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Recent two publications by Y osida and Y oshimori have clarified the detailed electronic 

structure of the singlet collective bound state developed so far by them and by Okiji. In this 

paper, by means of their method, the magnetic-field dependence of the local electronic struc­

ture of the ground state is investigated. In particular, it is shown that the z-component of 

the spin correlation which sticks around the impurity remains unchanged even in the limit 

of increasing field. From this calculation, an expression for the magnetoresistance is inferred 

with the aid of the Friedel sum rule : 

1t .d 
R(.d)=Rocos22- (Eo2+.J2)t/2 ' 

where E0 denotes the binding energy of the singlet state and .J the Zeeman energy of the 

free spin. It is to be noticed that this has no logarithmic field dependence. It is further 

shown that the relation <a')= (pJ/2N) <Sz) holds generally between the spin polarization of the 

conduction electrons and the induced localized spin. 

~ I. Introduction 

Since Yosida1
l has shown by the generalized perturbation method that the 

singlet collective bound state is realized as the ground state of the system con­

sisting of conduction electrons and a localized spin which are coupled with an 

antiferromagnetic s-d exchange interaction, theories2
l"'

9
) have been developed 

on the basis of this work and many properties of this singlet bound state have 

been clarified. 

Among these, Y oshimori and Y osida7
l (hereafter referred to as I) revealed 

partially the local electronic structure of the singlet bound state by calculating 

the charge density and the spin correlation density at the impurity site. Accord­

mg to this, the charge density at the impurity site which is finite at the start­

ing approximation of the generalized perturbation theory completely vanishes in 

the final stage. This fact indicates that the bound state is not of the charge 

density but of the spin correlation density. Moreover, the recent work of Yosida 

and Y oshimori9
l (hereafter referred to as II) has completely proved the physical 

picture of the singlet bound state as has been drawn in I by calculating the total 

charge <mq. th~ total spin correlation accumulated qf0\1119. the localized spin. 
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Magnetic-Field Dej;endence of the Local Electronic Structure 579 

That is, one of the two components of the singlet bound state is composed by 

the up-spin state of the localized spin and down-spin cloud made of half an elec­

tron with down-spin and half a hole with up-spin which are both trapped around 

the impurity, and the other component is the one obtained from the former by 

the reverse of all spin directions. The anomalous binding energy E is under­

stood as a consequence of the formation of such a bound state. From the con­

sideration of the phase shift for the conduction electrons, they have also proved 

the unitarity limit value for the electrical resistivity. 

In previous papers, 4),s) as part of a series of work, we have partially made 

the extension of this theory to the case in which the magnetic fleld is applied. 

Magnetic field tends to fix the spin direction so as to gain the Zeeman energy 

and it has an effect of preventing the spin flip process due to the exchange in­

teraction which is essential to the anomalous binding energy. By these two 

factors the ground state is determined. The obtained energy is expressed as a 

function of the applied field and from it an induced magnetization and a finite 

susceptibility are obtained at 0°K. It is further concluded within a weak coupl­

ing limit that the bound state does not vanish at a finite value of magnetic field, 

but approaches the normal state asymptotically at high field. Though calculations 

have been done for the magnetic field acting on only the localized spin, it has 

been shown4
) that there arises no change in the local character of the results for 

the case where the applied field also interacts with the conduction electrons. 

It is the purpose of the present paper to investigate the magnetic field­

dependence of the results obtained in I and II according to the method developed 

in them, namely the local distributions of the charge and the spin polarization 

in each of the two components ¢a and ¢fi by calculating their densities at the 

impurity site and the total localized amounts of them, where c/Ja and </Jfl are two 

components of the ground state wave function associated with up- and down-spin 

states of the localized spin, respectively. As combinations of these quantities, 

the spin correlation, the spin polarization and the charge localized around the 

impurity are obtained. Further, the interpretation of these in terms of the phase 

shift makes it possible to derive the magnetoresistance at 0°K. All calculations 

in later sections will be made in the case where the applied field interacts only 

with the localized spin. Section 2 is devoted to a brief summary of the results 

obtained previously4
),s) which are necessary for later sections. In :§ 3, densities of 

the charge, of the spin polarization and of the z-component of the spin correla­

tion at the impurity site are calculated, and by the use of these and also of the 

Feynman relation the spin correlation density at the impurity site, the kinetic 

energy and the exchange energy of the system are obtained. In § 4, the total 

localized charge and the spin polarization are calculated separately for ¢a and 

¢fl components. 

sistance in § 5. 

erate state it is 

With this result, we make a consideration for the magnetore­

In § 6, by the use of the general method valid for a nondegen-. 

shown that the relation between the total localized spin polari-
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580 H. Ishii 

zation of the conduction electrons and the magnitude of the localized spm m­
duced in the ground state is a general one common to that obtained in the second 
order perturbation theory or RKY theory10

) and that in the usual perturbation 
theory up to an infinite order. 11

) Conclusion and discussion are given in the last 
section. 

§ 2. Results obtained in previous papers 

In this section we summarize the main results obtained in the previous two 
papers which treated the effect of a magnetic field on the singlet ground state. 

We consider the system consisting of a localized spin and conduction elec­
trons which are coupled with an antiferromagnetic s-d exchange interaction. For 
the purpose of investigating the effect of the magnetic field on the local property 
of this system, it is sufficient to consider the field applied only to the localized 
spin, as mentioned in § 1. The Hamiltonian is written as 

H = ~kcrekaZcrakO' + 2JSz 

- 2 ~~kk' [ (af,rak 1 -af,~ak~) Sz + at,, 1 ak~S- + at,,~aktS+l (1) 

where 

(2) 

and the notations are the same as those given m the previous papers. 4
),s) In 

Yosida's theory, the ground state wave function is constructed as follows: 

¢ = [~1 (T1 a a~ a+ T/ a~tf3) 

+ ~12s CT1~;3a~aij,as~a + T /!;,!saf~a~ast/3 + T1~!sa~a~aw 1 a + T /!;,;sa~aij,as~/3) 

(3) 

where a and {3 respectively denote the spin-up and spin-down states of the lo­
calized spin of which magnitude is assumed to be one half, </Jv the state of the 
unpolarized Fermi sea, and the coefficients T 1 ~! 3 and r/!;,;3 are defined in the same 
way as in references 1)' 4) and 8)' so that rl~;3 defined in references 2) and 9) is 
given by - T 2 ~! 3 in the present definition. In later calculations, we will often 
consider the components of the wave function separated as 

(4) 

where 

and 
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Magnetic-Field Dependence of the Local Electronic Structure 581 

Inserting Eqs. (1) and (3) into the Schrodinger equation, 

(H-E)¢=0, (5) 

we set Up an infinite set of the simultaneous equations for the coefficients T. 

