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LOWER BOUNDS OF RATES OF DECAY FOR SOLUTIONS
TO THE NAVIER-STOKES EQUATIONS

MARIA E. SCHONBEK
To Ron

INTRODUCTION

We study the asymptotic behavior of solutions to the Navier-Stokes equations
in two and three space dimensions

u, +uVu+Vp = Au,

1.1
(1.1) divu=0.

Our earlier work [4, 5] dealt with the upper bounds on the L? decay rates of
solutions to the Navier-Stokes equations in three space dimensions with large
data. It was established that if u; € L*NL?, 1 <p <2, then

(-, )22 < C(1+ )7,

where a(p) = 3(2/p — 1) and the constant C depends on the L’ and L’
norms of the initial data u,.

This paper deals with the more subtle problem of deriving lower bounds
on the energy decay rates. We show that for a certain class of initial data the
solutions u(x, t) to the 2D and 3D Navier-Stokes equations admit an algebraic
lower bound on the energy decay. Specifically, there are two cases to consider.
In the first case, the average of the initial data [ u,dx is nonzero. This case
was treated in the earlier paper [5] where it was established that

(1.2) u(-, 0. > C(L+0)~"?

for n =2, 3. In the second case the average is zero, 1.e., the Fourier transform
at the origin is zero. Here the lower bound on the velocity of decay rate depends
on the order of the zero of the initial data. More precisely, if the zero is of order
one and the data u, € L'nH' and certain weighted L? spaces described below
then there is a lower bound of the form

(1.3) u-, )3 > C(1+ 07",
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424 M. E. SCHONBEK

where a(n) = n/2+ 1 and C depends on a few parameters of the data. If
the zero is of order greater than one and the data is taken outside a set M of
radially equidistributed energy, then in two dimensions the lower bound will
be described by (1.3). The lower bound obtained in 2D is uniform, the one in
3D is not. The estimate in two dimensions is sharp. An example suggested by
A. Majda shows that there are solutions to the Navier-Stokes equations with
data in M that decay exponentially.

The algebraic lower bound is a consequence of the nonlinear structure of the
equations. In contrast, solutions to the heat equation decay at an exponential
rate if the initial data is highly oscillatory. The inertial term div(x ® u) in
the Navier-Stokes equations appears to convert short waves into long waves,
reducing the decay rate. Even for most cases of highly oscillatory initial data
(i.e., containing just short waves), energy will be transmitted to the lower end
of the scale, thereby producing long waves that reduce the decay rate of the
solutions.

Our approach in the case of zero average data is first to find conditions for
the data such that the corresponding solution to the heat equation decays at
a very slow rate. These conditions will be met by the solution u(x, f) of the
Navier-Stokes at some time #, > 0. That is, short waves are transformed into
long waves. Hence the solution to the heat equation, which takes on as initial
data u(x, t;) for some appropriate f, > 0, has a lower bound on their rate
of decay. Specifically, if v is a solution of v, = Av, v(x, 0) = u(x, ¢,) then
(-, %2 > (1+2)7°",

This information is used to insure that the solutions to the Navier-Stokes
equations cannot decay any faster. The result follows using Fourier analysis of
the Navier-Stokes equations. The argument relies on a technique that involves
splitting the frequency space into two time-dependent sets. This technique was
developed in [4] to study the upper bound.

For solutions in two spatial dimensions, the results are valid for classical
solutions. For three dimensions, the results are valid for suitable Leray-Hopf
solutions in the sense of Caffarelli, Kohn, and Nirenberg [1]. We expect that the
results can be extended to n dimensions, »n > 3, using the results of Wiegner
[6], Kayikiya and Miyakawa [2].

2. ESTIMATES ON SOLUTIONS TO THE HEAT EQUATIONS

In this section we describe a class of initial data D, for which the solutions to
the heat equations admit a lower bound on the L’ decay rate. In §3, it is shown
that if u(x, t) is a solution to the Navier-Stokes in two spatial dimensions
with data outside a set M of radially equidistributed energy, then there is
ty 2 0 for which u(x, ¢)) € D. Hence if u(x, t;) is taken as initial data,
the corresponding solution to the heat equation will have a lower bound on the
L? decay. This information will be used to obtain a lower bound on the L’
rate of decay for solutions to the Navier-Stokes equations. For data in M,
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SOLUTIONS TO THE NAVIER-STOKES EQUATIONS 425

an example is given in §5 of a solution to the 2D Navier-Stokes equation that
decays exponentially fast.

The section concludes with a lemma establishing an upper bound on the L™
rate of decay for the gradient of the solutions to the heat equation for solutions
that decay in L? ata given rate.

Theorem 2.1. Let v, € Lz(R"). Let v be a solution to the heat equation with
data v,. Suppose that there exist functions | and h such that the Fourier
transform of v, for || < J, 6 >0, admits the representation

05 =¢- 1) +nE&), [=U,.... 1),

where | and h satisfy the following conditions:

(i) 1A(&)| < My)&)* for some M, > 0;
(ii) I is homogeneous of degree zero; and
(i) @) = fiyei |0 l@) dw > 0.

Let M, = sup,,_, ()|, M, =sup; 1<, IVIV)l. K =max(M,, M,, M,).
Then there exist constants C, and C, such that

n/2+1 —(n/2+1)
2

Colt + 1)) <o, 1)l < €2+ 1)

where C, and C, both depend on n, M, M,,d, and |vy|,» and C, also
depends on K and o.

