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Abstract—Two-dimensional isotropic metamaterials fabricated from
cross split-ring resonators (CSRRs) are characterized and their
constitutive relation tensors are studied in this paper. The effective
constitutive parameters of the metamaterials are determined utilizing
the quasi-static Lorentz theory and numerical method (i.e., the method
of moments for solving the electric field integral equation). The
induced current distributions of a single CSRR at the resonant
frequency are presented. Moreover, the dependence of the resonant
frequency on the dimensions of a single CSRR and the space
distances of the CSRR array is also discussed. Reflection and
transmission coefficients of a metamaterial slab versus frequency are
finally discussed.
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1. INTRODUCTION

In 1968, Veselago theoretically demonstrated the electromagnetic
properties of substances with negative permittivity ε and permeability
µ simultaneously [1]. The material is referred to as the left-handed
material (LHM) since the electric field E, magnetic field H and the
wave vector k in the medium obey a left-handed rule. The LHM
possesses some unique properties, such as negative refractive index
(NRI) and backward-wave propagation (BWP), so that the medium
is also often referred to as NRI material. But this kind of media
does not exist generally in nature, especially the negative µ of natural
materials was not found. Thirty years later, Pendry et al. [2–4] re-
looked into the NRI material, and came up with an idea of perfect
lens resulting from the double negative constitutive parameters, ε and
µ. The first prediction by Veselago [1] and the later formulation [2–4]
of the metamaterials were both theoretical. The research work in this
area was not pushed that far, until Smith et al. experimentally realized
the LHM for the first time [5]. In his experiment, the composite
material consists of two-dimensional periodic arrays of copper split-
ring resonators (SRRs) and wires/cylinders. The array of SRRs (of
either rectangular or circular shape) is built up for negative magnetic
permeability while the wires or cylinders were coupled to the SRRs
for negative electric permittivity. The artificial medium has exhibited
special properties which can not be observed in the classical media,
and it is later referred to as metamaterials.

Thus far, the metamaterials can be fabricated physically by the
following common realizations [6]:
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• the rectangular and circular split ring resonators [7–9],
• the conducting small particle/object inclusions in dielectric

hosting media [10],
• the photonic band gap or photonic crystal structures [11, 12], and
• the L-C microwave striplines or devices [13–15].

The inclusions of metamaterials with the magnetic response can be
made from circular SRRs [3], square SRRs [16], and their modified
shapes such as the cross SRRs [17]. Other alternatives are distributed
L-C network [17, 18] or embedded-circuit transmission line models [19].
In general, most of inclusions make the material properties highly
anisotropic. They must be arranged by certain specific ways [3] in
order to obtain an isotropic magnetic medium, for example, the three-
dimensional magnetic resonator structure CSRR presented by Gay-
Balmaz and Martin [17] are highly 2-D isotropy. Several different
configurations of CSRRs have been proposed and studied to observe
if they are isotropic in terms of the scattering cross section (SCS)
[20]. In this paper, we mainly study an array of CSRRs whose
geometry is shown in Fig. 1. We aim at analyzing in detail more
properties of CSRRs, and they include the material characteristic
parameters (permittivity and permeability tensor elements), induced
current distributions (using the method of moments) and resonance
frequency, because they are quite essential in microwave engineering.

2. FORMULATION

A general form of bianisotropic constitutive relations can be expressed
in terms of D and B as a function of E and H [21] as follows:[

D

B

]
=

[
ε ξ

ζ µ

] [
E

H

]
, (1)

where ε and µ represent the electric permittivity and magnetic
permeability tensors, while ξ and ζ denote the magnetoelectric cross
coupling tensors, respectively.

