f A2u ■ A(u ■ Vu) dx.
at JR2

We have the following simplifications:

2 f A2u • A(u • Vu) dx < ||A2m(£)||2 + f |A(w ■ Vu)|2 dx,
JR2 JR2

[ |A(u • Vm)|2 dx <C f |Am|2|Vm|2 dx + C f \u\2\\JAu\2 dx
JR2 JR2 J R2

< C||Vw(0llLl|Au(i)||2 + C||w(t)||^||VAM(i)||2
< C||Vu(t)|| ||VAu(t)|| ||A«(t)||2 + C||u(i)|| ||A«(i)|| ||VAU(i)!|2

< C||V^)||2||VAU(i)l|2 + C\\u(t)\\ ||Au(<)|| ||VAw(i)||2.

The decay results of Lemmas 3.1 and 3.2 yield

[ \A(u-Vu)\2dx < C(1 +i)-1||VAw(i)||2.
JR2

Therefore we get

d
^||VAU(<)||2 + IIA2it(i)||2 < C(1 + i)_1||VAu(i)||2.

Applying Parseval's identity to the last energy inequality yields

[ VAu2 d£+ [ |£|2 VAu ~ d£ < C(1 + t)~l i
JR2 JR2 J

d
dt R2

VAul d.£,
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or we have the inequality

d_
dt (1 +t)4 [ VAu 2 d£ + (1 + t)4 f |£|2

Jr2 J Jr2

<4(1 + t)3 f VAu 2 dt + C(l + t)3 [
Jr2 Jr

C(l + t)3 [
J R

VA u

VA u

di

2
dt

< - v~
'ft2

By utilizing Lemma 2.4, we get

d

VAw dt

dt VA u dt(1 + t)4 f VAu2 dt <C(l + t)3 [
Jr2 J J B{t)

< <7(1 + t)3 [ |£|6|u|2 dt<C [ \u\2 dt<C f \u\2 dt < C.
J B{t) J B(t) Jr2

Integrating in time t yields

(1 + tf f VAu 2 dt< [
Jr2 Jr-/ R2

or we get

VA u

dt + Ct,

L 2 dt < C{l + t)~3.
/ft2

By using Gagliardo-Nirenberg's interpolation inequalities, it is very easy to get the
estimates

HtJIlSo < \\u(t)W ||Atx(OII < C(1 + i)"S
l|V«(t)||2o < C||V«(t)|| ||VA«(t)|| < C{ 1 + tr2.

Remark 1. The following decay estimates are correct if the initial data uq e H°° =
n~=i Hm:

||AmM(i)||2 < C( 1 + t)-2m, || VAm«(i)||2 < C( 1 + t)-2m~\

where m > 0 is an integer. In fact, we have the following more precise results:

lira (1 + t)2m\\Amu{t)\\2 = 0, lim (1 + t)2m+1\\VAmu{t)\\2 = 0.
t—* oo t—>00

It is worth mentioning that neither of these results has been obtained before if Uq 6 H3.

4. Proofs of Theorems 1 and 3. With the aid of the elementary estimates, the
decay estimates of the solutions of problem (1-2) with uo € H2, we can now develop our
proof for the main theorem step by step.

LEMMA 4.1. Let (u,p), (v,q) be the solutions of problem (1-2) corresponding to uq,vq 6
H2. Then we have the following estimates:

d
dt

il
dt

(1-K)3 [ \w\2 dt <C(l + t)2 [ \w\2 dt,
Jr2 J J B(t)

(19)

(l + O5
IR2

Aw dt <C(l + t)2 [ \w\2dt, (20)
Jr2



-||w(i)||2 + 2||Vu;(t)||2 = — 2 f w ■ (w ■ Vu) dx,
: Jr2

w ■ Vtt dx = 0.
IR2
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where B(t) = {e 6 K2 | (1 +1) |e|2 < C}.

Proof. If we form the scalar product of equations (3) and 2w and integrate in the
space R2, we get

d_
dt1

where

/ w ■ (v ■ Vw) dx = 0,
Jr2 Jr-

Taking the last estimate in Lemma 2.1 into account, we have the following simplifications:

-2 f w(w Vu) dx < 2||u(i)||00|Mt)ll ||Vw(t)|| < ||«(0llLlK*)l|2 + IIV^(i)||2.
Jr2

Therefore we get

~\\w(t)W2 + 2||Vw(i)||2 < ||«(t)llLM«)ll2 + IIVMOII2,
or we have the simpler inequality

|||«;WII2 + ||Vt«(t)ll2<Nt)llLlkWII2-
The right-hand side of the above estimate does not consist of v or vo; hence the

constants appearing in any further arguments relating to this inequality have nothing to
do with Vo■

By means of Lemmas 3.1 and 3.2, we get

M<)ll» < IK*)II IIAuWII^ca + t)"1.
Therefore we obtain the estimate

|lM<)ll2 + liv^)||2 < c(i + trXOII2-
Moreover, applying Parseval's identity to the last energy inequality yields

d f W2dt;+ f |ei2lw\2dt<c{i + t)-'[ \w\*
Jr2 Jr2 Jr2dt

Obviously the following relation is valid:

d

dt.