The first parts of these are as follows: 

rl~:s (c1 + C2- Cs- E+ Ll) _ __!_ cr1a- 2T213
) + __!_ ~4 (T4~:3- r1~:3 + r;~:4- 2T~h3 

4N 4N 

2r i1~) J " (Ta~t + ratt + 2TPH ) _ 0 
- 21,4 -

4
N L.J45 [14]2, 53 1 [24J, [53J [42Jl, a5 - , 

(8) 

r a~ r,a~ + ra~ ) + J " (TaH + raH + ratt 
- [13], 5 - [23], 4 [23], 5 

4
N L.J6 [623], [15] [l 63], [45] [126], [45] 

r aH rrau 2TPH 2Ti1H 2Ti1H ) +. -0 
- [123], [65] - 1 [123], [46] - 6[23], [45] - 6[31], [45] - 6[12], [45] ... - ' (9) 

2r i1~) + J "' (T,aH + raH Ta~t r,aH + ra~t 
- 32,4 

4
N L.J6 [62J3, 45 [16J3, 45 - [12J6, 45 - [12J3, 65 [12J3, 46 

+ 2T ~H1. 54 - 2T ~H2. 54+ 2T /cih [46]) + • • · = o , (10) 

+ 2 T' J1t 2 r Pt ) + J " (T att T att T att 
1 [23J, 4- 1 [23J, 5 

4
N L.J6 6[23], [45J- 1[63], [45J- 1[26J, [45J 

+ r att + r att 2T Pit + 2T i1H 2 T' pt ~ ) + - 0 
1[23], [65] 1[23], [46] - [623], [45] [23]1, 46 - 1 [23]1, 56 •.• - ' (11) 

where [12], etc., attached to the coefficients denote the antisymmetrized sum. 

Equations corresponding to T 13, T 131', · · · are obtained from Eqs. (6) rv (11) by 

replacing L1 with - L1 and reversing all spin suffixes. Eliminating T12, 3 and also 

higher order terms from these equations, we can obtain simultaneous integral 

equations for Tt and T/. By the method of collecting all the most divergent 
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582 H. Ishii 

terms m the integration kernel6
) and by the assumption of a constant density of 

states p for lsi <D (D is the half of the band width), these equations are solved8
) 

in a closed form for a magnetic field such as 

log ( 1 +~)/log -]s~-<1, (12) 

where E IS an anomalous part of the energy given below. 

The obtained results which are correct with respect to the most divergent 
terms are as follows. The ground state energy consists of two parts, 

E=JE+ (E+J), 

where JE 1s the energy shift of the normal part,3
) 

3 ( pJ) 2 JE= -L1-
4 

~iT D log 2+ ... , 

and E IS the anomalous part, 

Jt = _ (Eoz + J2y;2 

with E0, the binding energy m the absence of the field, 6
),

7
) 

Eo= - DeNfp·'. 

(13) 

(14) 

(15) 

(16) 

Though the energy shift obtained by the usual perturbation theory has also a 
field dependence, it is smaller than j and E by the factor of pJjN, and there­
fore it should be neglected in the present approximation. The wave functions 
ra (s) and T 13 (.s) associated with the energy, Eq. (13), are expressed as 

ra (s) = ----=:-1 -[(1- _p.z__ log 8 -=li~) ~lj
4 

c-E+J N D 

- ~ ( 1- --¥;-log ---J- 0 -r~~ ( 1 _ -)!; log££~) ~a;
4

], (17a) 

r/3 (c)= 8 --~-=-;.1 [ ( 1--~ log-~-j}~- 0 ) ~lj·l 

- ~ ( 1 - -¥;- log ~JJ)_o) 
112 

( 1 - ¥;- log -~js~~) ~a;]. (17b) 

As stated in II, the second term in the parentheses of Eqs. (17 a, b) cannot be 
omitted for later calculations in spite of the factor of [1- (pJj N) log (- E0 / D)] 112

, 

because the first term becomes of the same order as the second at 8 = 0. In 
deriving the simultaneous equations for ra (c) and T 13 (c) of which solution is 
given above and for later calculations, we use the following expansion forms 
f th i'C. • t T'U~ raj T'aH ratj d T'Uti • or e coerucwn s 1 [I2J,3' . 12,3, 1 [I23J,[4oJ' [I2J3,4fi an 1 I[23J,[4GJ. 
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Magnetic-Field Dependence o/ the Local Electronic Structure 583 

+ -5Tt-3T 5 a+~F/+2T/ + 7Tla+TJ:-10T/) 

D45s D145 

__ 1_(13T2a-sr5a-4T/ + -sr4a-3roa+2T/+2T/ 

D24s D25s D45s 

+ 7Tza+r4a-10T/) +-1-(-srla+roa+ZT/ +§_r2:~It-2T/ 

D245 Dl24 D154 D254 

(18) 

+ -5T1a+ 4T/ \) ___ 1_(5T5a -14T/
1 + 4T/ +-= r4a -4T5a_±}OT/ 

D145 D24s D25s D45s 

+ 5T4a-zr/-2T/) +_1-(7Tla-4T5':_+ -3Toa-2T/
3
+2T/' 

D245 Dl24 D154 Dzo4 

+ 13Tla-14T/) +-1-(-4r4a+4T/-2T/ + -2rla _ _r4a 

D125 D12345 Dz45 D145 

+ 2T/- 4T2 a J + ... , 
D234 

(20) 

(21) 

(22) 
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584 1-I. Ishii 

where 

D123 = e1 + e2 - es -Eo , 

D12345 = e1 + e2 + es - e4- e5- Eo . 
Coefficients with the index (3 corresponding to Eqs. (18) ""-/ (22) are obtained 
from them by reversing all spin directions. 

