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ABSTRACT

The unusually high mechanical and thermal stresses occuring in fast dis-
charging homopolar machines require accurate prediction of high magnetic fields
accompanying their operation. Linear methods and ideal configurations are no
longer acceptable as simplifying assumptions in designing such devices used in
controlled thermonuclear fusion experiments, laser applications, etc.

A finite element method - Galerkin technique is used for solution of
Maxwell's equations for a moving medium. The transient skin effect in the sys-
tem is described in terms of a magnetic vector potential and an electric scalar
potential. Lagrange multipliers are used to impose the necessary constraint on
the vector potential B. The formulation for the steady-state magnetic fields
in nonlinear media results as a particular case of the method.

This approach was used for predicting the parameters for the very fast
discharging homopolar machine (FDX) designed by the Center for Electromechanics
at The University of Texas at Austin. FDX is in an advanced state of fabrica-
tion.

INTRODUCTION

Fast discharging homopolar machines are an attractive solution for econom-
ically storing and transferring large amounts of energy. In some controlled
thermonuclear experiments and laser applications they might represent the only
feasible method.

The theory of fast discharging homopolar machines has been discussed in
[1] and to a lesser degree in [2]. From the point of view of electromechanical
energy conversion the ideal case of a piece of conductive material of unit
volume, of density y moving with velocity v in a magnetic field B is character-
ized by the discharge time

T, = K_ ¥ (1)

*Presently associated with Magnetic Corporation of America, Waltham, Mass.
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and the losses per unit volume

= g.RJI (2)

A= K'\BV

where p is the resistivity and (KT, Kl) are constants. The reciprocal of the
product

T E %} (3)

taken as a figure of merit for such a machine shows that a fast discharge with
high efficiency is limited by the maximum attainable flux density and by the
material which has the smallest py product. Such a material - 7050 aluminum
alloy - is used for the rotors of the FDX machine. Such an approach to the
calculation of the fundamental parameters of a fast discharging homopolar machine,
discharge time and efficiency, is elementary and incomplete. It does not take
into account the topology of the machine (different parts of the rotor are in
very different electromagnetic conditions and store different amounts of energy),
or the compensation of armature reaction which affects the internal inductance
and consequently the discharge time. The field diffusion into conductive parts
of the machine can be taken into account considering the coefficients K. and Ky
as functions of discharge time which amounts to replacing simple relations (1),
(2) with integral equations.

An equivalent circuit point of view is probably a more complete approach.
A typical equivalent circuit for a fast discharge machine is shown in Fig., 1. 1
The machine discharge is modelled by a complex R,L,C circuit in which Cy = 4r? 2
is the equivalent capacitance of the machine (I = moment of inertia, ¢ = total
flux linking the rotor) while the conductance GB parallel connected to Cy models
the losses in bearings and windage. The FDX machine will be discharged initially
in short circuit. The equivalent circuit valid for such a case is the same one
but with the terminals X and y connected together.

Cu $Cs R » 5 LLoap
e il
I_.rﬁr L, %Rc L Rt Lg ?RL Lo
Lgap 2 2 2 2
oFRr L, 9FRc  Le | |[99Re Ly | [9BR. 1
- LAl
2 2 2
ReruSHES 25%212, L, 25%R, L, 2%257{&_ L
-WY\ -\/W_IWY-\ A WYM_
—— - — b —— - ——— - — —-—-—-—-———--——Yi_-—-_--—

EQUIV NETWORK EQUIV NETWORK EQUIV NETWORK EQUIV NETWORK
ROTOR COMPENSATION TRANSMISSION LOAD
LINE

Figure 1: An Equivalent Circuit for a Fast Discharge Machine
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The magnetic flux diffusion and current penetration are taken into account
by introducing in the equivalent circuit a ladder network for each element of
the machine, which, for achieving a minimum accuracy must contain a large number
of elements characterizing a large number of "normal modes." Even then the results
are not reliable for a good design because of the ideal shapes (i.e., infinite
cylinders) and linearity of the differential equations implied by the network
approach for transient skin effect. Due to the critical level of the mechanical
and thermal stresses, brush current densities and interface speeds these simpli-
fying assumptions are not appropriate; an exact numerical method is necessary.

Finite element methods have been widely used since 1970, in solving steady-
state problems of magnetic fields, in complex, nonlinear systems [3,4,5]. 1In
such situations the nonlinearity of the ferromagnetic materials is handled by
linearizing the problem locally, solving the resulting linear equations and intro-
ducing the nonlinearity of the magnetization curve by an iterative correction to
the linearized equations. Of course this assumes that the curve B = f(H) is
single-valued, neglecting hysteresis effects.

