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Abstract. The acoustic and dielectric properties of different glasses at audio frequencies and tempera
tures below 1 K have been investigated with the vibrating reed and a capacitance bridge technique. We 
found the temperature dependence of the absorption of vitreous silica (Suprasil W) to agree with the 

predictions of the tunneling model which is commonly used to explain the low temperature behaviour 
of amorphous materials. The variation of the sound velocity and of the dielectric constant, however, 
shows significant deviations from the expected behaviour which cannot be accounted for by a simple 

modification of the model. Instead, it seems to be necessary to introduce a temperature dependence 
of some relevant model parameters. Moreover, at very low temperatures (T<O.l K) the sound velocity 
strongly depends on the excitation levels. The absence of this effect at higher temperatures proves that 
it can be ascribed to a nonlinear response of tunneling systems. Similar results were found in sound 
velocity measurements on a cover glass and on a superconducting metallic glass (Pd3oZr70, 

Tc = 2.6 K), which indicates that these features are a general aspect of the dynamics of tunneling 
states in glasses. In contrast to the insulating glasses we found that in Pd30Zr70 also the internal fric
tion is strain dependent. 
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1 Introduction 

Numerous experiments of the last decades have shown that the low temperature proper
ties of amorphous materials differ characteristically from those of pure crystals. The 

results of these thermal, acoustic and dielectric measurements [1] are to a large extent 
correctly described by the phenomenological tunneling model. According to this model 

the experimentally observed low energy excitations are formed by (for the first moment 
not specified) atoms or small groups of atoms which can carry out small configura

tional changes within the amorphous structure. In the simplest case they are described 

as particles in double well potentials. If the thermal energy k 8 Tis much smaller than 

the barrier height V between the wells, tunneling still allows transitions between the 
ground states leading to the formation of two level systems. These tunneling motions, 
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which do not occur in the well ordered structure of very pure crystals, determine the 
surprisingly universal properties of glasses at low temperatures. 

Due to the structural disorder in glasses the local environment for different tunneling 

systems will vary. Hence the parameters which characterize the tunneling systems must 
have a very broad distribution. Simplifying but nonetheless rather successful assump

tions concerning these distribution functions have been suggested in the so-called stan

dard tunneling model [2, 3). They allow a prediction of the temperature and frequency 

dependence of acoustic and dielectric experiments, which are sensitive to the dynamics 
and the density of states of the tunneling systems. The measured quantities are the in

ternal friction Q -I and the dielectric loss angle tan o, as well as the relative change of 
sound velocity ovlv = {(v(T)- v(T0)Jiv(T0 ) and of the dielectric constant oele. T

0 

denotes an arbitrary reference temperature. For temperatures below 1 K the predictions 
of the tunneling model have been essentially confirmed by former experiments (for ex

ample ovl v and Q- 1 
of vitreous silica [4)). First indications for deviations from the 

expected behaviour resulted from dielectric measurements on the borosilicate glass BK7 
[5] and motivated more detailed studies. 

In this paper we present low frequency dielectric measurements and vibrating reed 
experiments on vitreous silica (Suprasil W), which show that also for this very pure 

structural glass the behaviour of o vi v and o el e deviates from the prediction of the tun
neling model. We find similar deviations in vibrating reed experiments on a cover glass 

[6] and on the superconducting metallic glass Pd3oZr70, which is expected to behave 
like an insulating glass far below its transition temperature (Tc = 2.6 K). As a possible 

solution to the observed discrepancies it is suggested that the density of states of the 
tunneling systems is effectively temperature dependent due to a strong coupling to ther
mal phonons. In addition, we discovered that below 100 mK the sound velocity of all 

samples depends strongly on the deformation amplitude [7J. Only at particular ampli

tudes our results agree with those of former measurements [4] . Similar nonlinearities 
have been reported recently by Esquinazi et al. [8) . 

Before we discuss our experimental results in sections 4 and 5, we will give in sec
tion 2 a survey of the predictions of the tunneling model relevant to our measurements. 

Section 3 contains a brief description of the methods used in our experiments. 

2 The tunneling model 

The tunneling model is based on the assumption that in an amorphous solid for a small 
number of atoms or groups of atoms various equilibrium positions are accessible which 

have only a small difference in energy. In the simplest case these systems are described 
as particles in a double well potential consisting of two harmonic potentials (Fig. 1). 

Fig. 1 Double well potential with barrier height V, 

asymmetry energy ..d and distance d. 
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Due to local variation of the environment the minima of the wells may differ by an 
asymmetry energy Ll. The two ground states in the wells are separated by the barrier 
height V. m denotes the mass of the particle and d the distance of the wells in con
figurational space. 

At temperatures T<( Vlk8 the thermal energy is not sufficient for the particle to 
overcome the potential barrier, but transitions are still possible by tunneling processes. 
This tunneling motion results from the overlap of the ground state wavefunctions of 
the single wells and leads to a tunneling splitting L10 of the ground state energy E0• Us
ing the WKB method L10 can be estimated to 

" 2Eo -J. ..uo=-e 
1t 

(1) 

with the tunneling parameter 

(2) 

The total energy splitting between the two states is 

(3) 

A further important postulate of the tunneling model concerns the distribution of 
the parameters .L1 and A. characterizing the tunneling systems. In a disordered structure 
these parametex:s will not have the same value for all systems but vary over a wide 
range. In the so-called standard tunneling model L1 and A. are assumed to be indepen
dent of each other and uniformly distributed as 

P(Ll,A.)dLldA. =PdLldA. . (4) 

Although this assumption seems somewhat arbitrary it is essentially confirmed by 
results of many low temperature experiments [1, 4]. It turns out, however, that the 
understanding of various measurements above 10 K, for example of the temperature 
dependence of internal friction in vitreous silica, requires a modification of the distri
bution function (9]. But we want to point out that this modification does not imply 
any significant changes of the predictions of the properties below 1 K and hence will 
not be considered further in our discussion. 

