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Low-temperature specific heat of Hefsenberg-lsing ring'at |4|<1is calculated by the method
of non-linear integral equations. Specific heat in constant magnetic field (Cx) is proportional
to temperature (T) at |2ppH|<<(1+4)J. In partxcular hm hII‘l) Cu/T i5 20/(3Jsin 0) where
6=cos 4, 0<<f<lzw. It is conjectured that hm hm CH/T hm hm Cu/T from the result of

=9
numerical calculation. Low-temperature spec1ﬁc heat of the one-dlmensmnal ‘X-Y-Z model is
proportional to T7%2 exp (—a/T) in the case of J;>J,>>0, J,.=J.>—J,.

§ 1. Introduection

The Heisenberg-Ising model plays a very important role in the theory of
magnetism and quantum fluids. The one-dimensional system of this model can
be treated by the method of Bethe’s hypothesis. The Hamiltonian is

ﬂ[ JZ {S{zSi+1 + S; yS,;_H + 4 (SiSS,;.‘_l }' ZﬂoH Z S{ . SN+1 = Sl . (1 . 1)

The ground state energy, magnetic susceptibility (limg_,limr, %) and elementary
excitations were obtained by solving linear-integral equations.

We gave a set of non-linear integral equations for the free energy at |4| <1
in previous papers,” where we used some assumptions about the distribution of
quasi-momenta on the complex plane. Though we cannot prove their validity,
the high-temperature expansion of free energy is. calculated through the second
term and we find that it coincides with a known expansion. In Appendix A we
will calculate the third term, by which the coincidence is supported. One obtains
that the free énergy per site is

(T, H) = —Tlog<2 mﬂ) _‘Iﬁf(#__) __J_’{ 1424

T ch?(ucH/T)/ 4T 4 eh* (uH/T)
_ 34 1 .
8 ch4(ﬂoH/T)} +0 (T’) -2

by calculating limy.. {— 7T log(Trexp(—4/T))/N}. 1t was shown in Ref. 1)
that this set of equations gives known exact results at zero temperature. So it
is quite possible that our assumptions about the distribution of quasi-momenta
are correct and that the set of equations gives the exact free energy of one-
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1520 M. Takahashi

dimensional Heisenberg-Ising model.

In §2 we give the set of integral equations and some other representations

of this set. In §3 we obtain a set of linear integral equations for limy , Cy/T
at JA+4)>2uH>0. We will obtain

lim lim Cy/T = 2‘_9 , O=cos™4, 0<<0<7 for J>0.
Ho0 T-0 3Jsin @ .

In §4 we give a set of non.linear equations for the free energy at T<J and
T~mH. We calculate numerically the value of limg,, limg,, Cg/T and find
limg o limgy Cy/T =limy , limg., Cu/T within the error of numerical calculation
in the case 4=cos(x/3), cos(n/4), ---, cos(z/10). In §5 the low-temperature free
energy of the spini X.Y.Z ring is calculated through the use of integral equa-
tions given in Ref. 1).

§ 2. ‘Mathematical formulation

In this section we give notations of series of numbers and functions which
will be used in this paper:

Ccos 0241 pOEﬁ/ey Plzl ’
bPe=pia—[pis/bPislpi1, vi= [pimi/2:],
my= Z Wi ]
i=1
ya=0, y=1, y= Vi, Yi=Vi¥i1t i,
ny=%ia+ (G—m:)y;_s for m; <j<m,, -
ds= (T‘l)i_l(Pi—1+"(mi—1_j)Pi) for m,_<j<m,, 2-1)

oo ‘ Tor 1
do e sech %

S; (x) = ~w2—7z: 2_——_ch P =Zz;i 2, P

di(x) = 740 h(pi—pudo-d

(2-2)
-= 27  2ch po ch piyo
We define the following functions,
Dﬂ (x) — {(1 —261,1”_1) 61,14—1&: (.Z‘) + 6.f:L—1Si (x) for mi_1S]'_<_m¢.—2 ’ (2. 3)
A —204,m; ) 05,1415:€x) + 01di () + 05115101 (x)  for j=m,—1 ,

— wCh(Po_l'—j)ﬂ) imzC_Z_(E: 1 {Ch nx sin”(p"_l_j)}
@ (2) j—w_—ch(_—po—l)a) 2 112D O 2=y
bHo—1 po—1

o eimz- da) 1' nx
_ RO sech ,
b(z) chh(po—l)w 2 4(py—1) 2(p—1)

