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Abstract. We consider smooth (not necessarily invertible) maps of
Hilbert spaces preserving ergodic Borel probability measures, and prove
the existence of hyperbolic periodic orbits and horseshoes in the absence
of zero Lyapunov exponents. These results extend Katok’s work on diffe-
omorphisms of compact manifolds to infinite dimensions, with potential
applications to some classes of periodically forced PDEs.

1. Introduction

For finite-dimensional dynamical systems, there is a fairly well-developed
smooth ergodic theory. We focus here on the theory of nonuniformly hyperbolic
systems, see e.g. [3,6,11-14]. The body of results contained in these and other
papers' provides a firm foundation for understanding chaotic phenomena on
a theoretical level. The present paper is a step in a program to extend these
results to infinite dimensions, so they can be applied, among other things, to
systems defined by evolutionary PDEs.

Central to nonuniform hyperbolic theory is the idea of Lyapunov expo-
nents, which measure the infinitesimal rates at which nearby orbits diverge.
Given a diffeomorphism of a finite-dimensional manifold, almost everywhere
with respect to an invariant measure there is a decomposition of the tangent
space into an expanding, a neutral and a contracting subspace corresponding
to positive, zero and negative Lyapunov exponents. In infinite dimensions, this
decomposition continues to make sense provided the system is asymptotically
contracting in all but a finite number of directions. (This is not a requirement
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for uniform hyperbolicity.) The systems we consider will be assumed to have
this property.

The purpose of the present paper is to generalize the results of Katok
[3] to mappings of Hilbert spaces. Katok’s results assert the following: Let f
be a C? diffeomorphism of a compact Riemannian manifold, and let i be an
f-invariant Borel probability measure. Assume that (f, ;) has nonzero Lyapu-
nov exponents and positive metric entropy. Then horseshoes are present, imply-
ing in particular an abundance of hyperbolic periodic points. Katok’s results
were proved for diffeomorphisms of compact manifolds. In this paper, we
extend these results to mappings of Hilbert spaces without any assumptions on
the invertibility of f or its Fréchet derivative D f,. Our main results are stated
as Theorems A—D in Sect. 2. Along the way we make a point of isolating and
properly formulating for future use a number of basic facts which we extend
to infinite dimensions.

In the paragraphs to follow, we will review previously known results, elab-
orate on the facts alluded to at the end of the last paragraph, and discuss what
Theorems A-D will and will not tell us about systems defined by evolutionary
PDEs.

1.1. Previously Known Results in Ergodic Theory of Infinite-Dimensional
Systems

On the infinitesimal level, i.e. with regard to the asymptotic properties of D f7,
generalizations of Oseledets’ Multiplicative Ergodic Theorem [11] to cocycles
of linear maps of Hilbert and Banach spaces have been known for some time:
a version of this result for compact operators of Hilbert spaces was proved
n [15]; Banach space operators permitting nontrivial essential spectra were
treated in [7,10,18]. These results are cited without proof in the present paper
as Theorem 1 (see Sect. 3.1).

Turning to local results, i.e. dynamical properties in neighborhoods of
typical orbits, the existence of local stable and unstable manifolds was proved
for Hilbert and Banach space maps in e.g. [7,15]. These results also follow
from Propositions 5 and 6 of the present paper and are stated as Corollary 7
in Sect. 5.1, but they are not the reason for our work in Sect. 5 nor do we
claim priority for them.

On a more nonlocal level, we know of few results. Closer to the work dis-
cussed here are [18], which contains, among other things, an entropy inequality,
and [9], which proves the existence of SRB measures in a special situation.

1.2. Techniques Borrowed from Finite-Dimensional Hyperbolic Theory

Our main results are stated in Sect. 2. We do not repeat them here, but would
like instead to mention two sets of techniques used in the proofs of Theo-
rems A-D that are of a foundational nature and are certain to be useful in
future works.

1. Lyapunov charts. In nonuniform hyperbolic theory, it simplifies the esti-
mates greatly to work in coordinates in which the values of Lyapunov
exponents, which are by definition asymptotic quantities, are reflected
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in single iterations of the map. In finite dimensions, such coordinates
were introduced in [12] and are known as Lyapunov charts. These point-
dependent changes of coordinates were used extensively in [3,6] and in a
number of subsequent papers. Infinite-dimensional versions of Lyapunov
charts had not been introduced before; their construction is carried out
in Sect. 3.2.

2. Exploiting uniform hyperbolicity on moninvariant sets. In nonuniform-
ly hyperbolic systems, there are, by definition, positive measure sets on
which hyperbolic estimates are uniform. These sets are, in general, not
invariant, and one’s ability to effectively exploit the uniform hyperbo-
licity on such sets is key to success. Ideas of this type have been used
extensively in virtually all papers in the subject in finite dimensions. In
Sects. 5 and 6, we isolate and extend to infinite dimensions some of the
relevant estimates.

Tempting as it may be at times, one must not pass from finite to infinite
dimensions casually: even when the statements turn out not to be very dif-
ferent, many parts of the proofs often need to be reworked. Noninvertibility
of the map, as manifested in the absence of inverse images for many phase
points, infinitely large contractions, and the lack of local compactness in the
phase space—these are some of the issues one has to contend with.

1.3. Application to Systems Defined by PDEs

While infinite-dimensional dynamical systems are interesting in their own
right, the main applications we have in mind are to certain evolutionary PDEs,
and the conditions in Sect. 2 are tailored to this application. Specifically, the
setting of this paper is consistent with those of systems defined by dissipative
parabolic PDEs, such as reaction-diffusion type equations including the (2D)
Navier—Stokes equations. In a program to extend finite-dimensional hyperbolic
theory to infinite dimensions, it is natural to begin with systems of this kind,
for they have attractors that are finite dimensional in character (even though
these attractors do not live in any finite-dimensional space). For our results
to be applicable, we add a periodic forcing to the equations above. This is
necessary because the main dynamical assumption in this paper, namely the
absence of zero Lyapunov exponents, is violated by time-t maps of semiflows
arising from time-independent equations.

The time-independent case is treated in a forthcoming paper [8], which
builds upon the present work and proves results analogous to Theorems A-D
for semiflows on Hilbert spaces under the assumption that the system has at
most one zero Lyapunov exponent.

Having asserted that our results are potentially applicable to systems
defined by PDEs of certain types, we must now clarify the nature of this appli-
cation: Theorems A-D are dynamical systems results. As with most results
from nonuniform hyperbolic theory, they are intended to help build a concep-
tual picture, to describe the qualitative behaviors of “typical” solutions once
certain conditions are met. They offer no concrete information or estimate on
any specific equation or specific solutions of any equation, as analytical results
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for PDEs often do. A case in point: Assuming the absence of zero Lyapu-
nov exponents, Theorem D says that dynamical complexity (in the sense of
entropy) implies the existence of infinitely many periodic solutions, and The-
orem C compares the diversity of time evolutions to the flipping of a coin.
Checking the no-zero-exponent and positive-entropy conditions for a specific
invariant measure of a concrete PDE is difficult if not impossible, yet these
results paint a qualitative picture—they contribute to an improved under-
standing on a theoretical level—for a very large class of equations.

2. Setting and Results

2.1. Setting

In this paper, (H, < -, >) is a separable Hilbert space with norm |- |. We
consider a C? map f : H — H, and let Df, denote the Fréchet derivative of f
at . Let A C H be a compact subset. The following are assumed throughout:

(D1) f(A) = A, and f is one-to-one in a neighborhood of A;

(D2) Forall z € A, Df, is (i) injective, and (ii) compact;

(D3) s an ergodic f-invariant Borel probability measure on A. All of our
results are in fact valid with (D2)(ii) replaced by:

(D2) (ii’) For all z € A,
1
K(z):= lim —logko(Dfy) <0
n—oo N

where for an operator 7', ko(T") is the Kuratowski measure of noncom-
pactness of T

Recall that ko(T) is defined to be the infimum of the set of numbers
r > 0 where T'(B), B being the unit ball, can be covered by a finite number of
balls of radius r. Since ko (T} 0 Tz) < ko(T1)ko(T3), the limit in the definition
of k(z) is well defined by subadditivity.

2.2. Results

Under the conditions above, positive and zero Lyapunov exponents of (f, )
are well defined, see Sect. 3.1.

Theorem A. Assume (f,u) has no Lyapunov exponents > 0. Then p is sup-
ported on a stable periodic orbit.

In this paper, a stable periodic point is one that is linearly stable in a
strict sense, meaning if fP(z) = x, then the spectrum of D fP is contained in
{]z| < 1}. Likewise, by an unstable periodic point, we refer to one that is line-
arly unstable in a strict sense, meaning the spectrum of D fP meets {|z] > 1}.

