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On the basis of the theory developed by Y osida, Okiji and Y oshimori on the singlet ground 
state of a system of conduction eleCtrons and a localized spin coupled with an antiferromagnetic 
exchange interaction, the magnetic-field dependence of the ground state is investigated· in 
logarithmic accuracy by collecting the most divergent terms in the integration kernel. The 
correctness of a previous result for the susceptibility obtained by an iteration method is 
confirmed in the weak coupling limit, and it is further concluded that in this limit the bound 
state does not disappear at a finite value of magnetic field, but approaches the normal state 
asymptotically at high field. 

§ 1. Introduction 

It has been shown by Yosida1
) that the ground state is a singlet collective 

bound state in a system of conduction electrons an"d a localized spin coupled 

with an antiferromagnetic s-d exchange interaction. Since then, theories have 
been developed on the basis of this work.2

)-6) Among these, Yoshimori5) has 

recently succeeded in deriving a closed form ot solution for the singlet bound 

state by collecting the most divergent terms in the kernel of the secular integral 

equation. Further, by the use of this method, calculations have been made of 

such quantities as the normalization integral of the wave function, the kinetic 

energy and the charge density and more conclusive results of a series of work 

are derived.6) 

In a previous paper/) as a part of a series of the work, we have calculated 

by the iteration method the magnetic susceptibility of the singlet bound state 

at OaK and obtained ,uB
2/IEI for the susceptibility, where E denotes its binding 

energy. It was shown that this result does hold at any stage of approximation. 

However, as the calculation was restricted in that paper to a weak field, it was 

impossible to elucidate the behavior of the localized spin in high field. In high 

field the situation is considered qualitatively as follows. The singlet bound state, 
which is stable in the absence of the field and at OaK, will decrease its binding 

energy as field is increased, because field makes a spin-flip process due to the 

exchange interaction difficult. In this paper, using the method of collecting the 
most divergent terms in the integration kernel,5),6) we derive an expression for 

the binding energy as a function of the applied field, which is valid up to a 
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high field compared with the binding energy In the absence of the field. It is 

also' shown that the expression previously obtained lor the susceptibility is correct 
in the weak coupling limit. 

§ 2. Calculation' 

We consider the system described by the following Hamiltonian: 

c1-£ = ~k0"8katO"ak!'- + 2,dSz 

where 

- L ~kk' [- (at'1'ak"t - at, ~ak.j.) Sz + a,hak.j.S - + at, .j.ak1'S + ] , 
2N 

(1) 

(2) 

and the other notations are the usual ones.4
) Although we consider the Zeeman 

energy only for the localized spin, the result for the anomalous part of the 

magnetization does not change for the case in which the conduction electrons 

also interact with a magnetic field, ,as discussed in the previous paper.4
) 

The ground state wave function is constructed as follows :1) 

(3) 

where a and{3, respectively, denote the spin-up and spin-down state of the 

localized spin (S = t), and <Pv denotes the Fermi state. From the Schrodinger 

equation, we obtain an infinite chain of the simultaneous equations for T k , Tklk2k 3' 

EliminatingTlcllc2lca and also higher order terms from these equations, we 
finally obtain the following integral equation for Tlca and T/: 

+ (_!_) 3 ~1 2 3 [_ .. __ . ___ ~_~ ____ ( Ta a - 2T ~ 
4N "81c + 8 1 - 8 2 - E + ,d 81c + 83 - 8 2 - E + Ll 

T 1a_2T/ +. T 1a_2T3a+ 2T/ + 2T/ 
8k + 81 - 83 - it + Ll~: + 83 ~ 8 2 - it + Ll- 81c + 83 - 8 2 - it - Ll 

" 2T/ 4T1
a+2T/-4T/) + -~- ---- ---;,v--- + -------.. -~ -----

8;\: + 81 - 83 - E - Ll 81 + 83 - 82 - E - Ll 
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+"', 
r/(e/c-E-Ll) = "', 
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(4a) 

