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Synopsis 
Microscopic expressions for the long-wavelength excitations of a classical électron gas have 

been established valid to ail orders in the density, charge and plasma expansion parameter. The 
strengths with which thèse excitations appear in various space-time autocorrélation functions 
have also been calculated. Throughout, contact with the corresponding results for neutral par-
ticles has been established and their différences discussed. Most ndtably hereby is the différence 
between the beat mode of neutral- and charged-particle Systems as well as the weak strength with 
which this mode appears in the corrélation functions of the latter Systems. 

1. Introduction and summary. Space- a n d t i m e - d e p e n d e n t a u t o c o r r é l a t i o n f u n c 
t ions , such as t h e well k n o w n V a n H o v e d e n s i t y  d e n s i t y co r ré l a t ion f u n c t i o n , p l a y 
a p r iv i ledged rô le in s ta t is l ical phys ics as a b r idge b e t w e e n t h e o r y a n d e x p e r i m e n t ' ) . 
I t is t h e r e f o r e of cons idé rab l e in t e re s t t o see h o w t h e bas ic p r o p e r t i e s of a sys tem 
a r e re f lec ted in t hè se co r r é l a t i on f u n c t i o n s . O n e such charac te r i s t i c p r o p e r t y of a 
System is t h e w a y in wh ich a l ong wave leng th d i s t u r b a n c e decays . O f pa r t i cu l a r 
i n t e r e s t is t he decay of a p e r t u r b a t i o n of a conse rved q u a n t i t y such as t h e n u m b e r , 
m o m e n t u m or ene rgy dens i ty . I n d e e d , f o r Systems o f n e u t r a l part iel es th is decay 
is co r rec t ly desc r ibed , a f t e r a t r a n s i e n t t ime , by h y d r o d y n a m i c s f r o m which a 
r e m a r k a b l e express ion f o r t h e V a n H o v e f u n c t i o n , k n o w n a s t h e L a n d a u  P l a c z e k 
f o r m u l a ^ ) , can b e o b t a i n e d . R é c e n t mic roscop ic théor ies^ have p r o v e n t h e 
c o r r e c t n e s s of th i s r esu i t f o r pa r t i c les i n t e rac t ing t h r o u g h sho r t  r ange fo rces . I t is 
t h e p u r p o s e of th is p a p e r to e x t e n d thèse ca lcu la t ions t o t h e case of t he C o u l o m b 
f o r c e w h o s e l o n g  r a n g e n a t u r e cal ls f o r a s e p a r a t e t r e a t m e n t l ead ing to qu i t e a 
d i f f é r en t l ong wave leng th b e h a v i o u r of t he co r r é l a t i on f u n c t i o n s . In f a c t f o r 
i l lus t ra t ive p u r p o s e s we will t r e a t o n a p a r t he case of sho r t  a n d long range forces . 
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T h e sho r t - r ange fo r ce case is typica l of neu t ra l -par t i c les Systems a n d will hence -

f o r t h be r e f e r r e d t o a s such . F o r t h e l ong - range force case we cons ide r t he é lec t ron 

gas wi th neu t ra l i z ing b a c k g r o u n d a n d will r e fe r t o it as t h e cha rged -pa r t i c l e System. 

M o r e precisely, t h e s é p a r a t i o n b e t w e e n t h e t w o types of Systems will b e m a d e o n 

t h e bas i s of t he b e h a v i o u r of t h e spa t ia l F o u r i e r t r a n s f o r m of t h e i n t e r ac t ion 

p o t e n t i a l , say V(k), f o r smal l w a v e v e c t o r s k. F o r n e u t r a l pa r t i c l e s w e a s s u m e 

l im^_o y(k) to b e finite, w h e r e a s it is singular f o r c h a r g e d pa r t i c l e s w h e r e V{k) 

= 4-r.e^lk^, e be ing t h e c h a r g e o n e a c h par t ic le . Th i s s ingu la r c h a r a c t e r of t h e 

C o u l o m b p o t e n t i a l will i n t r o d u c e p l a s m a - w a v e long-wave leng th exc i t a t ions ins tead 

of Sound wave- l ike exc i ta t ions . I t will h o w e v e r a lso m o d i f y t h e b e a t m o d e a n d t h e 

s t r eng th w i t h wh ic h t h e l ong -wave leng th exc i t a t ions a p p e a r in t h e co r r é l a t i on 

f u n c t i o n s . 

B e f o r e s u m m a r i z i n g t h e s u b s é q u e n t sec t ions we call a t t e n t i o n t o t h e fac t t h a t 

t h e e x t e n t i o n of t h e p r é s e n t resul t s t o a t w o - c o m p o n e n t System is n o t comple t e ly 

tr ivial . In f ac t t he é l ec t ron gas is a l r e ady s o m e k ind of t w o - c o m p o n e n t System in 

wh ich the s econd c o m p o n e n t is k e p t ine r t . In a real t w o - c o m p o n e n t p l a s m a h o w -

ever t h e fluctuations in c h a r g e a n d m a s s dens i ty a r e n o l onge r p r o p o r t i o n a l to e a c h 

o t h e r as t h e y a re in a n é l e c t r o n gas . 

In sec t ion 2 we p r é s e n t a k ine t i c t h e o r y f o r t he fluctuation s p e c t r a e m b o d i e d in 

t h e v a r i o n s co r r é l a t i on f u n c t i o n s . W e fo l low h e r e b y qu i t e closely p r e v i o u s m i c r o -

scopic théor i e s des igned precise ly t o c o m p u t e s imi lar co r r é l a t i on f u n c t i o n s in 

diff 'erent l imi t ing s i t u a t i o n s ^ " ' ) . F o r t h e r e a d e r ' s faci l i ty we k e e p h o w e v e r t h e 

p r é s e n t p a p e r se l f -con ta ined . T h e cen t r a l r esu i t of th is sec t ion is a n exac t évo lu t i on 

é q u a t i o n [eq. (2.16)] f o r t h e e q u i l i b r i u m fluctuation spec t r a (2.2) of t h e m i c r o -

scopic p h a s e - s p a c e dens i ty (2.1). By t a k i n g a p p r o p r i a t e ve loc i ty m o m e n t s , t h i s 

é q u a t i o n is t h e n t r a n s f o r m e d in to a m a t r i x é q u a t i o n (2.19) f o r t h e h y d r o d y n a m i c 

fluctuation spec t r a of i n t e re s t t o us . I n t h e cou r se of t hè se d e v e l o p m e n t s a m a j o r 

rô le is p l a y e d by t h e invariance properties o f t h e System f o r t r ans l a t i ons , r o t a t i o n s , 

a n d s p a c e - t i m e ref lec t ions . 

I n sec t ion 3 we c o n s i d e r t h e d i spe r s ion é q u a t i o n f o r t h e exc i t a t i ons w h i c h bu i ld 

u p t h e h y d r o d y n a m i c c o r r é l a t i o n f u n c t i o n s . I n t he long-wave leng th l imi t A: -»� 0 , 

o r m o r e precisely k sma l l e r t h a n a n y charac te r i s t i c wavevec to r of t h e System, t h e 

weak ly d a m p e d so lu t ions of t he d i spe r s ion é q u a t i o n a r e s h o w n to b e t h e hydro-

dynamical modes o f o u r System. H e r e a c e n t r a l rô le is p l a y e d by t h e conservation 

laws wh ich p e r m i t u s t o p u t in év idence a ce r t a in n u m b e r of k f a c t o r s e n s u r i n g t h e 

very ex is tence of weakly d a m p e d m o d e s . T h e ex i s tence of a finite small-A- l imit o f 

t he d i spe r s ion é q u a t i o n is, o n t h e o t h e r h a n d , s h o w n to b e c o n t r o l l e d by t h e 

small-A b e h a v i o u r o f t h e e q u i l i b r i u m d i r ec t co r r é l a t i on f u n c t i o n c(k). In t h e 

C o u l o m b case t he ex i s tence of th is l imi t is n o t t r ivial b e c a u s e c(A) d iverges as 

f o r smal l A w h e r e a s c(0) is finite f o r n e u t r a l par t ic les . O n c e t hè se p r e l i m i n a r i e s 

a r e e s t ab l i shed , we so lve t h e d i s p e r s i o n é q u a t i o n f o r smal l k a n d l o o k f o r weak ly 

d a m p e d m o d e s . F o r b o t h n e u t r a l a n d c h a r g e d pa r t i c l e s w e find five s u c h h y d r o -
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d y n a m i c a l m o d e s . T h e r e a r e t w o t r a n s v e r s e shear m o d e s , a h e a t m o d e a n d f o r 

n e u t r a l par t ic les t w o s o u n d m o d e s w h i c h f o r cha rged par t ic les a r e s h i f t e d h e r e 

i n t o two p l a s m a m o d e s . T h e s i ngu l a r i t y of c{k) h a s p r o d u c e d t w o i m p o r t a n t 

m o d i f i c a t i o n s : 1) t h e h e a t m o d e f r e q u e n c i e s f o r cha rged a n d n e u t r a l pa r t i c l e s 

d i f fe r by t he speci f ic-heat r a t i o Cpjcv', 2) t h e low- f requency s o u n d m o d e s a r e c o n -

ve r t ed i n t o h i g h - f r e q u e n c y p l a s m a m o d e s . T h e va r ious h y d r o d y n a m i c a l f r e q u e n c i e s 

a r e given mic roscop ic exp re s s ions va l id f o r a rb i t r a ry densi ty , c o u p l i n g s t r e n g t h 

a n d p l a s m a e x p a n s i o n p a r a m e t e r . F o r t h e neu t ra l -pa r t i c le case s u c h g ê n e r a i 

m ic roscop ic express ions h a v e b e e n d e r i v e d earlier^- ^). F o r t h e c h a r g e d - p a r t i c l e 

System th i s is, to o u r k n o w l e d g e , d o n c h e r e f o r the first t ime . I t is a l so o b s e r v e d 

t h a t because of t he p r é s e n c e of h i g h - f r e q u e n c y m o d e s in t he c h a r g e d - p a r t i c l e case , 

con t r a ry t o w h a t h a p p e n s f o r n e u t r a l pa r t i c les , thèse h y d r o d y n a m i c a l f r e q u e n c i e s 

c a n n o t b e o b t a i n e d f r o m t h e u s u a l l i nea r i zed h y d r o d y n a m i c é q u a t i o n s * ) . I n sec-

t i o n 4 we c o m p u t e t h e s t r e n g t h s w i t h w h i c h thèse h y d r o d y n a m i c a l m o d e s a p p e a r 

in t h e co r r é l a t i on f u n c t i o n s t h e m s e l v e s . F o r neu t r a l par t ic les wel l k n o w n resu l t s 

s u c h as t h e L a n d a u - P l a c z e k f o r m u l a a r e easily r ecovered . F o r c h a r g e d pa r t i c l e s 

w e find t h a t t he re la t ive s t r eng th o f t h e h e a t m o d e to t h e p l a s m a m o d e is o f o r d e r 

a n d h e n c e van i sh ing ly smal l as A: ^ 0 except f o r t he excess k ine t i c -ene rgy a u t o -

co r r é l a t i on f u n c t i o n . T h e l a t t e r c o r r é l a t i o n f u n c t i o n is howeve r access ib le on ly t o 

c o m p u t e r ca lcu la t ions . 

