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Lorentz covariant treatment of the Kerr-Schild geometry*

Metin Gurses' and Feza Gursey

Physics Department, Yale University, New Haven, Connecticut 06520

(Received 26 December 1974)

It is shown that a Logentz covariant coordinate system can be chosen in the case of the Kerr-Schild
geometry which leads to the vanishing of the pseudo energy-momentum tensor and hence to the linearity

of the Einstein equations. The retarded time and the retarded distance are introduced and the Liénard-Wiechert
potentials are generalized to gravitation in the case of world-line singularities to derive solutions of the type

of Bonnor and Vaidya. An accelerated version of the de Sitter metric is also obtained. Because of the
Tineanty, complex translations can be performed on these solutions, resulting in a special relativistic version
of the Trautman—Newman technique and Lorentz covariant solutions for spinning systems can be derived,
including a new anisotropic interior metric that matches to the Kerr metric on an oblate spheroid.

1. INTRODUCTION

In general relativity, the field equations are often
simplified when we deal with algebraically special or
degenerate metrics. The degeneracy of the metrics
is linked with the multiplicity of the Debever —Penrose
directions.!2 One of the important examples for the
algebraically special metrics is the Kerr--Schild® met-
ric which is given as

guvznu.v_zv)‘uxb (1~1)

where n,,=(1,-1,-1,~1) is the Minkowski metric, V
is a scalar function, and 2, is a light like vector both
with respect to g, and 7, :

g“v)\u)_v:nuvxu)\v:. 0. 1.2)

This null vector is also geodesic both with respect to
g,, and 7, that is,

AEQ A=V, A, =0, (1.3)

where 9, and Vv, are covariant derivatives with respect
ton,, and g, respectively. These two properties of A,
Eas. (1.2), (1.3), make it a shear free double

Debever —-Penrose vector. If the scalar function V is

a constant, A becomes a Killing vector.

The Kerr —Schild metric has been studied by several
authors by using either the tetrad formalism? or the
direct procedure® in solving the field equations. We use
the second method in a special relativistic covariant
way and find the energy--momentum tensor (e.m.t.) of
the matter and the field other than the gravitational
field. The mixed form of the e. m.t. is linear in the
function V and also it is divergence free in the ordinary
sense, that is,

3,T*,=0. (1.4)

Therefore, the pseudo-energy—momentum tensor
(p.e.m.t.) of the gravitational field must also be con-
served. We find that it vanishes in this coordinate sys-
tem. Vanishing of the p.e.m.t. makes the field equa-
tions linear. Because of this fact, the gravitational
field is not its own source in this coordinate system.

If a metric can be thrown into the Kerr—Schild form by
a coordinate transformation, the gravitational energy
and momentum are cancelled by this coordinate trans-
formation which represents some kind of acceleration
according to the equivalence principle.
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A method, which leads to a new metric from an old
one, is based on making a complex translation along
one of the coordinates without changing the physical
character of the source. Such a complex translation is
allowed in classical electrodynamics and in linearized
general relativity because of their linearity* of the
equations. In exact general relativity complex transla-
tion was used several years ago by Newman and Janis®
to obtain the Kerr metric from the Schwarzschild met-
ric and by Newman et al.® to obtain the charged Kerr
metric from the Reissner —Nordstrom metric. Recently,
Adler et al.® used complex translation and reobtained
the Kerr metric in the Kerr—Schild coordinate system
without drawing attention to the linearity of the field
equations. Now it becomes clear that complex transla-
tion is allowed in general relativity whenever we can
find a coordinate system in which the p.e. m.t. van-
ishes or the Einstein equations are linear in this coor-
dinate system. This is of course not true for an arbi-
trary metric. It happens to be true in the algebraically
special Kerr—Schild geometry.

Another advantage of the Kerr—-Schild metric is the
following, When we take A, as the gradient of the re-
tarded time and V as a function of the retarded distance
for an accelerated system (particles, charges, etc.)
we get simply the result of Bonnor and Vaidya,’ gener-
alizing the Liénard—Wiechert potential in electromag-
netism to the retarded gravitational potential. In addi-
tion to their result we also find the accelerated version
of the de Sitter metric.

