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MATBG as Topological Heavy Fermion: I. Exact Mapping and Correlated Insulators
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Magic-angle (0 = 1.05°) twisted bilayer graphene (MATBG) has shown two seemingly contradic-
tory characters: the localization and quantum-dot-like behavior in STM experiments, and delocal-
ization in transport experiments. We construct a model, which naturally captures the two aspects,
from the Bistritzer-MacDonald (BM) model in a first principle spirit. A set of local flat-band or-
bitals (f) centered at the AA-stacking regions are responsible to the localization. A set of extended
topological semi-metallic conduction bands (c), which are at small energetic separation from the
local orbitals, are responsible to the delocalization and transport. The topological flat bands of the
BM model appear as a result of the hybridization of f- and c-electrons. This model then provides
a new perspective for the strong correlation physics, which is now described as strongly correlated
f-electrons coupled to nearly free c-electrons - we hence name our model as the topological heavy
fermion model. Using this model, we obtain the U(4) and U(4)xU(4) symmetries of Refs. [1-5] as
well as the correlated insulator phases and their energies. Simple rules for the ground states and
their Chern numbers are derived. Moreover, features such as the large dispersion of the charge +1
excitations [2, 6, 7], and the minima of the charge gap at the I'j; point can now, for the first time, be
understood both qualitatively and quantitatively in a simple physical picture. Our mapping opens
the prospect of using heavy-fermion physics machinery to the superconducting physics of MATBG.

Introduction — Since the initial experimental discovery
of the correlated insulator phases [8] and superconduc-
tivity [9] in MATBG [10], extensive experimental [11-35]
and theoretical [1-7, 36-113] efforts have been made to
understand the nature of these exotic phases. Theoretical
challenges for understanding the correlation physics come
from both the strong interaction compared to relatively
small band width as well as from the topology [36, 38, 41—
43, 104], which forbids a symmetric lattice description
of the problem. The two flat bands of MATBG posses
strong topology in the presence of C,T (time-reversal
followed by Cs, rotation) and particle-hole (P) symme-
tries [104], which supersedes the earlier, C5,T symmetry-
protected fragile topology [41, 42]. This strong topology
extends to the entire continuum BM model, and implies
the absence of a lattice model for any number of bands.
The topology is also responsible to exotic phases such as
quantum anomalous Hall states [2, 5, 55, 60, 82, 84] and
fractional Chern states [96, 98, 99, 109].

Two types of complementary strategies have been
proposed to resolve the problem of the lattice descrip-
tion. One is to construct extended Hubbard models
[1, 7, 37, 40, 42, 49, 51, 67, 71], where either Co,T
[1, 7,40, 49, 67] or P [42] becomes non-local in real space.
The other is to adopt a full momentum-space formalism
[2, 5, 6, 85, 86, 105, 106, 111], where locality becomes hid-
den. (Besides the two strategies, some phenomenological
models are also proposed [39, 48, 63, 64, 90, 92, 97, 100].)
The real and momentum space strong coupling models
elucidated the nature of the correlated insulator states:
they are ferromagnets - sometimes carrying Chern num-
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bers - in a large U(4) or U(4)xU(4) symmetry space that
contains spin, valley and band quantum number [1, 2, 4].
The dispersion of the excitations above the correlated in-
sulators [2, 6, 7] - where superconductivity appears upon
doping - is, despite being exact - not physically under-
stood.

In the current manuscript, nevertheless, we find it pos-
sible to write down a fully symmetric model that has
a simple real space picture, which, remarkably and el-
egantly, solves the aforementioned puzzles. We refor-
mulate and map the interacting MATBG as an effective
topological heavy fermion system, which consists of local
orbitals (f) centered at the A A-stacking regions and delo-
calized topological conduction bands (c¢). The f-electrons
are so localized that they have an almost zero kinetic
energy (~ 0.1meV) but a strong on-site Coulomb repul-
sion that we compute to be ~ 60meV. The c-electrons
carry the symmetry anomaly and have unbounded ki-
netic energies. The actual flat bands of the BM model
are from a hybridization (~20meV) between the f- and
c-bands. The interacting Hamiltonian also couples the
f and c electrons through the presence of several types
of interactions. Using this model, the ground states
[1, 2, 44, 50, 53, 65, 68, 71, 77, 84-86, 114] and their
topologies can be understood in a simple, physical pic-
ture. The quasi-particle excitation bandwidth can even
be analytically determined.

Topological heavy fermion model — The single-valley
BM model has the symmetry of the magnetic space group
P6'2'2, generated by Cs., Ca,, Co, T, and moiré trans-
lations. (See Refs. [41, 115] for this group and its ir-
reducible representations - irreps.) The energy bands in
the valley 7 = + of the BM model are shown in Fig. 1(b),
where the bands are labeled by their irreps. Refs. [41, 42]
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FIG. 1. Topological heavy fermion model. (a) A sketch of
the moiré unit cell of MATBG and its heavy fermion analog,
where the local moments and itinerant electrons are formed
by the effective f-orbitals at the AA-stacking regions and
topological conduction bands (c), respectively. (b) The band
structure of the BM model at the magic angle § = 1.05°,
where the moiré BZ and high symmetry momenta are illus-
trated in the upper inset panel. The overlaps between the
Bloch states and the trial WFs are represented by the red
circles. The density profile of the constructed maximally lo-
calized WFs (f-orbitals) is shown in the lower inset panel. (c)
Bands given by the topological heavy fermion model (black
lines) compared to the BM bands (blue crosses). The c- (blue)
and f-bands (red) in the decoupled limit, where v = v, = 0,
are shown in the inset. Orange dashed lines indicate evolution
of energy levels as f-c coupling is turned on.

showed that the irreps formed by the two flat bands, i.e.,
Ty @ Ty; My & Msy; KoKs, are not consistent with any
local orbitals (band representations [116]) and indicate
a fragile [117-120] topological obstruction to a two-band
lattice model. Here we resolve the fragile topology by in-
volving higher energy bands. Suppose we can “borrow”
a I's irrep from higher (~20meV) energy bands and use
it to replace the I'; @ T'5 states; then the replaced irreps -
I's, My ®M>, K2 K3 - are consistent with p, &-ip, orbitals
located at the triangular lattice. We hence introduce two
trial Gaussian-type Wannier functions (WFs) that trans-
form as p, +ip, orbitals under the crystalline symmetries.
As indicated by the overlaps between the trial WFs and
the Bloch bands (Fig. 1(a)), the trial WFs are supported
by the flat band states at k away from I'j; and by the
lowest higher energy band states around I'j;. Feeding
the overlaps into the program Wannier90 [121-123], we
obtain the corresponding maximally localized WFs, den-
sity profile of which is shown in Fig. 1(b) [115]. (Similar
local states are also discussed using different methods in
Refs. [38, 112].) These WFs are extremely localized -
their nearest neighbor hoppings are about 0.1meV - and
span 96% percent of the flat bands.

To recover the irreps and topology of the middle two
bands, we have to take into account the remaining 4%
states, without which the localized electrons could not
form a superconductor. To do this, we define the projec-
tor into the WFs as P, the projector into the lowest six
bands (per spin valley) as I, and divide the low energy
BM Hamiltonian Hpgj into four parts: H) = PHg P,
H© = QHpyQ, HYY = PHpyQ, HH = gUot
where Q = I — P, H( is the remaining Hamiltonian,

and H¢) + h.c. is the coupling between WFs and the
remaining states. As the couplings between WFs are ex-
tremely weak (~0.1meV) we find HY) ~ 0. Since the
two states in P form I's at 'y, the four states in Q must
form I's &'y &5 at 'y due to the irrep counting. Due
to the crystalline and P symmetries, H(®) in the valley n
takes the form [115]

H(c,n) (k) _ ( O2x2

ve(nkgoo + ikyo) (1)
vx(Nkzoo — ikyo)

Mo,

to linear order of k, where the first two-by-two block
is spanned by the I's states and the second two-by-two
block is spanned by the I'y @ 'y states. The I'y and 'y
states are split by the M term (blue bands in Fig. 1(c)),
while the I's states form a quadratic touching at k = 0,
which is shown in Ref. [115] responsible to the symmetry
anomaly [104] jointly protected by C,,T and P. The

coupling H/9 in the valley n has the form
H<fc‘")(k) = (700 + v (Nkyoy + kyoy), 02><2) , (2

where the second block is computed to be extremely small
and hence is omitted and written as Ogyo. HU M will
gap H(©"  and hence provides for both the single particle
gap and for the flat band topology of the BM model.
Using a set of usually adopt parameters for MATBG, we
find v, = —4.303eV-A, M = 3.697TmeV, v = —24.75meV,
vl = 1.622eV - A.

Since the WF's and the remaining “c” degrees of free-
dom have localized and plane-wave-like wave functions,
respectively, we make the analogy with local orbitals and
conduction bands in heavy fermion systems. We refer
to them as local f-orbitals and (topological) conduction
c-bands, respectively. We use frans (@ = 1,2, n = £,
s =1,]) to represent the annihilation operator of the a-
th WF of the valley 1 and spin s at the moiré unit cell R.
We use ckans (@ =1,2,3,4) to represent the annihilation
operator of the a-th conduction band basis of the valley n
and spin s at the moiré momentum k. The single-particle
Hamiltonian can be written as

3 c,r 1
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R
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where A, is the momentum cutoff for the c-electrons,
apr is the moiré lattice constant, N is the number of
moiré unit cell in the system, and A, which is found to be
0.3375aps, is a damping factor proportional to the size
of WFs. We plot the band structure of Hy in Fig. 1(c),
where the splitting of the two I's states is given by 2|7
and the bandwidth of the two flat bands is given by
2M =~ 7.4meV. The spectrum of Hy matches very well
with the BM model (Fig. 1(a)) in the energy range [-
70meV, 70meV].

The U(4) symmetry — The projected model of
MATBG [1, 2, 4] is found to possess a U(4) symmetry
if the kinetic energy of the flat bands is omitted. In the
heavy fermion basis, this U(4) symmetry can be realized
by imposing the flat band condition, i.e., M = 0. (Note



that 2| M| is the bandwidth of the flat bands.) The U(4)
moments of the f-electrons, I's c-electrons, and I'y & 'y
c-electrons are given by [115]
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respectively, where repeated indices should be summed
over and A*Y B* (u,v = 0,x,y,7z) are eight-by-eight
matrices

AP ={o0T0Sy, TyTaSu, TyTySus 00T2Su (5)

B ={00T0Sy; —0yTaSus —0yTySu, 00T=Su } »
with 00.2,y,2, T0,2,y,2> S0,z,y9,- Deing the Pauli or iden-
tity matrices for the orbital, valley, and spin degrees of
freedom, respectively. The +1 valued index &, equal
to (=1)*'n or (—1)"!n in the moments, labels dif-
ferent fundamental representations of the U(4) group.
The global U(4) rotations are generated by EA]W =
Zg:il 2%/,5) + f)fflﬁ’g) + f]ff,ﬁ/’g). Unlike the U(4) rota-
tions found in Refs. [1, 2, 4], which only commute the
projected Hamiltonian into the flat bands, the U(4) ro-
tations here commute with the full Hamiltonian. (Gen-
erators of the U(4) or U(4)xU(4) symmetry in the first
chiral limit [36, 102] is also given in Ref. [115].)

Interaction Hamiltonian — To obtain the interaction

Hamiltonian in the heavy fermion basis, we can first
express the density operator p(r) of the BM model in
terms of frans and ckqns, and then substitute it into the
Coulomb interaction, p(r)V(r — r')p(r’). By evaluating
the Coulomb integrals, we obtain the interaction Hamil-
tonian resembling a periodic Anderson model with extra
f-c exchange interactions [115],

HI:ﬁU1+ﬁJ+HU2+ﬁV+ﬁW~ (6)

Hy, = D pﬁ i pg : are the on-site interactions
of f-electrons, where pr =D ons f;mnszans is the f-

electrons density and the colon symbols represent the
normal ordered operator with respect to the normal state.

= Y S EO®) = S O@  (0)

Rq upv £==+

is a ferromagnetic exchange coupling between U(4) mo-
ments of f-electrons and I'y @'y c-electrons. Using prac-
tical parameters for MATBG, we obtain U; = 57.95meV
and J = 16.38meV. The other three terms in H; are:
Hy, - repulsion (~ 2.3meV) between nearest neighbor f-
electrons, Hy - repulsion (~ 48meV) between c-electrons,
Hyy - repulsion (~ 47meV) between ¢- and f-electrons.
As a widely adopted approximation in heavy fermion
materials, Hy, + Hyv + Hw can be decoupled in the
Hartree channel due to the delocalized and localized na-
tures of ¢- and f-electrons. Hence these terms only effec-
tively shift the band energies of f- and c-bands. Then,
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FIG. 2. The self-consistent HF bands upon the ground states
at the fillings v = 0, —1, —2, —3. The color of the bands repre-
sent the contributing components, wherein yellow represents
the f-electron states and blue represents the c-electron states.

U; - the on-site repulsion of the f-electrons - is by far
the largest energy scale of the problem - more than twice
the hybridization (y) and three times the exchange (.J).
In Hartree-Fock (HF) calculations U; is found to be the
source of spontaneous symmetry-breakings.

Ground states — Since U is much larger than the
couplings (v, J, v} (nkyo, + kyo,)) between f- and c-
electrons, a reasonable guess of the ground states would
be product states of f-multiplets and the (gapless point)
Fermi liquid state (|F'S)) of the half-filled c-electrons. We
call such product states “the parent states”. FE.g., the
parent valley-polarized (VP) state at the charge neutral-
ity (v =0) is

VPG =T T] ] Hios.slFS) - 8)

R a=1,2s=1/

The parent Kramers inter-valley-coherent (K-IVC) state
is a U(4)-rotation of [VP4=") along the 7,-direction

[K-IVCy=0) = ¢ #5520 |y py=0)
1
=TT IT 5 hone + o D Fh o+ Fho IES)
R s=1|

(9)

Parent states at other integer fillings (v = 0, +1, £2, +3)
can be similarly constructed [115]. They would be ground
states of the Hamiltonian if +, J, v}, terms vanished;
hybridization of f- and c-electrons will develop, i.e.,
(ffe) # 0, otherwise. The determination of ground states
by self-consistent HF calculation with initial states given
by the parent states is given in Ref. [115]. The nu-
merically found HF ground states at the integer fillings
(Fig. 2) are fully consistent with those in Ref. [5].

The parent states are so good initial states for the HF
calculations that the one-shot HF is already qualitatively
same as the self-consistent HF (see Fig. 3). Thanks to
the simplicity of the heavy fermion model, the one-shot
energies can be analytically estimated and we are able
to derive two rules for the ground states [115]. First,
in the parent state, f-electrons at each site tend to be
symmetric under permutation of U(4) indices to save the
Coulomb energy (Hunds’ rule). Both Egs. (8) and (9)
satisfy the first rule. Second, for U(4)-related states at a

given integer filling v, the state that minimizes Hy+H,
is the ground state, where Hy; is the U(4)-breaking M
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FIG. 3. The one-shot HF bands of the ground states at the
fillings v = 0, —1. The red solid bands are the quasi-particle
bands of the decoupled Hamiltonian, where v = v, = J = 0.
The horizontal and dispersive red bands are of the f- and c-
electrons, respectively. The touching point of the dispersive
red bands at I'js is quadratic, while since M is small, it may
look like linear. The one-shot bands can be understood as a
result of hybridization between f- and c-electrons.

term in Hy (Eq. (1)). This energy can be estimated by
the lowest v + 4 levels of the mean field Hamiltonian
HT1®T2) gpanned by the T'y @ I's basis of the ¢-bands at
k = 0, which reads (up to constants)

T

J _
HT®2) — Mo 1060 — 5(720 T, +UZOfTaZ) . (10)

Here O(M’g a'n's’ = <f1;ansz0/7I/S'> — %5(1&’57177’5%’ is the
density matrix of the local f-orbitals with homogeneity
assumed. We have assumed that, for all the integer fill-
ings, the eight lowest energy levels (closest to the gap) are
always contributed by the I'; @ I's ¢-band basis - which
are part of the flat bands - hence we only need to look at
the I'y @ I'; subspace. This assumption is fully justified
by previous studies based on two-band projected Hamil-
tonian, where only I'; @ I's basis exists, and will become
clearer after we discuss the charge +1 excitations.

We now apply the second rule to Eq. (8) and (9) to

determine the one-shot state of lowest energy. 6 matri-
ces given by Egs. (8) and (9) are aorzco and — 30,7,
respectively; the resulted lowest four levels of H(1&T2)
are =M — J/2 (each 2-fold) and —y/M? + J2/4 (4-fold),
respectively. It is direct to verify that the latter (K-IVC)
has a lower energy. Applying the two rules to parent
states at other fillings, we obtain consistent results with
the full numerical calculations in Refs. [5, 105]. We also
obtain an analytical expression for the Chern numbers of
ground states [115].

Charge £1 excitations — As shown in Figs. 2 and 3
and in Refs. [2, 6, 7, 85, 86, 110], at k away from 'y,
the quasi-particle bands have a large gap (~ U;) and are
relatively flat; at k around I'j;, the bands have signifi-
cant dip. Such features are found related to the topology
of the two flat-bands [6, 7] but have not yet been quanti-
tatively understood. The heavy fermion model provides
a natural explanation to these features. We first con-

4

sider the decoupled limit (y = v, = J =0) at v = 0,
where the f-electron bands are flat and have a (charge)
gap Uy, and the c-electron bands are given by H(&m)
(Fig. 3(a)). Tuning on ,v,,J then yields the one-shot
quasi-particle bands. At k = 0, v gaps out the I's ¢
bands, and J further gaps out the I'y & I's c-bands. As
the splitting of I'y — I's is smaller than that of the I's,
the lowest excitations will carry I'y,I's representations,
matching Refs. [2, 6, 7] and, according to the discussion
after Eq. (10), equals to 24/M?2 + J?/4 and |J — 2M| for
K-IVC and VP states, respectively. At k # 0, the v}
term hybridizes the flat f-bands and dispersive c-bands.
For large k, where the c-bands have very high kinetic en-
ergies, the hybridization is relatively weak and the gap
is still approximately U;. Thus the shape of the quasi-
particle bands is explained, and its bandwidth is approx-
imately given by (Uy — J)/2 when M is small. As dis-
cussed in Ref. [115], the feature that the larger (~ Uj)
and smaller (~ J) gaps are contributed by f- and c¢-
electrons, respectively, is reflected in the STM spectra
and Landau levels at different regions (AA or AB sites)
of MATBG.

At nonzero fillings, the quasi-particle bands can also be
understood as hybridized flat f-bands and dispersive c-
bands, except that the f- and c-bands may feel different
effective chemical potentials due to the density-density
interactions between them. For example, at v = —1, the
upper branch of the f-bands is shifted to an energy close
to the quadratic touching of the ¢-bands (Fig. 3(b)) [115].
Thus one of the hybridized bands is extremely flat.

Discussion — The coexistence of quantum-dot-like be-
havior [21, 25] and superconductivity [9, 11, 12, 14, 15]
may now be understood - they come from two different
types (f and c) of carriers. In fact, inspired by the pomer-
anchuk effect experiments [33, 34] and strange metal be-
havior [19, 20], authors of Refs. [33, 34, 107] also conjec-
ture the possibility of coexistence of local momenta and
itinerant electrons. (The heavy fermion theory analog
may also exist in other twisted materials [124].) Our pa-
per derives and shows the exact mapping of MATBG to
such a heavy-fermion type model. As such, the machin-
ery of heavy fermions [125-139] can now be applied, for
the first time, to MATBG. We speculate that it will lead
to pairing [52, 54, 56-59, 66, 70, 78-80, 91, 94, 95, 108]
in nontrivial gap channels.
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S1. Bistritzer-MacDonald model

Here we briefly review the Bistritzer-MacDonald (BM) model [10] of magic-angle twisted bilayer graphene
(MATBG). Readers may refer to the supplementary materials of Ref. [41] for more details.

A. Basis and single-particle Hamiltonian

As shown in Fig. S1(a), the low energy states around the Dirac points at the K momenta of the two graphene layers
form the moiré Brillouin zone (BZ) in the valley K. Similarly, the low energy states around the Dirac points at the K’
momenta of the two layers form another moiré BZ in the valley K’. Thus in the BM model there are two independent
sets of basis from the two valleys. We use the index 7 (= + for K and — for K’) to label the two graphene valleys. We
denote the basis as ck,qQ,a,5,s,» Where where k is a momentum in the moiré Brillouin zone (BZ), Q takes values in the
lattice shown in Fig. S1(b), a = 1,2 represents the graphene sublattice, n = + represents the graphene valley, and
s =1 is the spin index. There are two types of Q lattices: the blue lattice Q4 = {q2 + n1bas1 + nobue | n12 € Z}
and the red lattice Q_ = {—qa + niban + nebase | n12 € Z}, where b, base are Moiré reciprocal lattice basis

by = q2 —ay, br, =aq3 —qi - (S1)
For Q € 9., the basis is defined as

1

Qe o) cLQ o \/F Retop ) (S2)
,Q,a,m, ei(7K7+k*Q)~(R'+tQ)CI{, ifn=—

ei(K++k_Q)'(R+t<x)CL os if n= +

N QL8
NtOt R’€bottom
and for Q € Q_, the basis is defined as
! K- Fm QR L i =+
INT ,Q, 8
(Q c Q ) CT — NtOt R’cbottom (S?))
B k. Qs ! i(~K 4 +k-Q) (Retta) ity = —
e CR.a.s if n

Vv Ntot

Rectop

Here Nio; is the number of graphene unit cells in each layer, R and R’ indexes graphene lattices in the top and
bottom layers, respectively, t, and t/ are the sublattice vectors of the two layers, respectively, K and K_ are the
K momentum of the top and bottom layers, respectively, and cr.,a,s (cr’,a,s) is the fermion operator with spin s at
the atom site R+t, (R’ +1t,). The Q (Q_) lattice is defined in such a way that nK; +k — Q (nK_ +k — Q) with
Q € 94 (Q € Q.) is the Dirac point position Ky (nK_) when k equals to the high symmetry point nKy (nK},)
of the moiré BZ, as sown in Fig. S1(b).

The BM model is given by

Ao =3 >0 32> haqw(Kekgan.te.ams (54

ns keMBZ aa’ Q,Q’

where the single particle Hamiltonian reads

3
he) qror (k) = vp(k — Q) - 0dqq + O [Tilaadaqta,  hge.qa® =000 _qa (k). (S5)

j=1

2m(j — 1)
3

2r(j—1)

- (56)

T; = wgog + w10, COS + w0y, sin
Here q; are shown in Fig. S1, and wg and w; are the interlayer couplings in the AA-stacking and AB-stacking regions,

respectively. The length of q; is determined by the twist angle 6, i.e., |q;| = ks = 2|K]sin g. In this work, we

adopt the parameters vy = 5.944eV - A, K| = 1.703A71, w; = 110meV, 6 = 1.05°. The relation h(Q_a),Q’a’ k) =

h(j(%ZfQ,a,(—k) is due to the time-reversal symmetry that transform the two valleys to each other. The single-
particle Hamiltonian (upon to a unitary transformation [41]) is periodic with respect to the reciprocal lattice vectors



FIG. S1. The moiré BZ and the Q lattice. (a) The blue and red hexagons represent the BZ’s of the top and bottom graphene
layers, respectively. The blue and red dots represent the Diract points (K momentum) from the two layers. The vectors
q1, 92, q3 connecting the Dirac points of the two layers span the moiré BZ in the valley K (shaded with light yellow). Similarly,
the Dirac points at the K’ momentum form another moiré BZ in the valley K’ (shaded with light orange). (b) We denote the
blue and red Q lattices as Q1 and Q- respectively. In the BM model, the states in the valley K (K’) of the top layer and in
the valley K’ (K) of the bottom layer contribute to the lattice Q4 (Q_). (c) The unit cell in real space, where the maximal
Wyckoff positions la, 2¢, 3f are marked by the black dots.

by = a2 —aq1 = kg(@, 3), bu2 = q3 —q1 = kg(fg, 3). The moiré BZ and high symmetry momenta are
defined in Fig. S1(b). The real space unit cell is generated by apr; = 327”9(\/5, 1), ape = ;T’;(—\/g, 1), which satisfy

ay; - barj = 2md;;. Area of the moiré unit cell is given by Qo = a1 x ay2 = 33%23. Maximal Wyckoff positions

in the unit cell are shown in Fig. S1(c). The la and 2¢ positions correspond to the AA-stacking and AB-stacking
regions, respectively.

We plot the band structures in the valley n = + for different wy in Fig. S2.

The fact that the band structure is labeled by k (in the moiré BZ) implies that k labels the eigenvalues of translation
operators of the moiré lattice. We hence define the translation operator Tr as

TRCL,Q,a,n,sTﬁl = e_lk‘RcI{,Q,a,n,s ’ (87)

where R = njapy +neanre, with ny o € Z, is a moiré lattice vector. One should not confuse Tg with the time-reversal
symmetry (T") defined in Section S1B. We now verify Eq. (S7) at the commensurate twist angles, where ay;q and apyo
are integer linear combinations of the microscopic graphene lattice vectors a;,as. Tr can be defined as translation
acting on the atomic orbitals: R’ —+ R’ + R. Then there is

1 : ’ 1 ) X /

TRCL Tﬁl _ c{(Ki+k—Q)-(R +ta)CI{, o e~ tKi+k—Q) R [i(nK;+k—-Q)-(R +ta)cR, ,
Q,a,m,s \/m = +R,a,s \/m = a8

(S8)

where [ = n (—n) for Q € Q4 (Q_). For commensurate angle, nK; — Q is a moiré reciprocal lattice and hence
e HKitk=Q)R — o—ikR  Then Eq. (S7) is justified at commensurate angles. We emphasize that Eq. (S7) is also
well-defined even at non-commensurate angles.

For later convenience, here we define our convention for Fourier transformation. Let N, Qq, Q¢ = N be the
number of moiré unit cells, area of each moiré unit cell, and the total area of the sample. Then, for k,k’ in the moiré
BZ and Q,Q’ € Qy,, with In = + or —, integral over r leads to the momentum conservation

for Q,Q € Qi /dgre(k_kl_Q+Ql)'r = Qtot Ok 0Q,Q - (S9)
The completeness relation of the plane waves is

LS S e Z ), foriy =+ (S10)

Q
tot K QEQM

We introduce a continuous real space basis for the BM model

1 .
T ( ) _ e*’b(k*Q)'I‘cT

s = o= > k.Q,a.m,s (St1)
ot keMBZ QeQy,,
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FIG. S2. The band structure in the valley n = + of MATBG. In (a)-(f) the band structures with the inter-layer couplings
wo/wi=1, 0.9, 0.8, 0.7, 0.6, 0.5 are plotted. The red crossings are energy eigenvalues of the BM model, and the black lines
are bands of the effective model. The other parameters of the BM model are given by vrp = 5.944eV - A, K| = 1.7()310%_1,
w1 = 110meV, § = 1.05°. The parameters of the effective model for different wo/wi are given in Table S4. We have set
vy = B = C = 0 for simplicity.

where Qo = N is the total area of the sample in consideration, N is the number of Moiré unit cells, {2 is the area
of the Moiré unit cell, I = £ is the layer index. We can understand the continuous variable r as the coarse-grained
graphene lattice vector. The graphene sublattice () and valley (1) are now regarded as inner degrees of freedom. At

each r c}:a%s (r) has sixteen components from two layers, two Graphene sublattice, two valleys, and two spins. Unlike

the usual real space basis, which just changes its position under a translation operation, cja . .(r) also gains a phase
factor under translation. According to Eq. (S7), there is

1 . 1 , _
T -1 _ —i(k—Q)- T -1 _ —i(k—Q)-r_—ik-R T
TRC) s (0) TR = Yo D YR g0y TR = Y D> VTR (s -

Vot Sz QeQy, Vot \ iz QeQy,
(S12)
For convenience, we define the momenta
1=
AK, = + (S13)
—qs, l=—
Notice that nAK; — Q (Q € Q,;) is a moiré reciprocal lattice and hence e iMAKi—Q)R — | We hence have
1 . ) .
-1 —imAK;-R_—i(k—Q)-(r+R. —inAK;-R
TRClT,am,s(r)TR N o emMAKIRikmQ) (e )CL,Q,am,s =e TN Czr,a,n,s(r +R). (S14)
tot keMBZ Qe

One may remove the factor e7*K'R by redefining the basis as c;’a’n’s(r) — ei”AKl'rcj’a’n’s(r). However, this redefining

will complicate the representation of crystalline symmetries (Section S1B). In this work we will stick to the definition
Eq. (S11) of the real space basis.