C o n c l u s i o n s a r e p r e s e n t e d in s e c t i o n 5 whi le some m o r e t echn ica l p o i n t s a r e 

d i scussed in t w o a p p e n d i c e s . 

2. Kinetic theory of fluctuation spectra. 2.1. C o r r é l a t i o n f u n c t i o n s . W e 

will be in te res ted in t h e space- a n d t i m e - d e p e n d e n t co r ré la t ion f u n c t i o n s of va r i ous 

fluctuations in c h a r g e d - a n d n e u t r a l - p a r t i c l e Systems. Thèse l a t t e r q u a n t i t i e s a r e 

m o s t easily o b t a i n e d f r o m t h e fluctuation of t he phase - space dens i ty 

of t h e N pa r t i c les h a v i n g p o s i t i o n s Xj a n d m o m e n t a pj = mvj. T h e d e p e n d e n c e 

o f / o n t h e ini t ial p h a s e F = {xj{0),pj{0)} will usual ly be d r o p p e d in w h a t fo l lows . 

F o r brev i ty we will d é n o t e t h e e q u i l i b r i u m average over t he ini t ia l p h a s e s imply 

a s <���> = J d r Q { r ) Q { r ) b e l n g t h e no rma l i zed equ i l i b r ium d i s t r i b u t i o n . T h e 

s p a c e - t i m e co r r é l a t i on f u n c t i o n o r fluctuation spect ra o f / c a n n o w b e d e f i n e d a s : 

N 
firpt; D^Y^Hr- x , ( 0 ) à (p - p M , (2.1) 

S { r - , ' , t - t';pp') = < S / M ) S / ( r > 7 ' ) > , (2.2) 

8f = f — < / > be ing t h e fluctuation o f / a n d where m o r e o v e r t h e i n v a r i a n c e f o r 

s p a c e - t i m e t r a n s l a t i o n s of t h e e q u i l i b r i u m ensemble h a s b e e n u s e d . F r o m 

S {rt; pp') we can o b t a i n , e.g., t h e wel l k n o w n dens i ty -dens i ty o r V a n H o v e co r re -
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l a t i o n f u n c t i o n b y i n t é g r a t i o n : 

G (rt) = (I/TI) J dp J àp' S (rt;pp') = (1 /«) <Sn (rt) 8n ( 0 0 ) > . (2.3) 

H e r e w e h a v e p u t n (rt) = \ àp f{rpt) a n d /; = NjQ a s t h e a v e r a g e n u m b e r d e n s i t y 

in t h e v o l u m e / 3 e n c l o s i n g t h e System. S imi l a r l y t h e m o m e n t u m - m o m e n t u m c o r r é -

l a t i o n f u n c t i o n c a n b e o b t a i n e d f r o m S by i n t é g r a t i o n : 

g , , {rt) =làp\àp' p,p'jS {rt ;pp'). (2 .4) 

S is c l e a r l y a c o n v e n i e n t s t a r t i n g p o i n t t o c o m p u t e a l a r g e c lass of c o r r é l a t i o n 

f u n c t i o n s . T h e F o u r i e r - F o u r i e r t r a n s f o r m o f G {rt) is o f t e n r e f e r r e d t o as t h e 

d y n a m i c f o r m f a c t o r . M o r e gene ra l l y we i n t r o d u c e t h e F o u r i e r - L a p l a c e t r a n s f o r m 

o{S{rt,pp'): 
00 

S{kz;pp') = ^ d r e - j d t e ' " s {rt;pp'); l m z > 0 . (2 .5) 
S} 0 

F r o m w h i c h t h e F o u r i e r - F o u r i e r t r a n s f o r m , S{kco;pp'), c a n b e o b t a i n e d as tw ice 

i ts r e a l p a r t , 

S {km ; pp') = 2 R e 5 {k, m + iO; pp'), (2 .6) 

a s f o l l o w s f r o m t h e i n v a r i a n c e u n d e r s p a c e - t i m e r e v e r s a i o f t h e é q u a t i o n s o f 

m o t i o n . T h e s t r u c t u r e f a c t o r is t h e n s i m p l y o b t a i n e d a s S{k<o) = {Ijn) J d/> J dp' 

X S{k(o;pp') a n d c a n t h e n b e f u r t h e r r e l a t e d t o t h e s c a t t e r i n g c ross s e c t i o n in 

t h e u s u a l w a y ' ) . I t is f r e q u e n t l y u s e f u l t o c o n s i d e r t h e c o r r é l a t i o n f u n c t i o n o f t h e 

s p a t i a l F o u r i e r c o m p o n e n t s o f S/, say 8f{kpt), w h i c h is eas i ly r e l a t e d t o t h e spa t i a l 

F o u r i e r t r a n s f o r m o f S i t s e l f : 

S {kt ; pp ) = {8f{kpt) I 8f{kp'0)), (2 .7) 

w h e r e f o r f u r t h e r c o n v e n i e n c e a sca l a r p r o d u c t in p h a s e s p a c e h a s b e e n i n t r o d u c e d 

a c c o r d i n g to: {A \ B) = {AB*}, B* b e i n g t h e c o m p l e x c o n j u g a t e o f B. T h e 

F o u r i e r c o m p o n e n t Sf{kpt) i t se l f is g iven b y : 

mkpt) = E e- '*-^^<" ô (p - pj{t)) - àuN<p {p), (2 .8 ) 

w h e r e (p{p) = {fil2-n:m)^'^ exp {-fip^llm), P~^=k^T is t h e n o r m a l i z e d m a x -

w e l l i a n a n d (5^ t h e K r o n e c k e r d e l t a f u n c t i o n ((5̂ ^ = 0 if A: # 0 a n d = 1 if A: = 0). 

If m o r e o v e r w e i n t r o d u c e t h e L i o u v i l l e o p e r a t o r L a c c o r d i n g t o f{rpt) = ( e x p \Lt) 

X f{rpO), t h e f u n d a m e n t a l c o r r é l a t i o n f u n c t i o n c a n t h e n b e w r i t t e n : 

S { k z ; p p ' ) = i {8f{kp)\ (z - L)-' \8f{kp')) ^ i {8f{kp) \ F{kzp')), . (2 .9) 

w h e r e 8f{kp)= 8f{kpt = 0) a n d \F{kzp)) = {z - L)-^ \8f{kp)). 
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2.2. K i n e t i c é q u a t i o n . I n o r d e r t o o b t a i n a k i n e t i c é q u a t i o n f o r S w e n o w 

u s e a p r o j e c t i o n - o p e r a t o r m e t h o d . F r o m e q . (2.9) w e see t h a t S(kz;pp') is t h e 

^f{kp) c o m p o n e n t of\F{kzp')) w h i c h i t se l f e v o l v e s a c c o r d i n g t o (z— L) \F(kzp')) 

= |S/(A/>')). P r o j e c t i n g t h e l a t t e r é q u a t i o n w i t h t h e a id of t w o c o m p l e m e n t a r y 

p r o j e c t i o n o p e r a t o r s P and Q {P + Q = I, = P, = Q, PQ = 0 = QP) w e 

o b t a i n zP \F)- PLP \F)- PLQ \F) = P \ 8 f ) a n d a s imi l a r é q u a t i o n f o r Q \F). 

S o l v i n g t h e l a t t e r é q u a t i o n f o r Q \F) a n d s u b s t i t u t i n g th i s r e su i t i n t o t h e é q u a t i o n 

f o r P \F) w e find 

[z - PLP - ^(z)] P Wikzp')) = P mkp')) + D{z) Q Wikp')), (2 .10) 

w h e r e %p{z) = PLQ (z — QLQ)~'^ QLP, w h e r e a s D{z) is i r r e l e v a n t h e r e a s w e will 

n o w c h o o s e Q s u c h t h a t Q \8f{kp')) = 0 . T h e a p p r o p r i a t e c h o i c e f o r P is t h u s 

s u c h as t o P r o j e c t a n y p h a s e - s p a c e f u n c t i o n \g(r)) o n t o t he o n e p a r t i c l e s t a t e 

\8fikp)). W e c a n t a k e t h e r e f o r e P a s 

. lg) = 1 1 dp, àp, mkp^)) ^ (kp^Pz) W{kp2) I g), (2 .11) 

k 

w h e r e ^(kpiPi) is t h e i n v e r s e m a t r i x ( in t h e P i , P 2 l abe l s ) o f i^fikpi) \ 8f{kp2)) 

= Sikt = 0;piP2) = So (kpiPi), i.e.: 

] ép' S? {kp,p') So {kp'p2) = ôip, - P2) = J dp' So ikp.p') SP (kp'p2). (2 .12) 

I t is eas i ly s h o w n t h a t 

So ikpp') = n<p (p) [ô ( p - p') + cpip') h{k)], (2 .13) 

w h e r e h(k) = Qn < e ~ ' * ' ' ^ ' ~ ^ ^ ' — (3/^) is t h e F o u r i e r t r a n s f o r m o f t h e b i n a r y c o r r é -

l a t i o n f u n c t i o n , w h e r e a s , 

{kpp') = [ H P - P')I<P(P)] - c{k), (2 .14) 

w h e r e c{k) is t h e d i r e c t c o r r é l a t i o n f u n c t i o n r e l a t e d t o h{k) t h r o u g h t h e O r n s t e i n -

Z e r n i k e r e l a t i o n 

1 + h{k) = [1 - c{k)rK (2 .15) 

I t is eas i ly c h e c k e d t h a t P [eq. (2 .11) ] i s a p r o j e c t i o n o p e r a t o r . I t is t h e e x t e n s i o n 

t o c o n t i n u o u s v a r i a b l e s o f t h e w e l l - k n o w n M o r i o p e r a t o r a s i n t r o d u c e d in t h e 

r é c e n t l i t e r a t u r e b y A k c a s u a n d D u d e r s t a d t ' ^ ) . 