Proof. Note first that condition (iii) is not necessary for the upper bound

(-, D]z .
Upper bound. By Plancharel’s theorem

v dx = il dé = |0 2e—2|c|2t dé.
0
R R" R"

Let A={¢:|¢| <d}. Then

2 2
/n lv]zdx _ / l1}0|2e—2|<:| zdé‘*'/c lﬁolze—ZI{l ' ge
(21) R A , A ,
< / 1057 2 dE + 67 g2
4

To estimate the integral on the right-hand side, use the representation of v, in
terms of / and A.
(2.2)

[0 e e = [ je-1@Pe ™ ax+ 2re ( [ & 1@ d)
A A A
+ [ In@Pe ¥ ag
) 2 =20 2 4 =20
<2 [ @fe M g vy [ et ae
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426 M. E. SCHONBEK

Recall that /(&) is homogeneous of degree zero. Combine {2.1) and (2.2) and
make the change of variables y = v/2t£. Then

/Rn ol dx < 227" /A y-lp)Pe ™ dy + M0(2t)_”/2’2//;( ) wlte™ ay,
t

where A(t) = {y : |y| < 6v2t}. Since M, =sup, _, /(y) and / is homogeneous
of degree zero,
1) < P
Hence from (2.3)
/Rn witdx < C/@n"*,

where C depends on M,, M,, 6, and n. Recall that

2 2
-/R" [v]"dx < ugly2s

hence
/ widx < C (e + 1)WY,
Rﬂ
Wlth Cl = CI(MO’ Ml > (57 n, IU()ILZ)'

Lower bound. Choose d, < 6 such that 4M M 6, < o, and let 4, =
{¢:1¢1<4,}. Then

2 2
[Pz [ ool dex [ (- 1P 200 e e
% n+l -2r%
= Cl)n/ r (al - 2M0M1r)€ dr
0
s, n 22
%wnalfo = g

-2
s ©n2€  ~(n/2+D)
~ 2(n+2)

v

fortzél—1

For t < 61_2 we have
2 202
[ tofdx= / 3o %e 7 g > / 057740 g
Rn
-2
(1+1) (n/2+1)/ 10, —20E%67 e

The lower bound follows for
1

. [w,ae
C0=m1n{—2———— /Ivol =217 dé}

Corollary 2.2. Let v be a solution to the heat equation with data v, € Lz(R”),
where v, has the Fourier representation described in Theorem 2.1 and [ and h
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satisfy (1), (ii). If in addition | satisfies

(1) wy-l(wy) =a #0 for some w, € S" and

(2) &-1(6) € C'(R™\0),
then the conclusion of Theorem 2.1 holds.
Proof. 1tis necessary to show that (1) and (2) imply conditions of Theorem 2. 1
Note that if @,-/(w,) = a # 0 for some w, € S" ! and &-1(¢) R"\0),
follows that there exists an open ball centered at w,, B, (®,) of radlus r> 0
such that for w € B,(w,), @-Il(w) > o/2. Hence

/ - o) do > / - (@) dw>aj2L >0,
lew|=1 SNB, (w,)

where L = fSﬁB’(wO) dw and S ={w:|w| =1}.

The next lemma establishes an upper bound on L™ rate of decay for gradient
of solutions to the heat equation which decay at a given rate in L*.

Lemma 2.3. Let v(x, t) be asolution to the heat equation. Suppose |v(-, l)!iz <
C(t+ 1)~V | Then

IVo(-, )] < C@)~ ",

Proof.
IVo(-, 1)l < |9o(, Dl </|¢] 01/l g

<o, t/2)l- [ lepe™ ’dé>

= Clu(-, t/2)] 20"V < oY,

3. THE INITIAL DATA

In this section a class of initial data is found for which the solutions to the
Navier-Stokes equations admit the Fourier representation

BE 1) = & L€ 1) + (€. 1)

for some ¢, > 0. Here /, and A, satisfy the conditions given in Theorem 2.1.
Hence the solution to the heat equation started at u(x, ;) has a lower bound

for L* decay.

The initial data will belong to the intersection of L', H', some weighted
spaces, and the complement of a set of radially equidistributed energy. The
condition of not having equidistributed energy is essential in two dimensions.
Specifically, an example will be given where the data has radially equidistributed
energy and solution decays exponentially.

The data to be considered has Fourier transform vanishing at the origin. For
nonvanishing data, the reader is referred to [4]. There are two cases.

Case 1. The zero of the origin is of order one.
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428 M. E. SCHONBEK

Case 2. The zero is of order greater than one.

In case one, the data can have equidistributed energy and ¢, is 0. For case
two, the data has to lie outside a set of equidistributed energy.

We define the following weighted spaces and norms.

W, = {u/ |x[2|u|dx<oo} :
Rﬂ

W, = {u:/ !u|2|x|dx < oo} ;
R'l
uly, = [ el
R

5 1/2
july, = (/ lul ]xldx) .
R

Note that if u € W, NnW, N L? then J1x|juldx < oo, since

/ ]x||u[a’x=/ |x||u|dx+/ x| |ul dx
R" [x|<1 |x|>1
2 2 2
5/ (x| +|u|)dx+/ xPJul dx < 0.
[x]<1 Jx|>1

VR") =C, R N{u:V-u=0},
H = H(R") = closure of V in L

Note that the choice of the weighted spaces insures that the data has at least
two Fourier derivatives in L?.

Theorem 3.1. Let g € HNW, nW,(R"), n=2,3. If g has a zero of order
one at the origin, then there exists é > 0 such that for || < ¢

g =& 1)+ hQ),
since | and h satisfy the hypothesis of Theorem 2.1, with M, = SUp|, | <5 |V2g(§)|

and o depending only on Vg(0).
Proof. Since g e W, NW,,

J .
[6—5ig(:>| < [Iwlglax <c,
2
~ 2
5E5g ¢0)| < [ iglsiax s [ xPigax s c.
Since 2(0) =0 for |(|<d, 6 >0,
2(¢) = V2(0)- ¢ + Vg (B,
Since @(0) # 0 by hypothesis, to finish the proof let
16)=Vg(0), k(&) =VgE)E.
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SOLUTIONS TO THE NAVIER-STOKES EQUATIONS 429

Here M, = sup Vzg(é) and @, € S""!' is chosen so that @ Vg, #£0.
0 x|<8 0 0 k

The following notation will be used.

to, / /|u| —|u| dxdt, ,b” (ty, u / /uu dxdt,
A{(R )={u:/ |u;] dx=/ |uj | dx} ,
R R

B{:B{(R")= {u:/ uiujdx=0} .