dt (1 + tf f H2 J + (1 + t)3 [ |e|3|w|2
Jr2 J Jr2

<3(1 + t)2 f |u>|2 d£ + C(1 + t)2 f \w\2d£ < C(l + t)2 f \w\2 d£.
Jr2 J r2 Jr2

By virtue of Lemma 2.4, we get

(1 +t)3 [ |w|2 del < C(l + t)2 [ \w\2dt.
Jr2 J Jb ft)

1
dt
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If we form the scalar product of Eqs. (3) and 2A2w and integrate in the space R2, we
get

d f
—-1| Au>(£)||2 + 2||VAu>(t)||2 = 2 / VAw ■ V(w ■ Vu + v ■ Vw)dx
at JR 2

< ||VAw(i)||2 + ||V(u; • Vu + v ■ Vw;)(£)||2;

thus we have

^||Au;(*)||2 + ||VAui(i)||2 < ||V(«> • Vu + v ■ Vw)(i)||2.

We have the following simplifications:

||V(iu-Vu + v- V«;)(«)||2 < C [ \Vu\2\Vw\2dx + C f \\7v\2\Viu\2 dx
Jr2 Jr2

+ C|m0ll|l|Au(t)|:|2 + C||Ki)llLl|A^)l|S,

C [ |Vu|2|Vw|2da: < C||V«(t)|||,41|Vw(t)|| 1,4
Jr2

< C||«(t)||1/21|A«(t)||®/21|W(t)||1/21|A«;(«)||3/2

< C||Au(t)|| ||A'lc(t)||2 + C||«(0ll2||Au(i)||a'H«;(t)||2.
Similarly, we have

C f |Vv|2|Vw|2 dx < C||Au(£)|| ||Aw(i)||2 + C||i>(£)||2||At;(£)||3||u!
Jr2

We also have the estimates

C\\w(t)\\U^m2 < ClkWII l|A«;(t)|| ||Au(£)H2
<C||Au(i)|| ||Aw(i)||2 + C||Au(i)ll3IKt)||2

C||i;(t)||Ll|A«;(0ll2 < C\\v(t)\\ ||Au(t)|| ||A^)||2.
We now have the estimate

d
— \\Aw(t)\\z + || VAiu(i)||'!2 , IIV7 A-..^M|2

< C[||Au(t)|| + \\Av(t)\\ + ||«(t)||. ||Aw(£)||]||Aw;(i)||2

+ C[||u(£)||2||Au(£)||3 + ||w(i)||2|| Au(i)||3 + ||Au(t)||3]|M0f ■
By using Lemmas 3.1 and 3.2, we obtain the inequality

|||A«;(t)||2 + ||VA«;(i)ll2
< C(1 + i)"11|A^(i)||2 + C(1 + i)-3|M*)||2.

Applying Parseval's identity to the last inequality yields

^ / Aw2 d£+ [ |f|2
at Jr2 Jr2

< C(1 + £)_1 f Aw 2 d( + C(1 + t)~3 [ \w\2dC
Jr2 Jr2
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Obviously the following relation is valid:

d
dt (1 + tf [ Aw* dt; +(1 + t)5 f |£|2

Jr2 J Jr2

<5(1 +t)4 [ lAu; 2 d£ + C(l + i)4 f Aw * d£ + C(1 + t)2 f |w|2 d(
Jr2 1 Jr2 Jr2

<C(l + t)4 [ Aw 2 d£ + C(1 + t)2 f \w\2d£.
Jr2 Jr2Ir2

By using Lemma 2.4, we now obtain

dt (1 + i)B [
JR2

Aw dd

<C(l + t)4 [ Aw 2 d£ + C(l + t)2 [ H2d$
JB(t) Jr2

= C{l + t)4 [ |£|4|w|2d£ + C(l + i)2 [ H2d£
JB(t) Jr2

<C(l + t)2 f \w\2 d£ + C(1 + t)2 f \u>\2 d£
J B(t) JR2

< c(i + tf f \w\2 dt + c(i + i)2 [ h2
ifl2 is2

Lemma 4.2. Proof of estimate (5) in Theorem 1.

Proof. By using the identity

^r\\w(t)\\2 + 2\\\7w(t)\\2 = -2 [ w ■ {w -Vu)dx,
at J R 2

we get

^lk(i)H2 + 2l|Vw(t)l|2 -2 Jr2 MM \^w\dx < 2||m(0IIl4 IIwWIIl4 || V if (t) ||
< C\\u(t) ||J/21| Vu(i)||||u>(i) ||x/^|Vw(i) ||3/2

<||V^)||2 + C|mt)||2||V^)ll2|Ki)ll2-
Integrating the above inequality in time t gives

IMOII2 < IM|2 + C [ ||m(s)||2||Vu(s)||2||w(s)||2ds.
J 0

By using Gronwall's inequality and the estimate of Lemma 3.1, we obtain

c / M*)H2||Vu(i)||2dt < ||wo||2exp[C||wo||4IH*)I|2 < Ikofexp

Thus

IkWII < C||wo||.
Up to now in this lemma, the constants are independent of Vo■ This estimate also

holds for periodic boundary value problems for (1).
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The estimate (20) in Lemma 4.1 yields

d
dt

Integrating in time t, we get

(l + £)5 [ Aw d£ <C(l+t)2 [ |w|2 d£ < C(1 + £)2||w0||^
Jr2 J Jr2

n time t, we get

(1 + i)5 [ Aw d£ < f Awo d£ + C(l + i)3||wo||2-
Jr2 Jr2

Thus one obtains
i r _ 2

\ —2f Aw d£ < [ Awo d£(l + t) 5 + C||w0||2(l + t)~
Jr2 Jr2

||Aw(t)|| < C(1 + <)_1 ||^o||2-

Further, by Gagliardo-Nirenberg's inequality (Lemma 2.5), we have

Mt)\\io < c\\w(t)\\ ii Aw(t)n < ca+tnKii ii«,oii2,
l|Vu>(<)||2 < C||«,(i)|| ||A«7(t)|| < C(1 + i)"1|ko|| IKHa.

