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M-ESTIMATION OF LINEAR MODELS WITH DEPENDENT
ERRORS'
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We study asymptotic properties of M-estimates of regression parameters
in linear models in which errors are dependent. Weak and strong Bahadur
representations of the M-estimates are derived and a central limit theorem is
established. The results are applied to linear models with errors being short-
range dependent linear processes, heavy-tailed linear processes and some
widely used nonlinear time series.

1. Introduction. Consider the linear model
(D yi=x;+ei, 1<i<n,

where g is a p x 1 unknown regression coefficient vector, X; = (x;1, ..., x;p)" are
p x 1 known (nonstochastic) design vectors and e; are errors. We estimate the
unknown parameter vector by minimizing

n
2) > PG —xiB),
i=1

where p is a convex function. Important examples include Huber’s estimate with
px)= (x21|x|§c)/2 + (c|x| — c2/2)1|x|>c, ¢ > 0, the L7 regression estimate with
p(x) =|x]9,1 < g <2, and regression quantiles with p(x) = pg (x) = ax™ + (1 —
a)(—x)t, 0 < a < 1, where x™ = max(x, 0). In particular, if g = 1 or a = 1/2,
then the minimizer of (2) is called the least absolute deviation (LAD) estimate.
See [2] and [68] for L7 regression estimates and [35] for regression quantiles. See
also [34] for an excellent account of quantile regression.

Let Bn be the minimizer of (2) and let By be the true parameter. There is a
substantial amount of work concerning asymptotic properties of Bn — Po for var-
ious forms of p (not necessarily convex); see, for example, [2-4, 7, 8, 10, 12,
26, 30, 32, 49, 57, 66, 67] and [69] among others. Deep results such as Bahadur
representations have also been obtained. However, in the majority of the previous
work it is assumed that the errors e; are independent. The asymptotic problem
of M-estimation of linear models with dependent errors is practically important,
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however theoretically challenging. Huber [29, 30] commented that the assumption
of independence is a serious restriction. See also [24].

In this paper we shall relax the independence assumption in the classical
M -estimation theory so that a very general class of dependent errors is allowed.
Specifically, we shall establish a Bahadur representation and a central limit the-
orem for Bn — Bo for the linear model (1) with the errors (e;) being stationary
causal processes. In the early literature very restrictive assumptions were imposed
on the error process (e;). Typical examples are strongly mixing processes of var-
ious types. See [13, 36] and [41] among others for strong mixing processes and
[45] for ¢-mixing processes. Berlinet, Liese and Vajda [9] obtained consistency
of M-estimators for regression models with strong mixing errors. Gastwirth and
Rubin [20] considered the behavior of L-estimators of strong mixing Gaussian
processes and first-order autoregressive processes with double exponential mar-
ginals. It is generally not easy to verify strong mixing conditions. For example,
for linear processes to be strong mixing, very restrictive conditions are needed on
the decay rate of the coefficients [17, 22, 40, 60]. Portnoy [43, 44] and Lee and
Martin [38] investigated the effect of dependence on robust location estimators by
assuming that the errors are autoregressive moving average processes with finite
orders.

To the best of our knowledge, it seems that the problem of Bahadur represen-
tations has been rarely studied for M-estimates of linear models with nonstrong
mixing errors. The Bahadur-type representations provide significant insight into
the asymptotic behavior of an estimator by approximating it by a linear form. For
sample quantiles it has been investigated by Hesse [27], Babu and Singh [5] and
Wu [62], among others. Babu [4] considered LAD estimators for linear models
with strong mixing errors.

For the errors (e;) we confine ourselves to stationary causal processes. Namely,
let

3) ei=G(...,&-1,8&),

where ¢, k € Z, are independent and identically distributed (i.i.d.) random vari-
ables and G is a measurable function such that e; is a proper random variable. Here
Z is the set of integers. The framework (3) is a natural paradigm for nonlinear time
series models and it represents a huge class of stationary processes which appear
frequently in practice. As in [46, 53, 59] and [63], (3) can be interpreted as a phys-
ical system with the innovations ¢; being the inputs that drive the system, G being
a filter and e; being the output. This interpretation leads to our dependence mea-
sures. The Wiener conjecture states that every stationary and ergodic process (e;)
can be expressed in the form of (3); see [33, 50, 51] and [55], page 204.

Let the shift process Fr = (..., &x—1,¢€k). For i € N let F;(u|¥p) = P(e; <
u|Fo) [resp., fi(u|Fo)] be the conditional distribution (resp., density) function
of e¢; at u given ¥y and let f be the marginal density of ¢;. Let [ > 0. For a
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function g, write g € C! if g has derivatives up to /th-order and g is continu-
ous. Denote by £ (u|Fo) = ' fi(u|Fo)/9u’ the Ith-order derivative if it exists.
Let (&]) be an i.i.d. copy of (&), F=(...,e_1,&(, €1, ..., &) and ef = G(F).
Then ¥, is a coupled version of F; with &g replaced by ¢, j* =¥;,j <0,and ¢
and ¢; are identically distributed. Our short-range dependence (SRD) conditions
suggest that a certain distance between the two predictive distributions [e;|Fo] and
[e;"IEF'O*] is summable over i > 1. Since those conditions are directly related to the
data-generating mechanism of (e;), they are often easily verified; see applications
in Section 3.

The paper is structured as follows. Section 2 presents our main results on
Bahadur representations and central limit theorems for Bn — PBo. Section 3 con-
tains applications to linear models with errors being short-range dependent linear
processes, heavy-tailed linear processes where M -estimation is particularly rele-
vant, and some widely used nonlinear time series. Proofs are given in Section 4.

2. Main results. Without loss of generality, assume throughout the paper that
the true parameter Sy = 0. We first introduce some notation. Let [a] = min{k €
Z:k > a} and |a] = max{k € Z:k < a}, a € R, be the usual ceiling and floor
functions. For a p-dimensional vector v = (vy,...,vp) let |v| = (Zle viz)l/z.
A random vector V is said to be in L9, g > 0, if E(]V|?9) < co. In this case
write |V, = [E(|V|9)]4 and ||V = ||V |l2. Let the covariance matrix of a
p-dimensional column random vector V be var(V) = E(VV’) — E(V)E(V’). De-
fine projection operators Py, k € Z, by PV =E(V|Fi) — E(V|Fi_1), V € L.
The symbol C denotes a generic constant which may vary from place to place.
For a sequence of random variables (1,) and a positive sequence (d,), write
Nn = 0as.(dy) if n,/d, converges to O almost surely and 1, = O,5.(dy) if n,/dy
is almost surely bounded. We can similarly define the relations op and Op. Let
N (i, ) denote a multivariate normal distribution with mean vector u and covari-
ance matrix X.

Let the model matrix X, = (Xy,...,X,)" and ¥, = X/ X,,. Assume that ¥, is
nonsingular for large n. It is convenient to consider the rescaled model

(4) Vi =Z;,n0 +e;,

/ 2X,- and 6 =6, = Z,l,/ 2/3. Studying the asymptotic behavior

of ﬁn is equivalent to studying that of én = E,l/ z,én, which is a minimizer of

" p(ei —z ,0).If there are multiple minimizers, we just choose any such min-
imizer. Observe that }_,z; nz; , = Idp, the p x p identity matrix. For g > 0
define

—1
where z; , = X,

) G(@) =) lzial? and &(q) =) Ix.

i=1 i=1
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Assume that p has derivative y. Define the kth-step-ahead predicted function
(6) Vi (t; Fo) = E[Y (ex + 1) Fol, k> 0.

The function ¥ (-; -) plays an important role in the study of the asymptotic behav-
ior of B,,. We now list some regularity conditions on p, X; and the errors e;:

(A1) p is aconvex function, E[¢(e;)] =0 and ||1p(el)||2 > 0.

(A2) ¢(t) :=E[¢¥(e1 +1)] has a strictly positive derivative at t = 0.
(A3) m(t) :=||¥(e; +t) — W¥(ey)| is continuous at r = 0.

(A4) 1y :=max, <, |2; ,| = max; <, (X; 2 x)12 = o(1).

Conditions (A1)—(A4) are standard and they are often imposed in the M -esti-
mation theory of linear models with independent errors; see, for example, [7].
In (A1), the error process (e;) itself is allowed to have infinite variance, which
is actually one of the primary reasons for robust estimation. Section 3 contains
an application to linear models with dependent heavy-tailed errors. Under (A2),
6 is estimable or separable. Condition (A3) is very mild. Note that v is nonde-
creasing and it has countably many discontinuity points. If e¢; has a continuous
distribution function and ||y (e; + 79) || + ||¥ (e1 — to)|| < oo for some 7y > 0, then
lim;_,0 ¥ (e1 +1t) = ¥ (e1) almost surely and (A3) follows from the Lebesgue dom-
inated convergence theorem.

The uniform asymptotic negligibility condition (A4) is basically the Lindeberg—
Feller-type condition. With (A4), the diagonal elements of the hat matrix
X, X, IX; are uniformly negligible. Let x;,,...,X;, be linearly independent,
l<ij<---<ip,and Q= (X,'l,...,Xl'p). Then Q is nonsingular, Q/En_lQ -0
and consequently 3~ ' 0. The latter implies that the minimum eigenvalue of %,
diverges to oo and it is a classical condition for weak consistency of the least
squares estimators [18]. For the regression model (1) with i.i.d. errors e; having
mean 0 and finite variance, (A4) is necessary and sufficient for the least squares
estimator X, 1X;l(yl, ..., yn) to be asymptotically normal (see [30], Section 7.2,
and [21]).