B. Discrete symmetries of the BM model

The single-particle Hamiltonian in each valley has the symmetry of the magnetic space group P6'2'2 (# 177.151
in the BNS setting), which is generated by Co.T, Cs,, Cs, and translation symmetries. Since the two valleys are
related by time-reversal symmetry 7', the total system also has the Cs, symmetry (product of Cy,T and T'). The full
crystalline symmetries of the two valleys form the space group P622 (#177), which is generated by Cs,, Ca,, and
translation symmetries. We write the symmetry action on the fermion operators as

ch,Q,a,n,sgil = Z C;r]k,Q’,a/,n’,sDQla/n/yQan(g) . (815)
Q'a’n’

The D matrices of the time-reversal symmetry and the single-valley symmetries are given by

iz—’raz‘rz
Dqram,on(T) = dq,—qloo)aralmalym,  Daram.qan(Cs:) = dqr.cs.qle”™ 7oy an (516)

Dqrary,an(C2z) = 0q/,c2.Ql0z]ara[Tolyn,  Dararm,Qan(C2:T) = dqr,qloz]aralTolny: (S17)

where 04 4 » (00), Tw,y,» (T0) are Pauli (identity) matrices in the sublattice and valley spaces, and (q = +1 for Q € Q.
Besides the crystalline symmetries, the BM model also has a unitary particle-hole symmetry P that anti-commutes
with the single-particle Hamiltonian. P transforms k to —k and the corresponding D matrix reads

DQ/O‘/W/,QO”](P) = CQ(;Q/,—Q[O—O}Q&/OL[TZ]T]/'I] . (818)

(Unlike the P symmetry defined in Refs. [4-6], where P is valley-independent, here P is chosen have opposite signs
in the two valleys. The two definitions are equivalent because the Hamiltonian respects the valley-U(1) and one can
redefine the particle-hole symmetry as P — 7, P.) In the first-quantized formalism the algebra between P and other
symmetries are given by

P? =1, [P, T] =0, [P,Cs.] =0, {P,Cy,} =0, [P,Co.T] =0 . (S19)

The particle-hole symmetry will be broken if the #-dependence of the single-layer Hamiltonian or quadratic terms in
k of the single-layer Hamiltonian are taken into account.

If, furthermore, wy = 0, the model acquires an effective chiral symmetry C' that anti-commute with the single-
particle Hamiltonian [36]. C' is referred to as the first chiral symmetry in Refs. [4, 104]. C leaves k invariant and its
D matrix reads

DQla/n/7Qa’l7(C) = 5Q’7Q[Uz]a’a[7'0]n’n . (820)
In the first-quantized formalism the algebra between C' and other symmetries are given by
c?=1, [C,T] =0, [C,C3.] =0, {C,Ca} =0, {C,Cy. T} =0, [C,P]=0. (S21)

In the end we derive the symmetry actions on the continuous real space basis. For unitary or anti-unitary operators,
there are

p A1
3} ams @3 = D el (9) Dot tan(g) - (522)
l/a/nl
Notice that Pr = —r. (P is an inversion-like operation that interchanges the two layers but leave the sublattice

invariant.) Using the D matrices in momentum space and the definition of ¢; o, s(r) (Eq. (S11)), we can derive the
D matrices for the real space continuous basis

2
Dl’a’n’,lan(T) = [QO]l’l[UO]a’a[Tw]n’ny Dl’a’n’,lan(CSz) = [QO]l’l[eZTUZTZ]a’n’,an ) (823)
Dl/o/n/,lan(CQm) = [Qz]l’l[o—x}a’a['ro]n’n7 Dl’a’n’,lom(cZzT) = [QO]l/l[Ux]a’a[TO]n’n ) (824)
Dy jan(P) = [ioylv i[oo]ara[To]nm, Duary 1an(C) = [oo0]v aloz]aralmolyy - (525)

Here 044> (00), Tay,z (T0), Oz,y,> (00) are Pauli (identity) matrices in the space of sublattice, valley, and layer,
respectively. We emphasize that, unlike the momentum space basis where D(P) is proportional to 7., the real space



I I, I3 M, M, K, K3K3
E 1 1 2[E 1 1|E 1 2
203 1 1 -1|Ch 1 -1|Cs 1 -1
3¢5 1 -1 0 c;t o1 -1

TABLE S1. Character table of irreps at high symmetry momenta in magnetic space group P6'2'2 (#177.151 in BNS settings).
For the little group of I, E, 2C3, and 3C% represent the conjugation classes generated from identity, Cs., and Ca., respectively.
Symbols for conjugate class at M and K are defined in similar ways.

basis has D proportional to 9. Here we take the particle-hole symmetry as an example to show how the D matrices
are derived. By definition, there is

1 .
T -1 _ —i(k—Q)r i -1
Pelaps@P = o= > > eV Po g, P
tot keMBZ Qe Qi
1

—i(k—Q)-r
A/ Z Z € C—k,—Q,a, ,8 TICQ (826)
Qeot Stz QeQy, !

We can replace —Q by Q' with Q" € Q_y;,. Relabeling Q' and k as Q and —k, respectively, we obtain

- 1 —i(k—Q)-(—r
PCZam’S(r)P I N Z Z e~ Hk—Q)-( )CLQ,a,n,sTK*Q (S27)

°% keMBZ QeQ_,,

Notice that, according to Egs. (52) and (S3), for Q € Q_,, the state clt Q.a.n.s 18 in the layer —I, and the factor 7¢_q
equals to I. We hence obtain o

Pc! r) P! =1t -r), S28
l,o,m,s la,n,s

consistent with Eq. (525).
For later convenience, we also derive the D matrices of Cs, P for the momentum space basis and real space basis as

Dqrory Qan(C2:P) = —i(Qdqr.ql0z]aralTylyy; Dy oy jan(CozP) = [—ioyli 1]oz]aralTelnm (529)

respectively.

S2. The single-particle Hamiltonian of the topological heavy fermion model
A. DMaximal localized Wannier functions for the local orbitals

We first summarize the representation analysis of the Wannier obstruction given in Ref. [41]. As proved in Ref. [41],
due to the particle-hole symmetry, the middle two bands in each valley must form the irreducible co-representations
(dubbed as irreps)

'y @ T My © My; KoKs (S30)

of the magnetic space group P6'2'2 as long as they are gapped from higher and lower energy bands. One can find
the definitions of the irreps in Table S1 or using the Corepresentations toolkit on the Bilbao Crystallographic Server
[140, 141]. In Table S2 we tabulate all the elementary band representations (EBRs), i.e., the minimal local orbitals,
and their corresponding irreps in momentum space. One can also find the definition of EBRs using the MBANDREP
toolkit on the Bilbao Crystallographic Server [140, 141]. There are only six allowed two-band band representations,
i.e., 2[A1]a T G, 2[A2]e T G, [A1 ® A2]a T G, [Ela T G, [A1]c T G, and [Az]. T G, while none of them has the irreps in
Eq. (S30). (The notation [p],, T G represents the EBR of the magnetic space group G induced from the representation
p at the Wyckoff possible w.) Thus the middle two bands are not consistent with any local orbitals and must be
topological.

We now resolve the Wannier obstruction by adding higher energy bands in MATBG. Both the first “passive” bands
above the middle two bands and the first “passive” bands below the middle two bands form the degenerate irrep I's at


https://www.cryst.ehu.es/cgi-bin/cryst/programs/corepresentations.pl
https://www.cryst.ehu.es/cgi-bin/cryst/programs/mbandrep.pl

Wyckoff pos. 1a (000) 2¢ (£20), (310) 3f (£00), (030), (£30)
Site sym. 67227, 32 , 32 2'2'2, 2
EBR  |[Ai]a 1 G|[A2]a 1 G| [Ela 1 G [[Ai]e T G|[A2]c 1 G| [El 1 G | [A];1G | [B]; TG
Orbitals S Pz Pz, Py S Pz Pz, Py S Pz
T" (000) T Ty Ts 2T 2T 215 I'dTls To®Ts
K (%%O) K1 K, Ko K3 Ko K3 KoKz [2K1 @ KoK3| K1 @ KoK3 | K1 @ KoK3
M (300) M, My |M, & M| 2M,; 2M, | 2My ©2M; | 2My & M> | My & 2M»
TABLE S2. EBRs of the magnetic space group P6'2'2 (#177.151 in the BNS setting). In the first row are the symbols and

coordinates of Wyckoff positions. In the second row are the corresponding site symmetry groups (magnetic point groups) and
their unitary subgroups (point groups). In the third row are the names of EBRs. The notation [p]w T G represents the EBR
of the magnetic space group G induced from the irrep p at the Wyckoff possible w. The orbitals that form the representation
[p]w are given in the fourth row. The fifth row to seventh row give the irreps at high symmetry momenta of each EBR.

the I'p; point. If we hybridize the middle two bands with these higher energy bands, we can extract two topologically
trivial bands that form the band representation (in terms of irreps)

[E]QTG: Pg; Ml@Mg; KQKg (831)
where [E], is formed by a p,-like orbital and a p,-like orbital at the la position (triangular lattice). In the remaining
of this subsection we will discuss an explicit construction of the Wannier functions forming the representation [E],. It
has large overlaps (Fig. S3) with the lowest two bands for k away from I"j; — in most area of the moiré BZ excluding
a small neighborhood of I'y;, the lowest two bands of MATBG are almost completely spanned by the constructed
Wannier functions. While at (or around) I'js, the Wannier functions have zero (or small) overlap with the lowest two
bands of MATBG. Another set of basis, which form the representation I'y I's &' at I'j;, will be introduced around
T'p. In Sections S2B to S2 E we will write the single-particle Hamiltonian on the basis of the constructed Wannier
functions and the remaining low-energy bands, which together form the representation I'y @ T's @ 2I'3 at the I'j; point.

For simplicity in this subsection we will use the first-quantized formalism. We define the basis

|ka Q7 «, T}v S> = CIT(,Q,a,n,s|O> 9 (832)
1 .

v L, s) =l (0))0) = —== > Y e V7K Q,a,n,s) . (933)

! ot keMBZ QeQ;,,

We write the trial Wannier functions as
1 ;T . 2 2
|W1/:{ a=1,n s> =1 Z / er ezzln—znAKl‘R—(r—R) /(230) |I‘7 l7 1a m, S> (834)
’ e )\0\/ 27T 7
1 e

Wha—om.s) = SWYor Z/Cpr e*ZzlnfmAK;,.Rf(rfR)2/(2)\§)|r71’277]’5> : (S35)

where \g represents the size of the Gaussian function and R takes value in the triangular lattice sites, such that they
form the representations

Df(T) = 00Tz, Df(CSZ) = ei%"o’ﬂ'z’ Df(CQ:E) = 070, Df<C2zT> = 0270,

DY (P)=io,1.,, D¥(Cy.P)=—io,T, , (S36)
same as p, £ip, at the 1la Wyckoff position (per spin per valley). Here 0¢ 5 4.2, 70,4,y,- are the identity or Pauli matrices
in for the orbital (o = 1,2) and valley (n = 4) degrees of freedom, respectively. Since the Wannier functions transform
diagonally (i.e., D/(P) in Eq. (S36)) under the P symmetry and P flips the layer (Eq. (S25)), each Wannier function
should be a linear combination of states from the two layers. The phase factors e**7!" in the Wannier functions
are introduced to fix the gauge of the representation matrices D/’s. The phase factor e~ 2Ki'R ig required by the
translation symmetry (Eq. (S14)). One can verify that such defined trial Wannier functions satisfy

TAR‘WI/:{,a,n,s> = |Wll:t+AR,a,n,s> ) (837)
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FIG. S3. Wannier functions for wo/w1 = 0.8. In (a) the sizes of the red dots represent the overlaps between the trial Wannier
functions and the Bloch states, i.e., 3. |An.a(k)|?, for the bands ek, with n = +1,+2,+3. (b) and (c) are absolute values
of the two components wys,1(r) (8 = 1,2) of the constructed maximally localized Wannier functions. The hexagons represent
the moiré unit cell. (d) The density of Wannier functions i.e., >, |wl(g)a (r)|?, which does not depend on 7,a. (e), (f), (g)
are |wy1,1(r)|, [w42,1(r)|, and the density of the approximate Wannier functions of the Gaussian form (Egs. (S53) and (S54)),

respectively. The used parameters for the BM model are v = 5.944eV - A, |AK| = 1.703A", wy = 110meV, 6 = 1.05°.

under a translation of the moiré lattice AR. We emphasize that, for given Df(Cj3.), the sign of Df(P) is not a
gauge choice. Since [C5,, P] = 0, P and C3, can be diagonalized at the same time and the P-eigenvalues in each
Cs, eigen- space are determlned For the trial Wannier functions, the P eigenvalue of the C3, eigenstates with the
cigenvalue ¢t 5 (e5 ) is i (—i).

We can express the trial Wannier functions on the plane-wave basis as

2
|Wllrt,a:1,n,s> - = Z Z Z /d21‘ e i Zin—inAK;-R—(r— R)Z/(203)—i(k— Q)r|k Q7177773>
Aov2mhot =\ Sz qeo,,

2m A Zin—ik- R— 322 (k—Q)?
D IID D DI [k, Q. 1,7, 5) (38)
=+ keMBZ Q€ Qy

27‘(’)\ —iT i 2 0O)2
Whiams) = gt 0 3 30 it eI i@ ,2,0,5) (539
' |=+ keMBZ Q€ 9,

We denote the energy eigenstates of the continuous BM model as |¢x n n.s). The overlap matrix between the energy
eigenstates and the trial Wannier functions are

27‘(’)\2 i T In—122(k—Q)2
Afl’i(k) = <1/1k,n,n,s|W6,1,n,s> = Q—OZ Z el iin—3 A (k-Q) (Yrnn,slk, Q, 1,1, ), (S40)
o 1=+ Qeay,
27T)\ iz o2
AT () = Wicnns| Wi a..e) = Z > ety [k, Q, 2,1, 8) (541)
= :I:QGQM

We plot the >° |An q(k)|? for each band ey, (n = £1,£2,43) in Fig. S3(a). One can see that, as expected, at the
T'ps point, the overlap between the trial Wannier functions and the I'y, T’y states in the middle two bands are zero.

We feed the overlap matrix A(") (k) (n =+1,%£2,4+3, a = 1,2, n = £) into the machinery of Wannier90 [121-123]
to construct the maximally locahzed Wannier functions. We have set Ay = 0.1la,; in practical calculations, with a s



being the moiré lattice constant. We use a 18 x 18 momentum mesh and the energy window [—80meV, 80meV] for the
disentanglement and Wannierization procedures. Wannier90 returns [Wg a,y,s) on the plane-wave basis |k, Q, 5,1, s)
as

Wiand = 2= 2 30 3 kQuAmse 5, &) (542)

I=£keMBZ B Q€Qi,
Here N is the number of Moiré unit cells. 7" (k) returned by Wannier90 is originally stored on the basis of the
Bloch wave functions of the energy bands. Only the lowest six energy bands are involved in the Wannier functions

because we have chosen the energy window [—80meV, 80meV] for the Wannierization, which only covers the lowest six
bands (Fig. S3(a)). We then transform 587%7a(k) onto the basis |k, Q, 8,7, s). Since |r,l, 3,7, s) gains a phase factor
e~ MAKIR ynder the translation R (Eq. (S14)), we can write (r,l, 8,7, s|WRays) as

(r,1,B,m, 3|WRan5> = (r,l,8,n, S\TR|W0,M75> = e_inAKl'R@ -R,1, 8,7, 3‘W0a775> = e_inAKl.Rwl(g,)a(r —-R) (543)

such that wl(g?a(r —R) = (r—R,[,5,n,5|Woans) is a function of r — R. The real space shape of the Wannier states
can be calculated as

1 )
i(k—Q)-(r—R)5(mM S44
VO )P IN: Uq5,q(k) - (544)
NQor keMBZ QeQ;,

wi (x = R) = MR 180 o[ WRays) =

Making use of Egs. (S9) and (S10), we obtain the inverse transformation

" 1 —i(k—Q)-(r—
10 = < [ ufl (- Ry R (545)
where lq,, = (qn is the layer the basis |k, Q, 3,7, s) belonging to and Qy = Q¢ /N is the area of the moiré unit cell.

We now determine the independent components of the Wannier function. Due to the spin-SU(2) symmetry, the

real space wave functions wl(g)a (r) do not depend on spin. Due to the time-reversal symmetry, the wl(g)a (r) in the two
valleys are just complex conjugation of each other, i.e.,

wit) (r) = wiz V() . ($46)

Due to the P symmetry (r — —r), which has D(P) = —ip 007y for the continuous real space basis (Eq. (525))
and Df(P) = io.7. for the Wannier functions (Eq. (S36)), the Wannier functions must satisfy the constraint

Zl’a'n’ Dlanyl/a/n(P)wl(’n(z’n’7a(r) = Za’ wl(;]’)q)a’(_r)Dga”na(P)7 7:'6"

Wy o (=x) = iln(=1)*wi) (v) (347)
Due to the Co, T symmetry, which has D(Cy,T) = 090, for the continuous basis (Eq. (524)) and DY (C,T) = 0,70
for the Wannier functions (Eq. (S36)), the Wannier functions must satisfy the constraint

wifa(e) = () 51

where @ = 2,1 for « = 1,2. The above two conditions together imply a constraint (given by PCs,T') that holds at
each point r

wp (r) = —iln(—l)o‘w(_"l%,a(r) . (S49)
Due to the above three independent constraints, only two of the sixteen components in the real space functions wl(g)a (r)
are independent. (Notice that each constraint reduce to half the number independent components.) Without loss of
generality, we will focus on the two independent components wf;l(r) (8 =1,2). We plot the absolute values of the
two components wfﬁ)’l(r) (8 =1,2) in Fig. S3(b), (c), respectively. Due to Egs. (S46) and (S49), the densities of the

Wannier functions, i.e., 3=, \wl(g)a(r)|2, do not depend on 1 and o. We plot the density of the Wannier functions in
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wo/wi| ai az  |A1 (am) A2 (am)| A (am)
1.0 ]0.7632|0.6461| 0.1552 | 0.1731 | 0.2965
0.9 ]0.7882/0.6155| 0.1671 | 0.1850 | 0.3029
0.8 10.8193|0.5734| 0.1791 | 0.1910 | 0.3375
0.7 10.8531|0.5217| 0.1970 | 0.1970 | 0.3792
0.6 |0.8878(0.4603| 0.2089 | 0.2029 | 0.4380
0.5 ]0.9208(0.3901| 0.2268 | 0.2089 | 0.5330

TABLE S3. Parameters of Wannier functions for different wo/wi. 1,2 and Ai 2 are parameters for the analytical form
(Egs. (S53) and (S54)) of the Wannier functions and they are fitted from the numerical Wannier functions. A is the square

root of the spread of the numerical Wannier functions. The used parameters for the BM model are vp = 5.944eV - A,
|[AK| = 1. 703A~1, wy = 110meV, 6 = 1.05°.

Fig. S3(d). From the density plot we can see that the Wannier functions are very well localized. To characterize the
localization, we also calculate the square root of the spread of the Wannier functions, i.e.,

A= \/Z/d2r|w ") r)|?r? . (S50)

A does not depend on a and 7 according to Eqs. (S46) and (S49). As tabulated in Table S3, A ranges from 0.2965a,, to
0.5330ays for wg/w; changing from 1.0 to 0.5, where ayy is the lattice constant of moiré unit cell. The magnitude of the
hopping between the constructed Wannier functions at nearest neighbor sites, i.e., to = [(WR,a.n.s|HeMm|WR' —a,s)]
for RR’ being nearest neighbor pairs, is also extremely small. ((Wr,a.n,s|HeMm|WR/,a,n,s) = 0 due to the crystalline
and P symmetries.) As shown in Table S4, the to ranges from 0.01512meV to 0.3027meV for wg/w; changing from
1.0 to 0.5. In the rest of this work we will omit the nearest neighbor hoppings.

We find the Wannier functions shown in Fig. S3(b), (¢) can be approximated by Gaussian functions of the form

« RES 2 2 Qo T+ 1y i 2
w(?, (r) = NN er? D ) ) = - NN R/Ex) (851)

Even though the Wannier states transform as p, +ip, orbitals, which form the representation [E], at the la position

Tables S1 and S2), we see that the component w'), (r) is s-orbital-like and the component wh) (r) is Pz + Py )-
+1,1 +2,1 Y

orbital-like. The reason is that the inner degrees of freedom, i.e., layer, sublattice, and valley, transform non-trivially
under the crystalline symmetries. For example, the layer, sublattice, and valley degrees of freedom transform under

Cs. as D(Cs.) = goe'37:™ (Eq (823)), in order for the Wannier functions wE:@))l(r) to have the Cs, eigenvalue

e (Bq. (S36)), there must be e’ [”z]ﬂﬁw(+) (Ctr) = eiF !l (r). The two components satisfy wﬁ)}l(ngr) =

+6,1
ws_ﬁ)l(r) and w+271(03Zr) =e Tws_g),l(r), respectively. Thus they can be realized by the polynomials 1 (constant)

and x + iy, respectively. The phase factor e*7 is required by the symmetry Cop PCo,T = Cyy PT', whose action action
on the continuous basis and representation on the Wannier states are D(Cq,PT) = 0,007 (Egs. (524) and (525))
and D/ (Co, PT) = —io,7, (Eq. (S36)), respectively. Given w(jl)’l(r) x e~/ (2AY) wg:g)’l(r) o (z +iy)e ™ /@) the
phases of the two components are constrained by the Cy, P1 symmetry as

Wiz, —y) = —iwl) (zy) = Wl ) = 2Tl (1) . (852)

However, the symmetry representation cannot fix the relative sign of the two components: Suppose wi‘?l(r) forms

the correct representation of Co, PT, then (—1)#~ (++5) 1 (r) also forms the correct representation. Thus there are two

symmetry-allowed choices for the analytical expressions of wi ﬁ) 1(r). We have computed the overlaps between the two

choices and the numerical Wannier functions and plck the choice (Eq. (S51)) that gives the larger overlap A1 can be
fitted using the condition \w(ﬂ?l()\h 0)| = e"|w+1 1(0)], and A2 can be fitted by the maximum of \w+2 1 (@max, 0)],
where Tmax = V2Aa. a1 and ay are real coefficients satisfying al + oz2 = 1. For wo/w; = 0.8, we find A\; = 0.1791ay,,

A2 = 0.1850aps, a1 = 0.7882, aro = 0.6155. These parameters for other wy/w; values are tabulated in Table S3. Using
the constraints Egs. (S46) to (S48), we obtain the other components as

RS WS SN E TP C ) () ;o\ Q2 TFINY GiEIn—1?/(223)
w;, (1 e's Yo wy ) (r , SH3
11, 1( ) \/§ ﬁA% l2,1( ) \/‘ )\%f ( )
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Qo T—1MY _.x _p? 2 aq 1 T g2 2
wl(ﬁ)Q( ) lT )\%f e vy in /(2)\2)7 wl(;77)2 (r) o ﬁ \/We vy in /(2)\1) . (354)
1

One can verify that the Wannier functions form the representations in Eq. (S36).
We introduce the creation operators for the Wannier states as

f;ans = /d2 (r,1,8,s,m,s|Wr.an.s cl Bns Z e MAKIR /dzr wl(g)a )c;fﬁ s(T) (S55)

Under the translation Tagr the operator f;m}s transforms as

TARfRanSTA%L fR+ARans ) (856)

which follows Eq. (S37) directly. Correspondingly, the momentum space operators can be defined as
1 ik R )
Flons = 755 20" Phane = 2 k50,7851 (857)
R QB

with v(") (k) from Eq. (S45). Since f;ans creates the Wannier states, they follows the same representation (Eq. (S36))
under symmetry operations

~ A1 ~ ~—1
gfliomsg = Z f;ka/n’sDé/n’,an(g)a gfl]?L{ansg = Z f;Ra’n/sDi/n’,an(g)’ (858)
a/n/ a/n/

with Df(g) given by Eq. (S36).
Hereafter, we refer to fﬁ’a,ms as local orbitals. They transform as p, + ip, orbitals, which form the 2D irreducible
representation [E], at the la position (Tables S1 and S2), under the crystalline symmetries.

B. The topological conduction bands

As discussed in the last subsection, in the BM model the six low energy states per valley per spin form the
representation I'y @ 'y @ 2T'3 around the T'ps point (Fig. S2), where T'y @ I's are contributed by the middle two bands
and 2I's3 are contributed by the higher energy bands. The Wannier functions (in each valley-spin sector) constructed
in the last subsection can span the middle two bands for momenta away from I'j;, where the overlap with the flat
bands is finite (Fig. S3(a)). At the I'j; point, the Wannier functions span a I's representation. Thus, in order to
reproduce the correct band structure around the I'j; point, we add four additional degree of freedom that form the
representation I'y &'y &' at I'p;. We denote the four states as cLam’s (a =1,2,3,4). Formally they can be written
as

i ()l
kam Zutgﬂ o) qpms (S59)

where ug% .(k) is to be determined. As shown in next subsection, CL)W”S has a huge kinetic energy for large k.

Therefore, in this work we will only consider CL am,s Within the cutoff k| < A.. Now we determine the coefficients

Ngg .(k). We define the projector to the six lowest bands in the two valleys as

P os = > ud) kuds (), (S60)
n=+1,+2,4+3

where ug(l (k) is the eigenstate of the BM Hamiltonian (Eq. (S5)) for the |n|-th band above (n > 0) or below (n < 0)
the charge neutrality point. We then define the projector to the two Wannier functions of the local orbitals as

(m () *
QQQ»Q’ﬁ Z Uro a Q/ﬁ a(k) : (861)

a=1,2

Since the two Wannier functions are constructed from the lowest six bands, there must be P (k)Q (k)P (k) =
QU (k). This is guaranteed by the definition of our Wannier functions: The Bloch states of the Wannier functions
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587;,a (k) are linear combinations of ug'()ln(k) (n = £1,42,43), as explained after Eq. (S42). The projector to the

four low-energy states in the remaining bands is given by PV (k) — Q) (k). The states ug% (k) can be obtained as
eigenstates of P (k) — Q) (k) with the eigenvalue 1.
We emphasize that even though we have formally introduced ug% .(k), in practical calculations, e.g., Section S2 C,

we will always approximate ug% .(k) by E(C;% .(0) for low energy states, as the c-electrons are only relevant for a small

k region around I'y,.
There is a gauge degree of freedom of ug% .(k). We fix the gauge by requiring the representation matrices under

the symmetry transformations

ng ansg Z Cgk a’'n’s a 77 an(g) (862)

to be

DT = 007z ® 0072, D(C3.) = 5 @ oo, D¢(Cay) = 0470 ® 0,70, D(Co.T) = 0,70 D 0gTo -
(S63)

such that the a = 1,2 and a = 3, 4 states form the I's and 'y T, representatlons at k = 0, respectively. For example,
the C3, representation matrices of the I's and I'; @ I's states are given by e* oo and 00Ty, respectively. Since the
four states form three different representations at I'j;, the states aln .(k) can be uniquely determined at k = 0.