Thus we get

IMOIloo < C( 1 + i)"1/:2|ko||2, l|Vw(t)|| < C{ 1 + <)"1/2||wo||2-
Now we employ Lemma 2.1 to estimate ||u/t(£)||, ||7r(t)||, ||V7r(i)||, ||A7r(t)||, Htt^)^,

||7rt (i) ||. It is very simple to obtain

IMOII < C(1 + t)-1||^o||2, Ikwil <c(i + t)-3/2IKI|2,
||7r(t)|| < C( 1 + i)-1/2|ko||2, ||V7T(t)|| < C(1 + tr'Wwoh,

HAttWH < C( 1 + t)-3/2KI|2, IkWIloo < C( 1 + t)-1lkol|2.
This lemma is very interesting. It illustrates that as long as the hypothesis (u0, A0) €

H2 is satisfied, which implies that (woj^o) decays very slowly as |a;| —> oo, and which
guarantees that the global solutions of problem (1-2) exist and that ||(u,^4)(t)||,
|| (u, A)(*) ||oo decay to zero at a very slow rate, as t —> oo, then the solutions of prob-
lem (1-2) are stable. We do not necessarily require that the initial velocity decay more
rapidly, i.e., (mo, A0) E Lr fl H2, 1 < r < 2.

Corollary 1. Proof of the case (3 = 0 in Theorem 3.

Proof. If uo G H3, performing the operator V onto (1), we have

V«t + V(u • Vu) — VAw + V2p = 0,

and then
||Vut(t)|| < ||V(u ■ V«)(t)|| + ||VA«(t)|| + IIV2p(i)||

< C||V«(t)l|oo||V«(i)|| + C||u(t)j|oo||Au(t)|| + ||VA«(i)|| + C||Ap(t)||
< C||Vtx(i)II3/2IIVA^(0II1/2 + C||«(t)||1/2||A(t)||3/2 + ||VAu(t)|| + C||Ap(t)||.

By means of Lemmas 3.1-3.3 and 4.2, we get

||Vut(t)|| <C(1-M)"3/2.
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Similar to what we did in Lemma 2.1, it is easy to get the estimate

\F\^(iiit'U'j ~t~ |
4=1 j=1

Thus one gets

2 2 2
l|Vpt(i)||2= Vpt(t) < ^ ^ ||F[V(ujtUj + UiUjt)\{t)\\2

2=1 j = l

2 2

UiUjt] (£) ||
4=1 j = l

2 2

^ C££{||VM*)l|2IM0llL + ll^(0H2||Vwj(f)llL
4=1 j = l

+ IIVMOIILIMOII2 + lkWII»IIVMi)||2}
< C||Vuf(0H2||«WllL + qi«tWII2l|vu(i)llL
<C||u(t)||||Au(t)|| ||VUt(t)||2

+ C||Vu(t)|| IIVAu(f)|| \\ut(t)\\2 < C(1 + t)~A.

Lemma 4.3. Proof of estimate (6) in Theorem 1.

Remark 2. If uq G Lr or vo G Lr, 1 < r < 2, then both uo G Lr, vq G Lr. This is
because Wq G L1 fl H2. Therefore we have

||u(i)|| + ||v(t)|| < C{ 1 + t)1/2~l/r < C/ln(e + t).

Remark 3. If uo,vo G L1 fl H2, then the assumptions are satisfied. In fact we have

HuWll + IKOHca + t)-1/2.
Proof. Using the estimate (19) of Lemma 4.1 and the estimate of Lemma 2.3, we have

(1 + t)3 [ |w|2d{ <C(l+t)2 [ \w\2dt
JR2 J JB(t)

d
dt m

rt
< C(l + t)2 f {llwolUi +2|£| f ||w(s)|| [||u(s)H + ||i>(s)||]dsl d£ (21)

JB{t) I Jo J

C|K||£i(1 + t)+ C(1 + t) f |Kt)||2[||«(s)||2 + lb(s)||2
JO

<C|KHii(l + i) + C(l + t) I |kWllzfllw(s)||^ + ||t;(5)rids.