After taking into account electrically small inclusions, our
deductions begin with the electric and magnetic dipole moments
(pe,pm) based on the quasi-static Lorentz theory [22]. A conducting
inclusion with arbitrary shape can be characterized by the generalized
electromagnetic polarizability matrix [α], which can define the
relations between the incident electric and magnetic fields Ei and
H i. The induced electric and magnetic dipole moments relate to the
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Figure 1. Geometry of a single CSRR where g = 1 mm, w = 0.5 mm,
rin = 2 mm, and rout = 3 mm.

incident electric and magnetic fields as follows:[
pe

pm

]
=

[
αee αem

αme αmm

]
= [α]

[
Ei

H i

]
, (2)

where

pe =
∫

s
ρe(r)rds =

i

ω

∫
s
∇ · Je(r)rds (3a)

pm =
µ0

2

∫
s
r × Je(r)ds (3b)

with the electric current Je on the surface of a conducting inclusion
induced by the incident fields.

Using the polarizability matrix [α], a general expression for
constitutive relations of metamaterials given by Ishimaru et al. [23]
can be rewritten as[

ε ξ

ζ µ

]
=

[
ε0εhU 0

0 µ0U

]
+

1
∆V

[α]
[
U − 1

∆V
[C][α]

]−1

(4)
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where εh is the relative dielectric constant of the host materials, [U ] is
an unit matrix, while the elementary volume ∆V , the coupling matrix
[C], and the interaction constant matrix C are defined as

∆V = dxdydz, (5a)

[C] =

[
C/(ε0εh) 0

0 C/µ0

]
, (5b)

C =

 Cx 0 0
0 Cy 0
0 0 Cz

 . (5c)

The expressions of elements in the matrix C for a three-dimensional
array of dipoles can be obtained in terms of the lattice spacings dx, dy,
and dz in the corresponding x-, y-, and z-directions [24] as follows

Cx = f

(
dy

dx
,
dz

dx

)
, (6a)

Cy = f

(
dz

dy
,
dx

dy

)
, (6b)

Cz = f

(
dx

dz
,
dy

dz

)
, (6c)

where

f

(
dy

dx
,
dz

dx

)
=

(
dy

dx

) (
dz

dx

) [
1.202
π

− S
(
dy

dx
,
dz

dx

)]
. (7)

The function S
(

dy

dx
, dz

dx

)
in (7) is defined by:

S

(
dy

dx
,
dz

dx

)
=

1
π

∞∑
n=−∞

∞∑
s=−∞

∞∑
m=1

(2mπ)2K0

2mπ

[(
ndy

dx

)2

+
(
sdz

dx

)2
]1/2


(8)

while K0(•) denotes the modified Bessel function of order 0 so that
the terms with n = s = 0 are excluded. The expressions for f

(
dz
dy
, dx

dy

)
and f

(
dx
dz
,

dy

dz

)
have the similar forms.

From Eq. (4), we notice that the polarizability matrix is unknown.
To obtain the effective constitutive parameters of the artificial medium,
the matrix needs to be evaluated first. According to Eq. (2), the
investigation under six different pairs of incident waves (Ei,H i) is
needed. For each pair of incident waves, induced electric currents are
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obtained by using the numerical method first, that is, the method of
moments. Then the electric and magnetic dipole moments (pe,pm)
are evaluated using Eqs. (3a) and (3b), and finally six equations can
be obtained. Considering all the six pairs of incident waves for all
the components of dipole moments, we have theoretically obtained
thirty-six scalar equations to determine the thirty-six elements of the
polarizability matrix. In the present analysis, we choose (kx, Ez),
(−kx, Ez), (ky, Ex), (−ky, Ex), (kz, Ey), and (−kz, Ey) as six incident
plane waves.

In the numerical analysis, we omit the thickness of the inclusion
and consider it as a thin perfect conductor. In this case, the electric
field integral equation (EFIE) is employed. Enforcing the boundary
conditions on the surface of the inclusion, the EFIE can be obtained
and is given by

t̂ ·
∫

s

[
Je(r) +

1
k2

0

∇′ · Je(r′)∇
]
g(r, r′)ds′ = − 4πi

k0η0
t̂ · Ei(r) (9)

where t̂ denotes the unit tangential vector of the inclusion’s surface
s, η0 stands for the wave impedance in free space, g(r, r′) =
e−ik0|r−r′|/|r − r′| represents the free-space scalar Green’s function.

