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Magnetic-Field Dependence of the Bound State
Due to the s-d Exchange Interaction
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On the basis of the theory developed by Yosida, Okiji and Yoshimori on the singlet ground
state of a system of conduction electrons and a localized spin coupled with an antiferromagnetic
exchange interaction, the magnetic-field dependence of the ground state is investigated: in
logarithmic accuracy by collecting the most divergent terms in the integration kernel. The
correctness of a previous result for the susceptibility obtained by an iteration method is
confirmed in the weak coupling limit, and it is further concluded that in this limit the bound
state does not disappear at a finite value of magnetic field, but approaches the normal state
asymptotically at high field.

§ 1. Introduction

It has been shown by Yosida® that the ground state is a singlet collective
bound state in a system of conduction electrons and a localized spin coupled
with an antiferromagnetic s-d exchange interaction. Since then, theories have

-9  Among these, Yoshimori® has
g

been developed on the basis of this work.
recently succeeded in deriving a closed form of solution for the singlet bound
state by collecting the most divergent terms in the kernel of the secular integral
“equation. Further, by the use of this method, calculations have been made of
such quantities as the normalization integral of the wave function, the kinetic
energy and the charge density and more conclusive results of a series of work
are derived.”

In a previous paper,” as a part of a series of the work, we have calculated
by the iteration method the magnetic susceptibility of the singlet bound state
at 0°K and obtained xz/|E| for the susceptibility, where E denotes its binding
energy. It was shown that this result does hold at any stage of approximation.
However, as the calculation was restricted in that paper to a weak field, it was

impossible to elucidate the behavior of the localized spin in high field. In high

field the situation is considered qualitatively as follows. The singlet bound state,

which is stable in the absence of the field and at 0°K, will decrease its binding
energy as field is increased, because field makes a spin-flip process due to the
exchange interaction difficult. In this paper, using the method of collecting the

5),6)

most divergent terms in the integration kernel, we derive an expression for

the binding energy as a function of the applied field, which is valid up to a
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202 : H. Ishii

high field compared with the binding energy in the absence of the field. It is
also’ shown that the expression previously obtained for the susceptibility is correct
in the weak coupling limit.
§ 2. Calculation
We consider the system described by the following Hamiltonian:
ﬂ( = Zk,,eka;:,a;ﬂg + ZASZ

- ‘2—}%2%' [(@iram — aibyar) Se+ adranS_ + abanS. ], @)

Wheré »

and the other notations are the usual ones.” Although we consider the Zeeman

energy only for the localized spin, the result for the anomalous part of the

magnetization does not change for the case in which the conduction electrons
also interact with a magnetic field, as discussed in the previous paper.”

The ground state wave function is constructed as follows:"

o= 2w aifia+ I’ auB3)
+ Zklkzk?; (F ﬁ”zksaljila’?;laksla =+ I, "ﬁ%zkaaﬁTa’?;?aksTB
+ Il p,aiaipans o + Dk p,aisaiyan, )

+...](/,v, (3)

where « and 8, respectively, denote the spin-up and spin-down state of the
localized spin (S=%), and ¢, denotes the Fermi state. From the Schrédinger
equation, we obtain an infinite chain of the simultaneous equations for %, I,

Eliminating T,clkzka and also higher order terms from these equations, we
finally obtain the following integral equation for I* and I”:

]—';c (Ek E‘{"A)“ —'Zl<rla_2r1/3>
_(iya [ ) o1’ ]
. s,c+'el~ez—ff+.4 sk+el~ezwf5*d

<““—> Zl 2, 3[ 1 2 ~< I 2F3i -
%+q—% E+4 \ep+e;—e,—E+ 4

L reeery | Te-edeld or,
eot e —es—E+4  etes—e—E+d  ete—e—E—4
erf Al +2rL 4 )
Ept & —8&— E A & +ée— E_A
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. 2 < 21 n 4
ek+,el—ez—Ev—A €]c+€3_52—E+A erte—&—E+4

i Is° _ n I? _ i 273“—]"£ >]
eetes—6—E—4  ete—e—E—4 g te—e—E—4

4y (4a)