Integrating in time gives

(1 + t)3 [ \w\2d(, < [ |w0|2 eft;
Jr.2 Jr2

+ C\\w0\\Ul + t)2 + C(1 + t)2 f Ma)||2[||u(S)||2 + ||i>(s)||2] da,
J o
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or we get

(1 + t) [ |w|2<&;< f |w0|2 dS, + C||w0|||i
J R2 J R2

c [ lk(4f[|[«(-)f + IMs)llVs
Jo

4-

<

Set

[ \w0\2 d£, + C\\w0\\2Li + C [ ||w(s)||2[ln(e + s)] 2 ds.
Jr2 Jo

g(t) = (l+t) I \w\'2 d£, h(t) = C(1 + t) 1'[ln(e + £)] 2
Jr2

By means of Gronwall's inequality, one obtains

(1 + t) [ \w\2d(,< [ |5^|2 ^ + C||«;o|||i
JR2 Ur2

poo

C / (1 + t)_1[ln(e + £)]~2 dt.
Jo

x exp

IMOII < c(i +1) 1/2|j«.-ol /..
In addition, using the estimate (20) of Lemma 4.1, we have the estimate

d
dt (1 + t)5 Aw dt < C(1 + t)2 f \w\2da<C(l+t)\\w0\\l. (22)

Jr2Ir2

Integrating in time t, we obtain

(1+t)5 [ Aw~d£<[ Awjf d£ + C||wQ|||(l + t)2
Jr2 Jr2

which is just the estimate

||Atu(i)|| < C||w0||_ff(l + t)_3/2.

As before, using Lemma 2.5, we get

lk(/)|U < C w(f)\ J/2|IA«:(/) |1/2 < c^ + tr'WwoWn,
1V</.'(0'• < C "•(/)||1/2||A(c(/) 1/2 < C(l + t)-l\\Wo\\H.

Further, by Lemma 2.1, we have

IkWII < C(1 + t)"1 Kiln, IIA7t(£)|| < C(1 + t)"2||«;o||H,
Mt)\\oo<C(l + t)-3/2\\w0\\H, ||V7r(t)||<C(l + t)-8/2|K||H,

IMt)|| < C{ 1 + r^lNIk, IMOII < C{\ + t)-2\\w0\\H.
Corollary 2. Let u be the solution of problem (1-2) corresponding to the initial data
uq € H2. If ||u(i)|| < C/ln(e +1), then /3 = 1/2 in Theorem 3.

Lemma 4.4. Proof of estimate (8) in Theorem 1.



ra-DIMENSIONAL NAVIER-STOKES EQUATIONS 305

Proof. There exists a constant S > 0, such that

\wo\<C\£\[ |x| \w0\dx < C|£| ||u>o||w, for |£| < 6. (23)
Jr2

Using the estimates (21) and (23), we have

d
(1+t)3 [ \w\2 d£ <C(l + t)2 [ \w\2 d£

Jr2 J J Bit)B(t)
2

<C(l + t)2 [ {\w0\ + 2\£\ [ |Ms)||[||w(s)|| + ||w(s)||]ds|
J Bit) I Jo J

< C\\wo\\h + C y* M0ll(N«)ll + \\v(s)\\) ds}
< C\\w0\\2l1 + C||wo||2[ln(l + t)}2.

Integrating in time gives

(1 + ty I \w\2d£<[ \uh)\2 d£ + C\\w0\\2Lit + C\\w0\\2Lit[\n(l +1)]2,
Jr2 Jr?

IkWII ̂  c(l + 0_1 M1 + *)IW|l.
Iterating once more, i.e., using (21) and (23) again, we have

(1 +t)3 f \w\2 d£ <C(l+t)2 f \w\2 d£
Jr2 J J B{t)

C{ 1 +t)2[ {\w0\ + 2|£| r||w(«)ll[ll«(a)ll + Hs)\\] ds\
JB{t) I Jo J

dd

dt

< C(1 +ty I { |iS5| + 2|e| I |t«(s)||[||«(s)|| + \\v(s)\\] ds] dt
'Bit)

< C\\wQ\\2Lx +C {J ||w(t)||(||u(s)|| + ||w(s)||) ds

<C\\wo\\h+C\\wo\\2.

Integrating in time gives

(1 + t)3 [ \w\2 d£ < f \uT0\2 d£ + C\\w0\\2Lit + C\\w0\\2Lit,
Jr2 Jr2

IM*)|| < C(i + t)~lII^oIIl-
Coupling the last estimate and estimate (22) yields

dt (1 + t)°
lR2

Aw da < C{ 1 + t)2 [ |w|2 d£ < Cllwoll2
Jr2

Integrating in time t gives

(1 +t)5 f
Jr°-

Aw d£ <
/ r2

Am d£ + C\\w0\\2t.

Therefore we have

l|Au;(t)|| < C(1 +1)~2.
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Now it is very easy to get

nv«;(t)ii ^cdkoiUi + iKya+o-1.
IkWIloo < c(||wj0||Li + ||w0||2)(i + ty1.

The other estimates follow lines that are by now familiar.

Corollary 3. Let the conditions of Lemma 4.4 be satisfied. Let u be the solution of
problem (1-2) corresponding to the initial data uq € H2. Then (3 = 1 in Theorem 3.

Lemma 4.5. Let uq, vq € L1 n H2, JR2 wq dx ^ 0. Then

C, f Wq dx - ^||wol|g < (1 + t)1/2\\w(t)\\ < C7\\w0\\h, (24)
JR2 V 1 + t

[ Wodx _^1e2^|K||„< (i + f)3/2|Kt)|| <C10|K||h. (25)
Jr2 V1 + t

Proof. Let y be the solution of the linear problem

Vt ~ Ay = 0, y{x, 0) = w0, V • w0 = 0. (26)

Because V ■ wq = 0, y = wq exp[— |£|2i], we get V ■ y = 0.
Let z = w — y. Then z satisfies the equations

Zt + w ■ Vu + v ■ — Az + Vtt = 0, V • z = 0, z(x, 0) = 0.