However, for k # 0, there is no easy method to uniquely fix the gauge of the four states. Nevertheless, in practical

calculations, we only need qu’a( ) for the k-p expansion. Using the gauge fixed by Eq. (S63) and the algebra between

P and the other symmetries (Eq. (S19))
P*=-1, [PT]=[P,Cs.]=[P,Co.T] =0, {P,Co} =0, (S64)

we can further determine the representation of P. To satisfy P? = —1 and [P, C5.T] = 0, the representation of P in
either the I's or I'y @'y space must have the form +io, 7 .. Representations involving 7, , are not considered because
P preserves the valley index. The considered representations, +io,7 ., already satisfy {P, Ca;} = 0. To commute
with T, the only allowed form is 4io,7,. Numerically, we find the representation of P (and Cy, P for later use) as

D(P) = (—io,7;) @ (—io,7;), D(Cs,P) = (ioy1y) ® (ioyTy) . (S65)

As explained after Eq. (S36), for fixed D¢(Cs,), the sign of D¢(P) is not a gauge choice. One may notice that the
first two-by-two block of D°(P), which spans the T's irrep, has an opposite sign with D/ (P) of the local f-orbitals
(Eq. (S36)), which also span a I's irrep. Now we explain that they have to have opposite signs. We denote the I's
irreps formed by the positive energy bands (n = 2,3) and the negative energy bands (n = —2, —3) of the BM model
as I'sy and I's_, respectively. I's; and I's_ transform into each other under P. Thus, in the basis of I'sy and I's_, in
each eigen-subspace of Cj,, the P operator is off-diagonal. To be explicit, we can write the representation matrices

of Cs, and P
227
e's o 0 X 0

respectively. The basis is ordered as: the first component of I's, the first component of I's_, the second component

of sy, the second component of I's_, such that the first (second) two bases have the Cs, eigenvalue '3 (e 5). X
and X' are off-diagonal such that P interchanges the two I's representations. After we diagonalize the P operator,
the two P-eigenvalues in each eigen-subspace of Cj5, in each valley must sum to zero. Hence the sign of D¢(P), which
spans a diagonalized T's, must be opposite to the sign of Df(P), which spans the other T's.

Hereafter, we refer to ch ams (a=1,2,3,4) as conduction bands.

C. Single-particle Hamiltonian of the topological conduction bands

In this subsection we use the first-quantized formalism for simplicity. We can divide the single-particle Hamiltonian
in the low energy space into four parts:

HI (k) = QM (k)™ (k)Q™ (k), HEM (k) = (PM (k) — QM (k))A™ (k) (P (k) — QM (k)) , (S67)
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wo /w1 to 5 M Vs vl vl
1.0 [0.01512]4.086 |[4.727(-3.829[1.492(-0.01237
0.9 0.1099 [-10.21|4.194{-4.089(1.579|-0.01680
0.8 | 0.1497 |-24.75|3.697|-4.303|1.623|-0.03320
0.7 ]0.2276 |-39.11]3.248|-4.483|1.624|-0.04012
0.6 | 0.2789 [-52.91{2.854(-4.637|1.580(-0.04009
0.5 0.3027 |-65.78|2.518(-4.774(1.483|-0.03509

Units meV eV-A

TABLE S4. Parameters of the single-particle Hamiltonian of the topological heavy fermion model for different wq/w1. Since
v} is extremely small compared to other parameters, in all the single-particle and many-body calculations we have set vy =0.
Parameters of the BM model used to obtain this table are vp = 5.944eV - A, |[K| = 1.703A™!, w; = 110meV, 6 = 1.05°.

HU= (k) = QU ()R () (PP (k) = QU (), HE (k) = (PU(K) - QU (kDA™ (R)QM (), (S6)

where 2" (k) is the BM model (Eq. (S5)), P (k) (Eq. (S60)) and Q™ (k) (Eq. (S61)) are projectors to the lowest
six bands (per spin valley) and the Wannier functions, respectively. The first term is the single-particle Hamiltonian
of the local orbitals, which almost vanishes (~ 0.15meV for wg/w; = 0.8) as discussed in Section S2 A and shown in
Table S4. The second term is the Hamiltonian of the conduction bands. The third and fourth terms are the couplings
between the local orbitals and the conduction bands.

We consider the k-p expansion of the projected BM model H(" (k) around k = 0 (a,a’ = 1---4)

Hyo () = @ (0)|n™ ()|, (0)) - (369)
We emphasize that the usual k-p expansion [142] is made on the basis ﬂg{;a(O) rather than ﬂgg’a(k). This basis
choice has two advantages: (i) It is exact if we keep an infinite number of bands (a = 1---00), (ii) It has simple k-
dependence. We find that in our problem keeping four conduction bands is a good enough approximation. Hereafter,
we alway choose the Bloch states at k = 0 as the basis whenever a k-p expansion is needed. Since A" (k) has only
zeroth order and linear order terms in k, H (c’")(k) also only has constant terms and linear terms in k. As proved in
the following paragraphs, to linear order terms of k the effective Hamiltonian under the gauge Egs. (S63) and (S65)
has the form

(e (k) — 0 Va(kyoo + ikyo)
H' (k) = (U*(kxao ~ikyo) Mo, ; (S70)

H©) (k) = HED* (k) | (S71)

where the Cs, eigenvalues of the four basis in the valley n = 4+ are e"%ﬂ, e*"%ﬂ, 1, 1, respectively. The parameters for
different wo/w; obtained from Eq. (S69) are tabulated in Table S4. Physical meaning of M is the splitting between
the I'; and I'y states.

We now derive the form of H(©" in the valley 77 = + to linear order of k. The effective Hamiltonian in the other
valley can be obtained through the time-reversal symmetry, i.e., H(®) (k) = H(&H*(—k). For simplicity, in the
following we introduce an additional set of Pauli (identity) matrices {p - to distinguish the I's space (¢ = 1,2) and
the T'; @ T's space (a = 3,4). The a = 1,2 and a = 3,4 span the subspaces of {, = 1 and ¢, = —1, respectively. Due
to Egs. (S63) and (S65), the symmetry operators in the valley n = 4 are given by

Cs. = €57 @ oy, Coe = (o0, C2.T = (oo, K, P = —i¢yo. , (S72)

where (yoy = 05 @ 04, (00, = 0, @ 0.. We first look at the subspace I's. According to C»,T, only ¢ ., terms are
allowed in the Hamiltonian. According to P, og is odd in k while o, , are even (constant). oy is invariant under
Cjs,, hence the coefficient before oy must be invariant under C3,. The lowest odd order polynomial satisfying this
condition is in third order of k. Thus the oy term vanishes to linear order of k. Since o, are not invariant under
(3., their (constant) coefficients must vanish to linear order of k. (One may show that the lowest order coefficients
of 0, terms are quadratic in k.)

We then look at the subspace I'y & I';.  According to C5,7', only 0¢ 5, terms are allowed. According to P, og
is odd in k while o, , are even (constant) in k. op is invariant under Cs,, hence the coefficient before ¢ must be
invariant under Cs,. The lowest odd order polynomial satisfying this condition is in third order of k. Thus the oq
term vanishes to linear order of k. In the subspace I'y ®I'y, both o, are invariant under Cs, hence they are allowed
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by (.. However o, is forbidden by the Cy, symmetry. Thus the Hamiltonian in the I'y & I's subspace must have the
form Mo,.

Thirdly we look at the coupling between I's and I'; ©I's. We only need to consider the off-diagonal terms (; 00.2.,y,2-
According to Co,T, only (00, and (yo, terms are allowed. According to P, the coefficients of ( 0, , are even
(constant) in k while (09, (yo- are odd in k. Since (.0, , are not invariant under Cs,, their constant coefficients must

vanish. We then study the odd order terms (200, Cyo.. Under Cs, they transform as C’ngQCUOC’gzl = (00 COS %’T —
(y0 sin %’“, nggyazoocgz = (y0. cos & + (p00 sin %’r Thus the (;00,(y0, terms can be chosen as v.k,(z00 —

v, ky(Cy0 ., which is also symmetric under Coy.

In summary, the effective Hamiltonian H(©" has the form in Eq. (S70).

In Ref. [104] the authors of the present work have shown that the single-particle Hamiltonian in each valley has a
symmetry anomaly of the Co,T and the particle-hole P symmetries. The anomaly is reflected as unavoidable 4n + 2
(n € N) Dirac cones at the Fermi-level. Since the local orbitals are topologically trivial, the anomaly must be reflected
in the band structure of the conduction bands, meaning that, if we turn off the coupling between local orbitals and
conduction bands, the conduction bands (given by Eq. (S70)) must carry the symmetry anomaly by itself and hence
be gapless. The spectrum of Eq. (S70) is given by

M M?
+ — +4/— +vk? (S73)
2 4
which has a quadratic touching at k = 0. To relate the quadratic touching to the symmetry anomaly, we consider
adding a C5,-breaking but C5,T- and P-preserving term D into the Hamiltonian

Do, Ui (kgoo + ikyos)
(v*(k’mao —ikyo,) Moy, ) (574)
The quadratic touching is now split into two linear Dirac points at k, = i%\/ DM, ky=0(k,=0,k, = :I:%\/ DM)
if DM >0 (DM < 0). The two Dirac points have the same chirality because they are related by P [104]. Thus the
quadratic touching is topologically equivalent to two Dirac points with the same chirality. According to the theorem
proven in Ref. [104], the presence of 4n + 2 (here n = 0) Dirac points is an equivalent condition to the symmetry
anomaly.

D. Coupling between topological conduction bands and the local orbitals

We now consider the coupling between the conduction band states and the local orbitals

Heyp=>3" %" Z kans| H|Wrans)Clpo fRans +hc.=> > Y Z kans|H|Woans)e Rl . frans + h.c., (S75)

ns aa |k|<A. ns aa |k|<A.

where |Wgrans) (o = 1,2) and |kans) = cLa’n’s|0> (e = 1,2,3,4) are the single particle states of the local orbitals
and the conduction bands, respectively, H is the BM Hamiltonian (Eq. (S5)), and A, is the cutoff for the conduction
bands. Since the Wannier functions of the local orbitals are localized, the integral (kans|H|Wyans) must decay
exponentially with k. However, the particular form of the decay is complicated due to two reasons. First, as discussed
in Section S2 A, the Wannier functions have two independent components (Egs. (S53) and (S54)). Thus the overlap
between the conduction band states and the two components will decay differently. Second, each conduction band
state is not a simple plane-wave but a linear combination of plane-waves (Q-vectors) with different wave-vectors
(Eq. (S59)), hence the overlap for different plane-wave components will decay differently. However, the role played
by the decay is simply a truncation of the couplings between the local orbitals and high energy states. We claim that
the particular form of the truncation is not relevant in the low energy physics. Thus, for simplicity here we assume
that the overlap decays as e~ IkIN*/2 with A being the square root of the spread of the Wannier function (Eq. (S50)).
We hence parameterize the integral as

]_ -
(kans|H|[Woans) = \/—Ne*‘kﬁ’\Q/QH(sgf’”)(k) . (S76)

Applying the Fourier transformation (Eq. (S57)) of the local orbitals, we can rewrite the coupling Hamiltonian as

Hep =337 5" e M2t (el fuans + hec. (S77)

ns aa |k|<A.
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For small k, the factor e~I¥I"A*/2 is negligible and we can obtain Héf,f’")(k) as the k-p Hamiltonian

HIE () = (@ (010 ()77 (0)), (578)

where h( (k) is the BM model (Eq. (S5)), [55”(0)) are the Bloch state of the Wannier functions (Eq. (S42)), and
|~(")( 0)) are the Bloch states of the conduction bands (Eq. (S59)). As explained after Eq. (S69), we always choose
|v(n)(0)> and |~(7’) (0)) rather than |~(n)( k)) and |N(")(k)> as the basis for the k-p expansion. Since h( (k) only

has zeroth and linear order terms in k, Haf)f " (k) also only has constant and linear terms. As proved in the next
paragraph, we find the coupling Hamiltonian has the form

(efm) _ (100 + Vi (k0w 4 kyoy)
" B ( vy (nkyor — kyoy) ’ (S79)

The first two-by-two block is the coupling between the local orbitals (forming I's) and the I's states of the conduction
bands and hence allows a yo(y term, the second two-by-two block the coupling between the local orbitals and the
I'y & I's states of the conduction bands and vanishes at k = 0. The I's representation carries angular momenta
L = +1 and the I'y & I's representation carries the angular momentum L = 0. The above equation respects the
angular momentum conservation up to AL = 0 mod 3 because the system only has Cs, symmetry. The parameters
obtained from Eq. (S78) are tabulated in Table S4. We find that v/ is very small compared to other velocities. We
hence will omit this term.

Here we give one more justification for the choice of the damping factor e~ First, around k = 0, the damping
factor e=****/2 < 1 and works well because the H(“/") (k) matrix is by construction (Eq. (S78)) accurate at k = 0.
Second, at large k, the actual damping factor may be complicated due to the reasons given before Eq. (S76), but
the f — ¢ coupling is weak compared to the energy separation of f- and c-bands. Thus, the actual form of damping
factor is not important. Our approximation should have at least captured the main feature of the damping behavior
- it assumes the Wannier function as a single exponential function and the conduction bands as monochromatic plane
waves, which are reasonable due to the localized and delocalized natures of f- and c-electrons. As will be discussed
in Section S2 E and shown in Fig. S2, the choice

Now we use the symmetry principle to derive the form of H(¢/+) (k). H(/=) (k) is given by H(¢/)*(k) due to the
time-reversal symmetry. We only keep zeroth and linear order terms in k. The symmetry operators on the single-
particle states of the conduction bands (c¢) are given in Eq. (S72). According to Eq. (S36), the symmetry operators
on the single-particle states of the local orbitals (f) are

kA% /2

Cs. =57 Cyp=0,  CuT=0,K, P=io,. (S80)

We first look at the coupling between the I's states (a = 1,2) and the local orbitals. According to C5,T, only ¢
and io, are allowed. According to P, the Hamiltonian satisfy (—ic,)H /" (=k)(io,)t = —H/"(k), where —io,
and io, are the representation matrix of P formed by the conduction bands and local orbitals, respectively. Thus
the 0., terms must be odd in k and oy, i0, terms must be even in k. The even order terms are constants to
first order of k, i.e., yoo + 17/ 0,. 7 respects both Cs, and Cs, symmetries. ' respects Cs, but breaks Cy,, hence
the v/ term is forbidden. The two odd order terms O,y transform under Cs, as ngamCS;l = 0, COS 2{ + oy sin %’T,
ngayC?;l = 0, COS %" — 0, sin %’T, thus the odd terms can be chosen as v, (k;0, +k‘yay), which is also symmetric under
(. Thus the coupling between the I's states in the QDP and the local orbitals takes the form yog + v} (kyo, +kyoy).
We then consider couplings between the I'y @ I's states (¢ = 3,4) in the conduction bands and the local orbitals.
According to C,T, only ¢ » 4 and o, are allowed. According to P, o, , terms must be odd in k and oy, i0, terms
must be even in k. The even order terms are constants to first order of k, however they break the C3, symmetry
as they couple states with angular momentum 0 to states with angular momenta +1. The two odd order terms o ,
27

-1 _ 27r
transform under C3, as C3,0,C3," = 0, cos 5 — 0y sin 2& C3ZUyCSZ = 0y CoS 5 + 0y sin 2% thus the odd terms can

be chosen as v} (kyo, — kyay), which is also symmetric under Coy.

E. Summary of the single-particle Hamiltonian

According to the discussions in Sections S2 C and S2 D, we can summarize the total single-particle Hamiltonian as

HO - Z Z Z aca7) uéaa )Ckanscka ns — M Z Z fRanszanb

ns aa’ |k|<A. ns R

Z Z ZZ( \k|2)\2/2—ik‘RH(§gfa77)(k)CLanSfRans+h.C.> . (S81)

ns |k|<A. R aa
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p is the chemical potential, A, is the cutoff of the momentum of the conduction bands, H, (c ’")(k) and H (k) are
given by

(c,m) _ O2x2 Vi (77/%00 + iky0z>
H'“" (k) = < w(nkgyoo — ikyos) Mo, ) (S82)
!
e = (100 e k) -

respectively. The parameters in the single-particle Hamiltonian are given in Table S4.

In principle, the cutoff A, should be a small quantity compared to the Moiré BZ. However, because the states at
large k’s have very high energies, we can formally extend A, to infinity without changing the low energy physics. A
theoretical advantage of A, — oo is that the yielded band structure will become periodic over the moiré BZ. We label
the momentum for the conduction bands as k+ G with k being in the moiré BZ and G moiré reciprocal lattice. Using
a larger A, implies a larger lattice of G. In Fig. S2 we have plotted the band structures of Eq. (S81) using the cutoff
A. = 5v/3ky.

As shown in Ref. [4], the anti-unitary single-particle symmetry PCo,T (anti-commuting with single-particle Hamil-
tonian) implies a unitary many-body charge-conjugation symmetry P. that commutes with the Hamiltonian, i.e.,

Pethioms P = ZDa 7 an(PC2T) frarys:  Pechyn Pt ZDM an(PC2.T)exarys (S84)

where
D! (Cy,TP) = —0,7., DY (Cy.TP) = (0,7.) @ (0,72) . (S85)
One can verify that P, commutes with Hy in Eq. (S81).
F. The (first) chiral limit and the chiral U(4) symmetry

We find that when v, = 0 the Hamiltonian (Eq. (S81)) anti-commute with the unitary chiral operator

CflonsC " Z Fharys Dl an(@)s Clyn, C7 =" el i Dy an(C) (S86)
with
DI (C) = 0.7, D¢(C) = (—0.70) ® (0.70) - (S87)
According to Egs. (S36), (S63) and (S65), we find that C satisfies the algebra at the single-particle level
c? =1, [C,T] =0, [C,C3.] =0, {C,Co} =0, {C,C2.T}=0, [C,P]=0, (S88)

which are same as the first chiral symmetry discussed in Section S1B (Eq. (S21)) and in Refs. [4, 36, 102, 104].
Therefore, we identify C as the first chiral symmetry. The band structure after imposing this chiral symmetry is
shown in Fig. S4(b).

Refs. [1, 2, 4] have shown that the presence of chiral symmetry implies a so-called chiral non-flat U(4) symmetry
of the projected interaction Hamiltonian. (A similar U(4) symmetry was also found in Ref. [1].) Here we find
that C' indeed implies a U(4) symmetry of the single-particle Hamiltonian by using the symmetry Co, PC. In next
paragraph we will show the chiral implied U(4) is consistent with the chiral non-flat U(4) discussed in Refs. [1, 2, 4].
In Section S3F 2 we will show that the chiral U(4) symmetry is also an approximate symmetry of the interaction
Hamiltonian. Since the Hamiltonian anti-commutes with P and C, it must commute with the product PC as well as
C5,PC. As discussed in Section S1B, C is local in real space, P transforms r to —r, hence Cs, PC is also local in
real space. Its representation matrices are

Df(CQZPO) = 0,7y, D(Co, PC) = (0,7y) & (—057y). (S89)

We introduce the continuous symmetry generator

yO =35 Z Z 0’17’3/ an,a’n fkansfka n's + Z Z UlTy UJJTZ/)]C”I,@'W/chr(ankaa’n’s , (SQO)

kEMBZ aa’nn’s |k|<A aa’'nn’s
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FIG. S4. Band structures in the first, third chiral or flat limits. (a) Band structure of the original topological heavy fermion
model (Eq. (S81)) at wo/w1 = 0.8. (b) Band structure in the first chiral symmetry, where v, is imposed to zero. (c) Band
structure in the third chiral limit (flat limit), where M is imposed to zero. (d) Band structure in the flat limit in the absence of
the third chiral symmetry, where M is imposed to zero and a chiral breaking term A is taken into account. (See Section S2 H).
The other parameters are given in Table S4.

and it commutes with Hy. Then we find that the Hamiltonian (Eq. (S81)) has the continuous symmetry
e 0w F)] =0 . (S91)

©y0 together with the U(2)xU(2) symmetry form the U(4) symmetry group. The generators of the U(4) group can
be explicitly written as

A 1 v Uv,c
O = 2 ZZ Z Z @gnsv,];)’n/s’fliansfka’”/s’ + Z Z @Ellns:a)’n’s’Clanscka’n’s’ ) (S92)

nn’ ss’ \kEMBZ aa’ k|<A. aa’

where pu,v =0, z,y, z and

0 = 5y705,, oo = (o0705) @ (T070) (593)
O =m0 = (0,706,) @ (~0,725) (594
00D — gm0 = (0,m06) & (<0ury) | (595)

0 =oyr.q,, O = (0p1.q,) & (00Te5) - (896)

Here o, 7, 5, are Pauli matrices for the orbital, valley, and spin degree of freedom, respectively. The first and second
eight-by-eight blocks in ©:¢) are for the I's orbitals (a=1,2) and the I'y & Ty (a = 3,4), respectively.

In the end we explicitly show that the U(4) symmetry in this chiral limit is consistent with the (first) chiral non-flat
U(4) symmetry in Refs. [1, 2, 4]. In the Appendix B2 of Ref. [4], the sewing matrices of T', C5,, and P have been
fixed as k-independent matrices

B(T) = ooTa, B(Cs.) = o9Ta, B(P) = —ioyT. . (S97)
The generators of the (first) chiral non-flat U(4) symmetry in Ref. [4] in this gauge are
O0TOSy,  O0TaSw,  O0TySw, 00Ty, (v =0,7,9,2), (598)

where o, 7,, abd ¢, are Pauli matrices for the band, valley, and spin degrees of freedom, respectively. As shown
in Section S2 A and Fig. S3, in most area of the moiré BZ, the middle two bands are mainly contributed by the
local orbitals. Thus we expect that, for k # 0 where the overlap between local orbitals and the middle two bands
is finite, the U(4) generators on the local orbitals (after certain gauge transformation) should be same as those in
Eq. (S98). We apply the gauge transformation U = e?5907=¢~#59=7= to the local orbitals such that the transformed
representation matrices UDY(g)UT become same as Eq. (S97). (See Eq. (S36) for definition of Df(g)’s.) The U(4)

generators for the local orbitals in Eqgs. (S93) to (S96) transform to
00T0Sv 00TySv, 00TzSv, 00T2Sv> (V =0,z,y, Z) . (899)

which are indeed same as Eq. (S98). For k = 0, our local orbital basis (forming the representation I's) is different
from the basis in Ref. [4] (forming the representation I'; & I's), thus the above comparison is only valid for k # 0.
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G. The flat limit and the flat U(4) symmetry

Refs. [2, 4] discussed a flat limit where the kinetic energy of the flat middle two bands are discarded. A so-called
non-chiral flat U(4) symmetry emerges in this limit [2, 4]. We find that in the topological heavy fermion model we
can achieve an exact flat band if we set M = 0, i.e., the I'; — I'y splitting is set to zero. In the limit M = 0, the
Hamiltonian (Eq. (S81)) anti-commutes with the unitary chiral operator

Sflianss_l = Z flia’n’sD(];’n’,an(S)’ Sclanss_l = ZCI{a’n’ng’n',an(s) (SlOO)
a/,r]/ a/n/

with
DI (S) = g, D(S) = (—oom0) @ (0070) - (S101)

Since S is different from the first and second chiral symmetries discussed in Ref. [4, 104], we refer to S as the third
chiral symmetry. The local orbitals and the a = 3,4 conduction band basis have the chiral eigenvalue 1, whereas the
a = 1,2 conduction band basis has the chiral eigenvalue —1. Since only hoppings between opposite chiral eigenvalues
are allowed (such that the Hamiltonian anti-commutes with S), the rank of the single-particle Hamiltonian at each
k (in a valley-spin sector) is at most 4. Therefore, in this limit there must be two exact flat bands at the zero
energy. Correspondingly, we also refer to this chiral limit as the flat limit. The band structure in this limit is given
in Fig. S4(c).

Similar to the first chiral limit, the third chiral limit also implies a U(4) symmetry of the single-particle Hamiltonian.
In Section S3F 2 we will show that the flat U(4) symmetry is also an approximate symmetry of the interaction
Hamiltonian. Since the Hamiltonian anti-commutes with P and S, it must commute with the product PS as well as
C5,PS. S islocal in real space, while P transforms r to —r, hence C5, PSS is also local in real space. Its representation
matrices are

D! (Cy.PS) = —iog,r,,  D(Ca.PS) = (—ioyt,) & (io,T,) . (S102)

We introduce the continuous symmetry generator

Z Z loyTylan, a’n’fkansfka n's + Z Z (oyTy) UyTy)]ama’n’cltanscka’n’s ) (S103)

kEMBZ aa’nn’s |k|<A aa’nn’s
and it commutes with Hy. Then we find that the Hamiltonian (Eq. (S81)) has the continuous symmetry
=% =0 . (S104)

Similar to the case in the first chiral symmetry, the above rotation together with the U(2)xU(2) symmetry lead to a
U(4) symmetry group. The generators of the U(4) group can be explicitly written as

Z Z Z Z Zz(ll;l/s:];)’n/s’fkans fka n's’ + Z Z t(zl:]l; Z) n’s’ckan.scka n's’ ’ (8105)

keMBZ aa’ |k\<A aa’

where p,v =0, z,y, z and

2O = 50106, »Ove) — (o0T0%) © (T0T0S) (5106)
@) = g, B = (0y706,) ® (—0yTes) (5107)
v f) Oy Ty, »n(yre) — (oyTys) ® (—oyTysy) (S108)

nEnf) = 00T2Sy, nve) — (007250) @ (00T2$y) - (5109)

Here 0y, 74, 5, are Pauli matrices for the orbital, valley, and spin degree of freedom, respectively. The first and second
eight-by-eight blocks in X(#*:¢) are for the orbitals a = 1,2 and a = 3, 4, respectively.
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Now we explicitly show that the U(4) symmetry in the third chiral limit (flat limit) of our heavy fermion model is
consistent with the non-chiral flat U(4) symmetry in Ref. [2, 4], which commutes with the interaction Hamiltonian but
anti-commutes with the single-particle BM Hamiltonian. It is worth mentioning that our U(4) rotations, unlike the
ones in Ref. [4], commutes with both the interaction Hamiltonian (approximately) and the single-particle Hamiltonian
(ift M = 0). In the Appendix B2 of Ref. [4], the sewing matrices of T, C2,, and P have been fixed as k-independent
matrices shown in Eq. (S97). The generators of the non-chiral flat U(4) symmetry in this gauge are

00ToSy O-yTxgyy O-yTyglM 00Tz, (1/ = 07 z,Y, Z) ’ (Sllo)

where o, 7,, abd ¢, are Pauli matrices for the band, valley, and spin degrees of freedom, respectively. As shown
in Section S2 A and Fig. S3, in most area of the moiré BZ, the middle two bands are mainly contributed by the
local orbitals. Thus we expect that, for k # 0 where the overlap between local orbitals and the middle two bands
is finite, the U(4) generators on the local orbitals (after certain gauge transformation) should be same as those in
Eq. (S110). We apply the gauge transformation U = e?T907=¢~#39=7= to the local orbitals such that the transformed
representation matrices UDY(g)UT become same as Eq. (S97). (See Eq. (S36) for definition of Df(g)’s.) The U(4)
generators for the local orbitals in Egs. (S106) to (S109) transform to

00TOSY —0yTySu, OyTaSu, 00T=Sy, (v=0,2,9,2) . (S111)

which generate the same U(4) rotations as Eq. (S110). For k = 0, our local orbital basis (forming the representation
T's) is different from the basis in Ref. [4] (forming the representation I'y @ T'3), thus the above comparison is only valid
for k # 0.