Theorem B. If (f, ) has no zero Lyapunov exponents, then one of the follow-
ing holds:

(a) p is supported on a single periodic orbit, stable or unstable; or
(b) w is supported on the closure of a set of infinitely many unstable periodic
orbits.
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Our next result gives conditions that imply the existence of a complex
dynamical structure called a horseshoe.

Horseshoes in Infinite-Dimensional Spaces. Since f is generally not invertible,
we think it is natural to have a notion of horseshoes that involves only forward
time in addition to the usual definition in finite dimensions. Let k € Z*. We
say o : IIg°{1, ..., k} — TIg°{1,..., k} is a one-sided full shift on & symbols if
for a = (ag,a1,as2,...) € IP{1,...,k},0(a) = (a1,az,...). The correspond-
ing two-sided full shift on II>° _{1,...,k} is defined similarly. We also let D
be the open unit disk in a separable Hilbert space, and let Emb! (D, H) be the
space of C''-embeddings of D into H.

We say f has a forward-invariant horseshoes with k symbols if there is
a continuous map V¥ : TI¥{1,...,k} — Emb'(D,H) such that for each a €
{1, ...k},

(i) T(a)(D) is a stable manifold of finite codimension,
(ii)  f(¥(a)(D)) C ¥(o(a))(D).
We sometimes refer to U, ¥ (a)(D) as “the horseshoe”.

We say f has a bi-invariant horseshoe with k symbols if there is a contin-
uous embedding ¥ : 1I1°_{1,...,k} — H such that if Q = ¥(II1>°_{1,...,k}),
then
(i) flq is one-to-one and is conjugate to o;

(ii)  f|q is uniformly hyperbolic.
We sometimes refer to the set Q as “the horseshoe”.

By the uniformly hyperbolicity of f|Q, we refer to the fact that there is
a splitting of the tangent space of x € Q into E*(x) ® E*(x) such that E*(x)
and E*(z) vary continuously with z, Df,(E%(z)) = E“(fz), Df.(E*(z)) C
E$(fz), and there exist N € Z™ and x > 1 such that for all z € Q,
|DfN Byl < x~!and [DfN(v)| > x|v| for all v € E%(x).

Let h,(f) denote the metric entropy of f with respect to p, and hop(-)
the topological entropy of a map. Recall that if ¢ is the full shift on k& symbols,
then hiop (o) = logk.

Theorem C. Suppose h,(f) > 0 and (f, ) has no zero Lyapunov exponents.
Then given € > 0, there exist m,n € Z* with

1
ﬁlogm > h,(f)—e¢

such that the map f™ has both forward-invariant and bi-invariant horseshoes
with m symbols. This implies in particular that heop(fla) > hu(f) — € where

Q is the bi-invariant horseshoe for f* and ! = U5 Q).
For E C H, we use |E| to denote the cardinality of E.

Theorem D. Suppose h,(f) > 0 and (f, 1) has no zero Lyapunov exponents.
Forn e Z*, let P,(f) ={x € H: f"(z) = x}. Then

timsup =~ log | Pa ()] 2 ().

n—oo
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Theorem D follows immediately from Theorem C together with the fact
that |P,(c)| = k™ where o is the full shift on k& symbols.

Remark. As discussed in the Introduction, for diffeomorphisms of compact
(finite-dimensional) manifolds, the theorems above were first proved by Katok
[3]. (The analog of Theorem C in [3] asserts only that hyop(f™]q) > 0, but the
conclusion of Theorem C is easily deduced from the arguments in that paper.)

Remarks on Applications to Systems Defined by PDFEs. The setting above is
consistent with those of systems defined by periodically driven nonlinear dissi-
pative parabolic PDEs. Let {f*,¢ > 0} denote the family of time-¢ maps of such
a system, i.e. f'(ug) = u(t), where u(t) is the solution with w(0) = ug. Assum-
ing the forcing has time-period T, the evolution of the system is captured by
iterating f7, which we take to be the mapping f in this paper. Choosing our
function space appropriately, we may assume that f maps a Hilbert space H
into itself and is C” for r > 2. It is well known that many equations of the type
above have absorbing balls and compact attracting sets; we assume the set A
at the beginning of this section is the attractor or is contained in one. Injec-
tivity of f (and of D f,) is the backward uniqueness property; it and condition
(D2)(ii) or (ii’) are typically satisfied for parabolic equations. These issues
are discussed in e.g. [4,16,17]. With regard to our dynamical assumption of
nonzero Lyapunov exponents, this is what causes us to consider systems that
are periodically forced: PDEs with time-independent coefficients give rise to
semiflows with zero Lyapunov exponents (see our forthcoming paper [8]), but
there is no such constraint for time-7" maps of periodically forced systems with
forcing period 7T'. Finally, periodic orbits of f = fT (the existence of which
is asserted in Theorems A-D) correspond to periodic solutions of the original
continuous-time system.

3. Lyapunov Exponents and Lyapunov Charts
3.1. The Multiplicative Ergodic Theorem (Mostly Review)

The multiplicative ergodic theorem (MET) for finite-dimensional maps or
matrix-valued cocycles was first proved by Oseledets [11]. This result has since
been generalized, with the matrices in Oseledets’ theorem replaced by linear
maps of Hilbert and Banach spaces, see [7,10,15,18]. We state below a version
that will be used in this paper. It is a simplified version, in which one distin-
guishes only between Lyapunov exponents of different signs, i.e. positive, zero,
or negative.

Theorem 1 (Version of MET used in this paper). Let (f,u) be as in Sect. 2.1.
Then there is an invariant Borel subset T' C A with u(T') = 1 and a number
Ao > 0 such that for every x € T', there is a splitting of the tangent space H,
at x into

H, = E%(z) ® E°(z) ® E°(x)

(some of these factors may be trivial) with the following properties:
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1. (a) forT=wu,c,s,2— E7(x) is Borel;
(b) dimE7(z) < oo for T =wu,c;
(¢) DfyE™(x)=E"(fz) for T =wu,c, and Df,E*(z) C E*(fz).
2. Forwu € E™(xz), T = u,c, and n > 0, there is a unique v € E™(f "x),
denoted D f ", such that Df}‘,nmv =u.?
(a) Forue E"(x)\{0},

o1 n
nEI:iI:loo - log |Dfrul > Ao.
(b) Forue E°(x)\{0},
o1 n
nBI:iI:loo - log |Dfru| = 0.

(¢) Forwue E(x)\{0},

1
limsup — log || D f)}

n—oo T

Es(;c)H § *)\0.

3. The projections ¥, wl, s with respect to the splitting H, = E“(z) ®
E¢(x)® E*(x) are Borel, and if for closed subspaces E, F C H, we define

|u A v

)

£L(E,F) =inf { }

[ullvl J yem (o} ,ve {0}
then for (E,F) = (E",E°), (E°, E®),(E“, E° @ E®) and (E* ¢ E°, E®),
we have

: 1 n n
Timlog £(B(f"(2), F(f" () =0
Clarification. The decomposition into E*@® E°@® E° as well as the finite dimen-
sionality of E* and E° depends crucially on condition (D2)(ii) or (D2)(ii’) in
Sect. 2.1 and on the invertibility of f|4a : A — A. We elaborate on these
important points:

1. Since p is ergodic, there exists & < 0 such that x(z) = Ru-a.e. It is
proved that for every € > 0, there are at most finitely many Lyapunov
exponents > k+¢, each with finite-dimensional associated subspaces. For
more detail, see e.g. [7].

Lyapunov exponents < g are undefined; all one can say is that there is a closed
subspace on which the norm of Df}' grows at rate k. In infinite dimensions, &
can be > —oo, and this subspace can, in general, be all of H (whereas in finite
dimensions, kK = —oo, with the associated subspace being trivial in the case of
diffeomorphisms).

In this paper, (D2)(ii) implies & = —oco, and (D2)(ii’) implies & < 0. The
latter is both necessary and sufficient for our purposes, namely to distinguish
between positive, zero and negative Lyapunov exponents, to conclude that

2 Throughout this paper, “u” is used both to denote the unstable direction, as in E*, and

as the generic name for a vector in H. We apologize for the abuse of notation but do not
think it will lead to confusion.
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positive and zero exponents have at most finite multiplicities, and to have a
well defined contracting subspace E*.

2. Decompositions of the type H, = E*(x) ® E°(z) ® E*(z) relies on knowl-
edge of backward orbits of f, without which one can get only a filtration
of the form E*® C E° C H. Invertibility for f on H is not required.