In Sec. 2, we find the Einstein tensor of the Kerr—
Schild metric and show the linearity of the field equa-
tions. We also prove that A, is a double Debever —Pen-
rose vector for any e.m.t. In Sec. 3 we find the field
of accelerated systems, especially of the charged par-
ticle in a de Sitter universe. In Sec. 4 we complexify
the solutions discussed in the previous section for non-
accelerated systems. We find the e. m.t. for this case.
The Kerr® and charged Kerr metrics® are special cases
of this e.m.t. For the interior metric, this tensor is
shown to correspond to the e.m.t. of an anisotropic
perfect fluid and to match the Kerr metric on an oblate
spheroid. In Sec, 5, we show the resemblence between
the linearized field equations obtained from an approxi-
mation procedure and the field equations obtained for
the Kerr ~—Schild metric.

Copyright © 1975 American Institute of Physics 2385



2. THE KERR-SCHILD GEOMETRY

The light like character of the four vector A, greatly
simplifies the calculations. Because of this property,
it can be raised and lowered with both 7, and g, , and
we also have

—g=1’ (2.1)
so that we have
g =Y+ VAN, 2.2)

The Riemann—Christoffel symbols and the curvature
tensor, for this metric, are

re  =—[@0L),, +(%,),, -n"*(1,1,),, + 441°L,1,], (2.3)
Ryuva
= avryua - aarww+ ry&’raum - Ivba:rﬂu.v
=Ploloye =T b Yay + 241,0,,8,)
—2A00,0 0y, =Ty ya T U@y,
WO H LR - 1,8 e
= Lo @y, —1PTL) G(1,0,), 00T, 41,0
~(0al"), p + @) uo R 5y~ THLL), g
~4(Ar 1), + HAPLLL) o, (2.4)
where
1,=VVA,,
%u'—'le,vls.u,
o, =r, -7,
G’W: lu,u+ lv. u?
dawazlﬂ'u(lvla)'a,
and
latprn=Labss = lsbays
1o, =19", -1,
We note that
Uihp=U® a=0® 4 =0, (2.5)
Lo, =Al,, A=-XN(V/?), (2.6)
Fé,,,=2AL1L, 2.7
LB o= ~40,0) ,,+ L@ .o
+IML,L,) g, = P(LLL), gas (2.8)
LR ya =T (000)
=[(V, ) 2EVINN,. 2.9
We can find the Ricci tensor by using the identities
(2.5)—(2.17), and letting ¥=v in Eq. (2.4). It reads
R,o=—( )+ 781,100 o = Q0D 50
+2[7 b - (BN, + (A - L]0,  (2.10)
where
L==1% ,=- (V22 (2.11a)
K=A+L)V/3=—(VM) . (2.11b)

The Ricci tensor with mixed components R¥, and curva-
ture scalar are,
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R* = (KA“)'a-i-n“’(K)\a)', +o(v BN,
R=2(KM*)

(2.12)
O=n"2,3,.

su?

Hence the Einstein tensor reads

G* o= (KA¥) o+ ¥ (BN, , + O(VARL,) — 6% (KX)

r?

(2.13)
with K given by (2.11b).

The algebraic classification of space—times is done
by means of Weyl’s conformal tensor which is defined
by

L L 1
Cyuva =R" uva + ZguaRfa - ZguVR.:x + Eguabyu

_%Ruvévd—']G‘(guaayu-guuéya)R' (2.14)
We can easily find that
ANCY L =HN )\, (2.15)

where
H=V(V M) W +A* - L+ 077 g, - 3K,

with A and L given by (2. 6) and (2.11a), respectively.
Equation (2. 15) tells us that A, is a double Debever —
Penrose vector, thus space—time is algebraically
degenerate.

Now let us show that Einstein’s tensor is divergence

free in the ordinary sense, that is,
auGuuzo. (2.186)

From the Bianchi identities we know that G*, is con-
served covariantly,

VG4, =2,G, +T“ ,G° —~T° G¥=0; (2.17)
from Eq. (2.1), we have

ruuB: 0V —g= 0;
and it is also straightforward to show that

rﬁuaG”B: 0.

Thus, we obtain Eq. (2.16). In general we know that
the conservation law for the total energy—momentum
tensor is given as

2,(T*, +14)=0

where {*, is the p.e.m.t, of the gravitational field.
This p.e.m.t. is given in different forms, i.e., the
Einstein® and the Landau'® forms. In our case these
two forms are the same because of Eq. (2.1) and they
both vanish. The total e.m.t. T, +¢,, is given by

T“V+t“v:_§—é—apf"“w (2.18)

where G is the gravitational constant and f°¥, is defined
as

fupv = "fpuvz guaal(gu“g” - gﬂpgul)’

where
g"" = \/Tégﬂu ’
1
guu = mgou .