Besides the classical conditions (A1)—(A4), to obtain asymptotic properties of
,én and 6, we certainly need appropriate dependence conditions [cf. (7) and (14)].
They are expressed in terms of ¥ (-; o). Recall Bt'k* =(..,e_1, e(’), Ely.nvs L)
and ef = G(F).

2.1. Asymptotic normality. Theorem 1 asserts that 6,, can be approximated by
the linear form 7, = }_7_, ¥ (e;)z; , with an op(1) error. Due to the linearity it is
easier to deal with T;,, which is asymptotically normal under proper conditions (cf.
Lemma 2).

THEOREM 1. Assume (A1)—(A4) and, for some €y > 0,

o0

(7) Y sup [E[¥ (e +€)|Fol — ElY (€] +€)|Fl < oo.

i=0l€l<eo
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Then we have

(8) ¢ (00, — Y W (e)zin = 0p(1)

i=1
and én = Op(1). Additionally, if the limit

n—|k|
. /
©) dim > 2z, = A
i=1

exists for each k € Z, then

(10) ¢/(0)én = N(0, A), where A = Z]E[w(eo)w(ek)]Ak.
keZ

Theorem 1 ensures the consistency of ,én: én = Op(1l) and %, ' 5 0 im-
plies that ,3,1 = op(1). It is generally not trivial to establish the consistency of
M -estimators. The convexity condition is quite useful in proving consistency; see
[7, 23, 39] among others for regression models with independent errors. Recently,
Berlinet, Liese and Vajda [9] considered consistency of M -estimates in regression
models with strong mixing errors. This paper requires that the regressors x; sat-
isfy the condition that n~! Y7, 8x; converges to some probability measure, where
§ is the Dirac measure. This condition seems restrictive and it excludes some in-
teresting cases (cf. Remark 1). For linear models with stationary causal errors, it
is unclear how to establish the consistency and asymptotic normality without the
convexity of p.

We now discuss condition (7). Since v; (€; Fo) = E[Y¥ (e; + €)|Fo] is the ith-
step-ahead predicted mean, the quantity ||v;(e; Fo) — ¥i(e; FH)Il = IE[v (e; +
e)|Fol — E[y(ef + €)|F; 1l measures the contribution of gy in predicting
¥ (e; + €). Hence (7) suggests short-range dependence in the sense that the cu-
mulative contribution of g¢ in predicting future values is finite. The following
proposition provides a sufficient condition for (7). Recall that F;(-| %) is the con-
ditional (or predictive) distribution function of ¢; given %y and f;(-|Fp) is the
conditional density. Let v (u; €9) = |V (u + €0)| + |V (4 — €0)]-

PROPOSITION 1. Condition (7) holds under either (i)
o0
(1) Y () < oo, where (i) =/R||fi(”|$0) — fiu|FO Y (u; €0) du,
i=1
or (i) p(x) = pe(x) =axt + (1 —a)(—x)", 0 <a < 1, and

o
(12) Za)(i) < 00, where w (i) = sup || F; (u|Fo) — Fi u|Fy)|.
i=1 uelR
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Proposition 1 easily follows from the identities E(1,,<,|¥0) = F;(u|¥o) and
E[y (ei + €)|Fol = Jg ¥ (u + €) fi (u| Fo) du. We omit the details.

In Proposition 1, case (ii) corresponds to quantile regression, an important non-
least squares procedure. Condition (12) can be interpreted as follows. If the condi-
tional distribution [e;|%o] does not depend on &g, then F; (u|Fp) — Fi(ulf'o*) =0.
The quantity sup,, || F; (u| Fo) — F; (u| F;")|| can thus be interpreted as the contribu-
tion of &g in predicting e;. In other words, sup,, || F; (u|Fo) — F; (u|F;") || quantifies
the degree of dependence of the predictive distribution [e;|¥g] on g¢. So (12) sug-
gests that the cumulative contribution of ¢¢ in predicting future values (e;);>1 is
finite. Condition (11) delivers a similar message by incorporating the information
of the target function ¢ = p’ as weights into the distance between the two predic-
tive distributions [e;| o] and [e] | ?0*]. To obtain Bahadur representations, stronger
versions of (11) and (12) are needed; see (27) and (28).

REMARK 1. Many of the earlier results require that x;, 1 <i < n, satisfy the
condition that ¥, /n converges to a positive definite matrix ([8, 32] among others).
This condition is not required in our setting. Consider the polynomial regression
with design vectors x; = (1,1, ..., iP~1Y, 1 <i <n. Then 3, /n does not have a
limit. Elementary but tedious calculations show that (A4) is satisfied and (9) holds
with Ay =1d,. However, a condition of such type is needed in deriving strong
Bahadur representations; see Theorem 3.

REMARK 2. In the expression of A in (10), the presence of the terms
E[y (eg) ¥ (ex) 1Ak, k #£ 0, is due to the dependence of (e;).

REMARK 3. To apply Theorem 1 to quantile regression with p(x) = py(x),
since ¥ (x) = o — 1,<p and ¢(x) = o — F(—x), we need to ensure that ¢; has
a density at O; see condition (A2). This problem is generally not easy. A sim-
ple sufficient condition is that the conditional density fi(-|Fg) exists. Without
conditions of such type, the existence of marginal densities is not guaranteed.
For example, consider the process e; = Z?io 2e1—_i/ 3i+1 where &, are i.i.d. and
P(e; = 1) =P(¢; = —1) = 1/2. Then the conditional density does not exist and
the marginal distribution does not have a density either. Solomyak [52] considered
the absolute continuity of Y 72, rig,_i, r€(0,1).

2.2. Bahadur representations. Bahadur representations with appropriate rates
are useful in the study of the asymptotic behavior of statistical estimators. For
M-estimation under independent errors, various Bahadur representations have
been derived; see, for example, [2, 4, 11, 26] and [47] among others. In partic-
ular, He and Shao [26] obtained a sharp almost sure bound under very general
conditions on p. To obtain approximation rates for M-estimates of linear models
with dependent errors, we need extra conditions on the behavior of the function
¥r1(s; Fo) at the neighborhood of s = 0:
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(AS) There exists an €y > 0 such that
3 Fi) — t; Fi
(13) Li=  sup [Y1(s; Fi) — Y1 (t; Fi)l crl

Is|, |t <eo, st |s — 1

(A6) Let i (-; F) € €', I = 0. For some € > 0, supc|¢, ¥\ (e: F)l < 00
and
o0
(14) > sup |E[y}" (e; F)IFo] — E[y{” (e; F)IF5]| < o0.
i=0 l€l<e€o
Condition (AS5) suggests that the function 1 (s; F;), |s| < €o, is stochastically
Lipschitz continuous at a neighborhood of 0. The function v itself does not have to
be Lipschitz continuous. Indeed, for ¥ (x) = p/,(x) = ¢ — 1<, if the conditional
density fi(-|¥o) is bounded, then (13) holds. For this ¢, we need to assume that
the conditional density exists to ensure that e; has a density, which is a prerequisite
for Bahadur representations for quantile estimates (cf. Remark 3). If ¢ € C/*! sat-
isfies sup,, | ® (u)| < 00, 1 <k <1+ 1, then (13) holds and a sufficient condition
for (14) is that )2 [le; — ef|| < oo. In this case the existence of a conditional
density is not required. Since E[y (e — 5)|Fol = [ ¥ (v) f1(v + 5| F0) dv, by Fu-
bini’s theorem, a sufficient condition for (13) is [ | f{ (u|Fo) | (u, €0)du € L1
The latter holds if [ || f{(u|F0) [V (u, €0) du < oo. The last condition (A6) is a
generalization of (7). Section 2.3 gives sufficient conditions for (14).
Define M-processes K,(0) = 2,(0) — E[Q,(0)] and K(B) = Q.(B) —
E[$2,(B)], where

QO)=> Ve —2 0z, and Qu(B) =) V(e — X p)x;,
(15) i=1 i=1
0, eR?,

The M -process itself is an interesting subject of study and it plays an important role
in M -estimation theory. Welsh [58] considered M -processes for linear models with
i.i.d. errors. Theorems 2 and 3 present local oscillation rates for the M-processes
K, and K,,. Corollary 1 provides a weak Bahadur representation for 6,. Theorem 3
deals with K and gives a strong Bahadur representation for B

THEOREM 2. Assume (A1)—(AS) and assume (A6) holds with [ =0, ..., p.
Let (8,)neN be a sequence of positive numbers such that

(16) op — 00 and &,r;, =0, max|z; ,| — 0.
Then
(17) sup |K,(0) — K, (0)] = Op[v7,(8n)logn + 8,/ n(4)],

101=<6n
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where

n

(18) 00 (8) = Y |20 [m* (|2i0|8) + m*(—=|2in]®)],  §>0.
i=1

COROLLARY 1. Assume (A1)-(AS) and assume (A6) fAzolds withl =0, ..., p,
and ¢(t) =t¢'(0) + O(t?) as t — 0. Further assume Q(6,) = Op(r,). Then for
any sequence c, — 00,

@' (000, — Y W(ezin = Op[v/74(84) logn + 8,1y ),
i=1
(19)

. -1/2
where §, = min(c,, rp / ).