At this point we want to mention, that an equivalent description of the low tempera
ture properties of glasses is given by the so-called KKI-model [10], which uses a more 
general form of the atomic potentials. In comparison to the standard tunneling model 
this leads to a slightly different distribution of the tunneling parameter. For the low 
temperature properties of the quantities discussed in this paper, however, the KKI
model yields the same predictions as the standard tunneling model [11]. Therefore we 
will not discuss the KKI-model in detail, but derive the dynamical properties of glasses 

in the framework of the standard tunneling model. 
Tunneling systems couple to their environment by interaction with phonons and 

photons, in metals also with electrons. External elastic or electric fields produce 
changes of the asymmetry energy Ll. A possible coupling to the tunneling splitting Llo 



318 

is usually negligible compared to the tnodulation of Ll [12]. The variation oLI for small 
perturbation should be proportional to the elastic deformation e and the electric field 
F, respectively: 

oLI = 2ye and oLI = 2p·F (5) 

with the deformation potential y = (oLI/oe)/2 and the permanent electric dipole mo
ment p of the tunneling systems. The quantities y and e are tensors. Appropriate 
averages over their components will need to be taken since the orientation of the two 
level systems will vary from site to site [131. In the case of the dipole moment only its 
component parallel to the applied field is relevant and therefore an averaged value 
(P·FYIIFI 2 = p 2/3 will be used. Deformation potential and dipole moment are con
sidered in this description - a further approximation of the standard tunneling model 
- as fixed quantities having the same value for all systems. 

The equations of motion for the dynamics of the tunneling systems are the so-called 
Bloch equations. A general discussion of their solutions was given in [14]. For our mea
sured quantities, in the acoustic case the relative change of sound velocity ovlv and the 
internal friction Q- 1

, in the dielectric case the relative change of the dielectric con
stant oele and the dielectric loss angle tan o one finds in the low frequency limit, 
separated into relaxation and resonant contributions 

(6) 

(7) 

ovl .ev
2 

= oel . -3eoe =2. (Lio)
2 

tanh(__.!__) 
v re$ y

2 
e res 2p

2 
E E 2k8 T 

(8) 

(9) 

These equations are valid for an ensemble of identical tunneling systems after division 
by their number. e denotes the mass density and e0 the static dielectric constant. 

In the case of the resonant interaction a quantum of the perturbation field - a 
phonon in the acoustic and a photon in the electric case - with energy n w is absorbed 
by a tunneling system withE= izw, or, if the upper level is occupied, the emission of 
a further quantum is induced. In our case resonant absorption does not occur (Eq. 9), 
because for audio frequencies the resonant tunneling states (Elks s 1 ~K) are equally 

occupied. 
Relaxation processes, in contrast, are caused by the modulation of the energy split

ting E due to the perturbation c5Ll. The occupation number difference between the two 
levels of an ensemble of identical tunneling systems does not correspond to thermal 
equilibrium any more, the systems relax with a particular time constant towards the 
new equilibrium. If this relaxation timer is comparable to the period of perturbation 
(wr = 1 ), absorption occurs. The relaxation timer depends of course on the relaxation 
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mechanism. Various low temperature experiments on glasses [15, 16) have shown that 
below 1 K the dominant relaxation mechanism in insulating glasses is the so-called one 
phonon or direct process with the rate (17) 

(10) 

The indices 1 and t stand for longitudinal and transversal, respectively. Obviously, tun
neling systems with fixed energy splitting E may have a wide range of different relaxa
tion rates depending on the ratio Ll 0/ E. ·The relaxation time of the fastest, i.e. sym
metric, systems (LlofE = 1, Ll = 0) will be denoted in the following as 'min· 

In metallic glasses the interaction with conduction electrons is generally the most ef
fective relaxation channel [18}. In the case of superconducting metallic glasses, how
ever, this process freezes out below the transition temperature Tc due to the formation 
of Cooper pairs. In the limiting case T <C Tc one fmds for tunneling systems which 
have a small energy splitting compared to the energy gap in the electronic spectrum 
(E..c2Ll 8cs<n> the relaxation rate [19] 

( )

2 

-t_2nKk T Llo 1 
Tel s- B 

' II E 1 + exp (Llocs(n/ks n 
(11) 

where the dimensionless parameter K contains an appropriate coupling constant and 
the electronic density of states at the Fermi level. Far below Tc relaxation via phonons 
will dominate again, and metallic glasses behave dynamically like dielectric glasses (20]. 

To obtain the contribution of all tunneling systems to our measured quantities 
Eqs. 6-9 have to be integrated over Ll and ..t, weighted with the distrbution function 
P(Ll,..t} (Eq. 4). One finds for the resonant contribution to the sound velocity and the 
dielectric constant [4) 

1 ov I 1 oe I ( T) 
Ca-; res = - Cd -;- res = ln. To 

(12) 

where 

(13) 

are material dependent constants for the acoustic and dielectric case, respectively. 
Assuming that the relaxation takes place only via the direct process (r - = r ci 1 

}, in 
the limiting cases w Tmin <( 1 and w <min» 1 analytical expressions can be derived for the 
relaxation contributions (Eqs. 6, 7). One finds for W<min <( 1 

1 - 1 2 1l 
- Q rei = -tan Orel = -
Ca Cd 2 

(14) 

(15) 
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and for aHmin>- 1 

1 _
1 

.2 T 3 

-Q 1 =-tano 1ex-
c re C re 

a d W 

(16) 

ovl -o 
V rei- ' 

oel -o 
e rei- • 

(17) 

The results for the absorption (Eqs. 14 and 16) can be understood quite easily. The 
main contribution to the absorption comes from systems with E == k8 T and w r :::: 1. 
At low temperatures and/or high frequencies the second condition cannot be fulfilled 
even by the fastest relaxing systems. Thus, according to the relation r ~~ex E3