Thus, the condition in Theorem A is E* = E° = {0}, the condition in
Theorem B is E¢ = {0}, and so on.

3.2. Lyapunov Metrics

Lyapunov exponents are, by definition, asymptotic quantities. It simplifies the
proofs greatly to work in coordinates in which these values are reflected in a
single iteration of the map. In finite dimensions, Lyapunov metrics were intro-
duced for that purpose. These metrics were first used in [12] and later in e.g.
[3,6], see also the exposition in [19]. In this section, we carry out the corre-
sponding constructions in Hilbert spaces. The adaptation is straightforward,
but we include it for completeness, since the coordinate changes (or chart
systems) constructed here will be used heavily in the rest of the paper.

Let dg be such that 0 < dg < ﬁ/\o- This number denotes an accepted
margin of error for the Lyapunov exponents and will be fixed throughout.
There is another number, called d, on which our chart system will depend: §
is a measure of the nonlinearity in charts and variation of chart sizes along
orbits (for simplicity we group these two into a single constant). We will need
this number to be small enough depending on the purpose at hand, and will
specify conditions on ¢ each time a chart system is used.

Let A = A\g — 209. We begin with the following point-dependent changes
of inner products. Recall that the (original) inner product and norm on H are
denoted by < -,- > and | - |.

Lemma 2. For p-a.e. x, there is an inner product < -,- > on H, with induced
norm | - |, such that
(1) [Dfrul, > eMul’, for all u € E%(x).
(i) e 20o|ul, < |D fruly, < e?0|ul’ for all u € E°(x).
(iif) |Dfzul}, < e Mull, for all u € E*(z).
) Identifying H, with H, the function x —< u,v >’ is Borel for any fized
u,v € H.
(v) For allp € H,,

V3

Il ply, < K(x)|p|

for some Borel function K with

.1 noy
hrﬂrzl ﬁlogK(f x)=0.

n— oo
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Proof. For x € T, define < -,- >/, by

0 <Dflu,Dfrv> u
Yine—oo ~epiigmty— for u,v € E(a),
Dflu, DT
S EeEe e B,
Suv = TN e (1)
%) u,Dflv
ne0 antagio  for u,v € Ef(z),
0 for u € E™(x),v € E™(x), 71 # To.

(i)—(iii) follow from straightforward computations using the definitions above,
and (iv) follows Lemma 1. Part of (v) is also immediate: Let p = u + w + v
where u € E%(z),w € E°(x) and v € E*(x). Then

P < 3(Jul? + [w]* + [vl*) < 3{(Jul})* + (lwlz)* + (Jv]2)*} = 3(Ipl2)*.

It remains to bound [p|, above by a quantity related to |p|.
By 2(a)—(c) of Theorem 1, there is a Borel function R(x) > 1 with

1
nEr:Eoo - log R(f"x) =0
such that for u,w,v as above,
|Df"u| < R(x)e™ ™ PMo=%)|y| for n >0,
(R(z)el™®)tw| < |Dfrw| < R(z)e™%|w| forn € Z,
|Df | < R(z)e o= |y|  forn > 0.
Thus,
0 0

e _ |Dfyul? (R(z)erPo=®)ul)>  R(z)* .,
(Jul)? = > “2n(e—200) = > c2n(Ro—250) =T o=z U
n=—o00 n=—o00

)

with similar estimates for w and v. Also, we have

u+w+ > > 0(z)*(|ul]* + |w|* + |v]*)
where 6(z) = 1L(E"(z), E(z)) - £(E°(z), E*(z)). From these two sets of
inequalities, we deduce that

R(z)2(1 4 e=200)
o)1 — e 2)

The function K (z) defined by the inequality above inherits its subexponential
growth property from R and 6. O

(\u+w+fu|'$)2 < lu + w4+ v|%.

We introduce next a family of point-dependent coordinate changes {®, }
where for each z,®, is an affine map taking a neighborhood of 0 in H to a
neighborhood of z in H. Noting that the dimensions of E* and E° and the
codimension of E* are constant u-a.e., we fix orthogonal subspaces E* E¢ and
E* of H such that dim E* = dim E%, dim E¢ = dim E° and codim E* = codim
FE%. For a.e. x, we let L, : H, — H be such that
(i) L.(E"(z))=E7, T =u,c,s; and
(ii) < Lyu,Lyv > = <wu,v >} forall u,v € H,.
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Such a linear map exists and can be chosen to vary measurably with respect
to z (see e.g. [2]). For r > 0, let B(0,7) = B*(0,7) x B¢(0,r) x B*(0,r) where
B7(0,7) is the ball of radius r centered at 0 in E7. The coordinate patches
{®,} are then given by

®, : B(0,6l(x)"Y) = H, &, (u)=Exp,(L;"(u))

where Exp,, : H, — H is the exponential map (the usual identification of the
tangent space H, at  with {«} + H), ¢ is the constant at the beginning of
this subsection, and [ is a function to be determined. Maps connecting charts
along orbits are denoted by

fo=05} o fod,.

Since <I>}Tml is extendible to an affine map on all of H, we sometimes view f, as
fe : B(0,61(z)"1) — H.

Properties of &, and fm are summarized in Proposition 4. To be consis-
tent with earlier notation, D( fm)o means the derivative of fm evaluated at the
point 0 in the chart, and so on. To control the nonlinearity in charts, we will
need the following bound which follows easily from the conditions in Sect. 2:

Lemma 3. There exist My > 0 and ro > 0 such that ||D?f.|| < Ms for all
x € H with dist(x, A) < ro.

Proposition 4. Given § € (0, @ro), there is a measurable function | : T' —
[1,4+00) with e 0l(x) < I(f(x)) < €%l(x) such that the following hold at
ji-a.e. T:

(a) For ally,y € B(0,dl(x)~ 1),

Wz) My — '] < |@a(y) — ()] < V3ly —y/].

(b)  D(fx)o maps each E™, 7 =u,c,s, into itself, with
|D(fa)oul = eMul, e > w| < [D(fi)ow| < e**°fwl,
and  |D(f,)ov] < e ol
forue E*,we E° and v € E”.
(c) The following hold on B(0,dl(x)~"):
(i) Lip(fz — D(fz)o) < 9;
(i) Lip(Df,) < 1(x).

Proof. From Lemma 2(v), it follows that

1
mlvl <Lzl <VBJul, vel, (2)
so (a) holds if I(x) > K(z). (b) is nothing more than a rephrasing of Lemma 2,
(i)—(iii), together with property (ii) of L,.
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Proceeding to (c), since D(fy), = D@;j oD fp, () 0 D®,, we have

||D(fx)y - D(fﬂc)zH = HD(I)?; ) (D.f@m(y) - Dféw(z)) : Dq)x”
S\ Lpall- Mol L1y — L3 2] - || L5
< BMyK(fx)ly — 2],

i.e. Lip(Df,) < 3MyK (fx). Here, My is the constant in Lemma 3 , and in using
this lemma we have taken for granted that |®,(y) — x| and |®,(2) — x| < rg
where rg is in Lemma 3. Thus, (c)(ii) holds if these conditions are valid and
l(x) > 3Ma K (fz).

Finally, to estimate (c)(i), we use

Lip(fm - D(fz)o) < _sup HD(JEm - D(fz)o)yH
y€B(0,l(z)~14)

and for y € B(0,1(z)~16), provided that Lip(Df,) < I(z), we have
ID(fz = D(f2)o)yll < IID(fa)y — D(f)oll < Lin(Df) - [yl < 6.

Let B(x,7o) denote the ball of radius ro centered at . Letting () =
max{K (z),3MK (fz),1} and noting that /3§ < 7o, we have ®,(B(0,d]
(x)~1)) € B(x,7). All of the conditions required of | are thus satisfied by
[ — except for one: I need not fluctuate slowly along orbits. To finish, observe
that

lim ~logi(f"
Jim = logl(f*(z)) =0
since K has this property (Lemma 2(v)). For such an [, it is a standard fact (see
e.g. Sect. 4.3 of [1]) that there exists [ > [ with e~%l(z) < I(f(z)) < €l(x).
Since increasing [ cannot spoil any of the estimates, this is an acceptable
function. 0

Noninvariant sets with uniform estimates. For lo>0,let I';y ={x € T|l(x) <lp}
where [ is the function in Proposition 4. The sets I'; are generally not invariant,
but since I' = U;>1T'; has full measure, p(I';) > 0 for all large enough [. Notice
that for each (fixed) I, we have uniform bounds for the domains of the charts
B(0,1(x)~16),||®.], and Lip(Df,) for all z € T}.