In particular, ifast — 0, m(t) = O(Itlk)for some A > 0, then

(20) ¢ (06, =3 V(€20 = Op[v/2u 2+ 20) logn + 1.
i=1

REMARK 4. If ¢ is continuous, it is easily seen that the minimizer 6, solves
the equation Q(én) = 0. In the case that ¥ is discontinuous, the latter equation
may not have a solution. To overcome this difficulty, in Corollary 1 we propose
the approximate equation Q(H,) = Op(ry). An important example for discontin-
uous ¥ arises in quantile regression. Let ¢ (x) = p,(x) =a — 1y<0, 0 < < 1.
The argument in Corollary 2 and Lemma 9 implies that the minimizer 6, satisfies
12(0,)] < (p + 1)ry, almost surely.

THEOREM 3. (a) Assume (A1)—(A3), (AS) and assume (A6) holds with | =

0,..., p.(b) Let A, be the minimum eigenvalue of ¥,. Assume that
l%rgioréf)\n/n >0, £EQ2)=0m)
and
(21) 7u :=max |x;| = O[n'*(logn) 1.
J=n

Let b, = n~'2(logn)3/?(loglogn)'/?*, 1 > 0, i = 2Mogn/10e21 ypq ¢ > 3/2.
Then (1)

(22) lﬂslulz |Ku(B) — Ku(0)| = Oq5.(Lii + Bi),

where By, = by /&, (@) (logn)3/?(loglogn)1t9/2 L, = \/T,(2b,)(logn)? and

(23) 7,(8) = Y Ix;[*[m*(1x;18) + m*(—x;18)], 8> 0.
i=1
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If additionally ¢(t) = t¢’'(0) + O(t?) and m(t) = O (/1) as t — 0 and Qn (Bn) =
O.s.(ry), then (i1) B, = Oys.(by) and (iii) the strong Bahadur representation
holds:

249 OBy — Y W (e)Xi = Ous (L + Bi + E.(3BE + 7).

i=I

COROLLARY 2. Assume that 0 is the ath quantile of e;, f(0) > 0 and there

is a constant Cy < oo such that sup, f1(u|Fo) < Co, f € cl, SUP,cR ||F1(l)(u|
F) < o0 and

25 Y sup|E[F” w|F)IFo] - E[F | FHIFG]| <00,  1=0,....p.

i:OMER

Assume that X; satjsﬁes conditions (b) in Theorem 3. Let ,3,, be a minimizer of (2)
with py. Then (1) B, = 0a5.(by) and (ii) the strong Bahadur representation holds:

(26) f(O)E’:l’é" - Z(O{ — 1, <0)%i = Oas. (Bﬁ +Li+é, (3)by21 + ;n)a
i=1

where By = [bu&,'*(4)1(logn)*2(loglogn)¥/* and L, = [bn£,(3)1'/2(logn).

We now discuss the bound in (24). Clearly the condition &,(2) = O(n) im-
plies that 7, = max <, |X;| = O(n'/%). The condition on 7, in (21) is not the
weakest possible. For presentational clarity we adopt (21) since otherwise it in-
volves quite tedious manipulations. If ¥ is continuous, then Qn(,én) = 0. If ad-
ditionally &,(4) = O(n) and m(¢t) = O(|t]"), 1/2 < A < 1, the bound in (24) is
O[n1=1/2 (log n)q,], q' > 3. For the bound in (26), elementary calculations show
that, if £&,(k) = O(n), 2 < k < 4, then the bound is O, (n'/¥); if £,(4) = O (n),
then the bound becomes O[n'/*(log n)?'1, q' > 9/4. The latter bound is optimal
up to a multiplicative logarithmic factor since the classical [6] representation has
the bound Oa.s,[n_3/4(log10g n)3/4].

If ¥, /n converges to a positive definite matrix Q (say), then &,(2) = O(n) and
the limit of A, /n is the smallest eigenvalue of Q, which is strictly positive. To
apply Theorems 2 and 3 and Corollary 1, we also need to verify ¢(1) = t¢’(0) +
O(t?) and know the order of magnitude of m(-); see the definitions of 7,(-) and
7,(-) by (18) and (23). Examples 1 and 2 below concern some commonly used p.
Recall that f is the density of e;.

EXAMPLE 1. Assume (16). If ¥ has a derivative ' satisfying SUP | <5
v/ (e1 + u)|| < oo for some § > 0, then m(r) = O(|t]) as t — 0 and 7,(5,) =
O[¢, (4)8,%]. The latter claim easily follows from v (e; + 1) — ¥ (e1) = fé Y (e) +
u)du and m2(r) < tfé v/ (e1 + w)||>du = 0(?). An important example is Hu-
ber’s function p(x) = (x21|x|56)/2 + (clx| — c2/2)1|x|>c, ¢ > 0. Then ¥(x) =
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max[min(x, c), —c] and ¢'(t) = P(le; +t| <c) = F(c —t) — F(—c —1t). If
sup, f(x) < oo, then ¢(t) =1¢'(0) + O(t?) and m(t) = O(Jt]) as t — O.

EXAMPLE 2 (L9-regression estimates). Assume (16). Let p(¢) = [¢t|7, 1 <
g < 2, and assume sup, f(v) < oo. If g # 3/2, then m(t) = 0(|t|q//2) and
7,(8,) = O, (2 + q/)SZ/], where ¢’ = min(2,2q — 1). If ¢ = 3/2, then m(¢) =
O[lt|log(1/[t)] and 7,(8,) = X7, 1z:.n|*(log |2; ,)> O (82). Here the bound of
m(t) follows from [2]. The bound of t,(8,) when g # 3/2 can easily be obtained.
If ¢ =3/2, since r,8, — 0, then |log|z; ,5,|| < 2|log|z; ,|| for sufficiently large
n and the stated bound for 7, (5,,) follows.

If sup, [f(x) + | f'(x)|] < o0 and eg € L9771, then ¢(7) =t¢'(0) + O(t?). To
this end note that v (x) = ¢|x|9 " 'sgn(x) and ¥’ (x) = g(g — 1)|x]|9">sgn(x). Let
|8 <1land D =v'(e; +8) — v/ (e1).If |e1| > 3, then | D| < |§|. On the other hand,

3
]MDHM§)=[3¢WUUW)—fW—®Hdu

N [/_;3+5 B /33”}0’(”)]0(” o

which is also of the order O(8) since sup, | f'(x)| < oo and ff3 [V (u)|du < oo.
Therefore E[f(; V' (e1 + 8) — ¥/(e1)d8] = O(t%), which implies ¢(1) — ¢(0) =
19’ (0) + O(t?).

2.3. Sufficient conditions for (14). Recall the projections $- = E(-|F;) —
E(:|Fk-1) and FF = (..., &1, 86,81, ..., &). Proposition 2 provides sufficient
conditions for (14) and (25). These sufficient conditions appear easy to work with;
see applications in Section 3. Lemma 1 follows from Theorem 1 in [63].

LEMMA 1. Assume that the process X; = g(F;) € L2 Let gn(Fo) =E[g(Fp)|
Fol, n > 0. Then ||PoXnl < 8(Fn) — g(FN)IN and | PoXnll < llgn(Fo) —
gn(FOI =21 PoXnll.

PROPOSITION 2. (i) Assume that fi1(-|F;) € C',1>0,and

> a(i) < oo,

i=0

7)
wmm@®=éwpwﬁ%JPWﬁWWMme

Then Y320 Sup|c <, 1¥1 (€3 Fi) — (" (e3 Fi*)Il < 00 and (14) holds.



M-ESTIMATION UNDER DEPENDENCE 505

(i) Let p(x) = po(x) =axt + (1 —a)(=x)T, 0 < a < 1. Then (25) holds if for
0<l=<p

o0
28) Y wi(i) <oo,  where w(i) = sup| F{” @l F) — F" | F7)].
i=0 uelR

PROOF. (i) Since ¥(t; %) = [r¥ () fi(v — t|F)dv, by Lemma 1, for
|t] < €0,

|E[y{" : F)1Fo] — E[v(” (0 7)1 5]
<2y P 7o) — v 79|

=2Hwa<v>[ff’)<v—zm)—ff’)(v—tm*)]dv

52/R|w<v>|||ff”<v—r|%>— O —1|F%) | dv < 2a1().

So (i) holds.
(i) This easily follows from Lemma 1. [J

3. Applications. This section contains applications of results in Section 2 to
linear models with errors being linear processes and some widely used nonlinear
time series. For such processes the SRD conditions (27) and (28) can be verified.

3.1. Linear processes. Let ¢; be i.i.d. random variables and a; real numbers
such that

00
(29) € = Zaje,-_j
j=0

exists. Without loss of generality let ag = 1. Let F; be the distribution function
of g9 and let f; be its density. Propositions 3 and 4 provide simple sufficient
conditions for (28) and (27), respectively. For y € R let the weighted measure
wy (du) = (1 + [u|)” du. The proof of Proposition 4 is given in [64].

