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Lorentz violations and Euclidean signature metrics
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We show that the families of effective actions considered by Jacobsah to study Lorentz invariance
violations contain a class of models that represent pure general relativity with a Euclidean signature. We also
point out that some members of this family of actions preserve Lorentz invariance in a generalized sense.
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In recent years there have been several proposals to studys we can see the fact that is a unit vector implies that the
Lorentz invariance violations in general relativity and their determinants o5, andg,, are proportional to each other
observational consequencegee [1-3] and references with a constant of proportionality that can be made either
therein. The main ingredient of these models is the introduc-positive or negative by choosing appropriate values aihd
tion of a preferred framéreferred to by the authors as the g. Let us write now the Einstein-Hilbert action fgE, as a
aethe) described by a unit timelike vector field?. In order  fynction of Jap @and u®. To this end we need the inverse

to preserve general covariancé is taken as a dynamical metric gE2° and the Christoffel symbols fogt, (here g2
field. The most general action considered in these papers h@ﬁtisfiesgabgbc= 8°):
)

the form
Ly 4= 80— a;R—8R4,UUP— b, FAF , — by(V,up) (V2UP) gEab— — ;{gab_ SO B @
o ) Via(a+2p8)] o
—bsuu,+ N (g2 uu,—1), (1)
: +B
where U®:=u™V,u?, \ is the Lagrange multiplier that en- I bc= L™ —a+Zﬁ[Vb(UaUc)+Vc(Uan)—Va(UbUc)]
forces the condition that? is a unit vector, andr,,, is de- )
fined asF,,:=2V;,up. It is important to notice that the 2(a+p) d
models described by Eql) are not the usual tensor-vector + a(a+2p) [UPVoUe+ UPVeup —UtuVy(UpUc) ]-
theories due to this constraint. This type of Lagrangian has
already been considered in the literature by Kostelemhgt ®)

Samuel[4] for gravitational models and by Kosteleckyd
Mewes[5] in the context of electrodynamics. The role of
guestions similar to the ones discussed here, in particular,

coordinate invariance, in the construction of dispersion rela- SE=J d*x @gEabRgb
tions with physical Lorentz violation is discussed[#].

A tedious but straightforward computation now gives

We want to point out here that some of these actions can o
be interpreted as describirmure general relativity with a =sgr(a)j d4x~/|g|[— —R+(a+ﬂ)uaubRab
Euclidean signature and others are, in fact, equivalent to 2
Lorentzian general relativity without any Lorentz violating 2
(a+p)
effects. - +—29abwawb , (6)
Following the ideas presented fi], let us consider the at2p
metric whereRE, is the Ricci tensdrbuilt with g5, Ray, andR
. 1 | a+ B with g5, andw, is the twist ofu? given by
Jab= ~ 5V|a(a+2B)||gap—2——7Ualp|, (2
2 at2p Wa= eaalazasualvazuas- )
wher_ea :_;md,B are two rgal parameter%a_b is a L_or_entz_|an It is useful to notice that
metric[with (+ —— —) signaturg, andu? is a unit timelike
vector field @,,u?u®=1). Hereu,=g,,u?. If we compute a_ a b by,ay_ [a
: ) wa0*=(Vaup) (VAU®) — (Vaup) (VPu?) —ucu
the determinant of5, we obtain 20" = (Vallp) (VL") = (Vallp) (V2 é
1 ..
. 1 =5 FapF = uu,. ®)
g"=dely,= — Tga’(a+2p)delap. 3
Throughout this paper we are using the conventions of \\&jd
*Electronic address: jfbarbero@imaff.cfmac.csic.es for the definitions of geometric objects and, in particular, for the
"Electronic address: eduardo@imaff.cfmac.csic.es Riemann tensor.
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As in Eq. (1), the condition thatu? is a unit vector can be
explicitly incorporated into the action by adding a suitable
Lagrange multiplier term to Eq6). Another way to do that
[7] is to write u= %%/(gp.7° 7)Y, with an unconstrained,
timelike, vector field%?; in which case the action becomes
invariant under the gauge transformations consisting in local
rescalings of the vector field. We can readily see that(gq.

is a particular case of the acti¢oh) considered ifi1] with the
parameter choicesag=0, a;=|a/2|, a,=—sgn(@)(a
+B), by=(sgna)(a+B)%2(a+2B), b,=0, and by
== — 2b1

Several comments are now in order.

(i) Some of the parameter choices do not change the sig-

nature of the metric. If botlgjgb andg,, have Lorent-
zian signatures, the actid) is strictly equivalent to

the Einstein-Hilbert action fog,,. It is important to
realize that Eq(6) has a gauge symmetry that is re-
lated to the fact that the variations in the vector field
can always be compensated insigiij by a suitable
variation of the metriay,,. This also means that the
field equations coming from variations in the vector
field are always redundant. We see then that there is a
one to one correspondence between the solutions to the
field equations for the Einstein-Hilbert actidhorent-

zian or Euclideapand gauge equivalence classes of
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general relativity in the sense that there is a one to one
correspondence between the solutions of the two theo-
ries and their symmetries.

(iii) Because of the presence of two different metg€s

andg,,, one can consider matter couplings to either
of them. If matter is coupled tg5, and the param-
eters of the model are chosen in such a way ¢t

is Lorentzian, we still have Lorentzian general rela-
tivity without breakingany Lorentz invariance in the
sense discussed above. If, on the other hand, we
choose the parameters to get a Euclidean signature
we end up with Euclidean general relativity with mat-
ter. Finally, if matter is coupled tg,, we have the
Lorentz violating effects described jd—3].

The field equations obtained by varying i are
redundant. This can be explicitly checked by varying
our action(6) with respect tai? and checking that the
equations thus obtained are satisfied as a consequence
of the equations derived by varying with respect to
Oap- This can also be seen by noticing that a varia-
tion in ggb of the type generated by changing can

also be obtained by a suitable variation @f,, as
discussed above.

(v) If u? is hypersurface orthogonal the twist is not

solutions to the field equations derived from Eg). In

our opinion, it would not be justified to talk about

Lorentz violating effects whegy, is Lorentzian.

present, and we get the formulation presentedinn
the context of real Wick rotations.
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