]-'kﬂ (SE~E~ A) = ...,‘ (4b>

where E which is defined by E=E—4E represents a singular part of E® AE
consists of a regular part which is the energy shift of the normal state at 4=0
and correction terms which depend on E and 4, but the latter correction terms
are smaller than —E by the order pJ/4N, as discussed in reference 4), and thus

they can be neglected. + sign in +¢; in the denominators is for an electron

state and — sign for a hole state, respectively. Equation (4b) for I';? is obtained
by the following replacement:

a<p, 4o —4, (5)

in Eq. (4a). We consider the case, —E>4>0, so that each energy denominator

of the summands is always positive. Assuming the constant density of states p
for |e|<<D, (2D is the band width) and expanding the integrands in 4, we obtain
the following integral equations which correspond to Eq. (2) of reference 5),

D

c—FE+ DT = ( >Sdel[2fﬂ(el) (e ]

ete,—Fk

. 07 {log2;:+811)—E +2log SHA=E log (14—

-+ <4p]¢§> OS dw]ﬁ“(el) [{log¥ +log (1—{—— 4 ;)}

N et+e—L

pJ>2{ sete—E - < 4 )}
+<__ logt S8 =8 4 g ete= (1, 4

N/ 1% b S - N S

+.."]

J ete—E A
+2<0 Sdll“ﬂ e Hzl etea—k (1—__—#? }
4N>0 alm (@] 2l =3 o8 (e+sl—E)2>

+£{{210 2£i€1_]i+21 gf_til_i_lilog@#_dﬁN_)}
N D D (e+e,—Ey/)

oJ {21 s £+& E s e+e—E < A >}
Tl gpgr BT log(1—— 4
(N) o8 D o8 D o8 (e+¢e—E)

+...], ’ | ‘ ' (6a) |
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(e~ E—DI?(e) =, (6b)

where we retain only the logarithmic terms of the highest order for both terms
dependent on and independent of 4 explicitly under the condition

1> log <1j:——4E~> .

We find that the terms depending on 4 explicitly are of next order in logarithmic
divergence in comparison with 4-independent ones. In the integration kernels of
Egs. (6a,b), we calculate only the first three terms of the series, but it is natural
to assume a posteriori the n-th order terms in these equations.®

log — (7

Following Yoshimori’s method,” we sum up these series and introduce the
functions G,(¢) and Gg(e) defined by

& . &

G =(reyae, G ©={rea; ®

0 0

then Eqs. (6a,b) can be written down in logarithmic accuracy, as

<s—E+A>—G =22 0J 2 [26,(D) - Ga(D)]

D ~
_(0J 2Sd G 1 [1_ 0J §1—E}“2
<4N>6 & a(§1)81_Ev+A N 0g D |
J 1 1 o | e—E1
2(”>§@’G (gt et TR
P52 e vy iy Ry N %D
(9a)
~ d _
(e—E—4)—Gg(e) ="--. ‘ (9b)
de '

Since Eq. (9b) is obtained by the replacement (5) applied to Eq. (9a) as before,
we find the relation -

G.(e, 4) =+Gy(e, —4). v - (10)
Differentiating Eq. (9a) and using Eq. (10), we obtain the following differential
e(juation' ‘

<1+ AE>[(5—E -2

8_

E A) 7(;,3 (E A)

de*
() ) e A>] (22) (122108 52 E) "6, .
(11)

At 4=0, Eq. (11) has two singlet solutions of the form 7[1 — (0J/N)log (e—E) /D]’

* It will be seen from Eq. (18) that these series are convergent for any & and é&;.
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with y=4%, + for — sign on the right-hand side of Eq. (11) and two triplet
solutions with y=%§, —% for + sign.? We solve Eq. (11) for the deviations
from these solutions of 4=0 so as to be correct in the hlghest order of the

logarithm; for example for y=%, we put

T\ 34
: E) Sh(e d), k(e 0)=0,

G, 4) :<1_7\f

and the equation for A(e, 4) reduces to

30 A ( oJ s—FZ)—w*)
e—E—4 h g, 4 +*h 4) =" (1P Jog —~— ,
( ) (e, 4) & D=1y B v log = |
and this can easily be solved in logarithmic accuracy. Obtained solutions can
be written as '
J . e—EN" _oJ oJ e—E\! ' 4