We should add a remark on these expressions. When these are derived 
first from Eqs. (6) ""-/ (11) by the iteration method, (e1 + e2- 83 - E ±.d) and (81 + e2 

+ 83-84- e5- E ±.d) occur in place of D123 and D12345, respectively. However, in 
calculations so far and later rl2,3' rl23,45 are used only in the integrated form and 
at that time 1/ (e1 + e2- e3 - E ±.d) comes in a form such as log Ce1 + e2- 83 - E ±.d)/ D, 
which is rewritten as 

the second term of this expression is very small compared with the first by the 
condition of (12) . On the other hand, 1/ (- E ±.d) comes directly from the 
normalization integral (23a, b) given below and also from ra (0) and T 13 (0) which 
appear in the calculation of § 4. Field dependence in the argument of logarithm 
is thus very small compared with that of 1/ (-E ±.d) and can be neglected. 
Therefore the field dependence of Eqs. (18)"" (22) appears only through that of 
ra (e) and T 13 (e) and such an approximation is sufficient for the calculations of 
the following sections. Similar circumstances have been seen in Eqs. (17a, b) 
where the effect of the magnetic field appears only in the first factor. This fact 
makes calculations remarkably easy. 

In order to calculate physical quantities, the normalization integral of the 
wave function rjJ is obtained in the same manner as I, 

(23) 

<rfJalr/Ja) = ~1 CT1a)
2 + t:L;12s (Tc~h3Y + ~123 CT1~;sy + · · · . 

Contributions from T12s and other higher order terms to <rfJalr/Ja) can be neglected 
in comparison with the first term, and the first term is calculated by the use of 
Eq. (17a) as 

(23a) 

In the same way we obtain 

_ ~ 13 2 _ 4 1 ( pJ - E0 ) -l/
2 

<¢!31¢!3)-~I(Tl) --p-r::;,-- 1--log--- . 
9 -E-Ll N D 

(23b) 

Induced localized spin is calculated by the use of these equations: 
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Magnetic-Field Dependence of the Local Electronic Structure 585 

and from this a finite susceptibility can be obtained. This field-·dependence of 

the magnetization is particularly significant in the sense that it does not include 

any logarithmic function of field. These results are completely incompatible with 

those obtained by the Suhl-Nagaoka theories.12) 

As mentioned before, all these results have been derived under the condi-

tion of (12), which can be rewritten with the use of Eq. (1!)) as J<- Eo 

X exp (-N j3pJ). Another condition which is omitted in references 4) and 8) is 

caused by the following consideration. Equation (15) indicates that E + L1 is 

always negative and this means that the bound state is more stable than that 

obtained by the usual perturbation theory including the magnetic field. However, 

for increasing field, E + L1 decreases gradually and if it becomes the order of 

LipJ jN, any decisive conclusion cannot be drawn down, because at that field 

E + L1 is comparable with terms neglected in the calculations. This leads to 

another condition about the applied field: 

pJ L1 

N :ZftJ<
1

' 
(25) 

which is rewritten as J<- Eo/ .J pjJjjN by the use of Eq. (15), and it 1s a more 

severe condition than (12). Anyway for a magnetic field such as 

.d=ciEol, c: any finite value independent of pJ/N:, (26) 

namely for much larger field than JE0 j, inequalities (12) and (25) are both sat­

isfied thoroughly in the weak coupling limit. Therefore, a significant result is 

that the anomalous binding energy decreases but never vanishes by an external 

field. 

§ 3. Spin polarization density and spin correlation 

density at the impurity site 

In this section and the next one, local electron distributions with up- and down­

spins are investigated separately in each of two components cf.Ja and cjJ 13 by the 

use of the results described in the previous section, in parallel with II. In order 

to calculate these quantities, we calculate summations of <cfJalaZ,taktlcfJa) and 

<cfJaia~'-~ak~lcfJa), of which expressions have different forms according as k or k' 

is an electron state or a hole state, as given in Eqs. (18) /'>.../ (23) of II in slightly 

different notations. For simplicity we omit the contribution from the Fermi 

sphere, and only deviations from it are given. 

We calculate first the charge density at the impurity site in the component 

nat(O) +na~(O) = _!_ -- 1 ~~kk'<cfJaJaZ,takt+a'f,~a~c~lcfJa) 
v <cfJicfJ> 

= ~ <¢~¢) {c~lrlaY+2~123rlacr1~;3+Tc~h3) 
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586 H. Ishii 

~ [rat crat rat rat)+ rat (rat 1 rat )] + L-11234 1~,3 14,3- 12,4 + 42,3 [12],<l [14],3- 2 [12],4 

"" [Ta~ (raH r,all ) 2Tat (ran r,aJ.l ) J + l - L-112345 [12], 3 [12]4, 35 - [124], [35] - 12,3 1[24], [35] + [14]2, 53 ••• J' 
(27) 

where V denotes the total volume of the crystal. By the use of Eqs. (18) rv 

(22), this is expressed with r1a and T/ alone. After calculating integrals to be 
correct for the most divergent contributions, we obtain up to third order in J 

(28) 

where 

and by assummg that the n-th term in the parentheses 1s (1/n) X{~, this can be 
written as 

With the use of Eq. (17a), each term in the parentheses is integrated in the 
weak coupling limit as 