4. Proof of Theorem A

Let 6 > 0 be such that e™* 4§ < e~%. We fix a chart system as in Sect. 3.2
using this J, and begin with the following easy but important observation: In
the setting of Theorem A, where E* = E¢ = {0}, we have at a.e.  that f,
maps B(0,6(z)~") into B(0,8l(fz)~"') and is a contraction with Lip(f,) <
e~ 4+ §. This follows immediately from I(fx) < €°l(z) and property (c)(i) in
Proposition 4.

Let I'; be as in the last paragraph of Sect. 3.2. We claim that to prove
the theorem, it suffices to find Iy, z and n such that
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(i) =, f"(x) € I'y,, and x is in the support of x4 (i.e. every open neighborhood
of x has positive p-measure);
(ii) x and f™(z) are sufficiently close that if we let

F:q);loq)f";cOffTL*IzO"'ofxv

then F is defined on all of B(0,dl; ") and maps B(0, dl; ) into itself with
|F(0)] < 56l5 5
(i) Lip(F) < 3.

We first finish the proof assuming (i)—(iii) can be arranged: From (ii)
and (iii), it follows that F' has a unique fixed point z € B(0,4l;"). Clearly,
z = ®,(2) satisfies f"(z) = z, and “|&1>x(1§(0,6l51))’ which is nonzero by design,
is necessarily concentrated at z. Since p is ergodic, it follows that the entire
measure is supported on the orbit of z, which is what the theorem asserts.

To justify (i)—(iii), we first fix lp with pu(I';,) > 0. Next we choose
U C I'j, such that p(U) > 0 but U is small enough that for all y € U,U C
@, (B(0, %&al)); this is possible by Proposition 4(a). We then pick x € U
with the property that its orbit returns to U infinitely often; this is feasible
by the Poincaré Recurrence Theorem. Finally, let n be a large enough return
time for = so that v/3lg(e™* + 6)" < . Then f"(z) € U C @, (B(0, 35l51),
implying [F(0)| < 345" (iii) follows from the fact that ||®sn,[ < v/3 and
(@) 7| < lo- O

5. Stable and Unstable Manifolds

This section contains the main technical preparation for the proofs of Theo-
rems B and C. The results needed are stable and unstable manifold theorems,
of which many versions with different technical assumptions have been proved
in the literature. In this section, we develop a version that will be very useful
in much of nonuniform hyperbolic theory.

The following notation is used throughout: For linear spaces X and
Y, L(X,Y) denotes the set of all bounded linear maps from X to Y.

5.1. Setting and Statement of Results

The setting and conclusions in Propositions 5, 6 and 8 are independent of the
material in previous sections, though the setting is clearly motivated by chart

maps {ffx,z €Z}.

Setting. Let A1 > 0 be fixed, and let §; and d2 > 0 be as small as need be
depending on A;. We assume there is a splitting of H into orthogonal sub-
spaces H = E* ® E* with dim(E") < oo. For i € Z, let r; be positive numbers
such that riHe*‘sl <r < riHe‘sl for all 4, and let B; = Bj* x B} where
BT = B7(0,r;), ™ = u,s. We consider a sequence of differentiable maps

giZBi—>H, ’L':...,—].,O7].,2,...,
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such that for each 7, g; = A; + G; where A; and G; are as follows:
(I) A; € L(H,H) and splits into A; = A¥ @ A where A¥ € L(E", E"),A{ €

L(E*,E®), and [[(A}) "] JA]] < ey

(I1) |G4(0)] < dariv1, and ||DG;(x)|| < d2 for all x € B;.

For slightly stronger results, we assume also

(ITT) there are positive numbers ¢; with lij1e7% < 4; < €i1€% such that
Lip(DGi) < l;.

Orthogonal projections from H to E* and E° are denoted by 7% and 7°,

respectively.

Proposition 5 (Local unstable manifolds). Assume (1) and (II), and let 6; and
da (depending only on A1) be sufficiently small. Then for each i there is a
differentiable function b : B} — B; depending only on {g;,j < i}, with

(i) |h(0)] < ir; and

(i) (DR < 55

such that if W = graph(hY), then

(@) (W) D Wiy;

(b)  for x,y € W such that g;z,g;y € Biy1,

7 (gix) — 7(giy)| > (eM — 20y)|x"x — w4yl
If (II1) holds additionally, then h¥ € cHLap i, Lip(Dh¥) < const-l;.

Proposition 6 (Local stable manifolds). Assume (I) and (II), and let 61 and
d2 (depending only on A1) be sufficiently small. Then for each i there is a
differentiable function hi : Bf — B}" depending only on {g;,j > i}, with

(i) |h3(0)] < 3r; and

(i) DA < 55

such that if W7 = graph(h?), then

(@) gW7 C Wy,

(b) for z,y € W7, |n*(giw) — m*(giy)| < (7N +203)|m°x — 7y

If (IT1) holds additionally, then h € CY+LP with Lip(Dhg) < const-t;.

We remark that the C'*1P property of h¥ and h$ in Propositions 5 and
6 can be replaced by C'** with the Lip(DG;) condition in (III) replaced by
one on the C*norm of DG;. Notice also that §; and do do not depend on r;
or ¢;.

The following result, which gives local stable and unstable manifolds
p-a.e. in the context of Sect. 2, is an immediate corollary of Propositions 5
and 6. Various versions of this result have been proved before, see e.g. [7,15].

Corollary 7. In the setting of Sect. 2 with E¢ = {0}, consider a chart system
with 6 < min{dy,d2} where 61 and d2 are as in Propositions 5 and 6 with
A1 = A. Then the results above apply to the chart maps {ffim,i € Z} for u-a.e.
x, giving

W2 = graph(h) and W = graph(h®)
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where h3 : B*(0,8l(x)~') — B“(0,8l(x)"") and hY : B(0,0l(z)7") —
B#(0,6l(z)~1) satisfy

hi(0) =0, (Dhi)o=0 and h%(0) =0, (Dh%)o =0
and have the properties in Propositions 5 and 6.

The ®,-images of W2 and W are called the local stable and unstable
manifolds at x.

Finally, we will also need the following result, which tells us how h§ and
hy vary in the C'-topology with {g;} in the setting at the beginning of this
subsection.

Proposition 8. Let \1,d7 and 05 be as in Proposition 6, and let ro and £y be
fized. Given € > 0, there exists N = N(e) such that if {g;} and {G;} are two
sequences of maps satisfying Conditions (I)—(I111) and g; = §; for all0 <i < N,
then ||h§ — hillcr < & where hi and h are as in Proposition 6 for {g;} and
{§:}, respectively.

Analogous results hold for h§ provided g, = §; for —N < i < 0 for
sufficiently large N.

5.2. Proof of Proposition 6

The proofs of Propositions 5 and 6 are quite similar to the corresponding proofs
for a fixed map at a fixed point. We give only the stable manifolds proof, which
illustrates how one deals with the noninvertibility of the maps. The proof of
Proposition 5 proceeds similarly, and is simpler in that graph transforms for
g; and Dg;(z) for fixed 2 are defined (but not those for g; * or Dg; *(x)). See
the remark following the statement of Lemma 9.

We have divided the proof of Proposition 6 into three main steps.

Step 1. Proof of existence of a Lipschitz hi with properties (i), (ii), (a) and (b)

in Proposition 6. (Our arguments here follow [5].) Define

1 1
W; = {wi : B — B | Jw;(0)] < 57“1-, Lip(w;) < 10}

Equipped with the C° norm, W; is a complete metric space. We begin by
defining what is effectively a graph transform by g, L__in spite of the fact that
g; is not invertible.

Lemma 9. Given any w;y1 € W;11, there is a unique w; € W; such that
gi(graph(w;)) C graph(w;1).

Remark on unstable manifolds case. If V; is the analog of W; with u and

s interchanged, then given v; € V;,v;41 is simply the map whose graph is

gi(graph(v;)) N Bjt1.

Proof. Let w;y1 € Wiy be fixed throughout. For w; : B] — B} to have the

property in the lemma, it is sufficient that for every n € B?,

wit1(Ain + 7°Gi(n, wi(n))) = Afwi(n) + 7 Gi(n, wi(n)),
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equivalently,

wi(n) = (M) [wip1 (Afn + 7°Gi(n, wi(m)) — 7 Gi(n,wi(n))]. ()

For w; € W;, we let w;11(w;) be the mapping from B to E* where
Wi41(w;)(n) is given by the right side of (3). The problem then becomes finding
w; € W; with ;41 (w;) = w;. We do this in two steps.