, the 
absorption increases with T 3 as long as wrmin> 1 holds. At sufficiently high tempera
tures or low frequencies, however, the damping is independent of temperature within 
a certain range, often referred to as "plateau", and independent of frequency. Fig. 2 
shows the measured temperature dependence of the internal friction Q- 1 of vitreous 
silica at frequencies of 1.2 and 11.4 kHz. As expected, at low temperatures the damping 
increases with temperature and becomes independent of temperature above 1 K having 
the same value for both frequencies. At higher temperatures the potential barrier can 
be overcome by thermal activation leading to the rise of the internal friction above 3 
or 4 K. The decrease of Q- 1 above approximately 30 K can be attributed to a reduced 
number of defect systems with large barrier heights V [9]. The contribution by thermal
ly activated processes will not be discussed further, since we want to focus our attenlion 
to the temperature range below 1 K. 

Changes of the sound velocity and of the dielectric constant at low temperatures .are 
exclusively determined by resonant contributions (Eq. 12), whereas at higher··tem-
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Fig. z" Internal friction Q -t of Suprasil W for 
frequencies 11.4 and 1.2 kHz, respectively, as a 
function of temperature. Open symbols denote 
Q -t measurements by evaluation of complete 
resonance curves (see section 3). 
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peratures relaxation processes according to Eq. 15 have to be taken. into account. In 
this case the change of the two measured quantities is given by the sum of both pro
cesses: 

for w rmin <C 1 . (18) 

Using a logarithmic temperature scale for t5v!v and oele, the slope in the low tempera
ture region and the slope at higher temperatures have a ratio of 2: - 1 in the case of 
sound velocity and - 2: 1 in the case of the dielectric constant. Both regimes can be 
observed only in a relatively narrow frequency range. At too low frequencies the condi
tion w r = 1 can be fulfilled even for the lowest temperatures experimentally accessible. 
In contrast, at MHz-frequencies the relaxation contribution is negligible below 1 K. 
Above 1 K, however, the relaxation takes place not only via the direct process and 
therefore Eq. 15 is not valid any more. For our experiments, where temperatures down 
to approximately 10 mK could b~ achieved, measuring frequencies of some·kHz have 
been used so that the extremum of t5v!v and oe/e occurred between 50 and 250 mK. 
This allowed a sensitive test of the predicted ratio of slopes. 

3 Experimental techniques 

Let us first discuss the experimental setup used for the dielectric experiments. In dielec
tric measurements on glasses at low temperature it is very difficult to determine the ab
solute value Of the absorption because of its smallness and the low permissible excita
tion levels. To perform such measurements with sufficient resolution we have used a 
specially designed bridge circuit. It consists of an inductive voltage divider, a resistance 
decade, and a reference capacitor (Fig. 3 a). The essential difference from commercial 
capacitance bridges is that our reference capacitor, a sapphire disk 2 mm thick and 
20 mm in diameter with evaporated gold electrodes, is integrated into the-sample ho'lder 
(Fig. 3 b). At temperatures below 1 K the dielectric absorption of this material is 

Rollo Transform« 

Reslslonee Decode 

a 

, .. .............. . 
' ' ' ' 
: : csopphlre 

' ' . 
' ' 
iCsomple 

' . 
~--- ---·· b 

Fig. 3 The capacitance bridge. (a) Electrical circuit. The bridge is balanced by setting the voltage of 
the ratio transformer according to the ratio between the reference capacitance and the sample 
capacitance. The dielectric loss of the sample is compensated by the resistance decade. Bridge null is 
detected by a lock-in amplifier. The dashed line encloses components located in the cryostat. (b) Sam
ple holder. The sample is mounted on a sapphire disk which simultaneously serves as reference 
capacitor. The surrounding sample holder is made of copper. 
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negligible. One electrode of the reference capacitor also served as a sample electrode 
and was surrounded by a grounded guard ring. Connection between the room tempera
ture components of the bridge and the sample holder was made with three coaxial 
cables. The glass samples were pressed onto the reference capacitor with a spring-load
ed goldplated copper disk (Fig. 3 b). The sample holder was attached to the mixing 
chamber of a 3He/4He dilution refrigerator. Good thermal contact to the sample was 
ensured by the high thermal conductivity of the sapphire reference capacitor. The tem
perature was determined by a carbon resistance thermometer attached to the sample 
holder and by the magnetic susceptibility of a CMN thermometer located in the mixing 
chamber. 

The sample was a disk of Suprasil W, 15 mm in diameter and 2 mm thick. Suprasil 
W is a very pure synthetic glass with a particularly low concentration of polar im
purities such as OH-. The dielectric constant was determined from the setting of the 
ratio transformer and the value of the reference capacitance. Absorption was compen
sated by the resistance decade in the reference branch. The high symmetry and stability 
of this design resulted in a very low level of pick-up from outside sources and allowed 
to measure the relative change of the dielectric constant and the absorption with a 
resolution of about 10 - ? and 10- 6

, respectively. The error in the absolute value of the 
absorption is mainly due to difficulties in precisely determining the residual absorption 
of the bridge circuit. This absorption is caused by losses in the cables and the ratio 
transformer. The error depends on the measuring frequency and was of the order of 
10% for frequencies below 20kHz. 