As will be revealed by the numerical calculations in Section S4 B, our flat-U(4) symmetry is a better approximation
than our (first) chiral-U(4) symmetry. A heuristic argument is the following. The flat-U(4) breaking parameter M
only affects low energy single-particle states of H(“" (Eq. (S82)) because the M term is just a weak perturbation
for high energy states, while the chiral-U(4) breaking parameter v, mainly affects high energy single-particle states
because it enters the Hamiltonian in the form of v} kyo0 +iv} kyo.. Roughly speaking, in the presence of v/, and M, low
energy components of the single-particle Hamiltonian do not commute with the flat-U(4) rotation, while high energy
components do not commute with the chiral-U(4) rotation. Therefore, the energy change after a chiral-U(4) rotation
will be larger than that after a flat-U(4) rotation, implying that the flat-U(4) symmetry is better approximation of
the Hamiltonian.

In the end of this section we split the flat-U(4) generators to the fundamental representations of the flat-U(4) group.
In Ref. [4], the fundamental basis is obtained by diagonalizing the Pauli matrix o, in the band basis that is fixed
by the sewing matrices in Eq. (S97). As discussed below Eq. (S110), for k # 0, the f-orbital basis is related to the
basis of Ref. [4] by the rotation U = e'%707=¢~#57= Thus now the fundamental U(4) representations should be
obtained by diagonalizing UTo,U = —o,7,. In the following paragraph we prove that the eigenvalue ¢ of 0,7, indeed
labels fundamental U(4) representations. It is worth mentioning that the choice of fundamental U(4) representations
is not unique. For example, since all the U(4) rotations in Eqs. (S106) to (S109) commute with o,, we can also use
eigenvalues of o, in our heavy fermion basis to label fundamental representations. We choose £ because (i) it has the
physical meaning of Chern number (Section S4E) [4] and (ii) it simplifies the exchange interaction (Section S3 C).

First, the flat-U(4) operators are already block-diagonal: They do not mix the eight f-orbitals, eight I's basis
of c-bands, and eight 'y @ I's basis of c-bands with each other. We need to further split each block into two
fundamental representations of the flat-U(4) group. We notice that the flat-U(4) generators either do not change the
a,n (a,n) indices of the f-electrons (c-electrons) or flip them at the same time. Therefore, the index & = (—1)*"1p
(€ = (—1)*71n) of f-electrons (c-electrons) is unchanged under the flat-U(4) rotations. (In general, £ is not conserved
by Hy. For example, the M and v/, terms in Eqs. (S82) and (S83) flip the £ index.) Consequently, the four components
with the same & in each block form a fundamental representation of the flat-U(4) group. For later convenience, we
introduce the U(4) generator operators for fundamental representations separately

E(fg ZZ Z 255 —1)a—1p )”/—1 ’Egﬁyysgn’s/fkansfka,nls/ ’ (8112)

ss’ keMBZ aa’

,(fylg ZZ Z Z 55 —1)a-1 5 a/,1 E((;:]Z;Z)n,g,cirmnscka/nlsl, (8113)

ss' |k|<A, aa’=1,2

C//§) ZZ Z Z 55 f( 1)e’—1qg ’Egzzz)n/s’clianscka’n/s/7 (8114)

ss’ \k|<A aa’

respectively. The total flat-U(4) generators are given by 3, = S ( (£8) 4 Z(C' 94 E(cl/ 5))
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H. Flat bands beyond the third chiral symmetry

Consider a system consisting of sublattices A and B, if only hoppings between A- and B-sublattices are allowed,
then the system has a chiral symmetry, eigenvalues of which are 1 and —1 for the two sublattices, respectively. Then
the Hamiltonian matrix H (k) satisfies

Hyo (k) =Hgp(k)=0, (S115)

where « € A, § € B. We use L4 and Lp to represent the number of orbitals (per unit cell) in the A- and B-sublattices,
respectively. Without loss of generality, in the following we always label the sublattice with more (or equal number)
orbitals as A such that L4 > Lp. Because the dimension of the Hamiltonian matrix H (k) is Ly + Lp and the rank
of the Hamiltonian is at most 2Lp, which are contributed by Lp nonzero columns H, g(k) and Lp nonzero rows
Hg o(k) (e € A, B € B), H(k) will have at least Ly — Lp zero-energy flat bands if L4 > Lp. A recent study on flat
bands based on the so-called S-matrix [143] pointed out that, in many cases, breaking the chiral symmetry does not
necessarily destroy the flatness of flat bands. A general condition for the presence of flat bands and their topological
classifications are derived in Ref. [143]. Here we only focus on a simple situation, where intra-sublattice hoppings in
the smaller sublattice (B) are taken into account. Adding such hoppings do break the chiral symmetry but do not
change the rank of H (k) — with Hg g/ (k) being nonzero, H (k) still has at most Lp nonzero columns and Lp nonzero
rows. Therefore, the flatness is robust against the hoppings within the smaller sublattice.

The above discussion explains the flat bands when we take into account certain chiral breaking terms in the
heavy fermion Hamiltonian. Following the symmetry argument in Section S2C, we can add the quadratic term
A(k2 = k2)o, — 2nAkykyoy to the a = 1,2 block of Eq. (S82). This term commutes with S (Eq. (S100)) and hence
breaks the third chiral symmetry. However, it does not affect the flatness of the flat bands as long as M = 0, as shown
in Fig. S4(d), where A = —30meV /k3, M = 0. Now we explain the flatness in the presence of A using the S-matrix
theory [143]. In Section S2 G we have shown that the eigenvalues of S are —1, +1, and +1 for the I's conduction
band basis (a = 1,2), I'1 @'y conduction band basis (a = 3,4), and the local orbitals, respectively. Before we add the
A term, only hoppings between bases with opposite S eigenvalues are present. We thus can label the I's conduction
band basis (a = 1,2) and the local orbitals as the A-sublattice, and the I'; @ I'y conduction band basis (a = 3,4) as
the B-sublattice. There is Ly — Ly = 2 and hence there will be two flat bands. Since the A term is nothing but the
hopping within the smaller (B) sublattice, according to the discussion in the last paragraph, the flatness of flat bands
are stable against A.

I. The U(4)xU(4) symmetry in chiral flat limit

As discussed in Refs. [2, 4], the two-band projected interaction Hamiltonian will have a U(4)xU(4) group when
both the chiral and flat limits are achieved. It should be emphasized that neither chiral-U(4) nor flat-U(4) is a factor
U(4) group of the total U(4)xU(4) group. In the heavy fermion basis, when both limits are achieved (M = v} = 0),
the ¢ index defined in Section S2 G, which equals (—1)*~!n and (—1)*~!5 for f- and c-electrons, respectively, and
labels the fundamental flat-U(4) representations, is conserved in H 0 Moreover every bilinear term in H only involves
a single ¢ flavor, implying that we can write Hy as Hy = ZE ) where H (©) only contains fermion operators of
the ¢ flavor. Then, not only the total flat-U(4) generators Euw but also the generators acting in each ¢ flavor, i.e.,
f)ff,,) = XA}LJ:’E) + f]ff,ﬁ’g) + ifﬁﬁ/’f) (Egs. (S112) to (S114)), commute with Hy because there is [EEE,),H(“C)] = 0 for the
two £’s separately. A generic rotation that is commuting with Hy can be parameterized as

exp | =iy 0% ] (S116)

ur€

where GI(LJE) can be different with 9,; . Therefore, when M = v\ = 0, Hy has a U(4)xU(4) symmetry group with the

two factor U(4)’s generated by Z,w and 2/(;), respectively.
Now we prove that, in general, when the single-particle or interaction Hamiltonian has both the chiral-U(4) and
flat-U(4) symmetry, it must at least have the SU(4)xSU(4) symmetry. Since d¢ (—1ye—1,0¢ (_1ya'1,, OyTa, 0Ty enter

the coefficient matrices of 2&5), f)zy, and (:)yl,, respectively, and

1
O, (~1)a=1n0¢ (—1)a’~15 [oyTelan.am = 5[%% + 00Ty (5117)
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Ho Ho(M = 0)|Ho(v, = 0)|Ho(M = v, =0)|Hy + Hy + Hw + H; + H7|  Hg
Local Symmetry [U(2)xU(2)| flat-U(4) |chiral-U(4)| U(4)xU(4) U(4)xU(4) chiral-U(4)

TABLE S5. Summary of the local symmetries of the single-particle and interaction Hamiltonians. The single-particle Hamil-

tonian Hy is summarized in Section S2 E, and interaction Hamiltonians Hyx (X =U,V,W,J, IK) are summarized in Sec-
tion S3F 1.

we have

~ 1~ A

2 = 350 + geoyy : (S118)
Similarly, we have

A 1~ A

£ = 29y, + 56, (8119)

Therefore, when the Hamiltonian commutes with )y uv and 6 wv separately, it must also commute with 255) and flg(ﬁ,) for

& = + separately, which generate a SU(4)xSU(4) group. To see if the Hamiltonian has a higher U(4) xU(4) symmetry,

one has to explicitly check if the Hamiltonian also commute f]é%) for £ = &+ separately. Since the Hamiltonian must

respect charge-U(1), i.e., flég) + 255)7 one only need to check if 2(()3) - f]ég), or equivalently the index &, is conserved
in the Hamiltonian. In summary, the Hamiltonian will at least have a SU(4)xSU(4) symmetry if it respects both
flat-U(4) and chiral-U(4) symmetries. Given the charge-U(1) is respected, the SU(4)xSU(4) group will be promoted

to U(4)xU(4) if the Hamiltonian further commutes with ié‘g) - iég).

Using the criterion derived in the above paragraph, we find that most terms in the interaction Hamiltonian also
has the U(4)xU(4) symmetry (Section S3F 1). We summarize the local symmetries of all the single-particle and
interaction Hamiltonians in Table S5.

J. Fubini-Study metric and Berry’s curvature of the flat bands in the chiral flat limit

It has been shown that the flat (Chern) bands of the BM model in the chiral limit are analytically solvable [36].
Because the Chern band solutions are holomorphic functions of k, + ik, (or k, — ik, ), there is a simple relation
between the Berry’s curvature €2(k) and the Fubini-Study metric g;;(k), i.e., , gi;(k) = $Q(k)|d;; [96], which further
leads to 4det g(k) = |Q(k)|?, also known as the ideal droplet condition. The ideal droplet condition together with the
flatness of Berry’s curvature, i.e., (k) = const., lead to the GMP algebra of density operators [144-146] and hence
can give rise to fractional Chern insulator phases in spin and valley polarized MATBG [96, 98, 99, 109].

In this subsection we will show that in the chiral flat limit (v, = M = 0) of our heavy fermion model the Chern
band states are also analytically solvable and are holomorphic functions of ky + ik, or k; —ik, (up to a normalization
constant). Thus the ideal droplet condition of the flat band will be automatically satisfied. (It is worth noting
that this chiral limit is theoretically achieved by imposing v, = M = 0. It shares the same symmetries as the
BM model in the chiral limit, where wo/w; = 0. But the other parameters, e.g., M, v, are not required to be
obtained at wg/w; = 0.) According to Sections S2F and S2 G, when both (first) chiral and flat limits are achieved
the single-particle Hamiltonian must commute with C' - S, representation of which is given by

DI(C-S) = 0.7, De(C-S) =01 DB 0.1 . (S120)

Therefore, we can block-diagonalize the Hamiltonian using the eigenvalues (¢) of C - S. The total Hamiltonian in
momentum space can be rewritten as

Hy = Z Z Z H(EC;/’ ) (k Ckanbcka ,75+Z Z Z (e k| A2/2H(Cf"+)(k)0£ansfk1ns+h~c.>

ns aa’=1,3 |k|<A. ns |k|<A.a=1,3
c, — k|22 c —
+Z Z Z Ha 1 ) (k Ckanscka m+z Z Z (e [k[>X /QH,EQM’ )(k)CLansfk2ns+h-C-) (S121)
ns aa’=2,4 |k|<A. ns |k|<A.a=2,4

where the two-by-two matrix H ("¢ and two H (/1<) (two-by-one) are given by

(ems) — 0 nka + iCky (cfm<) _ (7
H _U*<77kx—i4ky 0 . H = (o) - (S122)
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The Hamiltonian in each ¢ sector still anti-commutes with S and hence must have flat bands (Section S2G). As
explained in Section S2 E, for the band structure to be periodic in MBZ, we can formally extend the cutoff of c-bands,
A, to infinity. Here we just assume A, is much larger than the size of MBZ. One must be aware that, for a moire
reciprocal lattice G, there is ck+G,ans 7 Ck,ans A fk+-G,ans = fk,ans because the former is a continuous field while
the second is a lattice. Then the flat band solution is in the sector (¢, 7, s) can be written as

1 1 v/ s
dl - ¢ f S123
k,(=+,n,s /Vk fk,lﬂhs + /Vk Z 77(]% + Ga:) + Z(k'y i Gy)ck-i-G,S,n,s ) ( )
[k+G|<A.
1 1 v/ Vs
dl = — f , S124
ke=mne = U ks TR ZG: N(ke + Ga) — ilky + Gy) FGAns (5124
[k+G|<A.
where
2 2
v° /vy
=1 SR S S125
Nie=1+ g T (8125)
[k+Gl<A,

The states d;f{ . are also eigenstate of the (first) chiral operator C' with eigenvalues equal to ¢. Their Chern numbers
are computed to be ¢ - 1.

In order to calculate the quantum metric tensor, we rewrite the flat band wavefunction in the first-quantized
formalism. For simplicity, here we only focus on the ( = +, n = +, ¢ =1 sector and will omit the indices (,7,s. There
is

1 _ v/ s

= = k E k+ G S126

|uk> \/Mhik)) |uk> |f1’ > + — (kz +G1) +Z(k'y +Gy) |C3, + > ) ( )
|k+G|<Ac

where |f1,k) and |cs,k+ G) are f- (o = 1) and c-band basis (a = 3), respectively, and |uk) is a holomorphic function
of k; + ik,. The quantum metric can be written as a sum of four terms

9ij (k) =0k, ux| (1 — ) (uxc]) | Ok uac)
1

i Ol (1 i 0, T + (6N> (Tl (1 o) ], )
1

“rﬁ (8kj \/}m) <8kiak|(1 - |Uk><uk‘)|ak> + (akl \/.IN;) (8@ \/.Vk) (ﬂk\(l — |uk><uk|)\ﬁk> . (8127)

Because (1 — |ug){uk|)|tx) = 0, the last three terms in the above equation vanish. Hence we have

015 (K) = 3 (01, TN (1 — [u(k)) (w(k)D[or, T(1) (5128)

Since wuy is holomorphic in k = k, + ik, there are Oy, ux = Ok, Ok, Uk = 10xlUxk, and the quantum metric must have
the form
1 2

a0 = (1 1) 700 ($120)

where f(k) = (Opu(k)|(1 — |u(k))(u(k)|)|Oku(k)) is a real function of k. The Fubini-Study metric and Berry’s
curvature are given by g;;(k) = Re[gi;(k)] = f(k)d;; and Q(k) = 2Im[g,, (k)] = 2f(k), respectively, thus the ideal
droplet condition g;;(k) = 1|Q(k)|d;; is satisfied.

We then investigate the flatness of their Berry’s curvatures. We first consider the parameters v, = 1.623eV - A,
v = —24.75meV obtained at wg/wy = 0.8 (Table S4). The corresponding Berry’s curvature is shown in Fig. S5(b).

We can see that it is not flat at all. Its deviation from perfect flatness can be estimated by the number

50:¢/

2k [ Q(k) 2
o (2n C), (S130)
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FIG. S5. Berry’s curvatures of the flat Chern bands in the (first) chiral flat limit. (a) is an illustration of the moiré Brillouin zone
and high symmetry momenta. (b)-(d) are the Berry’s curvatures in the (first) chiral flat limit, where v equals to -24.75meV,
-50meV, -100.8meV, respectively, and v, = M = 0, v, = 1.623eV - A. The values of the Berry’s curvature is normalized in the
convention where the area of moiré Brillouin zone is 472,

which is computed to be 2.723 for v = —24.75meV. The actual chiral limit of the BM model, i.e., wo/wy = 0, leads
to a larger gap (100.8meV) between the flat bands the lowest passive bands. That means in the actual chiral limit ~
should be v = —100.8meV. For comparison, in Fig. S5(c) and (d) we present the distributions of Berry’s curvatures
given by v = —50meV and v = —100.8meV, respectively. It is clear that a larger || gives a flatter Berry’s curvature.
The derivations from perfect flatness are 1.1585 and 0.2570 for v = —50meV and v = —100.8meV, respectively.

In summary, because of the holomorphic or anti-holomorphic property of the flat band wavefunction the ideal
droplet condition is automatically achieved in the chiral flat limit of our heavy fermion model, where v, and M are
artificially imposed to zero. The relative flatness of the Berry’s curvature can also be reproduced by using parameters
fitting the actual BM model bands in the chiral limit. These lead to the GMP algebra of density operators. Given
that the Hamiltonian (Eq. (S121)) only involves k, + ik, or k; — ik, and is periodic in real space, the Jastrow type
wavefunctions for fractional Chern insulators of spin and valley polarized MATBG [96] should also be applicable to
our model.

S3. The interaction Hamiltonian and its symmetries
A. The projected density operator and Coulomb interaction

We can project the original basis onto the basis of the topological heavy fermion model as

~ ~(n)* ~(n)*
k ,Q,8,m,s Qﬂ a fkans + Z QB a ckans (8131)

[e3%

Correspondingly, the projected real space basis (Eq. (S11)) can be written as

i3 ~(n)*
Clﬁns ZeﬂAKl ( R)fli.{oms + m Z Z Z k=Q)r é]B’a(k)CIqans s (8132)

k|<A. a Q€EQy,

where A, is the cutoff for the conduction band basis. We emphasize that even though we formally introduce u(c% .(k),

in practical calculations we will only use ug'[)g .(0), as we did in the k-p expansion in Section S2 C. The phase factor

eMAKER comes from the phase shift gained by the real space basis under translation, as explained around Eq. (S43).

We now can write the density operator as

Z clﬁ'qs Cl/B"?S )

Blns
inAK;-(R—R/ * 1 77; k—Q—-Kk' +Q’)-r~(n)* ~
=3 [Z MAKCRIRD 0 (r— RYw D (0 = R) o frrarns + o — - 3 (- Q K+ Qg (1T (K )efsCrarns
Blns rii/g/ ‘k‘ |k |<A

QQ Gan
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* ~ inAK; - R+i(k—Q)-r ~(n)* —inAK; - R—i(k— r
Z Z (wl(g)a r— ) (C;[)i u.(k)e K pR Q fl;rlanscka"?'s + wl(g,)a(r - R) 87[)-3 u.(k)e K ! - C]iansfﬁam) :|

Qtot Ra
(S133)
Since wl(g)a (r — R) is a sharp Gaussian function centered at R, we can omit the overlap between Wannier functions

at different sites, i.e. wl(g)a( R)wl(g)a (r — R') for R # R’. From Egs. (553) and (554) we find ), wl(g)a(r -

R)wl(g)a (r —R) is zero if @ # ’. This property is guaranteed by the PC5,T symmetry, which implies the constraint
q. (S49) and hence

Zw§g>; (r-Rjwl(r-R) =Y un(q)aw(_"gﬂ(r —R)(=i)ln(~1)"w'); (r—R)
g

(m)* () ( )* ()
=— Zw_"w’ - )w:’lﬁ — Zwlga r—R wlga(r —-R) =0. (S134)

We can understand this property as a consequence of the (single-particle) anti-unitary particle-hole symmetry P =
PC5,T. According to the representations in Eq. (S36), Df(P) = io.7., Df(C2.T) = 0,70, there is D/ (P) = —0,7,.
Since P? = —1 and |WRgays) = —inP|Wriys) there must be (Wrays|O|Wriys) = 0 for any hermitian operator that
commutes with P (Kramers theorem). Eq. (S134) can be obtained if we choose O as the density operator at r
According to the constraints Eqs. (S46) and (S49), the density of the Wannier functions

ns(0) = 3 o} () (5135)
B
does not depend on « and 7. Therefore, we can simplify the density operator as

77, k— k' r~(n)* ~
E [ E TLf r— fRansza”IS + — Qt : E E E (k—Q-k'+Q’)- ("7) (k)ug)ﬁ a/(kl)CLansck’a’HS
o

1Baa’ |k|,|k'|<A. QQ'E€Quy

1 ~ inAK; - R+i(k— r ~(n)* —inA i r
+ >3 (e - R)E) (e RTOCRE L o + w0 = R)TG), (e AR ) |

Vot 1B |k|<Ac
Raa QeQyy,
(S136)

We now consider the interaction Hamiltonian of the form
A 1
H] = 5 /d2r1d2r2V(r1 — I‘Q) p(I‘l) p(rg) (8137)

where V is the double-gate-screened Coulomb interaction (will be defined in next paragraph) and : p := p— (Go|p|Go)
is the normal ordered density operator with respect to a state |Go) at charge neutrality point. We assume |Gp) is
such a state that

1
(Gole Qua s a5/ |Go) = 50Kk 0QQ! Gaar Oy Gss - (S138)
One can verify
i 1 i !
<GO|fRa sz/o/n’s/|GO> = 75RR/60401/67777/633/7 <GO‘Cka Sck/a/n’s"GO> = 75kk’5aa’6nn’5ss’ s (8139)
n 2 g 2
<G0|f1;ansck’a’n’s’|G0> = <G0|0Lansz’a’77’s"GO> =0. (S140)
Therefore, we can write the normal ordered density operator as
=) [an e O Z > G (0T 0 (K) ¢ e Cicarns
ns lﬁaa k|, |k [<Ac
QQ’'€Qy,
W >3 (Wit~ R)EG) (RO DT L e+ wil (¢ = RYGG)S (k) AR rcLanSfRans)} :
PO 16 [k|<Ac
Raa QEan

(S141)
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where
. — i 1 o o 1
: fRanszans = fRomszans - 57 * CkansCk’a’ns = CgansCkia’ns — §6aa’ ) (8142)
M CT f I ol of = CT f !yl on ol M f CT = f CT (8143)
* “kns R'a’'n’'s’ -— kns R’a’'n’s’s s JRa'n’s’ kns " R’a’'n’s’ kns *

The double-gate-screened Coulomb interaction is given by

(S144)

=Y n;oo V r/§ + n?

with ¢ being distance between the two gates, Us = e?/(4me€), and € = 6 is the dielectric constant. For ¢ = 10nm
there is U = 24meV. For convenience we introduce the Fourier transformation of V (r) as

tanh(€|q]/2)
€lal/2

For simplicity, we denote the four terms in Eq. (S141) as : psf @, : pec 5, : Pfe iy & Pef &> respectively. Their explicit
forms are given by

V(r) = / (;lw()le(q)eiq'r, V(q) = 7&%U; (S145)

SPrFE Z an r— fRanszans S (8146)
ns Ra
Z Z Z e~ i(k-Q-K'+Q'): r~g%* (k)Ng)ﬁ o J(K) - Ckansck’“ ns s (S147)
ns lBaa’ |k|, |k <A
QQ'€Qiy

L ppe = ﬁZZ ST wie - Ry (k)emAKRF Qg pep = (ppe )t (S148)
Ot ns 18 |k|<A.
RaaQGan

There are four diagonal terms in the interaction:

1. The term : pys(r1) : V(r1 —r2) : pss(re) @ is a density-density interaction of the local f-orbitals. As will be
shown in Section S3 B, the on-site repulsion (U;) is the largest energy scale of the problem.

2. The term : pee(ry) : V(r1 — ra) @ pec(ra) : is the density-density interaction of the conduction bands.

3. The term : pg.(r1) : V(r1 —r2) : pre(ra) : creates two particles in the local orbitals and two holes in the
conduction bands. Exciting particles or holes in the local orbitals must overcome a large repulsion energy of the
f-electrons. Thus this term is a high energy process. We will omit this term in the Hartree-Fock calculation.

4. The term : pcs(r1) : V(r1 —ra) : pes(ra) : creates two particles in the conduction bands and two holes in the
local orbitals.

There are also (;1) = 6 off-diagonal terms in the interaction:

5. The term : ps(r1) : V(r1 —r2) : pec(ra) : +(4) is the density-density interaction between the local orbitals and
the conduction bands. This term will effectively shift the energy of conduction bands if : pfs :7# 0.

6. The term : psp(r1) : V(r1 —r2) : pre(ra) : +(+») creates two particles plus one hole in the local orbitals and
a hole in the conduction bands. As shown in Section S3 E, this term is guaranteed to be vanishing by the
symmetries.

7. The term : pys(r1) : V(r1 —ra) @ pes(re) @ +(4>) creates two holes plus a particle in the local orbitals and a
particle in the conduction bands. As the 6th term, this term is guaranteed to be vanishing by the symmetries.
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8. The term : pec(ri) : V(r1 —ra) : pre(re) : +(4+) creates a particle in the local orbitals and two holes plus
one particle in the conduction bands. Exciting particles or holes in the local orbitals must overcome a large
repulsion energy of the f-electrons. Thus this term is a high energy process. This term is also weak because
the hybridization, i.e., (fc), is small, as discussed in Section S4. We will omit this term in the Hartree-Fock
calculation.

9. The term : pee(r1) : V(r1—r2) : pes(re) : +(42) creates a hole in the local orbitals and two particles plus one hole
in the conduction bands. Exciting particles or holes in the local orbitals must overcome a large repulsion energy
of the f-electrons. Thus this term is a high energy process. This term is also weak because the hybridization,

e., (cT f), is small, as discussed in Section S4. We will omit this term in the Hartree-Fock calculation.

10. The term : pye(ry) : V(ri —ra) : pep(ra) : +(4) is an exchange interaction between local orbitals and conduction
bands.

We will derive their explicit forms and calculate their interaction strengths in Sections S3 B to S3 E.

B. Density-density terms (the first and fifth terms)
1. The density-density terms of local orbitals (the first term,)

We can write the density-density interaction of the local orbitals, i.e., the first term discussed in Section S3 A, as

~ 1 R
HU :5 /d21‘1d2r2v(r1 - I'2) . pff(rl) pff 1'2 2 Z Z Z f]‘r{anszans o fR/o/n’s’f R/a/n's’ ) (8149)

RR’ ans a/n’s’

UR) = /d2r1d2r2 V(ri —ro — R)ng(ry)ng(ra) . (5150)

We will not apply the above equation for practical calculation of U(R) because V (r) is divergent when r approaches
zero. Instead we calculate U(R) in momentum space. According to the transformation (Eq. (S44))

wl(g)a(> mz Z

k QGan

z(nAKz-i—k—Q)'rﬁgig}’a(k) , (3151)

where Qior = N, we can express the density function (Eq. (S135)) as

ny(r) = Nm SN Y ki (koG (k) - (S152)
0% 15 Q.QeQ,

We define the Fourier transformation of the density function as
1 . 1
- —i(q+G)r - ~(n) ~(n )
a,G k Q8
The function U(R) can be calculated as

UR) = sz /d2r1d2r2 Vi -ty —R)Y Y e @ Ommilas6Imy (g 4 Ghng(d + @)

qG q/G/
N2Q2 / Prs 33 V(g + G)e (@G i@t O Ry, (g 4 G)ng(q + G)
qG q’'G’
_ —igR
o D V@t Gle  Muy(a+ Ghnyl-a - G) (S154)
qG
For wo/wy = 0.8, we find that the onsite, nearest neighbor, next-nearest neighbor, and third nearest neighbor

interactions are

U(0) = 57.95meV, U(api) = 2.157meV, U(api — apz) = 0.1144meV, U(2aps1) = 0.04145meV
(S155)
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wo/wr| Uy Uy (Wi =Wo|Ws=Wy| J K
1.0 [69.35|1.914| 43.46 52.90 |14.48|5.122
0.9 [64.56|2.006| 43.84 51.37 |15.40(4.958
0.8 |57.95(2.329| 44.03 50.20 |16.38|4.887
0.7 |51.72]2.656| 44.05 49.33 |18.27|4.897
0.6 |45.02(3.103| 44.03 48.73 120.75|4.975
0.5 |37.61[3.709| 44.06 48.35 [23.75|5.111

TABLE S§. Parameters ot; the interaction Hamiltonian. Parameters of the BM model used to obtain this table are vp =
5.944eV - A, |AK| = 1.703A™", w; = 110meV, 6 = 1.05°. Parameters of the double-gate-screened interaction used to obtain
this table are U = 24meV, £ = 10nm.

respectively. We can see that the interaction decays quickly as R and the onsite term (U; = U(0)) is much larger
than the other terms. In fact, we find that U; is the largest energy scale in this problem. Thus the onsite interaction
will dominate the correlation physics. Nevertheless, the U(R) (R # 0) terms will contribute to a chemical potential
term (for the local orbitals) in the U; — oo limit. Suppose Uy has frozen the charge fluctuation of local orbitals, i.e.,

VR, Za,,s(fl&ansfr{m@ = Ny is constant, then all terms in Eq. (S149) with R # R’ can be decoupled in the Hartree
channel as

9 Z Z Z R R’ f;flanszans o fl];,’a’n’s’fR’a”r]’s’ .
R#R’ ans a’n
Z Z Z R Rl (2<: f;rtanszans :> : fR'a'W’S’fRIO"U'S' : _<: flT{anszaﬂs :><: fl&’a’ﬁ's’fR’a'n’s’ >)
R#R’ ans a’'n’s’
=| (Ny— Z UR) ZZf;m,,szans + const. (S156)

R/#0 R ans

In order to capture the physics of chemical potential shift in an as simple as possible model, we consider the approx-
imate Hamiltonian of the form

A Ul ZZ Z fRomszO”IS . fRC!/nIS/fROL/ 's Z Z Z fRanszans . fR’a’n/s’fR/a/n/S/ S (8157)

R ansa’n’s’ (RR') ans a’n’s’

where (RR’) only sums over nearest neighbor pairs on the triangular lattice. Rather than naively choosing Uy =
U(apr), we choose Uy as such a value that it gives the same chemical potential shift as Eq. (S156). In other words,
we absorb all the chemical potential shift effects coming from the U(R) (R # 0) terms into the nearest neighbor
repulsion. U; can be calculated as

Z UR ( Ui+ o Z V(G (—G)) . (S158)

R;éO

For wp/w; = 0.8 we find Uy = 2.329meV, which is only slightly larger than U(ap ).