(i) We show that w;1(w;) € W; for every w; € W;. First,
|Wi+1(wi)(0)]

< e [luess O+ L5161 0,1 0)] +1G:0.0) + Lin(G:) - [0us(0)

1 11 1

<e M. [27’¢+1 + Efszﬁﬂ +02- 57
which is < %ri if 61 and Jo are small enough.
Next we estimate the Lipschitz constant of w1 (w;). Let n, & € B7. Using

Lip(w;), Lip(wi+1) < 1—10, we have

[(Wis1(wi)) n = (Wit (wi)) ]

<A - [wipa (An + 7°Gi(n,wi(n)) — wig1 (AFE + m°Gi (€, wi(€))))]

- Gl i) — Gl 0,(9)

<o {qgiactn - 01+ (1+ 5 ) L@l i) - (€ wi (€
<eM(e™ 428l 4]

which is < 15| — ¢| with &, sufficiently small.
The two estimates above imply that | (W;+1(w;))n| < r; for all n € By,
completing the proof of w;11(w;) € Wi.

(i) We prove w;11 : W; — W; is a contraction. Let w}, w? € W;. Then
| (@341 (wi))n = (i1 (w))n]
< (AHTH| - (Lip(wis1) + 1) - |G (n,w] (n)) — G (n,wi(n))]
< e 28y [wj (1) — wi(n)] -
The unique fixed point of w;4; is the w; in the lemma. O

For each i, we let T'; : W; 11 — W; be the mapping defined by T'; (w;11) =
w; where w; and w; 1 are related as in Lemma 9. For k € ZT let Ff Wigk —
W, denote the composition I'; o -+~ o I'; 1, _1.

Lemma 10. There is a unique sequence w;,i € Z, such that for all i, w] € W;
and Ti(wy, ) = w;.

Proof. Let i be fixed throughout. First we show I'; is a contraction: Let w} =
Ii(w} ) and w? = T';(w?, ). Proceeding as above, we obtain for n € B,

[wi (n) = wi (] < e - (lwiy —wii || + 302]wi () — wi(n)]).
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Thus,

e~ M

lwi —wi|| < cllwipy —wi | where = T 35,00

Inductively, we obtain diam(I'¥(Wiyx)) < 2¢¥r; 1, where

diam(TF (Wiyr)) = sup lw —w?|.

w17w2€Ff(Wi+k)
Since ripr < 7€ and ¢ < €79, it follows that dlam( KWiir)) — 0 as

k — oo. From the completeness of W;, we have that Ng~ol'¥(Wiix) (where Q
denotes the closure of ) contains exactly one point. This is our w;. O

It is an easy exercise to check that if we let hf = w}, then Lip(h]) <
and properties (a) and (b) in Proposition 6 hold.

Step 2. Proof of differentiability of h; = h.

Fix x € B; for the moment. Identifying the tangent spaces H, and Hy, (,)
with H = E* & E®, we now define the surrogate for the graph transform by
the linear map (Dg;);*

1
107

Lemma 11. Given x € B; and s;11 E L(E®, E™) with ||si+1]] < there is a

unique s; € L(E*, E") with ||s;|| < {5 such that

10’

(Dgi)z(graph(s;)) C graph(siy1).

The setup is a special case of Lemma 9, with g; taken to be linear (and
globally defined on H,). We omit the proof; the only point that needs to
be checked is that with §;;1 defined analogously to w;11,8;+1(s;) is also lin-
ear, and that is obvious from Eq. (3). Let fm denote the mapping given by
T 2(8it1) = Si-

Returning to the problem at hand, namely the regularity of h;, we let

Z; = {Ui € B(B;,L(E®,EY)) : ||oi]| < 110}

where B(X,Y) is the set of bounded maps from X to Y, and || - || is the sup
norm. For each o; € Z; and n € B7, we consider the graph of o;(n) as a trial
tangent plane for the graph of h; at x = (1, h;(n)). From Lemma 11, we obtain
immediately the following:

Lemma 12. Given any i and 0,41 € Z;41, there is a unique o; € Z; such that
for alln € B, if x = (n, hi(n)), then

(Dgi)z(graph(ai(n))) C graph(oit1 (7°(gi(2))))-

We let T : Z;11 — Z; be given by f‘i(Ui_;,_l) = 0; where o; and ;11 are
as above. Equivalently, for n € B?, if « = (1, h;(n)), then

Li(oir1)(n) = Lo (0ip1(m°gi(2))).
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We also record for later use (in the Proof of Lemma 12) the following: For
v € E?®,

(i) = (AF) 7 [(0ig1 (7°gi () (Afv + 7°(DGi)a (v, (0i (1)v))]
—(A) T (DGi)a(v, (03(n))0)]. (4)

Lemma 13. There is a unique sequence o ,i € Z, such that for all i,0} € Z;
and T'i(0}, 1) = 0}

Proof. As an immediate consequence of the contractive property of the indi-
vidual I'; ,, we have

ITi(o) = Ti(oD)]| < ¢llof = oF|
for some ¢’ < 1. From this we conclude that for each 1,
NksolF(Zigx) = {07}
O

It remains to show that Dh; = o}. Let Ah;(n) = h;(n+ An) — hi(n), and
define

M;(o;) = sup | limsup |Ahi(n) — oi(n) An| '
neb} |An|—0 |A77|

Lemma 14. There is ¢’ < 1 such that for all i and for all 0;11 € Zi41,
M;(Ti(0i41)) < " Miy1(oig).

It follows that M;(c}) =0, i.e. Dh; = o}.

Proof. Let o; = T4(0441). Using Lip(h;), Lip(hiy1) < 75 and (4), we obtain

after a straightforward computation that

_ _ 11
[Ahstn) = s8] < e (7 150 ) (14 o A0 M (o301

11 _
+1g¢ 02lAhi(n) = ai(m)An] + of|An).
This proves the inequality in the lemma. Together with the fact that M;(c;) <
% for all o; € Z;, it gives M;(c}) = 0. O

Step 3. Proof of Lipschitzness of Dh;.
Let m,n2 € Bj with z; = (n;,hi(n;)). Assuming condition (III) in
Sect. 5.1, we obtain, after a computation similar to previous ones, that

H(Dhi)m - (Dhi)nz H < 2€i|771 - 772| + qH(Dhi"l‘l)ﬂ'sgi(Il) - (Dhi-i-l)ﬂsgi(wz)”

where ¢ = (e72* + fhe™162) /(1 — 15e M d2) ~ e assuming §y is small
enough. We also have the estimate

[mgi(x1) = 7°gi(w2)| < plm — 1|
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where p = e~ + 24, ( Proposition 6(b)). Combining, one shows inductively
that

oo
[(Dhi)g, = (Dhi)n, || < [ 2 (0a) i | I = mal
7=0

which is < const - £;]n; — 12| where const = 23" (pge®*).
This completes the proof of Proposition 6.
5.3. Proof of Proposition 8

Let € > 0 be given. For any two admissible sequences {g;} and {g;}, let h?
and h{ be the functions whose graphs are stable manifolds for {g;} and {g;}
respectively.

CO-bound for h§ — h: Let ¢ be as in Lemma 10, and let N be such that
2ro(ce’ )N < e. Then since ||hy — hiyllco < 2ry < 2reN and g; = §; for
i=0,1,...,N —1, we have ||h§ — h§|co < e.

C°-bound for Dh§ — DES: Here we assume ¢g; = g; for i =0,1,..., N —1 where
N = Ny + Ny, Ny and N to be specified at the end of the proof.

We first estimate ||[Dh$ — Dh$||co for 0 < i < Ny — 1. Let z; =
(n,hs(n)), & = (n,hi(n)) for n € B*(0,r;). Recall that for 0 < i < N —1
and any v € E*,

(Dh)yo = (AY) T (DR 1) rs o) (AF0 + 7°(DGi)o (v, (DRF)v))
- (DG%)I( ’(th)ﬂ )]7

with Dﬁf satisfying an analogous equation. Let I* € L(FE®, E®) denote the
identity map. We then have

I(DR3)y = (Dh), || < e {(a) + (b) + ()}
where
(a) = [(Dhiy1)reg,(2) (A7 + 7 (DGi)o (17, (D))
—(Dhiy1)mog () (A + 7 (DGi)a(1°, (DAS)),
(0) = (DA 1) mogua) (NS + 7°(DGy)s (I°, (D))
—(Dhi 1 1)weguay (NS + 7 (DG (1%, (Dh;)) )|
() = |7 (DGi)2 (I, (Dhf)y) = w(DGy)a (I°, (Dh)y)|-

A computation similar to those in Sect. 5.2 gives

(@ +(0) < 15 (BI(DRE), = (DRI -+ ghlkE) ~ hulo]).