The solution of the diffusion of magnetic fields by a finite element method -
Galerkin projective technique has been attempted in several papers [6,7]. Foggia
et al. [6] assumed a steady-state harmonic regime and a prescribed sinusoidal
traveling field impressed to the physical model. Miya [7] has a similar treatment
prescribing the variation of plasma current in time. Actually it is not the
solution for the forced response of the system but the solution for the "natural
response" or rather the "complete response" that is required for pulsed power
systems. The finite element method presented herein solves the transient diffusion
problem in terms of a magnetic vector potential A through an intermediary electro-
kinetic scalar potential ¥ which transforms the forcing function concentrated in
the generator into a distributed forcing function which acts locally in each point
of the system: generator, transmission line, and load.

THE PHYSICAL PROBLEM

The physical problem treated herein is one of the several variants of the
FDX experimental machine which is being built by the Center for Electromechanics
at The University of Texas at Austin, in order to explore the fundamental limita-
tions of fast dischargeing homopolar power supplies. A detailed account of the
construction of the machine was presented in [2], and the experimental results
will be the subject of a future paper. FDX is a fully compensated, pulsed field
(4 Tesla in average) homopolar generator storing 0.36 MJ at 28,650 rpm in two
counterrotating rotors. Figure 2 shows the machine configuration. Figure 3
gives the excitation flux lines in the rotor at the moment when the peak value
of this flux is reached. The discharge current begins to flow initially in
a very thin layer of the rotor and compensation plates, moments later penetrating
into the interior of conductors.

The J x B_ forces stop the rotor, accelerate it in the opposite direction,
stop it again until the stored energy is dissipated as joule and frictional
losses (the machine is discharged in short circuit). Evaluation of the distri-
bution in space and time of the transient electromagnetic fields and the accompa-
nying stresses is the subject of this work.

THE MATHEMATICAL FORMULATION OF THE ELECTROMAGNETIC PROBLEM

For the time scale of the electromagnetic phenomena associated with the FDX
the magneto-quasistatic approximation is used (J >> _*

The energy stored at t = 0 in different parts of the system expressed through
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the electromagnetic state variable represents the input for Maxwell's equations.
The "natural response" of this system is described by the solution sought through
the finite element approach.

As mentioned before, previous treatments of the electromagnetic field dif-
fusion [6,7] were seeking the "forced response" of the system. Boundary condi-
tions were given at all times in such cases, and through them, for given mater-
ial properties of the system - the electromagnetic field quantities were uniquely
defined.

Maxwell's equations, for a magneto-quasistatic regime, can be written as

(@ ¥ x H = g

2B
- L @
(c) VB=0

Ohm's law in moving media is given by

J=0 (E+VxB) (5)

- ~ ~

and, in view of the assumption of homogenous, isotropic and hysteresis free
materials

B = uH (6)
In order to distribute the effects of the stored energy in the rotor character-
ized by the line integral of V x B as a variable of state, we introduce a scalar
potential ¥ as an intermediate variable. At the moment of closing the switch,
the electrokinetic state, characterized by ¥ is transmitted to each point of the
closed electrical circuit.

This choice forces us to select as the primary independent variable the
magnetic vector potential A, leading to

o

E=-T-% (7

B=VxA (8)

To these equations we adjoin the conditions that div J = 0, which expresses the
conservation of charge condition and div A = 0. The last constraint is necessary
ofr implementation of the magneto-quasistatic approximation and will be imposed
through the use of Lagrange multipliers.

Substituting and combining the above equations yields the set

oA + V x % VXA-0(VxVxA-VW) =0
VeoV¥ - V+o(Vx VXA ~-A) =0 (9)

subject to

1<
e
>
I
2
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Because both the rotor motion V and the potential of the applied magnetic
field A, are axisymmetric and have only 6-components, the problem separates into
two weakly coupled equations, (10) which governs the distribution of the steadily
applied field and (9) which describes the transient skin effect

1
VxSV A, =g, (10)

The finite element solution of (10), although necessary to our problem, ig
a standard one [5] and need not be discussed further here.

In addition to the equations (9), we have as side conditions, the vanishing
of the potentials at large distances from the conductors and the usual continuity

or jump conditions on current and field. Because the current distributions do
not extend to infinity:

A=A =¥=0 asr + = (11)

and

=]

-[[a(vaxno-w-ﬁ)]]=o (12)
In (12) the brackets denote the jump in the enclosed quantities across an inter-
face between different materials or between moving and stationary materials. 1In
the finite element model of the region shown in Figure 1, the symmetry about

r = 0 and the antisymmetry about z = 0 give rise to the following additional
boundary conditions

A =0 onr =20
(13)
A, =¥ =0 on z =0

FINITE ELEMENT FORMULATION

We seek solutions to (9) and (12) subject to the conditions (11) and (13)
in the weak or Galerkin sense. To this end we introduce [8] a Lagrange multiplier
A corresponding to the constraint (9c) and the test functions u, n, and 1T cor-
responding to A, ¥, and A. The weak statement of the problem is

(/[ ousd + 1 (T x M)+ (7 x w) + ousW¥ + AVeu + 19-2
i - N - T T

5 4
- ou(VxVxa,) ] da} =0 (14)
and
2{/S[ o¥n+9¥ + oA¥n - o(V x ¥V x A,)+Vn] da} = 0
iqQ,
i
for arbitrary u, n, and T vanishing at .