The measurements of the relative change of sound velocity <Ju/u and of the internal 
friction Q -t have been carried out with the vibrating reed technique [21]. A thin rect
angular plate of the sample material is clamped" at one end between two copper blocks, 
and the free end is driven electrostatically to forced vibrations [22]. Owing to the 
quadratic relation between acting force F and voltage U the reed vibrates with twice the 
driving frequency. Resonance occurs if one of the eigenmodes of the reed coincides with 
twice the frequency of the driving voltage. The lowest eigenfrequency of the plate, which 
has exclusively been used in our experiments, is given by fr = 0.1615 (h/ 12

) Vy with the 
thickness h and the length I of the sample and the sound velocity vy, which is deter
mined by Young's modulus Y [23] . The absolute value of the sound velocity can be 
determined only coarsely with this equation, but since <Jflfr = <Jvl u (at negligible ther
mal expansion) relative changes of the sound velocity can be measured by the shift of 
resonance frequency with an accuracy of the order of 10-6

• A digital phase lock loop 
was used to keep the reed in resonance. It consisted of a phase-sensitive amplifier (lock
in) and a synthesizer which was controlled by a personal computer (Fig. 4). 

Copper d <>m9 ~· 

1···t·--··r-Cryostot 
. . 
. . . ' ....... ---· 

Fig. 4 Experimental setup for the vibrating reed ex
periments with digitally controlled phase-locked loop. 
The reed is electrostatically driven by the output of a 
synthesizer. The resulting vibration is detected by a lock

in amplifier. 
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The absolute value of the internal friction, Q -I = !!..f/fr, is determined by recording 
and evaluating resonance curves. !!../ denotes the width of the resonance at A0/y'2, 
where Ao is the maximum amplitude. Using this method the error is typically a 
few percent. Keeping the reed in resonance it is possible to follow the variation of 
Q -I by simply measuring A 0, since Q - t oc F0A 0 

1/r- 2
, where F0 denotes the ampli

tude of the driving force. By this, relative changes of the internal friction can be deter
mined with errors of only a !few per mil. While usually F0 is fixed, with a digital circuit 
it is alternatively possible to measure Q -t by keeping the reed amplitude A

0 
constant 

and recording the required variation of F0 . Suprasil W and the metallic glass Pd
30

Zr
70 

have been investigated at constant driving force, and both methods have been used for 
the cover glass sample [24]. 

4 Experimental results 

a) Suprasil W 

Figs. 5 and 6 show the results of the dielectric measurements of Suprasil W for different 
measuring frequencies. The dielectric losses (Fig. 5) are extremely small and thus dif
ficult to measure. They have only been corrected by subtraction of the known residual 
absorption of the apparatus which is almost independent of temperature and frequen
cy. The un'certainty of this correction yields a small uncertainty both of the absolute 
values and of the temperature dependence of tan o. As expected from the tunneling 
model, we find tan t5 to increase strongly with increasing temperature at low tempera
tures and then to reach a temperature-independent region. Additionally, changing the 
frequencies from 2 to 20 kHz, the transition to the plateau regime is shifted from ap
proximately 200 to 450 mK. The small difference between the plateau heights is within 
the experimental euor of approximately 10% for the absolute value. 

Fig. 6 shows the temperature dependence of the relative change of the dielectric con
stant. At low temperatures e decreases with increasing temperature nearly logarithmical
ly, passes a minimum and increases at higher te~peratures. The position of the mini-

Fig. 5 Dielectric loss angle tan~ of Suprasil W 
for frequencies 2 and 20 kHz. 

2.0 .-------..-~...---~- ........... ~.....,.., 

'0 

c 

1.5 

2 1.0 
., 
0 

0.5 

• 2 kHz ... ,___. ......... 
0 20 kHz .. .. · ,.r-=-

....... •• t9 

. 

SUPRASIL W 

0 .1 

Temperature (K) 



324 

6 

.., 
......... .., 
'<>4 

"' 0 

2 

6 0.51cHt 

• 2 -
0 20 lcH• 

• 50 lcHt 

0.1 

T emperoture (K) 

Fig. 6 Relative change with temperature of 
the dielectric constant oele of Suprasil W for 
different frequencies. 

mum shifts with increasing frequency to higher temperatures. These observations are 
in agreement with the tunneling model, but a more detailed analysis shows clearly 

deviations. First of all, the increase of oele above the minimum is not really 

logarithmic but always bends to larger slopes. This might indicate that the relaxation 
behaviour of the tunneling systems is not exclusively determined by the direct process 

even at temperatures below 1 K. Due to the bending of the curves it is difficult or even 
impossible to extract one well defined slope for the increase of oele. However, taking 
the change of e of the 2kHz measurement between 150 and 300 mK, where it varies 
nearly logarithmically, we find as a reasonable approximation the slope to be even 

slightly steeper than on the low temperature side, in obvious contradiction to the - 2: 1 

behaviour predicted by the tunneling model. Similar results for oe/e have been ob
tained for the borosilicate glass BK 7 [5]. 

These results lead unavoidably to the question whether such strong deviations from 
the tunneling model can also be found in acoustic experiments, namely in measure
ments of the relative change of sound velocity, where - apart from the sign - the 

same qualitative picture is expected. Fig. 7 shows the temperature dependence of the 
sound velocity of Suprasil W measured in vibrating reed experiments. Again we find 
qualitatively the behaviour expected from the tunneling model: An increase of Jv/v at 

low temperatures and after passing a maximum, which shifts with increasing frequency 
to higher temperatures, a decrease. Unexpectedly, however, for both frequencies a 

strong dependence on the driving voltage occurs. While at higher temperatures the dif

ferences between the various curves are very small we find at very low temperatures 
a large decrease of the sound velocity with increasing driving voltage. Thus the 

steepness of the increase of ovlv at low temperatures depends on the strain applied to 

the reed. For the 1.2 kHz measurement a comparison of the slopes below and above 

the maximum is not possible since the region below the maximum is not wide enough. 
Analyzing the results of the 11.4 kHz measurements, we find that the sound velocity 

does not vary strictly logarithmically on both sides of the maximum. Since the bending 
is rather small, however, a comparison of the slopes is possible. At the lowest driving 
voltage (0.7 V) the increase of aviv below the maximum is approximately as steep as 

the decrease at higher temperatures, i.e., the ratio of slopes is 1: -1, similar to the 



Fig. 7 Relative change of the sound velocity 
ovlv of Suprasil W for two frequencies. Dif
ferent symbols denote different driving volt
ages. At low temperatures a strong amplitude 
dependence occurs. 