_ 11 s o
) < (e + 150 ) DB )arn o)~ (Dh e o

+05Lip (Dhs ) [hs (n) — ki ().
In (b) we used that |7°g;(x) — 7°¢;(Z)| < da|hi(n) — ﬁf(ﬂ)‘
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Summarizing, we have
|DR; — Db ||co < e1|| DR,y — Dhiyy[lco + (cali + csliva) B — B3|l co
where
e*)‘l(e”‘l + %52)
1-— %52€7>‘1 ’

and ¢y and c3 are constants depending only on A1, d; and Jo.
Applying the formula above for successive i, we obtain

|Dh§ — Dhi|l co

c1 =

Ni—1

< Y| Dhy, — Dhillco + Y cflealk + eslirn) B — hillco
k=0
Ni—1

< ' |Dhyy, = Dhiy, llco + > (exe®™)¥ (ealo + esh)||hi — il co
k=0

colo + esly

= éci\h + 1—cren ’ (2r06N61 ) CNQ)'
In the last inequality, we have used c;e’* < 1, which is true provided §;
and Jo are small enough. The quantity in parenthesis is an upper bound for
[hg — hillco for all k < Ny,

Finally, we specify N7 and N5 as follows: First we choose N7 large enough
that %ci\ll < %5. With N; fixed, we choose N5 to ensure that the second term
in the last displayed inequality is < %a; this is made possible by the fact that

ce < 1. O

6. Switching Charts

In the proof of Theorem A, we considered a sequence of chart maps in which
we “switched charts” periodically from the one at f™(x) to the one at x where
f™(z) and x are nearby points. The proofs of Theorem B and C will involve
similar concatenations in a hyperbolic setting. In this section, we dispose of
the more technical estimates.

6.1. Desired Technical Result

Returning to the setting of Sect. 2 and the notation of Sect. 3, we assume that
o E" E°#{0} and E° = {0};

e 0 and a chart system {®,} has been fixed; and

o [y with pu(I';,) > 0 is chosen.

The result we need is the following:

Proposition 15. Given ¢ > 0, there exists 3 > 0 (depending on ¢ and the chart
system above) such that the following holds for all x,y € Ty, with |z —y| < 03:
Let 2’ be such that f(2') =z, and let

g:B (0,56761071) —H be given by g= <I>;1 o®d, o0 fu.
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Then we have the following estimates:
(1) If A= A" @ A® where for T = u,s,AT = 77 (Dg)olg- € L(ET,ET), then
[AS[L A~ < (1 +e)e
(2) IfG=g—A, then
(i) |G(O)] <e,
(i) DGl <(1+¢€)s, and
(iii) Lip(DG) < (1 +¢) Lip(Dfu).

This proposition is deduced from the following: Let J; , = @, Lod,,, view-
ing ®, and ®, as affine maps defined on all of H. Then confusing (deliberately)
u € H, with v+ x € H, we get

Joyv = (Lyo Exp;1 oBExp, oL, v
= Ly(~y+a+ L;"v)
=L,L; v+ L,(z —y).

That is to say, Jy, is an affine map with J, ,(0) = L,(z —y) and DJ,, =
L,L;'. Since |Ly(z — y)| < lglz — y| for z,y € '}, we can arrange to have
|G(0)| as small as we wish by letting | — y| — 0.

Thus, it suffices to focus on the linear part of the map, namely L, L.
Notice that L,L_' is a linear isomorphism. In the next subsection, we will
prove a result (Proposition 17) which says that it is very close to a linear isom-
etry which carries E¥ to a subspace near E* and E*® to a subspace near E*.

6.2. Continuity of Splitting on I';,

The main ingredient behind the result we need is the continuity of the E* & E*°
splitting on I';,. Since this is a very basic fact which is likely to be useful else-
where, we will prove it in a more general setting:

In this subsection, we assume the setting is as in Sect. 3.2, and that
0,{®.}, and ly have been fized (and we do not assume E¢ = {0}). In what
follows, tangent spaces are identified with H, so it makes sense to write u — v
where u € H, and v € Hy,z # y.

Proposition 16. For z € 'y, the subspaces E"(x), E(x) and E®(x) vary con-
tinuously with x, as do the corresponding projections.

Proof. First we prove the continuity of z — E®(x) on I'j,. Let ,y € ', and
consider a unit vector v € E*(y). We will estimate |7%°v| in terms of |y — z|
where 7%¢ is the projection onto E"¢(z) = E*(z) ® E°(z). Using the fact that
T DI = Dfms", we have
el = [(Df7) 7 @y Df 2ol

< |(Df) " i Dy vl + (D)~ i o (Dfv = Dfgu)l. (6)
To estimate the quantities above, we use Proposition 4, remembering that
1(frr) < lpe®™ and [ |l < V3I(f"x). The first term above is

< (\/§l0676n6250n)(\/§1065n) (\/31067)\”) _ 3\/5136771(/\7260725),
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while the second term is
< 3lge" N DfY — Dfy|.

For a given ¢, we fix an n so that
3V/3lfe (A 200720) < %g.

Since f is C'!, there exists A such that if |z — y| < A, then

1
3lgen(25o+25)HDf$" _ Df;}|| < 55.

Note that n and A depend on g, dg,d and ¢ only; they do not depend on x,y
or v. This proves the continuity of x +— E*(x) on I'z,.

The continuity of £ is proved similarly: Let v be a unit vector in E°*(y).
By an argument entirely parallel to that above, we get

|7T;U‘ < 3\/§lge_n(>\_260_26) + 3de—n(>\—25)||Df;L _ nynH7

and we finish as before.
To prove the continuity of E", we again consider x,y € I';, and a unit
vector v € E"(y), but estimate |75°v| by iterating backwards, obtaining

| v] = |7T;SDf}L—n(y)ngjnv|
ST DfF @y Dfy "ol + 175 (D f fonyy = D fon @) Dy "0
= DS ()T @y DIy 0+ 7 (D) = D fon () Dy 0
< 3V3le A2 4 318 N D f7 )y = Dffn - (7)

As before, given € > 0, we fix n large enough that 3v/33e~"(A~2%0-20) < %5.
Since z — f~"(z) is continuous on A and f is C?, there exists A > 0 such
that if | —y| < A, then 31(2)6’"A||Df}‘,n(w) —Dfi iyl < 1e. This proves the
continuity of E™.

The proof for E“¢ is entirely analogous.

It remains to deduce the continuity of E° from the above: Since E¢(-) =
E¥c(-) N E°*(-), we have, for a unit vector v € E°(y),

v —m o] < fmgof + [mgl,

which tends to 0 as |y — 2| — 0 by the continuity of E*¢ and E°*.
The assertions for the projections follow immediately. O

For z,y € Ty, and 7,7 = u,s,c, we define J;;;/ to be the linear map
Ty =7 (LyLy ) € L(BT.ET).
Proposition 17. For any € > 0, there exists A such that the following hold for

any 7,7 = u,s or c: If |z —y| < A, then forv € E7,
(i) A=)l <[JIjvl < (1+e)l;

(i) \J;:;l| < elv| when 7' # T
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We first prove a technical lemma:

Lemma 18. For given ¢ > 0, there exists A > 0 such that if x,y € I'j, with
|z —y| < A, then for any z € H and 7 = u, ¢, s,

||Lymyz] = |Lampz|| < elzl. (8)
Proof. Consider first the case 7 = s, and let |z] = 1. Notice that

[Dfzmsz]?
‘L$7T::Z| = |7T§Z|; = <Z —Zn)\ ’

and for x € Ty, || Dfrrs| < 312e 29 Let ¢ > 0 be given. Then for
z,y € I'y,, there exists NV > 0 such that

i 1Dfymy = Dfgmal® _ i 36lge 202 1
e—2nA - e—2nA — 26 !
= N+1 i=N+1

For z and y close enough, we have also that the sum from 0 to N is < %52,
since x — D f'w3 is continuous on I';,. Thus

+oo n, s .|2
s s |D T Z| D s 2
ILyse] — | Lomdel| = (Z) (Z' f_;;i')

1=0
[e%e] 5 5 2 5
(IDfymyzl — |Dfymsz])
< (pme)
1=0
1
[e'e] 2 2
|Dfymy — Dfrmill
< (PR
1=0
< ¢lz|.

