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Abstract. In this paper we consider some matrix operators on block weighted sequence
spaces Ip(w, F). The problem is to find the lower bound of some matrix operators such
as Hausdorff and Hilbert matrices on lp(w, F'). This study is an extension of papers by
G. Bennett, G.J.O. Jameson and R. Lashkaripour.
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1. INTRODUCTION

Suppose p > 1 and w = (w,) is a decreasing non-negative sequence. We define
the weighted sequence space I,(w) as

I(w) == {x = (z,): iwnmv) is ﬁnite},

n=1

with a norm || - ||, which is defined in the following way:

[e's) 1/p
el = (Z wn|:cn|p) |
n=1

Assume that F' is a partition of positive integers. If F' = (F,,), where each F, is a
finite interval of positive integers and

max F,, <minF,1; (n=1,2,...),
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we define the block weighted sequence space I,(w, F') as

zp@mzw:—-{x-—(xny SizMJ@;ﬁ;Hpisﬁnne},

n=1

where (z, F,) = ). x;. The norm on [,(w, F'), denoted by || - ||p,w,F, is defined as

JEFn
follows:
oo 1/p
el = (S walte. )
n=1
For a certain I,, such as I, = {n}, I = (I,,) is a partition of positive integers,

lp(w, I) =1,(w) and also ||z

paw.l = [[%llp.-

We write ||A||p,w, 7 for the norm of A as an operator from I,(w, I) into [,(w, F).
The problem of the norm of matrix operators on I,(w) and [,(w, F) is considered
in [5], [6], [7] and [8].

We consider lower bounds L of the form

[ A]|p,w,r > Ll|z]

p,w,l

for all decreasing non-negative sequences x. The constant L is independent of x. We
seek the largest possible value of L, and denote the best lower bound by Ly, ., r(A) for
matrix operators from [,(w,I) into I,(w, F'). Also, if A is an operator from I,(w, I)
into itself, we denote the best lower bound by Ly, ., 1(A). We shall use all the above
notation when p < 1.

In Section 2, we generalize two techniques obtained by Bennett in Section 7 of [1]
and deduce the lower bound for the Hausdorff matrix. In Section 3, we also generalize
Theorem 1 of [4] for matrix operators from I, (w, I') into I,(w, F') and study the lower
bound problem for the Hilbert and Copson matrices.

Throughout this paper, we denote the transpose matrix of A by A?, and the
conjugate exponent of p by p*, so that p* = p/(p — 1).

2. HAUSDORFF MATRIX OPERATOR

In this part we consider the Hausdorff matrix operator H(u) = (h; ) with entries
of the form
k—1
0 if k> j,

where A is the difference operator, that is

N
C )AF%% if 1<k<j,
hjp =

Aap = ap — gy,
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and (ag) is a sequence of real numbers, normalized so that a; = 1. If

1
ak::/ " tdu(d) (k=1,2,...)
0

where p is a probability measure on [0, 1], then for all j,k =1,2,...,

jo1 / AU | |

051 (1— 0)7F du(h) if 1<k <,

- (k_l) [oa-opaue) j
0 if k> j.

The Hausdorff matrix contains some famous classes of matrices. These classes are
as follows:

i) Choice du
ii) Choice du
iii) Choice du
iv) Choice du

The Cesaro, Holder and Gamma matrices have non-negative entries whenever

0)
0) = point evaluation at § = « gives the Euler matrix of order «;
0) = |log 0|1 /T'(a) df gives the Holder matrix of order «;

) = af>~1 df gives the Gamma matrix of order a.

a(l — 0)>~1 df gives the Cesaro matrix of order «;

A~~~

« > 0, and also the Euler matrix is non-negative when 0 < o < 1.
In this section, we are considering the lower bound problem for the Hausdorff
matrix (general form), and also for the Cesaro, Holder and Gamma matrices.

Proposition 2.1. Let A = (a, ) be an upper-triangle matrix with non-negative
entries and let 0 < p < 1. If

00 k
supz an k= k1 >0, iréfZamk = ko,
n=1

" k=n

then
Lp,w,I(A) > kil)—l)/ivk;/l).

Proof. Suppose z is a non-negative sequence. Applying Holder’s inequality we
o0 o0
1— 1
Z U W WKT, = Z amkp(an,kwk/pxk)p
k=n k=n
oo 1-p 00 P
1
< (Z an,k) (Z an,kwk/pxk)
k=n k=n
o0 P
1— 1
ki p(z amkwk/pmk) )
k=n

have
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Since A is an upper-triangle matrix with non-negative entries and w is decreasing,

we have

(S s En (Eon]

n=1 n=1

(o) o) o0 o0

1- 1/p

>k 7 E ( E an,kwk/ fck> > E < E an,kwkx§>

n=1 = n=1 “k=n

oo o0

E xk<§ ank> > ko E wyTh.

k=1 k=1

—1 . .
Hence |[Az|? , ; = ki kalz|> ,, ; and so we have the desired conclusion. O

In the next statement, we seek a lower bound for the quasi-Hausdorff matrix when
the sequences are non-negative. We recall the transpose of the Hausdorff matrix
which is called the quasi-Hausdorff matrix.