X {chi_l_cos M} - for ]:1’ 2, IR Vi"'l R (2.4a)

(2-4b)
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Low-Temperature Specific Heat 1521

. o+ 20 eat 20—t for j=-I
B(z) = { S Cpicat 08 77 @-40)
203+ 20+ -+ 20—+ O for j=1,
C.i (x) = Sz*B/,vl—l (.Z?) + 6f, u,‘—lsz (x) s (2 ° 4d)
0@ =" do sinh ;00 gux_ sin (7g;/20) (2 de)

~=2x sinhpw  2po(ch(mz/py) +cos(na;/pe))

.. When 0/r is an irrational number and 0<{6<7/2, the set of integral equations is

Ingy=—Asi(2)05/T+ 5 D@ +7), =12,

lim 0% _26H 4 _or7gings, (2-5a)
Jeo nj T

and the free energy per site is
AT, Hy=—A r s(@a(@)dz—T r s@In(l+7.(z))dz. (2-5b)
Equations (2-5a) can be transformed as follows:

vy—1
Iny;=— %a,(x} + lgl Biln(l+ ) +C*In(1+79,) for 1<;<y,,
y—1 ) ‘
In g, = %g(x) = 3 CF Q47 + 5 D In(lbn) —s*Ca @+ 7.,
Ing, = 1‘2 DfIn(A+y) for >y,

ﬁm_ln_”izgﬂ_of_l, . (2-62)
J—oo nj T

The expression for free energy (2-5b) can be transformed as follows:
oo =1 0
AT =4[ 0@ @@ -a@)de-TE [ a@nha @)

——Tf 8()In(l+7..(2))dx . (2-6b)

By taking the limit in Egs. (2-5), we obtain integral equations, when /7 is a
rational number. In this case the number of unknown functions becomes finite.
Equations (2-5) and (2-6) are useful for the discussion of the low-temperature
properties in the antiferromagnetic case (J>0) and ferromagnetic case (J<0),

respectively.

§ 3. Low-temperature expansion of the free energy at pH>T

Assume that Iny,>1 for J>0, [=2 and 2u,H>T. The term In(1+4+7%,) in
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1522 M. Takahashi
(2-5a) is replaced by Iny, and one obtains

In9;(z) = I = ;Z;o ZI}I ng ¢ In(1+7.(2))
e 1

+<nj—zj>2ﬂ0H+ZO(77l ’ j:2,37'." (3'1&)

Substituting the case j=2 of this equation into the case j=1 of (2-5a), we have

Tlnp=— 27&7*051112 si(x) + 7r,uoH_|_ f Ri(z—2') TIn(A+ (")) dx’
_ ZﬂﬂoH .
+O<Texp< m)) (3-1b)

where

o toz
R,()= [~ h(po=Doc™ do

. (3-1c¢)
-«2ch o sh(py— Do 27

At J<0, 1>4>0 we assume that In 7;2>1 for 7>y,.. Then we have

Tlag,(z) =T I dwf dx/Sth“’ o= In (144, ()

sh q.,,0
+ <n, —ﬂ>2ﬂ0H+ STO(Ty~)  for j>u,. (3-2a)
@, >
In the same way as is used in the preceding paragraph, we obtain
yy—=1 .
Iny;=— A%aj (z) + EZ BiIn(1+9,)+C*In(1 +7.0, (3-2b)
=]
vy—1 0
toy, =+ Z6@ ~ @+ (TR —a)In(14 7, e + T,
=1 —00
(3-2¢)
where

Ro(oy= [7_ShC=poc o

: ==, (3-2d)
~=2ch(pp—Dw-shw 2z ’

Considering —A/T>1 and C;*In(1+y,,) NuoH/T, we have Iny,;>1, j=1,2, -
yi—1.
From Eq. (2-6b) we have

F(T, H)~£(0,0) = —TJW B(x)In(1+y,, (z))dx + VEIO(TW“) (3-2)

Considering that f(T H) is invariant under the transformation (J, A)—>
(=J, —4), we have from Egs. (3- 1), (3-2) and (2-5b)

2202 1SnBRy 2| U0 Jesn sonsnF Jo Juswedaq 'S'N Ad 229668 1/61S1/5/05/el0me/did /w00 dno-oiwepese/:sdny woyy papeojumoq