Gute D=1 g Y 09 (0 e Yy

ule 4 N % p ) TNV N®TD ) VT E

(12)

where y=%, + for — sign on the right-hand side of Eq. (11) and y=%, —1 for |

+ sign. General solution for G, and Ggz is composed by using these:

G, 4) = — AyGy(e, —4) —A,Gi (e, —4) + AsGs (e, —d) + A G (e, —4),
: : (13a)

Gg(e, 4) = AsGy (e, 4) + AGi (e, 4) +AsGs (e, 4) + A_G_, (e, 4). (13b)

The 4-dependent coefficients Ay are fixed by the boundary conditions of =0
and D as follows: Substituting Egs. (13a, b) into Egs. (9a, b) and putting e¢=D,
we easily obtain

A=A;=0. (14)
Ay and A, are determined by Egs. (8) with e=0 as

T\ 34 -1/
o:As[(l_.ﬁilog E,) _3&1(1 0 Jog E)“log@bgﬂ

N D AN N D .y
J —EN-" oJ oJ —E\-o 4
+A~[<1 o7 ) s ( — 0 10g —E) <1»_ﬁﬂ,
VTN %D iINVT N %D BT E
' (15a)
J [ —E\" oJ oJ —E\- 4
0= — 4 (12 10g =) 5 07 (10T 1og —E) V1o (14 4 Y]
W N D) TV TN % p) BV TR
2 J, —E\N oJ(, o,  —E\ 4
AL (1= 07 1o =E) " 0 (107 1o =BY (14 4 )
=+ 1 ( N og D +4N 1 N log D > log(1-+ —E>
(15b)

*) Although there is another inhomogeneous term proportional to (pJ/N)? in this equation, the
contribution from this to the solution can be neglected by the condition (7).
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By the condition that Eqgs. (15a,b) have a non-trivial solution, we obtain within
logarithmic accuracy

J _F\ne J VJ —FE\-2 A
=B g E) gl 8)

< N %D NV TN 2D TR (16

or ’ | '
le Eo) QJ <1_ le _:@>_l/2 E
(-6 e A Y
J (1 o | —E\” 4 |
~ 1= tos ) s (1= 51 4

where E, is’ the binding energy of 4=0 for J<O,5)’6) :
E,=—D exp[N/pJ].
Comparmg the coefficients of pJ/N in Eq. (17), we obtam the result
— (Ei 4+ ', ‘ _ (18)

As the ratio of A; and A_, is determined by Eq. (18), the wave functlons I (e)
and I'?(g) are expressed as

" 1 o0J e—E ]—1/4
() =—A- ﬁN[l — O Jog ST 20 19
© e—E+4 N % D (19a)
1 oJ e— B, -
e A-—f¥[1 — e AJ , 19b
©= —E—4 N % D . _ (19b)

where A is the normalization constant. From Eq. (18), we obtain the magnitude
of the localized spin induced by the magnetic field as
dE _1 4

Sp=——""="-

. 2
a4 2 (B + 47 (20)

After subtracting the Zeeman energy of the induced locahzed moment {S,> from
E we obtain the effective bmdmg energy E; as
_ B
(E’02_[_Az>1/2 ’
d-dependences of <{S,> and E, given by Egs. (20) and (21) are shown in Figs. 1
and 2, respectively. The susceptibility at weak field is obtained by Eq. (20):

E,=— (21)

2
X:—l'*‘<}'gﬂ3> > (22)
2 C ‘
and this is just the same expression as that derived in the previous paper.?

So far the calculations have been carried out under the condition of (7),
1>log (1+ 4/E) /log(—E/D). Considering Eq. (18), we find that the right-hand
side of this expression has the order of pJ/N at 4" = |E,| and the order of unity

220z 1snbny oz uo1sanb Aq 1.Z19/81/102/2/0f/e1onie/did/woo dnoolwspede)/:sdyy wolp papeojumoq



. Magnetic-Field Dependence of the Bound State

207
{(S» IA
o9~ ;- o2 3 4k
¥
/
/
/
/
-y
y/
Es
‘ | ! i
0 | 2 34 o
£ Eo

Fig. 1. The magnitude of the localized spin

induced by the magnetic field.

tion of the applied field.