If we form the scalar product of equations (3) and 2z and integrate in the space R2,
we get

d
dt1

where

: ||z(£)||2 + 2||Vz(i)||2 = — 2 f z{w • Vu + v ■ Vw) dx,
'■ Jr2

Lz ■ Vtt dx = 0.
R2

We have the following simplifications

-2 f z ■ (w ■ Vu) dx < 2||ii(i)||00||tu(i)|| ||Vz(£)||
Jr.2

-2

< 2||u(t)||^||«;(t)||2 + |||Vz(i)||2,

f z-(v- Vw) dx < 2||u(*)||00||u;(f)|| ||Vjk(<)||
JR2

<2|K0llLlKi)ll2 + lllv^)||2.
Therefore we get

jt\\z(t)\\2 + \\VZ(t)\\2 < 2[||u(i)llL + IM«)OKt)ll2-
Applying Parseval's identity to the last energy inequality yields

if \z\2d(,+ f \t\2\z\2d£<2[\\u(t)\\200 + \\v{t)\\200) f \w\2d£.
at JR2 JR2 JR2
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Obviously the following relation is valid:

d
(i + t)3 [ \z\2dd +(i + t)3 [ |CI2|i|2^

at L Jr2 J Jr2

< 3(1 + t)2 f \z\2d^ + 2(l + t)3[Ht)\\l + Ht)\\l} [ H2#
Jr2 Jr2

<3(l + £)2 f \z\2 d£ + C(1 + t)2 f \w\2 d£ < C(1 + t)2 f \w\2 d£,
Jr2 Jr2 Jr2

where we have used the fact ||w(i)||^o + < C( 1 + £)-1.
By using Lemma 2.4, we now obtain

dt (1 + t)3 [ \z\2 d£ < C(1 + t)2 [ \z\2 d£
Jr2 J J B(t)

<C(l + t)2 f {m /t|k(s)||[||u(s)|| + ||«(s)||]ds} dt;
J Bit) {Jo JB(t)

< CdbolUi + ||w0||)2[ln(l + i)]2.

where we have used the following estimates:
/■t

z = — j F[w ■ Vu + v • Vw + V7r]e-'^ ds,
Jo

2iei AimS)ii + ik(S)ii]ik(S)NS.
Jo

1*1 <
Integrating in time gives

(1 + t)3 f \z\2 d(, < C\\w0\\2lf[ln(l + t)]2,
Jr2

\\z(t)\\ < C\\w0\\l(l + t)'1 ln(l + t).

Let 2A = | JR2 wo dx|. Then A > 0, and there exists a constant 6 > 0, such that for
any £ 6 R2, if |£| < 6, then |55o| > A.

Now we have the estimate for the solution of the linear problem (26):

f \y\2dx= f \y\2 d£= f |5£|2 e'2^1 d£
Jr2 Jr2 Jr2

> f |w5|2e"2|?|2(1+t)d£ > [ |w5|2e"2|4|2(1+t) d£
Jr2 J\z\<6

r r6

>A2 e-2l?l2(1+t) d£> A2 / re-2r^1+tUrdd>CA2(l+t)~1.
J\£\<6 JO Jo

Finally we have

IH<)|| > IIj/WII - IK*) - y(t)II > CA{\ + t)~1/2
- C||t«o|U(l + ty1 ln(l + t)> C{ 1 + t)-1/2,

for sufficiently large t > 0.
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Using the same techniques as we displayed in the proof of the first estimate can
complete the proof of the second one. The proof is omitted.

Remark 4. If there exists 0 < Co < 1 such that

/ w0dx > Co |wo|rfx>0,
ifi2 Jr2

' f \w0\dx - ^Voll, + KID > C( 1 + t)~V2,J i + t(1 + *)1/2 Jr
for all t > 0, then we get

C|KHl(1 + t)-1'2 < \\w(t)\\ < C\\w0||L(1 + i)"1/2.

Combining the Lemmas 4.1-4.5, we have proved Theorem 1. Proposition 1 and Corol-
laries 1-3 prove Theorem 2.

5. n(> 3)-dimensional problems. We are concerned with L2 and Lp(p > n > 3)-
uniform stability for solutions to the Cauchy problem for n-dimensional incompressible
Navier-Stokes equations (1-2). Let us state some relevant known results.

Lemma 5.1. Let n > 3, uo £ L2. Then there is a weak solution u £ L°°(0, oo;L2) D
L2(0, T; H1), where T > 0 is any finite constant. If uq € Ll fl L2, then the problem (1-2)
admits a weak solution u 6 L°°(0, oo; L2) fl L2{0, oo; H1), and

\\u(t)\\<C(l+t)-n/\

Furthermore, if JRn uq(x) dx = 0, fRn |x| |uo(a;)| dx < oo, then

ll«(t)|| <c(i + t)-x/2-n/4.