325 

5~----------~----------~ 

3 

2 

.. /0 ~ . !:' 
.. . '\ .. . . 

/' . \ 
,... .\ 

<. 1 
' • f = 11 .4 kHz • 

~ 0~~·-·----------+-----------~ ... 
0 

3 

2 

/)-:::., .... 

; " '\ . .... .. 
0 3V 

.. 10 y 

··, ... 
SUPRASIL W f = 1:2 kHz \ .. 

OL-----------._----------~ 
.01 0.1 

Temperature (K) 

behaviour found for the dielectric constant. At a driving voltage of 10 V the increase 
of the sound velocity is much steeper yielding a ratio of slopes between 2: -1 and 
3 : - 1. In this case, since e(X U2

, the generated deformations are more than two orders 
of magnitude larger than at 0.7 V. 

The nonlinear behaviour at low temperatures is also demonstrated by the shape of 
resonance curves. While at low driving voltages or strain amplitudes the resonance 
curves have the well known symmetric Lorentzian shape, they become more and more 
asymmetric with increasing voltage and shift to lower frequencies. Fig. 8 shows as an 
example three resonance curves where the amplitude of the reed has been multiplied 
with the cosine of the phase angle <p between the driving force and the vibration. At 
1.2 V the resonance curve is rather symmetric but going to 10 V we get a shift of 1.6 Hz 

Fig. 8 Resonance curves of the 11.4 kHz 
Suprasil W reed at 32 mK for three different 
driving voltages. The measured quantity is the 
amplitude of vibration multiplied with the 
cosine of the phase angle rp between driving 
force and vibration. For clarity the data have 
been scaled up to similar magnitude. 
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or 2.8 x 10- 4 corresponding to the decrease of f5vlv at 32 mK in Fig. 7. The resonance 
curve has become very asymmetric and just below the resonance a steplike transition 
from negative to positive values of the signal occurs indicating strong nonlinear 
behaviour. The influence of the nonlinearities increases with decreasing temperature 
because the internal friction strongly decreases at lower temperatures (see Fig. 2). At 
fixed driving force the amplitude of vibration thus increases during cooling, and very 
small driving voltages are necessary to keep the nonlinearities negligible even at lowest 

temperatures. By carefully analyzing the resonance curves we know that in the case of 
the 0. 7 V measurement we always stayed in the linear limit so that these results may 
be compared with the predictions of the tunneling model. What we find is a clear 
disagreement: The experimentally determined ratio of slopes is approximately 1 : - 1 
instead of 2: - 1 as discussed above. The internal friction, in contrast to the sound 
velocity, does not seem to show a definite strain dependence. In the case of very asym
metric resonance curves, however, even a rough determination of Q -I is difficult and 
thus a doubtless statement on strain dependence not possible. Although in our dielec
tric experiments no significant dependence on the amplitude of the electric field was 
observed, possibly due to the fact that only voltages less than 1 V have been applied, 
dielectric measurements on BK 7 reported earlier by Frossati et al. [25] indicate that 
such a nonlinear behaviour is not an unique acoustic feature. 

b) Cover glass 

An interesting question is whether a similar behaviour as for Suprasil W can be found 
in other glasses, i.e., strong nonlinearities at low temperatures and, in the linear case, 
deviations from the tunneling model for the temperature dependence of v. In fact, the 
cover glass sample showed strong nonlinearities as well. Fig. 9 shows a resonance curve 
at 11 rnK as an text book-like example [26] where even hysteretic effects occur, i.e., 
the shape of the curve depends on the direction of the frequency sweep. A reduction 
of the driving voltage again yields symmetric resonance curves and thus linear 
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Fig. 9 Hysteretic resonance curve of the cover 
glass reed at high driving voltage. Arrows in
dicate the direction of the frequency sweep. 



Fig. 10 Relative change of the sound velocity 
ovlv of a cover glass sample. Full symbols 
denote measurements where the vibrational 
amplitude of the reed was kept constant (the 
values e>= txl0- 7 and e=2xt0- 6 are 
estimates of the maximum strain amplitudes, 
which occurs at the clamping position). Open 
circles represent a measurement with constant 
driving voltage at an intermediate and temper
ature-dependent strain amplitude. 
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behaviour. The temperature dependence of the sound velocity is plotted in Fig. 10. 
Since these measurements were performed with a digitally controlled phase-locked 
loop, the amplitude of the reed could be held constant although the internal friction 
changes str-ongly with temperature. The temperature dependence of Q -t looks very 
similar to that of Suprasil W (Fig. 2) and will therefore not be presented here. Two 
measurements were made with constant vibrational amplitudes, corresponding to max
imum strain amplitudes of approximately '1 x 10-7 and 2 x 10-6 [27], and one mea
surement with constant driving voltage to demonstrate the differences between the two 
measuring methods. As for Suprasil W we find large differences between the various 
curves at very low temperatures and only small differences at higher temperatures. The 
temperature dependence is nowhere strictly logarithmic, but below 30 mK and above 
200 mK the bending is small enough to allow a comparison of the slopes. In all .cases 
the ratio of slopes below and above the maximum of the sound velocity deviates from 
the predicted 2: - 1 behaviour. The smallest deviation shows the curve measured with 
fixed driving voltage (filled dots), whereas with constant vibrational amplitude of 
10-7 (open circles) the increase at low temperatures is even flatter than the decrease 
above the maximum. 