R e t u r n i n g n o w t o eq . (2 .10) w e t a k e i t s s ca l a r p r o d u c t wi th {^f{kp)\ a n d o b t a i n 

a f t e r s o m e s i m p l e a l g e b r a w h i c h is g i v e n in a p p e n d i x A , 

zS{kz;pp') - jdp,Z(kzpp,)Sikz;pip') = iS(kt = 0;pp'), (2 .16) 

file:///8fikp
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i.e., a c losed é q u a t i o n f o r S. T h e évo lu t i on o p e r a t o r 2" (A:z/»p') is non loca l in space 

a n d t i m e a n d spl i ts n a t u r a l l y i n to t h r e e p a r t s H = S° + + E"; t he f r e e s t r eam-

ing t e r m 

E° {kzpp') = k-vô(p - p'), (2.17a) 

t h e se l f - cons i s t en t field t e r m 

E' (kzpp') = -k-v <p(p) cik) (2 .17b) 

a n d t h e n o n l o c a l col l i s ion t e r m 

E' (kzpp') = mkp)\LQiz- QLQ)QL\8fikp')) [nrp ( p ' ) ] ( 2 . 1 7 c ) 

T h i s f u n d a m e n t a l k ine t ic é q u a t i o n (2.16) is, as it s t ands , still an exac t é q u a t i o n 

w h i c h m e r e l y s é p a r â t e s one-pa r t i c l e d y n a m i c s ( c o n t a i n e d in S) f r o m m o r e - t h a n -

o n e - p a r t i c l e d y n a m i c s ( con t a ined in X w h i c h is so t o say one -pa r t i c l e " i r r e d u c i b l e " ) . 

E q . (2 .16) is neve r the l e s s a very c o n v e n i e n t s t a r t i n g p o i n t f o r a gênera i ( l inear ized) 

k ine t i c t h e o r y because , as h a s been s h o w n in t h e l i terature^""^), w h e n Z i s e x p a n d e d 

in a sma l l p a r a m e t e r charac te r i s t i c o f a k ine t i c r ég ime , eq . (2.16) r educes precisely 

t o t h e l inea r i zed k ine t ic é q u a t i o n desc r ib ing th i s k ine t i c r ég ime (e.g. t h e l inear ized 

B o l t z m a n n é q u a t i o n f o r t h e B o l t z m a n n l ow-dens i t y rég ime , etc....). W e c a n 

t h e r e f o r e u s e eq . (2.16) t o inves t iga te , in f u l l genera l i ty , t h e long-wave leng th r ég ime 

of c h a r g e d - versus neu t r a l -pa r t i c l e Systems. 

2.3. H y d r o d y n a m i c p r o j e c t i o n . I n a h y d r o d y n a m i c desc r ip t ion t h e in te res t 

is s h i f t e d f r o m t h e fu l l phase - space d i s t r i b u t i o n f(rpt) t o i ts first five m o m e n t s : t h e 

n u m b e r dens i ty n (»*/) = j dp f{rpt), t h e m o m e n t u m dens i ty g (rt) = ^ dp p f{rpt) 

a n d t h e k ine t i c ene rgy dens i ty e (rt) = J d/> {p^l2m)f{rpt). M o r e precise ly we will 

b e i n t e r e s t e d h e r e in t he fluctuation s p e c t r a of t hè se conse rved quant i t i es . T h e f a c t 

t h a t t h e k ine t i c ene rgy a l o n e is n o t a c o n s e r v e d q u a n t i t y will be t a k e n in to a c c o u n t 

s u b s e q u e n t l y . I t is c o n v e n i e n t t o d é n o t e t h e ve loc i ty m o m e n t s in s ca l a r -p roduc t 

f o r m . I n c o n t r a d i s t i n c t i o n wi th t h e sca la r p r o d u c t in p h a s e space (2.7) we will 

d é n o t e t h e sca la r p r o d u c t in m o m e n t u m s p a c e by t r i a n g u l a r b r a c k e t s [A (pp') is 

a m a t r i x in m o m e n t u m space] : 

< / | A \ g } = i d p \ d p ' f i p ) A (pp') ncp (p') g*(p'), (2.18a) 

< / l ^> = \ d p f ( p ) nq> (p)g*(p). (2 .18b) 

I n o r d e r t o e x t r a c t f r o m eq . (2.16) t h e i n f o r m a t i o n a b o u t t he h y d r o d y n a m i c 

m o m e n t s o f 5 , we i n t r o d u c e a n o r t h o n o r m a l i z e d bas i s <z| = Ui(p)lai, </ \jy = 

c o n t a i n i n g a s its five first m e m b e r s a dens i ty State,/� = \ = n,u„ = \,al = < ! / „ | M „ > 

file:///LQiz-
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= n, t h r e e m o m e n t u m s ta tes / = gi (/ = 2, 3, 4), Ug. = p,, al^ = {Ug, \ Ug.} = Og 

a n d a n energy s ta te / = 5 = e, u = (p^l2m) — (^p^jlnm \ M„>, al = <MJ | M )̂. 

W i t h the a id of th i s bas i s we c o n s t r u c t a p r o j e c t i o n o p e r a t o r P = X ? = i I ' ) Ol» 

{Q = I — P), in m o m e n t u m s p a c e , n o t t o be c o n f u s e d with P of eq . (2.11) w h i ch 

p r o j e c t s in p h a s e space , r e p e a t t h e o p é r a t i o n s l ead ing to eq . (2.10) b u t n o w 

s ta r t ing f r o m eq . (2.16) m u l t i p l i e d wi th [«95 ( /> ' ) ]" ' � T h e resu l t ing p r o j e c t i o n of 

eq . (2.16) o n t o t h e h y d r o d y n a m i c a l s u b s p a c e can be wr i t t en in t h e f o l l o w i n g 

c o m p a c t m a t r i x f o r m (/, / ' = 1 t o 5): 

i {zà,j - Q,j {kz)) Gj, (kz) = iGl (k). (2.19) 

j= 1 

H e r e G , j = </ | S\jy a r e t h e h y d r o d y n a m i c c o m p o n e n t s of S [e.g., is n t i m e s 

t h e F o u r i e r - L a p l a c e t r a n s f o r m of t h e V a n H o v e cor ré la t ion f u n c t i o n i n t r o d u c e d 

in eq . (2 .3) ] a n d s imi lar ly G°- = </ | S" U), w h e r e a s = i i \ î \ j y + <.i\yi\j}, 

Z{kz) be ing the o p e r a t o r m a t r i x in m o m e n t u m space whose p,p' c o m p o n e n t s a r e 

given by E(kzpp') of eq . (2.17) w h e r e a s ip = PEQ (z — QËQ)~^ QËP is t h e s a m e 

f u n c t i o n a l of P a n d 2" as t h e y of e q . (2.10) is of P a n d L. M o r e explici t ly we h a v e : 

G^k) = <5,,[1 + ÔJi(k)], (2 .20a) 

< / | r ° |y> = { à j j , + è,,ôj„) ̂  + ( â , A . + à,,ôj:) ( 2 . 20b ) 
ma„ 3 a , 

</1 ̂ My"> = - ônôjn {kajma„) c{k), (2 .20c) 

< / | r = |7> = ( l /a , f l , ) iv,\ O (QLQ - z)-'Q\v,). (2 .20d) 

I n eq . (2.20b) t he s ta te i ndex 1 r e f e r s t o t h e long i tud ina l m o m e n t u m s ta te , / > . , 

Ug.(p) is s epa ra t ed in to a c o m p o n e n t a l o n g t h e wave vector k, Ui(p) = k � p, a n d 

t w o t r ansverse c o m p o n e n t s , o r t h o g o n a l t o k, u,.{p) = EI � p [k = kk, k � s, = 0 , 

e, � Ej = ôij-, (/, /�) = (1, 2)]. A f t e r u s i n g t h e explici t f o r m of (2.17c) a n d L, t h e 

Vi{i = 1, 5) f u n c t i o n s i n t r o d u c e d in (2.20d) can be ident i f ied as Vi = Yj=i 

X e~''" Fj � {ôui(pj)ldpj) w h e r e Fj is t h e f o r c e ac t ing on pa r t i c l e j {pj = Fj). 