PROPOSITION 3. Assume that g9 € L9, g > 0, and that for some Cy < 00,

(30) sup| fPw)| < Co,  1=0,...,p.

Then w;(i) = O(la;|9/?), ¢ = min(2, q). Consequently (28) holds if
o0

31) 3 jajle? < oo
j=0
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PROOF. Let Z, = Z?ozlajsn_j and Z = Z, — a,&o + ang;,. Then Fi(ul
Fu—1) = Fe(u — Z,). By (30), since min(1, |x|?) < |x[°,0 <8 <2,

FOw—2,) - FPu—z)|

w;(n) = sup|

(32) < [lmin(2Co, Colaneo — aney) |

< 2Co|l|ango — aneh|??| = O(lan|?7?).

The second assertion is obvious. [

PROPOSITION 4. Let1 <y < q.AssumeE(eg) =0, &9 € L9, k), = waz(u) X
w—y (du) < oo and

p+1

(k) 2
(33) kgo /R 118 ) P, (dv) < oo.

Then @;(i) = 0(|a;|77%), 0 <[ < p, where ¢’ = min(2, q), and (27) holds un-
der (31).

The condition «, < oo controls the tails of . Both Propositions 3 and 4 al-
low dependent and heavy-tailed errors. For the linear model (1) with heavy-tailed
errors, it is more desirable to apply the M-estimation technique to estimate the
unknown g since the least squares procedure may result in estimators with erratic
behavior. A popular model for such heavy-tailed processes is the moving average
process e; = Z?io ajei_j, where ¢; are i.i.d. random variables with stable distrib-
utions and a; are coefficients such that e; is well defined. Recently there has been
a substantial interest in linear processes with heavy-tailed innovations; see [28,
54] and [61] among others. Davis, Knight and Liu [14] studied the behavior of the
M -estimator in causal autoregressive models, while Davis and Wu [15] considered
M -estimation in linear models. In the latter two papers the errors are assumed to
be heavy-tailed, however, independent.

EXAMPLE 3. Let 7 > 0 be an integer and ¢ € (1,2). Assume that the den-
sity f. € C7 satisfies fg(t)(t) ~ |t|71=Tth(|t]) as t — Fo00, where £ is a slowly
varying function [31], namely lim,_, o 2(xA)/h(x) = 1 for all A > 0. By Kara-
mata’s theorem [31], simple calculations show that there exist real constants C;,
0 < j < 7, such that fg(J)(t) ~ letl_j_l_‘h(|t|) as t — oo, and, for some con-
stant C, 1 — F(t) ~ Clt|"*h(|t]) and Fg(—t) ~ C|t|"*h(|t]|) as t — 00. S0 g; isin
the domain of attraction of a stable distribution with index ¢ [31]. Let y < 1 + 2.
Then fR[fs(j)(t)]zwy (dt) < 00, 0 < j < 1. Hence (33) holds. As an interesting
special case, let ¢; be i.i.d. standard symmetric-c-stable (SaS) random variables
with index ¢ € (1,2). By Theorem 2.4.2 in [31], the density f.(¢) ~ ot~
as |t| — oo, where ¢, = n*1§(1 + ) sin(tmr/2). A similar argument shows that
FEO) ~ el 7177, where ¢ r = ¢, [TEy (—i — 0).
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EXAMPLE 4. If ¢; have finite variance, then (31) with ¢’/2 = 1 implies that
the covariances are absolutely summable. It seems that the robust estimation prob-
lem of (1) with SRD linear process errors has been rarely studied in the literature.
If (31) is barely violated, for example, if a, =n™", 1/2 < u < 1, then the er-
rors are long-range dependent (LRD). In the LRD case, the M -estimates behave
very differently from those in the i.i.d. or weakly dependent error cases in that
they are asymptotically first-order equivalent, in probability, to the least squares
estimate [37].

REMARK 5. The condition (31) seems almost necessary for the asymptotic
normality of 6,.Let &; bei.i.d. standard SaS random variables with index ¢ € (1,2)
and a, ~n~", n € N. Then (31) is reduced to (it > 2. Surgailis [54] showed that,
if t;t < 2, then the empirical process of e; satisfies a non-central limit theorem
and the normalizing sequence is no longer /n. The asymptotic distribution of our
estimate é,, is unknown when (1 < 2.

3.2. Nonlinear time series. Many nonlinear time series models have the form
(34) ei = R(ei—1, &),

where R is a measurable function and ¢&; are i.i.d. innovations. Diaconis and Freed-
man [16] showed that (34) has a stationary solution if for some g > 0 and 1y,

E(logls,) <0 and £ + |R(to, €0)| € LY,
(35)

|R(X, 80) - R(x/a 6\0)|
where £, = sup .

x#x! lx — x|

In this case iterations of (34) lead to (3). Due to the Markovian structure of
(ej), we can let Fi(ule;) = Fi(u|F;) and f1(ule;) = f1(u|F;) be the condi-
tional distribution and density functions. Then Fj(u|v) = P[R(v,&;) < u] and
Siu|v) =0Fi(ulv)/du.

PROPOSITION 5. Assume that there exists a constant Cy < oo such that

(U]
(36) sup w ‘

u,v

+5 p|F(”(u|v)| <Cyp, 1=0,...,p.

Then under (35) we have w;(i) = O(Xi)for some x € (0, 1) and hence (28) holds.

PROOF. Let (sl’.)iez be an iid. copy of (¢)icz and, for i > 0, ef =
G(...,e_1,8),€1,...,&) and ¢; = G(..., ¢ |, €, €1,...,&). By Theorem 2
in [65], under (35) there exist ¢ > 0 and o € (0,1) such that ||el’. —eillc =
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0(0"). So |lef — eillc = O(lle; — eillc + lle} — efllc) = O(o"). Observe that
F"' | F,-1) = F{" (ulen—1). As in (32), by (36),
|F @ Fon) = AP @l F D | = | (len—1) = Fuler )|
< [Imin(2Cy, Colen—1 —e;_; Dl
<2Co||len—1 — ej_ ™D = 0(x™M,

where x = Qmi“(l’g/z). O

EXAMPLE 5. Consider the autoregressive conditional heteroscedasticity

(ARCH) model
e; =¢&i_1,/a’ + bzeiz_l,

where ¢; are i.i.d. innovations and a, b are real parameters such that
37) E(og|beo|) <0 and &g € L7

for some g > 0. Then £, = |bgp| and (35) holds. Note that (37) imposes very
mild moment conditions and it even allows |e;| to have infinite mean. Let Fg
(resp. f¢) be the distribution (resp. density) function of gg. Assume that f, satis-
fies (30). Since Fi(u|v) = Fg(u/+/a* + b2v?), simple calculations show that (30)
implies (36). As an interesting special case, let &; have the standard Student
t-distribution with degrees of freedom k > 0. Then the density f.(¢) = [k/(k +
t2)]4+0/2 ¢y, where Cy = k'/?B(1/2,k/2) and B(-,-) is the beta function.
Clearly (30) and (35) are satisfied. In certain applications it is desirable to use
ARCH models with Student-¢ innovations to allow heavy tails [56].

Proposition 6 below gives a sufficient condition for (27) for the process
(38) ei =v(ei—1) +&i,
where v is a Lipschitz continuous function such that the Lipschitz constant

(39) 0, = sup WO YOI _
atb la—D]

1

and E(]&;|%) < oo for some « > 1. The condition £, < 1 implies that the non-
linear time series (38) has a unique stationary distribution. A prominent exam-
ple of (38) is the threshold autoregressive process e;j+1 = ale;r +ar(—e)T +
&i+1, where a1, oy are real coefficients [55]. In this example (39) is satisfied if
max(|ay], |oz]) < 1. If the process (34) is of the form (38), then condition (27) can
be simplified.
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PROPOSITION 6. Assume [y l/fz(t)w_y(dt) < o0 for some y > 1. Further
assume (39), g € L1,y < q <y + 2 and that f; satisfies (33). Then there exists
x € (0, 1) such that

(40) a()=0(x"), 0<I<p.

REMARK 6. In Proposition 6, ¢; are allowed to have infinite variances. Propo-
sition 6 follows from Theorem 2 in [65]. For a proof see [64].

4. Proofs of results in Section 2.2.

LEMMA 2. LetT, =)} | ¥ (ei)zin.
(i) Assume E[¥(e;)] =0, ||V (e;)|l < oo and

41) > IE[Y (e Fol — Ely (¢))| F5 1l < 0.
i=1
Then ||T,|| = O(1).
(i1) If in addition (9) and (A4) hold, then T, = N (0, A).

PROOF. (i) For k >0 let Jy = Y7 | Pi—x¥(€;)z; . Note that the summands
of Ji are martingale differences. By the orthogonality, since )", zi’nz;,n =1d,
and k > 0,

@2) NIl =Y NPV e zinll* =Y [2in* 1 P0v (e1I* = pll Loy () |1

i=1 i=1

By Lemma 1, [Pov(en)ll < |E[Y(ex)|Fol — Ely(e)|F 1. By 41),
Yo Ikl < oo and consequently || 7, || = O(1) since T, = Y72 Jk.