As a third material we have investigated a vibrating reed sample of the superconducting 
metallic glass Pd3oZr70• Figs. 11 and 12 show internal friction and relative change of 
sound velocity, respectively, for different driving voltages. All the Pd30Zr70 measure
ments were performed with constant driving voltage. Some features distinguished from 
our previous results are remarkable. First of all, the internal friction shows an unam
biguous strain dependence. Secondly, at high voltages both measured quantities show 
a flattening at low temperatures, beginning below 40 mK at 10 V, and below 80 mK at 
20 V. Extrapolating the thermal conductivity data of Pd3oZr70 {28) to lower tempera
tures, it can be easily estimated that the beat produced in the reed by the vibration, 
which is at 20V of the order of some 10- 10 W, cannot be transported fast enough 
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Fig.ll Internal friction Q- 1 of Pd3oZr70 at 
3.1 kHz in the superconducting state for dif
ferent driving voltages. Selfheating occurs 
below 30 mK and 70 mK for the measurements 
at 10V and 20V, respectively, leading to a 
flattening of the data. 

Fig. 12 Relative change of the sound velocity 
ovlv of the Pd3oZr70 reed for different driving 
voltages. The high amplitude curves show the 
same flattening due to selfheating as the cor
responding Q -t data of Fig. 11. 

through the cross-section of the sample and thus leads to selfheating. Similar 
selfheating effects did not occur in the data presented above mainly due to the fact that 
the dielectric glasses, in contrast to the metallic glass sample, were covered with a thin 
layer of gold. Although three magnitudes thinner, this metallic layer has a higher ther
mal conductivity than the dielectric material at very low temperatures. The second rea
son are the particularly large deformations up to approximately 10-s which are ap
plied to the PdZr-reed. 

The internal friction measurements (Fig. 11) show a continuous reduction of Q -t 

with increasing driving voltage. Between 200 and 400 mK the differences between all 

curves are quite small and the internal friction is nearly temperature independent 
(plateau region). The weak temperature dependence of Q -I above 400 mK can be 
ascribed to the onset of the interaction between tunneling systems and conduction elec
trons. In this temperature range the condition T -c Tc is no longer fulfilled and the 
conduction electrons might noticeably enhance the relaxation rates of the tunneling 
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systems. A further indicatidn of such an additional relaxation mechanism is the in
creased steepness in the change of sound velocity above 400 mK (Fig. 12). These re
markable effects had been observed and discussed earlier [29- 32] and will not be em
phasized further here. A new observation of the present investigation is an amplitude 
dependence of Q- 1 above 400 mK which cannot be explained along the same line. 

The strain dependence below 200 mK might be qualitatively understood in the 
framework of the theory of nonlinear relaxation absorption [33- 35]. It can be estimat
ed that in this temperature range the change of asymmetry energy t5!!. = 2 ye0 (Eq. 5 

with a typical value of y === 1 eV) can exceed the thermal energy k8 T. Since the density 
of states of excited phonons decreases above k8 T the relaxation probability of these 
two level systems is reduced. This finally leads to smaller values of the internal friction. 
Since the ratio 2 y eof k8 T increases with decreasing temperature, it is plausible that the 
differences between the various curves become larger at lower temperatures until the 
effect is covered by selfheating. It should be mentioned, however, that the difference 
of approximately 10o/o (which is slightly larger than the error bars) between the mea
surements at low driving voltages (0. 7 and 1.6 V) cannot be explained in this way since 
for these curves in the whole temperature range the condition 2 y e0 <C k8 Twas fulfilled 
and the symmetric shape of resonance curves always indicated linear behaviour. 
Together with the strain dependence between 0.4 and 1 K this problem remains un
solved. 

The measurements of the relative change of sound velocity are drastically influenced 
by the choice of the driving voltage. While the differences between the curves at 0.7 
and 1.6 V are very small, we see for example a dramatic shift of the maximum of ovl v 
from 45 to 95 mK at 10 V and 180 mK at 20 V. The low temperature behaviour at high 
amplitudes is determined both by nonlinearities and by selfheating. The nonlinearities 
lead to a reduction of the sound velocity whereas the selfheating causes the flattening 
of the curves thus prohibiting a further decrease of the sound velocity to lower temper
atures. For a comparison of the experimental data with the predictions of the tunneling 
model we have again to pay attention to the measurements in the linear limit, i.e., to 
the 0.7 or 1.6 V curves. Evaluating the slopes of the curves below and above the maxi
mum (again the slope is not a well defined quantity since there is always a small bend
ing, but below 15 mK and between 150 and 300 mK the data points nearly follow a 
straight line), we find their ratio to be approximately 3: - t again in disagreement with 
the tunneling model. Hence in contrast to the results for insulating glasses, the increase 
of v at low temperatures is too steep compared to the decrease above the maximum. 
In the following section, where we will briefly summarize our observations, we will 
discuss this point and our further main results. 

5 Discussion 

According to the tunneling model the absorption behaviour of glasses at audio frequen
cies is exclusively determined by relaxation of tunneling systems and not by resonant 
processes. Hence measurements of tan t5 or Q- 1 allow a test of the theoretical ideas 
concerning the relaxation mechanisms. In our experiments (Figs. 2, 5, 11) both the 
dielectric and the acoustic losses essentially show the temperature dependence expected 
from the tunneling model thus indicating that the relaxation processes seem to be quite 
well understood. One remaining discrepancy should be mentioned, however: We 
always find that the initial rise of the absorption at low temperatures depends more 
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weakly on temperature than ocT3 (Eq. 16). This is principally not surprising because 
there are always background losses of unknown magnitude - in vibrating reed ex
periments for instance mainly due to clamping of the sample - which can by far exceed 
the intrinsic losses at very low temperatures. If we subtract a constant background 
from our data (for example 1.8 x 10-s in Fig. 2) we get a better but not yet satisfacto
ry agreement with theory. Since we do not know much about the mechanisms leading 
to the clamping losses we cannot decide whether they possibly have themselves a slight 
temperature dependence or, alternatively, the intrinsic losses do not show the T3 

dependence expected from theory. Since the clamping losses might be caused by defects 
on the surface of the Cu-clamp they may even have a behaviour similar to that of 
metallic glasses. In any case, the background losses should always be small enough to 
be negligible at higher temperatures. In this region theory and experiment agree very 
well. 