Fina l iy t h e fo l lowing p r o p e r t i e s o f < / | îp {j'y s h o u l d be no t iced . A s o p é r â t e s on ly 

in t h e h y d r o d y n a m i c s u b s p a c e [cf. (2 .17b) a n d (2.20c)] we have E^Q = 0 = QË^ 

a n d consequen t ly E^ d r o p s c o m p l e t e l y o u t of yi, a very f o r t u n a t e p r o p e r t y in t he 

p l a s m a case as will be seen s u b s e q u e n t l y . A s m o r e o v e r {n\ Ë°Q = 0 = ËQ° \n} 

a n d t;„ = 0 it fo l lows t h a t </ | |«>, <«| y |/>, {i\Ë'\iiy, <«| 2 ' ' | / > ail van i sh 

ident ica l ly f o r ail / = 1 , . . . , 5. W e n o w possess a closed set of e x o c / é q u a t i o n s (2.19) 

f o r t he s p a c e - t i m e co r r é l a t i on f u n c t i o n s o f in teres t t o us G^ {kz), in t e r m s of t he i r 

ini t ial va lues Gfj{k) (2 .20a) a n d t h e m a t r i x {kz) which itself has b e e n g iven 

expl ic i t express ions in t e r m s of e q u i l i b r i u m a n d m o m e n t u m averages . 
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3. Long-wavekngth limit of the dispersion équation. Before cons ider ing the be-

h a v i o u r of t h e cor ré la t ion func t ions Gjj{kz) in t h e long-wavelength limit it is 

poss ib le t o r educe , w i thou t app rox ima t ion , t he System of équa t ions (2.19) still 

f u r t h e r . I n d e e d , because of the invar iance u n d e r ro t a t i ons of t he equi l ibr ium 

d i s t r ibu t ion , a f u n c t i o n such as S (kzpp') wh ich is an equ i l ib r ium average [see (2.9)] 

can only d é p e n d on the t h ree vectors /c, p, p' t h r o u g h ro ta t iona l ly invar iant com-

b i n a t i o n s : S = S {z, k^,p^,p'^, k � p, k � p', p � p'). Conse q u en t l y the mat r ix élé-

m e n t s G,.j = </,| S I /> o r Gj,. vanish wheneve r j # because its in tegrand is an 

o d d f u n c t i o n of the t ransverse m o m e n t u m c o m p o n e n t £, � p o r � p'. As, by 

v i r tue of t h e s ame a r g u m e n t , t he t h ree mat r i ces Q, G a n d G° of eq . (2.19) can only 

coup le t h e t r ansverse c o m p o n e n t to itself, we can d é c o m p o s e eq. (2.19) in to a 

set of t w o ident ica l transverse équations, 

[z - Q,{kz)]G,ikz) = i, t = t^ or t2, (3.1) 

w h e r e we h a v e p u t Q,^,^ = Q,^,^ = Q, and G,, , , = G,^,^ = G, , a n d a set of t h r ee 

longitudinal équations which a f t e r inspec t ion of (2.20) can b e wri t ten : 

zG„, - i3„,G,, = i [1 + h{k)] ôj„, 

zG,j - Oi„G„j - QnG,j - i i , f i , j = iôji, j = n, l, s, 

zG,j - D„G,j - Q,fi,j = iôj„ (3.2) 

a n d cons t i t u t e an exact closed set of a lgebra ic é q u a t i o n s f r o m which G,j can be 

c o m p u t e d in t e r m s of Du and h{k). 

3.1. L o n g - w a v e l e n g t h t r a n s v e r s e m o d e s . T h e only nonvan i sh ing corré-

la t ion f u n c t i o n involving the t ransverse m o m e n t u m c o m p o n e n t is G, = G,.,, which 

is readi ly o b t a i n e d f r o m eq. (3.1) as G, (kz) = i[z — Q, {kz)]~^ whe re i2, is ac-

co rd ing t o (2.20) ent i re ly due to 2"" and ip: 

Q, (kz) = {t\Ê^\ty + {t\ ( r ° + Ë'^)Q[z-Q ( ^ 0 + Ë')Q]-' 

xQiï'^ + Ë^)\ty, (3.3) 

w h e r e t — tior (2 - T h e t ransverse exc i ta t ions o r m o d e s can be ob ta ined by solving 

t h e d i spe r s ion é q u a t i o n z — Q, (kz) = 0 f o r z as a f u n c t i o n of k. As a conséquence 

of m o m e n t u m conserva t ion this d ispers ion é q u a t i o n takes on a pa r t i cu la r fo rm. 

I n d e e d f r o m (2.20d) we see tha t </| Ï!' o r |?> does involve the func t ion v,{k) 

— YJ=I e" '*" '- ' Fj � £ which vanishes as k goes to zéro , v, (k = 0) = Fj) � s 

= ( X j / j ) � because the total m o m e n t u m P = Y.JPJ conserved, P = 0. Con-

sequen t ly we can write v,(k) = - i t � I,{k) wi th / , (k = 0) finite, I,{k) be ing rela ted 

t o the mic roscop ic stress t ensor as expla ined in a p p e n d i x B. Coun t ing the k f ac to rs 
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in (3.3) w e c a n n o w give it t h e s u g g e s t i v e f o r m Q, (kz) = —ik^D, (kz), D,(k = 0 z ) 

b e i n g finite. So lv ing t h e d i s p e r s i o n r e l a t i o n z(k) + ik^D, (kz (k)) = 0 f o r s m a l l k 

v a l u e s w e a r r i v e a t o n c e a t t h e s h e a r m o d e 

z,(k) = -ik^D, (00) + Oik^) = - iA:^ (rjinm) + &{k^); t = t, or t^, (3 .4) 

w h e r e t h e s h e a r d i f fu s i t i v i t y D, h a s b e e n e x p r e s s e d in t e r m s o f t h e s h e a r v i s c o s i t y 

t h r o u g h 7] — nmD,. T h e exp l i c i t e x p r e s s i o n o f t h e v i scos i ty c a n be o b t a i n e d f r o m 

(3 .3 ) : 7] = limfc_o l i m j _ o (nml — ik^)Q, (kz). I t n a t u r a l l y sp l i t s i n t o a s u m o f t w o 

c o n t r i b u t i o n s , o n e f o r e a c h t e r m o f (3 .3 ) ; rj �= r)^ + r f : 

rf = mn l im (l/A;^) <?| (kz = 0 ) | /> 
fe->0 

= (mnla^) (k.I,(k = 0)\Q (QLQ - iO)''Q \k � I, (k = 0 ) ) , ( 3 .5a ) 

i f = mn l im <?| (1/A:) [Z° + (k, 0 ) ] Q ( i Z ' (00))-' 

k-O 

X Q[ï° + î^(kO)](\lk)\0. ( 3 . 5 b ) 

T h e first t e r m rj^ is a p u r e l y p o t e n t i a l c o n t r i b u t i o n w h e r e a s rj'' c o n t a i n s b o t h 

k i n e t i c a n d p o t e n t i a l c o n t r i b u t i o n s t o t h e v i scos i ty . I t c a n a l so b e s h o w n t h a t e a c h 

t e r m of tj is s e p a r a t e l y pos i t i ve^ ) a n d m o r e o v e r t h a t (3.5) c o m p a r e s wel l w i t h o t h e r 

e x p r e s s i o n s of rj f o u n d f r o m G r e e n - K u b o f o r m u l a e ^ ) o r , f o r spéc i f i e k i n e t i c 

r é g i m e s , f r o m s t a n d a r d k i n e t i c t h é o r i e s . T o c o n c l u d e t h i s s e c t i o n we o b s e r v e t h a t 

b o t h f o r c h a r g e d - a n d n e u t r a l - p a r t i c l e Sys t ems t h e r e is a t w o f o l d - d e g e n e r a t e t r a n s -

v e r s e s h e a r m o d e (3.4) . O n l y t h e co l l i s i on t e r m w i t h t h e a id of w h i c h t h e v i scos i ty 

h a s t o b e c a l c u l a t e d a c c o r d i n g t o (3 .5) will d i f f e r f r o m o n e Sys tem t o t h e o t h e r . 

3 .2 .1 . L o n g i t u d i n a l m o d e s : l o n g - w a v e l e n g t h l i m i t o f t h e d i s p e r s i o n 

é q u a t i o n . W e n o w t u r n t o t h e m o r e i n t e r e s t i n g ca se of t h e l o n g i t u d i n a l m o d e s . 

T h è s e d o s h o w u p f o r e x a m p l e in V a n H o v e ' s c o r r é l a t i o n f u n c t i o n o r i ts F o u r i e r 

t r a n s f o r m S (koj) = 2 R e G„„ (k o + iO), t h e s t r u c t u r e f a c t o r . F o r a g ê n e r a i c o r r é -

l a t i o n f u n c t i o n w e c a n w r i t e G,j (kz) = A^j (kz)jA (kz), (i,j = n, l, s), w h e r e 

1 (kz) is t h e d é t e r m i n a n t o f t h e a l g e b r a i c Sys tem (3.2) , A = \z — Q (kz)\, a n d A^ 

t h e c o f a c t o r of G , j in t h i s Sys tem. M o r e exp l i c i t l y we h a v e 

A (kz) = (z - [z (z - Q,,) - Q„,Q„] - zQ.fi,, (3 .6) 

a n d t h e s o l u t i o n s o f t h e d i s p e r s i o n é q u a t i o n A (k z(k)) = 0 d e f i n e a set o f l o n g i -

t u d i n a l e x c i t a t i o n s o r m o d e s w h i c h will s h o w u p a s p ô l e s of t h e v a r i o u s l o n g i t u d i n a l 

c o r r é l a t i o n f u n c t i o n s Gij(i,J — n, l, e). I n a l a t e r s e c t i o n w e will c o m p u t e ex -

p l i c i t ly s u c h c o r r é l a t i o n f u n c t i o n s in t h e l o n g - w a v e l e n g t h l imi t . H e r e w e first 

c o n s i d e r t h e d i s p e r s i o n é q u a t i o n zl = 0 in m o r e dé t a i l . 
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T o d o so we need s o m e a d d i t i o n a l i n f o r m a t i o n a b o u t t he -0,j é l é m e n t s as they 

a p p e a r in A [eq. (3.6)]. F r o m the gêne ra i p r o p e r t i e s cons ide red in sect ion 2.3 we 

o b t a i n a t o n c e t h a t Q„, = kaglma„ a n d Q,„ = Q„, [l - c(k)]. If we n o w invoke 

m o m e n t u m conse rva t i on we can wri te , in c o m p l è t e ana logy wi th the t ransverse 

case c o n s i d e r e d in sec t ion 3.1, Qi,{kz) = -ik^D,{kz) a n d Qi^ikz) = Q,,(kz) 

= kD,^ {kz), w h e r e D, a n d Dj^ h a v e f ini te real l imits f o r van i sh ing k a n d z ( the 

c o n s é q u e n c e s of t h e conse rva t i on laws f o r Qu a r e m o r e fu l ly d iscussed in a p p e n -

dix B). In a p p e n d i x B we a lso s h o w t h a t ene rgy conse rva t i on leads t o t he f o r m 

Q^{kz) = —'\k^D^{kz) + zB^{kz) w h e r e b o t h a n d have finite real l imits 

a s A: ^ 0 a n d z -> 10. T h e a p p e a r a n c e of a new type of c o n t r i b u t i o n , B^, expresses 

t h e f ac t t h a t t h e k ine t ic ene rgy a l o n e is only conse rved asympto t i ca l ly as z goes 

t o zé ro ; a t finite z only t h e to ta l ene rgy is conse rved . 