Low-Temperature Specific Heat 1523

el(x)i”—‘f-;i“—‘?% sec h”2x+”/“‘°H+TI R(z—2z")In(1 +exp (& (") /T))dx’ ,
—

(3-3a)

* dw iex_sh(m—20)
R(x) = — , 3-3b
@ e 277:e 2¢hwsh(z—®w ( )

dx

f(T’H):_Zn:Jsinﬁj""_l_sehﬁx 0 sin §

2 27r cosh §x—cos §

—Tj ———sechn;ln(l—i—exp(el(x)/vT‘))—|-O<Texp<—~(72[—n_’l%—)}%1>>, (3-3¢)

where 0 is determined by

d=cos @, 0=<6<g (3-3d)
for |4|<<1 and J>O0, 2u4,H>T. This set of equations is equivalent to
&(x) = _____277:Jas1n aal (x) +2u.H
4T r a(z—2)In(l +exp(—e(z’)/T))dz’ (3-4a)
(@=L S8 __ g2, (3-4b)

27 chfzx—cosjf’

F(T, H) = —oH—T j_ial (@)In(1+exp(—&(z) /T))dx. (3-4c)

a) Case J>0, JA+4)>2puH
We put the solution of (3-4a) at T=0 as &©®(x), which satisfies

o ORLYE: S FRIPACEE LI COL N CD

Function & is a monotonically increasing function of z* and is 24H in the
. limit z— + oo because a,(c0) and ay(co) are zero. It is clear that if — (2rJ sin 6/0)
X @ (0 + 2, H< 0 (namely, J(1+4)>2uH), & (x) has necessarily two zeros
+ K, K>0. Using ¢9(K)=0 and (3-5), one can calculate 24/ from K:

r_2ndsing V(K) - )
2u, H= — _——Z(K) s (3-6a)
where
Viz) + fxa,, (z—2") V(z')dz' =a: (z), (3-6b)

Z(x) + fxa,(x—x')Z(x')dx'=1. (3-6c)
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1524 - M. Takahashi

If T«JA+4)—2u,H, &,(x) has two zeros even at finite 7" and we put these

zeros +K’, K’>0. From (3-4a) and (3-5) we have

€1 (.Z') - 81(0) (x) + J:thlg (x — .Z") (51 — 31(0)) (JL") dl"

+T I_Zaﬂx—x’)ln(l—!—exp<—l—al%)—l>>dx’ .

The first and the second terms of r.h.s. are of the order of (K—K").

term is .
7[sz
66 (K)

From Eq. (3:7) one can see

(a:(x—K") ta(z+K))(1+0(T)).

K—-K'=0(T?Y.
Equation (3-7) can then be written as
X
&:(z) — & (z) + J @) (a(x) — e (@) da

n_ZT2

:W(ag(x—lf) ta(x+K))+ O(TY,

or
i(2) —e @ =TT UG v o)
il &1 Z —-m x y
where U(x) is defined by
K
U(x) + f Ka,(x—:c’) U(z")dz’ =a,(x—K) + a,(z+ K).
Using Eq. (3-4c) we have

ST = FO, By = =T [~ a@)in( + exp(~|ei(2)|/T)) |

+ J‘j;,th (e (z)dz’ — ‘[—ial (z) elv(O) (x)dz
©T?

37

The third

(3-8)

(3-9a)

(3-9b)

(3-9¢)

- _m[&h & ~ [ a@ Uz +oT.
(3-10a)

The bracket of the r.h.s. is 2V(K), where V(z) is defined in (3-6b). Dif-

ferentiating\(3~5) and using partial integration, we have

o (2) = LMy

(3-10b)
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Low-Temperature Specific Heat : 1525

W(z) + j‘idz(x—x’)W(x’)dx’ = —»j—xal(x). (3-10¢)

Then we have
0T V(K)
6J sin 8 W(K)

In the limit K—oco(H—0) we can calculate V(XK)/W(K).
By the Fourier transformation (3:6b) and (3.10c), we have

ST, HY=f(,H) — +0O(T%. (3-11)

Viz) — L“ (R(z—2") +R(z+2")) V(') dz’ :% sech 2, (3-122)

W) - [[Re—2)+ R+ Vedde' =L (L seen™).  (3-120)

Considering that the inhomogeneous terms are e ™** and e "**g/4 at z>1 and
that R(x) becomes zero at x—>co, we have