('1Ta)2- z16(N)
2

[ 1 + pJ l -E+J(1 - pJ l -E0 )-

114

] L-11 1 -P-- - og --- og-- , 9 pJ N -E0 N D 

~12T1arza log(1-X12) = -p~ 32 ( N )
2 

27 pJ 

X [1 + 2_eJ log - E + L1 (1- pJ log -Eo) -
114

] 
N -E0 N D ' 

~1zT1aT/ log (1-Xtz) = P
232 

( N) 
2

• 

27 pJ 
(30) 

In these expressions, field dependence is only in the form of log [ (-E + Ll) /-E0] 

and this part is of the next divergent order for the magnetic field of Eq. (26) 
compared with the field-independent terms as remarked in the previous section. 
On the other hand, the normalization integral <<PI</J) which is given in Eq. (23) 
has a stronger field dependence of the form of 1/ (-E ± Ll) and other weak field­
dependent terms are neglected in the normalization integral as next divergent 
terms. Therefore for the calculation of Eq. (29), only the most divergent (field 
independent) terms in Eq. (30) are significant. Thus we obtain 
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Magnetzc-i!ieid Dependence of the Local Electronic Structure 587 

nat (0) + na~ (0) = 0, (31) 

and by the symmetry relation, 

nM(O) +nm(O) =0. (32) 

That is, there appears no charge density at the impurity site. 

Next we calculate the spin polarization density at the impurity site by the 

same step of calculations. Its component for cf.Ja is expressed as 

1 
-[nat (0) - na~ (0)] 
2 

= _l__ _1_ {- C'.-\Tla)2 + 2'\23Tta CT1~t3- r,c~~J 3) 
2V <cf.Jicf.J) "-" "-" ' ' 

+" [rat (I""'at rat rat) ra~ (ra~ 1 ra~ )-J "-"1234 12,3 14,3 - 1~, 4 - 42, 3 - 1 [1~], 3 [14], 3 - 2 [12], 3 

-2:::12345 [T[~h;) (T(!g4,:>5- T[~HJ,[53J) - ZT1~;3 crmh[:>5J- T[~ij2,53)] + · · ·}. 

(33) 

Combining this with nm (0) - nm (0) which is obtained from Eq. (33) by the 

symmetry relation and by the same procedure from Eq. (27) to Eq. (28), we 

obtain the expression for the spin polarization density at the impurity site as 

+ l_ L::12 (T1 a T2 a - T/ T/) [X12 + l_ X{z + l_ Xl2 + · · ·] 
2 2 3 

+ J :E12a[cr1a? 
1 ~ - (T/)2 

1 ~ ]}, (34) 
N C! + C2 - ea - E + L1 C! + C2 - ca - E - L1 

where the last term is calculated in logarithmic accuracy as 

L:l23crla? 
1 

- ;.v~ = P22:::1 cr1ayl[zn log 2 + (el- E + J) log 81 - E + JJ 
~+~-~-E+L1 D 

Equation (35) is of higher order in J than (2:1T 1a)Z, etc. in Eq. (:34) as is easily 

shown from Eqs. (23a, b) and (30), so that only the part proportional to D is 
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588 H. Ishii 

re_tained. The remammg most divergent terms m Eq. (34) cancel with each 
other in the same way as the charge density does. As a result, the spin polari­
zation density at the impurity site is obtained as 

~ <sz (0)) = ~ [nat (0) - naJ, (0) + n/3t (0) - n/3!. (0)] 

= _!_ _ _ l __ "L;1 [ (TI ay- (T/)2] "L;kk' 
1 

2VN <¢1¢) Ck-Ck' 

= __ .[__ __ l - [ <cfJa /¢a)- <cfJ /3/ cfJ 13)] "L;kk' l 
2VN <¢1¢) Ck-8k' 

= <Sz) (-/--) L;kk' __ l_ __ ' 
VN sk-sk' 

(36) 

where use has been made of Eqs. (23a, b) and (24). Equation (36) is just the 
same expression as obtained in the RKY theory/0

) and the effect of the bound 
state is included only in the expression of <Sz). 

Similarly the z-component of the spin correlation density at the impurity is 
calculated as 

_ _!__ -~ 1 -"L;kk'<¢/(af,takt- af,J,akJ,) Sz/¢) 
2V <¢/¢) 

=l_[nat(O) -naJ,(O) -n/3t(O) +n 13J,(O)] 
4 

= _ _!_ _l __ {- ("L;1T1 a)2 - ("L;ITI 13)2 

4 v <¢1¢) 

+ "L;12 (T1 a T2 a+ T/ T/) [_!_ X12 + l_ X/:2 + l_ Xtz + · · ·] 
2 4 3 

= _!__ __ l_lf- 2 [ ("L;1T1 ay + ("L;IT/) 2
] 

4V <¢/¢) 4 

+ ~ "L;12(T1ar2a+T113T/) [ -I+X12+ ~ (I-X12)-
2

] 

+ ~ "L;12T1 aT/ [ -1 + X12 + (I - X12) __ 2]} 
3 

+ _!__ J "L;kk' 
1 

4 v N Ck-Ck' 
(37) 
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Magnetic-Field Dependence of the Local Electronz'c Structure 589 

Integrals in Eq. (37) are calculated in a way similar to Eq. (30), 

~ Tar ax - ~ T fJT 13X - ~ Tar !3 X - 232 ( N ) 
2 

k....J12 1 2 12 - k....i12 1 2 12 - - k....J12 1 2 .L 12 - p - - ' 
45 pJ 

_ 2 ( N )
2 [16 64( pJ -Eo) -l/

2
] --p - --- 1--log-- ., 

pJ 3 27 N D . 
(38) 

where field-dependent terms are also of the next divergent terms and are thus 

neglected for the same reason as before. Inserting Eqs. (30) and (38) into 

Eq. (37), we finally obtain 

-
1
- --

1
-L:kk'<rfJ I (a%',takt- at,~akD Sz I rjJ) 

2V <rfJir/J) 

_ 1 ( N \ 2 p E0
2 J ., 1 

- - 3 pJ) V (Eo 2 + Lf 2)112 + 4 VN L:kk' Sk- Ck' • 
(39) 