2. The density-density terms between local orbitals and conduction bands (the fifth term)

Second we consider the interaction between local orbital density and conduction electron density

HW Q /d rld ro Z fRanlslfRa"lSl nf(rl _R)V(rl - 1'2) Z Z Z Z
tot Rani st Ik|,|k'|<Ac m2sz2aa’ 1B Q,Q/€Q,,
. « - e O 1! .
X AR (W)iigE) , (K)e 0TI ol s, (5159)

Applying the transformation (Eq. (S145))

/ dPraV(ry — ry)e " QK Q)T — y(k — Q — K + Q)e ik QK Q)M (S160)
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and the variable substitution r; — r; + R, we can rewrite fIW as

el LD ST SN T IS SED DID DI S
tot Rans1 Ik, [k’ [<Ac n2s2aa’l QQ/EQy,
x V(k—Q—K +Q)ad2: (g2 v (K') : cfyeyicarns, : (S161)
We introduce the integral
X (k, k') = /d% i)Y Y V(k—Q-K 4+ Qe KD gm nn) ) (S162)
I8 QQ'€Qin,

such that the interaction can be written as (e/(Q@-Q)R = 1)

—i(k—k’)-R
Z Z Z X(S‘Z?) k k/ l( ) : f;{aﬂ]lSlfRanlsl - CI((I?’]SSQCk/a/nSSQ : (8163)
Roémsl |k|,|k’| <A n2szaa’

The conduction bands have low energy states around k =~ 0. For the low energy states we can approximate the
integral as XLEZ?)(k, k') ~ Xézzf)(o, 0)

X000 =5 / Py Y V@ - Q)T E 0l , 0)

1 Q.Q'E€Qim,
— Z S GIV(G) TG (0)ag .0 (0) - (S164)
18 QG

Here Q indexes all vectors in Q4 ¢ Q_ and G indexes reciprocal lattices. Under the crystalline symmetries the
function ny(G)V(G) forms an identity representation, thus the summation over Q, G, is non-vanishing only if
Ng?;(())ﬁgz_)c 5.a(0) also form an identity representation of the valley-preserving symmetries. To be concrete, because

n¢(9G)V(9G) = ny(G)V(G) for any crystalline symmetry g that preserves the valley, we can rewrite the X matrix
as

X;a(0,0) Zznf 9G)V (9G)aGE (0T .0 (0) (5165)
18 QG
Relabeling Q — ¢7'Q, G — ¢~ 'G, we obtain
x(m) Zznf (eSO (1) e AP () (S166)
Lo 13 QG

For simplicity, we denote the symmetry operator matrices in Eqgs. (S16) and (S17) as Dqan,qam/(9) =
5Q»9Q’§nn’ﬁg7,)a’ (g) for g that preserve the valley. Since ng)a/ (g)’s are unitary, i.e., Y, E&"g*(g)bfj;, (9) = dpp,

there are

~(m2)* ~(n2) (712)* ~(7] )* (772)~(n )
D005, g g 16pw(0) = D2 D Dol (9 s, (0Dalyly g _4-1cp.0(0) (5167)
5Q BAQ «a

Since the vectors u(") form irreducible representations given by Eq. (S63), i.e.,

Z D ~(7121)Qﬁ/1a(0> = Z Droan'ﬁ’nzag/Qﬁ)’,a(o) = Zagz),a’ (O)Dl(if])%aﬁg (g) (8168)
BQ/ b
there is
S )™ =3 N ag oDy (G gy (0D, o (9) (S169)
97'QB.a g‘legﬂG,B,a Qa b Do ans (9)UQ -Gty b2,z \I
50 b aQ

Substituting this relation into Eq. (S166), we obtain

x{")(0,0)=3" D"

s (9) X552 (0,0)D) . (9) - (S170)
bb’
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In other words, X commutes with all D(¢) (g) for crystalline symmetries g that preserve the valley. These symmetries
are generated by g = Cs,, Cay, Co.T. Since D(©) (g) consists of three different irreducible representations of the
crystalline symmetry, i.e., I's & I'y & ', X must take the following form in the I's & I'y & I's basis according to the
Schur’s lemma

w? 0o 0o 0
o w"” o o0
0 0 Wé(’l) W?EU)

XM = (S171)

The off diagonal term Wé(") is allowed by the crystalline symmetries because the third and fourth components are
mixed states of the I'y @ I's basis. To be concrete, in the I'y @ I's subspace in each valley 7, Cs,, Cs,, and Cy,T are
represented by g, 0., 0, K (with K being complex conjugation), respectively, and hence Wé")ao —i—W?: n)Uz commutes
with all of them. However, W4 is forbidden by the particle-hole symmetry P. Due to [X™, Dm(P)] = 0 and
DL(;;’,n)(P) Dfﬁ;a 2(9) =nl(—io2) & (—io:)]aw W?:(") must vanish and hence X is diagonal. Since n(r) is a real
function, there must be ny(Q—-Q’) = n*JZ(Q’ —Q) and hence X@ (0,0) is a hermitian matrix, implying that x (0,0)
are all real numbers. Due to the time-reversal symmetry, X fj;? (0,0) does not depend on the 7 index. We hence write
the X matrix as XéZ?(0,0) = Wabaa, where Wy = Wy, W3 = W,. For wg/w; = 0.8 we find W7 = 44.03meV and
W3 = 50.20meV. Values of W, at other wg/w; are tabulated in Table S6.

In summary, the density-density interaction between the local orbitals and the conduction bands can be written as

Z Z Z Wae_i(k_k R : fl'r{anlsl fRa77151 " cLan252ck’an252 : (8172)

Ranisy |k|,|k/|<A; n2s2a

3. Density-density interaction of the conduction bands (the second term,)

We third consider the density-density interaction of the conduction bands

292 Z Z Z Z Z /d2r1d2r2V(r1 — r2)

YOt 31 11m1s1 Balanase aralasal, ki), ki |<Ac |kal,|k5|<Ac
Q1Q1€Qi1; 1 Q2Q5€Qu5n,

()i, oy ()™ BTG 0T, 00 0)

V

% e—l(kl Q:1—k1+Q})- rl“gl)ﬁ
1P1,a1

N oot .
x 'Cklalmslckia’lmsl . Ckéa’gnzsgckQU«lesz s (8173)

After integration over ry, there is

- 1 2
L i YD D VD SED SR KSR RSN
Ot B1lym1s1 Balamzse aralazal |k, [ki|<Ae |kal, k5| <A
Q1Q1€Qi;n Q2Q5€Qu5n,

¢ R Qe R AR o (60T, o (KT, o, (BTG, )

LT LT .
X Oy ay s Okhalmiss  Clea sy Ckzanmass - (S174)

Integration over ra leads to the momentum conservation kj — Q} —k; + Q1 = ki, — Q4 — ko + Q2. Since —Qf +Q; and
—Q) + Q2 are reciprocal lattices and k), ki, ko, ki, are small momenta around I"js, there must be k} —k; =k, — ko
and —Q} + Q1 = —Q} + Qy separately. We introduce the momentum q = kj — k; = ki, — ks, the reciprocal lattice
G = —Q’l + Q1 = —Q} + Q3 and rewrite the interaction as

Hy = QQUN > > Z > > > Z Via+G)

Bilimisy Balanzs2 ajalagal |ki|<Ae |k2[<Ae G
Q1€Q1, 7y Q2€Q15ny ja -+l -l <Ac

~(n1)* ~(n) ~(n2)* ~(n2) . of - .
X Qllﬁl,m( 1)uQ11—GB1,a (k1 + q) 2—GpB2,al, (k2 + q)quﬁz as (ko) : Ckiainiss Gkataaimesy oy pqalngsy Chzaznzsz ¢
(S175)
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We introduce the matrix

1 - —(m - -
Xpara masas (61,162 0) = 5= DV (a+ G (e[ (bt +a+ G)) (@1 (kz + a + G)all (ka)) - (S176)
G

such that the interaction can be simplified to

- 1
Hy :ﬁ Z Z Z Z X771a1a'1,n2a2a’2(k1ak2;(I)

nisi1aia) n2saazal |kil,|ka|<Ac q
' e © |ki+a],|kz+q| <Ac

LAt oot .
X C qymr sy Ckitqalmsy Ck2+qa’2nzsgck2a2n252 - (8177)

For low energy states around k = 0, we can approximate the X matrix by replacing ﬂ((l")(k) with ag’”(o)
X ki, k2;q) ~ X 0,0:q) = — 3" V(g + G)@m (0)[a (@) @ (G)[al™) (0)) . (S178
mala'l,ngazafz( 1y 21q)N nlala’l,ngagag( ’ 1q)_ QOZ (q+ )<ua1 ( )|ua’1 ( )><ua/2 ( )|ua2 ( )> : ( )
e

We find that the summation over G is dominated by the G = 0 component. For example, the diagonal element
Xn11,m,11(0,0;0) is found to be 49.22meV, and the G = 0 component is QLOV(O) = 48.33meV. Therefore, it is

reasonable to keep only the G = 0 component. Then we can write Hy as

N 1
Hy = SN Z Z Z Z V(q) : CLalnlslckﬁqalmsl i CL2+qa2n232Ckza2nzsz : . (S179)

nisia1 n2s2a2 |k |, ka|<A.

q
|k1+al,lke+al<Ac

C. Exchange terms (the tenth term)
1. Constraints of the coupling matriz

Now we consider the : pyc: Vi pes : +(++) interaction discussed in Section S3 A (the tenth term)

~ 1 2 2
Hi=go > S X X Y [Endnve-n

Bilimisi Riag araz  |[ki|<Ae  |ka|<Ac

Balanzsz Roag Q1€Q1, 1 Q2EQu5n,
(m1)* _ (m2) _ ~(m) in AK, -Ri+i(k1 —Qu)-r1~(n2)* —in2AK;, Ro—i(ky —Qz2)r2
X W81 ey (I'1 Rl)wlzﬁzqaz (r2 RQ)UQIBLGI (k )e UQap2,a0 (k )6
t T i i
x (leOélmslCkl‘“’llslck2a277282fR2a2"7252 + Ck2ﬂ2ﬁ252fR2a2"232fR1a1711516k1a1’7151 (8180)

Now we argue that, since the Wannier functions are well localized, the R; = Ry terms will be much stronger than the
R1 # R terms. In Section S3 B we find that the terms [ d?r1d*ry V(r1 —r2)ns(r1 — Ri)ng(rs — Ro) with Ry = Ry
are about 30 times the terms with Ry, Ry being nearest neighbors. Now n;(r — R) is replaced by w(r — R). Since
w(r — R) (~ /n(r —R)) has a similar profile as ny(r — R), the Ry = Ry terms will still be much stronger than
the Ry # Ry terms. (We have also numerically verified this argument. We find that, for wo/w; = 0.8, the largest

coupling for |[R; — Rg| = 0 and |Ry — Ra| = ajs are about 16meV and 1meV, respectively.) Thus we can simplify
this term as

N 1 2 2
Hi=go— > X% ¥ Y [dndnve-n

Bilimisi Rajazaraz |ki|<A. |ka|<Ac
Balanzsa Q1€Q1, 1 Q2EQu,n,

* i(m AK, —na AK;, ) R~ i(ky—Qq)rg ~(n2)* (ke — Qo)
% wl(jéi,al(rl _R)wl(;g;az(m —R)ez(m 1, —n2A8Ky,) ug;}ﬁhm(k )61( 1-Q1) 1u8222?2,a2(k Je i(k2—Qg2)r2

T i i 1)
x (fRoq'qlslcklal’]lSlckgagnstfRa2"72S2 + Ckyagmasy fRa271252fRa1mslck1a1ms1) (8181)
Substituting the Fourier transformation of the interaction into the above equation, we obtain

. ) |
H‘]:mlmt Z Z Z Z Z /d2r1d2r2/(§T()12 V(q)e—zqm—rz)

Bilimisi Rajazaraz |ki|<A. |ka|<Ac
Balanzsa Q1€Q1,n; Q2EQu5n,

* i AK;, —n3AK;, ) R~ i(ky— Ty~ * —i(kg— T
« wl(:%i,m (r1 — R)wl(;%i,az (r2 — R)e (mAK; —n2AK,) ugll;hal (k )e( 1-Q1) 1ugzzgzya2 (ka)e (k2—Q2)-r2

T il il i
X (fRalnlslcklalmslCk2a2n252fRa2n2S2 F Chyagnass fRa271252fRa17;151Ck1a1ms1 (S182)
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According to Eq. (S45), we have

/ dProw) | (ry — R)eile-Qar: = |/, emille-Q-a) Ry (1, —q) . (S183)
/ driw) (r — R)elta-Quam = /g, lla-Qu-a R (1 q) . (S184)

Therefore, we find

& q o) ~(n1) ~(n2) ~(n2)
J N Z Z Z Z Z / V Qllﬁl ay <k1 - q)qulﬁlaal (kl) Q;ﬁz az (k2)vQ1251 a2( 2~ q)

Bilinisi Rajagaraz |ki[<A:  |ka|<Ac
Balanzsa Q1€Q1, 1 Q2EQi5n,

i(m AKy, +k1—-Q1—n2AK;, —ko+Q2)-R [ T t +
xe ! 2 fRa1n151Cklalmslck2a2n252fRDt277282 + ck2a2n232fRaznzSzfRalmslcklalmsl (8185)

Since mAK;, — Q1 — mAK;, + Q2 is a reciprocal lattice vector of the Moire lattice, there is
e mAKy, —Qu—mAKi, +Q2)'R — 1 and hence

g ¥ XY X [5 T v (@) F8) s — ) () (22 (o) P2 (2 — @)

n1si1m2s2 Rogag aras [ky|,|ka|<Ac

pik1—k2) R (

fRalmslCklalmslC;rczaznzsszaznzsz + CLQaQnngfRa2n252f1T1a1mslCklalmsl) (8186)
We define the matrix
d’q ~ ~ ~ ~
analal,nzagaz (k17k2) = / (27‘(‘) V( )< (nl)(kl - q)|ug,ql)(k1)><u((122)(k2)|v((122)(k2 - q)> (8187)

such that the interaction can be written as

Z Z Z Xﬂ1a1a17n2a2a2 (k17k2)ei(k1*k2)-R

maoiar R N ¢
N202a2 [k, [z <A

T T T T
X (fRalmslcklalﬂlslCk2a2n252fR@2U282 + Ck2a2n252fROtzﬁzszfRalmleklaﬂhsl . (8188)

Since the low energy physics only involves conduction band around k; 2 ~ 0, we can approximate the interaction
matrix elements by those at ky = ko, =0, i.e.,

d’*q - ~ ~ ~
jﬁlalal,ﬂzagaz = Xn10¢1¢11-,"720420.2 (070) = /W V(q)<v((ﬁl)(_q)|u¢(qu)(0)><ug22)(0)|vz(122)(_q)> (8189)

We hence approximate Hj as

i(ki1—ks)-R
E , E E : jmmalmzawze( 1)

7]10‘1”'1 R |k k Ae
Mhoan [kil,[ka|<

T i T
X (fRo(lmslCk1a1n131Ck2a2n252fRaznzsz + Ckoasnass fROtznszfRalmlekunmsl . (5190)

After rearranging the creation and annihilation operators, H; can be rewritten as (up to a constant)

i(ki—k2)-R . ¢t . .

§ : E : § : "77710610«1,7720420«26 'fRalmslfRa277252 “ Ckyagmes, Ckiaimsy ¢ o (8191)
7716!1111 R

N202a2 [kl [kez| <Ae

where the normal ordered operators are given in Eq. (S142).
We now study the J matrix (Eq. (5189)). One may explicitly apply all the crystalline symmetries to J as we did
around Eq. (S166) to obtain the constraints satisfied by J. Here we adopt a simplified notation, we use |u(n)(k)) to

represent the vector ugla( ) and D(g )‘~(n)( k)) to represent the vector obtained by acting D(g) (Egs. (S16), (S17)
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and (S29)) on the vector |ﬂ$7) (k)). According to the Cs, P representations formed by f- and c-electrons (Egs. (S36)
and (S65)):

ng a'n’! (CQZ ) - i[ay]aa’ [Ty]nn’ (8192)
D((zz)a 'n’ (CQZP) = i[ay S Uy]aa’ [Ty]nn’ (8193)
there are
D(Cs. P)[5" (k) Z 05 () DY) , (CoeP) = e F1E (k) (S194)
D(Co. P)[al" (k) Z (a0 (k) DY),y (Co:P) = el 5 [T (k)), (S195)

where @ = 2,1 for « = 1,2 and @ = 2,1,4,3 for a = 1,2,3, 4. Inserting Dt(Cy. P)D(Cs.P) = 1 into the inner products
in Eq. (S189), it follows that

‘7”71&1@17772052@2 = _eiﬂ-(az_@)jmallh7—7725252 = _eiﬂ(al_al)j—malal,7720!2112 (S196)
Similarly, due to the Cs, symmetry (Egs. (S36) and (S63)), the J matrix satisfies

j’?lO&lle]QO&zLLQ = \77]1515177]25252 ) (8197)

due to the Cyy (= C2,C5;) symmetry (Eqgs. (S36) and (S63)), the J matrix satisfies

‘7711041@,7]2042&2 - ‘7—771041(117—772012&2 s (8198)
and due to the Cs, symmetry (Egs. (S36) and (S63)), the J matrix satisfies
Jnmwunzazaz = <;7k1a14771111C;2a2C772a2¥7771041a177120¢2a2 . (8199)

Here (o = Dg;]),an(ng) and (q = D((f,,),an(ng) are the C3, eigenvalues.

2. Leading order coupling

For wg/w; = 0.8, we find that the largest matrix elements of J are 16.38meV and the second largest matrix
elements are 4.28meV. We will only keep the largest matrix elements for simplicity. Due to the constraints derived
above, we find the largest elements of J are given by

TInsms = Tn2amza = —Tms,—n2a = —Tn2a,—m13 = J . (S200)

where J is the value of the largest matrix element. The values of J for other wy/w; are tabulated in Table S6. The
interaction Hamiltonian can be simplified as

_ i(ki—k2) R, pt . . T _ T
ITTTN E E € ( : fRomsl JRans; Cky,a+2,ns Ck1,a4+2,ms1 *fRansl fR,a,*n82Ck2,6+2,—n526k1,a+2m51) .
Ransysa |k, ka|<Ac

(S201)

We can write H; in a more compact form as
J i(k1—ko)-R !
Hom S Y Y R () e eyt (5202
Rsisz aa’nn’ |kq|,|ka|<Ac

In Section S2 G we have block-diagonalized the flat-U(4) generators (Egs. (S112) to (S114)) such that each block
carries a fundamental U(4) representation. We find that H; is nothing but the coupling between two fundamental
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flat-U(4) “spins”. We first define the fundamental flat-U(4) generators at each site (momentum) for f-electrons
(c-electrons) as

ff) ZZZ(S&( 1)e—1n E( 1)‘)‘/*1 ’E((lnus};)n’s’fRansza/n/S’ ) (8203)
vm/ ss’ aa’
c (pv,c) T
EW/ “a TOoN ZZ Z Z Og,(~1)a=150¢ (—1)a 1y Ea;jis a'n’s' Ck+qamsCka'n's’ 5 (5204)
ss’  |k|<A, aa’=1,2
[k+q|<Ac
: () ol
SEECTE S 3o D DD D TR IS 0 T
nn’ ss’  |k|<A. aa'=
[k+q|<Ac

The (/) and £(#:¢) matrices are given in Egs. (S106) to (S109). Eqgs. (S112) to (S114) are related to the above
equations as 2,%’5) =>r 2}%5) (R), 2,(3’5) = Niﬁ’g)(q = 0), iiﬁ”’g) = Ni,(flﬁ"g)(q = 0). Now we consider the
product of flat-U(4) generators } e_iq'Ri,(jy’E) (R)EA],(LCVH’E) (q). Substituting the explicit forms of the X(*f) and
Y (#:¢) matrices into the product and expanding the summation over z, we obtain

S RSO RIS o)

243

1 !/ ! /

S 30 31 SHD DI Sl (- N
¢ v=0,z,y,2 na n’,a=3,4 51528384 k

(=02 = (=D ) Fh e [0 s1s Reaimsa Chorq a1 g [0 s552 Chesan s

+ nn,f;{ansl [gl/]5182 fRON]-Sz cL+qan’53 [CV]5384cka77'54) ’ (8206)

where Z:}a sums over 7, a satisfying € = (—1)*"1n, Zfr},a:SA sums over 7, a satisfying £ = (—1)%"!n, and 37} sums
over k satisfying k| < Ac, [k + q| < A.. Due to the identity >, [¢]s1 50 [S0)ss5: = 205,5,0s5s5, there is

e RSO RS )
Hrg

!/ ! !/
1 .
= E E E E E —iqR [ ¢t T /et +
_2N € fR,a,'r],sl fR7av7152ck+q,a,n',szck7a777/7sl +1m fRan51 fR@n326k+qm7’szcka77/31

§ mna n’,a=3,4s182 k
+ ((_1)a+a - (_1)a+a7777/) fl]fLiya,7751fR,oz,nSQCI{_;,_q’a’_n/’sQCk,a,n’,sl) . (8207)

The first line after the equal sign vanishes unless 7 = 7/, which, according to & = (—1)*"1n = (—=1)?~1p, also implies
a = a+2. The second line after the equal sign vanishes unless n = —7’, which, according to £ = (—1)*"1n = (1)1,
also implies a = @ 4 2. Therefore, the above equation can be simplified to

S e SRS RIS a)
J223
—iq-R T i
N Z Z Z Z € o <fR7O‘777791 fR ;152 Ck+q a+2,1,82 Ck ,at2,m,81 7fRaav_nslfR’a’n52 Ck+q7a+2777752Ck’a+27_n’51) .
nNa s182
(S208)

The summation 25 Z can be equivalently replaced by Z that has no restriction on na. Comparing it with H,
we find H, equals to

Hy=-J) Y e @R STOR) = 8 (q) : . (S209)

Rq pv€
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8. Other coupling terms

For wp/wy = 0.8, we find that the second largest and third largest matrix elements are given by
Tmama = Ty2sm2z = Tyia,—n23 = Tngia,—g13 = J' = 4.28meV | (S210)

and

Tn12,m23 = Intan2t = Tn21,914 = Tn23,n12
1
=Tn2,—n14 = Tg14,-n12 = Tp21,—n23 = Tn23,—n21 = —J = —1.17TmeV , (S211)

respectively. Following the calculation around Eq. (S206) in last subsubsection, we find that the J’ term can be
rewritten as a ferro-magnetic coupling btween f-electrons and c-electrons

= I Y e R BEOR) B (q) (S212)

Rq puvg

Different with J, which couples U(4) moments of f- and c-electrons with the same £ index, J' couples U(4) moments
f- and c-electrons with opposite ¢ indices. The J’ term respects the flat-U(4) symmetry because it is a product of
flat-U(4) moments, but it breaks the U(4)xU(4) symmetry.

The J” term can be rewritten as

JN Z Z ZBZ(kl k) (fRnlkam?s + fR n2sCk1— nls) (CLGSS'fRnZs/ + Czczfnzls'fR—nls/) +h.c. (S213)
R ki), |ka|<A. 88’

J” cannot be written as a product of flat-U(4) moments and it breaks the flat-U(4) symmetry. To see the symmetry

breaking, we consider to apply the valley rotation e~15 S0 (Eq. (S105)). Using the explicit U(4) representations
defined in Egs. (S106) to (S109), we find that the J” term transforms to

N —J”% Z Z Z cilki—k2) R (f;{nlsckm% + f;_n%ckl_nls) (CL2773S'fR7723/ + Cltzfnzxs'fR—ﬂlS’) + h.c.
R |ki],|k2|<Ac ss'n
(5214)
Thus the J” term is odd under e"*2>=0, Since J” = —1.17meV is small compared to other energy scales, e.g.,
Uy = 57.95meV, J = 16.38meV, flat-U(4) is still an approximate symmetry of the full interaction Hamiltonian.

It was shown in Ref. [4] that in the flat nonchiral limit the flat-U(4) is an exact symmetry of the projected
Coulomb Hamiltonian. But here we find that the flat-U(4) symmetry is broken by J”. The reason for this seemingly
contradiction is that the I's states, which are absent in the projected Coulomb Hamiltonian, are added in the heavy
fermion model. Notice that the inter-valley rotation in Ref. [4] is generated by the unitary operator Cs, P, while
the inter-valley rotation here is generated by Cs,PS, where S is the third-chiral operator defined in Section S2 G.
S is needed in our model because otherwise the inter-valley rotation would not commute with the kinetic energy of
the dispersive c-bands. The representations of the two operators are given by D/ (Co,P) = —ioy7,, D¢(C2,P) =
(ioyTy) @ (ioyy) and D/ (C2.PS) = —ioy1,, D¢(C2,PS) = (—io,7,) @ (ioyT,), respectively, where the first and
second blocks of D¢ act on I's and T'; @ I'y states, respectively. Since J and J' terms only involve f-electrons and
I'y @ Ty c-electrons, on which Cs, P and Cy, PS actions are the same, the conclusion of Ref. [4] applies and hence J,
J' terms respect the flat-U(4) symmetry. However the J” term involves I's c-electrons, on which Cs, P and Cs,PS
actions are different, hence the conclusion of Ref. [4] does not apply to J”.