A s we a r e in t e res t ed in t he long-wave leng th o r A -»� 0 l imit , o n e m o r e i t em of 

i n f o r m a t i o n will b e n e e d e d , n a m e l y t h e b e h a v i o u r of c{k) f o r small k. T h i s t h e r m o -

d y n a m i c i n f o r m a t i o n will t u r n o u t t o be cruc ia l as , he re , f o r t he first t ime an 

expl ic i t d i f f é rence b e t w e e n c h a r g e d - a n d neu t r a l -pa r t i c l e Systems will show up . 

I n d e e d we h a v e : 

l im [1 + h{k)] = 
k->0 

("I^)XT + <S{k^), n e u t r a l pa r t i c l e s , 
(3.7a) 

k^lk^ = C){k^), c h a r g e d pa r t i c l e s . 

w h e r e = ( I /n ) (d«/d/>)j- = ( « m c ^ ) " ' is t h e i s o t h e r m a l compress ib i l i ty a n d c t he 

i s o t h e r m a l s o u n d speed o f a System of pa r t i c l e s of m a s s m, dens i ty n a n d t h e r m a l 

s p e e d Vo = {mfi)~^, f}~'- = k^T. F o r t h e c h a r g e d - p a r t i c l e case eq . (3.7a) does n o t 

p o i n t t o a van i sh ing compress ib i l i ty of t h e é lec t ion gas b u t o n t h e c o n t r a r y (3.7a) 

is a c o n s é q u e n c e of t he s ingu la r n a t u r e of t h e C o u l o m b po t en t i a l {ko is t he D e b y e 

w a v e v e c t o r , k^ = 47îe^n/5, f o r é l e c t r o n s of c h a r g e e). T o see th is it is m o r e in ter -

e s t ing t o c o n s i d e r 1 - c{k) = [1 + h{k)]~^: 

l im [I - c{k)] = 
«t->0 

(c^lvl) + e{k^), n e u t r a l pa r t i c l e s , 

(3.7b) 

iklik-) + {kllkl) + C){k^), c h a r g e d pa r t i c l e s . 

F o r t h e neu t r a l case (3.7b) is s imply a n a l t e r n a t i v e express ion of (3.7a). F o r t he 

c h a r g e d case (3.7b) resul t s f r o m t h e well k n o w n express ion ' ' ) o f t h e s ta t ic -e lec t ron 

s t r u c t u r e f a c t o r 5'o(A:) = n [1 + h(k)\ = n {k^jkl) R e [1 - 1/e {k, 0)] w h e r e e (A:,0) 

is t h e s ta t ic d ie lec t r ic c o n s t a n t o f a n é l e c t r o n gas w h i c h behaves as g (k, 0) 

= 1 + kllk^ f o r small k. H e r e we h a v e i n t r o d u c e d t h e inverse sc reen ing l eng th k^ 

d e f i n e d a s kl = œ^lc^ = w h e r e c a n d XT a r e t h e i so the rma l s o u n d speed 

a n d compress ib i l i ty of a n é lec t ron gas of dens i ty «, c h a r g e e, m a s s m a n d p l a s m a 

f r e q u e n c y ojp (wp = A-xe^nlm). In t h e pe r f ec t -ga s l imi t of f r e e é lec t rons , this exac t 

s c r een ing wave vec to r k^ r educes t o t h e D e b y e wave vec to r k^ a s is easily ver i f ied 

{kllkl = vllc^). F r o m (3.7b) we see t h a t in t h e case of c h a r g e d par t i c les c{k) ~ k ^ 
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f o r smal l k. W e see t h u s tha t by go ing f r o m neu t r a l to c h a r g e d pa r t i a l e s t he d i rec t 

co r r é l a t i on f u n c t i o n c(k) h a s b e c o m e s ingu la r in t h e l ong -wave l eng th l imit . S o m e 

ca re has t h u s t o b e exe rc i sed w h e n t a k i n g t h e /c -» 0 l imi t of express ions such as 

(3.6). T h e s ingu la r f a c t o r c{k) h a s been i n t r o d u c e d in to o u r exac t express ions 

t h r o u g h eq . (2.14). I t a p p e a r s in t w o d i f fé ren t m a n n e r s . F i r s t t h e r e is a n implici t 

or f u n c t i o n a l d e p e n d e n c e b e c a u s e of (2.17c) d é p e n d s o n Q w h i c h itself d é p e n d s 

o n a k in tégra l i nvo lv ing c{k) t h r o u g h (2.14) a n d (2.11). T h i s f u n c t i o n a l d e p e n d e n c e 

of o n c(k) s h o u l d no t c o n c e r n us he r e as we will a s s u m e t h a t a col l is ion o p e r a t o r 

can be c o n s t r u c t e d which r e m a i n s finite in t he a s y m p t o t i c l imit of van i sh ing k a n d z. 

I t is fa i r t o say, h o w e v e r , t h a t in t h e p r é s e n t s t age o f p l a s m a k ine t i c t heo ry th i s 

goal has on ly b e e n pa r t i a l ly ach ieved since t h e B a l e s c u - G u e r n s e y - L e n a r d coll is ion 

o p e r a t o r still p r é s e n t s a smal l -d i s t ance d ive rgence wh i c h is n o t easily r e m o v e d in 

a c o m p l e t e l y sa t i s fac to ry way*). T h e r e r e m a i n s neve r the le s s t h e explici t d e p e n d e n c e 

of o u r express ions o n c(k) t h r o u g h t h e se l f -cons i s ten t field t e r m (2.17b). A t th i s 

p l ace we a r e very f o r t u n a t e to recall t h a t , as it on ly o p é r â t e s in t he h y d r o d y n a m i c 

s u b s p a c e , d id d r o p o u t of ip c o m p l e t e l y a n d t h a t m o r e o v e r a p p e a r s in t h e 

final exp re s s ions such as (3.6) on ly via t h e c o m b i n a t i o n Q„iOi„ = ikagjma„y 

X [1 - c{k)]. N o w , f o r smal l k we h a v e Q^fim = k^ (vl - c^) + Cik*) f o r 

n e u t r a l pa r t i c l e s a n d Q„iO,„ = cop [1 + k^lkl + C(^*)] f o r é lec t rons of p l a s m a 

f r e q u e n c y Wp = ^ D ^ ' O - T h e r e f o r e even t h e expl ic i t d e p e n d e n c e on c{k) d o e s n o t 

i n t r o d u c e a n y s ingular i ty b e c a u s e t h e final exp re s s ions a r e finite in b o t h cases f o r 

smal l k. C lear ly th is will n o l o n g e r b e t h e case if c{k), o r the i n t e r ac t i on p o t e n t i a l , 

w o u l d be m o r e s ingu la r t h a n k~^ f o r smal l k va lues . H a v i n g e s t ab l i shed t h a t , 

n o t w i t h s t a n d i n g t h e a p p e a r a n c e of a s ingu la r t e r m {E^) in t h e k ine t i c é q u a t i o n 

(2.16), t he exac t exp re s s ions o b t a i n e d f o r t he cor ré la t ion f u n c t i o n s C , j = àijjA 

a r e well de f ined in t h e l ong -wave l eng th l imi t , we can now t u r n o u r a t t e n t i o n t o 

t he so lu t ions of t h e d i spe r s ion é q u a t i o n in t h e l a t t e r l imit . 

3.2.1. L o n g - w a v e l e n g t h l o n g i t u d i n a l m o d e s . T h e d i s p e r s i o n r e l a t i o n f o r ' 

l ong i tud ina l m o d e s A (kz) = 0 h a s in gêne ra i an infini té n u m b e r of r o o t s z = z{k) 

each of wh ich def ines a b r a n c h of t he d i spers ion é q u a t i o n . W e will c o n s i d e r h e r e 

on ly a res t r ic ted class of s o l u t i o n s of t h e d ispers ion é q u a t i o n w h i c h we will call 

h y d r o d y n a m i c a l m o d e s . T h è s e r o o t s a r e charac te r i sed by t h e f a c t t h a t : 1) t h e y a r e 

ana ly t i c in k f o r smal l k, i.e. t h e y c a n be wr i t ten z(k) = ZQ -t- z , -h Z2 + Oik^) 

w h e r e z„ ~ C){k") f o r n = 0, 1, 2 ; a n d 2) they a r e weak ly d a m p e d so as t o h a v e a 

m a c r o s c o p i c r e l evance , i.e. I m z(*) ~ 0{k^) a n d | I m z{k)\ <è | R e z{k)\ f o r smal l k 

w h e n e v e r R e z{k) is d i f f é ren t f r o m z é r o fo r smal l k. T o select t h è s e b r a n c h e s we 

subs t i t u t e z{k) = Zq + Zi + Z2 + (9(k^) in t he d i spe r s ion é q u a t i o n A (k z(A:)) = 0 

a n d coUect t h e v a r i o u s p o w e r s of k. 