For the Kerr —Schild metric f*°, becomes
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o, =20,[ V64 2228 + Ve A — Vpufaed, — V62, A4,

(2.19)

We find that |

G(T®,+ % ))=G*,. (2.20)
Hence, from the Einstein equations

=0, (2.21)
Using this fact and Gupta’s equation’! which reads

3, 35(NG B —HAGYE — qraub 4 puvat)

=26 (T + ) (2.22)

and using the metric in Eq. (2.2) we recover Eq. (2.13).

The absence of #, in Eq. {2.22) makes the field equa-
tions linear, because the total energy —momentum ten-
sor (7% + #*,) can only depend on the metric itself not
on its derivatives. Thus in the Kerr —Schild geometry
Einstein’s equations take the linear form

auas(nasgw _ nuagyﬁ __nvaguﬂ + nuvgaB)z zcnuthx (2‘ 23)

where T%, is the energy —momentum tensor of matter
and radiation excluding the gravitational field_.

3. GRAVITATIONAL FIELD OF ACCELERATED
SYSTEMS (NONSPINNING CASE)

Assume that any element of the system under con-
sideration is on a geodesic T which is described by an
affine parameter 7. Construct a light cone from the
observation point x*, which intersects the geodesic T’
at any point Z*(7). The velocity of the element of the
system is

s dzZ
Z“=—d—T“,

with
n wZqu =€
where e=1 and e=0 correspond to the timelike and

lightlike cases, respectively. We define a retarded dis-
tance R by

R=2Z%(x, - Z,(1),

for the value 7, of 7 for which the distance between the
point Z#*{7,) and the point x* is lightlike, that is,

(" = Z4(T N = Z4(7,))=0. 3.1

From now on we shall use Z* to denote Z"(-ro). Differ-
entiation of Eq. (3.1) with respect to x* gives us

3, To= [)Qu - ZM(TO)]/R .
Now, we can define the lightlike 4-vector A, as
X, =23,7,. (3.2)

It is straightforward to show that A, satisfies Eqs.
(1.2), (1.3). In order to find the e.m.t, we need the
following identities:

3 R=Z, - A (e-RZ)), (3. 3a)
A9 R=AZ, =1, (3.3b)
1 . . v
Au.llz E[nuv—Auzv_)\vzu_quAV(e_RZaxa)]’ (330)
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Ke- 1 (RV’ -2V), (8.3d)
dv
b -
vi= dRr’

Here, we assume that the scalar function V is only a
function of the retarded distance R. Using Eq. (3.3a)—
(3.3d) and Eq. (2.13), we get the e.m.t. as'?

T“‘,:(V" + 2R£) 5, + (- v+ %) (Zoa, + Z %)
+[eV” — 22V’ + 2(~ e+ 2zR)(V/R®)JA%), (3.4)
where
z= 2%, (3.5)

This e.m.t. in Eq. (3.4) has some simple forms for
some special V’s. When

V=m/R -¢e*/2R?* (e and m are constants),
we get the Bonner and Vaidya’ solution. When
V=1(p,/6)R?, p, is const,

we get a new solution corresponding to the gravitation-
al field generated by a de Sitter space in accelerated
motion, i.e., the interior solution corresponds to a
finite matter free space—time region with a cosmologi-
cal constant, so that

G*, ~ pod*,=0.

We verify that the only vacuum solution with zero cos-
mological constant is the Schwarzschild metric with
z=0 for a nonspinning system.

4. COMPLEXIFICATION: FIELD OF
UNACCELERATED SPINNING SYSTEMS

The gravitational field of an accelerated spinning
system can be found either by solving the Einstein
equations given in Eq. (2.13) or by complexifying
the solutions found in the previous section. We choose
the second method because of its simplicity and use
special relativistic spinor representations of the four
vectors.