D. Double hybridization terms (the third and fourth terms)

Here we determine the double hybridization terms, i.e., the third and fourth terms discussed in Section S3 A. We
first consider the : pf. : V : pye @ term

| L 21y d? (m1)* ~(n1) in AKy, Ry i(k1—Q1)-r1
Hj+ :m/d rid r2V = I'2 Z Z Z Z wllél a I'1 Rl)qulﬁl ay (kl)e”’ h e’

Bilimsi Riaiar [ki|<Ac Q1€Qi
Balanzsz R202a2 [ky|<Ae Q2€Qiyn,

(n2) ~(n2) AKy, Ro i(ka—Q2)-
X wl:gg a2 (r2 - Rz)u(gjﬁz,az (k2)e"’2 2 261( : Q2) erRloclnlleklalnlsl fl-;2a2772520k2a277252 (8215)
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As explained at the beginning of Section S3 C, since the Wannier functions are sharp Gaussian functions and V(r; —rs)
decays quickly as |r; — ra| grows, the largest contribution to the above equation should come from the R; = Ry
terms. Therefore, in the following we only focus on the R; = Ry term. Substituting the Fourier transformation of
the interaction, we can rewrite the interaction as

3 1 d’q 2 2 i (r1—r2) (m1)* () i(k1—Qu)r
H“7+ ZQQtot / (271') /d rid rQV( e Z Z Z Z wllél oy (I‘1 - R)UQ1161 ay (k1)6 ' v

Bilimisi Rajag [ki|<Ac Q1€Qq py
Balamasz @102 |kp|<Ae Q2€Q,n,

(m2)* (ro —R)T ~(n2) (k )ei(k2—Q2) 2 i(MmAK +n2 8Ky ) R

t
X wlng ag uQ262 ag fRalnlslcklalﬂlsl fRa2n2320k2‘1277252 (8216)

According to Eq. (S45), there is

/er wllﬁl ” (r; — R)e iki—Qi—aq)r1 _ /O ez(k1 Qi1—q) RN((ng)il,al (k1 —q) . (S217)

Therefore, we have

a2 1 d*q i) ~(m) ~(n2)* ~(n2)
HjJF :ﬁ/ (277 Z Z Z Z Qlﬁhal kl o )quﬂl ai (kl) UQs 82,00 (k2 + q)qusz az (kZ)

ﬁ11177131 Raiaz [k |<A:. Q1€Q1
Balamzsz 4102 |ky|<A, Q2€Q1,n,

i(mAKy, +k1 —Q1—q+n2AK;, +k2—Q2+q)-R i
6( ! 2 4 fRO&lﬂlSlCklalnlslfRO(Q?]QSQCkQaQn?SQ : (8218)

Since m AK;, — Q1 +12AK;, — Qs is always a moiré reciprocal lattice, there must be ¢?( 4K, ~QitmAK, —Qe) R —
We can further simplify the Hamiltonian as

By =gy [ V(@ 30 3030 @ @l () () (ke + )i )

msin2s2 Rajas [ki|<Ac
a162° [, | <A,

i(ki+ko) R pf i
e fRalmslcklalmSlfRagnstCkzazﬂzsz . (8219)

We define the matrix

d’*q - ~
Kponmnen(b12) = [ & SV@ED B - DR 00 O+ QP ) (5220
such that the interaction can be written as
X 1 ; .
Hj+ :ﬁ Z Z Z analalﬂ720¢2a2 (klﬂ k2)6 (feathez) Rfl]:L{a177151 f;{azn252ck2a2n2520k1a1n151 . (8221)

Msin2s2 Raiaz [ki|<Ac
araz |k2|<Ac

For low energy states around k = 0, we can approximate X, o, a;,nasas (K1, k2) by Xi 014190004, (0,0) (dubbed as

‘]771061@1 ,ﬂzazaz)

~ d*q ~ - - -
Imenarmaazas —/(QW)QV(Q)@fﬂl)(—Q)|U£T)(0)><U<(IT)(Q)U((IT)(O» (5222)

We find that, according to the time-reversal symmetry, the matrix elements of J are same as those of J (Eq. (S189)).
The T symmetry (Eq. (S16)) and its representations (Egs. (S36) and (S63)) imply vgg)az(k) = 5(:52322(—@,
alr) (0) = al ) (0) and hence

Qﬁ as —QB az
@) (@) [3)(0)) = @™ (0)[F5™) (—a) - (S223)
Thus we have
~ d? - - —(_ —(_
Tosesas mazas = / ﬁvmxvg’zﬂ(—q)\u£:11><0>><u;2 1) (0)[7,7) (~q)) = Tyyesar,—mpacsas - (S224)
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Thus H 7, can be written as

1 i(ki+k2) R pf f
HJ~+ :ﬁ Z Z Z ‘77710411117772525262( 1) fRalmslfRa2n252Ck2a277282ck1a1ﬁ181 : (8225)

nsinzs2 Rajas ki |<A.
@102 |ky| <A,

According to Eq. (S200), the non-negligible matrix elements of J and J are given by

TIn13m13 = Tnp24am24 = —Tng13,—n24 = —Tn24,—m13 = J , (5226)

Tn3,—ni3 = Tnza,—noa = —Tmizm2a = —Tyoams = J . (5227)

The interaction Hamiltonian H 74 can be explicitly written as

i(k1+k2) R T T _ T T
J+ N § § § € fRa7151 fRa7132Ck2,a+2,nszck1»a+2»na‘1 - fnanslfRa,_n,S2Ck2,u+2,771732Ck1,a+2,7151 :
ns1s2 Ra |kq|,|k2|<Ac

(S228)
We can write H 74+ in a more compact form as
2 J i(ki+ko)-R !
Hj+ = AN Z Z Z ekt (m' — (_1)a+a )fIT{Cmslfll?f{a/n/32ck2,a/+2,n’szck1,oz+2,nsl (5229)
Rsisz aa’nn’ ki, |kz|<Ac

The fourth term in Section S3 A, i.e., : pey : V 1 pey 3, is just the hermitian conjugation of H'jJF. Thus the total
double hybridization interaction is given by

H;=H; —i—HT (S230)

E. Density-hybridization terms (the sixth, seventh, eighth, and ninth terms)
1. Vanishing sizth and seventh terms

We now study the sixth and seventh terms discussed in Section S3 A. The sixth term (: ps¢ : V : pse : +(4)) has
the form

~ 1 o) * ~(n ro i
Her :72 5 /d2r1d2r2V(r1 —r2) Z ns(ry — Z Z Z Z wl(B'QO)/ (ro — R)ugg)a(k) i(k=Q)rz ina AK; R
V tot

Rani sy \k|<Ar n2sza’a 1B QEQq,,
% .fT f .fT o _|_f1‘ o .fT f . (8231)
s JRan sy JRanis1 - JRa/ng s, Ckanasa Ra/ngss Ckanzsz - JRangs; JRamisy =) -

We have omitted the overlap of local orbitals at different sites. Changing the variablesr; - r; + R, ro - ro + R, we
can rewrite the interaction as

~ 1 ~ i(k— ‘ro ik
Hgr :7/d2r1d2r2V(r1 —r2) Z nys(ry) Z Z Z Z wl(gzo)t 82) (k)e' - Qrz ik R
2\/ Qtot

Ramng sy |k|<Acm2s2a’a 1B QEQq,
~ .fT f .f‘r c +fT c .fT f . (S232)
s JRanysp JRanis1 - JRa/ng sy Ckanzs2 Ra’/ngssCkanzs2 - JRangs; JRanisy - ) -

We have made use of the fact that nAK; — Q is a moiré reciprocal lattice and e*"AK:=Q)R — 1 We introduce the
matrix

r1d’ryVi(r, — ro)ny(ry Z Z wzg a, ~(n2) (k)ei(k_Q)'1F2 (5233)
g Qeglnz

such that the interaction can be written as

) ik-R (¢t .ot T ) .
Hor = 2\/7 Z Z Z Xor N ¢ ( fRO“?lSl Jranis fRa’nzSzckangs? + fRa/leszckangs? ’ fRO“71$1fRO““Sl ) ’

Ranisy nassa’a |k|<Ac

(S234)
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Since only the conduction states around k = 0 are relevant in the low energy physics, we will approximate Xé fa (k)
by X(m)(o)

X(m) r/erld roV(ry —ro)ng(ry) Z Z wl(gza/ (ra)u 8?3) (0)e~1QT2 | (S235)
B QEQin,

(m2
o ,a

Now we show that X ]
and (S23)), there is

(0) is guaranteed to be vanishing by symmetries. According to the C5, symmetry (Eqgs. (S16)

i2%na(o. i35 o ~ _ ~(n2 c
et 3l ]Bﬁwl(g,?o)/(r2) — wl(gz(l (C3:12)¢ 00 et 3 ml ]Bﬁugé?a(O) = “glaz)QB,a(O) T (5236)

with C,J;a and ¢y, being Cs. eigenvalues given in Eq. (S36) and Eq. (S63), respectively, i.e.,

i iz [0z]aa =1.2
f o i lo2]aa c _ CHERG , a 3
(Ja =63 7 o= {17 a=34" (5237)
Substituting this condition into Eq. (S235), we have
Xg]?g(O) :(7{2*)06, ea " /d2r1d roV(ry —ra)ng(ry) Z Z wl(ZQ;T C3Zr2)ug732)qﬁa(0)e_iq'r2 (S238)
8 Qeglnz

Changing the variables as r; — 03_211'1, ro — 03_211‘2, Q— C'g_le, we have

d’r1d’raV(C3 'y — C3lra)ng (C3l'rr) Z Z w7 (x N(WE) (0)e~ QT2 (S239)

) 1
X("?Q)(o) :Cf* C’« /

a’,a ng,a’ SN2, 18,a’
4 18 QEQuy,

Making use of V(Cs,r) = V(r), ns(Cs.r) = ns(r), we have

XUP0) = ¢f7 ce, X)) (S240)

n2,a aa

Therefore, Xé’]fg(O) is zero if Cf?;a, # Cpy.a- Due to the Cs, eigenvalues the only possible nonzero matrix elements are

X 1(712)(0) and X2(722)(0). The above symmetry analysis also applies for other symmetries, for example the particle-hole
symmetry P. As explained in the end of Section S2B, the a = 1,2 states have opposite P eigenvalues with the
a =1,2 states. Thus X1(712)(0) and X2(n2)(0) are also guaranteed to be zero. Thus the matrix elements in Hg; vanish
to zeroth order of k.

Since the seventh term discussed in Section S3 A is the hermitian conjugation of the sixth term, its matrix elements
also vanish to zeroth order of k. The sixth and seventh interaction terms will be non-vanishing if we include higher
order terms of k in the matrix elements, i.e., the k-dependence in Egzw(k). But these matrix elements will be
small for low energy conduction band states around k = 0. We claim that these k-depend matrix elements in the
density-hybridization interaction are irrelevant in the low energy physics.

2. The eighth and ninth terms

We now study the eighth and ninth terms discussed in Section S3 A. They are weak because the hybridization, i.e.,
(ffe) and (cTf), is small, as will be discussed in Section S4. The eighth term (: pec : V : e : +(+3)) has the form

A 1 Z —i(k1—Q1—k,+Q))r ~(m)* ~(m1)
HK+ - % d I‘1d I‘2V I‘1 —I‘2 Z Z € e v UQ, 81,a1 (kl) Q'ﬂl a} (kl)
2Qtot Brlimist |ky|, k] |<Ae Q1,Q)€Q1, 0,
alai

* i(kg— . in2AKj, ‘R
O S S ST

Balanzsz Ra |ka|<Ac Q2€Qi5x,
az

LT I i . af .
X ('Cklalnlslckﬂaﬂnlsl 'j}{anzsgck2a2n252 +-j}{an2520k2a2ﬁ252 'Cklalnlslckiainlsl' . (8241)
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Applying the Fourier transformation of V(r), we obtain

Hicy = . > Y S Vi —Qu-ki+Qag ., (k0)ug ) . (k)
2930t ﬁlzmm k1], ]K] |[<Ae Q1,Q) €Qiy ny
alall
SN S e R, e S,
Bal2mzsz Ra ko |<Ac Q2€Q1,n,
az
I T . .
X ( kiaynysy “kjainisy ¢ fRan2520k2a2’7232 +fRom2520k2a277252 . Cklalnlslckllall’fnsl ) . (8242)
According to Eq. (S45), there are

/er wl(;’§2 L (ro — R)ei(k2— Qi+ Qutk —Qi)r>

Qp eille @l Quiki QU RiRr (ke — kg K] (S243)
Since N AK;, — Q2 + Q1 — Q)

is a moiré reciprocal lattice, it must be that ¢i(mAKL, —Qa+Qi-Q1)R — 1 We hence
obtain

Hiy = 2N2Qo 512 Z Z V (ks

linis1 |kq |, k] |<Ac Q1,Q)€Q1 ny
ajal

S Y YR

~(n2) i(kp—ki1+k})-R
Q2—Q1+Q’1,/32;a(k —ki+ kl) UQ,8s, a(k )e
Bzlanzsz Ra |ka|<Ac Q2€Q1,y,
az

—Qu - K + QA

UQ, 81,1 (kl)Ng”l; ,a} (kl)

) T .
X ( kiainysy “kjainis: ‘fRangszleaanSQ +fRan2520k2'1277282 kiainysy “kjainisy

(S244)
We define the matrix
Xmalalmzaaz (ki, k1>k2 Z Z Z Viki — Qi — k/ + Ql)
l1B1l282 Q1,Q1€Q1, 1y Q2€Qu5n,
~(m)* ~(m) 1\~ ) 1\~(n2)
X UQy, gy oy (K1) Uqr 5, 0 (K1)T00 "0, 4 qy paia (k2 — k1 +11)UG g, o (ko) (5245)
such that the interaction can be written as
Hicy = Z Z Z Z i(k27k1+ki).RX771a1a’1mzaaz (k1, K}, ke)
2N QO N151M282 |k |, \k’1\<A Ra \k2\<A
a1a1
X ( kia1mi sy k1a1n151: f;an2526k2a2n252-+-f£@m2526k2a2n232 : kiainisy “kjainisy ) (8246)
Since the conduction bands only have low energy states around k = 0, thus in the following we approximate
anala/l,ngozaz (kl? kllv k2) by anala’lnnaag (07 07 0)7 dUbbed as Icnlalal N2 as
_ ~(n1)* ~(m) ~(n2)* ~( )
K:nlalall,ngaag - Z Z Z V( Ql + Ql) (5]11[31 al (O)U(g’llﬁl,g/l (0) Q7]227Q1+Q’1,B2;a(0) (5]22[32, (O)

l1B11282 Q1,Q1 €Qy, 1y Q2€CQu50,

Z Z Z ZV ~(771)* ( )~(771) (0)~(7I2)* (0)~(772) (0)

UQ, B1,a1 Q1 G,B1;a] VQ,-G,B2ia UQyB,a
11811282 Q1€Q 1 n; Q2€Q1,n, G
=Y V(G (0@ (G)) (@™ (G)[agy) (0)) - (S247)

G

The Hamiltonian A K+ can be written in a simple form

Hry = N T Qo mz Z 3 S itk kOR

s1M252 ar1alaz |ki|,|k][,|k2|<A:. Ra

) T LAt
x ( Ckyaym s; Ckiainisy * fRan2526k2a277252 +fRomzszck2a277252 Ckyayms; Ckiainis: (8248)
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We now study the K matrix. According to the Cy, P symmetry (Egs. (S36) and (S65)), there are
Cos PR (K)) = — ™30 (K)),  Cou Pl (k) = ™ e 5750 (K)), (5249)
where @ = 2,1 for a =1,2 and @ = 2,1,4,3 for a = 1,2, 3,4. Then if follows that the I matrix satisfies

_ im(al—a1) L _ _ in(az—a)
771a1a'1;7720¢a2 =e Icfmma’lmzaaz = —€ K

K (S250)

7710«1a’17*77204a2

Similarly, due to the Co; symmetry (Egs. (S36) and (S63)), the K matrix satisfies
K:"halall,nzocaz = IC7]1515/1,?72@2 . (8251)
Due to the Co, TP symmetry (Eqgs. (S36) and (S65)), the K matrix satisfies
Icmala’l,nzaaz = (_1)al+allcn1ﬁ’lﬁl,n2aa2 . (8252)
Numerically we find that there is only one independent non-negligible matrix element

Kitan2a = Kpi23mo13 = —Kii32.m.24 = —Kipa1,m013 = mme K, (5253)

where K = 4.887meV for wy/w; = 0.8. The second largest matrix element is 0.82meV. One can verify that the K
matrix satisfies the constraints derived above. Therefore, we can write the Hamiltonian Hg ; as

R K i(ka K,
_ 2+kj —ki)'R i T
Hrpey 7N§ E E E e nn2 CklanlslCkll,a+2,nlslfRan232Ck2a0¢+2a7]232

3
Q0 n1s1m2s2 |ki|,|k}|,|ke|<A. Ra

i i
- fRangSQCk2va+21n252 Ck1,5+2,nlslck/1704:7]151 : (8254)

The ninth term discussed in Section S3 A, i.e., : pec 1 V i pey + +(42), is just the hermitian conjugation of ﬁK+.
Thus the total density-hybridization Hamiltonian is given by

Hy = Hyy + HY, (S255)

F. Summary of the interaction Hamiltonian and its symmetries
1. Summary of the interaction Hamiltonian

In summary, the interaction Hamiltonian is given by
Hy=Hy+Hy +Hw +H;+ H; + Hy . (S256)

Hy (Eq. (8157)) is the density-density interaction of the local orbitals

ZZ Z fRanszCmS: fRa/n/S/fRa’ ’s! Z Z Z fRansz'QUS: fR/&/,,]/S/ R'a'n’'s’ * (8257)

R ansa’n’'s’ (RR') ans a’n’s’

where (RR’) indexes nearest neighbor pairs on the triangular lattice, U; is the on-site repulsion interaction, and Us is
the repulsion between nearest neighbors. Hy (Eq. (S179)) is the density-density interaction of the conduction bands

Hy = QQON Z Z Z Z V(q) : CL1G17]1816k1+qa177151 " CI{2+qa2772S2Ck2a277252 o (8258)

nisia1 M2s2a2 |kq|,|ka|<A.

q
|k1+ql,[ke+a|<Ac

where V(q) (Eq. (S145)) is the Fourier transformation of the double-gate-screened Coulomb interaction. Hyy
(Eq. (S172)) is the density-density interaction between the local orbitals and the conduction bands

Do D 2 WaeT TR s MR 5 g, O (5259)

Ramnisy |k|,|k/|[<Ac n252a
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where W1 = Wy and W3 = Wy due to symmetries. H 7 (Eq. (S202)) is the exchange interaction between local orbitals
and the conduction bands

J i(k1—ks2) R ata’
HJ = _ﬁ Z Z Z € ta 2 (7]7’], + (_1) * ) : flTla'r]sl fRO/YI,52 - CLQ,a’+2,n’szcklya+27"751 S (8260)

Rsisz aa’nn’ [k, |ka|<Ac

H; can be equivalently written as ferromagnetic coupling between the flat-U(4) momenta (Eq. (S209))

H, = _JZ e~ lar Rz(f E)(R) (e, E)( ), (S261)
23

with the momenta given by Egs. (S203) and (S205). I:Ij = I:Ij+ + ﬁ}Jr is the double-hybridization interaction, with
flj+ (Eq. (5229)) given by

A J i(k1+ks2)-R !
i D DD DI (e Co D VA SIS SV AP S (5262)

Rsis2 aa’nn’ k|, |kz|<Ac

Notice that the coefficients J in H; and H 7 are the same coefficient because the corresponding matrix elements are
related by T symmetry, as explained in Section S3D. Hix = H K+ + fI;r( o 1s the density-hybridization interaction,
with Hyy (Eq. (S254)) given by

2 K i(ko+k) —ki)-R
— 2 1) T f
HK+ —r E E g € ! mn2 Cklanlslck sa+2,m 51 JRangsy Cka,at2,m252

2
80 11 31m252 iy | ich iz | <A Rar
H . o o (S263)
Rangsg ka,a+2,m252 ki1,a@+2,m1s1 “kj,a,m1s1 :

The parameters Uy 2, Wi 3, J, K for different wy/w, are given in Table S6.

2. Symmetries of the interaction Hamiltonian

The continuous BM model (with interaction) has a U(2)xU(2) symmetry when valley is a good quantum number.
Thus the effective topological heavy fermion model must also have a U(2)xU(2) symmetry. As discussed in Sec-
tion S2 G, when M = 0, the presence of the C5, P.S symmetry, where S is the third chiral symmetry, will enhance the
U(2)xU(2) symmetry to a U(4) symmetry, referred to as the flat U(4) symmetry. Recall that the Coulomb interaction
is given by (Eq. (5137))

/ dr) / 20,V (1 = 12) £ (1) 5 plr) (S264)

with : p(r1) : being the normal ordered projected density operator (Eq. (S141)). Since C3, P (Egs. (S36) and (S65))
is a symmetry of the original model, : 5(r) : and hence H; commute with Cy, P. (In Ref. [4], it is Co, P that gives the
U(4) symmetry, provided that remote bands are projected out and the kinetic energy of the flat bands is neglected.)
Thus, in order for H; to have the flat-U(4) symmetry, we only need H; to commute with S defined in Eq. (5100). One
can easﬂy Verlfy that HU, HV, HW, H T, H commute with S whereas H x anti-commutes with S. Therefore, HU,

Hy, Hy, Hy, HJ respect the flat-U(4) symmetry while Hy breaks the flat- U(4) symmetry. (The neglected terms J’
and J” discussed in Section S3 C 3 commute and anti-commute with S, respectively. Thus J' respects the flat-U(4)
symmetry whereas J” breaks the flat-U(4) symmetries.) Since K (and J”) is small compared to other interaction
parameters (Table S6), flat-U(4) is still an approximate symmetry of the interaction Hamiltonian. (Including the
omitted small matrix elements in the interaction Hamiltonian and the k-dependence of these matrix elements may
yield more terms that break the flat-U(4). However, we claim these effects are weak in the low energy physics.)

For the same reason as the flat-U(4) symmetry, H; will have the chiral—U(4) symmetry as long as it commutes
with C' defined in Eq (S86). (The free part Hy anti-commute with C' when v, = 0.) One can easily verify that
Hy, Hy, Hy, H;, H~, and Hg all commute with C. Therefore, the chiral- U(4) symmetry is an exact symmetry of
the interaction Hamlltoman summarized in Section S3F 1. Smce for nonzero wg /w1, the continuous model does not
really respect the first chiral symmetry, we expect that including the omitted small terms in Hj will break the chiral
symmetry and hence the chiral-U(4). Nevertheless, chiral-U(4) can be thought as an approximate symmetry of Hj.
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As discussed in Section S21, the presence of both flat-U(4) and chiral-U(4) implies an SU(4)xSU(4) symmetry.
Given that the charge-U(1) is respected, the SU(4)xSU(4) group will be promoted to U(4)xU(4) if the Hamiltonian
further conserves the index & (€ = n(—1)*"! for f-electrons and & = n(—1)*"! for c-electrons). Since Hy, Hy,
Hy, H;, H 7 all have both flat-U(4) and chiral-U(4) symmetries and ¢ is repsected in all of them, they all have the
U(4)xU(4) symmetry. However, as discussed in the last two paragraphs Hy only has the chiral-U(4) symmetry. In
Table S5 we summarize the local symmetries of all the single-particle and interaction Hamiltonian terms.

In Eq. (S84) we defined the charge-conjugation symmetry

PeftionsPet = > Dl an(PCoT) frarms,  PellayPit =D Dery an(PCo.T)e karys (S265)
()‘/77/ a n/
where
DY (Cy.TP) = —oy7., D (C2.TP) = (5,7.) @ (7,72) , (S266)

and showed that the single-particle Hamiltonian (Eq. (S81)) respects the charge conjugation symmetry. One can show

P.:p(r) : Pot = —: p(r) :, which automatically implies that the Coulomb interaction of the form

%/d2r1/d2r2V(r1 —13) : p(ry) =2 p(ra) : (S267)

is invariant under the charge conjugation.

G. Failure of the strong coupling picture in the first chiral limit of the BM model (wo = 0)

The first chiral limit discussed in Section S2F is achieved by artificially enforcing v, = 0 in the single-particle
Hamiltonian ﬁo, which is obtained from the BM model with nonzero wq. In the actual chiral limit of the BM model,
where wg = 0, the parameter v/, automatically vanishes. In this subsection we discuss the heavy fermion model in
this actual chiral limit (wp = 0). We construct the maximally localized Wannier functions by the same procedure as
in Section S2 A. Since for wy = 0 the I's states have energies about £100meV, the previously used Wannierization
energy window [—80meV, 80meV] now do not include the I's states and hence do not support local Wannier functions.
We hence change the energy window to [—120meV, 120meV] and use all the same other parameters (given around
Eq. (S42)) for the Wannierization. The resulted Wannier functions still decay exponentially but are much less localized.
The on-site repulsion U; of f-electrons becomes extremely small (< 1meV) while the hybridization v between f- and
c-electrons becomes quite strong (~100meV). The property U; < v does not change if we use a larger Wannierization
energy window, e.g., [-160meV, 160meV]. Therefore, in the actual first chiral limit, the strong coupling picture
(U1 > =) is no longer valid, and the quantum-dot-like behaviors observed in STMs [21, 25] cannot be easily explained.

Nevertheless, from a theoretical perspective, as explained in Section S2 J, our model have the key geometric features
of the BM model in the chiral limit: The flat bands are analytically solvable, and they satisfy the ideal droplet condition
and have relatively flat Berry’s curvature.

S4. Correlated insulator states

A. Mean field Hamiltonian

H 7 will create two particles (or holes) in the local orbitals, which will cost an energy of the order U;. Since U; is

the largest energy scale of the problem, H 7 is an high-energy process and will be omitted in the following. From a
|2. Since U; is much larger than the coupling
2

mean field aspect, the energy contributed by the H 7 term is ~ J|(fTc)
between f- and c-electrons, (ffc) can be treated as a small quantity and its second order terms, e.g., J|(ffc)
be omitted. We will also omit Hy for a similar reason. From the mean field aspect, the energy contributed by Hg is
~ K{(ffc)(cfe). According to Eq. (S254), the involved (c'e) is off-diagonal in the a-index, e.g., <CLanka,a+2m5>’ which

can

must be small because only diagonal terms are non-vanishing in the normal state. Thus ~ K(ffc){cfc) can also be
treated as a second order small quantity. Therefore, in the following we approximate the interaction Hamiltonian as
Hy~Hy+ Hw + Hy + Hy.

In the following we apply Hartree-Fock (HF) calculation to the remaining terms. Let us denote the variational slater
determinant state as |¥). |¥) is supposed to minimize the total energy (U|Hy + H;|¥). To simplify the calculation,
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we rewrite the operator _H] as fll = HI : —|—fII,MF, where : fll : is the normal ordered operator of H with respect
to |¥) (not |Go)) and Hy arp is defined as Hy— : Hy :. : Hy : by definition will either annihilate |¥) or excite two
particles plus two holes upon |W). Then it follows that (¥|Hy 4+ H;|®) = (U|Hy + Hy e |¥). Therefore, one only
need to minimize (U|Hy + Hy arp| ).

In this subsection we explicitly derive H 1, mF- For simplicity, we assume that the ground state (|¥)) preserves the
translation symmetry. For later convenience, we introduce the density matrices

1

0L s = (U s frarm o | T) = ~ > (AL o |) (S268)
kEMBZ
c 1 + 1
Oans,a’n’s’ = N Z <\Il|cka'r]scka’77’s"\ll> - 56(1(1/57]7]/685/ (8269)
|k|<Ac

—ik-R

022252’0”7151 \/> Z ! <\II| ka77252fRa’l7151 ‘\Ij> (8270)
k<A

We have defined O, ., as the expectation of the conduction band density operator with respect to the charge

neutrality point such that it will remain finite even we take the cutoff A, to infinity. The filling of local orbitals and
conduction bands are given by

vp=Te[07] =4,  v.=Tr[0]. (S271)

We also assume that there is no pairing in |¥). The total filling with respect to the charge neutrality point is given by
v = vy + 1. For the normal state |G) (defined in Section S3 A) at charge neutrality point, there is v = vy = v, = 0.