The case of 7 = w is proved similarly using the fact that for any fixed
n>1,xw+— Df "l is continuous on I';,. For 7 = ¢, we treat the positive and
negative parts of the bi-infinite sum separately. O

Proof of Proposition 17. Let v 6 E7, and let us suppress z,y in Jp7. Since
Jivv = Lym) L v and Ly} Ly v = v, we have

[T gl = ol | = ||Lymy (L )| = [ Lo (L3 0))

which by Lemma 18 and ||L;'|| < v/3 can be made < ¢|v| by taking = and
y sufficiently near each other. For 7 # 7/, the bound for |J;;;,v| is proved

)

similarly, except that here L,n7 L;'v = 0. O

7. Proofs of Theorems B and C

7.1. Proof of Theorem B

We assume for definiteness that E*, E® # {0} and E° = {0}, and that p is
not supported on a periodic orbit. Let £y be an arbitrary point in the support
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of u, and let 9 > 0 be given. We will show that B(xg,¢e0), the ball of radius
€o centered at xg, contains a periodic point.

Let A\, = %)\ where A is as in Sect. 3.2, and let d; and J be given by
Propositions 5 and 6. We let § < 1 min{d;,d2}, and fix a chart system {®,}
using this §. We then pick Iy so that p(I'y, N B(zo, 20)) > 0 where the sets I
are as in Sect. 3.2.

By an argument similar to that in the proof of Theorem A, we can find
z € T,,NB(zg, 50) and n € Z* such that f"z € T;,NB(zo, 3¢0) and |z — f"z|
is smaller than any prescribed number. Our plan is to (a) introduce a periodic
sequence of maps {g;} which are mostly chart maps along the orbit segment
from z to f"(x), (b) show that {g;} satisfies the conditions in Sect. 5.1, and
(c) use the local stable and unstable manifolds given by Propositions 5 and 6
to produce a periodic point.

(a) The maps in question are, for i € Z,

gi: BU(0,r) x B*(0,r;) = H,  giyn =g and 1y, =,
defined by
9i = fig, i=0,1,...,n—2
Gn1 =8, 0 ®pny 0 g,

and

1 .
i =min < —=¢q, 6l ", SI(f —1}.
r mln{2\/§€0 o (f'z)

The purpose of the constant ﬁfo in the preceding line is to ensure that

for every z € B*(0,79) x B*(0,70), ®,(z) € B(x, 3€0) C B(wo,&0), so this is
where we will look for our candidate periodic point.

(b) To check that {g;} satisfies the conditions in Sect. 5.1, first we show
that {r;} satisfies r;e™® < ;11 < ;€ for all i. Since the function [(-) has such
a property along orbits, and this property is not spoiled by taking the minimum
with a constant, we need only be concerned about the relation between 7, 1
and r, = 19, where the switching of charts occurs. Here we have I(z) < lo,
SO Ty = min{ﬁso, Slg Y, while 1(f" )=t > e 0I(f x)"t > e 0yt so
e o1, <rp_q <y

Next we check that conditions (I), (IT) and (III) hold for g;: For i =
0,1,...,n — 2, these conditions are satisfied with G;(0) = 0 and ¢; = I(f'z).
Again, the main concern is for g,_1. This is where Proposition 15 is needed:
Condition (I) is assured by item (1) in Proposition 15 if ¢ is small enough that
(1+¢)e < e~100*. Condition (II) is given by item (2) if & < Syt < ory,
and Condition (III) is satisfied if we take ¢; = (1 + 4e)l(f*(z)).

(c) Proposition 6 then gives for each i, a local stable manifold W7 C
B*(0,7;) x B*(0,7;). Since g; contracts points on W; (Proposition 6(b)) and
g"(W§) € W§ where g™ = gp—10---¢1 0 go (Proposition 6(a)), we obtain by
the Contraction Mapping Theorem a fixed point z € W§ of ¢”. (Alternately,
we may take WS NW§ = {z}.)
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Finally, g™ (z) = z implies that f*(®,(z)) = ®,(z). That z is a hyperbolic
fixed point of g™ of saddle type follows immediately from the estimates in
Sect. 5. These hyperbolic properties are passed directly to ®,(z). As noted
earlier, ®,(z) € B(x,&0), completing the proof. O

7.2. Proof of Theorem C

Preliminaries on entropy. Let T : X — X be a continuous map of a compact
metric space with metric d(-,-), and let v be a T-invariant Borel probability
measure on X. For n € ZT, we define the dX-metric on X by

T _ 7 7
dp (z,y) = Jnax. d(T"(x), T"(y)),

and for o, 8 > 0, let N'(n, ; 3) denote the minimum number of a-balls in the
dX-metric needed to cover a set of measure > 3 in X. The following result,
first proved in [3], is by now a standard fact:

Assume (T, v) is ergodic. Then given 3 € (0, 1),

hy(T) = linb lim inf 1 In N (n, o; B). (9)
oa— n—oo nN

A set E C X is called (n, a)-separated if for every z,y € E,d% (z,y) > a.
We use |E| to denote the cardinality of E. A version of the following lemma
is proved in [3].

Lemma 19. Assume (T,v) is ergodic, and h,(T) > 0. Given v > 0 and €
(0, %), there exists ag > 0 such that the following holds for all o < aq: Let
S C X be any Borel subset with v(S) > 20, and let N > ng be given. Then
there exist n > N and an (n — ng, a)-separated set E such that

(a) E,T™(E)CS,

(b) 3 In[B| > hy(T) - 7.

Proof. We begin with the following general observation: For a Borel set S C X,
let xs denote the indicator function of S, and define
€
< -v(9) ;.
< u )}

Then for £ small enough and k large enough depending on S and e, we have
(1) v(SENSGie) > 1v(9), and
(ii) for each z € SN SCi4ey there exists m(z) € (k, (1 + ¢)k] such that

@) () € S.

Here S7 = Sp, where [p] is the integer part of p. (i) above follows from
the Birkhoff Ergodic Theorem, and (ii) follows from the definition of Sf.

We now turn to the setting of the lemma. For a given v > 0 and § €
(0,1), let « be small enough that the liminf in (9) is > h,(T) — 1+, and let
S, N and ng be given. Other conditions on ¢ and k will be specified later.
For now, we require that € be small enough and £ > N large enough that
(i) and (ii) above are satisfied. Let E’ be a maximal (k — ng, a)-separated

set in Sp M SE .y, Since ST NSE L, C UweE'Bd{_no (x, ) where Bdf_no is

S}z:{xES:

1 k—1 ‘
=" xs(Ti () - v(S)
=0
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the ball with respect to the d{fno—metric, and v(S; N S(51+5)k) > 0 by (i),
it follows that |E’| > N(k — ng,a; ). By (ii), every € E’ makes a return
to S in the time interval (k, (1 + €)k]. Let n € (k, (1 + ¢)k] be such that at
least i of the points in E’ return to S at time n. We claim that for this
n,E={x € E' :T"(x) € S} is the desired (n — ng, «)-separated set. Notice
that

1
[B| > N (k= o, 8). (10)

The conditions we needed to impose on € and k are now clear: First,
should be small enough that

(- 20) > - (1)

Then k is chosen large enough to satisfy, in addition to the condition imposed
earlier,

1 1 2

T <E]<;N(k - noﬂ;ﬂ)) > hy(T) — 37 (12)
Assertion (b) in the lemma then follows from (10), (11) and (12), together
with the fact that n < (14 ¢)k. O

We now return to the setup and notation of Theorem C. We will proceed
as in the proof of Theorem B, but instead of concatenating a fixed sequence of
charts along an orbit segment of a single point, we concatenate charts following
orbit segments starting from all possible points in a small (n, a)-separated set.
Following the charts of two points that are (n, a)-separated will not guarantee
that the resulting stable manifolds are disjoint, however: take, for example, x
and y in the same stable manifold with |z — y| > «. The next lemma is used
to remedy the situation.

Assume that a chart system is fixed. We let f; = ffi—lz 0---0 fm, and

define Cy, (2) = ©,(Cy()) where
Colx) = {y : fi(y) € B*(0,01(f'x)™Y)) x B® (o, ;5l(fim)_1)),0 <i< n} .

Lemma 20. Given « > 0, there exists Ng = No(«) such that for all x and
n > 2Ny,

diam(f*(Cp(z))) < %oz for all k € [Ng,n — No|.

Proof. Since real distance is < 3 times distances in charts (Proposition 4), it
suffices to show that f¥(C,,) has diameter < L.

We foliate Co(x) with planes P having the same dimension as E* and
parallel to E“. From the proof of Proposition 5 (see the Remark following
Lemma 9), we have that for each P, P, := f,(P)N B(0,dl(fxz)~") is the graph
of a function from B*(0,dl(fz)~") to B*(0, 301(fx)~") with slope < {5. The
same holds true for Py := f,(Py) N B(0,81(f?x)~"), Ps,..., P,. Moreover,
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Proposition 5(b) tells us that the diameter of ff_j,l(Pn) decreases with i
faster than a fixed exponential rate.