In our method we simply make a complex translation
along x* and find the real and imaginary parts of every
four vectors and scalar functions. The new complex
quantities are

="+ da¥,
T =7 +1iT,,
Z = Z,, +iZ,,,
Z.’u:v1u+z'vzu,
where a, is a constant spacelike 4-vector and'®

. 3 3
o= ta - Za

BT ar, 8T,
by 2y,
2u a7, an

Instead of Eq. (3.1) we have the following two equations:
(x, -2, )x* - 2,*) - (a, ~ Z,, )a* - Z,*)=0, (4.1)
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(x, -2, )a* - Z,*)=0. (4.2)

We shall look for solutions that can be expressed in
terms of the complex null vector A

N=03,7"=u,+iv,, (4.3)
where
=23 — ___1___[ )
Hy=0,T1= rit o, Tl(x“ -2, )t 7’2(au - Zzu)]’
4.4
) — ___1_._.,[ )+
v,=0,T,= ey 1o rlx, - Z,,) +rila, - Z,)],
(4.5)
and the complex retarded distance is
R =7, +ir,, (4.6)
where
r=v%x, - Z,,) —v,%(a, - Z3,),
re=v4x, ~ Zy,) Yo Ma, - Z,,).
Instead of the identities in Egs. (3,3a)—(3.3d), we
have the following:
7y, 0= V1q TRl + Vg, (4. 7a)
Vo, o= Uszg =Ll T BV, (4. )
Lt ® = 0,%v,=1, (4.7c)
VoV F U u%=0, (4.7d)
Roh®=v, 1%, (4.7e)
Lav¥=0, (4. 1)
um,B
1
= W[Tlnw'*’ (vl =7k, Mg = (7,1 - RV, Vs
- (7’11 + ’Vzk)(lJ-aVB + l-LgVa) - 7’2([—‘-,1023 + Ugy,
+ Valig + VBvla) + 71(" Moy — vlau'ﬂ+ VaUsg
+ VBvZQL)]’ (4 7g)
1

Vas= 73752 (= #aMos T (1l 7o)t~ (il + 7RV, 1
1 2

+{(- 7k +'Vzl)(uaV5 + IJvBVa) ~ Vl(vavla + Vgl

+ Ko Uag + /—LB'Uza) + 72(#avls+ Mgl = VogVg — UZBVa)]s

(4.h)
where
E==1+7a%hy = ¥Ve@* = V20, % o = 718,°V,, (4.8)
I= - 7@y + Vo000, ~ V50, %l — ¥, %V, {4.9)
alaz%;‘x:%}f;“, (4.10)
a,, = - a_ Wag (4.11)
o o7, 0T,

Now in order to find the real null 4-vector A we use
the spinor representation of the 4-vectors. If A is a
4-vector its spinor equivalent is given as

A=0, A% (A*=0*3A%; o, f=1,2),

where
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g,= (05,0).

0, is two-dimensional identity matrix and ¢’s are the
Pauli spin matrices. They satisfy the following anti-
commutation relation,
0,0,+0,0,=21,,. (4.12)
where
0, =0,(0,)70,= (0, - 0),

and OHT denotes the transpose of ¢,. Using the spinor
representations of the complex vectors X', and Z L
get the following identities:

N+ IV =2, (4.13a)
¥¥ =0, (4.13b)
27 =1, (4.13¢)

Then we define the spinor representation of the real
null vector A, as

A= N M Tr(V)/Tr(Mo, )], (4.14)

where v, is the real part of Z]. Note that when A} is
real (a,= 0), Eq. (4.14) becomes an identity. Since, in
this section, we are only interested in the fields of the
systems with uniform velocity, the procedure outlined
above becomes simpler. The scalar functions %2 and ]
in Egqs. (4.8) and (4.9) become -1 and 0, respectively,
and

Via=Ng ~ Ko

V2,6~ ~ Vas

where

2 y=v,=n,, U;,=0.
Then, the null vector X, can be found from Eq. (4.14)
as

N pPugny — o+ €gy g TV

o= 8 -1
uP g

The derivative of A, with respect to the coordinates x*
is found as**

(4.15)

274

1
= 712 + ,},22 [7’1(77” + xuu - nu)\u -nvhu)

+72€uvm8nahﬁ] (4 16)

Here, we notice that the velocity vector », is a Killing
vector, because it satisfies the equations
na 7{0‘ puacad 1 )
n® )\B, «™ O:
and since it is a timelike vector, it is always possible
to bring it to its rest frame Gu" by a Lorentz trans-
formation. Thus
nuaugod!: aogaﬂzo‘
To find the e. m.t., we make a further choice for
the form of V by taking

V=Ffr)/ (r?+ 7). (4.17)
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With this assumption, the Kerr—Schild metric can be
transformed into the Boyer —Lindquist'® coordinate
system, which reads

ds® =

(1 - %Z) dr - %d’rlz - Sde? - ?E-sinze do*
+ %Zsinze dddt,
where

S =17+ a* cos?o,

A=7’+ad®-2f,

B=(r2+ad%? - d*Asin®0.