The two-dimensional case is considered first. For sake of notation, let M =
AINB;.
Theorem 3.2. Let g€ H' NHN w,n MC(RZ) . Let u(x, t) be a solution to the

Navier-Stokes equations with data g. If g has zero of order greater than one,
then there exist t, and & > 0 such that for || <6

ak(é s to) =¢- lk(é’ to) + hk(f s to) s
where t, = t,(18|; » |g|W2) and I, (-, t,) and h(-, 1)) satisfy
() [ (O] < Myl
(ii) I, is homogeneous of degree zero,
(ill) gL (w,) = a #0 for some w, € S
l,; and

(iv) &L (&) e C'(R"\(0)).

The constant M,, depends only on |g|;2, |g|W2 ,and 6. The constant « is a

-1
"= and at least one component

multiple of af(to , ).
Proof. Take the Fourier transform of the Navier-Stokes equations

o~

i, + &% = —aVu - Vp = -H,
(&, 0)=2(&).

Hence
—1E? L. 2
(3.1) (&, 1) = g (&)e |é|z_/0 A&, 5)e 1 g
W.l.o.g. choose k = 1. Recall that
82
Ap = - dx.0x, 17/

so that
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430 M. E. SCHONBEK
Let a;; = #u;. Then
(32) I:Il (é s S) = —1 (Z fiail - f]/|é|2 Zéiéjaij)

. &
= - (&0 e, - &0 - 2 e ey - L,
Note that 1 —¢&;/|E)* = & /|¢°; hence
(3.3) A\, 5) =i (/1 (ay, —ay), (1 =28 /kENay,).
Proposition A.1 (see Appendix) establishes that for |&| < d
IVea;; (&, 0] < C(1),
where C(t) denotes constant in ¢ that depends on |g],:, |g|W2 ,0,and t.

Let a?j =aq, j(O, t). Thus a;; can be represented as

(3.4) a,; —a S+ Va(f) 0<E<E.

By (3.3)

(3.5) H\(&,5)= - i&-[(&/1E1) ), — a3y), (1= 28}/ 1E")a); + B, (&, 5)]
= E(H)(E, ) +h(&, ),

and by (3.3) and (3.4) ;
1h (&, 5)] < Cs)El-
From (3.1) and (3.5)

2 t 2 2
£ = —ic- (/ HY( -l "‘S)ds+/0 B (&, s)e ¥ gg 4 zg(€)>

:5./0 (~)H ds + (&, ),

5) = —i& - (/OtHf’(g, )@y gs

s — &t — &7t A
+/0 b€, 5) K09 gs 4 o7 g(5)>.

where

Since

e—!éiz(t—s) 1= 0(l€|2) .
€ - ()] < M|’ form ] < 8, M depending on C(f);

. 2
&) =0,
it follows that |A,(¢, 7)] < MO|€|2, M, depending only [g|,.,d, and . Let

LE =, 1) = (—i [ @neia, - das. | (1—2¢f/|crz>a?2ds) .
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SOLUTIONS TO THE NAVIER-STOKES EQUATIONS 431

We first show that for some 7, > 0 and some w, € s?, wy - (w,, 1)) #0. If
u, ¢ A> choose w, = (1, 1)/V2; then

_ !
(3.6) Wy (@, 1) = —= °/Rz W2 — 12 dxdyds.
If u, ¢ B12 choose w, = (1, 0)'then

t
(3.7) Wy 1 (@, 1, /0/ uu,dxdyds.

By Lemmas A.2 and A.3 of the appendix since g € M°® there exists ty =
to(lgly 2 |g|W2, a) such that RHS of (3.6) and (3.7) are not zero. Hence

w() (COO s ) 7é 0
Conditions (i), (ii), and (iv) are trivially satisfied for /,(¢, ¢,) and h,(¢, ¢,).
Theorem 3.3. Let g € HN W2(R3 Y. Let u(x,t) be a suitable Leray-Hopf

solution in the sense of Caffarelli, Kohn, and Nirenberg with data g. Let g
have a zero at the origin of order greater than one. If there exists t, such that

ol(t,, 3 //lul wPdxdt£0,  i,j=1,2,3

//uudxdt;éo i#7,

then there exists 6 > 0 such that for || <4,
0 (&, 1) =& L&, 1) +h (8, 1),
where [, (&, 1) and h (S, t)) satisfy the same conditions as in Theorem 3.2.

Proof. Recall that a weak solution with data g satisfies
(3.8)

o), 60 - [ {{u0)5:69)) + (Vuts), ve)
+ () V)u(s), 6063} | ds - (g 6(0)) =

for all smooth vectors ¢ with compact support and divg = 0. Following
Wiegner’s argument [6], we choose ¢ to be the solution to the heat equation
with data ¢, € Cgo (R3) and divg, = 0. This ¢ is smooth and bounded in
L™ and (3.8) holds for ¢ by approximation. Let #, > 0 be fixed and ¢ > ¢,.
For 0 <s <t let

or

-1 2 *
o(s)=F (F(gy)exp(—§]", 1 —5)),
which is the solution to the homogeneous heat system with data ¢, at time
t* —s. It is easy to show that for such a choice of ¢, (3.8) yields

(3.9)
3 ty /\ 2 s
=20 - (g7 - [Muts) Do as)

j=1
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432 M. E. SCHONBEK

For more details we refer the reader to [6]. By hypothesis

/\

§,&) = 8,00+ Vg, (0)-£+ Vg€, &) = Vg,BE, O).

Hence we only have to consider the terms in

Z — & /t i () gy

W

By Note A.4 (see Appendix) the last expression can be rewritten as

3
(3.10) i3 (8 - &8N / S & ()ds + ()

j=1 i,j=1
where |h(¢)] < K |é|2 with K depending only on the L?, W, norms of the

data, and ¢;,. The vector function /, = (l,i , l,f , 1,3) can be chosen so that the
components have the form

& -2
=130~ G A > s

i,j=1
From (3.9) and (3.10) it follows that

W&, t) =& L&, t)+m(E, 1)

with |1 (&, 2,)| < Kolé|?, and K, depends only on sup;|V>g(¢)|, the

Lz, LW2 norms of g and ¢,. Conditions (i), (ii), and (iv) of Theorem 3.2
follow trivially. To establish (iii) choose w; = (1/ ﬁ)(ei +e;) if a{ # 0 with
e; the ith element of the canonical basis of R’. If ﬂij #0

letw0=ejifj;£k or wy=e;ifi#k.