It is significant that the jump terms have equilibrated the boundary
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integrals from the integration by parts, i.e. the jump conditions are natural
conditions that follow from (14).

The discrete form of (14) is obtained by introducing the finite element
approximation of the fields A, u, ¥, n, A and 1. The elements are quadrilaterals
and the shape functions are quaaratic for A, u, ¥, and n and linear for A and T.
Thus each corner node of the mesh has a total of four unknowns, i.e. A,, A_, Y
and A; while the midside nodes have only A,, A;, and ¥. If the set of nodal
point values is denoted g then the discrete form of (14) can be written as

cg+Kg=f£ (15)

In (15) C and K are, for an element, 28 x 28 matrices whose elements are the
integral® of p¥oducts of shape functions. It is apparent from (14) that neither
C nor K is symmetric. The forcing function of f in (15) contains terms propor-
tional~to vV x V x A,. The balance of energy is computed at each time step. By
subtracting the volume integral of magnetic energy density (82/21) and of specific
ohmic loss (pJ ) from the kinetic energy initially stored in the rotor, a new
speed V is obtained, a new forcing function is available for the next step.

The value of the applied field Ag is known from an initial finite element solution
for the single component A,g.

Although, in some designs, there is iron shielding around the field coil
making the equations for Ay nonlinear, the complete compensation of the machine
as shown in Figure 1 confines the magnetic field governed by (15) to the region
enclosed by the return conductor. There is no iron in the machine itself - the
rotors being aluminum to reduce the discharge time of the machine - and so (15)

is linear.

The initial value problem for g is solved using a combination of algorithms.
Using the approximation

é - {gn+1 = gn}/ﬂt
leads either to
(EE‘E % §) ~n+l/2 - %__s ?n En+l/2 (16)
or
Geerp @t afred e s
In (16) gn+l/2 = %—(gn + gn+l) is taken as the value at (n + %ﬂ At. Both (16)

and (17) are implicit and clearly each involves the same amount of computation.
We find that, once started adequately, longer time steps can be used with (16)
but that the use of (16) for the first few time steps leads to unacceptable
noisy solutions. Since, with either scheme, a change in time step means reas-
sembly and decomposition, there is no computational penalty paid in changing
the scheme when the initial small time step is increased.

It is of great significance that, although neither C nor K is symmetric,
BC + K can be made symmetric simply by dividing the Y equationS through by B.
W& have employed both symmetric band solvers and a frontal solver to reduce (16)
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and (17).
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A finite element program TEXMAP (Figure 4) solves the two weakly coupled

problems mentioned above.

Boy

The overlays EXTFLD and PENFLD solve the external
magnetic field and the magnetic field penetration problems.

RESULTS

The first step in the analysis is to calculate the steady excitation field

in which the discharge takes place.
discharge (energy conversion and transfer),

The forcing function responsible for
[V x Byl has radial and axial compo-

nents corresponding to the so-called "disk" and "drum" configurations of homo-
polar machines.

(0,0) I
MAP

(1

,0)
SETUP

(2,0)
REZONE

with only one component.

(I,J) - OVERLAY LEVEL

NAME - OVERLAY NAME
@ - LOGICAL UNIT

R - READ RESTART

W - WRITE RESTART

(4,0)

(3,3)
SOLVER

PENFLD

a,1)
DESTBC

(4,2)
STIFFP

(4,4)
PRINTP

(5,0) 1
PLOTZ

Figure 4: TEXMAP

The z component is very small when compared to the radial one but in the
areg covered by brushes it can cause important circulating currents along the
rotor-brush interface (Figures 6-9).

Figures 6-9 show the contours of Bg as time increases.
sity of vector J with no component in the 8 direction produces a flux density

inversely proportional to the distance between them.)

(The current den-

J is tangent to the contours and its magnitude is

At 5 usec all the current, hence all the field, is confined to the first
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Figure 5: Finite Element Grid for the Machine
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Figure 6: Magnetic Field By t = 5 usec

Figure 7: Magnetic Field Bg t = 60 usec
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layer of elements adjacent to the airgap. Later (Figures 7-8) the current and
field penetrate gradually - tending toward a uniform distribution. At the final
time (Figure 9) the rotor has stopped and begins to reverse.

Figure 8: Magnetic Field Bg t = 250 psec

Figure 9: Magnetic Field B

t = 350 usec

6

The J x B (N/ma), electromagnetic force densities, are easily available from the
field distributions. From them design parameters such as stresses as function
of space and/or time (see Figure 10) can be calculated.

Design calculations for the FDX machine were based on the method outlined
above. The FDX machine is in advanced state of fabrication (Figure 11) and
final tests are expected to begin soon.
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