(i1) We now show T,, = N (0, A). Let ¢ be a p-dimensional column vector with
le| =1 and u; , = ¢'z; ,,. By the Cramér—Wold device, it suffices to verify that

n
(43) > uin¥(e)) = N(0, ¢ Ac).
i=1
Since YI_, 2 n2 , =1d,, dy = (X]_  u?,)'/> = 1. By (A4),

max; <y |Mi,n| .

(44) lim 0.
n—oo d,
By (9), for each k > 0,
. 27:—1k Ui nUi+k,n ,
45) nll)néod—}% =c Agc.
Write y(e;)) = YX32ga;mii—j, where o) = |Pi—;¥(e)l and 5 =

Pi_j¥(e;)/a;. Then (41) entails Z?‘;O aj < 0o. By the argument in the proof
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of Theorem 1(i) in [25], (44) and (45) imply (43). (Theorem 1(i) in [25] is not
yet directly applicable: condition (5,a) therein requires d,, — oo and condition
(7) therein requires Y ;.7 ¢ Are > 0. However, a careful examination of Han-
nan’s [25] proof indicates that his conditions (5,a) and (7) are not needed in de-
riving (43) from (44) and (45). Also note that there is a typo in [25], (5,b). The
correct version should be of the form (44).) O

LEMMA 3. Let (ay)!_;, n €N, be a triangular array of real numbers such
that 37, “;%i <1 and @, := max;<, |a,;| = 0. Assume (A1), (A3) and (7). Let
Mni = p(ei — ni) — p(ei) + iy (e;). Then var(yj_; np,i) — 0.

PROOF. Let/ eNand 0 < u < ¢9. By (A3), (7) and Lemma 1, we have

o0 1
> sup [[Po[y(er) — Ylek —I <D sup v (ex) — ¥r(ex — €l
k=0 l€1=1 k=0l€l=u

(46) N
+ > 2sup [Pov(e— )] =0
k=1+1 lel=n

2

+ and

by first letting 4 — 0 and then I — oco. Let A, =7 |«

n

Zin(®) =) Pikl¥(e) — ¥(ei —oni)loni,  0<t=<1, k>0.

i=1
Note that the summands of Z;(¢) are martingale differences. Since w, — 0,

n

sup (| Zia I = sup Y ey | Pkl (i) — (e — o]

0<r<l1 0=r<1;

<A, sup | Pl (ex) — ¥ (ex — ||
€|l<n

holds for large n. Since n, ; = fol[tjx(e,-) —Yr(ej — toyi)]oyidt and A, <1,

00 1 o 1
> [ zawdr| < [1zeaolar,
k=070 k=00

which by (46) and (47) converges to O asn — oo and | 0. [J

(47)

n
Z(nn,i - Enn,i)
i=1

PROPOSITION 7. Under conditions of Theorem 1, we have for any ¢ > 0 that

¢'(0)

16
2

-0

> lolei — 2 ,0) — plei) + 2,09 (e:)] —

i=l

(48) Dy(c):= sup

16]<c

in probability.
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PROOF. We should use the argument in [7]. Let n;(0) = p(e; — zané) —

p(e,) + z’ 91//(6,) For a fixed vector 8 with |8] < c, let ozm = z/ ,0. Then

1052- < ¢ and maxl <n |api| < crp — 0. By Lemma 3, var[} /_, n; (0)] — 0.

Note that le] z,,nz n= =1Id,. By Lemma 1 in [7], under (A1) and (A2) the bias

S Eln: v (O) Z[“’ ;O) 7,01 + o(|z;,n9|2>] _ %"Nelz
i=1 i=1
0 0
‘”() 2in, 0+ 012 ,0P)] — g"()| o2

i=1
=0[5(2)].

So Y 1 ni@) = ¢ '(0)]6]? /2 pointwise. Since n;(0), 1 <i <n, are convex func-
tions of 8, by the convexity lemma in ([42], page 187), we have uniform in-
probability convergence. (A nonstochastic version is given in [48], Theorem 10.8,
page 90. A subsequencing argument leads to the in-probability-convergence ver-
sion. See also Appendix Il in [1] and [7] for more details.) [l

PROOF OF THEOREM 1. The relation (8) easily follows from properties of
convex functions; see, for example, the proofs of Theorems 2.2 and 2.4 in [7] and
Theorem 1 in [42]. We omit the details. A proof is given in [64]. That én = Op(1)
follows easily from Lemma 2 and (8). If (9) holds, again by Lemma 2 we have the
central limit theorem (10). [

PROOF OF THEOREM 2. Write K,, = M,, + N,,, where

(49) My (0) =) (¥ (ei — 2 ,0) — B[y (e; — 7 ,0)|Fi-11}2i

i=I

and, noting that E[y (¢; — zl’.,n0)|$}_1] = 1//1(—12’”9; Fi1),

n
(50) Na(0) =Y (V1(—2 ,0; Fi_1) — o(—2 ,0))Zi n.
i=1
The summands of M, form (triangular array) martingale differences with re-
spect to the filter o (F;). Since Y zi,nz;’n =1Id,, we have n~12 = 0(r,) and
by (16) n=?=00hH = 0[6,¢,(4)]. By Lemmas 4 and 5, (17) follows since
= 0[5 (®)]. U

LEMMA 4. Assume (AS) and (16). Then

(51) sup | M, (0) — M, (0)] = Op[y/7,(8,) logn +n~>].
1015
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PROOF. Since p=3)"_, z;’nz,-,n < nr?, (16) implies that 8, = o(y/n). It suf-

fices to show that the left-hand side of (51) has the bound Op[g,+/7,(5,) logn +
n~3] for any positive sequence g, — 0o. Assume that g, > 3 for all n. Let

gnv/Tu ()
bn = 28nV/Tu (8,) logn, zn=”1T’;”, tp =12,
n

ni(0) = [ (e; — 2 ,0) — V¥ (ei))zin, T, = max sup [n;(0)],

I=110]<8,

n
Up =Y E{[¥(ei + 12in|80) — V(i — |2inl80) 1P| Fi1 Hzin |-
i=1

Since i is monotone, for § > 0,

|21|1P8 17 (0)] < |zi,n| max[|y (e; — |2in]8) — Ye)l, [V (ei + |2inl8) — Y (en)l]

< |zinll¥(ei + |2in|8) — ¥ (ei — |2inld)].
So E[supig<s 17 ()21 < 2120 *[m*(—|2i.18) + m*(12i.n18)], E(T,}) < 27,(8n)
and
(52)  P(Ty = ty) <1, °E(T;}) < 2t,°7,(8,) = Ol(g, ' loggn)*] — 0.
Similarly, E(U,) < 2t,(3,) and
(53) P(Uy > up) < u, 'E(U,) = O[(g,, ' log gn)*] — 0.
Write z; , = (Zi1,n, - - -, Zip,n) . For notational simplicity we write z;; for z;; »,

I<j<p.Letll,={-1,+1} . Fori e Nlet D;(i) =2 x1;,>0—1,...,2 %
1;,>0— 1) €ll,.FordeIl, and 1 < j < p define

n
My j.a(0) =) (¥ (ei —12;,0) —ElY (ei — 2,0 Fi-11}zij1D,()=a-
i=1
Since M, = Zdenp(Mn,l,d» e Mn,p,d)/, it suffices to show that (51) holds with
M, therein replaced by M), ;4 for all d € [T, and 1 < j < p. To this end, for
presentational clarity we consider j =1 and d = (1,—1,1,1,...,1). The other
cases similarly follow.

Let 0] < 8, ni,j.a(0) = [V (e; — 2 ,0) — ¥ (ei)]zij1p,i)=a and

n
By(0) =Y E[ni.;.aO1p, ; 0)>5, | Fi—1]-
i=1

Then for large n, since u, = o(t,¢n),

P(1B.(0)] > b, Un < uy) sP[r,:l S B2 o) Fi1] = b, Uy < u}
=1
(54) L
= P(In Up>¢n,Up <u,)=0.
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Since t7)i[”i,j,d(G)llni,j,d(H)lftn]’ i =1,...,n, form bounded martingale differ-
ences, by Proposition 2.1 in [19] and (54), for |6| < §,,

P[IMy,j,a0) — My, j,a(0) = 2¢,, Ty < 1y, Up < uy]

SP[

(55) + P[

n
> P [7i.7.a@) 1y ; a@) 1<t ]| = Bn> T < tn, Up < “n]

i=1

n

> Pilnija@lpy, 4@)51,]
i=1

>¢n, Ty <1y, Uy < uni|

= Olexp{—¢2/ (41, + 2u)}] + P(IBp(0)] = ¢, Ty < 1, Uy < u1)

= Olexp{—¢;/(4tadn + 2un)}].
Let £ =n® and G, = {(ki1/¢, ..., k,/0) ki € Z, |k;| < n°}. Note that G, has
2n° + 1P points. By (55), since t,¢, logn = o(qﬁ,%) and u,logn = 0((1),2,), for
any ¢ > 1 we have

]P|: sup |Mn,l,d(9) - Mn,l,d(0)| = 2¢n’ Tn <1y, Un =< un:|
QGG[
(56) 0 ) ~

= O0(n"")Olexp{—o;/(4tnpn + 2u,)}] = O(n™°P),

which by (52) and (53) implies

57) lim P[ sup My 1 a(0) — My 1 a(0)] = 2%} o0,
=00 | peg,

For a e R let [al, = [a€]/€ and |a], = [af]/€. Write (a)¢,1 = |a], and
(a)e,—1 = [ale. Let d = (dy,...,dp) € I1),. For a vector 6 = (91,...,9,,)’ let
(0)ea = ((O1)e.dys---» (Op)ea,). For example, for d = (1,—-1,1,1,..., 1), we
have (0)¢.a = (101]¢, [021¢, 1030, .-, [Op)e) and ()¢, —a = ([011¢, [02]¢, [03]¢,
..., [0p1¢). Observe that for this d, n;1,a((0)¢,—a) < 1i,1,a(@) < 1;,,a({0)¢.a)
since 1 is nondecreasing.