4. THE KEY THEOREM

The decay rates for L? norms of solutions to the heat equation are compared
to the decay rates of L* norms of solutions to the Navier-Stokes equations. It
is shown that if the upper bounds and lower bounds of decay rates of solutions
to the heat equation are of order (¢+ 1) ("/4+1/2) ' then the same rates are valid
for solutions to the Navier-Stokes equations stamng with the same data.

A formal argument is given for solutions in » dimensions, # > 2. The proof
is rigorous for n = 2. For n = 3, the rigorous results are less strong, since
they are obtained only under the supposition of the existence of a sequence
of approximate solutions (such as those constructed by Caffarelli, Kohn, and
Nirenberg [1]) which converge strongly in L2([0, 1] x R3) . Passing to the limit
a lower bound will be obtained for almost all 1. We expect that the result for
n = 3 can be improved. For n > 3 it is expected that the proof can be applied
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SOLUTIONS TO THE NAVIER-STOKES EQUATIONS 433

to the approximate solutions constructed by Kayikiya and Miyakawa [2] and
passing to the limit. The upper limits of the rates of decay are included for
completeness. The bounds for n = 2 were established by Wiegner in [6]. The
bounds for n = 3 were established in [5, 6].

The proof for the lower bound is based on an analysis of the Fourier trans-
form of the difference between the solutions to the heat equation and the Navier-
Stokes equations starting with the same data. The argument is by contradiction.

Theorem 4.1. Let u, € L'nW,nHR"), n=2,3. Let v be a solution to the
heat equation with data u,. Suppose

(4.1) Cy(1+ 0" < (e, 0 < C (14072,

For n=2 let u(-, t) be a solution to the Navier-Stokes equations with data u.
Then there exist constants M, and M, such that

(4.2) M,(1+ t)_("/z“) < u(-, t)[iz <M1+ t)_(”/2+l),

where M, and M, depend on C,, n, and the L' and L* norms of uy, and
M, depends also on C, and the W, norm of u.

For n = 3, the upper bound in (4.2) holds for all ¢ and the lower bound holds
for a.e. ¢, where u(x, t) is a Leray-Hopf solution in the sense of Caffarelli,
Kohn, and Nirenberg.

Proof.

Upper bound. See [35, 6].

Lower bound. We first present a proof that is rigorous for # = 2 and formal
for n > 3. We will indicate the modifications necessary to make the proof
rigorous for n = 3.

Outline of the proof. There are two cases to consider. Let 8 be a fixed
constant, which will be defined below. For n = 2 the cases are the following.

Case 1. Given ¢ there exists T > ¢ such that

< B\/FO .

T T
‘/0 /Rnlullz—luzlzdxdx < py/C, and /O/nuluzdxds

Case 2. There exists T}, such that for all ¢ > T,

t t
l/o /Rn[u1|2—|u2|2a’xds > py/C, or l/o /Rnqudeds

If n > 2 the two cases are slightly different.
Case 1". Given ¢ there exists T > ¢ such that

T
‘/ / > — |u,* dx ds
0 R”
T
//uiujdxds
0 n

> $,/C,.

< By Gy 1<i,j<n,

and
< By 1<i,j<n, i#].
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434 M. E. SCHONBEK

Case 2" . There exists T, such that for all 7 > T
t
l/ / = lu P dx ds
0o Jr"

> B4/C, for at least one pair i, j with i # j.

> B4/C, for at least one pair Z, j
or

uudxds
» J

Outlines of the proofs of Cases 1 and 2 are given first followed by a detailed
proof of each one.
Outline of Case 1. In this case an increasing sequence {r,}, r, =r1,(8),
r, — oo as m — oo, can be constructed such that
< By Gy

(4.3) :
/Om/Rn|u1|2—|u2|2dxds < B4/C, and /Om/Rnuluzdxds

Let w = v — u be the difference of the solution to the heat equation and the
solution to the Navier-Stokes equations with the same data u;. It will be shown
first that for ¢ sufficiently large

(4.4) lo(-, D2 < Ct+ 1)+ 0+ 1)),

where o = n/4+1/2, y > Zd, and C < C,/4. Briefly, inequality (4.4) is
obtained as follows. The difference w can be considered as a solution to an
inhomogeneous heat equation

w,=Aw+A4,

where 4 = —(uVu + Vp). Using the Fourier splitting method [4, 5], it follows
that the L* norm of w is bounded by three terms. Two of these terms come
from the inhomogeneous part and decrease at a faster rate than «. This faster
decay is a consequence of the terms either being cubic in (@, u) or involving
the gradient v, which improves the decay rate. The third term is the critical

one and has the form
[ 1o, or e,
S

where S(t) is a ball of radius (¢ + 1)_"/ ? and as such decays like (¢ + 1)
The hypothesis of Case 1 is used (or Case 1% if n > 2) to show that

(&, 0] < [28,/Co+ C1+1,) "] 18+ 00T,

where s > 2 and C2 is an appropriate constant. Hence

—n/2

/ 16, P dE < [88°C, +2C,(1+7,) "t + 1)" "V 4 0™,
S

where o > n/2+ 1. Here C, and C; depend on the L? and L' norms of
u,. Choosing g sufficiently small and r,, sufficiently large, (4.4) will yield for
12Ty, Ty=Ty(Jugl, 2, gl n, Gy, C))

|-, t)]iz < C0/4(z + 1)—(n/2+1).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



SOLUTIONS TO THE NAVIER-STOKES EQUATIONS 435

Hence the lower bound of |u(-, ¢)|,: follows for ¢ > T},. For ¢ < T, the bound
is a consequence of the decay of energy of u.

Outline of Case 2. Here we study the difference W = U — V where U =
u(x, t+T) with T > T, for some appropriate 7" and V' is the solution to the
heat equation

V,=AV,
Vix,0)=u(x,T).