__2_ —zK —~2n 0 K/(w—0) =_2__ ﬂOH :
| Z O+ O (et = 2 +o<(__f ))
240 46/(x—0) \ _
| _%(gz +O<<% ) for —1<u<t, (3-13)
12 —=K 2 UH\? LENT
S0 +O® " =2 +0((£5))+0 ((In (£)) )
‘ for 4=1.
Using the relation Cy= —8/8T(T*(@/07T) (f/T)), we have
e o 20 )
}11—12 1111_1)101 CH/T—3Jsin 0 (3-14)

At 4=1, limg_olimp,, Cx/T is 2/3J. This coincides
with Yamada’s result calculated from the Fermi liquid
theory, and with Johnson and McCoy’s® calculation. At
4=0, (3-14) is 7/3J. This coincides with the known
result for the X-Y model.® In the limit 4——1, (3-14)
becomes infinity. ‘

b) Case J>0, 2u, H=J(A+ 4), 14> —1
The third term of (3-4a) is of the order of
T exp((—2uH +J(1+4))/T). Substituting (3-4a)

into (3-4c¢), we have \

Fig. 1. The coefficient of 7-linear low-temperature specific heat in
the limit T—>0 and H—0. In the limit 4—»—1, limg-olimr—oCx/T A
diverges as (144)71/2, ' 1. 0 1.

Hlim Lim Cy/T
H+0 T+0
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1526 M. Takahashi

32 o

°7 2 (- —2uH+J(1+ 4)
AR = —H ==y 7 | a1+ exp (22205 D)

X exp(—2%))dz(1+0(T)) +O<T1/” exp<—2ﬂ°HJ;J(1+")->>.

(3-15a)
At 2uH—J(1+4)> T, (3-15a) is

ST HY = = woH =T ey 2T A DV 4 o7y), (3.150)

* and we have

_ 1 CwH-JA+DHY ([ 2pH—J(1+4) .
Ca= 5 A exp< T).[HO(T)]. (3-15¢)

At 2uH=J(1+4) one obtains from (3-15a)

1) = — 1 i _i 12»‘ .
AT, H) = — . H T”¢m5<2><1 ¢2)<1+0(T/>), (3-15d)

Cammo(1- 2 3/71 o(Ty),’ @315
=g ym )GV S aroamy, (3-15¢)
where { is Riemann’s zeta function. It is remarkable that the low-temperature

specific heat is proportional to 7' and that the coefficient does not depend on
4 at 2uH=J(1+ 4).

§4. Case wH~T and T<J
a) Case J>0, 1>4>0

Equations (2.5) are transformed as
In 7, (z) = —ﬁ sech 227, + j] "Dz —2) + Dplz+ 2 n (47 (27) ) do,

Iimlll N = ZﬂoH ,
jmee 73, T

FUT, HY —£(0,0) = — 2T Lw% sech =X In (14 7,(2))dz

Putting x—z+ (2/7)In(4/2T) and T—0, we have a set of nbn-linear iﬁtegral '
equations which determines the 7°* order term of free energy as follows:

Ing,=—0ue~" + LDfiln+y), j=1,2,--, (41a)

lim 2%, ‘ (4-1b)

J—ren 72,
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Low-Temperature Specific Heat

C(y) = r el (147 (2)) dz ,

f(T, H) —£(0,0) = —

7 sin § T

When 7/6 is a rational number, one can reduce this set of equations to that
with finite unknowns. Therefore the numerical method is available for the

207" c <2,uoH

>+0(T4).

1527

(4-1c)

(4-1d)

caleulation of C(x). Especially when 7/6=3, the set of integral equations is

In n= —e“"‘t/z -+ Si* ln(l + 201’1(33’/2)' £+ IC’) ’

Ing=s5*In(1+7).

_ In order to determine lims ¢limg_ o Cy/7T, it is sufficient to calculate C(0). From
the numerical calculation, we have C(0)=0.5235378.

This value is very near

to 7/6=0.5235987---, When z/0=y is an integer larger than 3, we have

Inp=—e " 4 5* In(1+7,),

Ing;=5*In(1+9,-0) A +795+1, 2§j<1{“ 2,

lny,_, '=s;* In(Q+7,-9) <1 +2ch <)322> K+ IC’) ,

Ing=s5*In(T+7,-.).