Fig. 2. The effective binding energy as a func-

for 47 =D exp[2N/30J], where the present calculation is useless. In the weak
coupling limit, 47/4” tends to infinity and, therefore, our result is valid even for
high field compared with the binding energy at 4=0..

§3. Summary and conclusions

In this paper we have obtained the binding energy of the ground state which
is a singlet state at H=0 for J<0 as a function of the applied field in the weak
coupling limit by collecting the most divergent terms both for field-dependent
and field-independent terms. The obtained field-dependence of the binding energy
is expressed by the hyperbola, E*=E?+ 4. It will be shown in the Appendix
that this expression is also obtained in each stage of'approximation of iteration
if one uses the value of E, in its approximation. Thus it can be said that a
qualitative feature of the magnetic-field dependence of the system is already in-
cluded correctly even in the zeroth approximation as discussed in reference 6).
Thus, the result for the susceptibility obtained by iteration method in the previous
paper is confirmed. From the expression for the energy we obtained the induced
localized moment. As field is increased beyond the zero-field value of the bind-
ing energy, the localized spin is still quenched partially and asymptotically ap-b
proaches the unquenched value, one half, at high field. The effective binding
energy which is obtained by subtracting the Zeeman energy of the induced localized
spin from the energy E approaches zero gradually as the field is increased. That
is, within the weak coupling limit, it is concluded that the bound state does not

disappear at a finite value of magnetic field, but approaches the ‘normal’ state

asymptotically.
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According to the usual perturbation theory in the presence of the field at
0°K,” the magnitude of the localized spin is expressed by the geometric series
(in our notation)

od {oJ 2A <pJ ZA> <pJ 24) H
S = S[1+2N{Nl D N1 D B N1 p) T
 which is convergent for 4 well above 4,= (D/2)exp[N/pJ], but diverges below
4, for the antiferromagnetic exchange interaction J<C0. It can be shown that
since the energy of the normal state is higher than that of the bound state at
high field 4>4, in which the above series is convergent, the bound state is
always stable.

Recently, Nam and Woo” have calculated the binding energy of the present
system on the basis of the zeroth approximation of our treatment, neglecting the
effect of electron-hole pairs. Their binding energy of the zero-field case is, there-
fore, given by —D exp[4N/3pJ] instead of our binding energy — D exp[N/pJ].
Moreover, in their calculation there is an error; the last term in Eq. (4) of their
paper, ++aa, fi [ should be corrected as —iaza, fif,- This error makes their
conclusion incorrect, particularly at high field; the right-hand side of the fourth
equation of (7) of their paper, (40 —30%) /(2—110+60%), should be corrected as
(40 —30%) /(2—30). After this error is corrected, the secular equation becomes
‘identical to the zeroth approximation of Eq. (24) given in the previous paper.”
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Appendix

In this Appendix we shall show that the same result as Eq. (18) is obtained
at each stage of the approximation of the iteration method. In the previous
paper the energy eigen-value is determined, in so far as the logarithmic terms
of the highest order are retained, by the secular equation,

- F(z, y) =0, (A1)
where F(x, y) is the symmetric polynomial of x énd-y,

(A-2)
AN D 4N D

Though we derived the susceptibility from Eq. (A-1) on the assumption of an
infinitesimal field, Eq. (A-1) can also be solved so as to be valid for a finite
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field by retaining the most divergent terms for the field-dependent as well as for
the field-independent terms as in the text. We divide x and v in Eq. (A-2)
into three terms in the following way:

er E0 E < 4 >]
+log = +1 —21,
I_ og Eo + log 7
Il —F B 4 (A-3)
—0J [1 B LIS IS <1+7~>}
y AN og D og ol og & >

where E, is the energy in the absence of the field at each stage of approximation.
The second and third terms on the right-hand side of (A-3) are of the next
order compared with the first by the condition (7). Expanding F'(x, y) about
x=y=zxy="(0J/4N)log(—E,/D) and using the fact that F(xy, 2,) =0 and
(d/dxo) F(xy, 2,) 70, we obtained the result BE=E+ 1.
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