By Theorems 3.2 and 2.1 and the hypothesis of Case 2 (or Case 2* if n > 2)
the L? norm of ¥ has the fqllowing upper and lower bounds:

CB,(t+ 1) "V < 1w, ) < K (1 +1)7HY

for some appropriate constant f, . Asin Case 1, W satisfies an inhomogeneous
heat equation. Again using the Fourier splitting method, the critical term to
bound is

| o az.
s(t)
Hypothesis of Case 2 yields
W&, 0l < T+ 17",
and as in Case 1, if 7 sufficiently large and ¢t > T, it will follow that

— _ _ C —(n
/ W&, O dx < C(T+ 1) " +1) ‘”/2+‘>5—‘f1 (t+ 1)
RIX

The details of the proof are given next. We give the proof for n =2;if n > 2
the hypotheses are given by Cases 1* and 2" and (3.5) needs to be modified
appropriately.

Detailed proofs of Cases 1 and 2 follow.

Proof of Case 1. Let {r, } be an increasing sequence such that (4.3) holds.
Let w = v — u be the difference between the solution to the heat equation and
the solution to the Navier-Stokes. Then

(4.5) w,=Aw— (uVu+Vp).
Multiplying (4.5) by @ and integrating in space yields, after some integration
by parts,
2
4 I—C—o—l—dx=—/ |Vw|2dx—/ (u—-v)uVudx — | wVpdx.
d[ R” 2 R” R” R”

Since divw = 0, the last integral vanishes. Moreover, since divu = 0,
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JuuVudx = 0. Hence

d 2 2 “ 9
a—t/Rn|w] a’x—Z/RnIVw| a’x—Z;/anjga—xi(uiuj)dx

n
2 é]
_2/11" V| dx+2}§=1/Rn(”iuf)8_xiv1dx

—z/ wwﬁ¢x+mew/|m%u,
R" R"

IA

where K = 2n. Using Plancherel’s theorem the last equality reads

& [oraes -2 [ jetior ag+ Kivol, [ uldx.
d t R" R" R"

an=&:ms(£%>m}

Splitting the frequency domain to sets S(z) and S(¢)°, arguments of previous
work done in [5], yields
(4.6)

i((t+1)4"/ |w|2dx) g(z+1)‘*”“[4/ |cb[2d{+K|Vv|oo/ |u|2dx}
dt R" S() R
—I,+1,.

Let

Consider first 7,. By Lemma 2.1
4.7 L<kCt: " '+ )" | |ufdx.
2 1 -

Recall that by the results of Wiegner [6] there is a constant C depending only
on the norms of the initial data such that

w22 < C(t+ 1) "D,
Since

wla: < C(t+1)7HD,
it follows that if C, = C + C, then

2 —(n/2+1

(4.8) u(-, D32 < Cy(t+ 1)~ 2D,
Hence by (4.8) and Lemma 2.1 there is a constant M such that for 1 > 1
(4.9) L<Mi+1)",

where M, = KC,C,. To bound integral I, the following estimates on ®(&, ¢)
are necessary. Taking the Fourier transform on the equations for the difference

yields
b, (&, 0+ EPdy = -uVu, -Vip=-H, k=1,2;
(£, 0) =0.
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For sake of notation, let w, = w, H, = H. Since

L &S
H=uVu-vVp= [Zf,ujuk ékzlélzj rJ:I

L,

it follows that ,
|H(E, )] < K& |u(-, 1)}
with K, = n(n+1). Hence for ¢ >r, , where r, will be chosen below,

2 t 2
&, )] < 1B, rle T + ke / e (e, s)lpads = T+ 1L
rm
Bound for 1. Hypothesis for Case 1 (Case 1* if n > 2) is used to show that

@(¢, r,,) is sufficiently small. Then r, is chosen so large that the decay of the
energy will imply that the coefficient of II is sufficiently small. Since r,, was

chosen so that ,
" 2 2
Uo /sz P dx| < 8,/C,
Rzuluzdxl <GB,

and

and by (3.5)

H(E, s)=i&- (éf (ag, — a%), 1 é; 12)+0(|¢|>

(Recall that if n > 2, H will be modified appropriately.) It follows that

(e, r,)0 < | "B, 9)1ds <28,/C e+ OGP,

Bound for 11. From (4.8)

t
1

1 —n/2

< mlﬁmcz(l +r,) <2n(l+r,) -n/2 c,ll.

Hence

I <(t+ 1)“”‘1/ [1+I1) d¢
S(t)

< 4n(t+ 1)“”“[4/32%2/ IE1° d& + 4n’(1 +rm)_"C22/ & dé&
S(t) S(1)

+f ouel, dé]

4n—1 nj2—1 (7/2)n—-3

<({+1) %(Hl)_ 0((t+1) ),

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



438 M. E. SCHONBEK

where we let f be so that 1684, = 1/16 with 4, = 27(2n)"”**'/(n+2) and

then choose r, so that Anl6n2(1 + rm)_"C22 < C,/16. Integrate (4.6) over
[1, 7] and use the bounds for I, and I, to obtain

(4.10) / |w(x, 1) dx < (t+ 1)“"’/ lo(x, D) dx + M(t+ 1)~
R" R"
C _
+ 20+ )"+ HOT.

Recall that
2 2 2 2
lo(x, D2 < lul-, D2 + v, D2 < 2upl;e.

Hence (4.10) implies
/ lw(x, ) dx < ?0( H~"*) 4 HO.T.
By (3.5)

_ ! 4n—1 4 —d4n
H.O.T. = [/O (s + 1) /Sm oy dedsr, | (1 + 1)

—(n+2) —4n

+M@+1) + 20ul7a(t+ 1)
-0

S Crs [Uglw, » Tuglprs gl )2+ 1) 7,

where ¢ > n/2+2. Hence for ¢t > T, with T, depending only on s (Ul s
gl 2 IuOIWZ ,and G,

/ lo(x, N dx < —ZQ(Z+1)_("/2+1).
Thus for ¢ > T

(e, B)] 2 = vl — |l 2 > \/Cof2( + 1)
If ¢t < T, then

—-n/2—-1

t+1 n/2+1 1 n/2+1
| =

2
[u(-, )]72 > |u(-, )ILz > C,/4 [T -
C -
> “ZO'(T + ) (n/2+1)(t+ 1) (n/2+1)
and this proves Case 1 since 7;, depends only on |uy|,:, |, , luOIW2 , n,and
C,.
0

The following auxiliary computations wil! be needed for Case 2.
1. Lower bound for «, . Recall from Theorems 2.1 and 3.2 that

a, =/ -1 (w) do,
jw]=1
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where
t t
l(w, 1) = (—i/o (@5/|w’) (@), — a3) ds , /0(1 - 20} /|0)a;, ds) :

0
a;; —/nuiujdx.