The results of our numerical calculation of C(0) at
d=cos(n/v), v=3,4,--,10 are shown in Table I
In this calculation the number of unknown func-
tions is y—1. An unknown function is represented
by 40 unknown numbers. This set of non-linear
equations is solved by the method of iteration
through the use of computer NEAC 500. These
values are very near to 7/6. We can regard the
small deviations from 7/6 as numerical errors. It
is very plausible that C(0) is 7/6 for any value
of 4 and that limg, limg.,, Cg/T is 20/3J sin @, that
is, limp_ o limy_ Cz/T =limy., limy,, Cx/T.

b) Case J<0, 1>4>0
At x> py—1, it is clear that

)= T (=)

1 .
B(x) = — e AT
2(p—1)

from (2-4a) and (2-4b). Using these equations, we have the following integral

Table I. Numerical calcula-
tion of C(0).

v 4 c
3 0.500000 0.5235378
4 0.707107 0.5233042
5 0.809017 |+ 0.5230769
6 0.866025 0.5229287
7 0.900969 0.5228421
8 0.923880 0.5227903
9 0.939693 0.5227562
10 0.951057 0.5227310

1 sin 4 (Po —1—7) R ,
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1528 M. Takahashi

equations for 77 order term of free energy at uH~T and T<|J|:
. v;—1
Iny,=2 sin—“—”(p"—l_j)e"”/’(“—l)—l- BXIln(Q+y,t
7 D 22 Biln(1+4,79)
+C*n(l+79,)  for 1<j<<y,—1, (4-2a)

vy—1
Ing,=—e 0 — B CX In(l+7,7) —*Choa In(L4+7,)

+ l; DYy In(Q+7y,), ' (4-2b)
Ing;= 3 Dila(l+n)  for />, (4-2¢)
lim M=y, ) (4-2d)
Jooo 7y

yy—~1 . . -
C(y) = Zl sin %)_ ="M Po=D]p (1 +‘77f1)'dx
a= o — .

+ Im e~ "/HPo~1) ln'(l—i-';y,l)dx, o (4:2¢)
0.0y = 2@ T (2pHy | _
AT =f0,0= - D0 c (M) roy. | o

The author believes that C(0) is n/6 in this case also, though numerical calcula-
tion is not yet done.

§5. The X-Y-Z model in zero field

In this section we consider the low-temperature specific heat of the X.Y.Z
model in zero field. The Hamiltonian is

» o
H= igl JoSi"S 8+ TSP S + JSESEL,  Sya=8;. ’ B-1)

a) Case 0<J,<J,<J, , .
Equations (4-10), (4-13) and (4-16) of Ref. 1) are written as

&= —As;(z) + TD In(1+ 1) + TDE In(1+exp(e,/T)), (5+:2a)
In7,=D} In(1 +exp(e,/T)) + g Diin(l+7q), =2, (5:2b)
lim 2% 0, ‘ | (5-2c)
— oy

F(T)=f©)-T Jiln(l-}-exp(sl(x) /T 81 (z)dx (5-2d)

A=nJ,sn20/¢, ‘ ~ (5-2¢)
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Low-Temperature Specific Heat 1529

(1 _Zﬁj,m‘_l) 6},;4_18{ (x) + 61,1_135 (x) for mi_1§j<mi - 1 ,
¢! —261,1“_.)61,”131 (z) +05d; () +04,1-18:141(x) for j=m;—1.

. (6-2f)
The first term of the r.h.s. of (5-2b) is of the order of T exp(—As, (Q)/T).
From Egs. (5-2b) and (5-2c¢) we have

1=3+O0(/T exp (—As(Q)/T)) (5-3a)

D)=

and from (5.2a)

61(2) = — As;(z) + T In2+ O (T* exp(— As,(Q)/T)).  (5-3b)
Substituting this into (5-2d), we have

S(T)=£(0) —2T*s, <Q)N/Z}?7Z(—Q) exp(—As:(Q)/T){1+0(T)}. (5-4a)
Using \

8:(2) =2 dn(Koz; B,
2

we have
3
00 =2xp, o) =Kipp, (5-4b)
2r 2
where £ is V1—% and K, is the complete elliptic integral of the first kind

with modulus %/, % being determined by

K., K. J ,
-——:_’ —.=d 2 ’l,
K, ¢ 7 m&Dh

N

?=cn (2Cs l) » (5 ) 40)

-~

with 0<t<K,/2.