Let [s], || < rpén. By (13), [E[Yr(ei — 1) — ¥ (e; — s)|Fi—1]| < Li—1]s — ¢] for
all large n since r,8, — 0. Let V, =>" | L;_1. Again by (13), P(V,, > n4) <
n~*E(V,) = O(n?). Since |6 — (0)¢.al = O™"), we have max;<, |z, (6 —

(0)¢,0)] = o(¢™1), and by (16),
n
sup Y Bl ((0)e.a) — ni @) Fi—1]| < CL V.
Therefore, for all |0]| < §,,
M, 1,a((0)¢,—a) — My, 1,4(0) —CV,, /¢
(58) <My 1,4(0) — My,1,4(0)
<My 1,a((0)e,a) — My,1,a(0) +CV, /¢,
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which implies (51) in view of (57) and V,, /¢ = OP(n4/IZ) =op(n~3). O

LEMMA 5. Assume that (8,) satisfies (16) and (A6) holds with [ =0, ..., p.
Then

(59) sup 1N 8) — N 0| = O[V&@s.].
gS n
PROOF. Let I ={ay,...,a4} S {l,..., p} be a nonempty set and 1 <y <
- < a4. For a p-dimensional vector u = (uy,...,up) let uy = (u1liey, ...,

upl,er). Note that the jth component of u; is 0if j ¢ 1,1 < j < p. Write
81 99N, (u1) 8o 8oq 01N, (uy)
/ / / ——dUgy, - duaq
0

g, ---auaq

and wW; =2, 2o, - “Zisay - Observe that

09N, (uy) - -
' =2 [ (2] ur: Fimp) — 0D (—2 up)]w,

Let |u| < pé, and k € N. Since max; <, |z; ,u| < pr,é, — 0, by Lemma 1, for
large n,
2

Pi— klﬁfq)( z; ug; Fi 1)W;

= Z |Wi|2f|e7°i—k1ﬁ1(q)(—1§,nll1; Fin|’
i=1

< Z Iwi % sup |E[v\? (e; Fr_1)IFo] — B[y (e; 7= DIFS] |

le|<eo

As in the proof of (i) of Lemma 2, if (A6) holds with [ = O0,..., p, then
104N, (u;)/0uz| = 0[{,}/2(2 + 24g)] uniformly over |u| < pé,. Consequently,

/g, 39N, (ul) ” H /5" /5'1 1N, (uz) H
sup
|g| <0, On -

Ju
811 8"
60
(60 =,/
01842122 4 29)1.

By (16), 82«/{,, 2+2q) = O0[6,+/ 8 (4)]. So (59) follows from the identity
gr glf |N
61) Na(®) — Ny (0) = Z f D guy,

.....

99Ny (uy)

‘duI
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where the summation is over all the 27 — 1 nonempty subsets of {1, ..., p}. O

PROOF OF CORQLLARY 1. The sequence () clearly satisfies (16). Theo-
rem 1 implies that |6,| = Op(1) = op(8,). Note that K,,(0) =>_"_, ¥ (e;)z; , and
K, (é,,) =—37 ga(—zg,nén)zi,n + Op(ry). By Theorem 2, (19) follows from

n n
Y [9(=2 ,60) + 2,009 O)]zin = Y Ol12; 00171120 ] = OplLa(3)]
i=1 i=1
in view of 331, 2; n2; , =1d), £4(2) = p, £a(3) < 148n(2) = O(ry) and ¢, (4) =
O(r,%). For (20), it suffices to show that the left-hand side has the bound
Oplcna/Cn (2 4+ 2)0)logn + ¢, ry] for any sequence ¢, — oo. The latter easily fol-
lows from (19) and m(¢) = O(|¢[*). O

4.1. Proof of Theorem 3.

LEMMA 6. Under the assumptions of Theorem 3, we have (i)

(62) Sup 1K (B) — Kn(0)| = Ous.(Li + Bi)
and (i) for any ¢ > 0, 1%,1(0) = 0,5 (h,), Where h, = rzl/z(logn)3/2 X
(loglogn)!/2+t/4,

PROOF. As in the proof of Theorem 2, write K n= Mn + Nn, where

My (B) =) (¥ (e; —x;B) — ElY (ei — X B)| Fi_11}xi,
i=1

n
Na(B) =Y (Y1(—X]B: Fi_1) — o(—X; B)}x;.
i=1
Since n /2 = o(B;), by Lemmas 7 and 8, (i) holds. For (ii), as with the argument
in (42), we have || K, (0)]| = OEV?) = O(Jn). So the stated almost sure bound
follows from the Borel-Cantelli lemma and (68) in view of the argument in (69).
O

LEMMA 7. Let (7;);>1 be a sequence of bounded positive numbers for which
there exists a constant ¢y > 1 such that

(63) max m; <co min 7T holds for all large n.
n<i<2n n<i<2n

Assume (AS5) and 7, = O(/n). Let wg = 2comya and g > 3/2. Then as d — oo,

(64) sup max |M,(B) — M,(0)| = O [\/‘fgd(—wd)dq + 2—5d/2]'

|Bl<wqn<2¢
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Lemma 7 is proved in [64]. The argument is similar to the one used for
Lemma 4.

LEMMA 8. Let (m;);>1 be a positive sequence satisfying (63) and m, =
o[n= 2(log n)2; let wy = 2comya. Assume (21) and assume (A6) holds with
[=0,..., p. Then we have (i)

(65)

sup |Nn(g) — N<0)|H OlVer@m,]

|g|§”n
and (ii) as d — oo, for any 1 > 0,
(66) max sup |N,(g) — Nu(0)]> = 045 [E0 (4w 7d> (logd)' ).

n=24|g|<wy

PROOF. Let Qn ;(B) = X[ Y1 (—x;B; Fi-D)xij, 1 < j < p, and S, (B) =
On,j(B) — Qn,;(0). Since 7, = o[n~Y2(logn)?], by (21), 7,77 — 0. It is easily
seen that the argument in the proof of Lemma 5 implies that there exists a positive
constant C < oo such that

P n
(67) E{ sup |Sn<ﬂ)—snf<ﬂ)|2}sc2w§q T [Pt

|Bl<wq g=1 i=n'+1

holds uniformly over 1 <n’ <n < 24, S0 (65) holds. We now show (66). Let supg
denote sup g, - By the maximal inequality (see [64])

(68)

12
[ZE{ sup [, (B) — SZi(m—l)(ﬂ)|2}:| :
i=0Lm=1

|Bl<wr

41Bl<m

since ¢ > 0 and wdzqézd 2+29)= O(Wdzfzd (4)), (67) implies that

X [ max, <o SUP g1 <g ISu(BII? 2 O[(d + 1)2
69) 3 <2d SUP|g| < _Zd3( )]

= @ wmid(logd)' T (logd)1+ ~
By the Borel-Cantelli lemma, (66) holds in view of (63). U

PROOF OF THEOREM 3. By Lemma 6, we have (i) and

(70) sup |K,(B)| = Oas(wy),  where w, = Lj +h, + B

|B1<by
and b, =n~'/2(logn)3?(loglogn)/>**. Let ©,(8) = X1, [p(e; — X, 8) — p(ei)]
and

nooa
Ay(B) = —;/0 o(—x;pr)x; B dt.
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Using p(e;) — pe; —X:B) = fOl ¥ (e; — X; )X, B dt, we have by (70) that

sup |0, (8) — An(B) = SUP
|BI<bn |BI<bn

f g, (ﬂt)ﬂdt‘ Ous.(Wnbn).

Let Ay = 27 liminf, o0 An/n. By (21), 7y = 0(1). Then &, (3)b} = O (niy)b) =
o(nbz) Since ¢(8) = ¢(0) + ¢'(0)8 + 0 (8%), we have for all large n that

inf A, (B) = 1¢'(O)ni,br.

|Bl=bn

Since m(t) = O(V/1) ast — 0, L, = O[ 1/2(3)b1/2(logn)q] Let3/2 <q < 7/4.

Under the condition &, (2) = O (n), we have §,(24+k) <7;§,(2) = O(ni};), k > 0.
Elementary calculations show that, with (21), h,, = o(nbn) L; = o(nby,) and B;; =
o(nby). Therefore, w, = o(nb,) and consequently we have

|51|r£on ®n(,3)2|ﬂ1|11fn14 (ﬂ)—lﬁs‘lip 1©n(B) — An(B)]

> 10/ (0)na, bl + Ous.(wpby) > 1o’ (O, b7

almost surely. By the convexity of the function ®,(-),

/ 2| . 1 7 2
{int 0,82 fo@mntt| ={ int 0,82 by Omnsl].