Hence
2

t t
Q= /lw|=1 a)fw; </(; a?l - a(z)z ds) +(1- wa)wi (/0 alzds) do.

Since by hypothesis of Case 2 for t > T,
"o 0 ! 2 2
/a”—azzds=// uy —uydxds > 4/C,,
0 0 JR"

¢ t
/a?zds=// uuydxds > p4/C,,
0 0o Jr"

0,2 B°Cy [ Dot +(1-200) 0ldo=pCy.

jol=1

2. Lower bound for the solution to heat equation V'(x, f) with data u(x, T}),
T, > T,, T, given by hypothesis of Case 2. By Theorems 2.1 and 3.2

al(é; T]) =é'11(€a T1)+h1(éa TI)
and |V(x, 1), satisfies for ¢ >J,, 6, = (6(T,))”" (where 46M,M, < a,),

it follows that

V(- 052 > gt +1)7"2,

where x, = ozla)ne_1 /2(n + 2). By the computations for «, it follows that
2 -1 :
o2 B Coro,e™ 2(n+2) =1,

Hence for ¢t > J = 4,(T))

(4.11) V(- )32 > x, (e + )"

b

and y, is independent of T .
Proof of Case 2. Let V' be the solution to the heat equation with data
V(x,0)=u(x, T)), for T, satisfying
(i) T,>T,, T, given by hypothesis of Case 2;
(il) 4n*C’(1+T)™" < x,4;'/8,
where y, is given by the auxiliary computations 1. The constant C is such
that [u(-, )2 < C(t+ 1) and 4, = 27(2n)"/**'/(n + 2). Thus by

Theorems 2.1 and 3.2 it follows that for ¢ > o, = (S(Tl)_l

—-(n/2+1) —(n/2+1)

(4.12) 2, (t+1) <V(, 02 <K (t+1) ,
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where K, depends on the L? norm of u, and y, depends on S and C,.
Note that x, is independent of T, but if 7| tends to infinity then the lower

bound of (4.12) is only valid for 1 > J, = J(T)—1 and 5(T1)_1 tends to infinity
as T, tends to infinity. Let

Ulx,t)=u(x,t+T)).

We study the difference W = V' — U . Here the hypothesis of Case 2 (Case 2" if
n > 2) together with the decay of energy of the solutions to Navier-Stokes will
imply that |W (-, t)| 2 <CE+1) (/2+1) with C sufficiently small. As in Case
1, W satisfies an inhomogeneous heat equation. The Fourier splitting method
will yield

(4.13)

4 [(r+1)4"/ |W|2a’x] <(t+ 1)4’"1/ |’W|2dg+1<|VV|oo/ u| dx .
dt R" S(t R"

The second term can be bounded as in Case 1 for 1 > 1
(4.14) K|VV|OO/ |UPdx < M(t+ 1"V,
Rn

To bound the first term note that the Fourier transform of the equation for W
yields
W+ EfW=-UVU-VP=H,

where P(x,t)=p(x,t+T,). As Before |HE, )] < K| |EUC, t)|iz;hence
|</|H ]ds<K1|e§|/ U(x, 5): ds

t+T, 2
=K1|é|/0 ju(x, s+ 1)) ds:K,|e:;/T e, )32 ds
t+T, 1 n/2+1 X 1 n/2
< CK ¢ /T L—H} ds < 2nC| [ ]

1+ T,
1 n/2
= 2nCL| (1+—T> :
1

Hence the first term in (4.13) can be bounded as follows:

(z+1)“”“/ |W|2d¢g4n2c2(1+T1)‘”(z+1)“"“/ &P de
S(t) S()

< %(H— 1)7/2n—2.

The last inequality follows by the choice of 7, made at the beginning of Case

2. Combining this last bound with (4.13) and (4.14) yields

jt {(z+1 / V4 dx] < ’;‘ (t+ 1) e Mm@+ 1)V,
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Integrating over [4,, f] gives

/ W dx < %(l+ DT M+ 1)‘"‘2+/ \W(x, 8 dx(t+1)7".
R” R"

Note that
/|W(x,(51)]2dx§/ |V(x,0)]2dx+/ U(x, 0)]> dx
R” R R"

< 2/|u(x, T)[ dx < 2/1u0(x)|2dx-

Hence

(4.15) / W dx < %(r + 1)V L HOT.
Rﬂ

for ¢ large enough. That is for ¢ > max( 1, T,), where
T, = T)(luglyr s lugly2> vy ap, 6,5 By Gp)
The last inequality combined with (4.11) yields

UG, Ol 2 V(- Ol = WE, 0l 2 (1= 172) /75 e+ 1)~ D2,
hence for t > T, =T, + T,
lu(-, ]2 > @(H_ 1)—(n/2+1)/2‘
For ¢ < T, the decay of energy of u yields
—(n/2+1).

Xl tt 1+t ]n/2+1

3 2
. > . >
Iu( » l)le = lll( > T3)1L2 =4 |1+ T3

(1+1)

Thus for Case 2 let M, = (x,/4)(T, + 1)""/**") and the lower bound follows.
In order to give the formal argument when »n = 3, the hypotheses needed are
given by Case 2" and (3.5) has to be modified adequately.

In order to make the proof rigorous for n = 3, apply the formal proof with
appropriate modifications to the subsequence u; of appropriate solutions that
converges strongly in LIZOC(R + xR"™). For n > 3, a similar argument should work
if applied to the approximate solutions constructed by Kayikiya and Miyakawa.
Let n = 3. Let us recall that the approximation solutions u; constructed by
Caffarelli, Kohn, and Nirenberg satisfy

u,+y;Vu+Vp =Au,
divu =0,
ux,0 =g,

where y; = 6_4y/*ﬁ and

weC™, v >0, //y/dxdtzl,

suppwc{(x,z):|x|2<t, 1<t<2},
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andlet D=R>x (0, T),
_ { ux,t) (x,1)eD,
Uu =
0 otherwise.