In Eq. (39), we obtain the z-component of the spin correlation density at the 

impurity site and from this we can prove that other components of this quantity 

are also equal to Eq. (39) as follows; assuming that all three components are 

equal to Eq. (39) and by the use of the Feynman relation, we can obtain the 

correct result Eq. (13) for the total energy. Thus the spin correlation density 

at the impurity site is obtained in the form 

where the first term expresses the contribution from the formation of the bound 

state and the second term is that of the normal part. The kinetic energy, the 

potential energy and the Zeeman energy are obtained separately by the use of 

Eqs. (13) and ( 40) as 

The electron densities at the impurity site for the up- and down-spins in r/Ja and 

¢!3 are obtained by combining Eqs. (31), (32), (36) and (39) as 

_ _ p ( N )
2 

Eo
2 

nat (0) - - na~ (0) - - 3 V pJ (Eo2 + .d2)1/2 
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590 1-I. Ishii 

_ _ p ( N )z Eo 2 

n;n(O) -- -n;n(O) -3v -pJ -(El~~-,py;z 

- 4~iv ( 1 + (E~21j2)1!2-) ~kk' -~~--~ s:: . (42) 

Anomalous parts of these are shown in Fig. 1 as the values at the origin. Total 
amounts of electron and hole trapped around the impurity in ¢a and ¢ 13 are m­
vestigated in the next section. 

§ 4. Total localized electrons with up- and down-spins 

in each of two components </Ja and </J 13 

We calculate in this section the total localized electrons with up- and down­
spins in each of two components ¢a and ¢ 13 • For this purpose we calculate first, 

(43) 

As mentioned in the previous section, these consist of three parts corresponding 
to the cases that states h and I?' are both electron states, both hole states and 
one of them is an electron state and the other a hole state. Among them, the 
electron-electron and hole-hole parts are continuous as k' tends to k and there­
fore a contribution to Eq. ( 43) from these parts is equal to the total (not to 
restrict total local) amount of them in 1Ja· The structure of the wave function, 
Eq. (3), shows that net one electron with down-spin state is added in ¢a· From 
this consideration or by the same calculation as that made in deriving Eqs. (33) 
and (34) from Eqs. (31) and (32) in II, we obtain 

(nat±nat)ee+ (nat±lZat)hh= ±!J;__a/¢_a). 
<¢1¢) 

(44) 

The contribution from electron-hole part distinguishes the total localized 
quantities from the trivial total quantities, Eq. ( 44), and makes a crucial effect 
as described in II. We calculate this part as follows, 

(45) 

where 

(46) 

The mam point of this calculation as remarked in II is that though the contri­
bution to Eq. ( 45) only comes from the Fermi surface, the integrand (nat± na~)~~k 
has a singularity of (sk'- ek)-1 

at that surface, so that a finite value can be ob­
tained. By the use of Eq. (3), Eq. ( 46) is expressed in the coefficients r as 
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Magnetic-Field Dej:Jendence of the Local Electronic Structure 591 

Cnat ± na~):;.~c<<PI ¢ > = ~lrla crt,},, k ± rc~~'], ~c) 

_L '\' [lr at ( ± r au _ r a~ t ) + rat ( ± r, at t r att ) J + 
r- L...Jl23 2 [12],3 [k'l2],[k8J 1 [12Jk',~k 12,3 [k'l]2,k3- l[k'2J,[k3] ··· · 

(47) 

The right-hand side of this expression is calculated by the use of the Schrodin­

ger equations (6) rJ (11) in order to draw the factor (c~c'- c~c)-
1 • For example, 

for r1a r]~t,, ~c, we subtract Eq. (6) multiplied by r 1 ~t,, 1c from Eq. (8) multiplied 

by r1a and then obtain rlar1~t,,k(Ck'-8k). In this procedure, J which appears in 

the left-hand side of Eqs. (6) rJ (11) drops off. For the first term of Eq. (47), 

we derive 

(nat± na~):~~-3)<¢ I cJ; > Cs~c,- s~c) = ~lrla cr1~\ k ± rmc'], ~c) Cs~c,- s~c) 

=4:~ C~1r1a) (±rf:,-2r;],) 

-- {'---- ~1 crl a)2 
( ± 1-1) 

4N 

(48 ·1) 

(48 ·2) 

+ 
2
& C~1 r1 a) ~1 ( ± r lie~, 1c + r dl'J, ~c) - 2,~ (~1r1!3) z=l (rl~~, 1c ± rc~l'J, ~c) ( 48 · 3) 

J " (rat +rat 2rP't) (rat ±I' at ) 
-

4
.NL...J123 [21],3 12,3- 21,:1 lk', k [lk'], k 

(48. 4) 

(48. 5) 

+ J "ra[ratt +ratt +2rP'tt -r (rau -1 ratt +2rP'H )] 
41iL...Jl 1 [12]k',:1k l[k'2],[3k] [2k'Jl,k3T [21k'],[3k] - [lk']2,k3 2[lk'],[k3] . 

(48. 6) 

Equation ( 48) corresponds to Eqs. ( 40) and ( 4 7) of II, in which the condition 

for the singlet state makes expressions passably simple. 

Next step of calculation is to express the higher order coefficients r12,3, r 123 , 45 

in Eq. (48) with r 1a and r/ by using Eqs. (18) rv (22) and also corresponding 

equations with index {3, and to calculate them retaining the most divergent con­

tributions. The first term can be calculated as 

In this expression, the second term in the square brackets is a field-dependent 

one, however, as often mentioned it is very small in comparison with the field 

dependence of (±rf:,-2r£,) or of <cJ;!cJ;) in Eq. (48) and hearafter it is to be 

neglected. Thus we obtain for the first term 
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592 H. Ishii 

(49) 

The second term is the term appearing in the normalization integral Eq. (23) 
and thus of the next order as compared with Eq. ( 49). Contributions of other 
terms of Eq. ( 48) to the most divergent terms are calculated, in terms of X and 

xl defined by 

as follows: 

X= pJ log -Eo 
N D 

and 

(48·3) =J [±Tf,(~lrta) -T£,(~ 1 T/)J[l._x+~X 2 + 21 
X 3 + ···] 

N 4 16 128 

+ J [±r:c~lT/) -rt-C:E~r~a)J [l_x+~X 2 + 35 X3 + ···] 
N 8 64 256 

=L[±Tf, C~~r~a) -rf, C:E1T/) ]X(l-X)-314 

4N 

+ _{_ [ ±T:, C:E1T/)- Tf,(~~r~a)] [-1 + (1-X)114 + 1._ X(l-X)- 314
]. 