We first decouple the density-density interactions of local orbitals, i.e., Hy in Eq. (5256). To derive the mean field
Hamiltonian, we first divide the density-density interaction into constant, bilinear, and quartic terms as

Hy =8NUy +48NU; — (4Uy + 24U2) > > fhoo fRans + — Z > Pl Rans fl gy R
R ans R 50”75/
ns

> Z Z f}ganszansf;/ﬁn/s/fR’Bn’s’
(RR/) 78,
Bn's

Ux
:8NU1 + 48NU2 - (35U1 + 24U2) Z Z fl'?r{anszans + 7 Z Z f;{ansfg{ﬁnlslfRﬁn’s’fRans
R ans R ;”75,
n's

5 Z Z f]i—{ansf;r}/ﬁnlslfR’B'r]’s’fRans (8272)

(RR) 72,

The mean field Hamiltonian is obtained by projecting out the terms that create two particles and two holes upon the
ground state |¥). According to the Wick’s theorem we have

T 1 1
fl;oms fer{,Bn/s’fRB”]/Sl fRO”lS = f;{a7ysf1;6n’s’ fRﬁ’f?/S/fRﬂnS : +fI:{,ans : f}fxﬁn/s/ fRBn’s’ : fRO“’IS+ : fl;@"lszRﬁn’S’ fRﬂn’s’ fRans :

—
1 I | T 1
) T T | 1 . 1 T
+: fRa'r]s fRﬂn’s’ fR,Bn’s’fRans i fRO"’ISfR,Bn’s’ fRﬂn’s’fRocns C+ fRO"’YSfRBn’s’ fRﬂn’s'fRoms + fRomsz,Bn’s’ fRﬁn’s’fRans
(S273)

Here : A : is the normal ordered form of A with respect to |¥) (not |Gp) defined in Section S3 A). The first term will
either annihilate |¥) or excite two particle-hole pairs on top of |¥). We will omit the first term and approximate the
four fermion operator by bilinear terms and constant terms

r 1 — 1
f;lansflagn’s’ fRBTI/S/fRO‘WS ~ fI:lansfll'[LBn’s' fRBW/S/fRO”IS + flf?.ans f;{ﬁn's/fRﬁn/S/fRaﬂs + f;r{ansf;{ﬁn/s/ fRﬁ'r]’s’ fROﬂ]S

T

1 T 1
+fl;rtansf;r15n/5/fRﬁn’S'fR&ns - fLanst{Bn’S’ fRBn’s’fRans - f;ansfkﬁnls/ fRBTI’S’ fRans . (8274)
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Similarly, there are

r 1  —— 1
fl;rtansfli.{,’,ﬁn/s’ fR/Bn/S/ fRon].s ~ fkansfli‘{/ﬁnlsl fR’ﬁn’s’fRans + f;{,ansf;r:l,’ﬂn’s’ fR/ﬂn’s’ fRa'qs + fTRansflg/ﬂn’s’ fR/Bn’s’ fROt7]S
Pt gt ‘ j P gt
+fRanSfR/5n/S/fR/Bn’s’fRans - fRO“?SfR’Bn’s/ fR’Bn/s/fRans - fRaTlsz’Bn’S’ fR’Bn’s’fRans . (8275)

Since the on-site repulsion U is the largest energy scale and dominates the correlation physics, we assume that only
on-site order parameters, i.e., ( f;mns fraryyst), are formed. Then we can write the approximate on-site and off-site
quartic terms as

D Fhoansfhsg s frsw s frans 22 T[0T fl oy frams = 2> fhigre fRansOL 5000 — Tr[O7]Tr[07] + Tr[O7 O] (S276)

ans ans ans
Bn's’ Bn's’
and
D Fhons Iy Fropn s frans = Y TeO | fh o froipn s + > T[0T,  fRans — Tr[O7]TY[O] (S277)
ans Bn/S' ans
Bnlsl

respectively. Substituting these equations into the interaction Hamiltonian Hyy, we obtain

Hy ~ Hyyr = Hy — Ey (5278)
with
Hy = Z Z (Ur(vs +0.5) + 6U2vy) fl];ansza”IS —U Z Oins,ﬂn’S’f;iBn’S’fRo‘"S ’ (5279)
R ans R
and NU
By = =+ (v} + 8v; — T[0! 07]) + 3NUa(v} + 807). (8280)

Following the same logic as decoupling HU, one can decouple Hy as

ﬁW ~ Z ZWan : CLanSCkans L+ Z Wa : fl;ansz‘M?S Vea — NZWanVc,a

|k|<Ac ans Raans a
1 ! ik-R ¢t f 2
- ﬁ Z Z Z Wa (Ognzsz,amﬂel fRanlslcka"l252 + h'c'> - NZ Z |Osn252,an181‘ Wa , (8281)
Ranisy |k|<Ac n2s2a ac MamM18251
where
Ve = O ans - (S282)
ns

In the first term we have omitted the Umklapp scatterings, i.e., Wovy : ClT<+Gankaans : for G # 0, because the state

cL +Gans has a huge kinetic energy and the Umklapp scattering will be weak. We can further organize the terms as
Hw ~ Hwur = Hw — Bw | (S283)
with
Hy = Z Z VfWaclenkaans + Z Z VC,aWafli-Lanszans

|k|<A. ans R ans

f% S Y W (0 ™ o s + D) (s284)

Rani sy [k|<A. n2520

Ew =NY (Watflea+4Wavea) + > > 2Warp=NY > |0 0 P, . (S285)
a a |k|<Ac aa M21M18251
We emphasize that the term Z\k| <, 2W,vy depends on the cutoff (A.) of the conduction bands and diverges as

A. — oo. However, the total energy contributed by Hy will converge as A, — oo because the divergent part of
Z|k\ <, 2Wavy will be canceled by the divergent part of the first term of Hyy.
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Then we decouple the exchange interaction H. Following the same method as for fIU, H; can be approximated
as

T~ S . O° DS 1 i .
Hy~-J : me;sl JRansy © Oat2nsy,at2ns; —J ( ansi,ansg T 555182 * Cxat2ns, Ckat2nsy -

Ransi sy ansysg |k|<Ac

1 . :
+NJ E : ( ansi,ansy 555132 at2nsy,a+2ns +J E : E : ansl,a nss Ck,@+2,—n,s0 Ck,a+2,m,51

ansysy ansy sy |k|<Ac

T _ c c
+J E E :fRomslfRa—nSzOEJrlfn,sz ; at2,m,s1 NJ E , Oansl a— n5205+2,777752 ; at2,m,81

ansisa R ansysa
2 : z : 2 : ik-R ef j : cfx
( Oa+27]52 ansg fRa7]51Cksa+25nvsl + hC) NJ Oa+2n52 an520a+2n51 ansy
R |k|<A. ansisa ansysg
E:E:E: ik-R ef 2: cf*
( Oa+2 —1n,82 ; a,—n, .SQfRD(’I]Sle a+2,m,s1 + h.c. ) + NJ Oa+2 —1,82 ; E,fn,520a+2n51,a7]51 .
R |k|<A. ansisz ansysg
(S286)
We can organize the terms as
Hy~H;yr=H;—-E;, (5287)
with
Hy=—J Fhon o Froamss OC J L) oo
J = Ransy J RansaYa+2nsa,a+2ns1 — aml,anez g Us1s2 ka+2nsy Ckat2nsy
Ransysa ansys2 |k|<Ac
T _ c
+J § : E : Oansl,a nsgck @+2,—n,s5 Ck,a42,m,51 +J § : E :fRanslfRa*7152Oa+2y*77752 ; at2,m,81
ansys2 |k|<Ac ansisz R
ik-R nef
§ § § ( Oa+27]52 ansnganslckanF?,’LSl + hC)
R |k|[<A. ansisz
z : z : § : ik-R nef T
( Oa+2 —1n,52 ; E,fn,sszocnslckvO‘+27"lasl + hC) ’ (8288)
R |k|<A. ansis2
and
E;==NJ > 0O} O: Id > (os 1 NJ Y O] C
J = ansy,ansg Ya+2nsg,a+2ns1 ans,ans T o + ansy,@—nsg ~0+2,—n,52 ; a+2,m,51
ansy sy ans |k|<Ac ansi sy
cf* cf*
+NJ 2 : Oa+2n92,an52Oa+2n317an31 NJ § : Oa+2 —n,82 251—77752004"!‘2773170”731 : (5289)

ans1s2 ansys2

The second term in E; diverges as A, — oco. However, the total energy contributed by H; will converge as A, — oo
because the divergent part of the second term in E; will be canceled by the (divergent part of) second term of H ;.

We can equivalently write H; in a more compact form as

S J
H;=- 5 Z Z (771772 + (_1)a1+a2)flttalmslfROéznzszOgg+277282,a1+277181

R aiazninzsisz

J 1
— 5 Z Z (7717]2 + (_1)a1+a2)CLa2+2,n2326kO¢1+277l181 (054177181,04277252 - 250411125771?7258152)

|k\<A Q1211725152

Z Z Z ik.R(n1n2 + (_1)a1+0¢2) (Oa2+277282,01277252flir{almslCka1+2msl + hc) ' (8290)

R |k|<A. ara2min2s1s2

In the end we decouple the Coulomb interaction of the conduction bands. Usually, it is the Fock term that leads
to symmetry breaking in the inner degrees of freedom. We claim that the symmetry breaking mainly come from the
on-site repulsion of the local orbitals and the interaction of conduction bands only renormalize the dispersion of the
conduction bands. Therefore, for simplicity, we will omit the Fock channel of this interaction. The Hartree-mean field
is

I;[VRJ“I;[V,MF:HV_EV s (8291)
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Fillings v=20 v=-—1
Phases VP K-IVC | IVC VP K-IVC | IVC |VP + K-IVC
One-shot HF energy (meV) |[-698.645(-698.702(-694.888 |-666.326 |-666.359 [-664.607| -666.360
SCF HF energy (meV) [-704.019{-704.109{-700.616 [-671.809 |-671.857 |-670.330| -671.860
Fillings v=-2 v=-3
Phases VP K-IVC | IVC VP K-IVC
One-shot HF energy (meV)|-575.492(-575.507|-574.528 [-434.015[-434.015
SCF HF energy (meV) |-578.975(-579.036(-578.203 [-426.129 [-426.113

TABLE S7. The one-shot and self-consistent HF energies of the correlated insulator phases at integer fillings. Since the energy
difference between flat-U(4) rotation related states are small (< 0.1meV) there may be strong order-parameter fluctuations at
finite temperatures.

with
= _ V(0
Hy = o Ve D D ChamsCians (S292)
nsa |k|<A.
and
V(0) V(0
Ey = TN — N2+ % Z 8, (S293)

Hy only shifts the energy the conduction bands.
In summary, the mean field Hamiltonian of the interaction is given by

ﬁ[@f{LMF:Fu+ﬁw+ﬁv+ﬁJ*EU7EW7EV7EJ. (5294)

B. Correlated insulator phases at the filling v =0

1.  Numerical results

We consider the parent wave function of valley polarized (VP) state as

IVPE=0) = ] Hiss fs s flioss o JFS) - (5295)
R

Here |FS) is the Fermi sea state occupying the lower two bands (per spin per valley) of H(¢™ (k) (Eq. (S82)), i.e

¥ =TI I I (z ) 0, ($200)

ns n=1,2 |k\<AC a

where M(E’Q (n = 1,2,3,4) is the n-th eigenvector of H(™ (k). At k = 0, the second and third eigenstates are

degenerate, we should choose L{(EUQ) (0) as the vector that smoothly connects to L{(EUQ) (k — 0). By definition, the yielded
O¢ is diagonal in valley and spin indices

¢ 1 1 1 . 1
Oane a’'n's’ :N Z <<FS|CLa'quk/a/TI's/|FS> 5aa/57ﬂ7'585’) = N(sssld”ml Z <( Z ué?’rz (k)u(g’z)n (k)> - 25aa’> .

[k|<Ae k| <A n=1,2
(S297)

Given Og, s orprsr = Ony0ss:Og g s, only the diagonal elements Og, ,,, will enter the mean field Hamiltonian in
Eqgs. (5284) (S290) and (S292). Now we show that all the diagonal elements are zero. Due to the particle-hole
symmetry P (Eq. (S65)), we can always pick the gauge (—1)%~ 11/{,57772( k) = Z/Iéz.—,)_n(—k). Using this condition and the
completeness Zi:l u,@(k)u,ﬁ"”(k) = 4«4, one can show that

05 + (-1 08 =0, (S298)

ans,a’ns ans,a’ns
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FIG. S6. HF band structures of correlated insulator phases at v = 0. (a), (b), (c) are the one-shot HF band structures of the
VP, K-IVC, and IVC phases, respectively. (d), (e), (f) are the self-consistent HF band structures of the VP, K-IVC, and IVC
phases, respectively. The color represents the composition of the energy bands, where yellow corresponds to the local orbitals
and blue corresponds to the conduction bands. We have chosen wo/wi = 0.8 in the calculation. Other parameters of the
single-particle and interaction hamiltonians are given in Tables S4 and S6.

which implies Og,; s = 0. Therefore, O° does not enter the mean field Hamiltonian because it is valley-diagonal
and all its diagonal elements vanish. The density matrix O/ (Eq. (S270)) given by the parent VP state also vanishes
because the state respects the particle numbers of local orbitals and conduction bands separately. The density
matrix Of (Eq. (S268)) given by the parent VP state is nonzero. We will discuss it in detail in next subsection.
Substituting these density matrices into the mean field equations, we can obtain the mean field approximation of the
total Hamiltonian as

Ho+ H ~Hy+ Hy+Hy +Hy +Hy— Ey — Ew — By — E; | (S299)
where Hy and Ex (X = U,W,V,J) are functions the density matrices (Section S4 A). We refer to the ground
state energy of the above mean field Hamiltonian as the “one-shot” HF energy (Table S7). The spectrum given by
Hy+ Yy Hx is referred to as the “one-shot” HF spectrum (Fig. S6(a)). The next step wave function, denoted as
|[VPY="), occupies the one-shot bands to the filling of the charge neutrality point. One can then calculate the density
matrices of [VPY=%) and generate a new mean field Hamiltonian. The hybridization O¢/ given by |[VPY=") is in general
nonzero. Repeating this process until the ground state converges, one achieve the self-consistent HF' ground state,
whose energy is called the self-consistent HF energy. We denote the self-consistent wave function as |VPgo:0> The
(one-shot and self-consistent) HF energies and HF spectra of the VP state are summarized in Table S7 and Fig. S6,
respectively.

In the process of self-consistent iterations, the one-shot spectrum in Fig. S6(a) continuously changes to the self-
consistent spectrum in Fig. S6(d). Thus, the state |VPY=°), which occupies the one-shot bands to the filling v = 0,
is adiabatically connected to the self-consistent state [VPZ-"). However, the parent VP state |[VP=") may not
adiabatically connected to them because it occupies the local orbitals and conduction separately but not the quasi-
particle bands. A key difference between [VPY=") and [VP;=") is that O/ given by |[VPY=") is in general nonzero
while O¢/ given by [VP§=") is zero. In this work, we refer to |[VP="), [VPY="), and |VPZ") as the parent VP,
one-shot VP, and self-consistent VP states, respectively.

The parent wave functions for the inter-valley-coherent (IVC) and Kramers inter-valley-coherent (K-IVC) states
are rotated from |[VP§=") by the chiral-U(4) (Eq. (S92)) and flat-U(4) (Eq. (S105)) symmetries as

v= —iZO, v= 1 . . . .
[TVCq 0> =e 12° °|VPg O> = H Z(f;‘HT - Zf;c27¢)(fg{1+¢ - zfﬁg,i)(—zfﬁl,T + f;{2+T)(—zf;1,¢ + f;t2+¢)|FS> . (S300)
R



47

and

=i —i T AT v= 1
|K-IVCq 0> =e 2 |VPg 0> = H Z(fl];l-m + flJfrm—T)(flJ;1+¢ + fl];z_ﬂ(_fl];l—T + fl];z-o-'r)(_fl;l—i + f1T12+¢)|FS> . (S301)
R

respectively. One can verify that the parent IVC state respects the spinless time-reversal symmetry T' (Eq. (S36))
whereas the parent K-IVC state breaks T. Substituting the parent wave functions into the HF loop, we obtain
the one-shot and self-consistent HF energies (Table S7). The one-shot IVC and K-IVC states, i.c., [IVC;=") and
|K—IVC’1’:0>, are obtained as Fock states occupying the corresponding one-shot HF bands to the filling v = 0. The
one-shot K-IVC state has a lower energy.

As shown in Table S7, the energy difference of K-IVC and VP states is only of the order 0.1meV whereas the energy
difference between the IVC state and VP is of the order 3meV. Since K-IVC and IVC are rotated from VP by the
flat-U(4) and chiral-U(4), respectively, the result suggests that the flat-U(4) symmetry is a better approximation of
the considered Hamiltonian Ho + dox Hx (X = U, W, J,V). This observation is consistent with the argument at the
end of Section S2 G.

2. Analytical analysis of the one-shot HF

The one-shot and self-consistent HF band structures of the VP, K-IVC, and IVC states at ¥ = 0 are summarized in
Fig. S6. We can see that the self-consistent band structures are very close to the one-shot HF band structures. Here
we study the one-shot spectra of the VP and K-IVC states around the charge neutrality point. We do not study the
IVC state here because it has a higher energy in the mean field. The density matrices given by [VP§=%) are

T, + To
2

Substituting these density matrices into the mean field equations around Egs. (S279), (5284), (S290) and (5292), we
obtain the one-shot HF mean field and energies as

U — — — J
_?1 Z Zﬁf;{anszansa Hyw =Hy =0, H;= —5 Z chirca-i—ZnsckOH’Qns (8303)

R ans |k|<Ac ans

07 = oo( )<0, Ofisarm s = O 055 Ol armss 0% s ams = 0, o —0. (S302)

and
Ey=-2NU;,, Ew=Ey,=FE;=0, (S304)

respectively. The low energy band structure can be described by the k-p expansion of Hy+Hy+H,

0 Vi (kgooTs + ikyo.79) YooTo + U (kyOQT, + kyoyTo)
HE" (k) ~ Vs (kz00T: — ikyo.To) Mo,1o — 5007 0 ®c . (S305)
Yo0To + Ui<kz0'w7-2 + kyo'yTO) 0 —%0'07}

For large k (v, k| > %Ul), the low energy bands are contributed by the local orbitals, which have the energies +U; /2.
We can see this in Fig. 56 at large k. For k = 0, the energy eigenvalues are given by

iMig, i%i (Zl) +42. (S306)

In Fig. S6(a), (d), the 24 energy levels closest to Fermi level from low to high are

2
U Y e ey, U (DY) e o), - T o), A Y (2ol), (8307)
4 4 4 4 2 2
SM+ (@), M+ (), -+ ,/ Ul C 2 (dtold), St (U41) 442 (4fold) . (S308)

Notice that in Fig. S6(a), (d) every single band is spin degenerate.
The density matrices given by |K—IVCS:0> are

1
Of = 5007050 —

1 c C
5 s0yTyS0,  Obnsarms = On0ss Ol armsr Omsans =0, 09 =0, (S309)

2
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According to the mean field equations in Section S4 A, the one-shot HF mean field and energies are

_ U _ _
Hy=5, > fhanloslow [y frars,  Hw =Hy =0, (S310)

R ana’n's

1
Z Z (771772 + (*l)eraQ)Cfcaz-i-?mzszckal'*‘?v’hsl (O£1n1317a2"]232 B 2501(12671171255182>

|k|<A. @r1a2min2s182

J

2

J aitaszy .t
- Z Z Z (771772 + (71) )Ck(12+2,7]256k0‘1+277713 [Uy]alaz [Ty]mnz
k| <Ac @razninz2s

J
= ) Z Z [Uy}alaz[Ty]mmCLQ2+2n/kaa1+2ns, (S311)

|k|<Ac a1miaznzs
and
Ey = —2NU,, Ew=Ey=FE;=0. (S312)

Notice that the %0’07’0{0 component in O does not contribute to the mean field Hamiltonian because they are canceled
by the constant bilinear terms in Egs. (S279) and (5290), respectively. The low energy band structure can be described

by the k-p expansion of Hy+Hy +H,.

0 Vi (kyooT, + ikyo.10) YooT0 + V) (ks0uTs + kyoyTo)
H o (k) ~ s (kz00T: — ikyo2To) Mo,7o — 50,7, 0 @ . (S313)
Y00To + vi(kxo—z'rz + kyUyTO) 0 %O'y’ry

For large k (v, k| > 1Uy), the low energy bands are contributed by the local orbitals, which have the energies +U; /2.
We can see this in Fig. S6 at large k. For k = 0, the energy eigenvalues are given by

2 2
i\/M2+JZ, i%i (%) +42, (S314)

where the levels Yt & 4/ (%)2 + 72 are same as those in the VP state. In Fig. S6(b), (e), the 24 energy levels closest
to Fermi level from low to high are

2 2 5
SO (Y e o), o () 442 efola), =y 2 4 L (aetold), (S315)
4 4 4 4 4
3 2 2
a2 o), 0 (%) 92 (aefold), U (%) + 42 (4fold) . (S316)

Notice that in Fig. S6(b), (e) every single band is spin degenerate.

C. General rules for the ground states

When M = 0, one can see that the energy levels at k = 0 of the VP (Eq. (S306)) and K-IVC (Eq. (S314)) states at
v = 0 become the same. A symmetry reason is that, when M = 0, the flat-U(4) symmetry discussed in Section S2 G
is an exact symmetry of the considered Hamiltonian. Therefore, when M = 0, the VP and K-IVC states must have
the same energy and band structure because they are related by a flat-U(4) rotation. Nonzero M not only makes
a difference in the band structure but also lifts the energy degeneracy between the two states. Now we argue that
nonzero M stabilizes the K-IVC state. As shown in Eq. (S294), the total energy can be calculated as the interaction
energy, By + Ew + Ej 4+ Ey, subtracted from the quasi-particle energy, i.e.,

— By — Ew — E; — By + (9|Hy + Hy + Hw +FJ+FV|‘I’>:_EU—EW_EJ—EV+Z Z Exn ,  (S317)

k ne€occ
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where &, is the HF spectrum and n indexes occupied bands. Since the considered interaction Hamiltonian respects
the flat-U(4) symmetry, the VP and K-IVC states have the same interaction energy (Egs. (S304) and (S312)). Thus,
the state having lower quasi-particle energy will have a lower total energy. Because the K-IVC state opens a larger
gap (24/M? + J2/4) than the VP state (2|M — J/2|), the K-IVC state has the lower total energy.

We find that similar arguments apply to other fillings. Here we summarize two rules for the (translationally
invariant) ground states at the one-shot level. First, as argued at the end of Section S2 G and numerically confirmed
at the end of Section S4B 1, the flat-U(4) symmetry is a better approximation (of the Hamiltonian) than the chiral-
U(4) symmetry. Heuristically, the wave function tends to be symmetric under permutation of flavor indices, e.g., the
four components {a, 7, s} fixed £ = n(—1)*"1 which labels the fundamental U(4) representations (Section S2 ), such
that the real space wave function has as many as nodes and hence the Coulomb interaction can be saved (Hund’s
rule). Thus, we summarize the first rule

1. When possible, two f-electrons tend to occupy one flavor of the flat-U(4) symmetry, e.g., f;{lnsf;{.2ns’ such that
the two f-electrons and their flat-U(4) rotations form a mazimal weight representation of the flat-U(4) group.

The state f;uns f;{Zns and its flat-U(4) rotations form a degenerate U(4) multiplet if M = 0. The multiplet form the
irreducible representation [2]4. (Here [A1, A2 - - - ]4 is the Young tableau notation for SU(4) irreducible representations.)
Readers may refer to Ref. [5] for how the U(4) irreps are used to label the ground states of MATBG. We then need to
consider how nonzero M will split the U(4) multiplet and select the ground state. Because the considered interaction
Hamiltonian respects the flat-U(4) symmetry, states in the multiplet must have the same interaction energy. Thus, it
is the single-particle energy of the conduction bands that determines the ground state - the phase opening the largest
gap has the lowest energy. However, since there are many levels, i.e., 8 from local orbitals and 16 from conduction
bands, it is still not immediate to determine the gap at generic fillings. We now assume that the I's states from the
local orbitals and the T's states (a = 1,2) from the conduction bands are all at high energies. This is a reasonable
assumption based on the BM model because previous studies [1, 2, 5] has obtained the ground states by projecting
the Hamiltonian into the topological flat bands, which only has the I'y @ I'y states (a = 3,4). We have also confirmed
that the lowest (closest to the gap) energy levels are indeed contributed by the T'y @ I'y (a = 3,4) states for all the
integer fillings, in agreement with those in Refs. [2, 6, 7, 85, 86, 110]. Thus we only need to look at the gap formed by
the I'y ®T'; states (@ = 3,4). The effective Hamiltonian for the I'; @ T’z states (a = 3,4) can be obtained by restricting
the a index of the one-shot mean field Hamiltonian Hy + Hy + Hw + Hy + Hy (Eqgs. (S81), (S279), (5284), (S290)
and (5292)) into the subspace spanned by ckans (@ = 3,4). It reads

1
HESLE8 0= 0) =0 Watas by s+ Mioula- 28y g (O ooa 500
+ 00Oy 1o s s (S318)
where a,a’ = 3,4. We can equivalently write it in a more compact form as
(T1@T2) J o1 J o1
H (k =0) = vyWs00m950 + M0oaTo50 — 57'2(0 — 50’07’0@))7'2 - 50}(0 - 50’07’0(0)0'2 ) (S319)

The second rule then follows
2. For a set of flat-U(4) rotation related states, the state minimizing the energy of Eq. (S319) is the ground state.

The onsite repulsion U;, and the couplings between local orbitals and conduction bands, i.e., the v and v, terms
(Eq. (S83)), do not enter the second rule because they only affect states at higher energies contributed by the f-
orbitals and the I's c-band basis but not the low energy states contributed by the I'y & I's c-band basis, as exampled
in Section 54 B 2.

In the next subsection, we will apply the two rules to the ground states at other integer fillings.

D. Correlated insulator phases at the fillings v = —1, -2, -3
1. Fillingrv = —1

We consider the parent wave function of (fully) valley polarized (VP) and (partially) spin polarized state at v = —1
as

|VP8:_1> = H flT{1+Tf;L1+¢f;t2+T|FS> ) (8320)
R
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FIG. S7. HF band structures of correlated insulator phases at v = —1. (a), (b), (c), (d) are the one-shot HF band structures of
the VP, K-IVC, IVC, and mixed VP + K-IVC phases, respectively. (e), (f), (g), (h) are the self-consistent HF band structures
of the VP, K-IVC, IVC, and mixed VP + K-IVC phases, respectively. The color represents the composition of the energy bands,
where yellow corresponds to the local orbitals and blue corresponds to the conduction bands. We have chosen wo /w1 = 0.8 in
the calculation. Other parameters of the single-particle and interaction hamiltonians are given in Tables S4 and S6.

where |FS) is the Fermi sea state of the conduction bands at the charge neutrality point (Eq. (S296)). The parent

wave functions for the IVC and K-TVC states are rotated from [VP§="1) by the chiral-U(4) (Eq. (S92)) and flat-U(4)
(Eq. (S105)) symmetries as

- _iT @ = y=— 1 . . .
[IVCq 1) =e '3° °|VPg 1> = H Tx/i(fli”H'T - Zf;{Z-T)(f;{l-&-i - Zflttz—ﬂ(_’fl]:u—ﬁ + fI]L{2+T)|FS> ) (8321)
R
and ) )
K-IVCy =) = e 250 |ypy="1) = [ —=
‘ 0 )=e [VPg ) lR_[ 9v2
respectively. Ref. [5] found that a mixed state of VP and K-IVC has the lowest energy at v = —1. The parent wave
function of the mixed state can be written as

(Fhisr + Fhomt) Py + Flhos V(= Fla_t + fhays)IFS) (S322)

- —iZ%, i3, 1
[VP+K-IVCq 1> = Hfl;1+¢e th 0f121+¢f1];t2+Te s °|FS) = H §f1;1+¢(f;t1+T + flJ'[Lz—T)(*fIL—T + f11L2+¢)|FS> . (8323)
R R

According to Ref. [5], the two states ( fgu 1 fle +4) from the same valley-spin flavor are rotated to a K-IVC state,

whereas the state f;ﬂ 4, remains valley and spin polarized. Feeding the parent states into the HF loop, we obtain
the one-shot and self-consistent HF band structures (Fig. S7) and energies (Table S7). We find that the mixed state
indeed has the lowest energy.