Therefore the minimizer ,3n satisfies |;§n| < by, almost surely.
(iii) Let | 8] < by,. Since b, 7, — 0, by Taylor’s expansion,

n

=Y o(=x{B)x;i = Y _[¢'(0)x]B + O (x| B))]x; = ¢/ ()T, 8 + O[£,(3)by].

i=1 i=1

So (24) follows from (i) and (ii) in view of Q, (B,,) = 0,4 (rpy). O

PROOF OF COROLLARY 2. Clearly the condition sup, f1(u|Fo) < Cp < o0
implies (A5). The other two conditions ¢ (1) = t¢’(0) + 0% and m(t) = O (V1)
as t — 0 easily follow. Then we have (A1)—(A3) and (A6). By Theorem 3, it
remains to show that Qn(,@n) = Oy (Fy). Observe that ¥ (x) = o — 1< and
P (X +8) — po (x) =89 (x) + 8T 1 —o. Let ©,(B) = X/_ [pa (i =X ) — palei)]
and v= Q, (,3,1). Then

li ®n (Bn + EV) - ®n (ﬁn)
1m
€l0 €

= (=X (er —xiB) + D (xin*L, s

i=1 i=1

= —(Qu(B))V+ (X1, 5.

i=1
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Since ©,(B, + €v) = 0,(f,) and (—x;v)* < |x/||v|, we have [2,(B,)| <
i=1 |X§|1€i:X;/§n
almost surely. [

. By Lemma 9 and Schwarz’s inequality, |§2n (/52,)| <(p+ Dy,

LEMMA 9. Assume that sup, | f1(u|Fo)| < Co almost surely for some con-
stant Co. Then

n
(71) supz lei:X;ﬁ Ix;| < (p+ Dy almost surely.
i=1

PROOF. It suffices to show P(e;, = xgl s iy = X;p+1'3 for some B) =0
for all 1 <i; <--- <ipy1. To this end, the argument in [4] is useful. Clearly
we can find uy,...,upyq with u% + -4 ui_H # 0 such that uix;, + --- +
Up+1Xi,,,; = 0. Without loss of generality let u ,+; = 1 and write n = Z;’:l ujei;.
Then ]P’(e,-p+1 = —77|3~“,-p+1_1) = 0 almost surely. So P(u1e;, +n = 0) =0, which
completes the proof. [J

Acknowledgments. [ am grateful to the referees and an Associate Editor for
their many helpful comments. I would also like to thank Jan Mielniczuk for valu-
able suggestions.

REFERENCES

[1] ANDERSEN, P. K. and GILL, R. D. (1982). Cox’s regression model for counting processes:
A large sample study. Ann. Statist. 10 1100-1120. MR0673646

[2] ARCONES, M. A. (1996). The Bahadur—Kiefer representation of L, regression estimators.
Econometric Theory 12 257-283. MR1395032

[3] ARCONES, M. A. (1998). Second order representations of the least absolute deviation regres-
sion estimator. Ann. Inst. Statist. Math. 50 87-117. MR1614207

[4] BABU, G. J. (1989). Strong representations for LAD estimators in linear models. Probab. The-
ory Related Fields 83 547-558. MR1022629

[5] BABU, G. J. and SINGH, K. (1978). On deviations between empirical and quantile processes
for mixing random variables. J. Multivariate Anal. 8 532-549. MR0520961

[6] BAHADUR, R. R. (1966). A note on quantiles in large samples. Ann. Math. Statist. 37 577-580.
MRO0189095

[7] BAL Z. D., RAo, C. R. and WU, Y. (1992). M-estimation of multivariate linear regression
parameters under a convex discrepancy function. Statist. Sinica 2 237-254. MR1152307

[8] BASSETT, G. and KOENKER, R. (1978). Asymptotic theory of least absolute error regression.
J. Amer. Statist. Assoc. 73 618-622. MR0514166

[9] BERLINET, A., LIESE, F. and VAIDA, 1. (2000). Necessary and sufficient conditions for consis-
tency of M-estimates in regression models with general errors. J. Statist. Plann. Inference
89 243-267. MR1794424

[10] BLOOMFIELD, P. and STEIGER, W. L. (1983). Least Absolute Deviations. Theory, Applica-
tions and Algorithms. Birkhduser, Boston. MR(0748483
[11] CARROLL, R. J. (1978). On almost sure expansions for M-estimates. Ann. Statist. 6 314-318.

MRO0464470


http://www.ams.org/mathscinet-getitem?mr=0673646
http://www.ams.org/mathscinet-getitem?mr=1395032
http://www.ams.org/mathscinet-getitem?mr=1614207
http://www.ams.org/mathscinet-getitem?mr=1022629
http://www.ams.org/mathscinet-getitem?mr=0520961
http://www.ams.org/mathscinet-getitem?mr=0189095
http://www.ams.org/mathscinet-getitem?mr=1152307
http://www.ams.org/mathscinet-getitem?mr=0514166
http://www.ams.org/mathscinet-getitem?mr=1794424
http://www.ams.org/mathscinet-getitem?mr=0748483
http://www.ams.org/mathscinet-getitem?mr=0464470

(12]
[13]
(14]
[15]
[16]
(17]
(18]
(19]
[20]
[21]
[22]

(23]
(24]

[25]

(26]

[27]

(28]
(29]

(30]
(31]

(32]
(33]
[34]
(35]

(36]

M-ESTIMATION UNDER DEPENDENCE 519

CHEN, X. R., BAI, Z. D., ZHAO, L. and WU, Y. (1990). Asymptotic normality of minimum
L 1-norm estimates in linear models. Sci. China Ser. A 33 1311-1328. MR1084956

Cul, H., HE, X. and NG, K. W. (2004). M-estimation for linear models with spatially-
correlated errors. Statist. Probab. Lett. 66 383-393. MR2045131

Davis, R. A., KNIGHT, K. and L1U, J. (1992). M-estimation for autoregressions with infinite
variance. Stochastic Process. Appl. 40 145-180. MR1145464

Davis, R. A. and WU, W. (1997). M-estimation for linear regression with infinite variance.
Probab. Math. Statist. 17 1-20. MR1455606

DiAcoNi1s, P. and FREEDMAN, D. (1999). Iterated random functions. SIAM Rev. 41 45-76.
MR1669737

DOUKHAN, P. (1994). Mixing. Properties and Examples. Lecture Notes in Statist. 85. Springer,
New York. MR1312160

EICKER, F. (1963). Asymptotic normality and consistency of the least squares estimators for
families of linear regressions. Ann. Math. Statist. 34 447-456. MR0148177

FREEDMAN, D. A. (1975). On tail probabilities for martingales. Ann. Probab. 3 100-118.
MRO0380971

GASTWIRTH, J. L. and RUBIN, H. (1975). The behavior of robust estimators on dependent
data. Ann. Statist. 3 1070-1100. MR0395039

GLESER, L. J. (1965). On the asymptotic theory of fixed-size sequential confidence bounds for
linear regression parameters. Ann. Math. Statist. 36 463-467. MR0172424

GORODETSKII, V. V. (1977). On the strong mixing property for linear sequences. Theory
Probab. Appl. 22 411-412. MR0438450

HABERMAN, S. J. (1989). Concavity and estimation. Ann. Statist. 17 1631-1661. MR1026303

HAMPEL, F. R., RONCHETTI, E. M., ROUSSEEUW, P. J. and STAHEL, W. A. (1986). Robust
Statistics. The Approach Based on Influence Functions. Wiley, New York. MR0829458

HANNAN, E. J. (1973). Central limit theorems for time series regression. Z. Wahrsch. Verw.
Gebiete 26 157-170. MR0331683

HE, X. and SHAO, Q.-M. (1996). A general Bahadur representation of M -estimators and its
application to linear regression with nonstochastic designs. Ann. Statist. 24 2608-2630.
MR1425971

HESSE, C. H. (1990). A Bahadur-type representation for empirical quantiles of a large class
of stationary, possibly infinite-variance, linear processes. Ann. Statist. 18 1188-1202.
MR1062705

HSING, T. (1999). On the asymptotic distributions of partial sums of functionals of infinite-
variance moving averages. Ann. Probab. 27 1579-1599. MR1733161

HUBER, P. J. (1973). Robust regression: Asymptotics, conjectures and Monte Carlo. Ann. Sta-
tist. 1 799-821. MR0356373

HUBER, P. J. (1981). Robust Statistics. Wiley, New York. MR0606374

IBRAGIMOV, I. A. and LINNIK, YU. V. (1971). Independent and Stationary Sequences of
Random Variables. Wolters-Noordhoff, Groningen. MR0322926

JURECKOVA, J. and SEN, P. K. (1996). Robust Statistical Procedures. Wiley, New York.
MR1387346

KALLIANPUR, G. (1983). Some ramifications of Wiener’s ideas on nonlinear prediction. In
Norbert Wiener, Collected Works (P. Masani, ed.) 3 402-424. MIT Press, Cambridge,
MA.