Theorem 2.1. Suppose that H(u) is the Hausdorff matrix and 0 < p < 1. Then

pyw,l

I el > / 01 au6) ) o

for every non-negative sequence x. The constant is the best possible.

Proof. Let E(a) be the Euler matrix of order a. Since all row sums of E!(«)
are 1/« and all column sums are 1, applying Proposition 2.1 we obtain

Lp,w,I(Et (@) = al=p)/p.

Let F' = (F,,) be defined as above. We now apply Minkowski’s inequality to show

s (o (g (G (o))

n=1 JjEF, n=1

(S S]]

n=1

> /1 (Z w, (Z ex, nxk)p)l/p dp(e)

n=1

= [ 1B @tdnta)> ([ a0 aue)
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This completes the proof of the above inequality. Therefore for any real number
a > 0 we have

) V() oot > ( / 60-P/P dpu(0))

for all non-negative sequences x in I,(w, I). We will show that the above constant is
the best possible.
Let 0 > 1/p and let n be a fixed integer such that n > p. We define z by

0 if k<mn,
Ty = k—o k .
>
(k‘—n)/(n) it k>n

(k—0)...(n+1-0p)
E...(n+1)

Since

T =

when k& — oo, it follows that ||z||, < co and ||z||, — oo when ¢ — 1/p. Since w is
decreasing and also wy + a > « for all k, we have

|zl < Nellporar < (wi +a) Pz,

0 ||2]|p,w+a,r < 00 and ||z||p.wta,r — 00 when ¢ — 1/p. Moreover, for all m > n we

have )
(H' (@) = om [ 61 au0),
0
hence
n 00 p oo
I Gl = 3 () (3 ) + 3 (@) (H )
m=1 k=m m=n+1
< + ) sup et + ([ 007 000 | el
,m
and also
nwl—f—asupmhk,mpxp v "’
(Lp,w+a,I(Ht(M)))p< ( ) k | | H ||1 + (/ ge ldu(f))) .
HJ?Hp w+a,l 0

If o — 1/p, then

1
Ly (H(0) < [ 007/ (o)
0
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Therefore

1
Lot (H' (1)) = / 6017 4yu(6),

and the constant in (I) is the best possible. Hence for all m there is a non-negative
sequence Y, € lp(w, I) such that

[ H* (1) ym|
”ym'

1
wrTo — ].
pwta,l </ 00-D)/P dpu(6) + —.
pwta,l 0 m

Since |[H*(1)yn|

powd < |[H(10)Ym|

p.w+ta,I; We have

H (W ymllpwtor o H (1Wymllpw.1
Ym llp,w+a,1 - |Ym | p,w+a,r
_ Mymllpwr M @ymllpw.s

p,wta,l Hym| pyw,l
Y aw, T
> Wlowt g i),
llym| p,wta,l

and so

1

m w _ ].
mlbtp ) < [ 609 ap0) + L
ym lp,w+a,1 0 m

If & — 0, since ||z||pwta,r < 00, we have ||z|/p.wta,r — ||Z|lpw,r and so

1
Lyt (H (1)) < / 60-P/P du(h) + .
0 m

Now, if m — oo, we have

1
Lyt (H' (1)) < / 60-2)/7 du(6).
0

Therefore L
Lyt (') = [ 607777 d(0).
0

This completes the proof of the theorem. ([

Example. We denote the Gamma matrix of order 2 by I'(2). If I'(2) = (b; ;) is
the transpose of the Gamma matrix, we have

7
bi; = (G +1)
0 if <

if j>1,
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and 9
p
L Ir‘(2)) = ——.
pana(T'(2) = ==
We now give a lower bound for the quasi-Hausdorff matrix when the sequences are
non-negative. We recall the transpose of the Hausdorff matrix which is called the

quasi-Hausdorff matrix.

Proposition 2.2. Let 0 < p,q < 1, and let A be a matrix with non-negative

entries. Then
|| Az|

g, = Ll Z||pw,1

for all non-negative x if and only if

A llp+ .1 = Llly

q*,w,l

for all non-negative y, where p*, ¢* are the conjugate exponents of p and ¢, respec-
tively.