b) Case 0 —J,<—~dJ,<~J,

In the same way as Eqs. (2-5) were transformed into Egs. (2.6), Egs.
(6:2) are transformed as follows:

) vy—1
g (x) =—Aa;(x) + l;} BiTIn(Q+exp(—e,/T)) +C*T'In(1+exp(e,,/T))
for 1<<;<<y,, (5-5a)

yy—1 ’
&,(x) =AB(x) — 1;1 C*TIn(1+exp(—¢&/T)) + l; D} Tln(1+y)

—8*C*, TIn(1+exp(e,/T)), (5-5b)
Ingy= lg D In(L+7) + D%, In(1+exp(e,/T))  for s>n, (5-5¢)
lim- Inyg, _ 0, (5- 5d)

o 72,
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FD=fO-TE [* ax@na+es(~e/T))dz

_ijqﬁ(x)ln(l+exp(a,l/T))dx, (5-5¢) -

where ay, 8, Bji,, C; and D;, are defined by

@@= 3 a=t+2Q, A= 3 Ax+20)

and f(0) is the ground state energy per site.. One can show

Kk/ le . .
= dn £ ’ k £l a bt + '—1'—'
B =5 LE (R B, @@ =Beritn-1-0)
. . K/ le K/(Po—l—‘J)i
+B(x—i(p—1—j5)) = ¥ ___do{2E2 ) B)dn (M- 277 p
Bailnm1=i) = Esdn (e Ran(Befem =0t )
K.x (K (po—1—3)i -t
1 — &? sn? K 2 &
><< k' sn <Po_1, k> s <————————~P0_1 , k)) ,
where % is defined by
K. K. J, | J, ‘
Zk= 2V X =dn(2,0), “E=cn(2,10). 5.6
TR =D, F=e(0D (5-6)
Functions a;(x) and B(x) have the minimum at x=Q and
K.k K.j
a;(Q) = —% sn|—%L | R,
D= oD <po—1 )
” K:'k’ Ky Jj A 2 s o Kij \
— , ’. 1+k’ _2k/ , kl ,
@ (Q) 7,;(1)0-—1)3311(?0—-1 >< s <po—,1 >>
K.k K3 EE
Q) =—2>" (Q)=—ZZ__ 5.7
D 2n(p—1) £ 2z(p—1)° )
From (5-5¢) and (5-5b) we have ,
7,11 =3+0(exp(48(Q)/T)). (5-8)

Substituting this into (5:-5a) and (5-5b), we have
&/(%) = — A, () + O (Texp(48(Q))) +O(T exp(Aar (Q)))
for j=1‘)2’ ""’ V1—1 ’
&, () =AB(z) + TIn 2+ O(T exp(AB(Q))) +O(T exp (A (Q))). (5-9)
From (5-5¢) one has

F) =10 2178 @ =137 gy o0 (48(@)/7) 1+ 0(T)
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~ T, @) f;lj”ﬁ@ exp(Aa(Q)/T) 1+0(T)y.  (5:10)

At sn(Ky/(po—1), #’)>% the second term of (5- 10) is dominant because of 8(Q)
<a:(Q). It is interesting that the energy gap appearing in specific heat can-
not be analytlcally continued as a function of p,=K,/{ at py=1+K,/(sn~'(%,%)).

It is well known that £(7") is invariant under the transformation (s Jyy J,) —
(Joy —Jy, —J,). Then we restrict ourselves to the case J.>J,=|J;|. The energy
gap appearing in specific heat is

J,sn(20, DKk for K, — €~sn(3, k’)

-11
2¢ ¢ Kk' (5-11a)
J,sn(2¢, D K.k <n <Kk'(KL’“C) , k,v> for —C<sn“1 1 k/)
¢ o ¢ = K.
(5-11b)

where %, [ and { are defined by (5-4c) in the condition 0<<¢<K,.

The low-temperature free energy, at J,=J,>0 and Jy=dJ.>—dJ,, is obtained
if we put 4 H=0 in Egs. (4:1) and (4-2). Then the specific heat is proportional
to 7" at low-temperature. But we cannot obtain low-temperature free energy at

J>J,= —J,>0.

§ 6. Summary and discussion

For the Heisenberg-Ising ring, f(0,0) and limg_, lims, ¥ were obtained by
Yang and Yang,” and des Cloizeaux and Gaudin.? In Table II these quantities are
given as functions of §(4d=cos @) at J>0. An ‘interesting feature is that these
quantities are analytic as functions of 4 at —1<4<1.