(4b) 

where E which is defined by.E = E - LlE represents a singular part of E.3) LlE 
consists of a regular part which is the energy shift of the normal state at Ll = ° 
and correction terms which depend on E· and Ll, but the latter correction terms 

are smaller than -E by the order pJ/4N, as discussed in reference 4), and thus 

they can be neglected. + sign in ± ei in the denominators is for an electron 
state and - sign for a hole state, respectively. Equation (4b) for r/ is obtained 

by the following replacement: 

Ll~ - Ll , (5) 

III Eq. (4a) .. We consider the case, - E>Ll>O, so that each energy denominator 

of the summands is always posItIve. Assuming the constant density of states p 
for lei <D, (2D is the band width) and expanding the integrands in Ll, we obtain 

the following integral equations which correspond to Eq. (2) of reference 5), 

D 

(e-E+Ll)ra(e)= (:t) ~ ds 1 [2ri3 (el) -ra(el)] 
o 

+ ... J 

+ ... J (6a) 
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(e - E - J) r f3 (e) = ... , (6b) 

where we retain only the logarithmic terms of the highest order for both terms 

dependent on and independent of J explicitly under the condition 

Ilog -;E 1 > 1 log (l± ! E ) I· (7) 

We find that the terms depending on Jexplicitly are of next order in logarithmic 
divergence in comparison with J-independent ones. In the integration kernels of 

Eqs. (6a, b), we calculate only the first three terms of the series, but it is natural 
to assume a posteriori the n-th order terms in these equations.*) 

Following Yoshimori's method,5) we sum up these series and introduce the 

functions G a (e) and G f3 (e) defined by 
'Ii Ii 

Ga(e) = ~ ra(el) del , Gf3(e) = ~ r f3 (el) del ; 
o o 

then Eqs. (6a, b) can be written down in logarithmic accuracy, as 

(e - E + J) ~Ga (e) = pJ [2G p (D). - Ga (D) ] 
de 4N 

(e-E-11)~Gf3(e) = .... 
de 

(8) 

(9b) 

Since Eq. (9b) is obtained by the replacement (5) applied to Eq. (9a) as before, 

we find the relation 
(10) 

Differentiating Eq. (9a) and using Eq. (10), we obtain the following differential 

equation: 

( PJ)2( - pJ e-E)-2 ] (PJ)2( pJ e-E)-2 - 4N 1 - Nlog-~ Gf3(e,11) =±4 4N 1- Nlog~ Gf3(e, -11). 

(11) 

At 11 = 0, Eq. (11) has two singlet solutions of the form [1- (pJ / N) log (e - E) / Dr 

*) It will be seen from Eq. (18) that these series are convergent for any E and Cl. 
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with y = t, t for -. sign on the right-hand side of Eq. (11) and two triplet 

solutions with r=-i, -t for + sign.o) We solve Eq. (11) for the deviations 
from these solutions of L1 = 0 so as to be correct in the highest order of the 
logarithm; for example for y = t, we put 

( 
J e_E)S/4 

. G (e, Ll) = 1- ~ log ---v- + h (e, Ll), h(e,O)=O, 

and the equation for h (e, Ll) reduces to 

,...., d 2 d 3pJ Ll ( pJ e - E) -1/4*) 
(e-E-Ll) d.e2 h(e, Ll) + de h(e, Ll) = 4N -(~_E)2~ 1- N log-i) , 

and this can easily be solved in logarithmic accuracy. Obtained solutions can 
be written as 

( 
pJ. e - E ) r pJ ( pJ e - E ) r -1 (. Ll) G 4r (e, Ll)- l--log--- -y- l--log-. - log 1---,....,- , 
N D N N D e-E 

(12) 

where y=t, t for - sign on the right-hand side of Eq. (11) and y=£, -t for 
+ sign. General solution for Ga and G(3 is composed by using these: 

Ga(e, Ll) = -AlsGs(e, -Ll) -A1G1(e, -Ll) +AoG 5 (e, -Ll) +A_1G-1(e, -Ll), 
(13a) 

G(3(e, Ll) = AsGs(e, Ll) +A1G 1(e, Ll) +A5G5(e, Ll) +A_1G-1(e, Ll). (13b) 

The Ll-dependent coefficients A 4r are fixed by the boundary conditions of e = 0 

and D as follows: Substituting Eqs. (13a, b) into Eqs. (9a, b) and putting e =D, 
we easily obtain 