2N 2 

(50) 

x (-1._xt 2 +1._xlx-~x~ 3 +~Xl 2 X+~X~x 2 + ···) 
32 16 128 128 128 

+ Lrg, :El crla + 4T/1) 

4N 

x (-__!_xt 2 +1._x~x-~X1 3 +~Xl 2 X+~x~x 2 + ···). (51) 
16 8 32 32 32 

(48·5) = =r-Lr:,:Elrla(l._xl+~X~ 2 +_]_X1 3 + ···) 
4N 4 32 128 

- Lr£, :EtTl a (xl + 15 
X12 + !__ X13 + .. ·). 

4N 16 8 
(52) 

(48·6) = =r-Lr:-:E~r~a(~x~ 2 -!__XlX+ 17 
X/-

45 
X12X-

39 
X1X 2 + ···) 

4N 8 16 32 128 128 

-Lr£, :E1T1a (1._ X1X + 1._ X13 + 2x1X2 + ·. ·). 
4N 8 16 16 

(53) 

Adding up Eqs. (51), (52) and (53), we obtain 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/4

3
/3

/5
7
8
/1

9
2
4
9
2
5
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2



Magnetic-Field Dependence of the Local Electronic Structure 593 

(51) + (52) + (53) 

= ±_!__r:, I:lrla[(l_ xl + l_ X12 + ~ X13 + ···) 
4N 4 2 8 

-x ( l_ xl + 1_ X12 + ···) -x2
( 1_ X1 + ···)] 

2 8 8 -

±Lr:, I:1r/[(1:__ X1
2
+ ~ X1

3 + ···) 
4}./ 8 32 

-x (l_ X1 + 1_ X12 + ···)- x 2 (2_ x1 + ···)-] 
4 32 32 -

+Lre, I:1r1a[(-x1- 2_ ..~. 1 {}- 27 
x13 + ···) 

4N 8 32 

In order to :find out functions of X and X 1 whose expansion forms coincide re­

spectively with those in Eq. (54) up to the third order in pJ /P.T, we can rear­

range Eq. (54) as 

(54)= =r:-Lr:~L:1(l_r1a+r/) (X1+X12 +X13 + ···) 
4N 4 

+ _!_ :E1 [ ± r: (T/-2T1 a) - Tf, (T/~- 2T/)] 
4N 

4 [(( 5 x 45x2 195x3 ) 
X- - 1+- 1+- 1+··· 

15 4 32 128 

_l_x (_Q_ xl + 45 X12 + ... ) _l__x 2 (~ X1 + ... ) + ... J · 
4 4 32 32 4 

+L(±Tt--rt,) :E1CT1a+T/) 
4N 

2 [( 3 x 21 x2 77 x3 ) ( 1 x 3 x2 7 x3 ) X- - 1+- 1+- 1+··· +- 1+- 1+-- 1+··· 
3 4 32 128 4 32 128 

+ l_x (1_ X1 + 
21 

X12 + ···) + ~x (1:__ xl + 1_ X12 + ···) 
4 4 32 4 4 32 

(55) 
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594 H. Ishii 

and it would be allowable to identify (55) with 

(54)= =t=···!_ r~c:_ )'1(lT1a+T/) [(1-X1)-1-l] 
4N , - 4 

+ _!~ I:1 [ ± rg, (T/ - 2T1 a) - T { (T1 a - 2T/) ] 
41\T 

X_! (1- X)i14 [ (1- X 1)-
514 -1] 

15 

+ _!__ ( ± r:,- Tt) l::1 (T1a + T/) { (1- X)- 114
[ (1- X 1)-

3
1

4 -1] 
6N 

For the second term of Eq. (47), the same procedure of calculations has 

been taken, where all the most divergent terms cancel with each other. Details 

are omitted in order to avoid lengthy description. Finally, Eq. (47) consists of 

Eqs. ( 49), (50) and (56). Adding up these contributions and performing the 

summations involved in them in the same way as II, we obtain for the most 

divergent contributions of Eq. (47) 

lim (na-;±nat)~~k<<P!cfJ)(ek'-ek) =! (±Toa-T/) (1-X)-
1
1

4 

Ck;"->-0+ ....:> 
ek-,o_ 

= - ~ ( ± _] __ + ----1--) (1- X)-112, 
9 -E+Ll -E-Ll 

(57) 

where T 0 is defined by To= (Tk)s;,=o· Therefore, using Eqs. (23a, b) for <<PI¢), 
we obtain 

(58) 

Two equations involved in Eq. (58) correspond to Eqs. (46) and (57) of II, 

respectively. Factor of 1/2 in (58) is attributed to the difference of taking the 

normalization; for the singlet state it is possible to consider it in one component 

of the wave function, but it is not the case in the magnetic field. By inserting 

Eq. (58) into Eq. ( 45), summation on the Fermi surface can be carried out as 

is done in Eq. (36) of II and the following results are obtained, 

(59) 

and 

(60) 

Equation (60) which vanishes completely for L1 = 0 has now a finite value, whereas 

Eq. (59) do~s not change. Combining these results ·with Eq. (44), we obtain, 
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Magnetic-Field Dependence of the Local Electronic Structure 595 

with the use of Eq. (15), 

n t + n t = ~~l~a)- ~~!ilcfJ/3~ 
a a 2(cfJ!cfJ) 

(61) 

and 

(62) 

from which, (n 13t ± n 13 ~) can be obtained 111 terms of the symmetry relation, and 

thus we have the following relations, 

(63) 

t 

For the singlet case (J = 0), Eq. (63) dif­

fers from the corresponding equations (59) 

and (60) of II by the factor 1/2. This 

difference is trivial, because here we nor­

malize cjJ, whereas in II one component of 

cjJ is normalized. The results of Eq. (63) 

are shown together with the result ( 42) 

schematically in Fig. 1. Here it is to be 

noted that with increasing field the mag­

nitude of electron- and hole-clouds with 

up-spin increases, though it becomes thin 

and tends to twice as large as those for 

the zero-field case, while clouds for down­

spin diminish. The combinations of Eq. 