If u0 £ L2 D LP, p > n, then there exists a constant C > 0, such that if
||Mo||2(p-™)/(p(™-2))||Wo||z,„ < C, problem (1-2) has a unique global solution u £
L2(0, oo; H1) n C(0, oo; L2 D W). See [H, K, KM, S2, Sel, Se2, T, W, Wl, V],

Lemma 5.2. If uo £ L2 fl Lp, u £ Lq(0, co; Lp), for some p > n > 3, n/p + 2/q = 1, then
u £ L°°{0, oo; Lp), \\u{t)\\pLP < C{ 1 + t)~^~2)n/4. See [W2, V].

Lemma 5.3. If uo, vo £ L2 fl Lp, u £ Lq{0, oo; Lp), for some p > n > 3, n/p + 2/q = 1,
then there exists a constant 8 = S(n,p) > 0, such that if ||ito — i>o||lp < 6, a strong
solution v exists with v £ Lr(0, oo; Lp), 4p/{n(p — 2)) < r < oo. See [W2].

Lemma 5.4. If uq £ Ll (1 Lp, p > n, (1 + |x|)ito(x) G L1, fRn uq(x) dx = 0, then
HOIloo = 0(r("+1)/2). See [W3].

Lemma 5.5. Let (u,p) and (v,q) be the weak solutions of the n(> 3)-dimensional prob-
lem (1-2) corresponding to the initial velocities uo and vo■ Let (w,tt) = (u — v,p — q). If
Uo £ L2C\Lp, u £ Lq{ 0, oo; Lp), for some p> n> 3, n/p+2/q = 1, then u £ L°°{ 0, oo; Lp).
If Vo £ L2, we have the uniform stability estimate

rOG

IhWII < enroll, / \\S7w{t)\\2 dt < C||w0||2, ||7r(0lloo < c||w0||,
J 0

where the constant C depends only on the Lq(0, oo; Lp) norm of u.
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||w(i)||2 + 2||Vw(£)||2 = — 2 f w ■ [w ■ Vu) dx,' J R"

Proof. The assertion u G L°°(0, oo; Lp) was proved by Verga [V], By using the identity

d
dt1

we get

d \\w{t)\r + 2\\vw{t)r <2
/ R"dt IKOII2 + 2llVw(^l|2 < 2 [ M M |Vtw| dx < 2||w(i)||LP||w(i)||Li||Vw;(i)||
J R"

< C||u(0IUHkWI|1"a||Vw(i)||1+a
< l|Vw(i)||2 + C||u(i)||^(1"Q)||w(<)||2,

IIUM

I LP

where p > n > 3, I > 2, 1/p + l/l = 1/2, 0 < a = n/2 — n/l = n/p < 1. Since
n/p + 2/<j = 1, so 2/q = 1 — n/p = 1 — a, so q = 2/(1 — a). Therefore

IN*)IIlp(1-q) = KOHL € ̂ [o.00)-
Integrating the above inequality in time t gives

IK*)H2+ [ ||V«;(S)||2dS<|K||2 + C / ||u(s)||£p|Kjs)||2ds.
Jo Jo

By using Gronwall's inequality and the estimate of Lemma 3.1, we obtain
nt r poo

(i)H2+ / ||Vw(s)||2ds < ||w0||2exp C \\u(t)\\qLP dt .
J 0 Jo

Thus
nOC

IKi)||<CK||, / \\Vw(t)\\2 dt < C||u>0||2.
Jo

The last estimate follows immediately from the inequality from Lemma 2.1

|tt| < [IW*)|| + H*)II]IM*)II-
The last estimate in Theorem 2 follows immediately from Wiegner's results [W3],

Lemma 5.5 and the inequality from Lemma 2.1

lk(t)||<[||«(0lloo + l|«wlloo]|K4)||.
Lemma 5.6. If «o, vq G L2 n Lp, u G Lq{0, oo; Lp), for some p > n > 3, n/p + 2/q = 1,
then there exists a constant 6 > 0, such that if ||wo — ̂ o||lp < <5, a strong solution v exists
with v G Lr(0, oo; Lp), \.p/{n{p — 2)) < r < oo, and

/•OO

sup / \\v(t)\\qLPdt <oo,
ll«o—folli,p<^ Jo

]u(t) - v(t)\\Lp < C\\uq - Vq||lp,

V f f \u — v\p 2|V(u — v)\2 dxdt
Jo Jr»

+ ——— / [ |V(|u - v\p/2)\2 dx dt < C\\uQ - w01| lp,
P Jo J Rnio JR

where C depends on the norm dt
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Proof. The first assertion was proved by Wiegner [W2], For the estimates, let ||u0 —
|| lp < <5- Because 4p/(n(jp - 2)) < 2p/(p — n) = q,

||v(t)ll*P < C{1 + t)-(p-2)"/(2(p-")),

and (p - 2)n/(2(p - n)) > 1; so
noo

/ IK*)llx,p dt ^ C(n,p, ||v0||, ||u0||lp) < C(n,p, ||u0||, ||u0||LP).
Jo

Hence
rOC

sup / ||w(<)IIlp dt - C{n,p, ||u0||, ||uo||lp) < oo.
IIXto — vo\\lp <<5 Jo

If we form the scalar product of equations (3) and p\w\p~lw and integrate in the space
Rn, we get

\w\pdx + P [ \w\p-2\\7w\2dx+A(j!>~^ f \V(\w\p/2)\2dx
dt JRn JRn P J Rn

= —p {w ■ S7u, \w\p~2w) dx - p / (v-Vw,\w\p~2w)dx-p (Vtt,\w\p~2w) dx,
Jr." J Rn Jr"

(27)

where

I (v ■ Vto, |w|p 2w) dx = 0,
JRn

L( W • V U, | tv | 2
Rn

n n

(w • Vm, |w|p w) dx

d
2 WiTT~ {UiW j) dx

dx.