T o z e r o t h o r d e r we o b t a i n f r o m eq. (3.6): 

n e u t r a l p a r t i c l e s , 

c h a r g e d p a r t i c l e s , 
(3.8) 
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i.e.. a s d i scussed in t h e p r e v i o u s sec t ion , a well de f ined d i spe r s ion é q u a t i o n . F o r 

b o t h n e u t r a l a n d c h a r g e d pa r t i c l e s t h e r e is a t h e r m a l b r a n c h s t a r t ing a t ZQ = 0 

a n d is d u e t o t h e t h e r m a l fluctuations. T h e dens i ty a n d l o n g i t u d i n a l m o m e n t u m 

fluctuations in t u r n l ead t o a d o u b l e b r a n c h s t a r t ing a t ZQ = 0 f o r n e u t r a l pa r t i c l e s 

a n d a t t h e n o n z e r o rea l va lues ZQ = ±(Wp f o r c h a r g e d pa r t i c l e s as is seen f r o m 

eq . (3.8). T h e finiteness o f ZQ in t h e l a t t e r case is en t i re ly d u e t o t h e s ingu la r n a t u r e 

of t h e d i rec t c o r r é l a t i o n f u n c t i o n c{k) f o r é lec t rons . A p a r t f r o m thèse t h r e e 

b r a n c h e s (3.8) a l so a d m i t s t h e r o o t s of 1 - B^{Ozq) = 0 w h i c h p r e s u m a b l y 

c o r r e s p o n d to r e l a x a t i o n f r e q u e n c i e s h a v i n g a n o n z e r o i m a g i n a r y p a r t f o r ^ = 0 

a n d h e n c e a r e s t rong ly d a m p e d ^ ) . H e n c e f o r t h we will a s s u m e t h u s t h a t f o r t h e 

h y d r o d y n a m i c a l m o d e s (0 ZQ) # 1. T o firsi order we o b t a i n , p e r s u i n g t h e small-A: 

e x p a n s i o n of (3.6), f o r t h e n e u t r a l case 

z i {[1 - B, (00) ] {z\ - k^c^) - k'Dl (00)} = 0 (3.9) 

a n d f o r c h a r g e d pa r t i c l e s 

z i {[1 - 5 , ( 0 z o ) ] ( - c o ^ ) } = 0 . (3.10) 

F r o m eq . (3.9) we see t h a t we c a n d i s t ingu i sh b e t w e e n a t h e r m a l b r a n c h f o r w h i c h 

Zi = 0 a n d t w o oppos i t e ly p r o p a g a t i n g s o u n d w a v e s f o r w h i c h 

zl = k^c^; = + Dl ( 0 0 ) / [ l - B, ( 0 0 ) ] , (3.11) 

i.e., t h e s o u n d s p e e d h a s b e e n s h i f t e d f r o m i ts i s o t h e r m a l va lue c t o i ts i s e n t r o p i c 

v a l u e c b e c a u s e of t h e c o u p l i n g b e t w e e n t h e e n e r g y a n d m o m e n t u m fluctuations 

c o n t a i n e d in D,^. M o r e precise ly , it can b e s h o w n ^ ) t h a t Df^ (00) / [ l - B (00)] 

= {Tlcv){àplànmT)l, Cy b e ing t h e spécif ie h e a t a t c o n s t a n t v o l u m e , so t h a t 

= {àpIdnmT)^. F o r t h e c h a r g e d - p a r t i c l e case e q . (3.10) i nd i ca t e s t h a t Zj = 0 

f o r each o f t h e t h r e e ZQ va lues s o l u t i o n qf (3.8) a n d f o r w h i c h we h a v e a l r eady 

a s s u m e d t h a t B^ (0 ZQ) # 1. 

T o second order we o b t a i n , c o n t i n u i n g t h e e x p a n s i o n o f t h e t h e r m a l m o d e 

(ZQ = 0), f o r t h e n e u t r a l case , 

{z . [1 - B, ( 00 ) ] + ik'D, ( 00 )} c^k^ + z^k^Dl ( 0 0 ) = 0 (3.12) 

a n d 

{Z2 [1 - B, ( 00 ) ] + i ^ A (00)} ml = 0 , (3.13) 

f o r t he c h a r g e d case. O n c e m o r e t h e c o u p l i n g b e t w e e n d i f f é r en t fluctuations (Z),^) 

c a n n o t corne i n to p lay in t h e c h a r g e d case b e c a u s e t h e l a t t e r e f fec t is 6{k^) w i t h 

r e spec t to t h e ojp c o n t r i b u t i o n a s seen by c o m p a r i n g (3.13) wi th (3.12) as well a s 
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(3.10) wi th (3.9). Solving (3.12)-(3.13) we o b t a i n t h e f o l l o w i n g t he rma l m o d e : 

zr(k) = -ik'{D,m)l[\ - BAOO)]} 

(1 +Di{00)lc^ [1 - 5 , ( 0 0 ) ] ) -

1 
+ (!){k^) 

(3.14a) 

neu t ra l pa r t i c l e s , 

c h a r g e d pa r t i c l e s . 

(3.14b) 

U s i n g (3.11) we see t h a t t h e t w o t h e r m a l m o d e s d i f f e r by a f a c t o r {1 + Df^ (00)/c^ 

X [1 — B^{00)]}~^ = c^jc^ = Cylcp. I n a s imi la r f a s h i o n we ob t a in , a f t e r s o m e 

a lgeb ra , f o r t h e s o u n d m o d e s o f t h e n e u t r a l sy s t em : 

2 \ \-BAOO) \ c'J 

+ 
D, (00) 

+ 1 
. d Dii (kz) 

1 - B, (00) dz \ \ - B, (kz) 

w h e r e a s t h e p l a s m a m o d e s of t h e c h a r g e d s y s t e m yield : 

k^c^ 

A = 0 
z = + i O _ 

+ Oik^), (3.15) 

1 + 
2wp [1 - BAO, ±cop)])j 

- i^k^Di (0, ± w p ) + 6(k^), 

o r e q u i v a l e n t i y : 

z\(k) = ± w p ( l + k^l2k^,) 

' Q l , m + {z -Q,Akz)]Qn{kz) 

(3.16) 

k^ 
H lini lim 

2 z->±rap k -»0 
k^ [z - Q,, (kz)] 

+ G{k^). 

(3.17) 

3.3. H y d r o d y n a m i c f r e q u e n c i e s . L e t u s recoUect t he resul ts of s ec t ions 3.1 

a n d 3.2 a n d i n t r o d u c e a m o r e s t a n d a r d n o t a t i o n . In the l imi t of l ong w a v e l e n g t h s 

we f o u n d a set of five col lect ive exc i t a t i ons w h i c h , as is easily checked , a r e a n a l y t i c 

in k a n d weak ly d a m p e d . T h e y reflect t h e ex i s t ence of five i n d e p e n d e n t c o n s e r v a -

t ion laws f o r o u r sys tem. T h e y cons i s t o f t w o t r ansve r se shea r m o d e s z, . = —ik^D, 

(/ = 1 , 2 ) (3.4), o n e t h e r m a l m o d e Zj- = —ik^Dr (3.14) a n d t w o l o n g i t u d i n a l 

p r o p a g a t i n g m o d e s which a r e t h e s o u n d m o d e s Zj. = ±kc — ijk^F (3.15) f o r t h e 

n e u t r a l sys tem a n d t h e p l a s m a m o d e s z+ = + t o p (1 + ik^y) - i^k^Fp (3.16) f o r 

t h e c h a r g e d sys tem. T h e s h e a r d i f fus i t iv i ty D, is usual ly expressed in t e r m s o f t h e 

s h e a r viscosi ty rj = nmD,. I n s t e a d o f t h e t h e r m a l diffusi t ivi ty o n e c a n a lso 

use a t h e r m a l conduc t iv i ty h o w e v e r t h e re la t ion be tween Dj a n d x will b e 

file:///
file:///-BAOO
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différent for the neutral and charged Systems. For neutral partiales we write as 

usual y. = mncpDr but for charged particles we have then on the contrary 

>c = mncyDr (P refers to plasma). For the propagating m o d e s the différence 

between the neutral and charged Systems is even stronger. In the neutral System 

w e have Iwo oppositely propagat ing sound waves with c as phase and group 

velocity and a damping J ' w h i c h is usually written F = Dj [(cp/c^) — 1] + <i>lnm 

introducing a longitudinal viscosity (j) consist ing of a shear contribution f ;; and 

the bulk viscosity f according to 0 = f?; + | . In the charged case we have two 

opposi te ly propagating waves of infinité phase velocity cofjk and a small group 

velocity Opky, for small k. as well as a small damping F^. The varions coefficients 

entering the hydrodynamical frequencies can be identified from the explicit ex-

pressions given in (3.4), (3.11) and (3.14)-(3.17) . The latter expressions are exact 

in the sensé that they involve the col l i s ion operator and thermodynamic funct ions 

computed to arbitrary order in the coupl ing constant, density and température. 

In the neutral-particle case it is seen that the transport coeff icients so defined 

involve knowledge o f the col l is ion operator {kz) in the vicinity o f ^ = 0 and 

2 = 0. In the charged-particle case we see from (3.16) that the plasma modes 

require moreover knowledge o f the col l is ion operator at the nonzero frequency Of. 

Therefore z+ is not readily expressible in terms of transport coefficients unless 

o n e uses nonzero-frequency transport coeff icients . The latter however are complex 

quantit ies and a séparation o f (3.16) into real and imaginary parts does indeed 

lead to : 

y = kV 4- Re (_^k^2!2lL\ + In, f ,̂  (3 ,3,) 
WiX - B^Omp)]) 

Fp = R e A {Oojf) - Im ( ^ILS^ ) , (3.18b) 

where w e have taken into account that the real ( imaginary) part of D, (Ocup) and 

Dfi (Ocop)l[l — (Oojp)] is an even (odd) funct ion o f wç . Eqs. (3.18) constitute a 

déf init ion o f the thermal correction, y, to the p lasma frequency Wp and its damping, 

Fp, g iven here, to our knowledge , for the first t ime to ail orders in the parameters 

characterising the state of the é lectron gas (e^, n, T). T o compare with known 

results o n e can expand, e.g., y and Fp o f (3.18) wi th respect to the plasma expan-

sion parameter kofn. For a low-densi ty - high-temperature plasma we obtain in 

the l imit o f vanishing plasma parameter f r o m (3.18): 

y = 3k^^ + 6{kllri), (3.19a) 

Fp = (9(klln), (3 .1%) 
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i.e., a r e su i t i n a g r e e m e n t w i t h t h e co l l i s ion less V l a s s o v é q u a t i o n a s it s h o u l d b e 

t o th i s o r d e r . T h e & (koln) t e r m s a p p e a r i n g in (3.19) h a v e b e e n ca l cu l a t ed in t h e 

l i t e r a t u r e in t h e f r a m e w o r k o f t h e h i g h - f r e q u e n c y c o n d u c t i v i t y a n d will n o t b e 

c o n s i d e r e d h e r e ' ) . I n s t e a d w e w a n t t o c o m m e n t o n (3.18). I f we w e r e to s u b s t i t u t e 

incorrectly JD,, D^i a n d in (3.18) by t h e i r v a l u e a t wp = 0 t h e p l a s m a m o d e 

w o u l d r e a d z'+ = +cop (1 + k^c^jlmp) — i^k^rjjnm, i.e. p r e c i s e l y w h a t o n e w o u l d 

o b t a i n f r o m t h e u s u a l l i n e a r i s e d h y d r o d y n a m i c é q u a t i o n s a p p l i e d to the é l e c t r o n 

g a s ' ° ) . T h i s i n c o r r e c t r e s u i t s t e m s f r o m t h e f a c t t h a t t h e u s u a l h y d r o d y n a m i c 

é q u a t i o n s c a n n o t d e s c r i b e a d e q u a t e l y t h e r a p i d o s c i l l a t i o n s o c c u r r i n g a t cop b u t 

on ly t h e l o w - f r e q u e n c y , l o n g - w a v e l e n g t h m o t i o n s s u c h a s d e s c r i b e d by t h e t h e r m a l 

m o d e (3.14) w h i c h is c o r r e c t l y g iven by h y d r o d y n a m i c s a s = -\k^ (xlmncy). 