All the one-shot states, i.e., |[XY="') (X =VP, IVC, K-IVC, VP+K-IVC), and self-consistent states, i.e., | X2="1),
are gapped Fock states occupying the HF bands (Fig. S7) up to the filling v = —1. As will be explained in Section S4 E,
all these states have the Chern number C' = 1. It is worth mentioning that the parent states |X(’)’:71)7 even though
lead to gapped one-shot states with nonzero Chern numbers, do not have Chern numbers because they occupy gapless
conduction bands plus a select number of local orbitals.

We now apply the two rules given in Section S4 C to discuss the one-shot ground states | X¥="1) (X =VP, IVC,
K-IVC, VP+K-IVC). VP, K-IVC and VP+K-IVC states satisfy the first rule, i.e., two f-electrons tend to occupy a
flavor flat-U(4) symmetry. Here the two f-electrons are f;u it f;u 4q or its flat-U(4) partners. We need to compare

the quasi-particle energies of the three states to determine the ground states. The density matrices given by |VPSZ_1>
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are
0 = o) () + (g TGN (U5 5), Obpsarrsr = S8 Otmatmss Otoans =0, O =0,
The density matrix Of is diagonal in spin. The two spin blocks of Of are (5324)
OFe — (B D), 0ftemh — (BT, (5325)
Substituting O7(*) into Eq. (S319), we obtain the two spin blocks of HT1®T2)(k = 0) as
H\(};I@FQ’S:T) = —Ws0010 + Moym0 — gTZ%TZ — %UZ%UZ = —Ws0010 + Mogm0 — gdoTz , (S326)

and

5= J J J .
H\(,I;}GBFQ’ Y = Waooro + Moo — §TZXTZ — §O'ZXO'Z = —Ws0010 + Mo,m9 — §dlag([1, -1,-1,-1]), (S327)

respectively, where X = (20£2=)(t%) — loi7y = Ldiag([1,—1,—1,—1]). Here the subscript “VP” indicates that

the corresponding density matrices are generated by the parent VP state. The lowest three levels at k = 0 of the VP

state are
/ J2 J J
—”/3— M2+Z7 _HS_M_§> —”3-}-1”—5, (8328)

which come from the s =|,n = +, s =,n = +, and s =f,n = + flavors, respectively. (We have made use of
J/2>M.)

Applying a flat-U(4) rotation e~i5%20 to the order parameter, we obtain the order parameters of the K-IVC state
as
00 01
_ 1 1 _ 0-1 0 0O
fls=1) — Z _ f(s=1) —
@) = 50070 = 50yTy, ) =10 o —10 (5329)
10 00
Substituting OF(*) into Eq. (S319), we obtain the two spin blocks of HT1€12)(k = 0) as
0001
s= J s= J 1
HI(&IG%/FC?" n_ ~WsooT9 + Moo — 59Ty ngrjf‘i,lg’ = —Ws0919 + Moy + 5 8 0 (1) 8 ,  (S330)
1000

where the subscript “K-IVC” indicates that the corresponding density matrices are generated by the parent K-IVC

state. The lowest three levels at k = 0 of the K-IVC state are all —W3 — /M?2 + %, where two come from the s =1
flavor and one comes from the s =] flavor. Clearly, the K-IVC state has lower quasi-particle energy than the VP
state. In the end we consider the one-shot HF mean field Hamiltonian spanned by the I'; @ I's for the VP+K-IVC
state

s= J S= J .
H\(/Fﬁflgi’lvg) =Wz + Moo — 5%y H\(/I;;f}gi’lvé) =Wz + Moy,70 — §d1ag([17 —-1,-1,-1]),  (S331)

where the subscript “VP+K-IVC” indicates that the corresponding density matrices are generated by the parent

mixed (VP+K-IVC) state. The lowest three levels at k = 0 of the VP+K-IVC state are also all —W3 — /M2 + JTZ,

which are same as those of the K-IVC state. Thus the rules in Section S4 C cannot tell us whether K-IVC or VP+K-
IVC has a lower energy. In fact, the one-shot and self-consistent HF energies of the two states are indeed very close
to each other (Table S7).

Taking into account the bands at k = 0 contributed by the I's basis still cannot distinguish the energies of the
K-IVC and the VP+K-IVC states. Following a similar calculation as in Section S4 B 2, one will find that the energy
levels from the I's basis are the same for both states. The energy difference must be contributed by the bands at
finite k.
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FIG. S8. HF band structures of correlated insulator phases at v = —2. (a), (b), (c) are the one-shot HF band structures of
the VP, K-IVC, and IVC phases, respectively. (d), (e), (f) are the self-consistent HF band structures of the VP, K-IVC, and
IVC phases, respectively. The color represents the composition of the energy bands, where yellow corresponds to the local
orbitals and blue corresponds to the conduction bands. We have chosen wo/w1 = 0.8 in the calculation. Other parameters of
the single-particle and interaction hamiltonians are given in Tables S4 and S6.

As shown in Fig. S7, one-shot and self-consistent HF bands of all the different states at v = —1 have a feature in
common: There is a set of flat bands above the zero energy. Such flat bands are also observed in one of our previous
studies [6] but have not been understood. (See the particle excitation spectra in Fig. 11 of Ref. [6].) We now can
explain the origin of the flatness through our topological heavy fermion model. We consider the k-p expansion of the
one-shot mean-field Hamiltonian. For simplicity, here we mainly focus on the VP state. Following the same procedure
we have done to obtain the one-shot mean field Hamiltonian at v = 0 (Eq. (S305)), we obtain

- —Wio0T0% Vi (kz00T2 + tkyo270)%0 yo0T0S0 + Vs (kaOaT: + kyoyTo)so
HYE (k) ~ Vs (kz 00Tz — ikyo270)50 —Ws00T050 + MozToso — 4007250 0
Yo0T0S0 + V5 (k20T + kyoyTo)so 0 — (U + 6Us)oo7050 — U (OF — %0'07'0§0)

(S332)
The density matrix Of is given in Eq. (S324). Comparing it to the one-shot mean field Hamiltonian at v = 0
(Eq. (S305)), there are three additional terms, i.e., —Wji007050, —W300700, and —(U;y + 6Us)oo7osp in the three diag-
onal blocks. These three terms come from the Hartree channel terms v Wy, v¢Ws, v¢(Uy +6Uz) of Hy (Eq. (5284))
and Hy (Eq. (S279)) and only shift the energies of the three blocks. Without the energy shift and the couplings (v, v".)
between ¢- and f-electrobs, the c¢-bands (the first two blocks) would have a quadratic touching at zero energy and the
f-levels (the third block) have energies +U; /2, as illustrated by the red bands in Fig. 3(a) in the main text. Using
the parameters obtained at wo/w; = 0.8 (Table S6), the average energy shift of the c-electron bands (the first two
blocks) is —(W7 + W3)/2 &~ —47meV, and the energy shift of the f-electron bands is —(U; + 6Us) &~ —72meV. Thus,
the relative energy shift of f-electrons with respect to c-electrons is given by 0FE =~ (=72 4+ 47)meV ~ —25meV and
is approximately —U; /2 & 29meV. That means, if we turn off the hybridizations, the upper branch of the f-electron
levels will be shifted to the quadratic touching point of the c-electrons, as shown by the red bands in Fig. 3(b) in
the main text. Turning on the hybridizations will gap out the quadratic touching point, then the upper branch of
f-electron bands form an isolated set of flat bands.
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2. Fillingv = -2
We consider the parent wave function of valley polarized (VP) state at v = —2 as

IVPE="2) = [ [ fhsr fleo s [FS) (S333)
R

where |FS) is the Fermi sea state of the conduction bands at the charge neutrality point (Eq. (S296)). The parent

wave functions for the IVC and K-IVC states are rotated from [VP5="1) by the chiral-U(4) (Eq. (S92)) and flat-U(4)
(Eq. (S105)) symmetries as

=— —iZ 6 v=— 1 - ;
[IVCy 2) =e 2@mO|VP0 1> = H §(f11;1+7 - ZfllefT)(_ZflTllfT + f1T12+T)|FS> ) (S334)
R
and A )
KAVCE™?) = e 250 VPE™ ) = [ 5 (Fhass + fho ) (= fikat + flray1)IFS) (5335)
R

respectively. Feeding the parent states into the HF loops, we obtain the HF band structures and energies as shown
in Fig. S8 and Table S7, respectively. We find that the K-IVC state has the lowest energy.

We now apply the two rules given in Section S4 C to discuss the one-shot states, i.e., | X7 :72) (X =VP, IVC,
K-IVC), which are Fock states occupying the one-shot HF bands (Fig. S8) to the filling ¥ = —2. The VP and K-IVC
states satisfy the first rule, i.e., two f-electrons tend to occupy a flavor flat-U(4) symmetry. Here the two f-electrons
are ff;l 1t fliw 41 or its flat-U(4) partners. We need to compare the quasi-particle energies of the three states to

determine the ground states. The density matrices given by |[VP="2) are

Tz +TO)<§O +§Z)’ O¢ B 67777’658'06 0° =0, ch =0. (8336)

2 2 ans,a’n’s ans,a’ns’ ans,ans

According to Eq. (S319) and the density matrices, the one-shot HF mean field Hamiltonian spanned by the T'; @ T's
states at k = 0, i.e., H('®2) ig diagonal in the spin index. The spin-up and down blocks are given by

Of = 0'()(

s— J - J
H\(,l;ﬁ@m" n_ —2Ws30079 + Mo,m9 — 500@, H\(,Fpl@m’s H —2Ws30019 + Mo,19 + 5007'0 , (S337)

where the subscript “VP” indicates that the corresponding density matrices are generated by parent VP state. The
lowest two levels at k = 0 of the VP state are
J J

—OWs M-, W M- (S338)

both of which come from the s =1 flavor. (We have making use of J/2 > M.) Applying a flat-U(4) rotation e~ 1550
to the order parameter, we obtain the one-shot HF mean field Hamiltonian spanned by the I'y @ I’y (Eq. (S319)) for
the K-IVC state

5= J o= J
H}(QI?/F(?’ Y = —oWs0070 + Moyro — 2%y HI(&%FCQ’ Y = _aWsoomo + Moymo + 50070 ; (8339)

where the subscript “K-IVC” indicates that the corresponding density matrices are generated by parent VP state.
The lowest two levels at k = 0 of the K-IVC state are

J? J?
—2W;5 — M2+Z7 —2W3 — M2+T’ (S340)

both of which come from the s =1 flavor. Clearly, the K-IVC state, where the Mo, 19 and %ayTy terms in the spin-up
sector anti-commute with each other, has lower quasi-particle energy than the VP state, where the Mo,y and %UOTZ
terms in the spin-up sector commute with each other.

8. Fillingv = -3

We consider the parent wave function of valley polarized (VP) and spin polarized state at v = —3 as

IVPE=%) = [ [ fiss[FS) (S341)
R
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FIG. S9. HF band structures of correlated insulator phases at v = —3. (a), (b) are the one-shot HF band structures of the VP
and K-IVC phases, respectively. (c), (d) are the self-consistent HF band structures of the VP and K-IVC phases, respectively.
The color represents the composition of the energy bands, where yellow corresponds to the local orbitals and blue corresponds to
the conduction bands. We have chosen wo/w1 = 0.8 in the calculation. Other parameters of the single-particle and interaction
hamiltonians are given in Tables S4 and S6.

where |FS) is the Fermi sea state of the conduction bands at the charge neutrality point. The parent wave functions
for the IVC and K-IVC states are rotated from [VP4="%) by the chiral-U(4) (Eq. (S92)) and flat-U(4) (Eq. (S105))

symmetries as

=— —iZ & =— 1 .
VO~ %) = e 590 VPE= %) = [T = (Fhuyy — ke IFS) (S342)
L V2
and A )
[K-IVCE™?) = e 1550 |[VPp=%) = H %(f;ruﬁ + fra_)IFS) (5343)
R

respectively. We can see that [IVCE=?) and [K-IVCH="3) are related by a valley-U(1) rotation, which adds the
factor ¢ to the f-electron (f;w_T) in the valley n = —. (One should notice that, at the filling v = —2, the K-IVC
(Eq. (S335)) and IVC (Eq. (S334)) parent states are not related by a valley-U(1) rotation. If one applies the same
rotation as above, one will obtain [[g %(f;rﬂ_H + fg{Z—T)(fl];,l—T + f;{2+T)|FS>, which is still different from the K-IVC
parent state (Eq. (S335)).) Thus the two states must have the same band structure and the same energy. Hence in
the following we will only discuss the VP and the K-IVC states. Feeding the parent states into the HF loops, we
obtain the HF band structures and energies as shown in Fig. S9 and Table S7, respectively. We find that the VP
state has the lowest energy.

All the one-shot states, i.e., |[X7=3) (X =VP, K-IVC), and self-consistent states, i.e., | X=~3), are Fock states
occupying the HF bands (Fig. S7) up to the filling v = —3. Even though they do not have indirect gaps, they do have
direct gaps at every momentum. Hence Chern numbers are still well defined for the direct gaps. As will be explained
in Section S4 E, all these states have the Chern number C' = 1. It is worth mentioning that the parent states | X =73,
even though lead to one-shot states with nonzero Chern numbers, do not have Chern numbers because they occupy
gapless conduction bands plus one local orbital.

We now apply the two rules given in Section S4 C to discuss the ground states. We need to compare the quasi-particle

energies of the two states to determine the ground states. The density matrices given by |VP5:73> are

O0f = (

O'O"'O'z)(Tz +7'O)(<O+§z) o° T 67717/635’06 o) :0’ ch =0. (8344)

2 2 2 ’ ans,a’n’s ans,a’ns’ ans,ans

According to Eq. (S319) and the density matrices, the one-shot HF mean field Hamiltonian spanned by the T'; & I'y
states at k = 0, i.e., H"®T2) is diagonal in the spin index. The spin-up and down blocks of T'; @ T'; states are given
by

5= J . 5= J
HIFET2o=0 — 3wy 4 Moo, — §dlag([1, —1,-1,-1]),  HEE™ =Y — 3w, 4 Mo, + 500 (S345)

where the subscript “VP” indicates that the input density matrices are generated by the parent VP state. The lowest

level at k = 0 of the VP state is
72
—3W3 — ¢/ M2 + R (S346)
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which comes from the s =1 flavor. Applying a flat-U(4) rotation e~15%20 to the order parameter, we obtain the
one-shot HF mean field Hamiltonian spanned by the I'; @ I's (Eq. (S319)) for the K-IVC state

_ J
H &= — oWy + Mo, + Zay (S347)

H}({F:;(i]%7s=1‘) = 2Ws3 + Moo, + 5

NI

0001
0100
0010
1000

where the subscript “K-IVC” indicates that the input density matrices are generated by the parent K-IVC state. The

lowest level at k = 0 of the K-IVC state is still —3W5—4/M? + ‘]72. Thus the second rule given in Section S4 C cannot

tell us which has lower energy. In fact, the one-shot and self-consistent HF energies of the two states are indeed very
close to each other (Table S7). As discussed in the end of Section S4D 1, the energy difference between the two states
must be contributed by bands at finite k.

E. Chern numbers of the ground states

We first consider the Chern numbers of the insulator ground states at the filling v = 0. Since the Chern numbers are
stable against perturbations, we can simplify the problem by (i) looking at the one-shot mean-field Hamiltonian instead
of the self-consistent mean-field Hamiltonian and (ii) deforming the one-shot mean-field Hamiltonian adiabatically. As
shown in previous subsections, flat-U(4) is a good approximation of the Hamiltonian. Tuning M to zero, which makes
flat-U(4) an exact symmetry of the considered Hamiltonian, will not close the gap of the one-shot VP (2|M — J/2|),
gap of one-shot K-IVC (24/M2 + J2/4), and gaps of their U(4) partner states, provided that M < .J/2. Therefore,
the VP and K-IVC states must have the same Chern number since they are related by flat-U(4) rotation. We rewrite
the kp expansion of the one-shot mean-field Hamiltonian for the VP state (Eq. (S305)) as

MF Alk) S(k)
AP () = ( st B ) (S348)
with
B 0 Vi (k700 + ikyTo02) (o010 + Vi (keouTs + kyoyTo)
A(k) B (v*(krTzUO - Z‘kyTOUz) Moo, — %TZO'O ’ S(k) o 0 ’ (8349)
B = —%UOTZ. Since U; is large, we can integrate out the f-orbital levels to derive a four-by-four Hamiltonian to

describe the low energy bands around k = 0. Applying a second order perturbation theory, or a Schrieffer-Wolf
transformation that decouples f- and c-electrons, we obtain

2 v

2y? 4o, -
H\(,le)(k) ~ AK) + S(k)B~LST (k) = < 7200 + = (kaToow + kyTo0y) (ka0 + Zk‘yTooz)> Se . (S350)

. J
Vi (kyTo00 — thyTo0) Mmoo, — 5T.00

Since the “integrated out” f-orbitals are topologically trivial, there should be no worry about missing topological
bands at higher energies. Without closing the gap, we can continuously change the parameters as 2v2/U — m,
vy, =0, M -0, J/2 - —m with m > 0 such that the Hamiltonian becomes

MCT,00 + Vikz(pT200 — UikyCyToo s (S351)

Here (. are Pauli matrices introduced for the I's (¢, = 1) and the I'y @ I's ({; = —1) subspaces. We can view this
Hamiltonian as four independent gapped Dirac points in the eigenspaces of 7, and o,. To be concrete, we use n = +1
and (—1)*~! (a = 1,2) to represent the eigenvalues of 7, and o, respectively. Then the Dirac Hamiltonian can be
written as

mnCs + vVikaCa — Viky (=1)*71¢,. (S352)

The Chern number contributed by each Dirac point is given by —2n-n - (=1)*"! = —1(—=1)*~1. The total Chern
number is hence zero.

We then consider the Chern numbers of the insulator states at other fillings. We can simplify the problem by
deforming the one-shot mean-field Hamiltonian adiabatically in the sense that the direct gap at each k does not close.
We first let M — 0 to recover the flat-U(4) symmetry. The states do not close their gaps (2|.J/2— M| or \/M? + J?/4)
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in this process because M is small compared to J/2. Thus all the phases related by flat-U(4) rotations must have the
same topology. For a set of flat-U(4) related states, we only need to calculate the Chern number of the simplest one
of them, i.e., the valley, spin, and orbital polarized state. We hence consider the parent wave function

trial) = T [[(Akane)™"FS) | (8353)
R ans
where n4y,s = 1 or 0 are the occupation numbers of the a-th (o = 1,2) f-orbitals in the valley n (= £) and spin s
(=1J) sector. The density matrix and filling of local orbitals are given by
Oins’a/nlsl = 0a,0/0n,n 0,5/ Mans v =—4+ Znans’ v.=0. (S354)

ans

The k-p expansion of the one-shot mean-field Hamiltonian (from Egs. (S81), (S279), (5284), (S290) and (5292)) for
the parent state reads

Vfwl ,U*(k.’L‘UOTZ + ikyUzTO)go YOoTo + 'Ui (kzngz + kya'yTO)gO
H(MF)(k) = e (kzo0T: — ikyo.T0)50 viWs + Mox1o50 — J(o7f — %0'07'0&"0) 0
Yo0T050 + V5 (k20wT: + kyoyTo)s0 0 vi(Ur + 6Uz) — U1(OF — o0m0%0)

(S355)
We further deform the Hamiltonian HM%) (k) adiabatically to simplify the problem. First, we can continuously turn
off the vy W1, vy W3, vyW1(Uy + 6U2) terms without changing the direct gap at k = 0. A simple argument to justify
this process is the following. As mentioned in Section S4 C, for all the fillings the first block (I's representation from
conduction bands) and the third block (I's representation from local orbitals) are at high energies and the levels closest
to the gap are always from the second block (I'y @'y representation from the conduction bands), i.e., vy Ws+ M +.J/2.
In the process of turning off the three terms, the first block and the third block continue to be at high energies and
do not enter the low energy physics around k = 0. This is confirmed by the calculated levels in in the following
(Egs. (S357) and (S358)). Second, we tune v, — 0, M — 0, which is also adiabatic. The deformed Hamiltonian is
diagonal in the sublattice (¢,), valley (7. ), and spin (s,) indices, i.e.,

0 vu(nky +i(=1)"""ky) gl
HMEn:9) (k) x| v, (nky — i(—1)*ky) —J(Nans — 1) 0 . (S8356)
Yy 0 —Ul(nm,s — %)

For nays = 1, given |2t £ /42 + UZ/4| > J/2, the energy levels from low to high are

U, , U2 J U, . U2
s i _Z e STV A B 357
1 AT 2 2 TV (8357)

For naps = 0, the energy levels from low to high are

U, , U I , Ul
L VPt VPt (9358)

We can choose the chemical potential at zero: For nq,s = 1, the f% —/72+ [{—g and —J/2 levels are occupied, while

—% +4/7 + %2 is empty; For ngys = 0, the % —/Y2+ [{—g level is occupied, while the J/2 and % +4/7 + llj—g

levels are empty. The total number of occupied levels (subtracting 12 contributed by c-electrons) equals to vy. Now
we integrate out the third block (local orbitals), as we did in Eq. (S350), to derive an effective Dirac Hamiltonian.
For nqys = 1, there is

272

H(eff,a,n,s) (k) ~ U, ’U*(kzﬂffo + Z‘(fl)ailky’ro) . (8359)
v (kano = i(=1)*""hy) ~3

Tuning % —m, % — —m (m > 0), the above Hamiltonian is adiabatically deformed to m&, +v,nk.&, —v*(—l)o‘*lgy,
Hence the contributed Chern number by this Hamiltonian is —%n(—l)"‘_l. For nay,s = 0, there is

2

off,a,m,s —2r W (kanoo +i(=1)2"1k
HCams) (1) ~ o v (kanoo ’g )" kyTo) ) (S360)
U*(kxnUO Z( 1) ky) +2
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, % — —m (m > 0), the above Hamiltonian is adiabatically deformed to —m&, + vink,&, —
v, (—1)>71¢,. Hence the contributed Chern number by this Hamiltonian is 27(—1)*~!. Therefore, for the parent
state of the form Eq. (S353), the total Chern number contributed by the nqa,ns = 1 and nq,s = 0 flavors is given by

2
Tuning 2Ui1 — m

1 _ 1 _ _
C = Z (_2,'7(_1)& 17’La775 + 57’](—1)& 1(1 - na’r]s)) = - Z’I}(—l)a 177/0”73 . (8361)
ans ans
According to the Cs, representation matrix of the f-orbitals, Df (Cs,) = 3™ (Eq. (S36)), the factor n(—1)"1 is
nothing but the angular momentum of the corresponding f-orbital.
Substituting Eq. (S361) into the VP states at the fillings v = 0, —1, —2, —3, we find their Chern numbers as

Cho=0, Cypoqy=-1, Cyo5=0, Cyo_3=-—1. (S362)

The flat-U(4) related K-IVC and VP+K-IVC states have the same Chern numbers. These results are same as Ref. [5].

S5. More discussions

Insights for the heavy fermion physics from experiments — Our model fits precisely with the experimental
facts of Ref. [34] which writes “The correlated state features an unusual combination of seemingly contradictory
properties, some associated with itinerant electrons - such as the absence of a thermodynamic gap, metallicity and a
Dirac-like compressibility - and others associated with localized moments, such as a large entropy and its disappearance
under a magnetic field.”

Charge-2 excitations — As an example of the improved understanding of the MATBG physics through our
model, as shown in Ref. [6], there is a high-energy “flat-band” charge-2 collective mode upon the ground state at
v =0 (see Fig. 4 of Ref. [6]). Since its energy is about 120meV ~ 2Uj, it is likely that the charge-2 collective mode
is just an excitation of two f-electrons at the same site.

Position-dependence of STM spectrum and Landau level quantization — One key feature of our heavy
fermion model is that the quasi-particle excitation has a minimal band gap at the I'y; point, and the corresponding
wavefunctions are contributed by c-electrons. This feature should be reflected in position dependence of the spectrum:
At an AA-stacking site, the local spectrum (density of states) is mainly contributed by f-electrons and hence should
have strong weight at the large gap (~ U) states but less weight at the minimal gap (~ J) states. On the contrary,
at an AB-stacking site, where c-electron dominates, the local spectrum should have more weight at the minimal gap
(~ J) states. In addition, since c-electrons are more delocalized, their response to magnetic field will be much more
significant than that of f-electrons. As a result, the Landau level (LL) quantization in the presence of a magnetic
field should be easier to be observed at AB-stacking sites.

The position-dependences of local spectrum (density of states) and LLs have been seen in STM experiments, e.g.,
Refs. [25, 28]. Comparing Fig. 1c and Extended Fig. 2a of Ref. [28] one can see that, in the same sample, when the
large gap (~ U) is well developed, there are additional peaks inside the large gap (~ U) at AB-stacking sites but
none at AA-stacking sites. This phenomenon is consistent with the above analysis. Ref. [28] also found that LLs at
AA-stacking sites are harder to resolve than those at AB-stacking sites, which are also consistent the analysis above.
Comparing Fig. 1lc and Fig. 3a of Ref. [25], one can see the same behavior: Spectrum at AB-stacking sites have
additional peaks inside the large gap (~ U). (But Fig. 1c and Fig. 3a of Ref. [25] are from two samples. We did not
find spectra at both AA and AB sites of the same sample in Ref. [25].)

The quasi-particle spectra shown in Fig. 2 of the main text also explain the Landau fans observed in transport
experiments [29-32]. Around integer fillings » > 0 (v < 0), the quasi-particles (quasi-holes) are contributed by
c-electrons and will form Landau levels in the presence of magnetic field, while quasi-holes (quasi-particles) are
contributed by f-electrons and will form Landau levels. Therefore, Landau fans are observed at v =n+4§ (v = —n—9)
forn=0,1,2,3and 0 < § < 1.

Ground states at fillings v = £3 — Transport experiments [11, 12] observed resistivity peaks at the fillings
v = 13, suggesting existence of strongly correlated phases. Then, STM [27, 28] and transport [29-32] experiments
found that a finite magnetic field can stabilize a correlated Chern insulator phase with Chern numbers v = +1 at
v = £3. These experiments suggest that the Chern insulator phase is at least a metastable state slightly above the
actual ground state.

A perturbation [5] and an ED calculation [105] by some of the authors found that the ground states at v = +3
would be correlated Chern insulator with Chern number 41 if the so-called flat-metric-condition is imposed to the
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model. These results are also consistent analysis in Ref. [2]. However, with realistic parameters, there is no indirect
gap between the quasi-hole and electron bands - even though there is a direct gap at each momentum [6]. Thus, with
realistic parameters, the correlated Chern insulator phase becomes unstable [6]. The gapless spectrum obtained in
the current work Fig. S9 is fully consistent with the results in Refs. [6, 105].

DMRG studies [75, 76] found that, using realistic parameters, gapless Cs,T-symmetric nematic or gapped Cy,T-
symmetric stripe states may have lower energies than the Chern insulator states at ¥ = +3. They may provide an
explaination to the absence of Chern insulator at zero magnetic field. We leave HF calculations of such states for
future studies.
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