Proof. Suppose u is a sequence with non-negative entries. First we show that

T llwllt,w,r = inf{{u,v) : v is a non-negative sequence and ||v||p .5 > 1}

o0
for 0 <t <1ort< 0, where (u,v) = > wpurvg.
k=1
Let v be a non-negative sequence such that ||v||w,¢+,r > 1. Then applying Holder’s

inequality, we deduce that

9 00 0 1/t , o0 1/t
<u U> _ w _ 1/t+1/t" S t +*
5 = kULVE = Wy, URVE =2 WUy, WiV,
k=1 k=1 k=1 k=1

= llullt,uw,rllv

*

w1 2 ||ulltw.1-

Hence inf (u,v) > ||ull¢,w,1-
We divide the proof of the converse inequality in two cases as follows:
Case 1. If u > 0, we take

. _ Vg,
o = ul !, vk:H{) -
Hence |[8[|+ .1 = [|ulli, ; and (u,v) = [[ul|w,1, S0 that

inf (u, v) < ||u)ltw,1-
Case 2. If some uj, = 0, we consider (i), (ii):
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(i) For t <0, ||u||lw,e,r = 0 and set

0 for n # k,
VUp = 1
— for n =k.
Wy,
(ii) For 0 < t < 1, we set
uf;l for u, > 0,
Vg = € 1/t*
(wka) for up =0

and vy = U/ ||V

t=.w,1, Where € is positive.

Hence [[v]l¢ w1 = 1, [|0]le-,w,1 = 1/ (e + ||ullf,, ;)" and also
(,0) < el 1 (e + lJullf0.) ™"
so that
inf (u, ) < [[ullf 1 (e + lullfw,) 7"
If £ tends to zero, we have
inf (u, v) < [|ullw,r-
This completes the proof of (I).
Applying (I) twice, we deduce that
inf Ax 7= inf inf Azx,y
2lp. w1 hAzla.. Il 0,1 >1 |\y|\q*,u,,,>1< )
= inf in x, Aly
llzllp, w121 I\yl\q*,w,1>1< )
= inf inf z, Aly
Hynq*,w,el||x||p,w,1>1<’ )
= inf Ayl pe w1
Illq» w11 14l
and so we have the statement. O

In the next statement, we are seeking a lower bound of the Hausdorff matrix when
the sequences are non-negative.

Corollary 2.2. Suppose that p < 0, and let H(u) be the Hausdorff matrix. Then

1
pt > ( [ du(9)> Nl

for every non-negative sequence x. The constant is the best possible.

| H* ()]

Proof. Since 0 < p* < 1, applying Theorem 2.1 and Proposition 2.1 we obtain
the statement. (]
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Corollary 2.3. Assume 0 < p < 1, and let H(u) be the Hausdorff matrix. Then

1
| o)l > ( / gO-p/p du(e))) lell,

for every non-negative sequence x. The constant is the best possible.
Proof. By taking w, =1 for all n in the previous corollary, we have the above
inequality. ([
Corollary 2.4. If p > 0 and H(u) is the Hausdorff matrix, then
o n h —p 1 —p o0
k
S
n=1 k=1 I"F 0 k=1

for every non-negative sequence, and the constant is the best possible.

Proof. Suppose that y is a sequence with non-negative entries. Since —p < 0,
applying Corollary 2.2, we arrive at

1
I (1)y |l —pow.s > </0 017 du(9)>|y|p,w,f~

Hence
o0 n -p 1 —p
> wn (Z hy) < ( / 01/ du(ﬂ)) S iyl
n=1 k=1 0 k=1
By replacing yj, with 1/|ag| for k = 1,2, ..., we have the result. O

3. LOWER BOUND OF MATRIX OPERATORS

In this section, we deal with the problem of finding a lower bound of certain matrix
operators from I,(w, I) into I,(w, F'), which is considered for some matrix operators
such as Cesaro, Copson and Hilbert operators in [2], [4] and [9] on [,(w) and on
Lorentz sequence spaces d(w,p). We generalize Theorem 1 from [4] to certain matrix
operators from {,(w, I) into I, (w, F).
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Lemma 3.1 ([4], Lemma 2). Let p > 1. Suppose that (a;), (x]) are non-negative

sequences and (z;) is decreasing and tends to 0. Write A,, = Z a; (with Ag = 0),
j=1

and B, = Z a;x;. Then
0 By B

n—1

> (AP — AP )P for all n;

(it) if E a;x; Is convergent, then
j=1
[e.¢]
(Sum) >3- At = ot
j=1

Corollary 3.1. If (z;) is a non-negative decreasing sequence and X, = x1+...+
T, then for each n
XP—XP | >[nP—(n—1)Pab.