T h e d i f f é r ence b e t w e e n z+ a n d z'+ is o b s e r v a b l e e v e n in t h e n o n d i s s i p a t i v e p a r t y . 

I n d e e d , f r o m z'+ w e w o u l d o b t a i n y ' = c^/cop = (cp/c^) ATS ^ — f ^ ô ^ in t h e p e r f e c t -

gas l imi t i n s t e a d o f 3kô ^ (3 .19a) . T o c o r r e c t f o r th i s d i s c r e p a n c y o n e has t o m o d i f y 

t h e h y d r o d y n a m i c é q u a t i o n s in t h e h i g h - f r e q u e n c y r é g i o n b y i n t r o d u c i n g r e l a t i o n s 

b e t w e e n t h e c u r r e n t s a n d t h e t h e r m o d y n a m i c d r i v i n g f o r c e s w h i c h a r e n o n l o c a l 

in t i m e . T h i s h a s b e e n d i s cus sed in m o r e dé ta i l in a p r e v i o u s p a p e r ^ ) . A n u n u s u a l 

a l t h o u g h i n t e r e s t i n g s i t u a t i o n w h i c h c a n b e d i s c u s s e d o n t h e bas i s of (3.18) w o u l d 

b e o n e in w h i c h t h e co l l i s ion f r e q u e n c y , say m^, l a rge ly e x c e e d s the p l a s m a f r e -

q u e n c y cop so t h a t a sma l l (Op/cOc e x p a n s i o n o f (3.18) b e c o m e s in te res t ing . T h i s 

h o w e v e r is n o t y e t su f f i c i en t t o r e d u c e z+ t o z'+ b e c a u s e even t o z e r o t h o r d e r in 

copjoj^, t h e n o n z e r o f r e q u e n c y ojp will a p p e a r as a r g u m e n t in 2+ T h e very ex i s t ence 

o f a s i t u a t i o n in w h i c h z'+ w o u l d b e a g o o d a p p r o x i m a t i o n t o z+ is n o t o b v i o u s 

f o r t h e é l e c t r o n Sys tem. T f w e a l so w e r e t o t a k e i n t o a c c o u n t t h e p ré sence o f m o b i l e 

i o n s a n d n e u t r a l p a r t i c l e s t o g e t h e r w i t h t h e é l e c t r o n s t h e n the s i t u a t i o n j u s t 

d e s c r i b e d will b e c o n s i d e r a b l y m o d i f i e d a s w e n o w h a v e m e c h a n i s m s w h i c h a l l o w 

f o r m a s s fluctuations w i t h r e d u c e d c h a r g e fluctuations a n d hence a r e a b l e t o 

r e d u c e t h e i m p o r t a n c e o f t h e C o u l o m b s ingu la r i t y . T h è s e in t e r e s t i ng q u e s t i o n s 

will h o w e v e r b e d e f e r r e d to f u t u r e i nves t i ga t i ons . W e n o w c o n t i n u e w i t h a s t u d y 

o f t h e sma l l - / : l i m i t o f t h e c o r r é l a t i o n f u n c t i o n s G. j f o r t h e o n e - c o m p o n e n t n e u t r a l -

versus c h a r g e d - p a r t i c l e Systems u n d e r c o n s i d é r a t i o n . 

4. Long-wavelength limit of the corrélation functions. I t h a s b e e n k n o w n f o r 

y e a r s t h a t t h e d e n s i t y - d e n s i t y c o r r é l a t i o n f u n c t i o n G„„ {kz) o f neu t r a l Sys tems h a s 

a l o n g - w a v e l e n g t h l imi t w h i c h c a n b e s i m p l y e x p r e s s e d in t e r m s o f t r a n s p o r t 

c o e f f i c i e n t s a n d t h e r m o d y n a m i c coe f f i c i en t s so a s t o c o r r o b o r a t e its c a l c u l a t i o n 

f r o m h y d r o d y n a m i c s p l u s s t a t i c fluctuation t h e o r y ( L a n d a u - P l a c z e k t h e o r y ^ ) ) . 

W e n o w e s t a b l i s h a s imi la r e x p r e s s i o n f o r t h e é l e c t r o n gas . As k g o e s to z é r o w e 

c a n WritezJ {kz) = [z - Zr(A)] [z - z^{k)] [z - z_{k)] [1 - B,{0z)] â {kz), w h e r e 

Zj-, z+ a r e g i v e n b y (3.14), (3.16) f o r n e u t r a l p a r t i c l e s a n d by (3.15), (3 .17) f o r 

c h a r g e d p a r t i c l e s a n d w h e r e Â {kz) is a f u n c t i o n w h i c h t e n d s to u n i t y a s k t e n d s 

t o z é r o , f o r ail v a l u e s of z. E a c h of t h e l o n g i t u d i n a l m o d e s will c o n t r i b u t e to t h e 
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a u t o c o r r é l a t i o n f u n c t i o n Gjj (kz) ( j = n, l, s) with a s t r e n g t h given a c c o r d i n g to : 

Gjj (kz) = + Y — + ikz), (4.1) 
z — Zj(k) ± z — z^{k) 

w h e r e i a^ a n d \a\ d é n o t e t h e r e s idue of Gj j {kz) a t z = Zj{k) a n d z = re-

spectively, w h e r e a s Gjj (kz) d é n o t e s t he c o n t r i b u t i o n f r o m t h e r e m a i n i n g n o n -

h y d r o d y n a m i c a l r o o t s o f t h e d i spe r s ion é q u a t i o n . A s t h e l a t t e r r o o t s have a finite 

d a m p i n g a t = 0 they d o n o t c o n t r i b u t e to Gjj (kt) f o r t ~ Oik'^) a n d we c a n 

f o r g e t a b o u t Gjj (kt) o n s u c h t i m e scales. T h e explici t va lues o f a{, a±, f o r smal l k, 

a r e easily c o m p u t e d f r o m t h e expl ic i t express ions g iven in sec t ion 3. W e h a v e 

TABLE I 

Strengths of the various modes as they appear in the various autocorrélation functions 

Neutral partiales Charged partiales 

(kVO [k^ (c ' - c^)/a.^] = m*) 

< (vlllc^) (c^c^) iikVkl) 

eik*) 

< 1 
2 

i 

C°ylCy 

al i [1 - (vl - C^)/:^] C°ICy 

s u m m a r i s e d t h e resul t s in t a b l e I w h e r e we t o o k in to a c c o u n t t h a t , as h a s b e e n 

s h o w n e lsewhere^) , 1 - B^(0, 0) = C K / C ° , C ° be ing the pe r f ec t -ga s l imi t of t h e 

spécifie bea t Cy. F r o m t h e r e su l t s l i s ted in t a b l e I o n e can r e a d o f î severa l in te r -

es t ing p r o p e r t i e s of t h e F o u r i e r t r a n s f o r m Gjj (kco) = 2 R e Gjj (kz = m + iO) 

[see (2.6)] as a f u n c t i o n of t h e rea l f r e q u e n c y oi. E a c h m o d e a p p e a r s in Gjj (kco) 

as a p e a k wi th a given he igh t a n d w i d t h . T h e re la t ive he igh t s of t h è s e p e a k s a r e 

g iven by 

l im [Gjj (km = 0)IGjj (kœ = R e z±)] = ( 4 / ^ 4 ) ( I m z ± / I m Zr) , 
k-'O 

whi le t h e re la t ive a r e a u n d e r t h e m is 

l i m r j do) Gjj (koj) I J dco GJJ (koj)] = ailai, 
k->0L(O = 0 / w = R e z ± J 
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whereas t h e wid ths a re de t e rmined by I m Zj- a n d I m z± themselves. The to ta l a r e a 

vérifies f u r t h e r m o r e the sum rule 

l i m j d w G j j (kœ) = l i m TZGJJ {kt = 0 ) 

with one r e m a r k a b l e except ion, name ly G^^. I n d e e d , as ha s been observed ear l ier 

fo r t he neu t ra l -gas c a s e " ) , t he k inet ic energy n o t be ing a conserved quant i ty , p a r t 

of its long-wavelength fluctuations is no t correct ly descr ibed by hydrodynamics . 

A s a resui t t he a b o v e s u m rule is satisfied f o r G^^ only u p to a remainder which is 

shown he re t o b e equa l to (c° — Cy)lcv b o t h f o r charged- a n d neut ra l -par t ic le 

Systems. 

A n o t h e r i m p o r t a n t observa t ion which one can r e a d off" f r o m table I is t ha t f o r 

t h e p l a s m a case t h e the rma l m o d e z\{k) only shows u p in G^^ whereas G„„ a n d G „ 

are d o m i n a t e d by the p l a sma m o d e s z±(A:). A s G^ is n o t readi ly observable in a 

l ight-scat ter ing exper in ient , such as is G„„, e.g., it will t u rn o u t difficult to check 

the absence of t h e c^/cp f ac to r in Z j as c o m p a r e d to Zj- [see (3.14)-(3.15)]. Such 

an effect is p r e s u m a b l y accessible only to c o m p u t e r ca icula t ions of G^^. 