Suppose that u; is a subsequence that converges strongly to u in LIZOC(D) where
u is a Leray-Hopf solution of Navier-Stokes equations. The steps to show that
the approximate solutions satisfy

lug(-, )2 < My(t+ 1)

are obtained combining the arguments of [5] with the formal proof. The lower
bound for the limiting Leray-Hopf solution u(x, t) follows, a.e. in ¢, taking
the limit as § — 0. The details are omitted.

—(n/2+1)

5. THE LOWER BOUNDS

The results obtained in the previous sections are combined to establish the
lower bounds for the rates of decay for solutions to the Navier-Stokes equations
in two and three spatial dimensions.

Theorem 5.1. Let u, € L' N H(R"), n=2. Then
(1) If 2(0) = fu(x, t)dx = [u(x)dx # 0, then there exist constants C, and
C, depending only on L' and

Cyt+ 1)

If the average [u(x,t)dx = [u(x)dx = O then there are three cases to con-
sider.

(ii) Let uy, € Wy nW,. Suppose that &,(S) has a zero of order one at the
origin; then there exist constants C, and C, such that

Ct+ )™ <qu(, 0l < Gyt +1)"WHY,

< fu(-, D2 < Cyt+ 1),

The constants depend only on the L? , W\, and W, norms of the data.
(iii) Suppose that u, € H "nMn W,. If @({) has a zero at the origin of
order greater than one, then there exist constants C,, C, such that
Clt+ 1) < u(, )7 < Gyt + 172,
where C, depends only on the L' and L* norms of u, and C; depends on the
L', L2, H', W, norms of the data and

O‘:/Rzlul —[u2| dx or B= /uu2dx

Proof.

Upper bound. Case (1). See [5]. Cases (ii), (iii) follow from Theorems 2.1,
3.2, 3.3 and the decay rates for the difference @ between the solution to the
heat equation and the solution to the Navier-Stokes equation obtained by
Wiegner [6].

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



SOLUTIONS TO THE NAVIER-STOKES EQUATIONS 443

Lower bound. Case (i). The proof can be found in [5, Theorem (4.2)]. There
are a few simple modifications.

1. The more restrictive hypothesis of Theorem (4.2) [5], |&#(&)] # O for
|| < 8, can be deduced from (0) # 0, since u, € L' implies 2 € C".

2. The necessary upper bounds for @ when # =2 can be found in [6].

Case (ii). Follows from Theorems 2.1, 3.1, and 4.1.

Case (iii). Follows from Theorems 2.1, 3.2, and 4.1.

Theorem 5.2. Let u, € L'nHR"), n=3. Let u(x, t) be a suitable Leray-
Hopf solution in the sense of Caffarelli, Kohn, and Nirenberg and the lower bound
holds for almost all t. Then (i) and (ii) of Theorem 5.1 hold, where the upper
bound is for all t and the lower bound is for a.e. t.

(iii) If there exists t, such that u € Mfo and also uy, € W,, then

Cot+ )™ <qul, 0 < Ce+ 1),

where C, depends only on the L' and L* norms of the data and Cg depends
on the L' , LZ, W, norms of the data and a; = aj.(to, 3) and /J’j = ﬂ;(to, 3),
1
J
Proof.

Upper bound. See Theorem 5.1, apply proof to approximation solutions, and
pass to the limit.

Lower bound. Cases (i), (ii). Same steps as in Theorem 5.1 applied to special
subsequence of approximate solutions, which is supposed to exist by hypothesis
and pass to limit. Bound will be valid for a.e. .

Case (iii). Follows from Theorems 2.1, 3.3, and 4.1 applied to special se-
quence of approximate solutions existing by hypothesis and pass to the limit.
The bound will hold for almost all .

where o, and ﬂ; were defined in Theorem 3.

We expect that Theorems 5.1 and 5.2 can be extended to n dimensions for all
n > 4 using the approximate solutions constructed by Kayikiya and Miyakawa.
The hypothesis on the data u, € M* for n = 2 is optimal as the following
example shows. In three dimensions we expect that the condition u € Mfo (R3 )
is necessary but we have not found an example where the lower bound fails if
uce MIO(R3 ). The example in two dimensions we will present was suggested by
A. Majda.
Example 5.3. Exponentially decaying vorticity in 2 spatial dimensions with data
U, € M.
Let u(x, t) be a solution to the 2D Navier-Stokes equation with radial vor-
ticity. Suppose also that u, € M N L'nL? is such that curl U, = w, satisfies
(i) wyeL,
(i) VugeL',
(i) @(&) =0 for |¢] <J, some § > 0.
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Then ,
(5.1 ux,t) = <_x2/; >/o sw(s)ds, r2=x12+x22,

x,/r

where w is the vorticity. Here uy(x) = u(x,0) e M (R2 ), since
2 2
/Rzul(x, 0)dx = /RZ uy(x, 0)dx

and

/2 W(x, 0)ul(x, 0)dx = 0

R
The vorticity equation is reduced to

w, = Aw,

(x|, 0) = w(x, 0) = wy(r).

The term u - Vw is zero, since the vorticity is radial. By (iii) follows

/Rz lw(x, 1)2|dx = / [@(&, l)|2 dé = /2 'Cbo(f)|2e_m tdf
= t/ 163, | dc.

. We only give an outline for the estimate

/Rz jul> dx < Cyexp(~C,1).

2
Hence [Cz)!iz < ke I

We use the explicit form of u and the decay of |w|,. . This estimate will follow
from the explicit form of #, v and the decay of |w,:.
By the Jensen inequality and (5.1) it follows that

r r 2n
|u[2+|v|2§i /sa)ds S/ s* 251—55——/ /sa) ds
r* \Jo 0 rT2n
2
—1—/ Iw|2dx_<_C0e— )
T JR?

hence
lul, +[v], < Cexp(=6°1/2).