For z € C’n, let 2’ be the unique point of intersection between the P that
contains z and W where W2 is the local stable manifold (in the chart of x)
given by Corollary 7. Since |fi(z)| also decreases with ¢ faster than a fixed
exponential rate (Proposition 6(b)), and the boxes B(-,8l(-)~!) are uniformly
bounded in diameter, an Ny with the desired property clearly exists. O

Proof of Theorem C. From the h,(f) > 0 hypothesis, it follows that E* # {0}
(Theorem A). We let A1, 91,02 and d be as in Sect. 7.1, fix a chart system ®,,,
an lo with p(T,) > 0, and a set U C I'y, with u(U) > 0 small enough to
permit the switching of charts for points in I';, as in the proof of Theorem B.

Capturing entropy: Let € > 0 in the statement of Theorem C be given. With
B = 3u(U), we let o be such that the liminf in (9) is > hy,(f) — 4. Let No
be a number given by Lemma 20 for this a, and let S = fNo(U). With S here
playing the role of S in Lemma 19, « as above, v = ¢ and ng = 2Ny, we let
E C S be given by Lemma 19, and let £ = f~No(E). We have thus found a
finite set £ = {z1,...,2n} and an n € Z* with the properties that

(i) E,f"(E)CUCTy,
(i) Llog|E| > hu(f)—e, and
(iii) for all 2,y € E, |f*(z) — fF(y)| > a for some k € [No,n — No).

Forward-invariant horseshoe for f™: For each a = (a;) € IIF{1,...,m}, we
define {g;,¢ > 0} as follows: For k = 0,1,2,..., let

Ghni = ffiz% for i=0,1,...,n—2, (13)

I(k+1)n—1 = q)zalkﬂ 0@, © ff(n—l)z%- (14)

The domains are as in the proof of Theorem B (without the \[50 factor in the

definition of r;). This sequence g; is admissible with regard to the conditions in
Sect. 5 for the same reasons as before. For each a € TIP{1,...,m}, let W5 =
W§(a) be the stable manifold given by Proposition 6, and let ®,, (W (a)) =
U(a)(D) where D is the unit disk in the definition of horseshoes in Sect. 2.2.
It then follows from the invariance of stable manifolds (Proposition 6) that
f"(¥(a)(D)) C ¥(o(a))(D) where o is the shift map on IIF{1,...,m}.

To check that U(a)(D) N ¥(a')(D) = 0 for a # a’, we consider
U (o'(a))(D) and ¥(o'(a’))(D) if a; # a}. Since ¥(a)(D) C Cy(z;) for a = (a;)
with ag = j, it suffices to show C,,(z;) NCp(z) = 0 for j # k. That is guaran-
teed by (iii) above together with Lemma 20. (Since U is very small compared
to the domains of the charts at z;, the slight discrepancy with the statement
of Lemma 20 due to the changing of charts is easily absorbed.) Proposition 8
tells us that the family W¥(a)(D) varies continuously in the C! topology.

Bi-invariant horseshoe for f™: We extend g; to all ¢ € Z in the obvious way,
and let ¥(a) = @, (Wg'(a) N Wi(a)) where W' is given by Proposition 5.
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That f™(¥(a)) = ¥(o(a)) follows from the invariance of stable and unsta-
ble manifolds (Propositions 5 and 6), and the continuity of ¥ follows from
Proposition 8. Letting = U(I1*,_{1,...,m}), we have proved that ¥ is at
least a semi-conjugacy between f|g and o. To prove that ¥ is a conjuga-
cy, i.e. that it is one-to-one, consider a = (a;) and a’ = (a}) with a # a’.
If a; # a) for some i > 0, the proof is as in the forward-invariant case. If
a_; # a’_, for some i > 0, then ¥(o~%(a)) # ¥(c~!(a’)), and by the injectivity
of f on a neighborhood of A (Condition (D1) in Sect. 2) we conclude that
U(a) = fin(U(o~(a))) # f(¥(c(a’))) = ¥(a’). Finally, f"|q is uniformly
hyperbolic because the maps g; are: the stable and unstable subspaces at ¥(a)
are exactly the D@, -images of the subspaces tangent to Wy'(a) and W (a)
at Wit (a) N W5 (a). O

References

[1] Arnold, L.: Random Dynamical Systems. Springer, New York (1998)

[2] Castaing, C., Valadier, M.: Convex analysis and measurable multifunctions.
Springer Lecture Notes in Mathematics, vol. 580 (1977)

[3] Katok, A.: Lyapunov exponents, entropy and periodic orbits for diffeomor-
phisms. Inst. Hautes Etudes Sci. Publ. Math. 51, 137-173 (1980)

[4] Henry, D.: Geometric Theory of Semilinear Parabolic Equations. Springer,
New York (1981)

[5] Lanford, O.E.: III Lectures on dynamical systems (unpublished). http://www.
math.ethz.ch/~lanford/DynSysB.ps

[6] Ledrappier, F., Young, L.-S.: The metric entropy of diffeomorphisms. Ann.
Math. 122, 509-574 (1985)

[7] Lian, Z., Lu, K.: Lyapunov exponents and invariant manifolds for random
dynamical systems in a Banach space. Memoirs AMS 206(967), (2010)

[8] Lian, Z., Young, L.-S.: Lyapunov exponents, periodic orbits and horseshoes for
semiflows on Hilbert spaces (preprint)

[9] Lu, K., Wang, Q., Young, L.-S.: Strange attractors for periodically forced para-
bolic equations (preprint)

[10] Mané, R.: Lyapunov exponents and stable manifolds for compact transforma-
tions. Springer lecture notes in mathematics, vol. 1007, pp. 522-577 (1983)

[11] Oseledets, V.I.: A multiplicative ergodic theorem. Lyapunov characteristic num-
bers for dynamical systems. Trans. Moscow Math. Soc. 19, 197-231 (1968)

[12] Pesin, Y.: Characteristic Lyapunov exponents, and smooth ergodic theory.
Russian Math. Surveys 32(4), 55-144 (1977)

[13] Ruelle, D.: An inequality of the entropy of differentiable maps. Bol. Sc. Bra.
Mat. 9, 83-87 (1978)

[14] Ruelle, D.: Ergodic theory of differentiable dynamical systems. Publ. Math. Inst.
Hautes Etud. Sci. 50, 27-58 (1979)

[15] Ruelle, D.: Characteristic exponents and invariant manifolds in Hilbert space.
Ann. Math. 115(2), 243-290 (1982)

[16] Sell, G., You, Y.: Dynamics of Evolutionary Equations. Springer, New York
(2010)


http://www.math.ethz.ch/~lanford/DynSysB.ps
http://www.math.ethz.ch/~lanford/DynSysB.ps

1108 Z. Lian and L.-S. Young Ann. Henri Poincaré

[17] Temam, R.: Infinite Dimensional Dynamical Systems in Mechanics and Physics.
Applied Mathematical Science, vol. 68. Springer (1997)

[18] Thieullen, P.: Asymptotically compact dynamic bundles, Lyapunov exponents,
entropy, dimension. Ann. Inst. H. Poincaré, Anal. Non linéaire 4(1), 49-97 (1987)

[19] Young, L.-S.: Ergodic theory of differentiable dynamical systems. In: Branner,
B., Hjorth, P. (eds.) Real and Complex Dynamics, NATO ASI series, pp. 293
336. Kluwer Academic Publishers, Dordrecht (1995)

Zeng Lian and Lai-Sang Young

Courant Institute of Mathematical Sciences

New York University

New York, USA

e-mail: lian@cims.nyu.edu;
lsy@cims.nyu.edu

Communicated by Viviane Baladi.
Received: July 23, 2010.
Accepted: February 13, 2011.



	Lyapunov Exponents, Periodic Orbits and Horseshoes for Mappings of Hilbert Spaces
	Abstract
	1. Introduction
	1.1. Previously Known Results in Ergodic Theory of Infinite-Dimensional Systems
	1.2. Techniques Borrowed from Finite-Dimensional Hyperbolic Theory
	1.3. Application to Systems Defined by PDEs

	2. Setting and Results
	2.1. Setting
	2.2. Results

	3. Lyapunov Exponents and Lyapunov Charts
	3.1. The Multiplicative Ergodic Theorem (Mostly Review)
	3.2. Lyapunov Metrics

	4.  Proof of Theorem A
	5.  Stable and Unstable Manifolds
	5.1. Setting and Statement of Results
	5.2. Proof of Proposition 6
	5.3. Proof of Proposition 8

	6.  Switching Charts
	6.1. Desired Technical Result
	6.2. Continuity of Splitting on Γl0

	7.  Proofs of Theorems B and C
	7.1. Proof of Theorem B
	7.2. Proof of Theorem C

	References