5. Conclusions. T h e long-wavelength fluctuations a n d corré la t ion fu n c t i o ns of 

a charged-par t i c le o n e - c o m p o n e n t System t u r n o u t to be qui te différent f r o m the i r 

neu t ra l -par t i c le équiva lents because t h e s ingular C o u l o m b potent ia l resul ts in a 

lack of coup l ing be tween the low-f requency t e m p é r a t u r e fluctuations a n d the h igh-

f r e q u e n c y densi ty fluctuations. Consequen t ly t h e hea t m o d e of a p lasma lacks a 

Cp/c^� f a c t o r whi le the low-f requency s o u n d m o d e s a re sh i f ted into the m u c h 

h igher p l a s m a m o d e s . M o r e o v e r the hea t m o d e d i sappear s f r o m the L a n d a u -

Placzek f o r m u l a as ^ 0 a n d pers is ts only in G^. 

T h e m e t h o d used here did p e r m i t us t o es tabl ish thèse results f o r a rb i t r a ry 

densi ty , in te rac t ion s t rength a n d p l a s m a e x p a n s i o n pa rame te r . Except f o r t h e 

i m p o r t a n t rôle p layed by the invar iance a n d conse rva t ion proper t ies , o u r caicu-

la t ions only involve the long-wavelength l imit ^ -> 0. 

A c k n o w l e d g e m e n t s . W e w o u l d l ike t o t h a n k Professor R .Ba lescu a n d 

P. Rés ibo is f o r critically reading the m a n u s c r i p t . 

Dérivation of the kinetic équation (2.16). T h e a lgebra ic steps l ead ing f r o m 

eq. (2.10) t o (2.16) involve a ca lcu la t ion of {^f(kp)\P\F{kzp')), {Zf{kp)\PLP 

X \F{kzp')), {8f{kp)\ rp \F{kzp')), {^f{kp)\ P W{kp')) and (S/(*/»)| DQ W{kp')). 

or 

APPENDIX A 



394 M . B A U S 

F r o m t h e very déf ini t ion of P in eq. (2.11) it fo l lows t h a t : (S / (Ap) | P W{kp')) 

= So (kpp') (2.13), ( S / ( M I P \F{kzp')) = -\S(kzpp') a n d (S/(A;>)| DQ |S/(&/,')) 

= 0 because Q |S/(ft/>')) = 0. A s we also have (8f(kp)\ Q = 0, we can p u t 

(?/| PLP \F) = (S/1 LP \F) a n d ( S / | y \F) = (S / | LQ (z - QLQY' QLP \F). Ac-

c o r d i n g t o e q . (2.1 l ) w e Write ( S / | - P W ) = Y^i\àpyàp^ ( 8 / | ��� Wilpùmip^Pi) 

X i^filpj) I /"). Because of t r ans l a t iona l invar iance of the equ i l i b r ium averages 

ail m a t r i x é léments of t h e f o r m {^f{kp)\ ��� \Bf(lp')) vanish excep t w h e n l = k. 

T h e r e f o r e we have (8f{kp)\-- P\F{kzp'))=^àp,dp2i8fikp)\---\Sf(kpi))0> 

X (kpiPi) i — i) S {kzp2p') a n d we arr ive a t once a t the gênera i s t ruc tu re of 

eq . (2.16) with likzpp^) = J dp, ( 8 / ( M I (L + rp) \8fikp,)) 0> {kp,p2). The con-

t r i bu t i on of L t o this E na tu ra l l y splits in to a f ree s t reaming t e r m , a n d an 

average fo r ce o r se l f -consis tent field t e r m 2 '^ I ndeed if we d é c o m p o s e L = + 

in to a f r ee par t ic le (Z-o) a n d in te rac t ion (SL) t e r m , and observe t h a t {^f(kp)\ is a 

l e f t e igen func t ion of LQ w i th e igenva lue k � pjm we ob ta in in view of (2.12) im-

media te ly E° as given by (2.17a) f o r th is c o n t r i b u t i o n of LQ t o ^ - F o r t h e cont r i -

b u t i o n of 8L it is easily s h o w n t h a t (^f{kp)\ SL \^f{kpy)) = -k � vnq: (p) (pipi) 

X h(k) a n d its con t r i bu t i on to E will r e a d t h e n —k-v ( f { p ) h{k) [1 — c{k)\ wh ich 

on us ing (2.15) reduces t o t h e 2"^ of (2.17b). F inal ly , f o r t h e c o n t r i b u t i o n of y) t o 

E w e see t h a t t h e first t e r m of ^{kp^Pi) [see eq. (2.14)] precise ly leads to the 

collision t e r m E" (2.17c) w h e r e a s t h e second t e r m of ^ (2.14) yields a c o n t r i b u t i o n 

p r o p o r t i o n a l to QL\^n{k)) wh ich van i shes because L\^n) is, by v i r t ue of t h e 

con t inu i ty é q u a t i o n , n o t h i n g b u t t h e long i tud ina l m o m e n t u m dens i ty which l ies 

ent i re ly in t h e one-par t ic le p h a s e space to which the Q space is o r t h o g o n a l by 

déf ini t ion and hence QL |S«) = 0. 

A P P E N D I X B 

Conséquences of the conservation laws. C o n s i d e r the m a t r i x é l é m e n t s of t h e 

col l is ion o p e r a t o r (2.17c) b e t w e e n t w o a r b i t r a r y s ta tes g a n d h: 

� {h\ Ê'^ (kz) \gy = I dp dp' h(p)&{kp)\ Aiz) \8f{kp')) g*(p') 

= iHik)\ Aiz) \Gik)), ( B . l ) 

whe re , e.g., H(k) = \ dp h{p)fikp), f{kp) = dJ{kpt)\, = o and Aiz)^Q {z-QLQYQ. 
If w e t ake h{p) o r g{p) to c o r r e s p o n d to a conse rved quan t i t y , t h e t i m e der i -

vat ive, say H{k), a p p e a r i n g in eq . ( B . l ) can be rep laced by t h e d ive rgence of a 

c u r r e n t acco rd ing to the c o n s e r v a t i o n l aw H{k) + \k � /«(A:) = 0. T h e r e f o r e a 

m a t r i x é l émen t involving t h e n u m b e r dens i ty «„( / ; )= 1 can be wr i t t en <w„| E" |g> 

= ( —iA: � I„ik)\ A \G{k)) because of t h e n u m b e r conserva t ion law n(k) + ik � I„{k) 

= 0. M o r e o v e r , /„ is a one-par t i c le exp res s ion which is o r t h o g o n a l to Q space a n d 

file:///8fikp
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h e n c e <«„| T'^ ~ (/„| A ~ (I„\ g = 0. F o r a m o m e n t u m s ta te we o b t a i n <M,|Z''=|/Z> 

= {-ik-It\A\H) a n d iu,^\ \hy = {-ïk � A\H) w h e r e = n � k a n d 

/ , . = Jt � £, w i th jt b e i n g the m i c r o s c o p i c stress t enso r , a fac t w h i c h has b e e n used 

in t he m a i n tex t . 

F o r t he k ine t i c -energy s t a t e t h e s i tua t ion is s o m e w h a t d i f f é ren t because on ly 

t he to ta l ene rgy is c o n s e r v e d . W e c a n h o w e v e r a lways wr i t e <MJ \g}=(È^\A\G) 

= — (£p + ik � /EI A \G) by i n v o k i n g t h e ene rgy c o n s e r v a t i o n l a w Éj^+Èp + ik � 

= 0 whe re /g is t h e m i c r o s c o p i c ene rgy c u r r e n t , t h e k ine t ic -energy dens i ty a n d 

£p(*) = i Z ' . j ^u^^P i '^^ ' ^j) t h e po t en t i a l - ene rgy dens i ty d u e t o t he in te r -

ac t ion p o t e n t i a l Vij = Vij(\xi - Xj\). W e t h u s h a v e : (u,\ {g} = {-ik � IE\ 

X A\G) - i (Epi ( g + P) LA \G) o r b e c a u s e of t h e iden t i ty QLA = zA + Q, 

<M,| \gy = i-ik � h\ A \Û) + iz (Ep\ A\Ô)-i (Epi Q + PLA \G). A s {Ep\ PLA 

X \G) con t a in s (S«| LQ it van i shes (see a p p e n d i x A ) a n d s imilar ly (^pl Q \G) 

van i shes iden t ica l ly b e c a u s e of (2.15) so t h a t finally we r e m a i n wi th 

<i/J \gy = -ik � (41 A \G) - iz (£-p| A\G). . (B.2) 

E q . (B.2) show s explici t ly t h a t t h e k ine t ic ene rgy b e c o m e s a col l is ional i n v a r i a n t 

on ly in t h e a s y m p t o t i c l imi t of van i sh ing k a n d z. 

T h e a b o v e c o n s i d é r a t i o n s d o have s o m e i m p o r t a n t imp l i ca t i ons f o r t h e 

m a t r i x é l é m e n t s . F o r e x a m p l e , m o m e n t u m conse rva t i on l eads n o w i m m e d i a t e l y 

t o t he f o r m Q, (kz) = -ik^D, (kz) a n d i3„ (kz) = -ik^Di {kz) ( the i f a c t o r s h a v e 

been i n t r o d u c e d f o r l a te r conven ience ) . T h e energy conse rva t i on in t u r n leads t o 

Q^^{kz) = —ik^D^{kz) + zB^{kz) w h e r e a s w e a lso h a v e Qi^{kz) = Q^i (kz) 

= kD,, (kz). 

Final ly , t h e inva r i ance p r o p e r t i e s of t he equ i l i b r ium d i s t r i bu t ion imp ly t h a t 

Dij{kz) — —Qij{ — k, —z) = D*{kz*) a s is easily c h e c k e d f r o m the explici t ex-

p res s ions g iven in (2.17). T h è s e p r o p e r t i e s in t u r n imply t h a t t he even ( o d d ) p a r t 

in k ofQij (kz) is o d d (even) in z. 

G a t h e r i n g t h è s e resul t s it is easily es tabl i shed^) t h a t D,, D,, D^, Di^ a n d h a v e 

finite rea l l imi t s as A: -> 0 a n d z ^ + iO. 
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