Proof iselementary. O

Theorem 3.1. Suppose p > 1 and let A = (a;;) be a matrix operator

7
from l,(w, I) into l,(w, F') with non-negative entries. Write r;; = > a;j and
k=1

n=1 JEF,
Then
p Sn
Lpﬂu,F(A) = 1%f Vn

Proof. Let x bein {,(v,I) such that x4 > 22 > ... > 0 and m = inf(S,,/V,,).

o] k
Since ). yi = > ¢n;xj, where ¢, j = Y a;j, hence Y ¢n ;= Y, 7. Applying
ey J=1 i€ry Jj=1 i€F,
Lemma 3.1, we obtain

=S (S 0] > S S (50w

JEFy, n=1 i=1 “jeF,
o0
— (P _ P
= § Si(ai — i)
i=1

Since

)
p — P _ P
z paw,l E Wn(xn anrl)?
n=1
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we deduce that

A=} p = mllzl} ., -

Therefore

LY r(A) =m.
Further, if we take x1 =29 =... =2, =1 and z =0 for all K > n+ 1, then

215 0.1 = Wa, A2} p = S

Hence

Ly, r(A) <m.
This completes the proof of the theorem. ([

Corollary 3.2. Suppose A = (a; ;) is a matrix operator from l,(w,I) into itself

n o0
with non-negative entries. We write 7, = Y. a;j and S, = > w;r?  and W,, =
=1 i=1 ’
wy + ...+ wy,. Then

Note 3.1. For p > 1, the last part of Theorem 3.1 shows that ||A||5}w’F >
sup(Sn /W), but I,(w, F) = l,(w) when F; = {i} and equality does not hold (see [5]).
n

Write

and

O (¢ 8 N bl |

=1 JEF; JEF;

where S,, = s1 + ...+ s,. For p = 1 we have t, = s,. It is elementary that
inf(S,/Wy) > inf(s,/wy,). We now apply Lemma 3.1 to deduce the following result.
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Proposition 3.1. If A satisfies all conditions mentioned in Theorem 3.1 and
(ai,;) decreases with j for each i, then

Proof. Corollary 3.2 yields that

(i) = (S ) 200 == 7S

JjEF; JEF; JEF;
Thus
0 p
2 0= (=71 Y 0w ) =07 = 0= 17
i=1 JjEF;
and so we have the statement. O

Let p > 1 and let A be a matrix operator with non-negative entries. If y = Az
and w is a decreasing sequence, then for each non-negative sequence x we have

[es} P o0 [es}
Azllp o =D wi (Z w) >y wi Yy =y wyl = |Az|b,
i=1 jEF; i=1 jEF; i=1

It follows that
Lpﬂu,F(A) 2 an(A)-

Corollary 3.3. Suppose that A is the Cesaro operator and p > 1. If w, = 1/n,
then

Lpw,r(A) 2 1.
Proof. If we apply Theorem 4 from [4], we deduce that L, ,,(4) = 1 and so we
have the statement. O

The Copson matrix is an upper triangular matrix. We will solve the lower bound
problem for this operator by the next statement. In fact, we characterize a class of
operators for which the lower bound constant is equal to one.
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Theorem 3.2. Assume that A is an upper triangular matrix, i.e. a, = 0 for
n > k, and Z an, = 1 for all k (in other words, A is a quasi-summability matrix).

Letp>1 and let w = (wy,) be a non-negative decreasing sequence. Then

Ly r(A) =1.

Proof. If we apply Proposition 2 from [4], we have L, ,(A) = 1. Hence
Ly r(A) > Ly, (A) =1. Since 1 € Fy and Ae; = e1, we deduce that

This completes the proof of the theorem. O

In the next statement, we consider the lower bound constant for the Hilbert matrix
operator H.

Theorem 3.3. Suppose that H is the Hilbert matrix operator and p > 1. Let
F;, ={2i—1,2i} and w, = 1/n®, where 0 < a < 1. Then

e}

Lywr(HP >y ————
pw#(H) ;ka(ksﬂp)p

Proof. Let By, ={i€ Z: (k—1)n <i< kn}, where k > 1. If i € Ej, then

(%) (2i +n)P < k*(2kn + n)P.

Since Ej has n members,

1 nP 1
p-‘,—(y 1 > = .
" ZEE i*(2i +n)P ~ k*(2kn+n)P  k*(2k + 1)P
1€l

Hence
St 1 St 1
pta—1 >
" ;ka(2k+n)p /;k“(2k+1)1”

and also
pta—1
infn ij“Zk—i—n kak“

We now apply Proposition 3.1, and with the above notation we have
(oo}

1 1 1 D
=35 )
" Zz‘a 2i—1+n+2i—|—n

i=1
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and so

Ly w.r(H)? > inf[n? — (n — 1)Pn"t,.

n

Since n? — (n — 1)? > n?~!, we deduce that

P g pta—1 = 1 1 1 u
Ly r(H)" 2 intn Zi_a<2i—1+n+2i+n)
i=1

(oo}
1
> 9P inf pPto—!
e ; ko (2k + n)P
> 1
) ) [ —
2 ek Iy
k=1
This completes the proof of the theorem. O
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