It It, p

= -EE/ hpi=l3 =1Jr"

= [ Ui™jjr-(HP~2wi)dx
i=1 j = l JK" °X1

= ±±f \wr2u^dxHP-2)±±j i-r4
i= i j=i jRn axi i=l j=i "/fln

,, f n n \ ^ / n n

^ hp-2 EEm2 EE
\i=l 3 = 1 ) \i=l j=1

UiWiWj ( w, ~ | dx

dxj+ (P - 2) Jr \w\p 3^^I^Wi|j

; (p - 1) [ |u| Mp_1 |Vw| dx < j [ \w\p~2\Vw\2 dx + (p - l)2 f \u\2\w\pdx,
JRn 4 JRn JRn

(28)
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pip- !)2 [ \u\2\w\pdx <p(p- l)2\\u{t)\\lP\\w{t)\\PLp2/(p_2)
J Rn

= pip- l)2||w(i)l!L||0(<)ll|2p/(p-2) (where 4> = \w\p/2)
<c\\U(t)\\um\2(1-n/p)\\vm\2n/p

< c\\u(t)\\lpJ(p~n)\\m\2 +

= C||«(t)|II,||^)ll2 + ^l|V0(t)l|2

= C||«WIILM<)||£p + — [ |V(Mp/2)|2d*.
P J Rn

(29)

— [ (V7T, |w|P 2w) dx = y~] [ 7T-^-(|w|P 2Wi)dx
JRn Jr." °Xi

= iP~2)'y.( ^Wi\w\p 4 (w,~\ dxV dXiJ (30)

< {p — 2) f |7r| |u;|p_2[Vw| dx
J Rn

f \vu\p~2\Vw\2 dx + (p — 2)2 f \n^\w\p~2 dx.
JR" JRn

1< -- 4

Since
n n q2

Air = —V(w • Vu + v ■ Vw) = — EE foTfoT iuiWj+ViWj), (31)
i=i j=i 1

by Calderon-Zygmund's inequality [St], one has
n n

\\n(t)\\lr +viwj)(t)\\2Lr, 1 < r < oo; (32)
i—1 j=1

thus

Pi?- 2)2 [J /?'
|7r|2|w|p 2 dx

< p(p - 2)2||7r(*)||2p2/(2(p_1)) IkWII^/tP-s)

< c[||u(t)iiL + lkWllL]lhWHLv(P-2,lkWII^2/(P_2)
= C[||wW||1p + \\vit)\\2LP\\\<t>{t)\\2L2p/(p-2) (where <j> = \w\p'2)

< c[\\u{t)\\lP + ||«WllL]||^)ll2(1-n/p)llv^(0ll2n/p (33)
< C[\\u(t)\\lpp/(p-n) + ||^WII2/p/(p_n)]||^)ll2 + ^||V<^)||2

= C[||«(t)lllp + Mmumf + ̂ ||V0(i)||2

= C[\\u(t)\\lP + \\v(t)\\lP)\\wmiP + ^ f Wi\w\p'2)\2dx.
P JRn



312 LINGHAI ZHANG

Now Eq. (27) is simplified to the inequality

~ I \w\p dx + - [ |w|p~2|Vu;|2 dx + —-—— [ |V(|w|p^2)|2 dx
at JRn 2 JRn p JRn

<c[\\nm% + \\vmu\Ht)rLP.
According to Wiegner's result in [W3]

/•OO rOC

sup / ||u(0IIlp dt < °o» / [\\u{t)\\qLP + \\v(t)\\qLP]dt < C < oo.
-fn II t.p <<$ JO J0

(34)

||uo-«olli,P<6 •'0

Gronwall's inequality yields the estimate

r4

IR" ' ^ Jo J R" ■ ■ ■ ■ P Jo J R
[ \w\p dx +^ f f |w|p 21Vtt;|2 dxds + ——— f f |V(|w|p^2)\2dxds

J R" 2 J Q ,/fln p J o

Cexpjcy [\\u{t)\\qLP+ \\v(t)\\qLP]dt^ J Klpdx,

or

||u(i) - v(t)\\LP < C||it0 - uolllp,

P f°° f i...ip-2iv7...|2 , 2(p - 2)
2 [ [ \w\p-2\Vw\2dxdt+2(p 2> [ f \X7{\w\p/2)\2dxdt<C\\uo-vo\\pLP.

Jo JRn P Jo ./ft"

Estimate (11) in Theorem 2 can be proved by combining estimate (10) and Theorem
4, which is verified below.