Using Eq. 14 we can estimate the values of the constants Ca and Cd for Suprasil W 
from the heights of the absorption plateaus in Figs. 2 and 5, respectively. These con
stants can also be determined from the steepness of the decrease of ~vlv above the 
maximum (Figs. 7, 10, 12) and the increase of ~e/e above the minimum (Fig. 6) using 
Eq. 18. A survey of the different values of C, and Cd is given in Table 1. The relative
ly large errors of C, and Cd derived from the sound velocity and the dielectric con
stant measurements do not mainly result from the scatter of the data -points, but from 
their curvature which principally prevents a more accurate determination. While the 
Cd values agree within the error limits, the C, values of the acoustic experiments differ 
significantly. Similar discrepancies have already been reported earlier [4}. It is interest
ing to note that in our experiments these deviations can be correlated with the ratio of 
slopes of ~v/u below and above the maximum. As discussed in the previous section, 
an estimation of these ratios yields approximately 1 : - 1 for Suprasil W, 1 : - 1.5 for 
the cover glass and 3: - 1 for Pd3oZr70 where we always regard the limiting case of 

linear behaviour. 
With the argument that the relaxation contribution to the temperature dependence 

of the sound velocity is described correctly by theory as the internal friction data sug
gest, we come to the conclusion - if we do not want to give up the whole theory -
that the resonant contribution, or better, its magnitude relative to the relaxation part, 
mainly causes the deviations from the tunneling model. In fact, with a simple but ar
bitrary correction of the resonant contribution, we find a consistent description of the 
experimental situation: If the resonant contribution to the sound velocity were still log
arithmic in T, but had a modified prefactor - for Suprasil W reduced by 200Jo, for 
the cover glass by 40%, and for Pd3oZr70 enlarged by 10% - the ratios ·of slopes 

Table 1 Values Ca = Py2!ev2 and Cd = 2Pp213e0e in units of 10-4 determined from the plateau 

region of the acoustic (Q- 1) or dielectric (tan o) absorption (Eq. 14) and from temperature variation 
of the sound velocity ovlv above the maximum or dielectric constant oele above the minimum 

(Eq. 18). 

Experiment Suprasil W Cover glass PdJoZr7o 

Q-1 2.8 (±0.15) 3.1 (±0.15) 1.65 (±0.1) 

tano 0.205 (±0.015) 

ovlv 3.7 (±0.4) 5.3 (±0.6) 1.31 (±0.15) 

oe/e 0.22 ( ±0.05) 
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would be close to those experimentally observed. At the same time, the discrepancies 
between the differing Ca values, determined from the Q - I plateau and from aviv 
above the maximum, disappear since in this case the slopes of the logarithmic decrease 
of aviv above the maximum are expected to have the values (0.8-1.5) C

8 
= -0.7 C

8 

(Suprasil W), (0.6-1.5)Ca= -0.9Ca (cover glass) and (1.1-1.5)C
3

= -0.4C
3 

(Pd3oZr1o) instead of -0.5 Ca (Eq. 18). Thus we get from avi v C
8 
= 2.65 

(±0.3)x10- 4 (Suprasil W), C8 =2.9 (±0.4)x10- 4 (cover glass) and C
8

=1.64 
(±0.2) x 10- 4 (Pd30Zr70) in excellent agreement with the values determined from the 
plateau heights. A corresponding correction for the dielectric value Cd, however, 
would yield Cd = 1.57 (±0.4)x 10-5 leading to a worse agreement than without cor
rection but still within the error limits. 

Following this line of description further, we tried to fit numerically our data over 
a wider range of temperatures. It was however not possible, particularly in the range 
a>Tmin::::: 1, to get satisfactory results for both internal friction and change of sound 
velocity with a single set of parameters. On the other hand, similar corrections to the 
predictions of the tunneling model had been introduced earlier to improve the agree
ment between internal friction and the resonant contribution to the sound velocity 
[36- 38]. There, instead of Eq. 4, more sophisticated distribution functions had been 
used. The main feature of all these corrections is to modify the relative weight of 
"slow" and "fast" tunneling systems according to their ratio A01 E, irrespective how
ever of the value of E. In our opinion, these procedures have two main problems. First, 
an additional parameter is created to improve only the phenomenological predictions. 
Without justification by a more microscopic theory this is at least unsatisfactory. 
Secondly, modifications or restriction of a distribution function with .do/ E as variable 
is not meaningful as long as ..10 and A (or corresponding variables) are regarded as in
dependently varying parameters. 

To date there is no good solution to our stated discrepancies between the predictions 
of the tunneling model and the observed temperature dependence of the sound velocity. 
To emphasize this we show in Fig. 13 our sound velocity measurements on Suprasil W 
at 11.4 kHz together with earlier data at lower frequencies [4] and more recent results 
from a torsional pendulum experiment at 66 kHz [39]. The temperature variation of 

Fig. 13 Comparison of different sound veloci
ty measurements on Suprasil W in the kHz 
regime. The filled triangles show our 11.4 kHz 
measurement in the case of small values of 
strain. Data at 66 kHz are from [39] and data 
at 484Hz and 3170Hz from [4]. Lines are on
ly a guide for the eye. 