KOENKER, R. (2005). Quantile Regression. Cambridge Univ. Press. MR2268657

KOENKER, R. and BASSETT, G. (1978). Regression quantiles. Econometrica 46 33-50.
MRO0474644

KouL, H. L. (1977). Behavior of robust estimators in the regression model with dependent
errors. Ann. Statist. 5 681-699. MR0443213


http://www.ams.org/mathscinet-getitem?mr=1084956
http://www.ams.org/mathscinet-getitem?mr=2045131
http://www.ams.org/mathscinet-getitem?mr=1145464
http://www.ams.org/mathscinet-getitem?mr=1455606
http://www.ams.org/mathscinet-getitem?mr=1669737
http://www.ams.org/mathscinet-getitem?mr=1312160
http://www.ams.org/mathscinet-getitem?mr=0148177
http://www.ams.org/mathscinet-getitem?mr=0380971
http://www.ams.org/mathscinet-getitem?mr=0395039
http://www.ams.org/mathscinet-getitem?mr=0172424
http://www.ams.org/mathscinet-getitem?mr=0438450
http://www.ams.org/mathscinet-getitem?mr=1026303
http://www.ams.org/mathscinet-getitem?mr=0829458
http://www.ams.org/mathscinet-getitem?mr=0331683
http://www.ams.org/mathscinet-getitem?mr=1425971
http://www.ams.org/mathscinet-getitem?mr=1062705
http://www.ams.org/mathscinet-getitem?mr=1733161
http://www.ams.org/mathscinet-getitem?mr=0356373
http://www.ams.org/mathscinet-getitem?mr=0606374
http://www.ams.org/mathscinet-getitem?mr=0322926
http://www.ams.org/mathscinet-getitem?mr=1387346
http://www.ams.org/mathscinet-getitem?mr=2268657
http://www.ams.org/mathscinet-getitem?mr=0474644
http://www.ams.org/mathscinet-getitem?mr=0443213

520
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]
[45]
[46]
[47]

(48]
[49]

[50]
[51]
[52]
[53]
[54]
[55]
[56]
[57]
[58]
[59]
[60]
[61]

[62]

W.B. WU

KouL, H. L. and SURGAILIS, D. (2000). Second-order behavior of M -estimators in linear
regression with long-memory errors. J. Statist. Plann. Inference 91 399—412. MR1814792

LEE, C.-H. and MARTIN, R. D. (1986). Ordinary and proper location M -estimates for
autoregressive-moving average models. Biometrika 73 679-686. MR0897859

NIEMIRO, W. (1992). Asymptotics for M-estimators defined by convex minimization. Ann.
Statist. 20 1514-1533. MR1186263

PHAM, T. D. and TRAN, L. T. (1985). Some mixing properties of time series models. Stochas-
tic Process. Appl. 19 297-303. MR0787587

PHILLIPS, P. C. B. (1991). A shortcut to LAD estimator asymptotics. Econometric Theory 7
450-463. MR1151940

POLLARD, D. (1991). Asymptotics for least absolute deviation regression estimators. Econo-
metric Theory 7 186—-199. MR1128411

PORTNOY, S. L. (1977). Robust estimation in dependent situations. Ann. Statist. 5 22-43.
MRO0445716

PORTNOY, S. L. (1979). Further remarks on robust estimation in dependent situations. Ann.
Statist. 7 224-231. MR0515697

PRAKASA RAO, B. L. S. (1981). Asymptotic behavior of M-estimators for the linear model
with dependent errors. Bull. Inst. Math. Acad. Sinica 9 367-375. MR0635317

PRIESTLEY, M. B. (1988). Nonlinear and Nonstationary Time Series Analysis. Academic
Press, London. MR0991969

RAO, C. R. and ZHAO, L. C. (1992). Linear representations of M -estimates in linear models.
Canad. J. Statist. 20 359-368. MR1208349

ROCKAFELLAR, R. T. (1970). Convex Analysis. Princeton Univ. Press. MR0274683

RONNER, A. E. (1984). Asymptotic normality of p-norm estimators in multiple regression. Z.
Wahrsch. Verw. Gebiete 66 613—-620. MR0753816

ROSENBLATT, M. (1959). Stationary processes as shifts of functions of independent random
variables. J. Math. Mech. 8 665-681. MRO114249

ROSENBLATT, M. (1971). Markov Processes. Structure and Asymptotic Behavior. Springer,
New York. MR0329037

SOLOMYAK, B. M. (1995). On the random series Y +A" (an Erdos problem). Ann. of Math.
(2) 142 611-625. MR1356783

STINE, R. A. (1997). Nonlinear time series. Encyclopedia of Statistical Sciences 430-437.
Wiley, New York.

SURGAILIS, D. (2002). Stable limits of empirical processes of moving averages with infinite
variance. Stochastic Process. Appl. 100 255-274. MR1919616

TONG, H. (1990). Nonlinear Time Series. A Dynamical System Approach. Oxford Univ. Press.
MR1079320

TsAy, R. S. (2005). Analysis of Financial Time Series, 2nd ed. Wiley, Hoboken, NJ.
MR2162112

WELSH, A. H. (1986). Bahadur representations for robust scale estimators based on regression
residuals. Ann. Statist. 14 1246-1251. MR0856820

WELSH, A. H. (1989). On M-processes and M-estimation. Ann. Statist. 17 337-361.
MR0981455

WIENER, N. (1958). Nonlinear Problems in Random Theory. MIT Press, Cambridge, MA.
MRO0100912

WITHERS, C. S. (1981). Conditions for linear process to be strongly mixing. Z. Wahrsch. Verw.
Gebiete 57 477-480. MR0631371

Wu, W. B. (2003). Additive functionals of infinite-variance moving averages. Statist. Sinica
13 1259-1267. MR2026072

Wu, W. B. (2005). On the Bahadur representation of sample quantiles for dependent se-
quences. Ann. Statist. 33 1934—-1963 MR2166566


http://www.ams.org/mathscinet-getitem?mr=1814792
http://www.ams.org/mathscinet-getitem?mr=0897859
http://www.ams.org/mathscinet-getitem?mr=1186263
http://www.ams.org/mathscinet-getitem?mr=0787587
http://www.ams.org/mathscinet-getitem?mr=1151940
http://www.ams.org/mathscinet-getitem?mr=1128411
http://www.ams.org/mathscinet-getitem?mr=0445716
http://www.ams.org/mathscinet-getitem?mr=0515697
http://www.ams.org/mathscinet-getitem?mr=0635317
http://www.ams.org/mathscinet-getitem?mr=0991969
http://www.ams.org/mathscinet-getitem?mr=1208349
http://www.ams.org/mathscinet-getitem?mr=0274683
http://www.ams.org/mathscinet-getitem?mr=0753816
http://www.ams.org/mathscinet-getitem?mr=0114249
http://www.ams.org/mathscinet-getitem?mr=0329037
http://www.ams.org/mathscinet-getitem?mr=1356783
http://www.ams.org/mathscinet-getitem?mr=1919616
http://www.ams.org/mathscinet-getitem?mr=1079320
http://www.ams.org/mathscinet-getitem?mr=2162112
http://www.ams.org/mathscinet-getitem?mr=0856820
http://www.ams.org/mathscinet-getitem?mr=0981455
http://www.ams.org/mathscinet-getitem?mr=0100912
http://www.ams.org/mathscinet-getitem?mr=0631371
http://www.ams.org/mathscinet-getitem?mr=2026072
http://www.ams.org/mathscinet-getitem?mr=2166566

[63]
[64]
[65]
[66]
[67]
[68]

[69]

M-ESTIMATION UNDER DEPENDENCE 521

Wu, W. B. (2005). Nonlinear system theory: Another look at dependence. Proc. Natl. Acad.
Sci. USA 102 14,150-14,154. MR2172215

Wu, W. B. (2006). M-estimation of linear models with dependent errors. Available at
arxiv.org/math/0412268.

Wu, W. B. and SHAO, X. (2004). Limit theorems for iterated random functions. J. Appl.
Probab. 41 425-436. MR2052582

YoHAI, V. J. (1974). Robust estimation in the linear model. Ann. Statist. 2 562-567.
MRO0365875

YOHAI V. J. and MARONNA, R. A. (1979). Asymptotic behavior of M-estimators for the
linear model. Ann. Statist. 7 258-268. MR0520237

ZECKHAUSER, R. and THOMPSON, M. (1970). Linear regression with non-normal error terms.
Review Economics and Statistics 52 280-286.

ZHAO, L. (2000). Some contributions to M -estimation in linear models. J. Statist. Plann. In-
ference 88 189-203. MR1792040

DEPARTMENT OF STATISTICS
UNIVERSITY OF CHICAGO

5734 S. UNIVERSITY AVENUE
CHICAGO, ILLINOIS 60637

USA

E-MAIL: wbwu@galton.uchicago.edu


http://www.ams.org/mathscinet-getitem?mr=2172215
http://arxiv.org/abs/math.ST/0412268
http://www.ams.org/mathscinet-getitem?mr=2052582
http://www.ams.org/mathscinet-getitem?mr=0365875
http://www.ams.org/mathscinet-getitem?mr=0520237
http://www.ams.org/mathscinet-getitem?mr=1792040
mailto:wbwu@galton.uchicago.edu

	Introduction
	Main results
	Asymptotic normality
	Bahadur representations
	Sufficient conditions for (14)

	Applications
	Linear processes
	Nonlinear time series

	Proofs of results in Section 2.2
	Proof of Theorem 3

	Acknowledgments
	References
	Author's Addresses