Transformations from Kerr—Schild coordinates into
the Boyer —Lindquist coordinates are

(r, tia)e!® sin®@=x+ iy,

7, C0860 =z,

- 2
dt=dt+ —‘{drl,

dp=dd+ %drl.

In the new coordinate system A, and the e.m.t. T¥,
take the forms

A= (l, %, 0,—asin29> ,

T,,=(D+4h)u u, - (D+4h) %mumv -(D+2h)g,,,
where
(1,0,0, - asin®e),

u,=

s b

m,=(0,-1,0,0),
d
D= _frirl/z (f71: E;{:)

hzr_lf_'l.—_f.

The Kerr and the charged Kerr metrics correspond to
the vanishing of f’m‘ For an interior metric, the e.m.t.
in Eq. (4.18) corresponds to the e. m.t. of an aniso-
tropic perfect fluid distribution. Isotropy is destroyed
in the radial direction. We note that the deviation from
a perfect fluid distribution can also be regarded as
arising from the contribution of a moving Nambu
string.'® Such anisotropic energy—momentum tensors
have also been discussed recently by Bowers and
Liang.!” This interior metric matches to the Kerr
metric on an oblate spheroid, 7, =7, the equation of
this surface being

vy =72 - a?) —a’22=0
where
=L+ + 2

and the function f(r,) satisfies the following boundary
conditions

fro=mr,,
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d
E.ﬂrl) =m,

m being the total mass,

fl="0

5. LINEARIZED GENERAL RELATIVITY AND
TRAUTMAN'S COMPLEX TRANSLATION

The linearized theory of the gravitational field can
be developed by regarding the actual Riemannian
space—time as a first order perturbation of flat
space—time. Here, in contrast to many authors we
take G ** = V= gg *” as the gravitational field and assume

thatll,ls
VT ggh =0t + 260, (5.1)

where ¢ is a constant and ¢"” is a symmetric tensor, In
the linearized theory, we neglect terms of all but the
first order in ¢, Hence

(~ detg uV)1/2: (- detgw)”2= (_g)llz

=1+¢p, (5.2)
where
d=1"0,,. (5.3)
Field equations, in terms of ¢**, follow as
GT*,=+¢(- nuﬂ‘i’rv,w - naB¢"a,su
+0¢*, - 6%,0% o). (5.4)

Without any choice of gauge, it is easy to show that
9, T+, =0,

and, of course, the pseudo-energy—momentum tensor
vanishes in this approximation. !

It is remarkable that the field equation (5. 4) is exact-
ly the same as the one (2. 33) which was obtained for the
Kerr—Schild metric, All the metrics which are in the
Kerr —Schild class are also the solution of linearized
field equations (5.4), but the reverse is not true in
general.

Trautman® has developed a method of constructing
classes of new solutions to linear special relativistic
partial differential equations. In particular, he used
the method to produce null curling solutions of Max-
well’s equations and he stated that the same method
can also be used in linearized Einstein’s equations. Now
it becomes very clear that Newman’s complex transla-
tion is nothing but Trautman’s complex translation.

6. CONCLUSION

To obtain linear gravitational field equations there
are two possible methods. In the first one we use an
approximation procedure which leads to linearized gen-
eral relativity. In the second one we put some con-
straints on the symmetric tensor ¢** in Eq. (5.1), in
such a way that the pseudo-energy—momentum tensor
vanishes. In this work we showed the existence of the
second possibility. It is an open question whether the
Kerr —Schild coordinate system is the only coordinate
system in which Einstein’s equations become linear for
a special geometry.

We have further obtained the gravitational field of
accelerated nonspinning particles and unaccelerated

M. Gurses and F. Giirsey 2389



spinning particles. It is also possible to obtain the
gravitational field of accelerated spinning particles.
Work on the latter type solution is in progress.

If we take the null vector A, as a constant null vector,
the Kerr —Schild metric describes gravitational waves
such that plane fronted waves are in this class of met-
rics with nonvanishing Weyl tensor. The corresponding
space—time is of Petrov-type N.

As another possible application of our method the
following remark is in order. Quantization of general
relativity becomes simple for the linearized approxi-
mate theory. Since in the case of special geometries
Einstein’s theory becomes exactly linear in the
Kerr—Schild coordinates, the same quantization pro-
cedure could also be applied in these special cases.
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