To solve EFIE in Eq. (9), the classical integral equation approach,
method of moments (MoM) with curved parametric quadratic surface
and roof-top basis functions [25], is used. The surface electric current
Je can be discretized by

Je(r′) =
N∑

n=1

anjn(r′). (10)

By applying the method of moments, a linear equation system is
yielded and written in a matrix form as follows

A · a = F (11)

in which the elements of the impedance matrix A are given by

Amn =
∫

l
dltm(r) ·

∫
s′
ds′

[
jn(r′) +

1
k2

0

∇′ · jn(r′)∇
]
g(r, r′) (12)

and the elements of F can be evaluated by

Fm = − 4πi
k0η0

∫
l
dltm(r) · Ei(r) (13)

where tm represents the testing function, and an denotes the unknown
expanding coefficient. Solving Eq. (11) by the conjugate gradient
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Figure 2. Geometry of a single circular SRR, where r = 1.5 mm,
d = 0.8 mm, g = 0.2 mm, and ∆V = 8 mm × 8 mm × 3.2 mm.

(CG) method, the unknown surface electric currents are obtained
finally. Moreover, the scattered electromagnetic field at any point in
the propagation space and the scattering cross section (SCS) can also
be evaluated in terms of these currents.

3. EFFECTIVE CONSTITUTIVE PARAMETERS OF A
3-D SRR ARRAY

So far, we can figure out the effective constitutive parameters of a
three-dimensional array constructed by conducting inclusions. To
demonstrate the efficiency and accuracy of the present approach,
we consider a three-dimensional array of split-ring resonators (SRR)
shown in Fig. 3. The geometric parameters are taken from [26]. The
results of effective constitutive parameters versus the frequency in the
rectangular coordinates are shown in Fig. 4. In which, the effective
permittivity tensor elements of εxx = εxxr − iεxxi, εyy = εyyr − iεyyi,
and the effective permeability tensor elements of µzz = µzzr − iµzzi

are plotted. The other elements are negligibly small according to
the numerical results. In these figures, the legends of xx, r and xx, i
denote the real and image parts of the element εxx or µxx, respectively.
The other legends such as yy, r, yy, i, zz, r and zz, i have the similar
meanings. It is found that a reasonable agreement is observed by
comparing with the data given in [26]. In the MoM computation, the
surface of a SRR is discretized into 16 patches and the number N
of unknowns is found to be 38 for a well-converged solution. At one
frequency point, only 24 conjugate-gradient iterative steps are needed
at most for iterative relative error of 10−3 to attain the unknowns.
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(a) Permittivity

(a) Permeability

Figure 3. Variations of tensor elements εxx, εyy, and µzz for a 3-
dimensional array of circular SRR.
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Figure 4. Geometry of a 3-D array synthesized using the CSRRs
whose dx = dy = dz = 8 mm.

Finally, the effective parameters can be obtained very quickly. Due to
the versatility of the MoM, we can conveniently evaluate the effective
constitutive parameters of a three-dimensional array with arbitrary
shaped inclusions. Subsequently, we will analyze an array of CSRRs
by using the formulas developed in Section 2.

4. PERFORMANCES OF A SINGLE CSRR AND ARRAY

Geometry of a CSRR under consideration is depicted in Fig. 1. It
is composed of two perpendicularly intersecting SRRs. Each SRR is
made of two aluminum strips [16]. The structure of CSRR is defined
by following parameters: the gap width g = 1 mm, the strip width
w = 0.5 mm, the inner radius rin = 2 mm, and the outer radius
rout = 3 mm. A three-dimensional array synthesized using the CSRRs
is shown in Fig. 4. The spaces in the corresponding x-, y-, and z-
directions are the same and are set as 8 mm.