> 3 

~ 
'0 

0 
.... 2 SUPRASIL W 

• 484 Ht 
o 3170Hz 

• 11.4kHz 

• 66 lcHz 

0 .1 

Temperature (K) 



332 

ovlv above the maximum, which shifts according to the condition w-rmin = 1, is in 
quantitative agreement for all frequencies. Below the maximum, the 66 kHz experi
ment clearly supports our result in showing similar 1: -1 behaviour of the slopes. The 
other two sets of data agree very well with our experiments at higher and constant driv
ing voltages {see Fig. 7). We conclude therefore that in those experiments nonlinearities 
were present, which had not been discovered and correctly considered. Apparently, ex
periments at truly constant and very small amplitudes are indispensable for sensible 
tests of the predictions of the tunneling model. 

Without going into further details we like to point out that within a linear response 
theory, applied to calculate the susceptibility of tunneling systems with asymmetric 
potentials, the above sketched predictions are difficult to change. As long as the tunnel
ing systems are regarded as isolated and weakly interacting defects their relative con
tribution to resonant and relaxation processes only depends on the factor LJofE. And 
this factor is taken as a fixed quantity for each individual tunneling system. In a very 
recent investigation [40] it is shown, however, that strong coupling to the phonon bath 
may considerably reduce the phase coherence time of the tunneling systems and instead 
of LJ0 the energy .dres = V LJ ~- r~ enters the expressions which describe the resonant in
teraction of tunneling systems with external fields. It is further shown that the inverse 
phase coherence time F2 varies strongly with temperature, e.g. F2oc T 5 for a two 
phonon process. As a result, resonant effects will be weakened and additional relaxa
tion contributions appear. Similar effects have been discussed for metallic glasses 
where short coherence times and renormalization occur due to a strong interaction of 
the tunneling systems with conduction electrons [41]. In terms of the phenomenological 
theory summarized in Chapter 2 these effects may be taken into account by introducing 
a temperature-dependent distribution function P(LJ,.dres{n}. In the case of metallic 
glasses this concept seems to be able to solve some discrepancies between experiments 
and predictions of the tunneling model [29- 32, 42]. A conclusive prediction for in
sulating glasses is however not possible yet. 

In a final remark we like to come back to our observation of strong nonlinearities 
in the temperature dependence of the sound velocity. As we have shown these 
nonlinearities manifest themselves in a shift to lower frequencies and a strong distor
tion of the resonance curves. At this point one has to ask whether these effects are caus
ed by tunneling systems or by nonlinearities of the amorphous structure itself. In 
Fig. 14 we have plotted the shift of the resonance frequency of Suprasil Was a function 
of the applied driving voltage at three different temperatures. Clearly, the frequency 
shift occurs only at lowest temperatures. It is absent in the temperature region of the 
absorption plateau, as stated above, but also at 113 K where Q -t is very small 
resulting in relatively large vibration amplitudes at a given excitation voltage. This 
demonstrates that the nonlinear behaviour is indeed a feature of the tunneling systems 
and not of the amorphous matrix or the experimental technique itself. Moreover, since 
the effect occurs mainly at temperatures below the maximum in ov!v, i.e. in the region 
w-rmin);> 1, it must be caused by resonantly interacting tunneling systems. 

In a recent paper this effect has been treated theoretically [43}. Introducing explicitly 
into Eq. {3) the modulation of LJ by the sound wave like E

2 = LJ ~+ (Ll + 2 ye0 

sin wti, it was argued that at sufficiently high strain amplitudes e0 the time averaged 
energy splitting of a tunneling system is enlarged. Consequently, since w-r~ 1, the oc
cupation numbers of the upper level would decrease as if the sample were at a lower 
temperature. This finally should lead to a reduced sound velocity and a steeper than 
a log T temperature dependence of ov/v. A numerical treatment [8}, introducing a 



Fig. 14 Relative shift of the resonance fre
quency ofr!fr of the 1.2 kHz Suprasil W 

reed as a function of the driving voltage U 

for different temperatures. Values of the 
internal friction at 40 mK, !53 mK, and 
I 13 K are 2.3 x 10-4, 4.2x 10 - 4

, and 
0.96 x 10-4, respectively. 
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similar strain dependence in energy splitting and thus in occupation numbers, indeed 
showed satisfactory agreement with experiment. In [43) analytical expressions are 
derived and at very low temperatures and high strain amplitudes (2ye0 >-k8 T) a 
behaviour proportional to (T/ e0 )

2 is predicted. So far, this behaviour has not been ob
served. However, our experiments are not a quantitative test for the quadratic T 
dependence since most of our measurements are done at constant driving voltage rather 
than constant deformation and, moreover, we hardly entered the region where 2 yeo is 
larger than thermal energy. Thus a conclusive statement on the predicted (T!e0i 
behaviour cannot be made at this point. 

Summary 

We have presented a series of experiments on the elastic and dielectric behaviour of 
various glasses in the mK temperature range. The overall temperature dependence up 
to a few K of absorption and sound velocity or dielectric constant is qualitatively well 
described by the tunneling model, where the susceptibility of two-well tunneling 
systems is treated in a linear response theory. Some of our measurements, however, 
namely the temperature dependence of the real part of the elastic or dielectric response, 
show considerable quantitative deviations from these predictions. In agreement with 
theory the sound velocity first increases logarithmically with temperature due to reso
nant processes. With rising temperature relaxation processes become important leading 
to a maximum, which occurs around 50 mK at a measuring frequency of 1 kHz, and 
a subsequent decrease, again proportional to log T, of the sound velocity. From theory 
a well defined ratio of 2: -1 of the log T slopes of the two regimes is predicted. In 
our experiments, however, we find e.g. a ratio of 1: -1 for vitreous silica (Suprasil 
W). Corresponding discrepancies occur in the temperature dependence of the dielectric 
constant. Similar observations in other glasses demonstrate the general character of 
this problem. These deviations may be explained by a suppression of resonant pro
cesses due to a strong coupling of the tunneling systems to thermal phonons. Addi
tionally, we have observed strong nonlinearities in the temperature dependence of the 
sound velocity, which also call for further theoretical consideration. 
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