Al=A5=0. (14) 

As and A-I are determined by Eqs. (8) with e = 0 as 

_ [( pJ - E)S/4 pJ ( pJ - E) -1/4 ( Ll .)] O-As 1--
N 

logD -3
4N 

1-N logn- log l--~E 

[( 
pJ _E)-1/4 pJ ( pJ _E)-5/4 ( Ll)] 

+A-l 1- N log-n + 4N 1- N 10gD log 1- -E ' 

(15a) 

O=-A.[(l- ~Jog~lfr-3:~(1- ~ log ~Er/'log(1+ !If)] 
'. [( pJ _E)-1/4 pJ ( pJ _E)-5/4 ( Ll)] +A-l l--log~- +- l--log-- log 1+--=- . 

'N D 4N N D -E 

(15b) 

*) Although there is another inhomogeneous term proportional to (pJ/N)2 in this equation, the 
contribution from this to the solution can be neglected by the condition (7). 
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By the condition that Eqs. (ISa, b) have a non-trivial solution, we obtain within 
logarithmic accuracy 

( 
pJ - E) 1/2 _ pJ ( pJ - E) -1/2 ( Ll2 ) 1--log-- -- 1--log---- log I---=-
N D 4N N D . E 2 ' 

or 

(
1 - pJ log - Eo ) 1/2 _ pJ (1 _ pJ log _= Eo) -1/2 log' ! 

N D 2N N D· Eo 

. pJ ( pJ - E ) -1/2 ( Ll2 ) 
= 4N I--

N 
log--D~ log I-If} , 

where Eo IS the, binding energy of LI = 0 for J<0,5),6) 

Eo= -D exp[N/pJ]. 

Comparing the coefficients of pJ / N in Eq. (17), we obtain the result 

E = - (Eo 2 + Ll2y/2. 

(16) 

(17) 

(18) 

As 'the ratio of Ag and A-I is determined by Eq. (18), the wave functions r a (8) 
and r fJ (c) are expressed as 

a_I [ pJ 8 - Eo ] -1/4 r (8) - -AS-=E+ LI I-N 10g~D-- , (19a) 

1 [ pJ 8 - E ] -1/4 rfJ(8) =A---=- 1-··---log---~ , 
8-E-LI N D 

(19b) 

where A is the normalization constant. From Eq. (18), we obtain the magnitude 

of the localized spin induced by the magnetic field as 

<s = _ dE = ~ 'LI 
z) dLl' 2 (E02 + Ll2y/2 (20) 

After subtracting the' Zeeman ,energy of the induced localized moment <Sz) from 

E, we obtain the effective binding energy Eo as 

(21) 

LI-dependences of <Sz) and Eo given by Eqs. (20) and (21) are shown in Figs. 1 
and 2, respectively. The susceptibility at weak field is obtained by Eq. (20): 

(22) 

and this i's just the same expression as that derived m the previous paper.4) 

So far the calculations have been carried out under the condition of (7), 

l~log(I+LI/E)/log(-E/D). Considering Eq. (18), we find that the right-hand 
side of this expression has the order of pJ / N at LI' = I Eo I and the order of unity 
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Fig. 1. The magnitude of the localized spin 
ind uced by the magnetic field. 

Fig. 2. The effective binding energy as a func
tion of the applied field. 

for J" = D exp [2N/3pJ] , where the present calculation 'is useless. In the weak 

coupling limit, J" / J' tends to infinity and, therefore, our result is valid even for 

high field compared with the binding energy at J = o. 