(63) give the most divergent contributions 

for the following physical quantities, 

(i) total localized charge 

Fig. 1. Local distributions of electrons with 

up- and down-spins in ¢a and ¢ 13• The 

solid-line represents those in the pre­

sence of the magnetic-field and the dot­

ted-line in the singlet ground state. 

nat+ na~ + nm + n/3!, = 0, 

(ii) total localized spin polarization 

t (nat- naj, + nf3t- n/3~) = 0' 

(iii) z-component of the total localized spin correlation 

i(nar-naJ,-nf3t+n 13J,) = -t. 

(64 ·1) 

(64. 2) 

(64· 3) 

Since contribution of the RKY term to the spin polarization is of the next order 

of divergence, it drops in (ii). We will reexamine Eqs. (64 ·1) and (64 · 2) 

rigorously in § 6 without restriction to the most divergent terms, 
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596 H. Ishii 

For the spin correlation, Eq. (64 · 3) proves that the z-component does not 
change and other components are calculated in a same way as is done for the 
z-component and the result is 

(65) 

Equation (65) is due to the contributions from electron-electron and hole-hole 
parts and electron-hole part has no effect on Eq. (65), because a procedure 
similar to deriving Eq. (48) in which appears a singularity of (sk,- sk)-1 now 
gives rise to the factor of (sk'- sk ± 2J)-1 which is finite when k' tends to k, as 
is easily seen from the Schrodinger equations for rws and Tf3's. Equation (65) 
is a monotonic function and tends to zero for large J. Thus the total localized 
spin correlation behaves Ising-like for large J. 

§ 5. Magn.etoresistance at 0°K 

In this section, we give a consideration for the magnetoresistance, using the 
result of the previous section. The phase shifts for the conduction electrons 
are related with Eq. (63) by the Friedel sum rule. However, the phase shift 
obtained in this way is given separately for the components r/Ja and ¢f3, and it 
is the essential point how to relate these with the calculation of the magneto­
resistance. We proceed as follows: Since nat is normalized in ¢, the total 
amounts of up-spin-electron trapped around the impurity in r/Ja is nat(¢1¢)/(r/Jalr/Ja), 
which equals -1/2 for the singlet state (Li = 0). Thus the phase shift IJat for 
the up-spin-state amounts to nnat(¢1¢)/(r/Jalr/Ja) by the Friedel sum rule, and the 
other phase shifts IJa~' IJ !31' and IJ f3t are considered similarly. When the expres­
sion for the magnetoresistance is derived from these phase shifts, we believe by 
the physical insight that it is relevant to consider the difference of the proba­
bilities for r/Ja and ¢!3 in weighting them to the phase shifts in themselves, not 
in weighting them to the components of resistance corresponding to each phase 
shift. Therefore the magnetoresistance may be written for the present system 
where only the s-wave scattering is taken into account in the form 

where R 0 denotes one s-wave unitarity limit for resistivity. In this expression 
factor 2 is brought into the arguments of sine in order that Eq. (66) coincides 
with the correct result of II for the singlet state (J = 0) where n/2 or - n/2 
enters the arguments of sine, as discussed below Eq. (63). Inserting Eq. (63) 
into Eq. (66), we obtain the magnetoresistance in the form 
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Magnetic-Field Dependence of the Local Electronic Structure 597 

(67) 

and with the use of Eq. (24) it is written as 

R (L1) = Ro cos2rr(Sz). *) (68) 

Here an important thing is that this expression has no logarithmic field depen­

dence. Equation (67) is shown in Fig. 2 (a) in a usual scale and also in Fig. 2 (b) 

1.0 

R/R?
8 

0.6 

04 

02 

0 ~ M ~ 00 ~ ~ ~ ~ 

Ll/IEol 

(a) 

J.O,....-------

R!Ro08 
0.6 

0.4 

02 

0 .___,_____, 
0.01 002 004 0060.1 0.2 ~040.{3 10 20 

Ll/IEol 

(b) 

Fig. 2. Magnetoresistance (a) in a usual scale, (b) in a log-scale. 

in a log-scale. It is noted in this figure that the log H-like dependence of the 

magnetoresistance is seen in the neighborhood of Hx, where Hx is defined as 

I Eo Jjg tLn at which the usual perturbation calculation diverges.14
) 

On the other hand, a :feature similar to Fig. 2 is seen in the experimental 

result by Daybell and Steyere5
) who measured the magnetoresistance in a dilute 

alloy of Cr in Cu clown to 40m°K and up to the magnetic field of several times 

of T K· In contrast to the susceptibility, the magnetoresistance becomes flat at 

low temperatures and it is easy to extrapolate it to the zero-temperature. Moreover, 

the temperature-dependence of resistivity16
) is also quite similar to Fig. 2a or 

Fig. 2b, and if we take account of the similarity between temperature and field 

effects in the present system, the expression similar to Eq. (67) seems to hold 

plausibly also for temperature-dependence. Magnetoresistance has also been calcu­

lated by More and SuhF7
) on the basis of the S-matrix theory, but their result 

at low temperature shows a complex behaviour and differs completely from ours. 

§ 6. General relations 

In this section, we show rigorously that the total localized spin polarization 

IS given by (pJj2N) (Sz) by the method developed in II. 