Table II. Analytic expression of physical quantities at J>0 and 0<<8<r.

limzr—o limz—o 2 limzo limr—o Cx/T The ground state energy per site
4643 . 26 _J sh(z—0) o do
J(z—@rsin b 3Jsin 6 Smoj‘ o 2ch fw sh re

We can discuss the low-temperature properties by considering a few kinds
of excitations when #,H > T, because other excitations have a finite energy gap.
On the other hand in the case H=0, we must consider all kinds of excitations,
because the energy gap vanishes. Therefore, integral equations for low-temperature
thermodynamics have many unknown functions.

a) Relations between the results for |4>>1 and those for | 4] <1

-Gaudin” gave a set of integral equations for H.I ring at 4>1 which includ-
ed author’s set for 4=1% as a special case. His set of equations is equivalent
to the following set:
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6(2) = — As (%) + 8* T In(L + exp (&2 () /T)), (6-1a)
&s(x) =8*T In(1+exp(e;-1/T)) (1 +exp(e;4:/T)), (6-1b)
lim 2® 24, H, , (6-1c)
m

FTE)=£0,0 T | s@h@+expl@/Tdz,  (6-1d)

where
si(x) = _ZJ Z sech —(x 2iQ) ———" dn(Kyx; k), (6-1e)
T Kk
- , 6-1f
=0 XK. (6-1f)

and @ is determined by ch®@=4. Johnson and McCoy® calculated the low-
temperature free energy using these equations.
At J>0,0<2uH< As,(Q), 4>1 one obtains

&(x) = —As(x) + T Inch(uH/T)) +O(T exp(—&(Q) /T)),

s,(x)=T1n<<%>a—l>+O(Texp(—el(Q)/T).) for ;>1. (6-2a)

Then one has

(T, H) =£(0, 0) — T*"s,(Q) / X (Q) exp (— Asi(Q)/T)2 ch2e” o (1+O(T))
(6-2b)

At J>0, JA+ D >2uH>As(Q), 41 we can treat the problem in the

same way as § 3, and obtain

Q
&1 (z) = _2ﬂJ;h 0 2 (%) + 2 H + f_qa,(x—x')Tln(l texp(—¢& (') /T))dz’,
(6-3a)
where

sh j . v

) — | =12, 6-3b,

2:(2) 27 ch j0—cos Ox J (6-3b)

These correspond to Eqs. (3:4a) and (3:4b). The free energy is given by

07* V(K) 8
T,H)—f(0,H)y=—"22_ T 6-4
Sf( ) —f(0, H) i hwW(K)+ o(T?) (6-4a)

and K is determined by

2rdsh0® V(K)

24, H = ,
t 0 Z(&)

(6-4b)
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Whe}'e
W(zx) + I_l;a, (=Y W(x")dzx' =a,(x), (6-4c)
V (x) + IK a(x—2")V(z)dzx’' = — —ial (), (6-4d)
-K dx
K
Z(x) + La,(x—x')Z(x')dx'=1 o (6-4e)

The second term of (3-11) and (6-4a) are analytic functions of 6° and @,

respectively.. Putting @’ —§* one finds that (6-4a), (6-4b) and 4=ch @ ana-

lytically continue to (3-11), (3-6a) and d=cos § as functions of §°, respectively.

Then one finds that limy,,Cy/7 is analytic as a function of 4 at 4=1, H=~0.
At J>0, 421, 2u,H=>J(1+4) one has

J sh @ sh ;0

e(x) = — ————+2ju,H+ O (T~*), (6-5a)
ch j@— cos Oz
A=exp < — 2'u°H;1J(1 + A)> , (6-5b)
therefore
3

AT, H)y=—uH~ /g ﬁw In(1+2exp(—z*))dz+0OQT?.  (6-5¢)

T

In the case J<C0, 4>1 and ﬂoH>>T one has

o (2) =T ROy g i O (T, (6-62)
ch j0 —cos Oz S

(=2 H—J(1—4) 6.6

A=exp( p ), (6-6b)

s 1 — 2 H—J(1—4) .
(T, H) = — g, H— T T exp< = ) (6-6¢)

As f(T,H) Vis invariant under the transformation (J, 4)—> (—J, —4), one has

AT, Hy= — yp, H— T \/;ﬂ:JeXp<~2ﬂ°H—;wJ(l+A>>’ (6-7)
for J>0, 4<-1 and #4H>T. The results, (6-5c) and (6-7), analytically
continue as functions of 4 to those of §3 b) at 4= +1.