In order to obtain a magnetic response, we consider the
polarization of the incident electric field Ei to be in parallel with the
axis of CSRR, that is, the z-axis in the present case. The propagation
direction k0 and the polarization of the incident magnetic field H i are
both in the xoy-plane.
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Figure 5. Permittivity tensor elements, εxx, εyy and εzz, versus
frequency for a 3-dimensional array of CSRRs.

4.1. Effective Permittivity and Permeability

First of all, we calculate the effective constitutive parameters of the
array shown in Fig. 4. In the numerical simulation, a single CSRR
is described by 34 parametric quadratic patches and a total of 64
unknowns. We need 40 conjugate gradient iterative steps at most
to obtain the converged solution of electric currents. The effective
permittivity tensor elements of εxx, εyy, and εzz are shown in Fig. 5
each as a function of frequency. At the same time, Fig. 6 depicts the
variations of the effective permeability tensor elements of µxx, µyy, and
µzz, respectively. The other off-diagonal elements are negligibly small
according to the numerical data, compared with the diagonal elements.

From these figures, we found that the real parts of the permeability
and permittivity tensor elements εxx, εyy, µxx and µyy become negative
simultaneously from about 6.9 GHz to 7.3 GHz. Also, the zz-elements,
εzz and µzz, are almost constant versus frequency. In particular, we
can observe that the values of εxx and εyy are almost the same, and
so are the values of µxx and µyy. This clearly demonstrates the 2-
dimensional isotropic features of the metamaterial in the xoy-plane.
The slight discrepancy is found due to a little coarse step of frequency.
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Figure 6. Permeability tensor elements, µxx, µyy and µzz, versus
frequency for a 3-dimensional array of CSRRs.

Figure 7. Scattering cross section (SCS) versus frequency for a single
CSRR.
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4.2. Currents Distribution of a Single CSRR

In this section, we use the SCS to search for the resonant frequency
point. For the dimensions of the CSRR shown in Fig. 1, the SCS
results are shown in Fig. 7. The resonant frequency is found around
7.3 GHz. To observe the resonance of a single CSRR, we consider the
induced current distributions at the resonant frequency. The current
distributions of a single inclusion for different incident angles are shown
in Fig. 8. When φ = 0◦ as shown in Fig. 8(a), the incident magnetic
field H i completely penetrates through the split rings in the yoz-plane,
whereas none of H i through those in the xoz-plane. The induced
current densities on their surfaces are much stronger than those in the
xoz-plane. The currents vanish at the proximity of the gaps. The
strength of the magnetic coupling only depends on the magnetic flux
in the SRRs, and therefore we can observe that the current densities
on SRRs in the xoz-plane are very weak. For φ = 90◦ as shown in
Fig. 8(c), the situation is just opposite to that of φ = 0◦. For φ = 45◦,
the result is shown in Fig. 8(b) — this particular angle is such chosen
that we can decompose Hi into two components in the xoy-plane, H i

x
and H i

y, with the same amplitudes. Physically, these figures can help
us to better understand wave-material interactions and some resultant
phenomena.

For the Fig. 8(b), it is well known that these two magnetic
field components penetrate through the split rings in yoz- and xoz-
planes, respectively. In consequence, the same current distributions
are generated on them. Obviously, the incident magnetic fields can
completely penetrate through the cross split-ring resonator, regardless
of incident angles. This once again confirms that the CSRR is isotropic
in xoy-plane. In these figures, the current densities at the middle of
the opposite side to the gaps, which is named by neutral point in
[6], become the maximum at the resonant frequency for any incident
angle. The charges with opposite sign accumulate on both sides of
gaps respectively and thus enhance electrical fields are produced.

4.3. Resonant Frequency

In order to understand the influence of structure dimensions of CSRRs
on resonant frequency, we first change the inner radius rin to obtain
the different spacing distances t between the inner rings and the outer
rings. The resonant frequencies versus different spacing distances t,
which range from 0.2 mm to 1.4 mm, are shown in Fig. 9. From this
figure, we can find that the resonant frequency increases fast when t
becomes larger.