*) The same expression as Eq. (68) can also be derived on the basis of the Takano-Ogawa 

theory,13) However, the expression for <Sz> is completely different from ours and it shows a dis­

continuity in its field derivative at H =Hx, while there is no such discontinuity in our case. 
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598 H. Ishii 

Applying the relation (<J;I [H, ar-aako-]-1</J) = o which holds for the eigenstate 

<j; of the Hamiltonian H to the present system, and assuming that <j; is non­

degenerate, we obtain the following expression which corresponds to Eq. (63) 

of II, 

(69) 

where Lk' is defined by 

Lk,=~ (<J;I (ai,ta~t+ar,ta~t)Sz-ai,ta~tS++ar,ta~tS-I<J;)/(<J;I<J;). (70) 
l 

Explicit effect of the magnetic field drops out from Eq. (70) because at, 6 ak6 

commutes with the Zeeman Hamiltonian. For ek'' ek>O and ek'' ek<O, the right­

hand side of Eq. (69) tends to - (Jj2N) (dLk/ dek) as k' tends to k, and for 

ek' >O, .sk<O, it is proportional to the discontinuity of Lk at the Fermi surface. 

Circumstances are the same as those in which Eqs. (65) and (66) are derived 

from Eq. (64) in II and thus the spin polarization is expressed with Lk as 

Lk Is expressed with coefficients T's from Eq. (70) as 

Lk=-
1
-[ crka+T/3) ~ crla-T/) + ···] for Ck>O' 

<<PI<P> l 

= -(¢~¢)[ (</Jai</Ja)- (<J; 13 I<J;13) + ~ ~12T1a (T1~;k + Tc~hk + 2rg;k) + ·· ·] 

for .sk<O. 

Noticing that Tk a, T 1 ~! k, etc., are of order 1/ D at band edge, we obtain 

L(D) =0 

and 

(71) 

(72) 

(73) 

where use has been made of Eq. (24). Inserting Eq. (73) into Eq. (71), we 

finally obtain the total localized spin polarization (CJ), 

(74) 

Equation (7 4) corrects the result of the previous section, Eq. (64 · 2). Equation 

(7 4) is the relation first found in the RKY theory10
) and also confirmed by the 

usual perturbation theory, 11
) so that this is considered as a general relation hold­

ing between the spin polarization and a magnitude of the localized spin. Heeger, 
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Welsh, Jensen and Gladstone18
) have calculated the magnetic susceptibility for 

the analysis of their experimental result. Their result shows that (o) is equal 

to (Sz) when the g-value of the conduction electron is the same as that of the 

localized spin. This contradicts the general relation proved above. 

If we take another combination of aZ, 15ak 15 instead of Eq. (69), it can also 

be shown that the localized charge generally vanishes for the present Hamiltonian 

as has been proved in II. 

§ 7. Conclusion and discussion 

We have investigated the magnetic-field dependence of the local electronic 

structure of the ground state in a weak coupling limit. Here we summarize the 

results obtained in each section. In the absence of the field, it is the conclusion 

of II that </Ja (</; 13) has half of a down-spin-electron (hole) and half of an up-spin­

hole (electron) localized around the impurity in total, and in the present case 

it is shown that with increasing field the magnitude of trapped up-spin-hole 

(electron) in </Ja (</; 13) increases and tends to the twice of that in zero-field case 

and that of down-spin-electron (hole) decreases and tends to zero. Accordingly, 

it can be said that in the limit of increasing field </Ja (</; 13) has almost one up­

spin-hole (electron) and no down-spin-electron (hole) localized around the im­

purity. (On the basis of this interpretation, we have derived the magnetoresist­

ance.) On the other hand, densities of these at the impurity site diminish 

with the field. Accordingly, there remains in </Ja (</; 13) a cloud of up-spin-hole 

(electron) clinging to the localized spin even in a high field. This feature is 

characteristic of the bound state. On the basis of this result, we have obtained 

a reasonable expression for the magnetoresistance at 0°K, which has no log H­

dependence though it has a part linear in log H in the vicinity of HK. Further 

we have shown the following: The total localized spin correlation varies from 

-3/4 to the limit of -1/4 with increasing field. The total spin polarization is 

related with the induced localized spin as (o) = (pJ /2N) (8;1). This has its 

origin in the RKY spin polarization and is the relation which generally holds 

between them. Since the spin polarization density at the impurity site also con­

sists of that of the RKY theory, we may expect that all the feature of the spin 

polarization is given by the RKY theory. The charge does not accumulate in the 

ground state of the present system. The exchange energy and the kinetic energy 

are expressed as functions of the field. Finally, guided by the methods of I and 

II, we have studied all the results obtained in them in the presence of the mag­

netic field. 

Measurements of the magnetic susceptibility19
) have been done mainly in the 

system such as Cu-Fe, Cu-Mn and Au-V. However, the conclusions drawn from 

various experimental results do not always agree as to whether the susceptibility 

tends to the constant value or diverges as T- 112 at T -----'>0°K. Recently Pratt, 

Schermer and Steyereo) have found the temperature independent susceptibility 
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600 H. Ishii 

in the range 4m°K<T<IOm°K by measurements of the anisotropy of r-ray emis­
sion from Mn54 

doped in Cu which was first done at 10m°K and 25m°K by 
Campbell et al. 21

) This suggests the constant susceptibility at 0°K in agreement 
with our conclusion. 
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Note added in proof: By investigating the total localized spin polarization and the spin density at 
the impurity site, we have concluded that all the feature of the spin polarization is given by the 
RKY form with <Sz) induced by the field. It is possible to prove that this is also true for the spin 
density at any point r by examining the expression for cr (r) obtained by operating (1/ N) 2:,kk' 
exp[ -i(k1-k)r] to Eq. (69). Details will be published elsewhere. 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/p
tp

/a
rtic

le
/4

3
/3

/5
7
8
/1

9
2
4
9
2
5
 b

y
 g

u
e
s
t o

n
 2

1
 A

u
g
u
s
t 2

0
2
2