The results for the Heisenberg-Ising ring are summarized in Fig. 2. In the
shaded region and on the segment d, the system shows 7-linear low-temperature
specific heat. On the line a, Cy is proportional to 7. In the region 2u.H
> (1+4), specific heat is proportional to 7 exp(—a/T).

Putting /=1 in Eq. (5-2a), one can derive the low-temperature free energy
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Fig. 2. Fig. 3.

Fig. 2. Properties of the low-temperature specific heat of the Heisenberg-Ising model at J=+1.
Regions A, B, C contain neither lines a, b, ¢, d, ¢ nor end points D, E. Point D is contained
in line d and point E is contained in line .

Fig. 3. Properties of the low-temperature specific ‘heat of the X-¥-Z model in zero field.

of Heisenberg-Ising model in zero field. This coincides with (6-2b) at H=0,
We summarize the results for the X-Y-Z model in zero field in Fig. 3. On the
line AFB except B, the specific heat (C) 1is proportional to 7. In the shaded
region and on lines AO except points A and O, C to T exp(—a/T). On the
point O (Ising case), C to T-*exp(—a/ T). Inthe regions D and E, the energy
gap « is given by (5-11a) and (5-11b) respectively. One should note that the
gap cannot be analytically continued from region D to E.

b) Unsolved problems

We can obtain neither low-temperature specific heat of H.I ring at H=0,
4< -1, J>0 nor that of X.Y-Z ring at J.=J=—J,>0.

If the magnetic susceptibility is invariant in reversing the order of the limits
T—-0, H-0, i.e.

lim lim g =lim lim %,
T—0 H-0 H—0 Ty

it is required
r
C’0)=—> _ for (4-1),
© 2(z—0) )

and
C” (0) =2i0, for (4-2).

But we can prove neither its validity nor C(0) =7/6 from Egs. (4-1) or Eqgs.
(4-2),
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Appendix A

—CCalculation of the third term of high-temperature expansion

Here we continue\the.calculation of Appendix C of Ref. 1). From Egs. (C. 3)
of Ref. 1) we have

Z [0+ ™)™ —Di1e®=4(@™) 7+ ")) (). (A1)

Then we have

)= 5 Bue) B GO o,

A A
where Bj;(w) is the jl element of inverse matrix of {0,,(1-+ (3,)™") —Dsu(w)}-
One can show .

2N AN
B (») = —2 ch 9c,® () (— 1)y ®+ |
where 7(j) is defined by My iy =j<Mys+1, therefore

A\ o A\ NN
GO =§ 31 (G + (O Y2 ch 0d ¥ (0) @V @), (A-2)
Then the third term of 1/7 expansion of £ is

4 [ a@a® @dr= -5 5 0o4a0r+ 0oy [ e @pda

S PG SR AR MEIIAL (A-3)

where

U= [+ @1 [ e @)z

Substituting (C.2) and (C.6) of Ref. 1) into the above equation and carrying
out integration, we obtain

1
Ul=8npgf { f<1>}3[ f; (BD, — 24— 6 cOt gy, (i — BED) +2(dr+ 1)}
0J Mgy iJ i+l

Tz f A+ A6 cot Y, (A1 — Af20) + 2(Prart drsa)}
i+1J 142

+ Jf?‘l:lh & _ fH{}th{?{' for m,<I<miy,,
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where
h=aqm/py, Pra=n(@+ (=1)*"pi.)/po,
Grea=(@+2(=1""b111) /P, Pmes,= Ay, 0/ P,
R = —3 cot g;+ (143 cot’ ¢,) ¢, ,
Ry =1—cot ¢;-¢;,
Fi=f(m~1), fia=flu+y:—1),
Finn=f(m+2y,~1), fun=F(mei—1).
Using
Jis 1 +2chyi,uoH’
S fin Jifin S
fz_ —_ 1 +2chyiﬂ0H
Sinflee  Frafies Sl
and

Fifien il fi Fint

one finds that almost all the terms in (A. 3) cancel out except a few terms, and
obtains finally

1 1 e—”l/‘oH e—"l+1»/‘uH>
’

(A_3)=_J_’{ 1+24 64 } A

(2 ch uH) (2 ch g HM'
This coincides with the third term of 1.2).
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