The L? decay of u will follow from a time dependent L' estimate, more
precisely from

lu(-, | < Ct,
where C depends on L , L? norms of u and w and also on the L' norm of
V.
APPENDIX

Proposition A.1. Let u, € H (Rz) NW,. Then if u is a solution of Navier-Stokes

with data u,

where a;; = uu; and C(t) depends on |uy|,: .
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Proof.
2
(A1) 18, a,,(&. 1) < /R | 1 dx < /R 1, | | dx

Hence we need to bound [ |x| Iul2 dx in terms of the initial data. Multiply
the Navier-Stokes equation by |x, |u ; and integrate in space. We do it compo-
nentwise and sum

(A.2)
4 |x Juu.dx=—-[ |x|u Zuaudx
dt Jgo kY gk 2 O,
_/R2 |xk]ujc’)jpdx+Z/R2 x, |u;0,u; dx
s
=1+1I+1III;

1 . 2 1 2, 1 4
= = U < = -
=5 E,- /Rzmgnxkulujdx_ 2/112 |ul +2/Rz|u|

1 2 1 2
< Z —
—2/Rz|”’ +2/RZIV”' ’

where | |u|4 follows by Ladyzenkaya [3, Lemma 7].
For the second term it is convenient to bound the sum of all the terms and
use that u is divergent free:

(A.4)

(A.3)

Yus [ IsienCe)l1u ] Ip|dx

s/ |u|2+/ Iplzs/ |u|2+4/ lul“s/ iu12+/ Vu.
R? R? R? R? R? R?

The bound on p above follows by recalling that the pressure satisfies an ellip-
tic equation, which is obtained by taking the divergence of the Navier-Stokes

equation,
2
15}
A - uu.,;
P T ox,0x, '/
hence £
L 5
P
ij
and

54/ u*dx < 8/ Vi) dx.
R? R?
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Finally III is estimated as follows:

111 = Z/RZ sign(x; Ju;0u; dx — /RZ 1| |Vuj|2 dx
N

53/ |u|2dx+/ Vil dx .
R’ R’

Hence integrating over [0, ¢] (A.2) and combining (A.1), (A.2), (A.3), (A.4),
and (A.6)

10, a,,(&, )] < /R 1, | | dx

t t
gc(// |u|2dxds+// |Vu|2dxds)+/ PAITNG
0 JR? 0 JR? R’
2 2
5C(t+1)/RZ|u0| dx+/Rz 1, g dx

where C <40.

Lemma A.2. Let u, = (u(l), u(z)) e M NH'RY. Let o = Jr? |u(1)[2 - lué|2 dx #
0. There then exists t, such that if u(x, t) is a solution to the Navier-Stokes
equation with data u,

(A.6)

./OT/I;Z |, | = u,|* dx a’t‘ > (a/2)T

Jorall T <t,, t, depending only on the H ' norm of U,
Proof. W.l.0.g. suppose that o > 0. If not take

2,2 1,2
a=/RZ 2P — i dx.
Let
2 2
F(1) =/2|u1| - |u,|"dx.
R
The following estimate is needed.

d 2
ZF(z)l < C/Rz Vil dx .

The last estimate follows from multiplying the equation for the first component
of Navier-Stokes by u,, the second by u,, and integrating in space. Hence

d
‘EF(I)I < l/nz u, ;u,ﬁiul —u,0,p+uAu;dx

_ /R2 u, Z u;0,u, — u,0,p + u,Au, dxl .
1
Thus from (A.S)

‘im)‘ §2n/ |Vu|2dx+/ u* dx .
dt R2 R?
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By Lemma (7) in [3] it follows that if |u(x, t)] — 0 as |x| — oo,

/2|u|4dx 52/2|Vu|2dx/2|u|2dx < C/2|Vu|2dx
R R R R

with C =4nC,, C, = |u0|iz . Recall that solutions to the Navier-Stokes equa-
tions in two spatial dimensions satisfy

/qu]za’xs/ [Vu0|2dx.
R’ R’

The last inequality follows from the special relation between the partial differ-
entials of the components of the gradient. This relation is a consequence of the
solution being divergence free. By the mean value theorem it follows that

|F(t)— F(0)| < |F'(§)|t < Ct/ |Vu|2(§) dx < Ct/ quolzdx.
R? R?

Thus F(t) > F(0) - Ct, where C, = C [ |VuO[2 dx . Integrating over [0, T]
yields

T
/ F(t)dt > F(0)T - C,T"/2
0
and for any T < F(0)/2C, it follows that
T
/ F(t)ydt> F(0)T/2.
0

Let ¢, = F(0)/2C, , and the lemma follows.

Lemma A.3. Let u, = (u(l), u(z)) e NNH'. Let a = Jar o, dx # 0. Then
there exists t, > 0 such that

T
/ /’uouldx'Za/2T
0o JR

Jorall T <t,, t, depending only on the H ' norms of uy.

Proof. W.l.o.g. suppose a > 0. Following the lines of the proof for Lemma
A.2 we only need to show that

d 2
lEG(t)l < C/Rz Vu, dx,

where

G(t)=/ Ugt, dx.
RZ
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Note that
4a
dt

IA

G(t)‘ VRZ UyUy, + Uy Uy dx‘

}—/RzulXi:uiaiuza'x—/RZ ulazpdx-%/RzulAuzdx
_/R2 uzZuiGiuldx—/Rz 142(91pdx+/R2 uZAulde
i

gc(/ |u|"dx+/ |Au|2dx+/ |p|4dx>
RZ RZ R2

and from the observation in the previous lemma it follows that last term is
bounded by the L? norm of the gradient of u and hence

< c/ Vgl dx.
RZ

20

And the proof now is the same as for Lemma A.2.

Note A.4. We recall that in Lemma (8.2) [1], Caffarelli, Kohn, and Nirenberg
showed that for a suitable Leray-Hopf solution for almost all ¢

[ e, ol dx < o)
R
with A(f) depending only on the L* and W, norms of the data. Let
a e —
A= {t : 18—éuiuj(§, B < A(t)} ,

where u = (u,, u,, u;) is a suitable Leray-Hopf solution to Navier-Stokes. By
Lemma 8.2 [1] such a set is nonempty. Moreover, 4 can be chosen so that
m(A4°) = 0. With the notation a;, = I, , aj;(1) = Zu,0,1) iff 1€ 4

a,’j(éa )= a?j(l) +&- Véa,'j(z’ 7).
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