§ 3. Summary and conclusions 

In this paper we have obtained the binding energy of the ground state which 

is a singlet state at H = 0 for J < 0 as a function of the applied field in the weak 

coupling limit by collecting the most divergent terms both. for field-dependent 
and field-independent terms. .The obtained field-dependence of the binding energy 

is expressed by the hyperbola, E2 = E02 + J 2
• It will be shown in the Appendix 

that this expression is also obtained in each stage of approximation of iteration 

if one uses the value of Eo in its approximation. Thus it can be said that a 

qualitative feature of the magnetic-field dependence of the system is already in

cluded correctly even in the zeroth approximation as discussed in reference 6). 
Thus, the result for the susceptibility obtained by' iteration method in the previous 

paper is confirmed. From the expression for the energy we obtained the induced 
localized moment. As field -is increased beyond the zero-field value of the bind

ing energy, the localized spin is still quenched partially and asymptotically ap

proaches the unquenched value, one half, at high field. The effective binding 
energy which is obtained by subtracting the Zeeman energy of the induced localized 
spin from the energy E approaches zero gradually as the field is increased. That 
is, within the weak coupling limit, it is concluded that the bound state does not 
disappear at a finite value. of magnetic field, but approaches the 'normal' state 
asym ptotically. 
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208 H. Ishii 

According to the usual perturbation theory 111 the presence of the field at 
OOK,7) the magnitude of the localized spin is expressed by the geometric series 
(in our notation) 

<S)=S 1+-- --log-+ --log- + -log- + ... [ 
pJ { pJ 2L1 ( pJ 2L1) 2 ( pJ 2L1 ) 3 } ] 

z 2N N D N D N D ' 

which is convergent for LI well above LIe = (D /2) exp [N/ pJ], but diverges below 
LIe for the antiferromagnetic exchange interaction J<O. It can be shown that 
since the energy of the normal state is higher than that of the bound state at 

high field LI> LIe in which the above series is convergent, the bound state is 
always stable. 

Recently, Nam and W 00
8

) have calculated the binding energy of the present 

system on the basis of the zeroth approximation of our treatment, neglecting the 
effect of electron-hole pairs. Their binding energy of the zero-field case is, there
fore, given by - D exp [4N/3pJ] instead of our binding energy - D exp [N/ pJ]. 
Moreover, in their calc~lation there is an error; the last term in Eq. (4) of their 

paper, + iaIGaq fIG f q, should be corrected as - iaIGaq fIG fq. This error makes their 
conclusion incorrect, particularly at high field; the right-hand side of the fourth 

equation of (7) of their paper, (40' - 30'2) / (2 -110' + 6(J2) , should be corrected as 

(40' - 30'2) / (2 - 30'). After this error is corrected, the secular equation becom~s 
identical to the zeroth approximation of Eq. (24) given in the previous paper.4

) 

Acknowledgments' 

The author would like to express his sincere thanks to Professor K. Yosida 

for suggesting the present problem and to him and also Professor A. Y oshimori 

for their kind guidance throughout the course of this work. Thanks are also 
due to Dr. A. Okiji and Dr. A. Sakurai for valuable discussions. 

Appendix 

In this Appendix we shall show that the same result as Eq. (18) is obtained 

at each stage of the approximation of the iteration method. In the previous 
paper the energy eigen-value is determined, in so far as the logarithmic terms 

of the highest order are retained, by the secular equation, 

F(x, y) =0, (A·l) 

where F(x, y) IS the symmetric polynomial of x and y, 

_ pJ -E+LI 
x - 4N log --D--' 

pJ -E-LI 
y=-log 

4N D 
(A·2) 

Though we derived the susceptibility from Eq. (A ·1) on the assumption of an 
infinitesimal field, Eq. (A ·1) can also be solved so as to be valid for a finite 
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Magnetic-Field Dependence of the Bound State 209 

field by retaining the most divergent terms for the field-dependent as well as for 
the field-independent terms as in the text. We divide x and y in Eq. (A· 2) 
into three terms in the following way: 

pJ I - Eo E (L/ ) J x = - LIOg --+ log --=- + log 1 ---=--
4N D Eo . E ' 

pJ [ - Eo E (L/ ) J y=- log--+log-=--+ log 1 +~-
4N D Eo E' 

(A·3) 

where Eo IS the energy in the absence of the field at each stage of approximation. 

The second and third term.s on the right-hand side of (A· 3) are of the next 
order compared with the first by the condition (7). Expanding F(x, y) about 

x=y=xo==(pJj4N)log(-EojD) and using the fact that F(xo, xo) =0 and 

(dj dxo) F(xo, xo) +0, we obtained the result E2 = E02 + L/2. 
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