If t'o = 0, then ^(x, i) = 0. So we get

||w(£)IUp < C\\uo\\Lp, (35)

^ f I |mp_2|Vu| 2dxdt+^-——- f j |V(|u|P//2)|2 dx dt < C||uo||pp, (36)
2 7o Jfl" P Jo JR"

where C depends on the L9(0, oo; Lp) norm of u.
Let wq 6 L2 fl Lp, u £ £9(0, oo; Lp), for some p > n > 3, n/p + 2/g = 1, 1 < to <

n/(n — 2), gi = 2mp/(mp — n),f= |w|p'2. Then n/(mp) + 2/q\ = 1, and

||u(0IU"*p = 11/(0II^ c||/(0l|(2m-m"+")/(mp)||v/(0l|(mn-n)/(mp),
IWOIIlW < c,||/(0ll2(2m"mn+n)/(mp"n)||v/(0ll2(mn"n)/(mp"n)

< C||/(0||2(2m-mn+")/(m(p-")) + IIV/WII2

= C||W(i)|II(P2m_rnTl+n)/(m(p"Tl))+ [ |V(|m|P//2)|2 dx,
J ft"

||P(2m—mn+n)/(m(p—ra)) ^ _|_ jj-(p-2)(2m-mn+n)n/(4m(p-n))

Here we can always choose to. so that 1 < m < 4(p_ra)+(^2)(n-2)n ^ n^2> which is
equivalent to (p—2)(2m, — mn+n)n/(4m.(p—n)) > 1. For example to = n2/(n2— 2n+4) >
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1, which is independent of p. So

\\u(t)\\p£"n+n)/{rn{p-n)) e Ll{0,oo),

[ \V(\u\p'2)\2 dx G L^O.oo),
J Rn

\\u{t)WEmp G i^O.OO),
M€L«1[0,oo;Lm!'), ueL°°[ 0,oo;Lmp),

J2_
91

k —> oo, we have proved
where ^ + — = 1. Iterating infinitely many times, noticing that m > 1, m —> oo, as

Lemma 5.7. Let u0 £ L2C\LP, u G -L9(0, oo; Lp), for somep > n > 3, n/p+2/q = 1. Then
u G Lqi (0, oo; Lmp) fl L°°(0, oo; Lmp), where m = n2/(n2 — 2n + 4) > 1, mp > n > 3,
n/(mp) + 2/qi = 1. Therefore u G P|fc>1(L'"c(0, oo; Lmkp) fl L°°(0, oo; Lmkp)), where
n/(mkp) + 2/qk = 1.

Lemma 5.8. Let uq G L2 fl u G Lq(0,oc;Lp), for some p > n > 3, n/p + 2/q = 1.
Then u G (Dp<r<oc L^ (°> Lr)) n (fV^oc °°;LS))-

Proof. Prom Lemmas 3.1 and 5.7, one knows that u G (L9fc(0, oo; Lm p)) fl (L°°(0, oo;
L2 fl Lmhp)), qk — k > 1. Let a, /?, 7 be real numbers such that p < a < /? <
7 < 00, a < 7. Holder's inequality yields the estimate

II«WIIl* < ||«WllLi7"/J)/(/,C7"a))ll«Wllli/3"a,)/W7"a)),
/•OO rOC

I \\u{t)\\^J{0-n) dt< I ||M(i)||2^7-/3)/((7-a)(/3-n))||u(i)||27T(/3-a)/(('1'-Q)(/3-Tl»^
Jo Jo

< (jfvwll
^ roc

/ ll«WII
WO

fO

x (7-^)(a-n)/((7-a)(^-n))
2Qa/(Q"n) dt

*1/ ||«(t)||£/(7-n)dt
(/3-a)(7-n)/((7-a)(/3-n))

For any r: mkp < r < mk+lp, let a = mkp, (3 = r, 7 = mfc+1p- Then

KOIU' = IKOIIw < ll«(*>II»||«(t)HJW-.."/Wtlr—»
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roo roo

/ IK()lli/(r"n)<it= / dt
Jo Jo

\ (7-/5)(a-n)/((7-a)(/3-n))
|uW||2a/(a-„)(if

) (/3-a)(7-«)/((7-a)(/3-ra))
27/(7"n)^

/•OO

/ ll«(i)||j
./0

\Jo 1<°°-

p—r)(mkp—n) / p—mk p)(r — n))

(r—mkp)(mkJr^p—n)/((mk~*~1p—mkp)(i—n))

For 2-dimensional Navier-Stokes equations, we studied the long time uniform stability
and asymptotic behavior of the strong solutions. For the n(> 3)-dimensional problem,
we investigated the regularity and long time uniform stability of the strong solutions.
We have repeatedly assumed that Uq € L2 D Lp, u € Lq(0, oo; Lp), for some p > n > 3,
n/p + 2/q = 1 to justify that u has more regularity, namely

u e (0,oo;Lr) I D J f| L°°(0,^;Ls)
k 2<s<oo

A natural question is what space should uq belong to so that u € Lq(0, oo; Lp), for
some p > n > 3, n/p + 2/q = 1. Wiegner [W3] proved that if Uo € L1 D Lp, p > n,
(1 + |x|)«o(x) G Ll, fRn uo(x)dx = 0, then ||u(i)||oo = 0{t~^n+l^2). Also Lemma 5.1
shows that ||u(f)|| < C( 1 + t)~1^2~n^4. So

HuWIlL < (ll«WII^2ll«WII2)2/(p-n) < C(1 + i)-(»+D(p-D/(p-»).
It turns out that u e Lq(0, oo; Lp), for any p > n > 3, n/p + 2/q = 1.
Another sufficient condition is that uq is small. This is well known.
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