The effects due to other dimensions, such as the gap width g and
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Figure 8. The induced current density distributions under different
incident angles.
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Figure 9. The resonant frequency versus the space distance t.

Figure 10. The resonant frequency versus the strip width w.
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the strip width w, are also analyzed. We change g from 0.8 mm to
1.4 mm, and w from 0.1 mm to 0.5 mm in the simulation. We find
that the change of g affects the resonant frequency slightly. And the
narrowing of strip width w can make the resonant frequency increase
slowly. We can observe the phenomenon from Fig. 10. These results
are consistent with the formulas presented by Pendry et al. [3] [referred
to Eqs. (42) and (45)]. The capacitance of the gaps affects only slightly
the total capacitance and has been omitted in that paper. The increase
of t or decrease of w resonant frequency enhanced. Finally, spacing
dimensions of the array denoted by dx, dy and dz are considered.
We calculate a 3-D array with the number of CSRR in x̂, ŷ, and ẑ-
directions to be 3 and 5, respectively. The space distances are changed
from 7 mm to 17 mm with a 2-mm step. We find that the resonant
frequency is slightly changed with the increasing of the space distances.

4.4. Reflection and Transmission Coefficients

In this section, an impedance Z is assigned to this discontinuous
artificial material, which is considered based on the fact that the
wavelength in the material is much larger than the spacing distances
and the dimensions of the inclusions. The reflection and transmission
coefficients, denoted respectively by r and t, for waves incident
normally to the interface between a one-dimensional slab of thickness
d and the vacuum are given by [27]

r =
Z2

2 − Z2
1

Z2
1 + Z2

2 − i2Z1Z2/tg (k2d)
(14a)

and
t =

1 + r√
cos(k2d) − iZ2/Z1sin(k2d)

(14b)

in which, k2 = ω
√
ε2µ2 is the propagation constant of the incident

wave in the artificial material, Z1 and Z2 are the impedances of the
vacuum and the artificial material, respectively.

Utilizing the foregoing results of effective permittivity and
permeability, the variations of reflection and transmission coefficients
as a function of frequency f are plotted in Fig. 11, in which the
thickness is assumed to be d = 20 mm. From Fig. 11, a small passband
can be found between about 7.1 GHz and 7.3 GHz, near the resonance
of the CSRR.
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Figure 11. The reflection and transmission coefficients of an artificial
material slab.

5. CONCLUSION

Characteristics of an isotropic magnetic resonator and its three-
dimensional array are further studied in this paper. To obtain
effective constitutive parameters of the artificial medium, elements
of polarizability matrix need to be evaluated by a matrix equation,
which is constructed by six incident plane waves and the corresponding
electric and magnetic dipoles. In this technique, electrical field integral
equation (EFIE) is solved using the method of moments (MoM) and
then utilized to obtain induced currents on the surface of a cross
split-ring resonator (CSRR). This causes us easily analyze a three-
dimensional array constructed by arbitrarily shaped inclusions.

From our numerical results, accuracy and applicability of this
method are demonstrated. For the three-dimensional array of CSRRs,
we can observe a frequency range within which the real parts of
four elements, εxx, εyy, µxx and µyy, appear to have negative values
simultaneously. Besides, εxx = εyy and µxx = µyy are shown to
have the two-dimensional isotropy in material characteristics of this
artificial medium. Induced current densities of a single CSRR under
different incident angles further verify and physically explain this
isotropic property in the xoy-plane. The conclusions drawn in this
work agree with those obtained by Martin who utilized this kind of
CSRRs to calculate the scattering cross section. Moreover, resonant
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frequency resulting from the array structure can be controlled by
changing the space distance t between the inner and outer rings,
strip width, and/or gap width. Especially, variation of the space
distance t can significantly contribute to the resonant frequency. The
present results can help us to better understand the physics behind
the metamaterials, to gain more insight of the metamaterial’s electric
characteristics (including the constitutive tensor relations), and to
make optimum design in accordance with the practical requirements
for fabricating and synthesizing the actual metamaterials for various
electromagnetic applications.
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